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Abstract

The gradient displacement field of a micro-structured strong interface of a three-dimensional multi-material is regarded as a
gradient- Young measure so that the stored strain energy of the material is defined as a bifunctional of displacement-Young measure
state variables. We propose a new model by computing a suitable variational limit of this bifunctional when the thickness and the
stiffness of the strong material are of order & and é respectively. The stored strain energy functional associated with the model
in pure displacements living in a Sobolev space is obtained as the marginal map of the limit bifunctional. We also obtain a new
asymptotic formulation in terms of Young measure state variable when considering the other marginal map.
© 2010 Elsevier Masson SAS. All rights reserved.
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1. Introduction

In [1] and [10] a variational model of multi-material with a very rigid interface is obtained by identifying the
classical I"-limit of the stored strain energy functional when the magnitude order ¢ of the interface thickness goes
to zero and the stiffness of the material occupying the interface grows as % In this paper we assume that the thin
structure is occupied by a material which undergoes reversible solid/solid phase transformation, while the strain of
the soft material occupying the complementary set of the layer can be high. As the main mechanical features are
high strain of the soft material and oscillations of gradient displacement in the layer of hight stiffness, we deal with
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the asymptotic analysis of the problem by means of a new variational convergence where competing objects are
pairs (u, v) of displacements/gradient Young measures state variables. The advantage of using the second argument
lies in the fact that v encodes the gradient oscillations of u restricted to the layer. We obtain a new formulation
(u,v) € argmin F(u, v) — L(u) of the problem by identifying the limit (u, v) — F(u, v) of the stored strain energy
functional u — Fg(u) rewritten as a bifunctional (u, w) — F.(u, u) (we write L(u) for the exterior loading).

Let £2 be the reference configuration occupied by the material and S x ]0, ¢[ the thin inclusion. The limit en-
ergy functional of F, obtained in [10] is of the form u — F(u) := fﬂ Of(Vu)dx + fs ng(@ys(u)) dx for all
Sobolev-functions u with smooth trace ys(u) on the two-dimensional interface S, where Q f and Qg( denote the qua-
siconvexifications of f and go. As a straightforward consequence of our formulation we find the stored strain energy
F as to be the marginal map u > inf, F(u, v) of the energy functional F when the Young measure v = v; ® dX is
then regarded as an internal state variable. By comparing the two variational formulations u# € argmin(F — L(u)) and
(u,v) € argmin(F — L(u)), we obtain an integral representation with respect to the probability measure v; on the set
M?3*2 of 3 x 2-matrices, of the significant macroscoplc quantities VyS (u) and ng(VyS (#)). In some sense we may
think the variable v as the microscopic description of Vyg (1) and ng(VyS (n)).

Another way for obtaining a variational formulation of the problem is to consider the marginal map G of
F — L when the displacement field « is now regarded as an internal variable. We show that the energy functional
vi> G) :=inf, (F(u,v) — L(u)) is a variational limit of u +— inf, (F¢(u, u) — L(u)) so that v € argminG is
a new formulation of the problem in terms of gradient Young measures parametrized on the interface S. By compar-
ing it with the formulation (u, V) € argmin(F — L), we show that u is a solution of the nonlinear Dirichlet problem
min(fg\s Qf (Vu)dx — L(u)) subjected to the boundary condition i(X) = @_l(waz )A»d\'},;) on the interface S.

Consequently, one may think the surface energy f s0 go(@ys(u)) dx obtained in [10] as a relaxation of the boundary
condition above (notice the analogy with the relaxation of boundary conditions in BV-spaces).

This paper illustrates, in the modeling of multi-materials, the following general strategy: in order to capture various
convergence phenomena on minimizing sequences regarded as Sobolev variables of a problem (P;), one defines a suit-
able measure state variable y connected to the Sobolev state variable u# (Young measure, concentration measure. . .), an
energy bifunctional (u, u) — F, modeling (P;), a suitable variational convergence process, and identify its limit JF.
We recover the limit energy in terms of Sobolev variables as the marginal functional of F when u is regarded as
an internal variable. This idea as already been used in the framework of relaxation theory for a reduction dimension
problem in [12], and for control problems in [22]. We also obtain a new asymptotic formulation in terms of measure
state variable by considering the marginal functional of  when u is an internal variable.

The paper is organized as follows. Section 2 provides the abstract setting of the problem. We introduce a suitable
variational convergence for bifunctionals and establish the variational convergence of their marginal maps. In Sec-
tion 3, after a brief exposition of the mechanical setting, according to Section 2, we set up notation and terminology
for the problem and prove the variational convergence of the bifunctional F; to the bifunctional F (Theorem 2). The
two last sections are devoted to the asymptotic analysis of the marginal maps and their consequences (Theorem 3,
Corollaries 1 and 2). For making the paper as self contained as possible, we repeat the material from Young measures
without proofs in Appendix A.

2. A variational convergence of sequences of functionals defined on topological product spaces
2.1. The abstract setting

Given three first countable topological spaces, X, Y, Y,a map A from Y to Y, and extended real-valued function-
als 7, : X xY > RU{+o0}, F: X x Yy > RU {400}, our purpose is to define a variational convergence of the
sequence (Fp)nen toward the functional F so that, under a suitable convergence process associated with .4 and some
compactness hypotheses, the following implication holds true when n — +o0:

XxY ‘7:;
argminy xy F 3 (X, yn) = (x, ) € argminy o F at least for a subsequence.

infy «y F, — min
F,,—>]-‘:>{ o

We begin by introducing a new weak notion of convergence between elements of ¥ and Y, and next, between
elements of X x Y and X x Y.
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Definition 1. Let (y,),cn be a sequence in Y and y in Y. We say that y, A-converges to y and we write

A
Yn—Y

iff there exists y in Y such that y, — y and y = A(y). .
Let ((xn, yu))nen be a sequence in X x Y and (x, y) in X x Y. We say that (x,, y,) converges to (x, y) and we
write

IxA n
(xn’ Yn) - (-xv )’)

iff x,, converges to x, and y, A-converges to 3.
We introduce now the variational convergence associated with the previous convergence.

Definition 2. We say that 7, I'y |, y-converges to F and we write

FX‘Y,);

Fo — F
iff for all (x, y) in X x Y, both following assertions hold:

. IxA o A ..
(1) Y, yn) € X XY st (X, yn) — (x,9), F(x,y) <liminfy, 1 o0 F (Xn, Yn)»
. IxA A o .
(i) ICxn, yu) € X X Y st (xp, yu) — (x,9), F(x,¥) = limsup,_, o Fn(Xn, Yn)-
Note that this convergence is closely related to the I"-convergence. When X = {0} or, which is equivalent, when F,
and F do not depend on x, we denote it briefly by I, ;. When Y = {0} and Y = {0} i.e. when F,, and F do not depend
on y and y, we will write it simply I'y and our definition agrees with the classical I"-convergence (for more details on

I'-convergence, see [5,16]). Note also that when ¥ = Y and A is the identity map, I'x y,y is the I’y xy-convergence.
The proposition below expresses the variational nature of the I'y | ;-convergence.

Proposition 1. Let us assume that (Fp)nen 'y y p-converges to F and let ((xn, yu))neN be a sequence of X x Y
satisfying

. 1
Fn(xn, yn) < inf Falx,y) + —.
(x,y)eXxY n

IxA
Assume furthermore that {(xn, y»): n € N} is relatively compact for the convergence X defined above. Then any
cluster point (x,y) € X x Y is a minimizer of F and

lim inf{F, (x, y): (x,y) € X x Y} = F(&, 3).
n—+00
Proof. The proof is similar to that of Theorem 12.1.1 in [6] and left to the reader. O
2.2. The variational convergence of marginal functionals

Let us consider the following marginal functionals F,, F: X — R U {400}, G,:Y — RU {400}, and G : Y —>
R U {400} defined by:

Fy(x) = inf Fp(x, y), F(x) = inf F(x, ),
yeY yef
Gu(y) = inf Fy(x, y), G©) = inf F(x, ).
xeX xeX

The variational convergence of the functionals F;, yields the variational convergence of their marginal maps, precisely:
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Theorem 1. Let us assume that (Fp)pen 'y y p-converges to F. Assume furthermore that the following inf-

compactness property holds: for every sequence ((xy, yn))neN satisfying sup, ey Fn(Xn, yn) < 400, there exists a

A - ~ IxA n
subsequence (Xq(n), Yon)) in X x Y and (x,y) in X x Y such that (Xg(n), Yo (n)) X (x, ). Then

Q) Fp 5 F,

T -
(i) Gu —> G.

Proof. Proof of assertion (i). On account of Theorem 12.1.1 in [6], we are going to establish that for any subsequence
of F,, one can extract a subsequence which I'xy-converges to F. Let (x,),cN be a sequence converging to x in X and
consider a sequence (y,)nen in Y such that

1
Fnxn, yn) — = < Inf F(xy, y) 1= Fu(xy,). (D
n yey

We can assume that sup, . F, (x,) < 400 (otherwise there is nothing to prove) so that sup, cy Fn (X, Yn) < +00.
Thus, according to the inf-compactness assumption, there exist a subsequence (Xg(n), Yo(r)) and y in ¥ such that
Xo(n) converges to x, and Y, () A-converges to y. Furthermore, since (F;;)neN Iy y y-converges to JF, one has

F(x, j}) < Liin_ii_ggfa(n) (xa(n)a YU(n))o

Since from (1) one has Fy () (X6 1)) = Fo )Xo m)> Yon)) — ﬁ, we deduce

F(x) < F(x,y) <liminf Fy ) (X6 (n))-
n—-400

From now on, to shorten notation, we write n instead of o (n). Let (3,) pen be a sequence in Y satisfying

F(x)=inf F(x,9)= lim F(x,J,). 2)
ye¥ p—+oo
Combining (i) and (ii) of Definition 2, for every fixed p there exists a sequence (2, Yp.n))neN in X x Y such that

xl = x,

and satisfying

F(x, 9p) =n1}gloofn(xr’,’,yp,n). 3)
From (2) and (3), we obtain

F(x)= lim lim F, (x,‘f yp,n).

p—>+00 n—+00
Then, using a standard diagonalization argument, there exists a map n +— p(n) satisfying p(n) — 400 whenever
n — 4o0 for which one has
F(x)= lim F, (x,f("), y,,(n),n) > limsup F, (x,f(n)).

n— 400 n—+00

The sequence defined by x,, = xP ™) then satisfies assertion (i1) of Definition 2 and the proof of (i) is complete. The

proof of assertion (ii) is very similar and left to the reader. O
2.3. A concrete example

In this section, we present a concrete example entering within the general framework described above. It is the
main subject of the paper which will be treated in details in the next section. We will deal with a second example
in a forthcoming paper where we will take into account the concentration gradient phenomenon. For the analysis of
concentration effects we refer the reader to [18] and [25].
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We denote the sets of 3 x 3 and 3 x 2 matrices with real numbers entries by M>*3 and M3*? respectively. Con-
sidering the space M>*3 as the product M>*? x R3, we will denote by A the first coordinate in M3*2 of any element
A of M?*3, We write Py« to denote the projection mapping M>*3 to M>*2. In what follows, we use notation of
Theorem 4 in Appendix A.

Let £2, B be two open bounded subsets of R3, and S ¢ R? such that B = S x (0, 1), we define the sets of Young
measures V3x3(B) and V342 (S) as follow:

neViz(B) & pueMT(BxM™) and Pgh#u=L,
VEVa(S) © veMT(SxM>?) and Pg#v =L

where Pp#p (resp. Ps#v) denotes the image of the measure p (resp. v) by the projection Pg: B x M3*3 5 B (resp.
Ps:S x M?*2 — §) and L (resp. L) the Lebesgue measure on B (resp. S). For every probability measure P on M>*3
or M3*2, we write bar(P) for its barycenter, i.e. bar(P) = f AdP()).

The map A is defined by:

A V353(B) = V3x2(5),
1

U=y @dx>v= (/,&mds) ® dx
0

where (i, = Pypx2#y, x € 2, and fol fi; ¢ ds is the probability measure parametrized by X € S, which acts on all
@ € Co(M>*2) as follows:

1 1
<\/‘[}/£,st, (/7> :Z/ / (p(i)dﬁ/)?,Ads
0

0 M3x2

Given a sequence ([4;)s~0 in the space )3x3(B) equipped with the narrow convergence (see Appendix A) and v
in V3x2(S), according to Definition 1 one has

nar

A -
e v & 3peVsi(B) s.t.{“f H
v=A(n)

and, for (ve, ie) in LP (82, R?) x V343(B), and (v, v) in L (2, R3) x V3,2(8):

IxA ve — vin LP(.S?,R3),
Vg, e) —~ (v,v) & A
e — V.

Given two locally Lipschitz functions f, g : M?*3 — R7 satisfying a growth condition of order p, we consider the
integral functional F, defined by

Fe: LP(2,R) x V353(B) — RU {+00},
~ . L,
Folu, ) = {fgg FOWdx + [pps 80| gha)dp+Ieu, ) ifue Wrl(2,RY),
+00 otherwise,
where
I (u, ) I={O if o =8vy) ®@dx, v=1,reu,

+o00 otherwise.
and rqu is defined by reu(x, x3) = u(x, ex3).
Let V)342(S) denote the subset of )342(S) made up of all Young measures generated by gradients of

WP (S, R3)-Sobolev functions, ys the trace operator from wlP(£2\ S, R3) into LP(S,R3) and define the func-
tion go : M3*2 — R for all A in M3*? by go(A) := infz 3 g(A | €). Setting X = LP(2,R3), Y = V3,.3(B) and
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Y= V3x2(S), in the next section we prove that the sequence (F¢)e~0 [y , p-converges to the functional 7, defined

Y, Y
by
F:LP(2,R%) x V3,2(8) > RU {+o0},
. . 1,
Fluv) = {fg Of (Vuydx + [g, \px2 80 dv+1(u,v) ifue WFOP(‘Q’ R3), ysu e WhP (S, R3),
+o0 otherwise,
where

L v) = {0 if v e VY350(S), bar(v;) = Vys(u) (%) ae.in S,
400 otherwise.
Theorem 1 applied to the sequence of the two marginal maps sheds new light on the mechanical problem.
3. A model in terms of displacement-Young measures: Analysis of microstructures of the strong material

In the three-dimensional Euclidean space [E3 referred to the orthonormal frame (0; ey, €2, e3), we consider a do-
main £2 with a C! boundary I'. Let 2% = 2 N [£x3 > 0], the interior § = {327 N 32 7}° of the common part of
the boundaries of £2¥ is assumed to have a positive H*-measure and, to shorten the proofs, included in the plane
[x3 = 0]. The set £2 is the physical reference configuration of the assembly of two materials. More precisely, given a
small dimensionless parameter ¢ and a global characteristic length A (for example the diameter of £2), the set B, =
{x +¢ez: 0 <z <h, x € S} is the reference configuration of a strong material (whose stiffness is of order é) while
2, = £2\ B, is the reference configuration of a material with stiffness of order 1. (see Fig. 1). The structure is clamped
on a part Iy of I with a positive H2-measure, the complementary part Iy of I is submitted to surface loads v and
we assume that ! (15N §) > 0. Obviously one can there consider other type of boundary conditions (e.g. a combina-
tion of some components of the stress vector and of the displacement). Moreover the structure is submitted to applied
body forces @.

Let p > 1, we say that a Borel function W : M>*® — R satisfies a (C},) condition if

{aa, B,CeRts. t.V(A,A) e M>3, a|al? < WKL) < B+ [AP),
W) — WON K CIa— 2|1+ AP~ 277,

We say that a quasiconvex function ¢ : M>*3 — R (resp. ¢ : M3*? — R) satisfies a growth condition of order p if
there exists y > 0 such that

VaeM¥3 oM <y(1+1AP)  (resp. YA e M2, |p(W)| <y (1+IA17)).

“4)

The soft and the strong materials are modeled as hyperelastic and the bulk energy densities f, g of the two materials
occupying §2; and B, satisfy a (C),) condition with p > 1. To shorten notation, we assume that (C),) is satisfied with
the same constants «, 8 and C. We make the assumption that the strain of the soft material can be high and that the
thin structure By is occupied by a material which undergoes reversible solid—solid phase transformation as for instance
crystalline solids. In this context, the densities f and g are not convex and g entails a multi-well structure. It is worth
pointing out that the assumed growth condition violates the mechanical principle which asserts that it needs infinite
amount of energy to squeeze a small piece of material down to a point. We also do not take into account preservation
of orientation and injectivity conditions on the deformation fields so that the model presented in this section is a first
attempt to account large purely elastic deformation. We hope to deal with this much more complex situation in a future
work (for some results where these constraints are taken into account, we refer the reader to [20,3,4]).

We assume that the global characteristic length 4 is equal to 1 and the stored strain energy associated with a
displacement field u is given by the functional

Fe(u) :=/f(Vu)dx+é/g(Vu)dx.
§2¢ Be

The equilibrium configuration of the structure is given by the displacement field u,, solution-more generally &-
approximate solution-of the problem

inf{ Fe () — Lu): u € WgP(2,R)}
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Lo

Ty

Fig. 1. Bonded assembly — left: the physical configuration — right: the rescaled layer — below: the limit configuration.

where L(u) = |, o @dx + /, r ¥d H?. We want to analyze the behavior of it, when & tends to zero and to identify the

variational problem whose limit is a solution. But since the material in the layer B, possesses a fine micro-structure, the
gradient minimizing sequence (Vi ).~ develops oscillations we would like to integrate into the variational problem.
This is why we write the strain energy % / p, 8(Vu)dx in terms of Young measures so that the limit problem also
accounts for a two-dimensional microstructure (for existence of microstructures see [9] and for microstructures in
thin films, we refer the reader to [11,17,21] and references therein).

Since the behavior of the displacement is radically different in §2, and By, in a first stage, it is convenient to write
the energy functional F; in terms of two arguments, one u, the displacement on £2;, the other v, the displacement on
B; occupied by the strong material. On the other hand, in order to work in a fixed space for the variable v, the change
of scale (%, x3) = (X, ey3) transforming (X, x3) € B, into (X, y3) € B := S x (0, 1) leads to consider the following
functional

Ge: LP(2,R?) x L?(B,R*) - R U {+0o0},

A P . 1’
Gol.v) = {fQS VW dx + [pg(Volt 2y dx + I (u,v) ifue W5 (2,RY),
+00 otherwise,

where, for all (u, v) € Wp;” (2, R?) x W7 (B, R?)

Ic(u,v) ::{O if 1preu=v,

+00 otherwise

and r.u(x, y3) := u(x, €y3). Now we write G, in terms of pairs of displacements-Young measures by defining the
functional F, as follows

Fe: LP(2,R%) x V3x3(B) — R U {400},
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Folu, 1) 1= {fQ FOVuydx + [ npes 8O | 2a3)dp+ Le(u, ) ifue W P (2,R?),
+00 0therw1se

where

O f = 8 d , — 1 i
Io(u, p) = i p .Vv(x) ®dx, v STell
+o00 otherwise.
Clearly F, is one way of writing G, and from the strict variational point of view, it is equivalent to identify the

variational limit of F, and that of F; in the spirit of the previous section. Indeed we have

inf (Fs(u) — L(u)) = inf (ge(u, v) — L(u))
HGWH)/'(Q,Rz) (u,v)eLP(2,R3)x LP(B,R3)
= inf (Feu, w) — L(w)).

(u WELP(2,R3)xY3,3(B)

Nevertheless, we want to point out that the last formulation has the advantage to encode the gradient oscillations of
e-minimizers in the layer B, thanks to the Young measure state variable.
In order to apply Proposition 1 we begin by establishing the following compactness lemma

Lemma 1 (Compactness). Let ((ug, ve, [Le))e>0 be a sequence in LP(2,R3) x LP(B,R3) x V3x3(B) satisfying
sup, o Ge (e, V) = sup,- o Fe (e, te) < +00. Then there exist (u, v) € W;(;p(SZ, R3) x WP (B, R3), v € V)352(S)
and a subsequence not relabeled such that

(i) ue — u weakly in Wllﬂ(’)p(.Q, R3) and strongly in LP($2,R3), v, — v weakly in WP (B,R?) and strongly in
LP(B,R%);
(ii) % — 0 strongly in L” (B, R3), 5’? =0andve W'P(S,R3);
(iii) ys(u) = v on S where ys denotes the trace operator from whp( \S, R3) into LP(S);
IxA ~ ~ o
v) (ug, pe) X (u,v), with v = A(u) where u = (fty ® 30R3) ® dx and 1 = Ly ® dx is the Young measure

generated by (%vs)po. Moreover u and v are connected as follows: bar(v;) = @ys(u)()?)for ae X €S.

Proof. Assertions (i) and (ii) are straightforward consequences of the coerciveness condition in (4), Poincaré’s
inequality and the isometry between W!7(S,R3) and {v € W17 (B, R3): W = 0}. We are going to establish as-
sertion (iii). For a.e. x € B we have

&y3
N A R dug .
vs(x,n)=ug(x,sy3)=ug(x,0>+/a—y;oc,s)ds
0
where u (%, 0) must be taken in the trace sense. Let Q,(Xo) = 0 0 (X0) x (0, p) be the cylinder of R3 where Q »(X0)

is the ball of R? centered at Xg € S with p > 0 small enough so that Q »(X0) C B. Integrating the previous equality
over Q,(%o) yields

£y3
0
][vgdx= ][ue(f,O)dx—i— ][/a—ug()?,s)dsdx.
Y3
Qp(f()) Qp(J?O) Qp(ffo) 0

Letting ¢ — 0, according to the continuity of the trace operator and to (i), (ii), we obtain

][ vdx = ][ ys(u) dX +limsup I, ¢ ©)

R R e—0
0 (%) 0, (%)

where I, ¢ := pr(xo) f o3 d”P (x s)ds dx. Let us estimate I, .. An easy calculation using Holder’s inequality gives
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8)’38

_1

el < ][(8y3)1 (f i
0

_(xs S)
Qp()ACO)

ep » Il
1 B g
<(ep)' 77 ][ fﬁ(f,s) ds)| di
) J ay3

P
ds) ,dxdys

1
( oug A7
(8,0) / /—(x s) dsdx)
Qp(xo)
»
<(sp)1‘i</|wg|de) .
B

But since sup,.qGe(ue, ve) = sup,.q Fe(us) < +o00, from the coerciveness property satisfied by g one has
fBg [Vue|P dx < g so that the previous estimate yields |/, | < C(p,a)e where C(p,a) is a positive constant de-
pending only on p and «. From this estimate, (5) becomes

][ vdx = ][ ys(u) dx

0, (o) 0, (o)
for all p > 0. Letting p — O finally gives ys(u)(xg) = v(xp) for a.e. xo in S.
It remains to establish assertion (iv). Since F,(ue, ue) < +00 we have p, = dvy.(r) ® dx and
SUP.~¢ fB |Vve|P dx < +00 so that the Young measures p, and SW @ ® dx are tight. According to the Prokhorov

compactness theorem (Theorem 5 of Appendix A), there exist a subsequence that we do not relabel, and u €
VY3x3(B), [t € V3x2(B) such that

nar nar .
pe =dvu ®@dx =, 8y, () @dx = . (6)
On the other hand, from assertion (ii)
Saug()@)dx 803®dx @)
dx3

Combining (6) and (7) one easily deduce that y, = (i, ® 80,5, and setting v =v; ® dXx where v; ;= fol Qs g ds, we

. A
finally obtain that p, — v. .
We have to prove that v belongs to V)3,2(S). According to the Kinderlehrer—Pedregal characterization theorem
(Theorem 6 of Appendix A), it is equivalent to establish the three following assertions:

(KP); there e>§ists w e WEP(S, R3) such that bar(v;) = @w()?) fora.e. x € S;
(KP)2 [ypx2 [P dvg < 400 forae. x € S;
(KP)3 for all quasiconvex function ¢ satisfying a growth condition of order p,

¢(bar(v,;)) < / d(A)dv; forae. keS.

M3x2

Proof of (KP)1: From assertion (i) and classical properties on Young measures, we have @v(x) = fngz rd iy for
a.e. x € B and since (;’7”3 =0,

1
%(ﬁ):/ / hdjig  ds = / Adv;

0 M3x2 M3x2

for a.e. x in S so that v is the suitable Sobolev-function w.
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Proof of (KP),: From the definition of v; and the lower semicontinuity property for Young measures (Proposition 5
of Appendix A) we have

//|i|”dv,;d)?=/ / AP djiy dx

S M3x2 B M3x2
=[ f |17 (d e @ Bo) dx
B M3x3

- / AP dp < / AP dpe

BxM3x3 BxM3x3

< liminf/ |Vue|? dx < sup Fe(ue, fLe) < +00
e—0 >0
B

which proves that fM3X2 |)A\|p dv; is finit for a.e. X in S.

Proof of (KP)3: Let ¢ M3*2 5 Rbea L quasiconvex function satisfying a growth condition of order p and define
the function ¢ : M>*3 — R by ¢(1) = d (). Tt is easy to check that ¢ is quasiconvex and clearly satisfies the same
growth condition. Since u € V)s343(B) we have for a.e. x in B

$(Vo(®)) = (Vo)) < f GO dpix

M3x3
= / ¢(i)dﬁx®sok3: / (M) dfiy
M3x3 M3x2

so that for a.e. x in S

1 1
o) = [o(Gunas< [ [ sddncsas= [ otran. o
0

0 M3x2 M3x2

Remark 1. In thAe proof above we established A(V)sx3(B)) C @ym(S). In fact it is easy to check that
A(VY3x3(B)) = VY3x2(S5).
Consider the functional defined in Section 2.3:
F:LP(2,R) x Y32(S) = RU {400},
Fluv) = {fg Of (Vuydx + [¢ ppx2 @0A)dv+1(u,v) ifue W}(;”(Q,R%, ysu € WhP(S,R3),

+00 otherwise.
We establish the FX y,p-convergence of the sequence (F;)¢~0 to the functional F by means of the two next proposi-
tions.

Proposition 2 (Lower bound). Let (u, v) be any pair in LP(§2,R3) x Y3x2(S). Then, for all sequence ((Ug, [Le))e>0
in LP(S2, R3) x V3x3(B) converging to (u, v), we have

Fu,v) < hmlnf]-'g (Ug, e).

Proof. One can assume liminf,_o F¢(us, ts) < 400 otherwise there is nothing to prove. Consequently, from
Lemma 1 we have

ueWrl(2,R;
v e Vi0(S); bar(v;) = @ys(u)(i) forae. x € S.
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This proves that [ (u, v) = 0 and it suffices to establish the two following estimates:

~ o A~ 10v,
go(A)dv <liminf | g| Vv, | —— ) dx; ®)
e—0 & 0x3
SxM3x%2 B
/Qf(Vu)dx glimi(r)lf/f(Vus)dx. &)
£—
2 $2¢

Proof of (8): From the lower semicontinuity property for Young measures (see Proposition 5 of Appendix A) and
assertion (iv) of Lemma 1, it follows that

liminf / g(i
e—0

1 N
—/\3> due > liminf / go(A) due
& e—=0

BxM3x3 BxM3x3
> / go(M)du
BxM3x3
= f go(f\)d(/lx®50%)®dx
BxM3x3
= / go(A) dv; @ di = / g0(h) dv.
SxMB3x2 SxMB3%2

Proof of (9): For fixed n > & we have
[ r@uoarz [ rudn > [ oruax
Qg -Qn Q"I

and, since w f 2 Of (Vw)dx is lower semicontinuous for the weak convergence in wlr (£2,, R3), we deduce

limigf/ f(Vqux}/Qf(Vu)dx.
Q’/

2
We end the proof by letting n — 0. O
For establishing the upper bound in the definition of our variationel convergence, we need to prove the following
relaxation result
Lemma 2. Let (u,v) in Wll-(’)p(.Q,]R3) X @y3X2(S) with @yg(u)(i) = bar(v;) for a.e. x in S and a sequence
(U, Vp))neN in W;ép(ﬂ, R3) x WP (S, R3) such that u, weakly converges to u in W;ép(ﬂ, RY), 8%"@) ®dx g
in V3x2(S) and

ngl}rloo/f(Vu,,)dx=/Qf(Vu)dx,
2 2

lim /go(%vn)d;e = / go(A) dv. (10)

n—+00
N S xM3x2

Then there exists a sequence (i) eN satisfying all the conditions fulfilled by (up,)neN and furthermore which satisfies

)/S(ﬁn) = Un.

Proof. Such a sequence ((u,, v;)),eN exXists, consult for instance [6, Theorem 11.2.1 and Theorem 11.4.2]. Note that
one may assume (|Vu,|?),en uniformly integrable. Indeed, consider the sequence (ii,,),eny Whose gradients generate
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the same Young measure p and such that (|Vii,|?),en is uniformly integrable (see Proposition 7 of Appendix A). By
using Propositions 5, 6 of Appendix A and standard lower semicontinuity results in Sobolev spaces we have

/ Of (Vuydx = lim_ f F (Vi) dx
2

> [ s
02 xM3x3

— lim / £ (Viiy) dx

n——+00

> / Qf (Vu)dx
2

so that

lim / f(Vity)de = tim_ / F(Vun)dx = / Qf (Vuydx
2 2 2

which proves the thesis. In what follows, we still denote by (u,),eN the sequence (i1,,),en. We are going to modify
the function u, near S so that the constraint ys(u,) = v, holds. The function v,, will be indifferently considered as a
WP (S, R3)-function or a W7 (§2, R3)-function with g;’; =0.

By coerciveness of g, |, s |@vn|” d% is bounded, thus v, strongly converges in L”(S,R?) to a function v which

classically satisfies @v(;%) bar(v;) for a.e. x in S. Then ys(u) = v on S. Let n > 0 intended to go to 0 and set
Zyi=8x (—— —) We are going to modify u,, on X, in order that the trace on § of the new function be equal to v,,
and in such a way to decrease lim,,_ ;oo f_Q fVuy) dx Let ¢ € C2°(R) satisfying

pp=1 on 2\ Xy, ;=0 onX,;, 0<g,<I,

1
Vil < =
n
and define
un,n:(pn(“n —Up) + vy (11)

Clearly u, , belongs to W}(’)p (£2,R?) and vs (U, n) = v,. Moreover

/f(Vunn)dx—/f(Vunn)dx—i— / fVuy ) dx + / f(Vuy, ;) dx

Xy 22,]\2,] 2\,
/f(Vv,,)dx + / S(Vuy ) dx +/f(VMn)dx
P o\ 2y

Thus, from the growth condition in (4),

1
ff(Vun,q)dx < C<n+ - f lun — valP dx + /(IVMnlp)dx> +/f(VMn)dx
2 " oy 2

Py

where, from now on, C denotes various positive constants depending only on B, p and £2. Letting n — 400, from
(10) we obtain

1
limsup/f(Vun,,,)dng(n+— |u—v| dx+sup/(|Vu,,|P)dx>+/Qf(Vu)dx.
n——+00 ’7172 neNZ A

2n
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But since ys(u) = v on §, the following Poincaré inequality holds

a
/Iu—vl”dxén”/’—u
0x3
22,]

o

p
dx

so that, letting n — 0, from the uniform integrability of (|Vu,|),eN

n—>—+00 n—>oo

lim sup lim sup/ f(Vuy ) dx < / Qf(Vu)dx.
2 2
We conclude by a standard diagonalization argument: there exists n > 1(n) such that

n—-+00

limsup/f(Vun,,,(,,))dxg/Qf(Vu)dx.
Q 2

It is easily checked that sequence (i1,),en defined by %, = u, ;(n)) strongly converges to u in L”(£2, R3) which
completes the proof. 0O

Proposition 3 (Upper bound). For all (u,v) € LP(2,R3) x V342(S) there exists a sequence ((Ug, [le))e=0 in
LP(£2,R3) x Y343(B) converging to (u, v) and satisfying

F(u,v) = limsup Fe(ue, fe)-

e—0

Proof. One can assume F(u,v) < +00 so that (u,v) € W}(’)p (2, R3) x @ygxz(S). Classically, there exists v, €

WlP(S, R3) such that (|@v,1|p)neN is uniformly integrable and 8%,,(2) ® dx yin V3x2(S) (Proposition 7 of
Appendix A). Note that we also have

nar
(8, 5y ® 80,3) ®dx — (v @B ;) ®dx (12)
in Y3x3(B) when n — 4-00. Since gy satisfies a growth condition of order p, we have (Proposition 6 of Appendix A)
lim / g0(Vu,)di = f go(A) dv.
n—-+00
S SxM3x2

But, according to a classical interchange argument between infimum and integrals (see [2])

/go(@vn)d)E: inf /g(%,, | £)dX.

£€D(S,R3)
S S

Let &, in D(S, R?) satisfying

. . . N
‘/g(wn |sn>dx—/go(wn>dx <o
S S
then
lim /g(%msn)d)e: / go(A)dv. (13)
n——+oo
S SxM3x2

Consider the function v, . in wbP(B,R3) defined by
Un,e(x) = Un(),e) + ex3&, (55)

For fixed n, we first claim that

nar
ne =089y, (x) ®dx = (8¢, ;) ®do,3) ®dx (14)
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in V3,3(B) when & — 0. Indeed, setting ¥, (x) := v,(%), since Vv, . — V1, — 0 strongly in L?(B, M>*3), Vv, ,
and Vu, generates the same Young measure (S@Un @ ® 80R3) ® dx in V3x3(B).

On the other hand, according to the classical relaxation theory in Sobolev spaces, there exists u, € WIL(’)I) (2,R3%)
strongly converging to u in L?(§2, R?) such that
lim /f(Vu,de:/Qf(Vu)dx (15)

n—+o00

and we can modify u, near S in such a way that ys(u,) = v, (see Lemma 2 of Section 3). Let n > ¢ and consider the
function u,, ¢ , defined for all x in £2 by

X3

”n,s,n()?»x?:) = 9(x3)vn,8 X, =)+ (1 - 9()53))”11()%’ X3)
&

where 6 is a C!-function satisfying 0 < 0 < 1, |00 313 | <= and
0 1 in B,
" 10 inf2\ B,

To shorten notation, we do not indicate the dependence on n and & for 6. Note that v, ¢, € W,L(’)p (£2,R%) and
Tellp ey = Une ON B. From the local Lipschitz property in (4) satisfied by g one can easily establish

. 19 .
lim g<wn,€ - vn’e)dx=/g(Vv”|§n)d)?. (16)
e—0 g 0x3
S
Let us write
/ F (Vi o) dx = / F(Vupydx + / (Vi o) dx. (17)
2\By, By\B;

We claim that lim,_, ¢ limg_.¢ fB,,\BS f(Vup ¢ n)dx. =0. Indeed since
Vit e = e(%n +x3VE,) + (1 = 0)Vuy,

ou 00 ou
—20 = —(vn —un)+x35n— + 08+ (1-0)— -

. A .
‘ / F (Vi ) dx <C< / h(én,Vsn,Wn,vvna”n)dx
X3
B,\B. B,\B:

+ / —uy|? dx + /

By\Be By\Be

0x3

the following estimate holds:

89 a0

x36,—
X3

p
dx) (18)

where # is Lebesgue integrable and does not depend on ¢ and 7. Clearly the first term in (18) tend to O when ¢ then
go to 0. We estimate the two last terms. Since ys(u,) = v, on S, Poincaré’s inequality yields

20 |P 1
/ ‘— —un|pdx§7/|vn_”n|pdx
X3 (n—e)p
Bn\Bs B

/W(vn —up)|” dx

8)1’
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which tends to O when ¢ then 1 goes to 0. On the other hand

/

By\B;

00
X386, —
X3

P np
dx < —[Iénlpdx
(n—e)P
Bﬂ

which tends to O for the same reason. Therefore, combining (16), (17) and (18) we obtain

lim im Fe (up e 5, tn,e) = / fVuy)dx + / g(%vn | €q)dX.
n—0e—0
2 S

Then, using a standard diagonalization argument, there exists a map ¢ — n(¢) satisfying n(e) — 0 whenever ¢ — 0
and, setting u, ¢ :=p ¢ y(e)>

lim F (tn e, tn,c) = / f(Vuy)dx + f g(Vu, | &) dx (19)
2 S

for all fixed n € N. Moreover, going back to the expression of u, . we have

/|un,8—un|de< / |v, + x3&, — u,|P dx,
2

By(e)

thus u, . strongly converges to u, in L? (2, R3) when ¢ — 0.
Collecting (12), (13), (14), (15) and (19), we deduce the following convergence scheme where the first arrow
indicates a convergence with respect to ¢ and the second to n:

nar

nar
Kn,e — (5@1;,1(2) ® 80R3) Qdx = (1; ® 50R3) ®dx;
Upe—> U, —> u strongly in Lp(.Q, ]R3);
Fetn,es n,e) = / f(Vup)dx + f §(Vun | 6 di — / Qf (Vu)dx + [ go(h)dv.
2 N 2 S
The conclusion of Proposition 3 then follows by using a standard diagonalization argument' in the product space

LP(£2,R?) x V3,3(B) x R and noticing that A((v; ® 80,5) ®dx)=v. O

On account of Definition 2, Proposition 1, Lemma 1 and Propositions 2, 3 above, we can state the main theorem of
this section.

Theorem 2. The sequence of functionals (F¢ — L)e=o I 'y y y-converges to the functional F — L. In addition, if
(g, e) € LP(£2, R3) x V3.3(B) is a e-minimizer of Fe — L, i.e. satisfies

Felite, phe) — L(ue) < e+ inf (}—‘e(ude)_L(u))y
(u,11)€LP (2, R3)xV3,3(B)

then there exists a subsequence of ((Ug,le))e=0 converging to (u,v) which is a minimizer of
Inf(, vyerr (2 R3)x Vs 0 (5) (F W, v) — L(u)). Moreover ys(u) belongs to WP (S, R?) and, for a.e. % in S bar(v;) =

Vys(@)(®).

Proof. The proof is a straightforward consequence of Lemma 1, Propositions 2 and 3. Indeed, L is easily seen to be

. . Ty vy Tyyy
a continuous perturbation of ., sothat 7, — F—=F, —L — F—-L. O

1 Such an argument is valid because the set )3,3(B) endowed with the narrow topology is first countable (see [13, Proposition 2.3.1]).
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4. The Young measure considered as an internal variable: The formulation in terms of displacements

In this section, we derive the classical model obtained in [1] in the context of the linear elasticity or in [10] in a more
general setting, from the model obtained in Section 3. We show that the stored strain energy functional associated with
the classical model is the marginal map of the functional limit F obtained in the previous section when we consider
the Young measure v, which represents the fine microstructure of the layer, as an internal variable. In some sense the
formulation in terms of displacement can be regarded as the macroscopic version of the model suggested in Section 3
(see Corollary 1). With the notations of Sections 2, 3 we define the two functionals

Hy, H:L?(£2,R%) — RU {+00}

by
A . . 1’
Ho ) = {/‘QS FOVWdx + [ e(Vreu | 15 dx ifue Wi (2, R),
+00 otherwise
and

Hu) = {fg Qf (Vuydx + [y Qeo(Vys)di  ifue Wil (2. RY), ys(u) € WhP(S,R?),
+o00 otherwise.

Clearly, H, is the marginal map associated with the functional 7, i.e., for all u € L?(£2, IR3) we have

He(u)= inf  Fe(u, pn).
1eY3x3(B)

On the other hand H is the stored strain energy functional obtained in [10] in nonlinear elasticity, or in [1] in the
linear elasticity framework where we have to replace Vu with the linearized strain tensor e(u) = %(Vu +" Vu) and
the quasiconvexifications of f and go with their convexifications. In the next proposition, we establish that H is the
marginal map associated with the limit functional F.

Proposition 4. The functional H is the marginal map associated with the functional F when the Young measure v is
considered as an internal variable. More precisely, for all u € L?(§2, R?) we have
H@w)= inf F(u,v).
veYV3%2(S)
Proof. We begin by introducing various sets. For every A in M?*2 we define the set adm(A) of probability measures
on M3*2 by:
A - fM3><2 X dP,
Peadm(d) <= ] fypelAl?dP < +oo;
$(A) < fypez d(R) dP
for all quasiconvex function ¢ satisfying a growth condition of order p. On the other hand, for each fixed u €

W}(;P(sz, R3) such that yg(u) € Wh?(S, R3) we define the subset Adm(u) of V3,2(S) by:

v e VY32(8);

veAdm(u) <+ { N . .
bar(v;) = Vys(u)(x) forae. x € S.

The proof is based on the following localization lemma.

Lemma 3. With the notations above we have

) inf{ / g0(\)dP: Pe adm(A)} = Qg0(A) forall A e M>*?;

M3x2

(i)  inf / go(h) dv = / inf ( / go(i)dP>d£.
veAdm(u) Peadm(Vys(u)(®))

SxM3x2 S M3x2
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Proof of Lemma 3. Proof of (i): For every P € adm(A) one has
[ wirar= [ owdyar= oo
M3x2 M3x2

so that inf{ fy;3.2 go(A) dP: P € adm(A)} > Qgo(A).
For the converse inequality, set Y =10, 112, fix v e WOl P (Y, R3) and define the probability measure Py, by

Py = / Sisviud¥
Y
which acts on every continuous function ¢ : M3*? — R satisfying a growth condition of order p as follows:
/ @A) dPy = / o(A+Vy(3))ds.

M3x2 v
Clearly Py € adm(A), consequently

EA) = [Py: v e Wy P (¥, R%)} C adm(A).
It follows that

inf{ / go(}) dP: Peadm(A)} <inf{ / go(X) dP: Peg(A)}

M3x2 M3x2

—  inf / g0(A + () d5

peW, " (7 RY)

= Qg0(A).

463

In the last equality we have used the quasiconvex envelop formula for real-valued functions satisfying a growth

condition of order p (see [15]).
Proof of (ii): Since v € Adm(u) yields v; € adm(@ys(u)()?)), clearly we have
inf / / go(A) dv; dx > f inf / g0(A) dP | di.
veAdm(u) Peadm(Vys(u) (%))
S M3x2 S 3x2
Conversely, for all n > 0, and X € S, let PZ in adm(@ys (u)(x)) satisfying

inf (/go(i)dP)> / go(i)dPZ—n-
Pcadm(Vysu) (%))
M3x2 M3x2

(20)

We can assume that the map X > Pg is measurable (see [14]). Set v := PZ ®dx. As PZ € adm(@yg () (%)), the Young

measure v belongs to Adm(u) so that (20) yields, since 7 is arbitrary,

/ inf ( / go(i)dp>d£> inf f / go(h) dv; dx
Peadm(Vys(u)(£)) veAdm(u)
N M3x2 S MB3x2

which completes the proof of Lemma 3. O
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Proof of Proposition 4 continued. According to Lemma 3 we obtain

veYsx2(S) veAdm(u)
S><M3 X2

inf  Fu,v) = / Of(Vu)dx + inf f go(R) dv
2

= f Of (Vu)dx + f inf < f go(?\)dp> dx
o S Peadm(Vys (u) (X))

M3x2

= f Of (Vu)dx + / 0go(Vys(w)) di
2 S

which proves the proposition. 0O

Applying Proposition 4, Lemma 1 and Theorem 1 we recover the classical nonlinear model of multimaterial with
strong interface obtained in [1] and [10]. Precisely

Theorem 3. Let us equip the space X = LP (2, R3) with the strong convergence. Then the sequence of functionals
(Hg)eso I'x-converges to the functional H. In addition, if u, € L? (2, R3) is a e-minimizer of H, — L, i.e. which
satisfies

He(ie) — L) <e+ inf  (Ho — L(w)),
uelP(2,R3)

then there exists a subsequence of (iig)e=o which strongly converges in LP(§2,R3) and weakly in W}(’)p (£22,R3) to

some u which is a minimizer of the classical nonlinear problem

inf  (H@u)—L)).
ueL?(£2,R3)

Let (u, ) be a minimizer of inf(, ,)crr(2 R3)xY5,.(5) (F (U, V) — L(u)). The next corollary states that i is a mini-
mizer of the classical nonlinear problem and that at a.e. X in S, one may think v as the microscopic description of the
macroscopic quantities Vys (i) (x) and Qgo(Vys(i)(X)).

Corollary 1. Let (u,v) be a minimizer of inf(, \crp(2 R3)xs0(5) (F @, v) — L(u)), then u is a minimizer of
infy, ¢/ p (o r3)(H ) — L(u)). Moreover for a.e. X in S one has

Vys(i) (%) = / Adig;
M3><2
0g0(Tys(@) () = / 20(3) .
M3><2

Proof. We begin by proving the two equalities. The proof of the first one is straightforward since v € Adm(u). For
the same reason, for a.e. X in S we have

050(¥ys@ (@) < / 050() dig
M3><2
< / g0(3) dz.
M3><2

The converse inequality is more involved and requires a localization argument. Let Xo be a fixed point of S,
0,(0) = 0,(R0) x (—p, p) the cylinder of R? where Q,(%o) is the ball of R? centered at o € S. Write F£**°,
]—"“?0, HP™, HP+%0 for the functionals Fe, F, He, H localized at O, (Xo) where the constraint u € W}{)p (£2, RS)
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is replaced by the constraint u € i + WO1 P(Q,(%0), R3). It is easy to check that (it, v) restricted to Q »(X0) is also a
minimizer of the localized problem

inf{ FP50(u, v): u € LP(Q,(G0), R?), v e V3xa(0,(G0))}-

Fx,y,?
—

On the other hand, analysis similar to that in the proofs of Theorem 2 and Theorem 3 shows that 77 o FPo
Iy

and H/ 0 —% Hr-%0_From the second variational convergence process i), there exists a sequence (u;)¢~0 Strongly
converging to i in L”(Q ,(Xo), R?) such that
Sli_%(Hf‘% (e) — L(ug)) = / Of(Vu)dx + / ng(@)/s(ﬁ)) dx — L(u). (21)
Q,(%o) Qp(fo)

. A = = .

Moreover, according to the Prokhorov compactness theorem, jts = 8vy, (x) ® dx — V where v is some Young measure
I n

.2 .. X.y,7 .

in V)342(S). Now, from the first variational convergence process —> , we obtain

lim (HP0(ug) — Lue)) = lim (F£0 (e, ) = L(ue)

> / Of (Viiydx + / ( / go(i)d5f>df—L(ﬁ)

Qp (o) 0p(hg) M2
> / Of (Vit)dx + / (/go(i)dﬁ)g)di—L(ﬁ). (22)
0, (o) 0,(Ro) M3x2

Combining (21) and (22) we deduce

/ 0go(Vys(in)) dx > / (/go(k)dﬁ);>d)2.

Qp(fo) Q/)()’EO) M3x2

By choosing X outside a suitable 7{>-negligible subset of S (take Xy a Lebesgue point of each two integrands in
each two members), dividing the two members by H2(O »(X0)) and letting p — 0, we obtain 0g0(Vys(it) (o)) =
fM3x2 go(A)d ‘_)}0 which completes the proof of the second equality.

It remains to establish that i is a minimizer of the classical nonlinear problem. Indeed, from the second equality
previously established we infer

fo(Vﬁ)dx+fng(@ys(ﬁ))d)?—L(ﬁ)=f(ﬁ,l7)—L(ﬁ)
2 s

—  inf ( inf f(u,u)—L(u))

ueLP(2,R3) \ ve)3x2(S)
= inf (Hu) — L))
uel?(£2,R3)

which completes the proof of the corollary. O
5. The displacement considered as an internal variable: The formulation in terms of Young measure
Sin_ce HY(IHyNS) >0, foreach v € @J{3X2(S) there exists a unique function « in V[{”’(S, R3) satisfying u = 0 on
TN S, defined for a.e. x in S by u(x) = vl (bar(v;)). For every fixed measure v in V)342(S), we consider the set
W) :={ue W}&p(fz, R*): ys(u) (%) = V! (bar(v;)) for a.e. & in S}
and define the functional G : V3x2(S) — R U {400} by

Gv) = {infueww (fo Of (Vuydx — L)) + [5, 2 QoW v if v € VI350(S),
400 otherwise.
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It is straightforward to see that G is the marginal map of the functional F when u is considered as an internal variable,
namely G :=inf, ¢/, o g3) F(u,.). It is also interesting to notice that G is a sum of a bulk and surface energy,
precisely:

G(v):/h(x,bar(v);))dx+f( / go():)dv;c) ds.
2

S M3x2
(Take h := Qf o Vu where i is a solution of inf,ew () (fQ Of(Vu)dx — L(u)).)

J AN
Applying Theorem 1, we deduce that G, :=inf, ¢ 1 p (o r3) Fe (U, .) —L G. The formulation of the model in terms

of Young measure is then given by the problem v € argmin G. From this formulation, we deduce that a minimizer
u of the classical formulation is solution of a Dirichlet problem (in a variational form) with the following boundary
condition: it(%) = V! (bar(v;)) on S. Precisely

Corollary 2. Let (u, v) be a minimizer of inf(, \,)crr(2 R3)xYs.0(5)(F (U, V) — L(u)), then u is a minimizer of the
Dirichlet problem

inf{ / Of (Vu)dx — L(u): u € W}(’)P(Q, ]R3)7 u@) =v! (bar(v);)) a.e. on S}.
2\8

. e A _
Proof. On account of the I y,p-convergence of G, to G, there exists a sequence i, € V3x3(B) satisfying 1, — v and

lim G (1) = iv%f()( / Of (Vuydx — L(u)) + / go(h) ds. (23)
2

SxMB3x2

But since G.(ug) < +00, there exists u, in W;(’)p(.Q, R3) such that He = 8V (reu,) ® dx in V343(B) and G, (ue) =

Fe(ug, Lg). From Lemma 1, a subsequence of (u;).~0 strongly converges to some #in L?($2,R3). Then, according
to the I’y ,  convergence of 7, — L to F — L, we deduce

lim Ge () = lim Fe(ue, pe) — L(ue) > liminf Fe (ue, e) — L(ue)
e—>0 e—0 e—0

> [orwinax-ri+ [ wdias
2 SxM3x2
> f Of (Vit)dx — L(ii) + / go(h) d. (24)
2 SXM3><2
Combining (23) and (24) we see that

uew ()

inf </ Of(Vu)dx — L(u)) = / Of(Vu)dx — L(u)
Q Q
which ends the proof. O
Appendix A
For a general exposition of the theory of Young measures, we refer the reader to [7,8,26,27] and the references
therein. In all the appendix, §2 is an open bounded subset of RY and E =R?, d =m x N so that R? is canonically

isomorphic to the space M"™*" of m x N matrices.

Definition 3. We call Young measure on £2 x E, any positive measure ;1 € M (£2 x E) whose image by the projection
e on £2 is the Lebesgue measure £ on £2: for every Borel subset B of §2

To#u(B) ;= u(B x E) = L(B).
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We denote by V(£2; E) the set of all Young measures on §2 x E and equip )V(£2; E) with the narrow topology,
that is the weakest topology which makes the maps

w=> f pdu
Q2xE

continuous, where ¢ runs through Cp($2; E). This topology induces the narrow convergence of Young measures
defined as follows: let (1, ),eN be a sequence of measures in Y (£2; E) and p € Y(82; E), then

{Vfﬂ €Ch($2; E),
lim,, 100 f_QXE o, A)dpy(x, ) = f_QXE o(x, A)du(x, A).

The following slicing property, is a generalization of Fubini’s theorem.

nar
Hn — K

Theorem 4. Let (1 be any Young measure in Y (§2; E). There exists a family of probability measure (iix)xe on E,
unique up to equality L-a.e. such that

G x+— fElﬂ(x,A) duy is L-measurable,
(i) [oup W&, Adulx, A) = [o([p¥(x, A) du(A))dx

for each function p-integrable . The family (tx)xes2 is called a disintegration of the Young measure . and we write
m=pux®L.

Let us define the tightness notion for Young measures

Definition 4. A subset H of )V (§2; E) is said to be tight if

Ve > 0, 3K, compact subset of E such that sup u(£2 x E\ ;) <e.
neH

Theorem below may be considered as the parametrized version of the classical Prokhorov compactness theorem

Theorem 5 (Prokhorov’s compactness theorem). Let (u"),eN be a tight sequence in Y (§2; E). Then, there exists a
subsequence (W™ )reN of (W)nen and w in Y(82; E) such that

nar X
M =~ p in V(82 E).
Let (u,),en be a sequence of functions u, : 2 — E and consider the sequence of their associated Young measures

nar . . .
(n)neN> Un = 8u,x) ® L. If u, — p in Y(£2; E), the Young measure p is said to be generated by the sequence of
functions (u,),eN. In general, u is not associated with a function.

The next proposition is a semicontinuity result related to nonnegative functions.

Proposition 5. Let ¢ : 2 x E — [0, +00] be a B(£2) ® B(E) measurable function such that A — ¢ (x, A) is Isc for
a.e. x in §2. Let moreover (n)neN be a sequence of Young measures in Y(52; E) narrowly converging to some Young
measure (L in Y (§2; E). Then

/(p(x,)\)du(x,)\)glim}_nf / ox, M) du,(x, r).
n——+o00
R2xE R2xE

Let us recall the notion of uniform integrability: a sequence (f;;)neN, fn : 2 — R is said to be uniformly integrable
if
lim sup / [ ful=0.
R—+00 ;N
[ fal>R]

One may extend the set Cp(§2, R™) of test functions related to the narrow convergence as follows:
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Proposition 6. Let (i,)nen be a sequence of Young measures associated with a sequence of functions (un)neN,
narrowly converging to some Young measure . On the other hand let ¢ : §2 x E — R be a B(£2) @ B(E) measurable
function such that . — @(x, \) is continuous for a.e. x in §2. Assume moreover that x — @(x, u,(x)) is uniformly
integrable. Then

/ (p(x,k)du(x,k)=nETOO/g0(x,un(x))dx.
2xE 2

In order to apply Proposition 6, the following result is fundamental. For a proof, we refer the reader to [18,23].

Proposition 7. Let (u,)neN be a bounded sequence in W;(’)p (2, R™) whose gradients generate a WP -Young mea-

sure (L. Then there exists another sequence (Vp)yeN in W;(’)p (82, R™), whose gradients generate the same Young
measure , and such that (|V v, |P),eN is uniformly integrable.

We end this section with the following characterization theorem for W !-”-Young measures (Young measures gen-
erated by gradients of W !-7-functions), established by D. Kinderlehrer and P. Pedregal (see [19,23,24]).

Theorem 6. Let p > 1. Then € Y(£2; E) is a WP -Young measure iff there exists u € WP (82, R™) such that the
three following assertions hold:

(1) Vux) = [prdux(),
(i) for all quasiconvex function ¢ satisfying a growth condition of order p one has

¢(Vu(x)) g/(p(k)dux(k) fora.e. x € £2.
E

(iii) fE AP du(x) < +oo fora.ex € 2.
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