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Abstract

We consider a semilinear elliptic Dirichlet problem with jumping nonlinearity and, using variational methods, we show that the
number of solutions tends to infinity as the number of jumped eigenvalues tends to infinity. In order to prove this fact, for every
positive integer k we prove that, when a parameter is large enough, there exists a solution which presents k interior peaks. We also
describe the asymptotic behaviour and the profile of this solution as the parameter tends to infinity.
© 2009 Elsevier Masson SAS. All rights reserved.

Résumé

Nous considérons un probleme de Dirichlet semi-linéaire avec le terme non linéaire qui interféere avec les valeurs propres de
I’ opérateur linéaire. Avec des méthodes variationnelles, nous montrons que le nombre de solutions est arbitrairement grand pourvu
que le nombre de valeurs propres qui interfeérent avec le terme non linéaire soit suffisamment grand. Pour la démonstration nous
prouvons que pour tout k € N le probleme a une solution qui présente k pics quand un parametre est suffisamment grand. Nous
décrivons aussi le comportement asymptotique et la forme de cette solution quand ce parametre tend a 1’infini.
© 2009 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Several papers have been devoted to study existence and multiplicity of solutions for semilinear elliptic problems
of the following type
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1.1
u=>0 onds2, (1.1
where £2 is a bounded connected domain of R”, £ € L?(£2) and g : R — R is a continuous function such that
t t
fim 59 g and  1m $9_p (12)
f——00 t—4+00

with & and 8 in R. We assume, for example, o < 8 (the case o > f is similar).

We denote by A; (or also by X;(£2)) the eigenvalues of the Laplace operator —A in HO1 (£2). Since £2 is a connected
domain, we have A1 < Ay <A3<....

If there exists some eigenvalue A; such that A; € Jo, B[, we say that g is a jumping nonlinearity and that A; is
a jumped eigenvalue. It is well known that, if g € C'(R) and g/(r) # A; Yt € R, Vi € N, then there exists a unique
solution u € H(} (£2) for every & € L?(£2). In fact, in this case one can apply for example a well-known result of
Caccioppoli (see [9]).

The situation is very different if g’(z) meets some eigenvalue A;, what happens, for example, if g is a jumping
nonlinearity. The first paper concerning this case is due to Ambrosetti and Prodi (see [4]). They consider in [4] the
problem

Au+g(u)=§ +te; in 2,

1.3
],{:0 01’18.{2, ( )

where g € C2(R), & € L*(£2), t € R and e is a positive eigenfunction corresponding to the first eigenvalue A1. Under
the assumptions that g”(¢r) > 0 for all t € R and

0< lim g'@) <A< lim g'() <Ay, (1.4)
t——00 t—+00

they prove that there exists a function 7 : L2(£2) — R such that problem (1.3) has exactly two solutions if 7 > 7(&p),
exactly one solution if t = 7(&p) and no solution if 7 < 7(&p).

After the result of Ambrosetti and Prodi, several authors have studied semilinear problems where the nonlinear
terms interfere with the spectrum of the linear operator and in particular (especially in the early 1980s) elliptic equa-
tions with jumping nonlinearities (see [1-3], [5-8], [10-18,20,21,23-32], [35-38], etc.). They apply in these papers
analytical, topological and variational methods and exploit several tools (as topological degree, Morse index, Ry-
bakowski index, etc.) in order to describe the right-hand side members £ for which the problem has solution and to
estimate the number of solutions. The literature on this subject is really very extensive and in recent years there has
been a new growing interest in these problems (see [8,18]). Here we recall only the following results.

If no eigenvalue of —A in HO1 (£2) belongs to the interval [, 8], then a well-known theorem of Rabinowitz
(see [34]) applies and guarantees that problem (1.1) has at least one solution for every & € L2(£2).

If @ < A1 < BB, there exists a function 7 : L2(§2) — R such that problem (1.3) has at least two solutions if ¢ > (&),
at least one solution if 1 = £(£p) and no solution if t < (&) (see [4,7,3], etc.). If @ < A1 < Ay < B, there exist at least
four solutions of problem (1.3) for ¢ > 0 large enough (see [27,38], etc.).

If n =1 (ie. £2 is an interval) and @ < A1 < A; < B, then (see [29,12,36]) problem (1.3) has at least 2i distinct
solutions for ¢ > 0 large enough (indeed, exactly 2i solutions if suitable additional conditions are satisfied). Notice that
this result does not hold in the case n > 1. In fact, in [14] Dancer considered problem (1.3) with g(u) = —au™ + Bu™
(where u™ = max{u, 0} and u~ = u™* — u) and showed that for every i > 2 there exists a smooth bounded domain £2;
in R”, with n > 1, and a function &, € Lz(.Qi) such that problem (1.3), with £2 = £2;, has only four solutions for # > 0
large enough even if & < A1(£2;) < X;(£2;) < B.

In the present paper our aim is to show that the number of solutions of a problem with jumping nonlinearity may
be arbitrarily large, for any fixed domain £2, provided the number of jumped eigenvalues is large enough. Therefore,
we consider the following problem

Au—au7+ﬁu+=el in £2,

1.5
MZO OHBQ, ( )
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where we fix ¢ < A1 and let 8 — 400 (notice that, if in problem (1.3) we replace u by tu and let t — +o00, we
obtain (1.5) as limit problem). We show that, for any fixed domain £2, the number of distinct solutions tends to
infinity as 8 — +oo. In fact, for every positive integer k we construct, for 8 > 0 large enough, a solution uy g of
problem (1.5), which presents k peaks and converges as 8 — 400 to the solution ail)q (see also Remark 3.9).

The main result of this paper is presented in the following theorem.

Theorem 1.1. Let §2 be a bounded connected domain of R", with n > 3. Let us fix o < A1. Then, for every positive
integer k there exists By > 0 such that for all B > B problem (1.5) has a solution uy g satisfying the following
properties:

() there exist a positive constant v and k points xf, e, xf in 2, with
dist(x!3 8.(2) > L fori=1,...,k, and |x'3 —x/.s| > E fori#j (1.6)
' VB T B
a k B F g+ . B . .
such that, for every B > B, uy p(x) <0Vx € Q\Ui:l B(x;, ﬁ) while ug g #0in B(x;, ﬁ)forl =1,...,k;
(1) the points xis R x,’? satisfy, in addition,

i By . . BB _ -
ﬂgrfwel(xi)_mgxel fori=1,...,k, and ﬂEToo\/B|xi xj|—oo fori# j;

(M) for every B > B, we have ui,p(x) > % Vx € 2 and

k
) e(x) B )
#3gswgmﬁu)— A{xEQ\LJBQPp):ﬂ)Vp>Q (1.7)

o — R
i=1

(V) foreveryi=1,...,k, the functions U, gl defined in /B(§2 — x;g) by

Uk,ﬁ,xf(x) :uk,ﬁ(% —i—x?) Vx € \/B(.Q —xf),

converge as f — +o0 to the nonconstant radial solution U of the problem

AU+UT=0 inR",
(1.8)

lim U(x) =

maxej.
[x]—00 o — Al 2

Moreover, the convergence is uniform on the compact subsets of R".

Remark 1.2. It is clear that it follows from property (I) that the number of distinct solutions tends to infinity as
B — 4-oo. From property (II) we infer that the peaks concentrate near the maximum points of e; and, if the distance
between two peaks tends to zero as f — 400, the approaching rate is less than the concentration rate. Property (III)
shows that the peaks “are based” on the solution afl)\l , which is the minimal solution of the problem (as one can
easily verify). Finally, property (IV) describes the asymptotic profile of the rescaled peaks. Let us point out that only
if n > 3 the problem (1.8) has a nontrivial solution (since any bounded super-harmonic function in R" with n < 3 is
a constant function). In the cases n = 1 and n = 2 new, more refined, arguments have to be used in order to construct

k-peak solutions and describe their asymptotic behaviour (see [33]).

The method we use for the proof of Theorem 1.1 is completely variational. The solutions are obtained as critical
points of the functional f : HO1 (£2) — R defined by

fw)= %/[|DM|2 —oz(u_)2 — ,3(u+)2] dx +/e1udx Yu € Hy (2). (1.9)

2 2
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Notice that similar phenomena occur also in other fields of Nonlinear Analysis. For example, k-peak solutions with
similar properties as in Theorem 1.1 appear in many superlinear problems such as singular perturbation problems,
nonlinear Schrodinger equations, nonlinear scalar field equations, elliptic equations involving critical or supercrit-
ical Sobolev exponents, etc. Solutions of this type are usually obtained by using a Lyapunov—Schmidt type finite-
dimensional reduction method. In particular, we recall the paper [18] of Dancer and Yan, where they consider the
problem

Au+ |ul? =te; in £2,

1.10
u=0 on 952, (1.10)

with p € ]1, %[ (here the nonlinear term satisfies (1.2) with « = —oo and B = +00). For every positive integer k,

they prove the existence of a k-peak solution of (1.10) for ¢ > 0 large enough (thus proving a well-known Lazer—
McKenna conjecture). Concerning superlinear problems of this type, several results have been obtained in the last few
years (see for example [19,22,40] and the references therein).

2. Notation and preliminary results

We look for solutions u € H(} (£2) of the following type. For every 8 > 0, setrg = % where 7 is the radius of the
ball in R” for which the first eigenvalue of the Laplace operator is equal to 1, i.e.

inf{ f |Dul*dx: u € H} (B, 7)), / utdx = 1} =1. (2.1)
B(0,71) B(0,7))
For every positive integer k, consider the set
2rp= {(xl,...,xk) € 2k lx; —xj| = 2rgifi # j, dist(x;,002) > rg fori = 1,...,k}. 2.2)
It is clear that, for every fixed k € N, £2; g # @ for B large enough and the balls B(x1,7g), ..., B(xi, rg) are pairwise
disjoint and included in £2 if (x1, ..., x;) € £ .
We say that a function u € H& (£2) is a k-peak function, with respect to the balls B(x1,7rg), ..., B(xk,7rg), if
ut = Zf-;l ul+ where, foreveryi =1, ..., k, ul+ is a nonnegative function in H& (£2) such that ul+ # (0 and ui+(x) =0

Vx € 2\ B(xj,rg).
One can easily verify that, if a k-peak function u of this form is a solution of problem (1.5), then for every i =

1,..., kthefunctiont — f(u —i—tu?’) has for r = 0 the unique maximum point in the set [—1, +-oco[ and f’(u)[uf] =0,
that is
/|Dui+|2dx—ﬂ/(uj)zdx+/elui+dx=o. 2.3)
2 2 2

Therefore, it is natural to consider the subsets V; of HO1 (£2) consisting of all the k-peak functions u, with respect to the
balls B(x1,7g), ..., B(xg, rg), such that f ! (u)[uf] =0, and to look for critical points of the functional f constrained
on the subsets V; (even if they are not smooth manifolds and this fact gives some more problems when we have to
prove that the constrained critical points actually give solutions of (1.5)).

For the k-peak functions u of the form described above we use also constraints of the following type (a barycenter
type constraint)

/ (45 () (x — x1) dx =0, (2.4)

2

Foreveryi =1, ..., k, we denote by B; the subset of HO1 (£2) consisting of all the k-peak functions u, with respect to
the balls B(x1,7g), ..., B(xk, rg), such that (2.4) holds.

,,,,,

B(x1,rg), ..., B(xk,7g), such thatu € V; N B; forevery i =1, ... k.
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Proposition 2.1. Let k be a positive integer, > 0 large enough so that $2; g # ¥, a < A1 and consider a point
(X1, ..., XK) € 2 .
Then Sf,

x; 7 0 and the minimum of the functional f on the set Sf, x; 18 achieved.

,,,,,,,,,,

Proof. First notice that Sfl """" x. 7 ¥ because of the choice of the radius rg. In fact, since \/Brﬂ > r1, there exist
nonnegative functions v; € H} (£2) such that v; =01in 2\ B(x;, rp), [ |Dvil?dx < B [ v?dx and [, (v; (x))*(x —
x;)dx = 0 (for example, we can choose as v; a positive eigenfunction related to the first eigenvalue of the Laplace
operator in Hj (B(x;, 7g)), with % <7g <rp).

Therefore, u = Y%_ tyv; € SE ., for suitable ; > 0.

,,,,,

For every function u € Sf, ,,,,, x;» we have
k
fay=f(=u")+>_ f(u) (2.5)

i=1

where f(—u7) > f(3%) (since @ < A1) and f(u;) > 0 for i = 1,...,k (because u € V; implies f(u;) =

max{f(fu;): t >0}). It follows that inf g
)Cl ..... )Ck

. C 8
Let us consider a minimizing sequence (u;); for f on Sk,

f > —o0.

x; - Taking into account that u ; € V;, namely

.....

/|Du | dx—,B/ dx+felu cdx =0 (2.6)

and that e; > 0 in §2, we have

/|D” il dX<ﬁ/ 2.7)

+

Therefore, if we set v;; = the sequence (v;;); is bounded in H (£2). As a consequence, up to a subse-

lle ||L2<9)
quence, it converges as j — oo to a function v; € HO (£2) in Lz(.Q), weakly in H0 (£2) and almost everywhere in §2
(thus v; > 0in £2 and ||v; || ;2(o) = 1). Notice that uj € V; Vj € N implies

>0 fori=1,...,k. 2.8)

I;mmf””] i ”LZ(.Q)

In fact, arguing by contradiction, assume that for some i € {1,..., k}, up to a subsequence, ||u ilz2@) = 0 as
j — oo. Then, from (2.6) we obtain

I il e / DR dx = Bl | + [ ervidx =0 29
2

and, as j — 00, f_Q e1v; dx = 0 which gives a contradiction because e; > 0, v; > 01in £2 and v; # 0.

Now, let us prove that

11msup||u <+oo fori=1,..., k. (2.10)
i—

j.i HLZ(.Q)

Arguing again by contradiction, assume that for some i € {1,...,k}, up to a subsequence, ||u ill2(@y = o0 as
j — o0. Thus, from (2.6) we have

—1
f|Dv,-,,»|2dx—ﬁ+ |ut ||L2(mfe1v,-,,-dx=0 (2.11)
ko) 2
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which, as j — oo, implies

lim |val| dx = 8. (2.12)
j—o00

2
Taking into account that

f(u;Ll) =max{f(tuf): t> O}

_max{ |:/|Dv],| dx—,31|+t/elvjldx > O}

2

1 —1 2
=5[/3—/|Dv/,i|2dx} (/elvj,idx> : (2.13)
2 2

from (2.12) we infer that lim; _, f(u ) = +00. As a consequence, we have also lim;_, o f(u;) = +00, in contra-
diction with the fact that (u;); is a m1n1m1z1ng sequence. Therefore, the sequence (uj')., is bounded in L2(.Q). Notice
that also the sequence (u;) ;j 1s bounded in L2(£2) as one can easily verify taking into account that « < A;. Thus, the
sequence (u;) j is bounded in L%(£2)and, asa consequence, also in HO1 (£2) (because SUP ey Sfuj) < +o00). It follows
that, up to a subsequence, u; converges to a function u € HO1 (£2) in L3(2), weakly in Hé (£2) and a.e. in £2. The

convergence in L2(£2) implies that u is a k-peak function with respect to the balls B(xy,rg), ..., B(xk,rg) (notice

that ul+ = (0 because of (2.8)) and that u € B; foreveryi =1, ..., k. Now we prove that, as j — oo,
/|Du;|2dx—>/|Du_|2dx and /|Du;i|2dx—>/|Duj'|2dx fori=1,...,k (2.14)
2 2 2

(namely, that #; — u also in H (£2)) which allows us to conclude that u € V; for i = 1,...,k and that u is a

minimizing function for f on le ,,,,, Xe-
For the proof we argue by contradiction and assume that (up to a subsequence)

lim /|Du;|2dx>/|Du_|2dx or
2 2

j—o00

lim |Du;,.|2dx>/|Du,+|2dx for some i € {1, ..., k}. (2.15)

j—o00

Notice that, since

k
fap=f(=up)+Y_ fui), (2.16)

we have (up to a subsequence)

1nf f= l1m f(u])_ hm f +Z lim f 2.17)
le ,,,,, Xk J%oo
where
lim f(—u7)=f(-u") if lim /|Du;|2dx=/}Du’}2dx (2.18)
! 7% 2
while

lim f( )>f( if hm f|Du | dx>/’Du . (2.19)
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Fori=1,...,k we have
: +) — + +1_0 ; : + 12,5, +2
]li)rgo f(uj,i) —f(ul. ) and f/(u)[ui ]—0 if jli)n;o/|Duj’i| dx—f|Dui | dx (2.20)

2
(because f' (u)[u*] = llm]_,oof (uj)[u ;1, in this case, and f! (u,)[u+ ]=0VjeNsinceu; € V).
On the contrary, if hm/_wof_(2 |Du |2 dx > fg |Du+|2dx we have f’ (u)[u+] < 0. As a consequence, there
exists #; € 10, 1[ such that f'(f;u l+)[t, l+] = 0. It follows that
_ 1_ 1 1
f(t,-uf):it,-/elufdx < E/elzfrdx— lim E/elu .dx = lim f( ) (2.21)
Q

j—o0 Jj—o0
2 2

(where the first and the last equality hold because, if w is a nonnegative function in HO1 (£2), f'(w)[w] =0 implies
fw)=1 [, eiwdx).

Therefore we infer that, if (2.15) occurs, there exists a function u € Sfl
with #; €10, 1] fori =1, ..., k) such that

fG@) < lim f@))=nf f (2.22)

S)q seen Xk

+ (of the form &t = —u™ + Y ¥_, fiu;

.....

which is a contradiction.

Thus u; — u in H}(2),u € S5, and f) =ming  f. O
X1 5eees Xk

Proposition 2.1 allows us to introduce the function ¢g : £2; g — R defined by

Qp(x1, .y X)) = ;nin oY@, .. x) € S . (2.23)

le seenXf

Proposition 2.2. For every positive integer k and for a < A1, fix B > 0 large enough so that 2 g # 0. Then there
exists (xf, e, xf) € §2k g such that ¢g (xf}, e, xf) =maxg, , ¥p (see (2.23)).

Proof. Let us consider a sequence (x1,j, ..., Xk, j); in £ g such that
Lim @g(x1 j,..., Xk j) = sup g. (2.24)
j—o0 Qup
Since £2;,g is a compact set, there exists (x{g, .. .,x,’f) € §2¢,p such that, up to a subsequence, (x1,j,..., Xk, j) —>
(xf},...,x,’?) as j — oo.
By Proposition 2.1, there exists ug € s? s _p such that f(ug) = mings f. For every j € N, consider the
X] seees X B B
X] s Xk
fu.nc‘tio~n~ﬁj € Sfl.,j,_”,xk.j such t.hat uj = — + Z, 114] ;» Where u+ x) = Ug ,(x + xl.ﬂ — x;,j) and —IZ; is the
minimizing function for the minimum
min{f(v): NS HOI(Q), v<0in £2, /vﬁ}'i dx =0fori=1, k} (2.25)
(since o < A1, there exists a unique minimizing function which depends continuously on the point (xy,j, ..., X, ;) €

2k.8).
Standard arguments show that i; — ug and f(u;) — f(ug) as j — oo. Thus, taking into account that

min

of f < f(u;)VjeNbecauseu; € S,’?l jroxi,j» WE ObtaIn

X, joe Xk, ’ ’
sup g = hm (p,g(xl joeees Xk ) < lim f(ﬁj):f(u,g)zfpﬁ(xf,...,xf) (2.26)
2up j—00

which implies (p,g(xf, e, xf) =maxg, ,¢p. O
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In order to describe the behaviour of the problem as 8 — 400, we need also some preliminary results on the
capacity.
For every smooth bounded domain A in R” with n > 3, the capacity of A is defined by

cap(A) =min{ / |Dul*dx: u e D"*(R"), u>1ae.in A}. (2.27)
Rn

It is well known that there exists a unique minimizing function u 4. Moreover, we have u4 = 1in A, 0 <uyg < 1 in
R"\ A, Aupg =0inR" \ A.
Notice that we have also

cap(A) = — /(DuA -v)do (2.28)

where v denotes the outward normal on 0A.

Lemma 2.3. Let A1, A, ..., A, with s > 1, be s pairwise disjoint smooth bounded domains in R" with n > 3. Then,
we have

N N
cap(UAi) <> cap(A)). (2.29)
i=1 i=1
Proof. For every i =1,...,s, consider the minimizing function u 4, for cap(A;); then introduce the function u €
D2(R") defined by

p(x) =max{ug, (x): i=1,...,s} VxeR" (2.30)

Notice that u is subharmonic (but not harmonic) in R” \Uf-=1 A;. Therefore, if we set A = Uf=1 Aj,wehave u <uy,
U #uy and

/(DuA v)do < — /(DMA v)do (2.31)

i= 16A

because u 4 (the minimizing function for cap(A)) is harmonic in R” \ A. Thus we obtain

cap(A) = /|DuA| dx = — /(DuA v)dcr<—Zf(DuA v)da—ZleuAl dx—anp(A)

i=lga i=lg,
(2.32)
which completes the proof. O
3. Asymptotic behaviour and proof of the main results
Our next aim is to prove that, if (xf,...,x,’?) € Qp and ug € Sﬂﬂ s 1s a function such that f(ug) =
X X

JRRRER k
o (xf, e, x,’f) =maxg, , ¢p (see Proposition 2.2), then ug is a solution of problem (1.5) for 8 large enough. There-
fore, we need to study the behaviour of ug as  — +o00 and to describe the asymptotic profile of the function ug
(suitably rescaled).

Proposition 3.1. For every positive integer k, for o < Ay and for B > 0 large enough so that 2 g # ¥, consider a

point (xf}, .. .,xf) € Q2y.p and a function ug € S'BIS p such that f(ug) = goﬁ(x’lg, .. .,x,’f) = maxg, ; ¢g- Then we
X{ sees X ’
have
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(a) ug
(b)
lim p°7 | flup) — 5 © (maxer) cap() (3.1
1m maxe; ) cap(F .
b 2 | T 2@ a2 ) P
where (for short) cap(ry) denotes the capacity of the ball of radius r| in R";
(©
ﬂgrfmel(xf):méxel fori=1,...,k, (3.2)
lim B |xf —xf|=c0 fori#j. (3.3)
B——+00 J
Proof. Property (a) follows by standard arguments taking into account that, since f(ug) = min s f, —ug is the
B
xt, Xy
unique minimizing function for the minimum I
min{f(u): ueHol(.Q), u <0in £2, /uugdxzo} (3.4)
andthatu =0in 2\ 1B(x ,rg) with rg — 0 as g — +o0.
Notice that, for every u € H0 (), fw)= f(—u")+ f(u™) and
1
) = —/|Du*|2dx— g/(Lf)zdx—/elzfdx.
2 2
2 Q 2
If wesetv=—u" — = taklng into account that f (a T )= m, a direct computation shows that
1 1 o
—u")=——+= [ |IDvPdx — = | vdx. 35
f(u) 2(0[_)\1)—i-2/|v|x Z/Ux (3.5)
Q 2
For the proof of property (b), we prove first that
imint 55| £) = 55 | 5 (maven) capir) (6
1m1n u maxej ) cap(ry). .
o P 2] 2@ 12 b
For every 8 > 0 (B large enough) choose ()El , ...,)Ek) € §2¢, such that
Jim e (i ) =maxey fori=1,....k and ﬂETOO\/EW — | =00 forij. (3.7)
Consider a function g € S{sﬁ _p suchthat f(ug) = gp,g(i’f, ...,if). Forevery r > 0, set.Q’s = S?\Uf:1 B(Xf, ﬁ).
XY sees Xy,
Standard arguments show that
lim min{/|Du|2dx: ue HY(2), /uzdle}z (3.8)
B—+o0
of of
Therefore, since o < A1, for every r > 3r; there exists 8, > 0 such that
1 a oy
flag) — TP NI ODEDS 3 f [IDUg)* — ad}]dx VB> B, (3.9)
= =BGl v
where vg = —lg — 5= Taklng into account that f (u ) =0fori=1,...,k, after rescaling we obtain

537
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n—2 _ 1 1 _ o -
Bz [f(uﬁ)—m]>;‘§ / |:|DVﬁ|2dx—EVﬁ2j|dx VB > By, (3.10)
= BB

where Vg(x) = Up(73)-

Now, fori =1, ..., k, consider the functions 1_/,3,);1., defined in \/B(£2 — X;) by \_/ﬁ,gi (x)= \_/,3 (x + +/BX;). Since
Jo |DLTE 12dx < ,Bf_q(pfr )2 dx (that is the subset of B(X;,rg) where iig > 0 has the first eigenvalue which is not
greater than ), standard arguments show that (up to a subsequence) Vﬂ 5 converges as § — +oo to a function
VOO ; e Db 2(R”) such that 0 < VOo i(x) < 7=y maxgpe; Vx € R™ and the set where VOO i = le maxg; e; has first
eigenvalue not greater than 1. Therefore, taklng into account that the ball of radius 7| has the smallest capacity among
the domains whose first eigenvalue is less than or equal to 1, we obtain

_ 1 2
f|Dvoo,»|2dx —<maxe1) cap(F;) fori=1,... k. 3.11)
’ (A —a)?
Rn
Now, as f — 400, we infer from (3.10) that

k

li fﬂ [f( ) — ! }> 12 / |DVuo il?dx Vr > 3F (3.12)
1m1n u — == i|“dx r > 3ry, .
B SEETCEr Ol ! ‘
=1B(0,r)
which, as r — oo, gives
liminfﬂ%[f( ) — } ZleV 1>d (3.13)
u X. .
00 B ( 1 00,i
1=lRn
Taking into account that
flup) =maxgp > gp(%]. ... 5) = f(@p), (3.14)
k.
(3.6) follows easily from (3.11) and (3.13).
Let us prove that
imsup ™5 | £up) = 5t | < 5 (e ) capti) (3.1
imsu ug) — maxej ) cap(ry). .
frton P 2@ ] 2@ — a2 P

For every p € ]ry,3ri[, consider a positive radial function w € H(% (B(0, p)) such that fB(O ) [Dw|?dx <
/ B(0.p) w? dx. Then, denote by ii4 the function in sP s p such that

X{sees X
i} (0) =trw(V/B(x —xf')) VxeB<ﬁ %) (3.16)
with #; > 0 such thatf(u ) ] Ofori=1,...,k,and ﬂlg such that
k
5 (x) =0 VerB(xf,%), (3.17)
f(=ii5) = mm{f(v) ve Hl(2), v<0in 2, U—OIHILJI ('3 jg)} (3.18)

(notice that, since & < A1 and e; > 0, this minimum is really achieved by a unique function which is negative in

2\Ui-i B!, Z).
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Since iig € g , we have
Xﬁ )C/S
1%

flug)= min f < fGp) =Y f(if;) + f (i) (3.19)

Observe that, fori =1, ...k,

f(ﬁ/_g,i) = I}lﬁg‘f(mg,i)

2 ~ 2 ~
_Iln>a())§{ [/|D | dx—ﬂ/(u;i) dx]+t/elu;idx}
Q 2
2 12 -
rtn;%({ [/|D | dx—ﬂ/(uz;’l.) dx]—i—tmgxel/‘u;idx}
Q Q
2n 2 2_ 2 1
=872 max{ — [|Dw| —w ]dx+Eth§1xe1 wdx ¢. (3.20)

B(0,p) B(0,p)

Since the last maximum tends to zero as 8 — +00 (as one can easily verify by a direct computation) it follows that

lim Bz f( )=0 fori=1,... k. (3.21)
B——+o0
Now, set vg = —ﬁg — ailh . By a direct computation we obtain
f(=iig) = / |Dig|* dx — —/ 02 dx, (3.22)
B Z(a o T K
which, combined with (3.19) and (3.21), gives
1 1 R 5
limsupB'2 f( upg) — ———— | < = limsup B~ = [IDVg)> — aiig] dx. (3.23)
B——+00 ( _)\1) 2 B—+00 P

If we set Vﬂ(x) = f’ﬂﬁ) Vx € \/BS2, we have

n=2 ~ - ~ o ~
B /[|Dv,3|2—av§]dx= / [|DV,3|2—EV/32] dx. (3.24)
2 JBR
Up to a subsequence, we can assume that there exist x1, ..., xi in £2 such that xiﬁ — X, as B — —4oo,fori=1,...,k.
Moreover, fori =2, ..., k, we can assume that J—(x — xﬂ) converges or J—lx — x1 | >o00as B — +oo if we

consider all the cases for which /B8 (x — x| ) converges, we obtain a subset S of {1, 2, ..., k} such that \/B (xl. — x;? )

converges as § — +oo if i and j both belong to Sy, while J—|xi — xf| — oo if, for example, i € S and j ¢ §.
Repeating this procedure, we can find a subset S of {1, 2,...,k} \ S1 having similar properties, then a subset S3 of
{1,2,...,k}\ (S1 USy), etc. Thus, we obtain & (h < k) pairwise disjoint subsets Sy, ..., S, of {1,2,..., k} such that
Uf-'zl S; ={1,2,...,k} and, as B — 400, ﬂ|xiﬂ — xf| — oo if i and j belong to different subsets while it remains
bounded if i and j both belong to the same subset (moreover it is clear that, in this case, x; = x;). Now, standard

arguments allow us to say that there exist 4 functions Wl, e, Wh in DL2(R") such that (up to a subsequence)
o h
li DVg|? — =V2|dx = DW;|*d 3.25
Gl [' ol ﬁﬂ}x ;/' i G:29)
VB2 TR
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and, in addition, the function Wj (for every j =1,..., h) has the following property: if S; consists of k; elements,
there exist k; pairwise disjoint balls with radius p in R", B(cy, p), ..., B(ckj , 0), such that
k!
/|DW| dx =m? cap<UB(c,,p)> (3.26)
i=1
el (xz

where m; = ) fori€S; ; (different choices of i in §; clearly give the same constant m ).
Therefore, by (3.23) (3.26), we have

limsup B’z |:f(u,3) T } Zm cap(UB(c,,p)) Vp € 1r1, 3711 (3.27)

B——+o00

Now let p — 7y, then take into account that cap(U ’: B(ci, 1)) < kjcap(r1), because of Lemma 2.3. Thus, we obtain

hmsup,B |:f(u,3) @ i| Zm cap(UB(cl,rl))

B—>+o0

1 2 _
< 2 .Zlmjkj cap(ry)
J:

1
2(0l —)»1)2

(where the last inequality holds because m? < m (maxg e)? and ki +ky + -+ + kp, = k).

So (3.15) is proved and the proof of property (b) is complete.
In order to prove property (c), it suffices to observe that m? <

(maxel) k cap(71) (3.28)

m(maxfg e1)? if e;(x;) < maxg e; and that

cap(Ufil B(ci,71)) < kjcap(r) if k; > 1 (see Lemma 2.3). Therefore, if k; > 1 for some j € {1,2,...,h} or if
e1(x;) <maxg e forsomei €{1,...,k}, we have

1 1
lim su ,8 |:f(u ) — :| maxe; ) kcap(ry) (3.29)
i P 2 =) 2<a—m2< ) b
in contradiction with (3.6). Thus, we infer that ej (x;) = maxg e; fori =1, ..., k (namely (3.2) holds) and, in addition,

that h =k and k; =1for j =1,..., h (which gives (3.3)). O

Proposition 3.2. For every positive integer k, for a < Ay and for B > 0 large enough so that Q2 g # 0, let
(xfj,...,x,’f) € §yp and ug € Sf,lg N such that f(ug) = (p,g(xf,...,xf) = maxg, , ¢p. For every i = 1,...,k,

let Uﬁ’xiﬁ be the function defined in /B($2 — xfj) by U o (x) = uﬁ(ﬁ + xlﬁ) Vx € /B(2 — xlﬁ).

Then, as B — 400, U 6P tends to a smooth radial function U such that

U™ = maxe; (1 —upo.)),

M —«o
where ug(.7,) is the minimizing function for the capacity of B(0, r1), and U™ is an eigenfunction corresponding to the
first eigenvalue of — A in HOl (B(0, 1)) (that is fB(o P |IDUT|>dx = fB(O ;1)(U+)2 dx). Moreover, the convergence is
uniform on the compact subsets of R".

Proof. Notice that, for every i = 1,...,k, U 13(0 37) € H(} (B(0,3r1)) (here we set 1pp37) (x) =11if x €

B(0, 3r1), otherwise 1p(0,37)(x) = 0). Moreover we have

/ |DU;xp|2dx< / (U;X)dx (3.30)

B(0,3r1) B(0,3r1)
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(because f’ (u,g)[u;i] = 0). Therefore, there exists E; € Hol(B(O, 371)) such that (up to a subsequence)
(0 3m(uﬁ* )2 dx)”? U; s — Ei, as B — +o0, in L2(B(0, 31)), weakly in HJ (B(0, 371)) and a.e. in B(0, 37).
’ WX X

i

It follows that

|DE;|*dx <1 (3.31)
B(0,3r1)
and
2
E}(x)xdx =0. (3.32)
B(0,3r1)

Arguing as in the proof of (3.6) and taking also into account property (c) of Proposition 3.1, we infer that there exist
k domains Dy, ..., D; in R” such that

n=2 1 1 2 k
llglg}rrgﬂ 2 [f(uﬁ) T M)] > @ )? (m!ezlxel) ;cap(Di) (3.33)

and Uﬂ_)ij — M+a maxg e (1 —up,;) as B — +oo (here u p, is the minimizing function for cap(D;)). Moreover E; €
H(} (D;), which implies that A1 (D;) < 1 (A1(D;) denotes the first eigenvalue of —A in H(}(D,-)). As a consequence,
(3.33) is not in contradiction with (3.15) only if D; is a ball of radius | for every i = 1, ..., k. In fact, only the
balls of radius 7| have the smallest capacity among the domains D of R” such that A;(D) < 1. Then, taking into
account (3.31), we infer that E; is an eigenfunction related to the first eigenvalue of the ball D; (because A1(D;) = 1),
hence (3.32) implies that D; = B(0,ry) fori =1,...,k.

Now, it remains to prove that U;'xﬂ converges as 8 — 400 to the positive eigenfunction E of —A in H(} (B(0,1r1))

such that the function U = E + ajk .

Arguing by contradiction, assume that, as § — +o0, U; s fE with 7 # 1. Consider a radial function ¥ €
X

maxg e1(1 —upo,7)) is a smooth function.

Cé (B(0, 3r1)) such that ¥ (x) = 1 if |x| =7 and set Yg(x) = ¥ (V/Bx — xiﬁ)). Then, a direct computation gives

lim BT [ up)lwp) = (T — 1) f (DU -v)do #0 (3.34)
dB(0,r1)

B
(where v denotes the outward normal on d B(0, 7)) and

ﬂhT BT / u;’i(x)df,g(x)(x —xj)dx = / [Ux) + G — DE@)]¥(x)xdx =0. (3.35)
B(x;q,rﬂ) B(0,71)

Therefore, taking into account that ug is the unique maximum point for f in the set {ug + tu; ;i t > —1}, by standard
methods one can prove that there exists a continuous map 6 : [—1, 1] — HO1 (B (xlﬁ ,rg)) such that 6(¢) = 0 for |¢] > %
and, for |t]| < %,

flup+tuf, +00) < fup).,  [up+tuf, +00]" #0 inB(xF.rp),

/ ([up + 1l +60]" @) (x — xf) dx =o0.
B(x}g,rﬂ)
Notice that
£up+tuf, +0@)[(up + 1l +6(0)"]
1 1

depends continuously on ¢, it is positive for ¢ = —% and negative for t = % Therefore, there exists 7 € ]—3, 5[ such
that

£'(up+iuf, +0@)[(up +iuf; +0D) "] =0.
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It follows that ug + fu;ri +6(1) Sﬁﬂ 5> Which is a contradiction because f(ug) = min g f and f(ug +
’ X] sees Xy B

X e X
fuf +6(D) < fup).
Thus we can conclude that 7 = 1, which completes the proof. O

Lemma 3.3. For every positive integer k, for a < A and for B > 0 large enough so that 2y g # , let (x’lg, ceeh x,f) €

.....

2k, p and ug € Sﬁﬁ s such that f(ug) = (p;;(xfj, .. .,x,f) = maxg, , ¥g- Then, there exists ,5 > 0 such that, for
Xp oo X '

every > B,

k
2
sup{u,g(x): X GUA;?} <0, where Af = {x € $2: §rﬂ < |x—xlﬁ| grﬂ}.

i=1

Proof. Fori =1, ..., k, consider the function U . : ﬁ (£2 — xlﬁ ) — R introduced in Proposition 3.2. From Propo-

sition 3.2 it follows that, when 8§ — +o00, U Wi ﬁ maxg e1(1 —up@,7)) in H! (Az7, 37, ) where Ay 37 is the

annulus {x € R": 2r; < |x| < 3r}. Taking into account the minimality property of ug, it follows by standard methods
that the convergence is uniform in A7, 37 . Therefore, as f — +o0,

supug = sup Uﬁ s maxe; min (1 —upq,7)) <0.
Alﬂ Agyar T o—Ap 2 Aory 37

Since this fact holds for every i =1, ..., k, the proof is complete. O

Remark 3.4. As a consequence of Lemma 3.3, for 8 > 0 large enough, we have

k
up(x) <0 vXesz\UB<xf’,§r,g>. (3.36)

i=1

In fact, the minimality property of ug implies that

k k
flug) :minif(u,g +¥): ¥ € H} (2), ¥ =0in UB(xf,r,g), ug +¢ <0in 2\ UB(xf,r,g)} (3.37)
i=1 i=1
(since o < A1, ¥ = 0 is the unique minimizing function). Taking into account that e; > 0, sup{ug(x): x €
8B(xf, rg)y <Ofori=1,... kimpliesug(x) <0Vx € 2\ U;C:l B(xlp, rg). This fact, combined with Lemma 3.3,
proves our assertion.

Let us point out that this property is important because the condition ug < 0 in £ \ Ule B(x;3 ,7g) is, indeed,
a unilateral constraint (an obstacle type constraint) which would have given rise to a variational inequality if ug =0
somewhere in §2 \ Ule B(x;g, rg). On the contrary, since (3.36) holds, ug satisfies the equation Aug + aug =ej in

2\U' BGL, 2rp).

Lemma 3.5. For every positive integer k, for a < Ay and for B > 0 large enough so that 2y, g # 9, let (xf, ey x,’?) €

f. Moreover, assume B > B (see Lemma 3.3).

.....

s’
Then, for everyi =1, ..., k, there exists )»"é € R" such that
fluply] = / wh ;Y[ (x —xf)]dx vy e B (B(xf.rp)) (3.38)

2

(that is, ug is a constrained critical point for the functional f on the constraint B;).
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Proof. It suffices to apply a technique already used above, in order to deal with the constraint V; which is not smooth.
Arguing by contradiction, assume that ug is not a constrained critical point for f on B;. Taking also into account
that the map ¢ — f(ug + tu; ;) has for t = 0 the unique maximum point in the set [—1, 400, it follows by standard

methods that there exists a continuous map 1 : [—1, 1] — H(} (B(x;g, rg)) such that n(¢) =0 for |¢] > %,
flup +1uf; +n@) < flup) Veel-1,1], (3.39)

[ug + tu;i +1n()]T #£0in B(xf, rg)and ug + tu;i + n(¢) belongs to B; Vt € ]—1, 1], that is

([up + 1t + 0] @) (x —xf)dx =0 Vre[-1.11. (3.40)

B(xi,rp)

Notice that n(—%) = n(%) = 0 implies that

f(up + 1 +n0)[(up +tuf, +n0) "] (3.41)

is positive for t = —% and negative for r = % Therefore, since (3.41) depends continuously on ¢, there exists 7 €
]—%, %[ such that ug + fu;;l. + n(7) € V; (namely (3.41) is equal to zero for = 7). It follows that ug + fu;i +n(f) e

Sﬁﬂ g and f(ug + fu;i +n()) < f(ug). Clearly, this fact gives a contradiction because f(ug) = minS,s f.
Xp seees Xy ’ B B

Thus, ug is a constrained critical point for f on B;, namely there exists )‘js € R” such that (3.38) holds. O

Lemma 3.6. For every positive integer k, for o < Ly and for B > 0 large enough so that 2 g # 0, let (xf, s x,’j)
B such that f(ug) = (plg(xf, e x,’?) = maxgy ; ¥B and
k

fug)=9pp (yf, ey yf). Moreover, assume that

lim B(x' =y’ )=0 foreveryi=1,... k. (3.42)
B——+00
Then
lim — vl =0. 3.43
ﬁ_}+oo SgPWﬂ vgl (3.43)

Let us consider the function V/3 N defined in /B(§2 — yiﬁ) by

Vb @) = uﬁ<% + yf) vx e VB(2 —P). (3.44)

Then, also V/S p (as U il ) converges to the function U (see Proposition 3.2) and the convergence is uniform on the

compact subsets of R,
Now, assume in addition that ug # vg for B large enough and set

(Up = Ve () = (g — vﬁ)(% +xf) vx e VB(2 —xP). (3.45)

Then, there exists w; € R" such that, up to a subsequence, (supg,|ug — vﬁ|)_1(U,3 — Vg)x_,a converges, as 3 — 400,

to (DU - w;) € DV2(R™) and the convergence is uniform on the compact subsets of R". Moreover, w; # 0 for some
ie{l,... .k}

Proof. First notice that limg_, ;o0 /Bl ylﬁ — yf | = oo for i # j because of (3.3) and (3.42). Moreover, since f(vg) =
o (yf, el yf) S maxg, , ¢p = f(up), from Proposition 3.1 (property (b)) we obtain



544 R. Molle, D. Passaseo / Ann. I. H. Poincaré — AN 27 (2010) 529-553

hm gz |:f( ) — ¥}< lim ,3"22|:f(u ) — ! } k (maxel)zcap(fl)
U = | S e B 2a—a) |~ 2@ =2))? '
(3.46)

Therefore, we can say that V,s p — U as B — +o0. In fact, all the properties of U B we used to prove that U fx

U as B — 400, are also satisfied by V 5., s one can easily verify (see the proof of Proposition 3.2). Moreover,

ﬁ—)

standard arguments allow us to say that the convergence is uniform on the compact subsets of R”.
In order to prove (3.43), notice that

sup lug — vg| —sup{|Uﬂ )=V, (x +\/_( ))| x € B(0,3r)}. (3.47)
B(x 8)
Since both U 5 and V ¥ converge to U as 8 — 400 uniformly on the compact subsets of R”, taking also into
account (3. 42) we obtam 11m3_>+oo supB(x 5 lug —vgl =0fori=1,..., k. Hence, since a < A1, it follows by
standard arguments that limg_, ; o Sup 2L, B ) lug — vg| =0, which completes the proof of property (3.43).
Now, we assume that ug # vg for B large enough and describe the behaviour of the function (supg|ug —
vgl)_l(Uﬂ — Vﬂ)x.ﬂ as f§ — 4oo (fori =1,...,k). Up to a subsequence, it converges to a function Z; € DLI(RM),
with supp» |Z;| < 1, that satisfies the equations AZ + Z =0 in B(0, ;71) and AZ =0 in R" \ B(0,7), as one can
verify taking into account the behaviour of the functions U Bl and V 6.y

We prove that the interior and the exterior normal derivatlves of Z; on the boundary of B(0, r1) coincide, so we
can say that Z; is a weak solution of the equation

AZ+a(x)Z=0 inR", (3.48)
where a(x) =1 if x € B(0, r1) and a(x) = 0 otherwise. In order to prove this fact, notice that Lemma 3.5 implies the

existence of A, g and A, g in R" such that

1
|:DUﬂ’xlpD11/+ﬂUﬁ oV - UM +EEl’ﬁ’xf;lI/:|dx
B(0,3r7)
— / U; s(OW () (A p-x)dx VW € Hy (B(0,37))) (3.49)
’xi
B(0,3r1)

(where we set El’ﬁ’xiﬁ (x)=ei(x//B+ xiﬂ)) and, for B > 0 large enough so that /8 |x? - y;g| <11 (see (3.42)),

o I 1
[Dvﬁ,xFDWJFEV,s =V ﬂlI/—i-EEl’ﬁ’X;slIf}dx

X Box;
B(0,2r1)
= / V. p ¥ (Aup - [x = VB(OF —xP)])dx v e H)(BO,27)). (3.50)
B(0,2r) l
We say that
lim A,5=0 and lim A,z=0. 3.51
,sffoo uw.p an 53&0 .8 (3.51)

In fact, arguing by contradiction, assume for example that (up to a subsequence)

lim A= 0 and i wh _ A, (3.52)

Now, set in (3.49) ¥ (x) =¥ ;1 (x) = Z(x)(A - x) where ¢ is a function in Cé(B(O, 3r1)) such that ¢(x) =1 Vx €
B(0, r1). Then, taking into account that
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[DUDW; —UtW;]dx =0 while f U@x)(A-x)dx >0, (3.53)
B(0,3r1) B(0,r1)
as B — 400 we obtain from (3.49)

-1
oz[ f U(x)(/i~x)2dxi| / [DUDY; —U*W ]dx= lim |A,g]>0, (3.54)
B—+o00

B(0,r1) B(0,3r1)

which is impossible. Therefore, we can conclude that limg_, ; o A, g =0.
In a similar way one can also prove that limg_, o Ay g =0.
From (3.49) and (3.50), it follows that

D(Us — Vg) s DV + %(Uﬁ_ —Vy) ¥ — (UF — V;)x_ﬁnp] dx

B(0,271)

= f (UF ) = V£ (0) 59 () (Aup - x)dx + / VI s OU D ((Aup = Aup) - x) dx

B(0,2r1) B(0,2r1)
+ (Avp-VBOP =) / V/:x.ﬁ OW(x)dx V¥ € H (B(0,27)). (3.55)
B(0,2r1) l
We say that
BB
A . To—x!
lim sup (A VBO i)l < 400 (3.56)
B——+00 supg |ug — vgl
and
Aug— A
limsup 2w = Avpl o (3.57)

B—+oo SUPglup — vg|
First, let us prove (3.56). Arguing by contradiction, assume for example that (up to a subsequence)
o A VBOL —af))
B—+00 supg|ug — vgl

Now, if (3.57) holds, we choose in (3.55) a function ¥ such that ¥ (x) > 0 Vx € B(0, 7). Thus, letting 8 — 400, we
obtain

= +00. (3.58)

- . | Aug — Av gl
U dx DZ;DY dx — Z;¥dx | +rlimsup ————

B—+oo SUPelug — vg|
B(0,r1) B(0,2r1) B(0,r1)

B B
> lim (Avp '«/E(y,- —X; )
B— 00 supg, lug — vgl

= 400 (3.59)

which is a contradiction (because of (3.57)).
In a similar way one can argue when (3.57) still holds while in (3.58) +o0 is replaced by —oo. So we can say that
(3.56) holds when (3.57) holds. In the other case, there exists A such that, up to a subsequence,

Ay g— A Ayg— A -
im AAwp = Aol _ L d lim AT Avs _ g (3.60)
p—+oo supglug — vgl p—>+oo | Ay g — Ay gl

So, we can choose in (3.55) a function ¥ in HO1 (B(0,2r1)), which is strictly positive in B(%‘/i, f—‘) and vanishes
elsewhere. Thus, we have [ -\ U)W (x)dx >0 and [ ) U)W (x)(A - x)dx > 0 (because (A -x) > 0 Vx €
B(FA, ).
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Therefore, letting 8 — +o00 in (3.55), from (3.58) and (3.60) we obtain

~ ~ . |AL1,/3_A1),/3| sz
DZ; DV dx — Zivdx= lim —————— UV (A-x)dx
po>-roo supg g — vg]
B(0,27) B(0,7) B(0,7)
B B
A . A -
+ (AupVBOT =) / U dx = +o0, (3.61)
ptoo supglup — gl
B(0,7)

which is a contradiction. In a similar way one can argue when (3.57) does not hold and (3.58) holds with —oo in place
of +oo0 (it suffices to replace A by —A when we choose ¥). Thus, (3.56) is proved in any case.

Now we can prove (3.57). Arguing again by contradiction, assume that, up to a subsequence, (3.60) holds. Then,
choosing ¥ as before and letting 8 — 400 in (3.55), we obtain

= = . Ay p— Ay gl = =
DZ; DV dx — Zivdx > lim ————— UY(A-x)dx
B—>+00 sup9|uﬂ - v/3|
B(0,2r1) B(0,r1) B(0,r1)
B B
A . A ~
+ Timinf A VBOL =) / U dx = +00 (3.62)
B—=+oo  supglug — vg|
B(0,71)

(where the last equality holds becausg of (3.56)). This gives a contradiction, so (3.57) is proved too.
Now, for every smooth function ¥ : d B(0, ;) — R, we can choose a smooth function ¥ in HO1 (B(0, 2r1)) such
that ¥ (x) = ¥ (x) ¥x € 3 B(0, 1) and, moreover,

/ UXx)¥(x)xdx =0 and / Ux)¥(x)dx =0. (3.63)
B(0,7) B(0,71)

Therefore, letting 8 — +o00 in (3.55), we obtain

DZ;D¥ dx — / Zi¥dx+ / DZ;D¥ dx =0 (3.64)
B(0,r1) B(0,71) A(ry,2r1)

where A (1, 2r1) = B(0, 2r1) \ B(0, ). It follows that

Y (DZ;-v)do + f U (DZ;-v)do =0 (3.65)
dB(0,71) dA(F.271)

where v denotes the outward normal. Taking into account that ¥ = ¥ on 9B(0, 71) and ¥ = 0 on 3 B(0, 271), since
¥ is an arbitrary function, we infer that the interior and the exterior normal derivatives of Z; on dB(0, r1) indeed
coincide, so that Z; is a weak solution of Eq. (3.48).

Let us point out that every solution Z of Eq. (3.48) must satisfy the condition faB(o,fl) Zdo =0. Infact, (3.48) im-
plies

0= f (AZ+ Z)Udx = — / Z(DU -v)do + / Z(AU + U)dx = — / Z(DU -v)do,
B(0,r1) dB(0,71) B(0,r1) dB(0,71)
(3.66)

where (DU -v) is a nonzero constant on the boundary of B(0, 71). Moreover, Z; is the unique solution Z in DL2(R™)
satisfying the condition Z(x) = Z;(x) Yx € dB(0, r1). In fact, the Dirichlet problem in B(0, 1)

(3.67)

AZ+Z =0 in B(0,r),
=17 on dB(0, ry),

has only solutions of the form Z = Z; + tU, with t € R, and Z; 4+ tU € DV?(R") if and only if r = 0 (because

limy oo Ux) = ozflh maxgp e # 0).
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Also, notice that the functions of the form (DU - w) belong to DLZ(R™) and are solutions of Eq. (3.48) for every
w € R"; moreover, if w £ 0, (DU - w) is an eigenfunction for the Laplace—Beltrami operator on the sphere d B(0, r1).
Thus, in order to prove that Z; is a function of this form, it suffices to prove that | 9B(0.71) Z;® do =0 for any other
eigenfunction of the Laplace—Beltrami operator on d B(0, 71). We have already proved this fact in the case where @ is
constant on d B(0, 1) (that is @ is an eigenfunction corresponding to the first eigenvalue 0). In order to deal with the
other cases, let us consider the unit sphere S in R”. It is well known (see [39]) that the first nonzero eigenvalue for the
Laplace—Beltrami operator on S is (n — 1), that its multiplicity is n and that the coordinate functions x; (j =1, ...,n),
and the linear combinations of these, are the corresponding eigenfunctions. By rescaling, it follows that the functions
of the form (DU - w), with w € R" \ {0}, are the eigenfunctions corresponding to the second eigenvalue of the
Laplace—Beltrami operator on the sphere d B(0, 71).

Now, for every eigenfunction @ of the Laplace—Beltrami operator on the unit sphere S, we consider the function
h(r) = fS Zi(rx)®(x)do (defined for r > 0). Notice that @ (x) is an eigenfunction on § if and only if <D(r3‘—l) is
an eigenfunction on dB(0, r1). Therefore, our aim is now to show that 4(r1) = O for the eigenfunctions @ on S,
corresponding to eigenvalues greater than (n — 1).

Here we argue as in [15]. Taking into account Eq. (3.48), a direct computation shows that the function % is a weak
solution of the equation

- L i (r"_1 ih(r)) + iozh(r) =a(r)h(r) 1in]0,4o0[ (3.68)
r=1ldr dr r2 N ’ ’ ’
where o denotes the eigenvalue corresponding to the eigenfunction @ (here we set a(r) =1 for r € [0, 7], a(r) =0

for r > ryp).

We prove that, if « > n — 1, then 2(r) = 0 Vr > 0 (not only for » = 7). Notice that #(0) = 0 because fs d(x)do =
0if @ > n — 1. Arguing by contradiction, assume that 2 £ 0 in [0, +00o[ . We say that, in this case, & cannot have more
than one zero in 0, +o00[. In fact, if z; and z3, z| < z2, are two positive zeroes of &, we can say that 4'(z1) # 0
(otherwise h = 0 because it is solution of a Cauchy problem in z; for Eq. (3.68)). Clearly, we may assume /'(z;) > 0
(otherwise we replace i by —h) so that, if we set

Zy=sup{r € lz1,22[: h(t) > 0Vt € lz1,r[}, (3.69)

we have 2> € 1z1, z2]. Now, set A(r) = —j—rU(r, 0,...,0). A simple calculation shows that h(r)isa positive solution
of Eq. (3.68) for « = n — 1 (it suffices to choose, for example, @ (x) = x; in the definition of / and take into account
that % is a weak solution of (3.48)). Let us consider the function x (r) := k' (r)h(r) —h(r)h’'(r). A direct computation
shows that

-1 h(r)h
x’(r)+n—x(r)=[n—1—a]w Vr > 0. (3.70)
r r
It follows that
-1
x/(r)+nTx(r) <0 Vrela. il 3.1

because @ >n — 1, h(r) >0 Vr > 0 and h(r) > 0Vr €]z1, z2[. As a consequence, the function
Or) :=r"""x(r) =" (W (h(r) — h(H)H (1)) (3.72)

is strictly decreasing on ]z1, Z2[ . Therefore, since ®(z1) = —z’l'_l}_z(zl)h’(zl) < 0, we have also ®(z2) < 0 which is
impossible because @ (Zp) = —Zg_lﬁ(iz)h’(iz), with 4/ (Z3) <O0.
Thus, & has at the most one zero in ]0, +o00[ . Therefore, if we set

7 =sup{r > 0: h(t) #0Vt €10, r[}, (3.73)

we have 7 € ]0, +00]. It is clear that we may assume i(r) > 0 Vr € ]0, 7[ (otherwise we replace h by —h).

If 7 < 400, we have h(7) =0 and 4’'(7) < 0. Moreover, we have © () < 0 because lim,_.o®(r) =0 and O (r)
is strictly decreasing in 0, 7[ (as we infer from (3.70), since A(r) > 0 Vr € 0, 7[). Therefore, we have @ () =
—#=Vh(F)W' (7) < 0, which is impossible because /(7) > 0 and 4’ (F) < 0.
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Thus 7 = +o00 and

Or)<OF) <0 Vrzr. (3.74)
Notice that, for r > 1y, ﬁ(r) = rfl ; for a suitable constant ¢; > 0. Therefore, for c = — %T') > 0, we have
/ n—1 _
W)+ ——h(r)=2c>0 Vr>r. (3.75)
r

Now, set H(r) =r""'h(r). By a simple computation, it follows from (3.75) that H'(r) > cr™ 1 ¥r > 7. Therefore,
we have liminf, oo 2% > € that is liminf, oo 22 > € > 0, which implies lim, o A (r) = +00.

Clearly, this fact gives a contradiction because supp»|Z;| < 1 and, as a consequence, sup{|a(r)|: r > 0} < 4-o00.

Thus, we can conclude that, forevery i =1, ...,k, Z; = (DU - w;) for a suitable w; € R".
It remains to show that w; # 0 for some i € {1, ..., k}. Arguing by contradiction, assume that w; = 0 for every
i=1,..., k. Then, standard arguments show that, foreveryi =1, ..., k,
-1
(suplup = vpl) ~ (Wp = Vp),p — 0, (3.76)
Q 1
as B — 400, uniformly on the compact subsets of R”; it follows that
—1
lim (suplus — vg ) sup  ug —vp| =0 3.77)
oot e Ut 8L )

and, as a consequence, that (supg|ug — v,g|)’1(uﬁ —vg) — 0 as B — +oo uniformly in £2, which is obviously a
contradiction. So the proof is complete. O

Remark 3.7. As a first consequence of Lemma 3.6, we can say that there exists B > 0 such that, for 8 > B, u g is

the unique function in S p s _psuchthat f(ug) =ming f. In fact, arguing by contradiction, assume that (up to
XY seees Xg B
Pl
a subsequence) there exists another minimizing function vg € sP s _p»Vp Fup,suchthat f(vg) =mings f
XY seens Xy xﬁ .
10 k
A direct computation shows that
+ 2 _ + 2 + + +
/ (Vﬁ,xf (x)) xdx = / (Uﬁ,x{’ (x)) xdx +2 f Uﬂ,xiﬁ (x)(Vﬁ — Uﬁ )xf (xX)xdx
B(0,37)) B(0,37)) B(0,37))
+0(sup|vﬁ—u,3|) fori=1,....k. (3.78)
2
Since ug and vg both belong to sP s p»we have (for B large enough)
X smees Xy
+ 2 - + 2 —
/ (Vﬁ,x,ﬁ (x)) xdx = / (Uﬁ,xf’ (x)) xdx =0.
B(0,37)) B(0,37))
Therefore, as § — +o00, from (3.78) we obtain
U(x)(DU(x) . wi)x dx =0. (3.79)
B(0,7)
It follows that w; = 0. In fact, if w; #0, (DU (x) - w;)(x - w;) < 0 for (x - w;) # 0.
Therefore, taking also into account that U has radial symmetry, we infer that
U(x)(DU(x) . w,-)x dx = —cwjy, (3.80)

B(0,r1)
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for a suitable positive constant ¢, in contradiction with (3.79). Thus w; =0 forevery i =1, ..., k, which is impossible
because of Lemma 3.6 (since w; # 0 for some i € {1, ..., k}).

Hence we can conclude that, for 8 > 0 large enough, ug is the unique minimizing function for f on S p 5 p
XY sees X

PropOSItlon 3.8. For every p0smve integer k, for o < A1 and for ,3 > 0 large enough so that Q2 g # ¥, let
(xl . ) € Qpandug € N Dol such that f(ug) = (,og(x1 . xk) = maxg, , ¢g. Then, there exists By >0

such that ug is a solution ofproblem (1.5)f0r every B > pr.

Proof. We have to prove that the Lagrange multipliers (see Lemma 3.5) are equal to zero for § large enough, that

is there exists B > 0 such that, for every i =1,...,k, )J =0 VB > B. Arguing by contradiction, assume that, for
some i € {1,..., k}, there exists a sequence (ﬂj)q,eN such that lim;_, o, ; = +00 and )J ~#0VjeN. Clearly, we
can assume that
A%, |
lim sup <1 form=1,...,k (3.81)

(otherwise we replace i by some m # i and the sequence (8;) ; by a suitable subsequence). Since |A | # 0, there exists

/v .
Al e R", with [A/| = 1, such that (up to a subsequence) m — Al as j — oo. Then, let us choose (ylj, ey yk’) €
2¢.p; and vg, € Sﬁgj gio with f(vg;) = ¢g; (yfj, e, yk 7Y, in such a way that y,ﬁ’ = xm form #1, yl ﬁ’ +
: ey :
j;’s_jxi, with e; > 0Vj €N, lim;_ oo &; =0 and

3
Sjﬂz

(3.82)
Jj—>00 |)\ |

(this choice of ylj, e, yf is indeed possible because lim;_, o \/B; |xﬁ] - x | = oo for m #1i).
A direct computation shows that

fug) = flug)+ f'(up)lvg, —up,1+R; (3.83)

where, for j large enough,

1 B
R; > gf[\D(vﬁj —ug)|" —a(vp, —up)’]dx — = Z / (vp; —up;)* dx (3.84)

Q
J B(-xm rﬁ/)

with 2; = 2\ U, Bxh', rg,). Notice that

Jj—o00

lim min{/|Du|2dx: u e H (), fuzdle} =\ (3.85)

which, since o < A1, implies

f[|D(vﬁj —ug)|* —avp, —up;)?]dx >0 (3.86)
£2j

for j large enough.
Now, fix a function n € C(l)(B(O, 3r1)) such that n(x) =1 Vx € B(0,2r) and, for m = 1,...,k, set n;"(x) =

nlyBj(x — xﬂ’) Vx € B(xf,'",rﬁj) (77;”()() = 0 elsewhere). Then, for j large enough so that ug, < 0 in
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§2°\ Ufn:l B(xfzj, %r,sj), we have

k
f/(uﬁj)[(l — Zn;")(vﬁj —uﬁj)] =0. (3.87)

m=1
Thus, from (3.83), (3.84), (3.86) and (3.87), we obtain

k

Fp) = Flug) > 3 f g (v, —upp] = 5 Z / (vg; —up,)? dx, (3:88)
m=1
B(JC,,, rﬂ )

where

f/(uﬁj)[n]m(v/gj - uﬁj)] =/u73'jym(x)n']’-’(x)(vﬁj — uﬁj)(x)[kgj . (x —xﬁj)]dx form=1,...,k, (3.89)
2

because r)']’.1 (vﬂj — uﬂ_/) € HO1 (B(xf,j,j , rﬁj)) (see Lemma 3.5).
After rescaling, we have (for j large enough)

n+l

B> k
AL | [f( vg;) f(uﬂj)] > Z / 5 (x)n(x) (Vﬁ] Uﬁ]) ﬁ/ (X)W |( A ~x)dx
7! m=lpwo3r) =
3
sipl kK 1
_ 2|jxi] 3 / (Vg = Ug)Py, dx, (3.90)

it m=1p 57, "~
where, for short, we set s; = supg|vg; — ug;| (notice that s; # 0 Vj € N because vg; # ug,, since &; > 0). From
Lemma 3.6 we infer that there exist wy, ..., wg in R” such that (up to a subsequence) si (Vg —Up;) 8, = (DU -wpy),
J Xpi

as j — oo, uniformly in B(0, 37y) foreverym =1, ..., k.
We say that w,, =0 for m #i. In fact,

/(V+ ﬁj(x))zxczxz /( ﬁ(x))xdx—i—Z f U;xﬁj(x)(vg—Ug)xﬁ,(x)xdx+o(s,-).

_ ,ijxm _ ,B] xm _
B(0,37)) B(0,37)) B(0,37))
(3.91)
Because of the choice of (y'fj, R yfj), if m #£ i, we have
[ (V 8 (x)) xdx = [ (U 8 (x)) xdx=0 (3.92)
sos d BOSH) o
for j large enough.
Therefore, as j — 0o, we obtain
U(x)(DU(x) . wm)x dx =0, (3.93)
B(0,7)
which implies wy,, = 0 (in fact, (3.93) holds if and only if w,, = 0, as one can easily verify).
On the contrary, for m =i we have (for j large enough)
( (x)) xdx =0 (3.94)

Bi ,x
BO3)
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while

/ (V* , (0) xdx =g;nl / (V* . (0) dx, (3.95)
Bjx; ! Bj:x; !
B(0,3r1) B(0,3r1)

As j — 00, from (3.91) and (3.95) we obtain

gi .
lim L) / Uldx=2 / Ux)(DU (x) - w;)x dx, (3.96)
J—o0 8
! B(0,71) B(0,71)
where w; # 0 because w,, =0 for m # i (see Lemma 3.6). It follows that lim; _, i—j € 10, +oo[ and w; = —¢;A! for

a suitable positive constant c;.
Now we can pass to the limit as j — oo in (3.90). So (taking also into account (3.81) and (3.82)) we obtain

n+l

2

liminfwj | [f(vg) — flug,)] > —ci / U)(DU(x) - A)(x -2 ) dx > 0, (3.97)
J—> 0 B; S

B(0,r1)

where the last inequality holds because ¢; > 0 and U (x)(DU (x) - A))(x - A}) < 0 almost everywhere in B(0, 71) (for
every x such that (x - A') #0).
It is clear that (3.97) gives a contradiction because f(vg;) < f(ug;) Vj € N, since f(vg;) = ¢g; (yllg'f, e yfj)

while f(ug;) = maxg, , ¢p;.
Thus, we can say that ug is a solution of problem (1.5) for 8 > 0 large enough, which completes the proof. O

Proof of Theorem 1.1. For every positive integer k, for « < A and for 8 > 0 large enough so that £2; g # @,

.....

(see Propositions 2.1 and 2.2).
If we set uy g = ug, then all the assertions in Theorem 1.1 follow directly from Propositions 3.1, 3.2 and 3.8 as one
can easily verify. O

Remark 3.9. The method used to prove Theorem 1.1 may be easily adapted to prove that, for all k € N and & €
L?(£2), the problem (1.3) with g(u) = —au™ + Bu™ has, for 8 and ¢ positive and large enough, a solution ui, g, such
that, as t — +o00, %uk, g, tends to the solution uy g obtained in Theorem 1.1 for problem (1.5). Thus, our method
applies also in the case of the problem considered by Dancer in [14]. Indeed, the same result holds for more general
functions g satisfying (1.2) (see [33]).

Remark 3.10. One can easily verify that (since o < A1) the trivial solution af—‘M is a strict local minimum point for
the functional f and that

lim f( ° +te1>=—oo VB > Al (3.98)

t—00 oa— M

Moreover, f satisfies the well-known Palais—Smale compactness condition. Therefore, there exists a mountain pass
type solution. Let us point out that this solution differs from the ones given by Theorem 1.1 because they correspond
to higher critical values (even in the case k = 1).

In fact, let us fix x € §2 such that e;(x) < maxg e; and choose a function ug € Sf, such that f(ug) = minS,_s f.

Then, consider the continuous path p : [0, +-00[ — H& (£2) defined as follows:

1—0)-% +t@g—iat) Veelo,1],
p(t)={( Jaoyy 1l ) Vrelo ] (3.99)

iip — 2t + tiiy Vi1
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One can easily verify that

0 =—2 I ) =+
tiigloof(p(t)) =—oo and max{f(p@®)): 1 >0} = f(ip). (3.100)

Therefore, the mountain pass level is less than or equal to f (izg). The solution ug obtained in this paper satisfies
property (b) of Proposition 3.1. Arguing as in the proof of Proposition 3.1 one can verify that

1 B 1

@—=2r1)] 2(a—2)?
Since e1(x) < maxg ey, it follows that f(ug) < f(ug) for B large enough, which proves our assertion. Indeed
(see [33]) the mountain pass solution has one peak localized near the boundary of §2; moreover, the number of

solutions of this type, with peaks near 02, may be related to the geometrical properties of 92 (on the other hand,
also the number of solutions with a prescribed number of interior peaks may be related to the shape of £2).

Jlim g [f(ﬂ,s) -5 (e1(®))* cap(). (3.101)
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