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Abstract

We prove existence of finitely many ergodic equilibrium states for a large class of non-uniformly expanding local homeomor-
phisms on compact metric spaces and Holder continuous potentials with not very large oscillation. No Markov structure is assumed.
If the transformation is topologically mixing there is a unique equilibrium state, it is exact and satisfies a non-uniform Gibbs prop-
erty. Under mild additional assumptions we also prove that the equilibrium states vary continuously with the dynamics and the
potentials (statistical stability) and are also stable under stochastic perturbations of the transformation.
© 2009 Elsevier Masson SAS. All rights reserved.

Résumé

Nous prouvons I’existence d’un nombre fini d’états d’ équilibre ergodiques pour une classe assez grande d’homéomorphismes
locaux non-uniformément dilatants sur des espaces métriques compacts et pour les potentiels de Holder continus a oscillation pas
trop grande. Aucune structure de Markov n’est supposée. Si la transformation est topologiquement mélangeante alors il existe
un unique état d’ équilibre, il est une mesure exacte et vérifie une propriété de Gibbs non-uniforme. Avec quelques hypotheses
supplémentaires, nous prouvons aussi que les états d’ équilibre varient de fagcon continue avec la dynamique et le potentiel (stabilité
statistique) et sont également stables sous des perturbations stochastiques de la transformation.
© 2009 Elsevier Masson SAS. All rights reserved.

1. Introduction

The theory of equilibrium states of smooth dynamical systems was initiated by the pioneer works of Sinai, Ruelle,
Bowen [51,7,6,47]. For uniformly hyperbolic diffeomorphisms and flows they proved that equilibrium states exist and
are unique for every Holder continuous potential, restricted to every basic piece of the non-wandering set. The basic
strategy to prove this remarkable fact was to (semi)conjugate the dynamics to a subshift of finite type, via a Markov
partition.
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Several important difficulties arise when trying to extend this theory beyond the uniformly hyperbolic setting and,
despite substantial progress by several authors, a global picture is still far from complete. For one thing, existence
of generating Markov partitions is known only in a few cases and, often, such partitions can not be finite. Moreover,
equilibrium states may actually fail to exist if the system exhibits critical points or singularities (see Buzzi [13]).

A natural starting point is to try and develop the theory first for smooth systems which are hyperbolic in the
non-uniform sense of Pesin theory, that is, whose Lyapunov exponents are non-zero “almost everywhere”. This was
advocated by Alves, Bonatti, Viana [3], who assume non-uniform hyperbolicity at Lebesgue almost every point and
deduce existence and finiteness of physical (Sinai-Ruelle-Bowen) measures. In this setting, physical measures are
absolutely continuous with respect to Lebesgue measure along expanding directions.

It is not immediately clear how this kind of hypothesis may be useful for the more general goal we are addressing,
since one expects most equilibrium states to be singular with respect to Lebesgue measure. Nevertheless, in a series
of recent works, Oliveira, Viana [37-39] managed to push this idea ahead and prove existence and uniqueness of
equilibrium states for a fairly large class of smooth transformations on compact manifolds, inspired by [3]. Roughly
speaking, they assumed that the transformation is expanding on most of the phase space, possibly with some relatively
mild contracting behavior on the complement. Moreover, the potential should be Holder continuous and its oscillation
sup ¢ — inf ¢ not too big. On the other hand, they need a number of additional conditions on the transformation, most
notably the existence of (non-generating) Markov partitions, that do not seem natural.

Important contributions to the theory of equilibrium states outside the uniformly hyperbolic setting have been
made by several other authors: Denker, Keller, Nitecki, Przytycki, Urbanski [25,21,23,26,27,52], Bruin, Keller, Todd
[8,10,9], and Pesin, Senti, Zhang [42,43], for one-dimensional maps, real and complex. Wang, Young [55] for Hénon-
like maps. Buzzi, Maume, Paccaut, Sarig, [11,16,15,18] for piecewise expanding maps in higher dimensions. Buzzi,
Sarig [18,48-50,58] for countable Markov shifts. Denker, Urbanski [20,22,24] and Yuri [56-58] for maps with indif-
ferent periodic points. Leplaideur, Rios [32,33] for horsehoes with tangencies at the boundary of hyperbolic systems.
This list is certainly not complete. Some results, including [17] and [38] are specific for measures of maximal entropy.
An important notion of entropy-expansiveness was introduced by Buzzi [12], which influenced [14,38] among other
papers.

In this paper we carry out the program set by Alves, Bonatti, Viana towards a theory of equilibrium states for
the class of non-uniformly expanding maps originally proposed in [3, Appendix]. We improve upon previous results
of [39] in a number of ways. For one thing, we completely remove the need for a Markov partition (generating or
not). In fact, one of the technical novelties with respect to previous recent works in this area is that we prove, in an
abstract way inspired by Ledrappier [31], that every equilibrium state must be absolutely continuous with respect
to a certain conformal measure. When the map is topologically mixing, the equilibrium state is unique, and a non-
lacunary Gibbs measure. In this regard let us mention that Pinheiro [44] has recently announced an inducing scheme
for constructing (countable) Markov partitions for a class of non-invertible transformations closely related to ours.
Another improvement is that our results are stated for local homeomorphisms on compact metric spaces, rather than
local diffeomorphisms on compact manifolds (compare [39, Remark 2.6]). In addition, we also prove stability of the
equilibrium states under random noise (stochastic stability) and continuity under variations of the dynamics (statistical
stability).

Our basic strategy to prove these results goes as follows. First we construct an expanding conformal measure v as
a special eigenmeasure of the dual of the Ruelle—Perron—Frobenius operator. Then we show that every accumulation
point p of the Cesaro sum of the push-forwards f'v is an invariant probability measure that is absolutely continuous
with respect to v with density bounded away from infinity, and that there are finitely many distinct such ergodic
measures. In addition, we prove that these absolutely continuous invariant measures are equilibrium states, and that
any equilibrium state is necessarily an expanding measure. Finally, we establish an abstract version of Ledrappier’s
theorem [31] and characterize equilibrium states as invariant measures absolutely continuous with respect to v.

This paper is organized as follows. The precise statement of our results is given in Section 2. We included in
Section 3 preparatory material that will be necessary for the proofs. Following the approach described above, we
construct an expanding conformal measure and prove that there are finitely many invariant and ergodic measures
absolutely continuous with respect it through Sections 4 and 5. In Section 6 we prove Theorems A and B. Finally, in
Section 7 we prove the stochastic and statistical stability results stated in Theorems D and E.
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2. Statement of the results
2.1. Hypotheses

We say that X is a Besicovitch metric space if it is a metric space where the Besicovitch covering lemma
(see e.g. [19]) holds. These metric spaces are characterized in [28] and include e.g. any subsets of Euclidean met-
ric spaces and manifolds.

We consider N to be compact Besicovitch metric space of topological dimension m with distance d. Let M C N
be a compact set, f : M — N be a local homeomorphism and assume that there exists a bounded function x — L(x)
such that, for every x € M there is a neighborhood U, of x so that f, : Uy — f(Uy) is invertible and

d(f7 ), f71@) <L) d(y,2), Vy,ze f(Uy).

Assume also that every point has finitely many preimages and that the level sets for the degree {x: #{f~'(x)} = k}
are closed. Given x € M setdeg, (f) = #f’1 (x). Define A, (f) = minyepy deg, (") for n > 1, and consider the limit

h(f) =1}ln_1>ior<1}f%10ghn(f).
It is clear that
tog(max#{ ' ()}) = h() > log(min#{r ' 0} ).

If M is connected, every point has the same number deg(f) of preimages by f, which coincides with the spectral
radius for the Ruelle—Perron—Frobenius operator. Hence, if this is the case, 4(f) = logdeg(f) is the topological
entropy of f (see Lemma 6.5 below). The limit above also exists e.g. when the dynamics is (semi)conjugated to
a subshift of finite type. By definition, there exists N > 1 such that deg, (") > ¢"(/)" for every x € M and every
n > N. Up to consider the iterate fV instead of f we will assume that every point in M has at least ¢"/) preimages
by f.

For all our results we assume that f and ¢ satisfy conditions (H1), (H2), and (P) stated in what follows. Assume
that there exist constants ¢ > 1 and L > 0, and an open region .A C M such that

(H1) L(x) <L forevery x € Aand L(x) <o~ ! forall x € M \ A, and L is close to 1: the precise conditions are
given in (3.2) and (3.3) below.

(H2) There exists kg > 1 and a covering P = { P, ..., Py} of M by domains of injectivity for f such that A can be
covered by ¢ < e/ elements of P.

The first condition means that we allow expanding and contracting behavior to coexistin M: f is uniformly expanding
outside A and not too contracting inside .A. The second one requires essentially that in average every point has at least
one preimage in the expanding region. The interesting part of the dynamics is given by the restriction of f to the
compact metric space

K=",

n=>0

that can be connected or totally disconnected. We give some examples below where K = M is a manifold and where
K C M is a Cantor set.

In addition we assume that ¢ : M — R is Holder continuous and that its variation is not too big. More precisely,
assume that:

(P) supgp —inf¢p < h(f) —logg.

Notice this is an open condition on the potential, relative to the uniform norm, and it is satisfied by constant functions.
It can be weakened somewhat. For one thing, all we need for our estimates is the supremum of ¢ over the union of
the elements of P that intersect .4. With some extra effort (replacing the g elements of P that intersect .A by the same
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number of smaller domains), one may even consider the supremum over A, that is, sup¢| 4 — inf¢p < h(f) — logg.
However, we do not use nor prove this fact here.

Let us comment on this hypothesis. A related condition, Prp(f, ¢) > sup¢, was introduced by Denker, Ur-
bariski [21] in the context of rational maps on the sphere. Another related condition, P(f, ¢, d2) < P(f, ¢), is used
by Buzzi, Paccaut, Schmitt [16], in the context of piecewise expanding multidimensional maps, to control the map’s
behavior at the boundary 0 Z of the domains of smoothness: without such a control, equilibrium states may fail to
exist [13]. Condition (P) seems to play a similar role in our setting.

2.2. Examples

Here we give several examples and comment on the role of the hypotheses (H1), (H2) and (P), specially in connec-
tion with the supports of the measures we construct, the existence and finitude of equilibrium states.

Example 2.1. Let fy : T¢ — T< be a linear expanding map. Fix some covering P for fy and some P; € P containing
a fixed (or periodic) point p. Then deform f on a small neighborhood of p inside P; by a pitchfork bifurcation in
such a way that p becomes a saddle for the perturbed local homeomorphism f. By construction, f coincides with
fo in the complement of P;, where uniform expansion holds. Observe that we may take the deformation in such a
way that f is never too contracting in P, which guarantees that (H1) holds, and that f is still topologically mixing.
Condition (P) is clearly satisfied by ¢ = 0. Hence, Theorems A and B imply that there exists a unique measure of
maximal entropy, it is supported in the whole manifold T¢ and it is a non-lacunary Gibbs measure.

Now, we give an example where the union of the supports of the equilibrium states does not coincide with the
whole manifold.

Example 2.2. Let fy be an expanding map in T? and assume that fy has a periodic point p with two complex
conjugate eigenvalues Ge'®, with 6 > 3 and ke ¢ 277 for every 1 < k < 4. It is possible to perturb f through
a Hopf bifurcation at p to obtain a local homeomorphism f, C>-close to fy and such that p becomes a periodic
attractor for f (see e.g. [29] for details). Moreover, if the perturbation is small then (H1) and (H2) hold for f. Thus,
there are finitely many ergodic measures of maximal entropy for f. Since these measures are expanding their support
do not intersect the basin of attraction the periodic attractor p.

An interesting question concerns the restrictions on f imposed by (P). For instance, if ¢ = —log |det Df | satisfies
(P) then there can be no periodic attractors. In fact, the expanding conformal measure v coincides with the Lebesgue
measure which is an expanding measure and positive on open sets. An example where the potential ¢ = —log|det Df|
satisfies (P) is given by Example 2.1 above, since condition (P) can be rewritten as

sup, .72 |det Df (x)|
inf, o2 [det Df (x)|

< deg(f), (2.1)

and clearly satisfied if the perturbation is small enough.
The next example shows that some control on the potential ¢ is needed to have uniqueness of the equilibrium state:
in absence of the hypothesis (P), uniqueness may fail even if we assume (H1) and (H2).

Example 2.3 (Manneville—Pomeau map). If « € (0, 1), let f : [0, 1] — [0, 1] be the local homeomorphism given by

x(1+2%x%) if0<x <4
1

2x — 1 if 1 <x

Ja(x) = !

<
< 1.
Observe that conditions (H1) and (H2) are satisfied. It is well known that f has a finite invariant probability measure

wu absolutely continuous with respect to Lebesgue. Using Pesin formula and Ruelle inequality, it is not hard to check
that both @ and the Dirac measure Jq at the fixed point O are equilibrium states for the potential ¢ = —log|det Df|.



P. Varandas, M. Viana / Ann. I. H. Poincaré — AN 27 (2010) 555-593 559

Thus, uniqueness fails in this topologically mixing context. For the sake of completeness, let us mention that in this
example f is not a local homeomorphism, but one can modify it to a local homeomorphisms in S' = [0, 1]/~ by

x(14+2%x%) ifO<x <
x —2%(1 — x)lte if% <x <

1
fax) = 2
1 b
where ~ means that the extremal points in the interval are identified. Note that the potential ¢ is not (Holder) contin-
uous.

The previous phenomenon concerning the lack of uniqueness of equilibrium states can appear near the boundary
of the class of maps and potentials satisfying (H1) and (H2) and (P).

Example 2.4. Let f, be the map given by the previous example and let (¢g) -0 be the family of Holder continuous
potentials given by ¢g = —log(det|Df| + ). On the one hand, observe that ¢g converge to ¢ = —log(|det Df|) as
B — 0. On the other hand, similarly to (2.1), one can write condition (P) as

B+2+a

B+1

For every a > 0, since fy is topologically mixing and satisfies (H1),(H2) and ¢, satisfies (P) for every o > 0O there
is a unique equilibrium state u, for f, with respect to ¢o,. Moreover, ¢», approaches ¢, which seems to indicate
that the condition (P) on the potential should be close to optimal in order to get uniqueness of equilibrium states.

Furthermore, the potential vy, = —tlog|Df,| satisfies (P) if and only if v, (0) — ¥,(1/2) < log?2 or, equivalently,
log2
log2+a)
Since hop(f) = log2, condition (P) can be rewritten also as sup¢ — inf¢ < hp(f). In [9, Proposition 2], the
authors proved that for every Holder continuous potential that does not satisfy (P) has no equilibrium state obtained

from some ‘natural’ inducing schemes.

<2, orsimply 8 > «.

<

The next example illustrates that our results also apply when the set K is totally disconnected.

Example 2.5. Let N denote the unit interval [0, 1] and let f : N — R be the unimodal map f(x) = —8x(x — 1) x
(x + 1/8). Since the critical value is outside of the unit interval [0, 1], K = ﬂn F7(0, 1)] is clearly a Cantor set.
Although the existence of a critical point, the restriction of f to the set M = f~1[0, 1]) is a local homeomorphism.
It is not hard to check that (H1) and (H2) hold in this setting and that f | K is topologically mixing. As a consequence
of the results below we show that there is a unique measure of maximal entropy for f, whose support is K.

2.3. Existence of equilibrium states

Throughout the paper we assume, with some abuse of notation, that K coincides with M. There is no restriction
in this since M C N was taken as an arbitrary compact set such that f| is a local homeomorphism. We say that f
is topologically mixing if, for each open set U there is a positive integer N so that fV(U) = M. Let B denote the
Borel o -algebra of M. An f-invariant probability measure 7 is exact if the o -algebra Bo, = ﬂn>0 f "B is n-trivial,
meaning that it contains only zero and full n-measure sets. Given a continuous map f : M — M and a potential
¢ : M — R, the variational principle for the pressure asserts that

Piop(f, ¢)=Sup{hu(f)+/¢du: W is f—invariant}

where Piop(f, ¢) denotes the topological pressure of f with respect to ¢ and 4, (f) denotes the metric entropy. An
equilibrium state for f with respect to ¢ is an invariant measure that attains the supremum in the right-hand side
above.

Theorem A. Let f : M — M be a local homeomorphism with Lipschitz continuous inverse and ¢ : M — R
a Holder continuous potential satisfying (H1), (H2), and (P). Then, there is a finite number of ergodic equilibrium
states L1, L2, ..., Ui for f with respect to ¢ such that any equilibrium state u is a convex linear combination of
U1, U2, ..., L. In addition, if the map f is topologically mixing then the equilibrium state is unique and exact.
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Our strategy for the construction of equilibrium states is, first to construct a certain conformal measure v which
is expanding and a non-lacunary Gibbs measure. Then we construct the equilibrium states, which are absolutely
continuous with respect to this reference measure v. Both steps explore a weak hyperbolicity property of the system.
In what follows we give precise definitions of the notions involved.

A probability measure v, not necessarily invariant, is conformal if there exists some function ¥ : M — R such that

v(f(A)) =/ef‘” dv

A

for every measurable set A such that f | A is injective.
Let S,¢ = Z;';(l) ¢ o f/ denote the nth Birkhoff sum of a function ¢. The dynamical ball of center x € M, radius
8 > 0, and length n > 1 is defined by

B(x,n,8)={yeM: d(f/(y), f/(x)) <8, VO< j <n}.

An integer sequence (ny)x>1 is non-lacunary if it is increasing and ny41/nx — 1 when k — 0.

Definition 2.6. A probability measure v is a non-lacunary Gibbs measure if there exist uniform constants K > 0,
P € R and § > 0 so that, for v-almost every x € M there exists some non-lacunary sequence (nx )1 such that

1o v(B(x,ng,d))
= exp(—Pny + Sy ¢ (3)

for every y € B(x, ng, §) and every k > 1.

The weak hyperbolicity property of f is expressed through the notion of hyperbolic times, which was introduced
in [1,3] for differentiable transformations. We say that n is a c-hyperbolic time for x € M if

n—1
[] L(#7 ) <e™* forevery 1 <k <n. 2.2)
j=n—k

Often we just call them hyperbolic times, since the constant ¢ will be fixed, as in (3.2). We denote by H the set of
points x € M with infinitely many hyperbolic times and by H; the set of points having j > 1 as hyperbolic time.
A probability measure v, not necessarily invariant, is expanding if v(H) = 1.

The basin of attraction of an f-invariant probability measure p is the set B(u) of points x € M such that

-1
1 n
Zéf i) converges weakly to u whenn — oo.
Jj=0

n

Theorem B. Let f : M — M be a local homeomorphism and ¢ : M — R be a Holder continuous potential satisfying
(H1), (H2), and (P). Let u1, 12, ..., 1k be the ergodic equilibrium states of f for ¢. Then every u; is absolutely
continuous with respect to some conformal, expanding, non-lacunary Gibbs measure v. The union of all basins of
attraction B(ui) contains v-almost every point x € M. If, in addition, f is topologically mixing then the unique
absolutely continuous invariant measure | is a non-lacunary Gibbs measure.

As a byproduct of the previous results we can obtain the existence of equilibrium states for continuous potentials
satisfying (P). Without some extra condition no uniqueness of equilibrium states is expected to hold even if f is
topologically mixing.

Corollary C. Let f : M — M be a local homeomorphism satisfying (H1) and (H2). If ¢ : M — R is a continuous
potential satisfying (P) then there exists an equilibrium state for f with respect to ¢. Moreover, there is a residual
set R of potentials in C (M) that satisfy (P) such that there is unique equilibrium state for f with respect to ¢.



P. Varandas, M. Viana / Ann. I. H. Poincaré — AN 27 (2010) 555-593 561

2.4. Stability of equilibrium states

Let F be a family of local homeomorphisms with Lipschitz inverse and V¥ be some family of continuous potentials
¢. A pair (f, ¢) € F x W is statistically stable (relative to F x W) if, for any sequences f,, € F converging to f in
the uniform topology, with L, converging to a L in the uniform topology, and ¢, € WV converging to ¢ in the uniform
topology, and for any choice of an equilibrium state u, of f, for ¢,, every weak* accumulation point of the sequence
(in)n>1 1s an equilibrium state of f for ¢. In particular, when the equilibrium state is unique, statistical stability
means that it depends continuously on the data (f, ¢).

Theorem D. Suppose every (f, ¢) € F x W satisfies (H1), (H2), and (P), with uniform constants (including the
Hélder constants of ¢ ). Assume that the topological pressure Pyp(f, ¢) varies continuously in the parameters (f, ) €
F x W. Then every pair (f, ¢) € F x W is statistically stable relative to F x V.

The assumption on continuous variation of the topological pressure might hold in great generality in this setting.
See the comment at the end of Section 7.1 for a discussion.

Now let F be a family of local homeomorphisms satisfying (H1) and (H2) with uniform constants. A random
perturbation of f € F is a family 6., 0 < ¢ < 1 of probability measures in F such that there exists a family V. (f),
0 < & < 1 of neighborhoods of f, depending monotonically on & and satisfying

suppf: C Ve(f) and m Ve(f)=1{f}.

0<e<1

Consider the skew product map

F:foM—>.7:xM,
(£, x) > (o (D), f1(x))

where f = (f1, f2,...) and o : FN — FN is the shift to the left. For each ¢ > 0, a measure u® on M is stationary
(respectively, ergodic) for the random perturbation if the measure 95 x u® on FN x M is invariant (respectively,
ergodic) for F.

We assume the random-perturbation to be non-degenerate, meaning that, for every & > 0, the push-forward of the
measure 6, under any map

Fogmgx)

is absolutely continuous with respect to some probability measure v, with density uniformly (on x) bounded from
above, and its support contains a ball around f(x) with radius uniformly (on x) bounded from below. The first
condition implies that any stationary measure is absolutely continuous with respect to v. In Theorem 7.3 we shall
use also the second condition to conclude that, assuming v is expanding and conformal, for any ¢ > 0 there exists
a finite number of ergodic stationary measures jii, 15, ..., uj. We say that f is stochastically stable under random
perturbation if every accumulation point, as ¢ — 0, of stationary measures (11%).~¢ absolutely continuous with respect
to v is a convex combination of the ergodic equilibrium states w1, p2, ..., ug of f for ¢.
A Jacobian of f with respect to a probability measure 7 is a measurable function J,, f such that

n(f(A)) = / Jof dn 2.3)
A

for every measurable set A (in some full measure subset) such that f | A is injective. A Jacobian may fail to exist,
in general, and it is essentially unique when it exists. If f is at most countable-to-one and the measure 7 is invariant,
then Jacobians do exist (see [40]).

Theorem E. Let (0;); be a non-degenerate random perturbation of f € F and v be the reference measure in The-
orem B. Assume v admits a Jacobian for every g € F, and the Jacobian varies continuously with g in the uniform
norm. Then f is stochastically stable under the random perturbation (6;)e.
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The conditions on the Jacobian are automatically satisfied in some interesting cases, for instance when v is the
Riemannian volume or f is an expanding map. This is usually associated to the potential ¢ = —log |det(Df)|. Exam-
ple 2.1 describes a situation where this potential satisfies the condition (P).

3. Preliminary results

Here, we give a few preparatory results needed for the proof of the main results. The content of this section may
be omitted in a first reading and the reader may choose to return here only when necessary.

3.1. Combinatorics of orbits

Since the region A is contained in ¢ elements of the partition P we can assume without any loss of generality that
A is contained in the first ¢ elements of P. Given y € (0, 1) and n > 1, let us consider the set I (y, n) of all itineraries
(0, .+ in—1) €{1,..., ko}" such that H{O < j <n —1: i; <q} > yn. Then let

1
cy :limsupglog#l(y,n). (3.1)

n—oo
Lemma 3.1. Given ¢ > O there exists yy € (0, 1) such that c,, <logq + ¢ for every y € (yo, 1).

Proof. It is clear that
n

n
n — n —
#(y.m) < Y <k>p" fh< ) <k)p(l ringn,
k=[yn] k=[yn]

where p = ko9 — g denotes the number of elements in P that do not intersect .A. Assume that y > 1/2. A standard
computation using Stirling’s formula implies that

n
n n n 2t(1—y)n
< = <
) (k) <3 ([yn]) s Cre

k=[yn]

for some uniform constants C; > 0 and ¢ > 0. Hence ¢, < logqg + ¢ provided that y is sufficiently close to 1, which
proves the lemma. 0O

We are in a position to state our precise condition on the constant L in assumption (H1) and the constant ¢ in
the definition of hyperbolic time. By (P), we may find &y > 0 small such that sup¢ — inf¢ + g9 < h(f) —logq. By
Lemma 3.1, we may find y < 1 such that ¢, < logq + £0/4. Assume L is close enough to 1 and c is close enough to
zero so that

oLy <e72 < 3.2)
and
sup¢ —inf¢ < h(f) —logg —eg —mlogL. (3.3)

3.2. Hyperbolic times

The next lemma, whose proof is based on a lemma due to Pliss (see e.g. [36]), asserts that, for points satisfying a
certain condition of asymptotic expansion, there are infinitely many hyperbolic times: even more, the set of hyperbolic
times has positive density at infinity.

Lemma 3.2. Let x € M and n > 1 be such that

%ZlogL(fj(x)) <—2c<0.
j=1

Then, there is 0 > 0, depending only on f and c, and a sequence of hyperbolic times 1 < nj(x) <nz(x) <--- <
n;(x) < n forx, withl > 0n.
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Proof. Analogous to Corollary 3.2 of [3]. O

Corollary 3.3. Let n be a probability measure relative to which

n—o0

n
lim sup % ZlogL(fj(x)) <—2c<0
=1

holds almost everywhere. If A is a positive measure set then

1" panH) 6
liminf—zu>—.
n—o00 p 4 0 n(A) 2
]=

Proof. By Lemma 3.2, for n-almost every point x € M there is N (x) € N so that n~! Z;’;(l) xH,(x) = 0 for every

n 2> N(x). Fix an integer N > 1 and choose A C A so that n(A) > n(A)/2 and N(x) < N for every x € A. If we
integrate the expression above with respect to n on A we obtain that

n—1

1 ~ 0
=D n(H; N A) > 0n(A) > Zn(A)
Jj=0
for every integer n larger than N, completing the proof of the lemma. O

Lemma 3.4. There exists § = §(c, f) > 0 such that, whenever n is a hyperbolic time for a point x, the dynamical ball
V. (x) = B(x, n, 8) is mapped homeomorphically by f" onto the ball B(f"(x), §), with

A", @) <e (1), ()
forevery 1 < j <nandeveryy,zeV,(x).

Proof. Analogous to the proof of [3, Lemma 2.7], just replacing log | Df (-)~!|| by log L(-), and using the definition
of hyperbolic time and the Lipschitz property of the inverse branches of f. O

If n is a hyperbolic time for a point x € M, the neighborhood V,,(x) given by the lemma above is called hyperbolic
pre-ball. As a consequence of the previous lemma we obtain the following property of bounded distortion on pre-balls.

Corollary 3.5. Assume J,, f = eV for some Holder continuous function yr. There exists a constant Ko > 0 so that, if
n is a hyperbolic time for x then

n
0_1< IS (y) < Ko
Jnfn(Z)
for every y, z € V,(x).

Proof. Let n be a hyperbolic time for a point x in M and (C, «) be the Holder constants of vr. Using Lemma 3.4 it is
not hard to see that

oo +00
|S0U () = Su¥ ()| K CY e Hd(f (), f1(3)* <C8* Y e/
Jj=0 j=0

for any given y, z € V,(x). Choosing K¢ as the exponential of this last term and noting J, " is the exponential
of S, ¥, the result follows immediately. O
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3.3. Non-lacunary sequences

The set H of points with infinitely many hyperbolic times plays a central role in our strategy. We are going to see
that for such a point the sequence of hyperbolic times has some special properties. The first one is described in the
following remark:

Remark 3.6. If n is a hyperbolic time for x then, clearly, n — s is a hyperbolic time for f*(x), for any 1 <s < n. The
following converse is a simple consequence of (2.2): if k < n is a hyperbolic time for x and there exists 1 <s <k
such that n — s is a hyperbolic time for f*(x) then # is a hyperbolic time for x. Thus, if n;(x), j > 1 denotes the
sequence of values of n for which x belongs to H, then, for every j and /

nj(x) + (179 @)) =nj4x).

We will refer to this property as concatenation of hyperbolic times. Moreover, if n is a hyperbolic time for x and k is
a hyperbolic time for f”(x), the intersection V,, (x) N f _k(Vk (f k (x))) coincides with the hyperbolic pre-ball V4 (x).

The next lemma, which we borrow from [39], provides an abstract criterium for non-lacunarity at almost every
point of certain sequences of functions.

Lemma 3.7. (See [39, Proposition 3.8].) Let T : M — Nand T; : M — N, i € N be measurable functions and n be a
probability measure such that

T(fTi(x)(x)) 2> Ti11(x) —T;(x)

at n-almost every x € M. Assume 1 is invariant under f and T is integrable for n. Then (T;(x)); is non-lacunary for
n-almost every x.

The application we have in mind is when T; = n; is the sequence of hyperbolic times, with 7 = n;. In this case the
assumption of the lemma follows from the concatenation property in Remark 3.6. Thus, we obtain

Corollary 3.8. If n is an invariant expanding measure and ny(-) is n-integrable then the sequence n;(-) is non-
lacunary at n-almost every point.

3.4. Relative pressure

We recall the notion of topological pressure on non-necessarily compact invariant sets, and quote some useful
properties. In fact, we present two alternative characterizations of the relative pressure, both from a dimensional point
of view. See Chapter 4 §11 and Appendix II of [41] for proofs and more details.

Let M be a compact metric space, f : M — M be a continuous transformation, ¢ : M — R be a continuous
function, and A be an f-invariant set.

Relative pressure using partitions. Given any finite open covering U of A, denote by Z,, the space of all n-strings
i={(Uo,...,U,—1): Ui U} and put n(i) = n. For a given string i set
U=UG) ={xeM: f/(x) €U, forj=0,....n()}

to be the cylinder associated to i and n(U) = n to be its depth. Furthermore, for every integer N > 1, let SyU be the
space of all cylinders of depth at least N. Given « € R define

my(f, ¢, A, U, N) = inf{ Z e~ n(W)+S,) o (U) }’
g
Ueg

where the infimum is taken over all families G C Syl that cover A and we write S,¢(U) = sup, cU Sp¢p (x). Let

mo(f. ¢, A U) = lim me(f. ¢, A,U,N)
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(the sequence is monotone increasing) and

Pa(f, ¢, U) =infla: ma(f, ¢, A,U) =0}.

Definition 3.9. The pressure of (f, ¢) relative to A is
Pa(f.¢)= lim Pa(f, ¢, U).

diam(U)—0

Theorem 11.1 in [41] states that the limit does exist, that is, given any sequence of coverings Uy of L with diameter
going to zero, Pr(f, ¢,Ux) converges and the limit does not depend on the choice of the sequence.

Relative pressure using dynamical balls. Fix e > 0.SetZ, =M x {n}andZ =M x N.Foreverya« e Rand N > 1,
define

mo(f, ¢, A, e, N)= 1nf{ Z e—(xn+Sn¢(B(x,n,S)) } , (3.4)
(x,n)eg

where the infimum is taken over all finite or countable families G C Un> N Zn such that the collection of sets
{B(x,n,¢): (x,n) € G} cover A. Then let

ma(fﬂ(ﬁ’AaS) = hm ma(f7¢a Aa”v N)
N—o00
(once more, the sequence is monotone increasing) and
PA(f, ¢.&) =inf{a: mo(f, ¢, A, &) =0}.
According to Remark 1 in [41, p. 74] there is a limit when € — 0 and it coincides with the relative pressure:

PA(f9¢):gEI%)PA(f7¢78)'

Remark 3.10. Since ¢ is uniformly continuous, the definition of the relative pressure is not affected if one replaces,
in (3.4), the supremum S,¢ (B(x, n, €)) by the value S, ¢ (x) at the center point.

The following properties on relative pressure, will be very useful later. See Theorem 11.2 and Theorem A2.1
in [41], and also [54, Theorem 9.10].

Proposition 3.11. Let M be a compact metric space, f : M — M be a continuous transformation, ¢ : M — R be a
continuous function, and A be an f-invariant set. Then

(1) Pa(f, @) = sup{h,(f)+ f ¢ d i} where the supremum is over all invariant measures |4 such that u(A) = 1. If A
is compact, the equality holds.

(2) Ptop(f, ¢)) = Sup{PA(fv ¢)7 PM\A(f? ¢)}
The next proposition is probably well-known. We include a proof since we could not find one in the literature.

Proposition 3.12. Let M be a compact metric space, f : M — M be a continuous transformation, ¢ : M — R be a
continuous function, and A be an f-invariant set. Then PA(f*, S¢¢) = LPA(f, $) for every £ > 1.

Proof. Fix ¢ > 1. By uniform continuity of f, given any p > 0 there exists ¢ > 0 such that d(x, y) < & implies
d(f’(x), f/(y)) < p forall 0 < j < £. It follows that
Bf(x,Zn,e)Csz(x,n,e)CBf(x,En,,o), 3.5)

where By (x, n, ¢) denotes the dynamical ball for a map g. This is the crucial observation for the proof.
First, we prove the > inequality. Given N > 1 and any family G, C Un> ~ Zn such that the balls B 1t (x, j, &) with
(x, ) € G cover A, denote

G={@x,j0: (x,)) €Ge}.
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The second inclusion in (3.5) ensures that the balls B¢ (x, k, p) with (x, k) € G cover A. Clearly,
» YIS S (F ) I TS e,
(x.j)eGe (x,k)eg
Since Gy is arbitrary, and recalling Remark 3.10, this proves that
mae(f*, Seg, A e, N) = ma(f,d, A, p, NO).

Therefore, mae(f£, Sep, A, €) = mo(f, ¢, A, p). Then Po(fE, Sep, €) = LPA(f, ¢, p). Since € — 0 when p — 0, it
follows that P4 (f¢, Segp) = LPA(S, d).

For the < inequality, we observe that the definition of the relative pressure is not affected if one restricts the infimum
in (3.4) to families G of pairs (x, k) such that k is always a multiple of £. More precisely, let mg(f, ¢, A, e, N) be the
infimum over this subclass of families, and let mfx (f, ¢, A, ¢e) beits limit as N — o0.

Lemma 3.13. We have mfl(f, ¢, A e) <mg_p(f, ¢, A, €) for every p > 0.

Proof. We only have to show that, given any p > 0,
me(f.d. A, e, N) <ma—p(fop. A e, N) (3.6)

for every large N. Let p be fixed and N be large enough so that Np > £(« + sup |¢]). Given any G C Un> NZIn
such that the balls By (x, k, ¢) with (x, k) € G cover A, define G’ to be the family of all (x, k), k" = £[k/£] such that
(x, k) € G. Notice that

—ak' + Spp(x) < —ak +al + Skd(x) + £sup |¢| < (—a + p)k + Spp(x)
given that kK > N. The claim follows immediately. O
Let G’ be any family of pairs (x, k) with k > N{ and such that every k is a multiple of £. Define G, to be the family

of pairs (x, j) such that (x, j£) € G'. The first inclusion in (3.5) ensures that if the balls By(x,k, &) with (x,k) € g
cover A then so do the balls Bf( (x, j, &) with (x, j) € Gg. Clearly,

3 SN LG GO 3 e—abi+ Y12 Sep (£ ).

(x,k)eg’ (x,))€Ge
Since Gy is arbitrary, and recalling Remark 3.10, this proves that

m&(fop, A e, NO = mae(f*, Se¢, A, e, N).
Taking the limit when N — oo and using Lemma 3.13,

Ma—p(f. . A, &) Zmi(f.d, A, &) =ma(f". Sepp, A, €).
It follows that £(PA(f,¢.&) + p) = Pa(f*, Seg,e). Since p is arbitrary, we conclude that £PA(f, ¢, &) >
PA(f*, Se¢.€) and so Po(f*, Se¢) > LPA(f. ). O

The next lemma will be used later to reduce some estimates for the relative pressure to the case when ¢ = 0. Denote
ha(f)= Pa(f,0) for any invariant set A.

Lemma 3.14. P, (f, ) < ha(f) + supo.
Proof. Let U/ be any open covering of M and N > 1. By definition,
mo(f, ¢, AU, N) = inf{ e DSHwsW) }
o(f. ¢ n U%

where the infimum is taken over all families G C SyU that cover A. Therefore,

mo(f, ¢, AU, N) < igf{ > e<-“+S“P¢">"(U>} = ma—supg (f, 0, A, U, N).
Ue.g

Since N and U are arbitrary, this gives that P4 (f, ¢) < h4(f) + sup ¢, as we wanted to prove. O
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3.5. Natural extension and local unstable leaves

Here we present the natural extension associated to a non-invertible transformation and recall some results on the
existence of local unstable leaves in the context of non-uniform hyperbolicity.

Let (M, B, n) be a probability space and let f denote a measurable non-invertible transformation. Consider the
space

A

M ={(....x2,x1,%0) € M": f(xi+1) =x;, Vi >0},

endowed with the metric d (x, X) = 2190 27 d(x;, Vi), X, Y€ M and with the sigma-algebra 13 that we now describe.

Let 7r; : M — M denote the projection in the ith coordinate. Note also that f ~i(B) c B forevery i >0, because f i
is a measurable transformation. Let By be the smallest sigma-algebra that contain the elements ni_l( f7H(B)). The

measure 7 defined on the algebra ;2 JTl-_l (f~'B) by
A(E;) =n(mi(E;)) forevery E; e, (7 (B)),

admits an extension to the sigma-algebra Bo. Let B denote the completion of By with respect to 7). The natural
extension of f is the transformation

fiM—M, f(--.,xz,xl,xo)=(--.,x2,x1,xo,f(x0)),

on the probability space (M, B, 7). The measure 7 is the unique f -invariant probability measure such that 7,7 = .
Furthermore, 7 is ergodic if and only if # is ergodic, and its entropy /;( f ) coincides with h,(f). We refer the
reader to [46] for more details and proofs. For simplicity reasons, when no confusion is possible we denote by 7 the
projection in the zeroth coordinate and by x¢ the point 7 (%).

Given a local homeomorphism f as above, the natural extension f —1 is Lipschitz continuous: every % admits
a neighborhood U; such that

d(f~'G). F' @) <L®dG.. v5.2e fWp).

where L = L o 7. In the presence of asymptotic expanding behavior it is possible to prove the existence of local
unstable manifolds passing through almost every point and varying measurably. In fact, since L is continuous bounded
away from zero and infinity, given an f-invariant probability measure 7, Birkhoff’s ergodic theorem asserts that the
limits
n—1
lim — Y logL(f*/%
i 2 S g (7479
j=0
exist and coincide 7-almost everywhere. Given A > 0, denote by By, the set of points such that the previous limit is
well defined and smaller than —A.

Proposition 3.15. Assume that n is an f -invariant probability measure such that

n—1

1 .
li —» logL(f/ —A<0
1;ri)sol<1>p . sz(:) og (f (x)) < <

almost everywhere. Given ¢ > 0 small, there are measurable functions 6. and y from B; to Ry and, for every x € By,
there exists an embedded topological disk W' (X) that varies measurably with the point X and

(1) For every yo € Wit .(X) there is a unique y € M such that 7 (y) = yo and
d(x—p, y—n) <y (e 4= Vn > 0;

(2) If a point 5 € M satisfies d(x,z) < 8:(%)/y (f~" (%)) and
d(x—p,z7-n) <8e(®)e™ " Wn>0

then zq belongs to Wt (%);
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3) If 1t (%) is the set of points y € M given by (2) above then it holds that

d(y_n, z7n> <y@e P Ma(y, 7)

forevery y,z€ W (x) and every n > 0.

loc

Proof. Let ¢ > 0 be small enough such that the restriction of f to any ball of radius ¢ is injective. Given x € By,
consider the local unstable set

Wi (@) ={yeM: 3y eM, 7)) =y, d(y_n.x_p) <&, ¥n >0}.

By construction W}? (%) is non-empty, since it contains x. Moreover, define Wllf)c (X) as the set of points y considered
in the definition of Wi¢ (X). It is clear that f _I(Wlﬁc()?)) - Wg‘( f —1(?)). We claim that Wje.(X) contains an open
neighborhood of x in M and that there exists a constant y (X) > 0 such that

d(y_n. ) < y®e ¢ vn>1,

for every y, z € W' (). By hypothesis, there exists N = N; > 1 such that

loc

]_[ (f7@®)<e™, Vnx=N.

Take 0 < 8,(X) < & such that fV is invertible in a neighborhood of x_y and that B(x, 8,(%)) C fN(B(x_n, ¢)).
Moreover, by uniform continuity, there exists 0 < &1 < ¢ such that L(z) < L(z)e® for every 7’ € B(z, ¢1). So, given
v,z € B(x, 8¢(X)) there are y, z € M such that d(y_,, z—,) < ¢ for every n > 0, since

d(Y—n,z—n) <e"*7d(y, 2)
for every n > N. This shows that W (X) contains the ball B(x, ;(xX)) of radius 8. (x) around x in M and that

d(y-ns z-n) <y D)e”*d(y, 2)

forevery 3, 2 € W*(£) and n > 0, where y (£) = L"¢. Our choice on & guarantees that any y € W (x) admits a unique
y € W (%) such that 7 (3) = y. This shows that the projection 73 : Wj¢ (¥) — W (X) is an homeomorphism between
topological disks and completes the proof of items (1) and (3) in the proposition. On the other hand, if Z satisfies the
requirements in (2) then clearly d(x_;, z—,) < € for all n > 00, which imply that z € Wl’fm (%). Since the measurability
of y and §, follows from the one of N;, the proof of the proposition in now complete. O

We shall omit the dependence of W}! (X) on A and e for notational simplicity. Since local unstable leaves vary
measurably with the point, there are compact sets of arbitrary large measure, referred as hyperbolic blocks, restricted
to which the local unstable leaves passing through those points vary continuously. More precisely,

Corollary 3.16. There are countably many compact sets (/i,-)ieN whose union is a N-full measure set and such thgt
the following holds: for every i > 1 there are positive numbers ¢; < 1, A, ri, ¥; and R; such that for every x € A;
there exists an embedded submanifold Wy (%) in M of dimension m, and

(1) If yo € W} .(X) then there is a unique § € M such thatfor everyn > 1
d(x—p,y-n) Srie” " and d(x_p, y-n) < yie

(2) Forevery O <r <r; the set Wl’éc(j/) N B(xo, r) is connected and the map
B, &ir) N A; 3§+ WE.($) N Bxo, r)

is continuous (in the Hausdorff topology);

(3) If $ and % belong to B(%, e;r) N A; then either W, Wi .(9) N B(xq, 1) and W,
in the later case, if y € W(2) then d(yo, zo) > 2ri;

@ Ifye /i,- N B(x, gir) then W, c(y) contains the ball of radius R; around loc(y) N B(xg, r).

Wit .(2) N B(xq, r) coincide or are disjoint;
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4. Conformal measures

The Ruelle—Perron—Frobenius transfer operator L4 : C(M) — C(M) associated to f: M — M and ¢ : M — R
is the linear operator defined on the space C (M) of continuous functions g : M — R by

Logx)= Y *Vg(y).
f)=x

Notice that L,g is indeed continuous if g is continuous, because f is a local homeomorphism. It is also easy to see
that L4 is a bounded operator, relative to the norm of uniform convergence in C(M):

I1Lg] < max#f~'(x)e P9l
xeM

The dual operator £ acts on the Borel measures of M by Consider the dual operator £ : M(M) — M(M) acting
on the space M (M) of Borel measures in M by

/ gd(Lyn) = / (Log)dn

for every g € C(M). Let Ao =r(Ly) be the spectral radius of L. In this section we prove the following result:

Theorem 4.1. There exists k 2 1, r(Ly) =do =2 A1 = -+ = A 2 MNFIED yonl numbers and expanding conformal
probability measures vy, vy, ..., Vk such that

k
Lyvi=xvi, YO<i<k, and | Jsupp(v))=H.
i=0
Moreover, each vj is a non-lacunary Gibbs measure and has a Jacobian with respect to f given by J,, f = rie ? If
f is topologically mixing then vy is an expanding conformal measure such that suppvo = H = M.

4.1. Eigenmeasures of the transfer operator

The following lemma asserts that any positive eigenmeasure for the dual of the Ruelle—Perron—-Frobenius operator
is a conformal measure. Its proof is quite standard: see, for instance, [39, Lemma 4.1].

Lemma 4.2. Suppose v is a Borel probability such that E(’;v = Av for some A > 0. Then the Jacobian of v with respect
to f exists and is given by J, f = re™?.

The proof of the next lemma is analogous to [39, Lemma 4.2].

Lemma 4.3. The spectral radius Lo of the operator Ly is at least "D and it is an eigenvalue for the dual
operator E(’;).

Proof. Observe that, for every positive integer n and every x € M,
Lyl(x) = Z 5190 > deg (f”)e”i“f¢.
fry=x

So, the spectral radius is at least (/) +"¢ ag claimed in the first part of the lemma. The second part follows from
general results in functional analysis. Let CT be the open convex cone of positive continuous functions on M and
consider the linear subspace

N ={Lyg—rog: g€ C(M)}.

Notice that these sets are disjoint. Indeed, assuming otherwise then there exists some continuous function g € C(M)
such that L£3g — Aog is a strictly positive continuous function. By compactness and continuity, there is € > 0 such that
Lyg = (Ao + €)g. Since Ly is a positive operator, it is clear that

Ly8 > (ho+e)'g foreveryn> 1.
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This shows that the spectral radius of Ly is at least A9 + &, contradicting the definition of Ag. This contradiction
proves that Ct N N = @4, as we claimed. Then, as a consequence of geometric Hahn-Banach theorem there exists
some continuous linear functional vy : C(M) — R such that

/gdv0>0 forevery g e CT and /gdv():O for every g € N.

The first property means that vy is a measure and so, up to normalization, we may suppose it is a probability. The
second property means that

/gd(ﬁzvo):/£¢gdvozko/gdvo for every g € C(M),

that is, E(’;v = Aovo. Thus, A¢ is indeed an eigenvalue for the dual operator E:;. O

Throughout, let A denote a fixed eigenvalue of Ef; larger than (/)09 et y be any eigenmeasure of Ej; associated
to A and set P = log . The only property of A that we shall use is that A > ¢!°29+sUP¢+¢ From Lemma 4.2 we get
that

Jy f(x) = hoe ™) > elogateo ¢ forall x € M. 4.1)

This property will allow us to prove that v-almost every point spends at most a fraction y of time inside the domain
A where f may fail to be expanding. As we will see later, in Lemma 6.5, log A = Pop(f, ¢). This determines com-
pletely the spectral radius of Ly as the unigue eigenvalue of E;‘) larger than the lower bound above. Consequently

all the eigenvalues A; given by Theorem 4.1 are equal and coincide with Ao =r(Ly) and % Zﬁ:o v; is an expanding
conformal measure whose support coincides with the closure of the set H. The later is the conformal measure referred
at Theorem B.

4.2. Expanding structure

Here we prove that any eigenmeasure v as above is expanding and has integrable first hyperbolic time. Givenn > 1,
let B(n) denote the set of points x € M whose frequency of visits to .4 up to time # is at least y, that is,

B(n):{xeM: %#{Ogjgn—lz ff(x)eA}>y}.

Proposition 4.4. The measure v(B(n)) decreases exponentially fast as n goes to infinity. Consequently, v-almost every
point belongs to B(n) for at most finitely many values of n.

Proof. The strategy is to cover B(n) by elements of the covering P = \/?;(1) f~/P which, for convenience, will be
referred to as cylinders. Then, the estimate relies on an upper bound for the measure of each cylinder, together with
an upper bound on the number of cylinders corresponding to large frequency of visits to A.

Since f" is injective on every P € P then we may use (4.1) to conclude that

n—1
1> v(f"(P)) = f Jy fdv = / H(J,,f o fI)dv > elloateomy(p),

P p /=0

This proves that v(P) < e~(1024+20" for every P € P". Since B(n) is contained in the union of cylinders P € P"
associated to itineraries in I (y, n), we deduce from our choice of y after Lemma 3.1 that

v(B(n)) <#I(y, n)e”Iogareon < g=eon/2,

for every large n. This proves the first statement in the lemma. The second one is a direct consequence, using the
Borel-Cantelli lemma. O

Corollary 4.5. The measure v is expanding and satisfies [ ny dv < oo.



P. Varandas, M. Viana / Ann. I. H. Poincaré — AN 27 (2010) 555-593 571

Proof. By Proposition 4.4, almost every point x is outside B(n) for all but finitely many values of n. Then, in view
of our choice (3.2),

n—1
ZlogL(fj(x)) <ylogL+(1—y)logo™! < —2¢
j=0

if n is large enough. In view of Lemma 3.2, this proves that v-almost every point has infinitely many hyperbolic times
(positive density at infinity). In other words, v is expanding. Moreover, using Proposition 4.4 once more,

o0

/nldv =Zv({x: ni(x) > n}) <1 —i—iv(B(n)) < 00,

n=0 n=1

as we claimed. O
4.3. Gibbs property

Now we prove that v satisfies a Gibbs property at hyperbolic times. Later we shall see that hyperbolic times form
a non-lacunary sequence, almost everywhere, and then it will follow that v is a non-lacunary Gibbs measure.

Lemma 4.6. The support of v is an f-invariant set contained in the closure of H. For any p > 0 there exists £ > 0
such that v(B(x, p)) = & for every x € supp(v).

Proof. Since v is expanding, it is clear supp(v) C H. Let x € M. Since f is a local homeomorphism, the relation
V = f(W) is a one-to-one correspondence between small neighborhoods W of x and small neighborhood V of f(x).
Moreover,

(V)= / Jyfdv.
w

is positive if and only if v(W) > 0, because the Jacobian is bounded away from zero and infinity. This proves that
the support is invariant by f. The second claim in the lemma is standard. Assume, by contradiction, that there exists
o > 0 and a sequence (x;),>1 in supp(v) such that v(B(x,, p)) — 0 as n — oo. Since supp(v) is compact set, the
sequence must accumulate at some point z € supp(v). Then

v(B(z, p)) < liminfv(B(xs, 0)) =0,

which contradicts z € supp(v). This completes the proof of the lemma. O

Lemma 4.7. There exists K > 0 such that, if n is a hyperbolic time for x € supp(v) then

_1< U(B(-x»n’a)) <K,

K = e_Pn+Sn¢(y) =

foreveryy e B(x,n, ).
Proof. Since f" | B(x, n, §) is injective, we get from the previous lemma that

£ <v(B(f"(x),8)) = f Jfrdv<1
B(x,n,$)

for every x € supp(v). Then, the bounded distortion property in Corollary 3.5 applied to the Holder continuous func-
tion J,, f = Ae~? gives that

Ky '56) < v(Blx,n 8))a"e 590 < K

for every y € B(x, n, §). Recalling that P = log A, this gives the claim with K = Ko&(8)~!. O
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Remark 4.8. The same proof gives a somewhat stronger result: for v-almost every x and any 0 < ¢ < §, there exists
K (¢) > 0 such that

v(B(x,n,¢)) <K()

-1
K=© s Zrmsem S

if n is a hyperbolic time for x. It suffices to take K (¢) = Ko&(s) L.

We proceed with the proof of Theorem 4.1. We have proven that any eigenmeasure v for Ly associated to an
eigenvalue A > ¢ +infé s necessarily expanding, satisfies the Gibbs property at hyperbolic times and has a Jacobian
Jy f = Le~?. Furthermore, Lemma 4.3 guarantees that the spectral radius A is an eigenvalue of the operator Ly. Let
vo denote any such eigenmeasure. If f is topologically mixing then suppvy = H = M. Indeed, given an open set
U there exists N > 1 such that f¥(U) = M. Since Jy f 1s bounded from zero and infinity then clearly vo(U) > 0,
which proves our claim. Hence, to prove Theorem 4.1 we are left to show that there are finitely many eigenmeasures
of ,C:; associated to eigenvalues greater or equal to e(/)+1f® whose union of their supports coincide with H. Given
an f-invariant compact set A we denote by L4 : C(A) — C(A) the restriction of the operator Ly to the space of
continuous functions C(A).

Lemma 4.9. There are finitely many Ao > Ay = -+ 2 A > eMNDHntd g probability measures vy, v1, ..., Vg such
that E;; Vi = Ajv;, for every 0 < i < k, and that the union of their supports coincides with the closure of the set H.

Proof. We obtain the desired finite sequence of conformal measures using the ideas involved in the proof of
Lemma 4.3 recursively. Indeed, Lemma 4.3, Corollary 4.5 and Lemma 4.7 assert that there exists an expanding con-
formal measure vy such that Ej; vo = AoVp and satisfies the Gibbs property at hyperbolic times. Clearly supp(vp) is an

invariant set contained in H.

If supp(vo) = H then we are done. Otherwise we proceed as follows. As we shall see in Lemma 5.3, the interior of
the support of any expanding conformal measure v is non-empty and contains almost every point in a ball of radius &
(depending only on f and c). Consider the non-empty compact invariant set K1 = M \ interior(supp(vp)) and set
A1 =r(Lk,) < Ap. It is easy to check that A1 > e"H+infé Then we may argue as in the proof of Lemma 4.3: the
cone of strictly positive functions in K is disjoint from the subspace {L4g — Ag: g € C(K1)} and so there exists a
probability measure v; such that E;;vl = A1v; whose support supp(vy) is contained in K. Since A > h()+inf¢ (hep
V1 is also expanding and its support must also contain a ball of radius § in its interior.

Since M is compact this procedure will finish after a finite number of times. Hence there are finitely many compact
sets Ko, ..., Ky and expanding measures vy, ..., v such that supp(v;) C K; and H= \J; supp(v;). This completes
the proof of the lemma. O

For any conformal measure v; as above, we prove in Proposition 5.1 that there are finitely many invariant ergodic
measures that are absolutely continuous with respect to v;, that their densities are bounded from above and that
their basins cover v;-almost every point. Hence, the non-lacunarity of the sequence of hyperbolic times will be a
consequence of Lemma 3.7. So, up to the proof of Proposition 5.1, this shows that each v; is a non-lacunary Gibbs
measure and completes the proof of Theorem 4.1.

5. Absolutely continuous invariant measures

In this section we analyze carefully the Cesaro averages

-1
1< )
VnZEE fiv,
Jj=0

and prove that every weak® accumulation point is absolutely continuous with respect to v. It is well known, and easy
to check, that the accumulation points are invariant probabilities. In the topologically mixing setting we also prove
that there is a unique absolutely continuous invariant measure and that it satisfies the non-lacunar Gibbs property. The
precise statement is
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Proposition 5.1. There are finitely many invariant, ergodic probability measures |11, (L2, ..., Lk that are absolutely
continuous with respect to v and such any absolutely continuous invariant measure is a convex linear combination of
U1, U2, ..., L. In addition, the measures ; are expanding and the densities d; /dv are bounded away from infinity.
Moreover, the union of the basins B(i;) cover v-almost every point in M. If f is topologically mixing then there is a
unique absolutely continuous invariant measure and it is a non-lacunary Gibbs measure.

5.1. Existence and finitude

First we prove that every accumulation point of (v,),>1 is absolutely continuous invariant measure with bounded
density. For every n € N it holds that

n—1
Hf C {ni()>n}U [ U Hen 5 (ni() > n —k})].
k=0

In particular, we can use the inclusion above to write
1 n—1
Vn < fn + — o
n < /’Ln n Z 77,/
j=0
where

n—1

1 . 00 '
Hn =;§f*j(v |Hj) and 7, =1_0f>,f(f*](v | H)) | {n1 > 1Y).

Lemma 5.2. There exists C2 > 0 such that for every positive integer n the measures f'(v | H,), n, and v, are
absolutely continuous with respect to v with densities bounded from above by Ca. Moreover, the same holds for every
weak™ accumulation point 1 of (Vy)p>1.

Proof. Let A be any measurable set of small diameter, say diam(A) < §/2, and such that v(A) > 0. First we claim
that there is C> > 0 such that

[ W] Hp)(A) < Cov(A), Vn> 1.
Observe that either f]'(v | H,)(A) =0, or A is contained in a ball B = B(f"(x), §) of radius § for some x € H,. In
the first case we are done. In the later situation we compute
FLOTH)A) =v(f (AN Hy) =Y v(f(ANB)),
i
where the sum is over all hyperbolic inverse branches ;™" : B — V; for f”. Recall that the v-measure of any positive
measure ball of radius 4§ is at least £(8) > 0 by Lemma 4.6. Thus, by bounded distortion

A
£ H) () < Ko 3 2D

Vi) < Ko£(8)'v(A),
U(B)V( i) < Ko&(8) ™ v(A)
which proves our claim with C, = Ko§(8)’1. It follows from the arbitrariness of A that both f'(v | H,) and w, are
absolutely continuous with respect to v with density bounded from above by C>.

Similar estimates on the density of 1, hold using that {n; > n} C B(n), there are at most ¢“*" cylinders in B(n),
and that J, f" > e(loga+eo)n o each of one of them. Indeed,

(i) [ =D)<Y v(f AN P) <#BDe 0210y (4)

pep®
PAB()#0

for every [ > 1 and every measurable set A. Using that df]' (v | H,)/dv < K 0&(5)’1 and summing up the previous
terms one concludes that

o
_ _& .
ni(A) < Ko&(@®) ™'Y e v(A), Vi1
=0
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This shows that (up to replace C by a larger constant) the measures v, are also absolutely continuous with respect to
v and that dv, /dv is bounded from above by C,. The second assertion in the lemma is an immediate consequence by
weak® convergence. 0O

The following lemma, whose proof explores the generating property of hyperbolic pre-balls, plays a key role in
proving finitude of equilibrium states.

Lemma 5.3. If G is an f-invariant set such that v(G) > O then there is a disk A of radius §/4 so that v(A \ G) = 0.

Proof. In the case that v coincides with the Lebesgue measure this corresponds to [3, Lemma 5.6]. Since the argument
will be used later on, we give a brief sketch of the proof.

Let ¢ > 0 be small. Take a compact K and an open set O suchthat K CGNH C O and v(O \ K) < ev(K). Set
ng € N such that B(x, n, ) C O forany x € K N H,,. If n(x) denotes the first hyperbolic time of x larger than ng then

K c | B(x.n(x),8/4) C 0.

xek
Set V(x) = B(x,n(x),8) and W(x) = B(x,n(x),§/4). Since K is compact it is covered by finite open sets (W (x))xex
for some family X = {x1, ..., xx}. Now we proceed recursively and define

ni =inf{n(x): x € X} and X;= {x € X: n(x) :nl}
and, assuming that n; and X; are well defined for 1 <i <m — 1, set
np=inf{n(x): x e X\ (X1 U---UXp_D} and X, ={x€X: n(x)=np}

up to some finite positive integer s. Let X| C X be a maximal family of points with pairwise disjoint W(-) elements.
Moreover, given X CcX;iforl<i<m-—1let X C X maximal such that every W(x), x € Xm, does not intersect
any element W (y) for some y € XU UX,. If X = U{X 1 <i < s} then the dynamical balls W (x), x € X, are
pairwise disjoint (by construction). It is also easy to see that for every y € X there exists x € X such that W(y) C V (x).
Hence

v( U wen K) <v(0\ K) <ev(K)
xeX
and, by the bounded distortion property,

v( U W(x)> > rv( U V(x))
xeX xeX

for some 7 > 0. We conclude immediately that there exists x € X such that
VIWIING) vIW)NK)
< <t
V(W (x)) v(W(x))
Using the bounded distortion of f” restricted to the dynamical ball W (x) once more it follows that
v(B\ f(G) <t 'Koe,

where B is a ball of radius §/4 around f"(x). Since ¢ was arbitrary and G is invariant then there exists a sequence
A, of balls of radius §/4 such that v(A, \ G) — 0 as n — oco. By compactness, the sequence (A,), accumulate on a
ball A that satisfies the requirements of the lemma. 0O

We are now in a position to show that there are finitely many distinct ergodic measures (1, (2, ..., 4 absolutely
continuous with respect to v. Indeed, let i be any invariant measure that is absolutely continuous. Then, either u
is ergodic or there are disjoint invariant sets /; and I of positive v-measure such that pu(-) = aju(- N Iy)/u(ly) +
au(- N )/ u(lp), where a; = u(l;). In the later case it is also clear that each of the measures involved in the sum
is absolutely continuous with respect to v. Repeating the process one obtains that ;& can be written as linear convex
combination of ergodic absolutely continuous invariant measures (i, U2, ..., k. Indeed, since M is compact the
previous lemma implies that this process will stop after a finite number of steps (depending only on §) with each u;
ergodic. It is also clear from the construction that each u; is expanding and that their basins cover almost every point.
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5.2. Invariant non-lacunary Gibbs measure

Through the rest of this section assume that f is topologically mixing. Here we prove that there is a unique invariant
measure p absolutely continuous with respect to v and that it is a non-lacunary Gibbs measure. This will complete the
proof of Proposition 5.1. We begin with a couple of auxiliary lemmas. Let & > 0 and § > 0 be given by Lemmas 3.2
and 3.4.

Lemma 5.4. There exists a constant 1o > 0, and for any n there is a finite subset H, of H,, such that the dynamical
balls B(x,n,§/4), x € Hy,, are pairwise disjoint and their union W, satisfies v(W,) = tov(Hpy).

Proof. This lemma is a direct consequence of Lemma 3.4 in [3]. Indeed, if = f'(v | U{B(n, x,38/4): x € Hy}),
2 = f"(H,) = M and r = § in that lemma then there exists a finite set I C f"(H,) such that the pairwise disjoint
union A, of balls of radius §/4 around points in / satisfies

w(An N f"(Hy)) = too(f" (Hy)).

Set H, = H, N f7"(I). As the restriction of f” to any dynamical ball B(x,n,5/4), x € H,isa bijection it is easy
to see that these dynamical balls are pairwise disjoint. Furthermore, their union W, satisfies v(W,) > tov(H,). This
completes the proof of the lemma. O

In the remaining of the section, let u be an arbitrary accumulation point of the sequence (v,), and (n)r be a
subsequence of the integers such that

p= lim vy,,.
k—00

In the next lemmas we prove that the density du/dv is bounded away from zero in some small disk and use this to
deduce the uniqueness of the equilibrium state and the non-lacunar Gibbs property.

Lemma 5.5. There exists C1 > 0 and a small disk D(x) around a point x in M such that the density di/dv in the
disk D(x) is bounded from below by C1.

Proof. GAiVeIl a small & > 0 we construct a disk D(x) of radius smaller than & where the. assertion above holds. Let
W; and H; be given by the previous lemma and let W; . C W; denote the preimages by f/ of the disks A . of radius
8/4 — & around points in f/ (H 7). Lemma 3.5 implies that

V(W) > K- V(Aje)
0 N
v(W;) V(Aj)

where the right-hand side is larger than some uniform positive constant 7| that depends only on the radius of the
disks A . (recall Lemma 4.6). Observe also that Corollary 3.3 with A = M implies that

n—1
%ZU(H]') >0/2

j=0

for every large n. This shows that there is a positive constant 7, such that the measures v’ satisfy v3 (M) > 1, for
every large n, where

n—1

Zf* W Wje).

j=0
Thus, there exists a subsequence of (v,ik)k that converge to some measure v5, and

supp(v ﬂ(U A,S)

n=1 “j>n
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Choose x € supp(v,) and a disk D(x) of radius smaller than & around x such that v (9 D(x)) = 0. By~construction,
D(x) is contained in every disk of A; such that the corresponding disk of A; . intersects D(x). Let A; denote the
pairwise disjoint union of disks in A ; that contain D(x) and Wj be defined accordingly as the preimages of &/. Itis

clear that v, > v,?, where

—1

1<, -

0

W)= ;Zf*](v | W)).
j=0

Moreover, since d f*j | W ;)/dv is Holder continuous, the bounded distortion at Lemma 3.5 implies that it is bounded

from below by its L' norm up to the multiplicative constant Ky ! So,

dv? 1 dflw W) 13 . IR
I Y D SREEL BV ol
j=0 j=0 fi(z):y j=0
eW;

for every y € D(x). Furthermore, by construction the set W; . N f ~J(D(x)) is contained in W, This guarantees that

dv0 s " _1 V5 (D(x))
—E0 =K ;Z(:)V(Wj)>Ko v (D) = Ky =5
p=

for every large n > 1 in the subsequence of (ng)r chosen above. By weak™® convergence it holds that du/dv > C in
the disk D(x). O

We finish this section by proving the uniqueness of the equilibrium state, which completes the proof of Proposi-
tion 5.1.

Lemma 5.6. If f is topologically mixing there is a unique invariant measure |1 absolutely continuous with respect
to v. Moreover, the density du/dv is bounded away from zero and infinity and the sequences of hyperbolic times
{nj(x)} are non-lacunary ji-almost everywhere. Furthermore, u is a non-lacunary Gibbs measure.

Proof. We have proven that any accumulation point © of (v,), is absolutely continuous with respect to v and that
the density & = du/dv is bounded from above by C; and is bounded from below by C; on some disk D(x). Since
f is topologically mixing there is N > 1 be such that £V (D(x)) = M, that is, any point has some preimage by f~
in D(x). It is not difficult to check that h € L' (v) satisfies Lyh = Ah. Then

h(y) — )\'—N Z eSN¢(Z)h(Z) 2 C])\_NENinf¢
N @)=y
for almost every y € M, which allows to deduce that the measures p and v are equivalent.

We claim that u is ergodic. Indeed, if G is any f-invariant set such that £ (G) > 0O then it follows from Lemma 5.3
that there is a disk A of radius §/4 such that v(A \ G) = 0. Furthermore, using that J, f is bounded from above
and from below, the invariance of G and that there is N > 1 such that fN(A) = M it follows that v(M \ G) =0, or
equivalently, that «£(G) = 1, proving our claim. So, if u; <« v is any f-invariant probability measure then | < p.
By invariance of dut1/dp and ergodicity of u it follows that du /d u is almost everywhere constant and that © = u.
This proves the uniqueness of the absolutely continuous invariant measure. Lemma 5.2 also implies that

C3v(B(x,n,8)) < u(B(x,n,8)) < Cov(B(x,n,3))
for v-almost every x and every n > 1, where C3 = C{A~NeN ™9 In particular i is expanding and, if n is a hyperbolic
time for x and y € B(x, n, §) then

H(B(x,n,8) _ KC,

-1
K7Gs e PntSip(n)
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Corollary 4.5 implies that the first hyperbolic time map n; is u;-integrable. Hence, the sequence of hyperbolic times
is almost everywhere non-lacunary (see Corollary 3.8) and both p and v are non-lacunary Gibbs measures. This
completes the proof of the lemma. O

6. Proof of Theorems A and B

In this section we manage to estimate the topological entropy of f for the potential ¢ using the characterizations of
relative pressure given in Section 3.4: Pyc(f, ¢) <logh and Py (f, ¢) < logA. Then, using that the measure theoreti-
cal pressure P, (f, @) =h,(f)+ f ¢ du of every absolutely continuous invariant measure given by Proposition 5.1 is
at least log A, we deduce that Pyp(f, ¢) = logA and that equilibrium states do exist. Finally, the variational property
of equilibrium states yields that they coincide with the absolutely continuous invariant measures. This will complete
the proofs of Theorems A and B.

6.1. Existence of equilibrium states

We give two estimates on the relative pressure and deduce the existence of equilibrium states for f with respect

to ¢.
Proposition 6.1. Pyc(f, ¢) <logA.

Since we deal with a potential ¢ whose oscillation is not very large, the main point in the proof of Proposition 6.1
is to control the relative entropy hpyc(f). The key idea is that hyc(f) can be bounded above using the maximal
distortion and growth rate of the inverse branches that cover H¢. We will begin with some preparatory lemmas.

Lemma 6.2. Let M be a compact Besicovitch metric space of dimension m. There exists C > 0 and a sequence of
finite open coverings (Qi)i>1 of M such that diam(Qy) — 0 as k — oo, and every set E C M satisfying diam(E) <
D diam Qy, intersects at most C D™ elements of Q.

Proof. First we construct a special family 7 of partitions in M. Let (r;) be a decreasing sequence of positive num-
bers converging to zero. Given k > 1, let X; be a maximal r separated set: any two balls of radius r centered at
distinct points in Xj are pairwise disjoint and X is a maximal set with this property. In particular, it follows that
{B(x,2rr): x € Xy} is a covering of M. Since there exists no covering of M by a smaller number of balls as above, by
Besicovitch covering lemma there exists a constant C; (depending only on the dimension m) that any point in M is
contained in at most C balls. Consider a partition 7 in M such that every element Ty € 7} contains a ball of radius rx
and such that diam(7;) < 2r¢.

Fix a sequence of positive numbers (¢¢)x>1 such that 0 < g < ry for every k > 1. We claim that the family Oy
of open neighborhoods of size ¢, around elements of 7 satisfies the requirements of the lemma. It is immediate that
diam(Qy) — 0 as k — oo. Since, by construction, every point in M is contained in at most C; elements of 7y, any
set E C M satisfying diam(E) < D diam(Qy) < 2D(r¢ + &) can intersect at most [2C{D(1 + g /r))]" elements
of Q. This shows that E can intersect at most C D™ elements of Qj for some constant C depending only on the
dimension m, completing the proof of the lemma. O

The next result is the most technical lemma in the article and provides the key estimate to prove Proposition 6.1.

Lemma 6.3. Given any £ > 1 the following property holds:
hue(f*) < (logq +mlog L + e9/2)¢ + log C.

Proof. Fix £ > 1 and let (Qk)r be the family of finite open coverings given by the previous lemma. Since
diam(Qy) — 0 as k — oo then

Pye(f, ¢)=klirgoPHc(.f,¢,Qk),
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by Definition 3.9. Recall P is the finite covering given by (H2) and B(n, y) is the set of points whose frequency of
visits to A up to time 7 is at least y. The starting point is the next observation:

Claim 1. For every 0 < ¢ < y there exists jo > 1 such that for every j > jo the following holds:

>
B(n,y) CB{j,y —¢) forevery je <n<(j+ 1)L
Proof of Claim 1. Given ¢ > 0, let jo be a positive integer larger than (1 — y)/e. Given an arbitrary large n we

can write n = £j + r, where 0 <r < £ and j > jo. Moreover, if x belongs to B(n,y) then #{0 <i < n — 1:
f'(x) € A} = yn and consequently

1 . —
—#{o<i<g— 1 flmeA)zy+ 0
¢j 9]

Our choice of jy implies that the right-hand side above is bounded from below by y — ¢. This shows that x belongs
to B(¢j, y — ¢) and proves the claim. O

We proceed with the proof of the lemma. Observe that the set H€ is covered by
U U {peP™: PnBm.y)#0}
nzN pep®

for every N > 1. Let ¢ > 0 be small such that #1 (n, y — ¢) < exp(logq + €9/2)n for every large n. Such an ¢ do exist
because ¢, varies monotonically on y (see the proof of Lemma 3.1). Then, the previous claim allow us to cover H¢
using only cylinders whose depth is a multiple of £: for any N > 1

H c | ) | {PeP: PnBj.y —e)#0}. 6.1)

j= N pep

Thus, from this moment on we will only consider iterates n = j£. Denote by R the collection of cylinders in P
that intersect B(n, y — ). Our aim is now to cover any element in R by cylinders relatively to the transformation f*.
Given k > 1, denote by S £ Oy the set of j-cylinders of f ¢ by elements in O, that is

Spe;Qe={0QoN QNN 0Q; 1) Qi e i=0,....j—1}.

Furthermore, let G, x be the set of cylinders in & e Oy that intersect any element of RM,

Claim 2. Let k > 1 be large and fixed. Then
#Gjo <HQ x [C le]f « el02a+¢0/2)j¢

for every large j.

Proof of Claim 2. Recall n = j¢ and fix P, € R™. Since f is a local homeomorphism then the inverse branch
f=": f"(P,) > P, extends to the union of all Q € Qy so that Q N f"(P,) # @, provided that & is large. Notice
that diam( £ ~¢(Q)) < L¢diam(Q) for every Q € Q; because log | Df (x)~!|| < L for every x € M. By Lemma 6.2,
F~t(Q) intersects at most CL" elements of the covering Q. This proves that there are at most #Qy x [C L]/
cylinders in Sy ; Qi thatintersect P,. The claim is a direct consequence of our choice of ¢ since #R D L ellogq+eo/2n
forlargen. O

Finally we complete the proof of the lemma. Indeed, it is immediate from (6.1) that
mea(f*,0,HS, Qr, N) < Z Z e~ = Z e " #Gyjk
JZN/LUeGyk JZN/E

for every large k. Moreover, Claim 2 implies that the sum in the right-hand side above converges to zero as
N — oo (independently of k) whenever a > (logqg + &9/2 + mlogL), £ + logC. This shows that hye(f%) <
(logg +mlog L 4 €9/2)¢ 4 log C and completes the proof of the lemma. O
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Proof of Proposition 6.1. Recall that hge(f O = Chpe( f), by Proposition 3.12. Then, as a consequence of the
previous lemma we obtain
logC

hpe(f) <logg +mlogL +¢&9/2 + o

for every £ > 1. Finally, it follows from (3.3) and Lemma 3.14 that
Pye(f,¢) <logg +mlogL +sup¢p + &9 < h(f) +inf¢p <logA. O

In the present lemma we give an upper bound on the relative pressure of ¢ relative to the set H. More precisely,
Lemma 6.4. Py (f, ¢) <logh.

Proof. Recall the characterization of relative pressure using dynamical balls in Section 3.4. Pick o > log A. For any
given N > 1, H is contained in the union of the sets H,, over n > N. Thus, given 0 <& < §

HC U U B(x,n,e).
n>N xeH,

Now we claim that there exists D > 0 (depending only on m = dim(M)) so that for every n > N there is a family
G, C H,, in such a way that every point in H,, is covered by at most D dynamical balls B(x, n, ¢) with x € G,. In fact,
Besicovitch’s covering lemma asserts that there is a constant D > 0 (depending on m) and an at most countable family
G, C H, such that every point of f"(H,) is contained in at most D elements of the family {B(f"(x), ¢): x € G,}.
Using that each dynamical ball B(x,n, ¢), x € H,, is mapped homeomorphically onto B(f"(x), ¢), it follows that
every point in H, is contained in at most D dynamical balls B(x, n, &) with x € G,, proving our claim. Given any
positive integer N > 1, it follows by bounded distortion and the Gibbs property of v at hyperbolic times that

mo(f.¢, H.e.N) <K(e) ) e—<“—”)"{ > v(BGx.n, e>)}.
n=N xeG,
Consequently mq (f, ¢, H, e, N) < K (¢) ?D(Wp)e_(“_}) )N which tends to zero as N — oo independently of ¢. This

shows that Py (f, ¢) < logA and completes the proof of the lemma. O

We know that every ergodic component of an absolutely continuous invariant measure is also absolutely continuous.
Now we prove that the absolutely continuous invariant measures are indeed an equilibrium states.

Lemma 6.5. If (v is an ergodic measure absolutely continuous with respect to v then P, (f, ¢) > log L. Moreover, 1 is
an equilibrium state for f with respect to ¢ and the following equalities hold

Ptop(f’d’): PH(fvd’):lOg)‘-

Proof. The previous estimates and Proposition 3.11 guarantee that

Pop(f, ¢) = sup{ Pri (f, §), Prie(f, )} <logh.

Using that du/dv < C», that v satisfies the Gibbs property at hyperbolic times and p-almost every point x admits
a sequence {ny(x)} of hyperbolic times then

w(B(x,ng, £)) < C2K ()e™ Pt Smd )

for every 0 < & < §, every k > 1 and every y € B(x, ng, £). Thus, Brin—Katok’s local entropy formula for ergodic
measures and Birkhoff’s ergodic theorem (see e.g. [36]) immediately imply that

1
hy,(f) = lim limsup ——log ju(B(x,n, 8)) = P — /q&du,
e—>0 n—ooo n

where the first equality holds p-almost everywhere. In particular

logh = Puop(f.¢) = Pu(f. ¢) 2 (SI}II) 1{hu(f)+/¢du} > loga,
l,L =
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which proves that p is an equilibrium state and that the three quantities in the statement of the lemma do coincide.
This completes the proof of the lemma. O

6.2. Finitude of ergodic equilibrium states

In this subsection we will complete the proof of Theorems A and B and Corollary C. First we combine that every
equilibrium state is an expanding measure with some ideas involved in the proof of the variational properties of SRB
measures in [31] to deduce that every equilibrium state is absolutely continuous with respect to some conformal
measure supported in the closure of the set H, and to obtain finitude of ergodic equilibrium states. Finally, we show
that under the topologically mixing assumption there is a unique equilibrium state, and that it is exact and a non-
lacunary Gibbs measure. We begin with the following abstract result:

Theorem 6.6. Let f: M — M be a local homeomorphism, ¢ : M — R be a Holder continuous potential and v be
a conformal measure such that J, f = ,e™®, where A = exp(Prop(f, ¢)). Assume that n is an equilibrium state for f
with respect to ¢ gives full weight to supp(v) and that

n—1

1 .
im - J
nlggon ZL(f (x)) <0
Jj=0
almost everywhere. Then n is absolutely continuous with respect to v.

Let us stress out that this theorem holds in a more general setting. Since this fact will not be used here, we will
postpone the discussion to Remark 6.15 near the end of the section. The finitude of equilibrium states is a direct
consequence of the previous result. Indeed,

Corollary 6.7. Let f be a local homeomorphism and let ¢ be a Holder continuous potential satisfying (H1), (H2)
and (P). There exists an expanding conformal probability measure v such that every equilibrium state for f with re-
spect to ¢ is absolutely continuous with respect to v with density bounded from above. If, in addition, f is topologically
mixing then there is unique equilibrium state and it is a non-lacunary Gibbs measure.

Proof. Let v be the expanding conformal measure given by Theorem 4.1 and 7 be an ergodic equilibrium state for f
with respect to ¢p. We claim that 7 is an expanding measure. Indeed, assume by contradiction that one can decompose
n as a linear convex combination of two measures n = tn; + (1 — t)np with n(H¢) = 1 for some 0 <t < 1. But
Lemma 6.5, the first part of Proposition 3.11 and the convexity of the pressure yield

Pn(f’¢)=tpn1(fv¢)+(1_I)Pnz(fv(b)gtptop(fv(ﬁ)"i_(l_t)PHc(f’¢)<Pt0p(fv¢)v

which contradicts that 7 is an equilibrium state and proves our claim. Moreover, n(supp(v)) = 1 because the support
of v coincides with the closure of H. Finally, since

n—1

limsupl E logL(fj(x)) <—2c<0
n
Jj=0

n—oo

at n-almost every point (Corollary 6.7), the assumptions of Theorem 6.6 are verified. This result is a direct conse-
quence of the previous theorem and Proposition 5.1. O

In the sequel we prove Theorem 6.6. Since f is a non-invertible transformation we use the natural extension,
introduced in Section 3.5, to deal with unstable manifolds.

Proof of Theorem 6.6. It is easy to check, using the variational principle, that almost every ergodic component of an
equilibrium state is an equilibrium state. Thus, by ergodic decomposition it is enough to prove the result for ergodic
measures.
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Let  be an ergodic equilibrium state and ( f , 1) be the natural extension of 5 introduced in Section 3.5. Then
747 = 1 and that

n—1

i J

Jim ZologL fi@®) <0
J

n-almost everywhere.

We proceed with the construction of a special partition Q of M that is closely related with Ledrappier’s geometric
construction in Proposition 3.1 of [31] and provides a key ingredient for the proof of Theorem 6.6. The main differ-
ences from the original result due to Ledrappier are that the natural extension Mi is not in general a manifold and that
there is no well defined unstable foliation in M. Given a partition Q denote by Q(x) the element of O that contains
x e M. We say that Q is an increasing partition if ( f Q)(x) C Q(x) for n-almost every x, in which case we write

19> 9.

Proposition 6.8. There exists an invariant and full f-measure set S C M, and a measurable partition o) of S such
that:

M f19>9,

2) +°° o S/ Q is the partition into points,

3) The sigma- algebras M, generated by the partitions f "Q n>1, generate the o -algebra in S, and

@ ForAalmost every X the element Q(x) c W (X) contains a neighborhood of X in wu (X) and the projection
7 (Q(X)) contains a neighborhood of xo in M.

Proof. Since 7 is an expanding measure, Proposition 3.15 guarantees the existence of local unstable manifolds at
n-almost every point. Take i > 1 such that ﬁ(/ii) > 0 and let r;, &;, y; and R; be given by Corollary 3.16. Fix
also0<r<riand x € supp(ﬁui). Recall that y — W} () N B(xo, r) is a continuous function on B(X, &;r) N A;.
Consider the sets

V(G.r) = {2 e W) 20 € B(xo. 1)}
defined for any y € B(X, &;r) N A;. Define also
S@&,r) = U{&(y, r): § € B, eir)N A}

and the partition Qo (r) of M whose elements are the connected components \7()7, r) of unstable manifolds just
constructed and their complement M \ S(X, r). Furthermore, consider the set S, and the partition Q(r) given by

+00 Foo
=J /G ) and 0y =\/ F"(Qo(r).

n=0 n=0

Then, the partition Q coincides with the partition O(r) and the set S is given by ) >0 f ~i(8,) fora particular choice
of the parameter r. In what follows, for notational convenience and when no confusion is possible we shall omit the
dependence of the partition Qonr.

It is clear from the construction that every partition Q(r) is increasing, that is the content of (6.8). In addition, since
7 is ergodic and A(S(%, r)) > 0 then the set of points that return infinitely often to S(&, ), which we called S, is a full
measure set by Poincaré’s Recurrence Theorem. In other words, if a point ¥ belongs to S, there are positive integers
(n;); such that f "ji(y) € ‘7( f "j(9), r). Hence, the backward distance contraction along unstable leaves guarantees
that the diameter of the partition \/;_, f =7 Q tend to zero as n — 00, proving (6.8). By construction, there is a full
measure set such that any two distinct points y and Z lie in different elements of f =10 for some n € N. Indeed, if
F0(3) = f"O@) for every n > 0 then F($) and f"(2) lie infinitely often in the same local unstable manifold.
But (6.8) implies that y and Z should coincide, which is a contradiction and proves our claim. In particular, the
decreasing family of o -algebras M,,, n > 1, generate the o -algebra in S, which proves (6.8).
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We prpceed to show that the partition Q(r) satisfies (6.8) for Lebesgue almost every parameter r. Given 0 < r < r;
and y € S, define

B.(5) = inf | R;, = Le*i"d(y 9B (x0.7))
r n}O 1 ‘a 2 i —N> L) )

1 1

that it clearly non-negative. It is enough to obtain the following:

(@) If zo € Wi () and d(yo. z0) < B-(P) then there exists Z € Q()?) such that 7 (Z) = zo;
(b) There exists a full Lebesgue measure set of parameters 0 < r < r; such that the function B, (-) is strictly positive
almost everywhere and 7(3 Q(r)) = 0.

Take y € S‘, and assume that zo € W} (9) is such that d(yo,z0) < B,(9). If J € S(x r) then there exists w €

B(x, g;r) such that y € Wl’gc(ﬁ)). Furthermore, since d(yg, z0) < B-(y) < R; then there exists z € WIL(’)C(w) such that
7(Z) = zg. Hence

d(y—nsz—n) <vie ™d(y0,20), VYneN,

which implies that d(y_,, z—,) <r and d(y_,, 2—y) < 1/2d(y—,, dB(x9, 1)) forA every n € N. Together with Corol-
lary 3.16, this shows that y_, and z_, belong to the same element of the partition Qo for every n > 1 and, assuming (b)
for the moment, that 7 (Q(y)) contains a neighborhood of yg in Wi (). On the other hand, if J € Sr \ S (x,r) then

there exists k > 1 such that f “*©3) e S(%,r) and consequently the projection of the set
o = 1 (Q(f )
contains an open neighborhood of yg in Wl’f)c (¥). This completes the proof of (a).

The proof of (b) is slightly more involving. We begin with the following remark from measure theory: if rg > 0, ¥
is a Borel measure in [0, rg] and 0 < @ < 1 then Lebesgue almost every r € [0, rg] satisfies

Zﬁ‘([r—ak,r—i—ak]) < 00. (6.2)
Indeed, the set
By = {r e[0,rol: ¥([r —d*,r +4d*]) > —ﬁ([z’zr(ﬂ) }

can be covered by a family I; of balls of radius a* centered at points of B, x in such a way that any point is contained
in at most two intervals of ;. Since

7 ([0,
" ([ 0D S 51y < 20/10.r0)

Iel;

then #1; < 2k? and it is clear that Leb(Bg k) < < 2a* # I is summable. Borel-Cantelli’s lemma implies that Lebesgue
almost every r € [0, ro] belongs to finitely many sets B, x, which proves the summability condition in (6.2).
Back to the proof of (b), let ¢ be the measure of the interval [0, r;] defined by 9 (E) = 7n(y € M: d(xg,y0) € E).
The previous assertion guarantees that for Lebesgue almost every r € [0, r;] it holds
o0
> (5 € M: |d(xo. yo) — r| < e7HF) < 0. (6.3)
k=0
On the other hand, there exists D > 0 such that |d(zg, xg) — r| < Dt whenever d(zo, dB(xg,7)) <t and 0 <1 <
r < r;. Therefore

oo o0
ﬁ()? eM: |d(y_n, 0B (xp, r))| < D_le_}"'k) < Zﬁ(fz eM: |d(x0, V_n) — r| < e_)"'k),
k=0 k=0
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which is finite because of the invariance of 7 and the former condition (6.3). Using Borel-Cantelli’s lemma once more
it follows that 7j-almost every y satisfies

|d(y_n, dB(xp, r))| < Dl Hik
for at most finitely many positive integers k, proving that 8,(3) > 0. Furthermore, since n(Un>0 f™(@B(xp,r)) =0

for all but a countable set of parameters 0 < r < r; then O(9) contains a neighborhood of 3 in Wl’gc () for f-almost

every y € M . This shows that (b) holds and, in consequence, for Lebesgue almost every r € [0, ;] the partition o(r)
satisfies the requirements of the proposition. O

Let (7),), be the disintegration of the measure 7 on the measurable partition Q, given by Rokhlin’s theorem. Recall
that for 7)-almost every X the map 7| o : Wie (X) — Wi (%) is a bijection. For any such X let D, be the measure
lo

()
on Wl’éc (X) obtained as the pull-back of U|Wlu (¢) by the bijection 7 | ;. @) Let » denote the measure defined on M by
oc loc

the disintegration (D3 )z, that is to say that

D(E) = / D¢ (E)dij(2)
for every measurable set EinM.Asa byproduct of the previous result we obtain
Corollary 6.9. 0 < 7 (OR)) < o0, for fi-almost every %.

Proof. For every X in a full /-measure set one has that
0:(Q®)) = v (7 (Q®) N Wik ().

Since 7 is an expanding measure then Wl’éc (¥) is a neighborhood X and Wi (¥) N 7(O(#)) contains a neighborhood
of xgin M. In addAition, since n(suppv) = 1, for every x in a full 7)-measure set it holds that xo € supp(v). Then it is
clear that 0 < D3 (Q(x)) < 00, nj-almost everywhere, which proves the corollary. O

The next preparatory lemma shows that b has a Jacobian with respect to f and establishes Rokhlin’s formula for
the natural extension.

Lemma 6.10. The measure b has a Jacobian J; f = J, f om with respect to f . In addition,
i) = [og s fai.

Furthermore, for f-almost every x and every y € O(R) the product
00 NoA_ionA
. n S (ST ()
A(X, y) = l_[ VAAiA
j=1 Jﬁf(f_](y))
is positive and finite.
Proof. Since the sigma-algebra B is the completion of the sigma-algebra generated by the cylinders ni_l( f7'B),
i > 1, then the first claim in the lemma is a consequence from the fact that

D) ( fE)) = / Jy fomdd; (6.4)
EN(f~1 Q)
for almost every x and every small cylinder E =7~ (E). Indeed, if E is a small cylinder then it is clear that
D(f(E)) = / am)(f(é))dm) :/ / Jy f o dd; di(X). (6.5)
EN(f~1 Q&)
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Let b; denote the restriction of the measure D; to the set ( f -1 Q)()?) - Q()?). Then ¥ has a disintegration b = [ D; d)
with respect to the measurable partition f ~1Q. Together with (6.5) this gives

f)(f(E))=//Jufondf));dﬁ(£):/Jvfondﬁ,

E

which proves that ¥ has a Jacobian and J; f = J, f om. Hence, to prove the first assertion in the lemma we are reduced
to prove (6.4) above. If f | E is injective and E = 7~ 1(E) then

b (F(E)) =05, (F[EN (F1Q@]) = v(f (Enx((/1Q)()))

- [ Jy fdv= / Jyfomdiy,

Enz((f~1Q)(%)) EN(f-1O)®)

which proves (6.4). On the other hand, 4, (f) = f Jy f dn because 7 is an equilibrium state, Pop(f, ¢) =logA and
Jo f =xe~?. So, using .7 = n we obtain

hﬁ(f)Zhn(f)=/10gfufdﬁ=/log(fvfoﬂ)dﬁ=/10gfﬁfdﬁ,

which proves the second assertion in the lemma. Finally, the Holder continuity of the Jacobian J; f=J,fom, the
fact that Q is subordinated to unstable leaves and the backward distance contraction for points in the same unstable
leaf yield that the product

N S AT RAC))
A(x,y) = T ere—
,1:[1 B f(fi @)

is convergent for almost every X and every y € O(%). The proof of the lemma is now complete. O
The last main ingredient to the proof of Theorem 6.6 is the following generating property of the partition Q.
Proposition 6.11. hﬁ(fA) = H; (f’] o) | Q).

The proof of this result involves two preliminary lemmas. Let i > 1 and Aj be given as in the proof of Proposi-
tion 6.8 and r; given by Corollary 3.16. The following lemma gives a dynamical characterization of the local unstable
manifolds.

Lemma 6.12. Given ¢ > 0 there is a measurable function D,: B, — R satisfying log D,eL! (n) and such that, if
d(x—p, y-) < De(f7"(2)) ¥ = 0 then § € W, (8) and d(xo, yo) < 2r:.

Proof. Since H(A;) > 0 and 7 is assumed to be ergodic then some iterate of almost every point will eventually belong
to A; by Poincaré’s recurrence theorem. So, the first hitting time R(x) is well defined almost everywhere in A;j and
[ i R dn=1/7(A;), by Kac’s lemma. This proves that the logarithm of the function D.:M—>R given by

min{2r;, 8;, 8; /yi}e " CHORD | if 3 € A;,
min{2r;, 8;, 8; /vi}, otherwise

D:(%) = {

is 7-integrable. On the other hand, if x € A; then R(f_" (X))=n.Any y € M such that d(x_,, Yon) < bg(f_" (X))
for every n > 0 clearly satisfies d(xg, yo) < 2r; and, by Proposition 3.15(2), belongs to Wl’gc (x). This concludes the
proof of the lemma. O

This result allow us to construct an auxiliary measurable partition of finite entropy that will be useful to compute
the metric entropy h5(f).
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Lemma 6.13. There exists a measurable partition P of S such that H; (75) < 00, diam(?s()?)) < D.(}) at n-almost
every X, and that the partition

P = \/f P

is finer than Q.

Proof. Let D, be the measurable function given by the previous lemma. By Lemma 2 in [35], there exists a measur-
able and countable partition Py such that H;(Pp) < oo and diam P (X) < D¢ (X) for a.e. ¥ € M. Let P be the finite

entropy partition obtained as the refinement of 750 and {M \ 3: ()2; r), S (x,r)}. Notice that there is a full measure set
where any two points X and y belong to the same element of f"P for every n > 0 if and only

d(x_p, y_n) < ﬁg(f*”)?) for every n > 0.

In particular, Lemma 6.12 above implies that each element of Pisa piece of some local unstable manifold. Hence,
since P was chosen to refine {M \ S(x r), S(x r)} then it is easy to see that

() /"P(f"®) c Q®)

n=>0

for almost every x. So, the partition P just constructed satisfies the conclusions of the lemma. O

Proof of Proposition 6.11. Let & > 0 be arbitrary small. Up to a refinement of the partition P we may assume without
loss of generality that /1 ( f 77) = hi( f ) — &. Since the partition P is finer than O then

hi(fo Py =hy(f, PO) = hy(f, POV Q) =hy(f, f"P v Q)

for every n > 1. Using that h;( f S ) = Hj( f lé é ) for every 1ncreasmg partition éj the rlght -hand side term in the
previous equalities coincides with the relative entropy Hj( f prpeo) v 9 | f prtlp(eo) v f Q) and, consequently,

hy(f, P)y=Hy(Q| FOV f"P) + Hy (P | f" Qv fPO).

The second term in the right-hand side above is bounded by Hj (75), which is finite. Then Proposition 6.8(3) implies

that it tends to zero as n — 00. On the other hand, the diameter of almost every element in f —n+tl Q tend to zero
as n — oo, proving that there exists a sequence of sets (D,),>1 in M satisfying lim, /(D,) = 1 and such that

fQ()?) - f"?s(oo) (%) forevery x € D,,. Then
Hy(Q| OV fP) = f —10g7) &, juproony s (D)) dA(R)
Dy (%)
where the measures 7) 7OV frpeo and 71 F%) denote respectively the conditional measures of n with respect to the
partitions fQ v f"P©) and Q. This proves that lim, Hﬁ(Q | FO v frp)y > Hﬁ(Q | #0). Since the other
inequality is always true we deduce that /1;( f , 73) = H;,(Q | f Q). Since & > 0 was chosen arbitrary this proves that
h;,(f) = Hﬁ(Q | fQ), as claimed. O

It follows from Lemma 6.10 and Proposition 6.11 that
Hy(f'Q| Q)Z/IOgJofdﬁ- 6.6)

With this in mind we obtain the following:
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Lemma 6.14. 1 admits a disintegration (n;); along the measurable partition O such that

1
ﬁ;e(B)=—)2 / A(X,9)db; (),  where Z()?)=/A()?,)7)d9)e(ﬁ) (6.7)

Q®NB Q)
for every measurable set B and 1j-almost every X. In consequence 1; is absolutely continuous with respect to vy for
almost every x.

Proof. Recall that A(x, y) is well defined for almost every X and every § € O(%) according to Lemma 6.10. In
particular Corollary 6.9 implies that 0 < Z ()AE) < 0o almost everywhere. Let p; denote the measure in the right-hand
side of the first equality in (6.7). Since f~!Q > Q a simple computation involving a change of coordinates gives that

Z(f ()
ZE) I f (%)

A 1A 1
(1)) =~

5 / AG, $)dd:(5) =

(f1O)@)
We claim that

~ [10epi((F' Q) di = [ 1og1 7 di

Since p; is a probability measure then — log p; (( f -1 Q)(JE)) is a positive function and clearly the negative part of this
function belongs to L' (7). Using that J, f is bounded away from zero and infinity the same is obviously true also for

log Z(zj((fz)g)) . So, Birkhoff’s ergodic theorem yields that the limit
1 . VA fn 1 n—1 7 A Aj X
w(®):= lim —log Z(f"(%)) = lim —log fo)) = lim — Zlog 2o ) fA(f ()
oo n moon S Z@) om0 Z(fiR)

do exist (although possibly infinite) and that
e Zf @) .
/w(x)dn(x):/logfiAdn(x).
Z(%x)

Since Z is almost everywhere positive and finite, the sequence 1/nlog Z( f "(x)) converge to zero in probability and,
consequently, it is almost everywhere convergent to zero along some subsequence (z) ;. This shows that @ (%) =0
for f-almost every x and proves our claim. On the other hand using relation (6.6) and the equality

Hy(f'Q|Q)=~- / log iz (f~1O®)) dA(®)

we obtain

> dfj =0.
f1e

Since the logarithm is a strictly concave function then

dp dp
0:/10g<d’f" A A)dﬁglog(/ b\ Adﬁ):O,
Nilj-10 dilz |10

and the equality holds if and only if the Radon—Nykodym derivative

Zgi restricted to the sigma-algebra generated by

f =19 is almost everywhere constant and equal to one. Replacing f by any power f " in the previous computations it
is not difficult to check that n; and p; coincide in the increasing family of sigma-algebras generated by the partitions
f7"(Q), n > 1. Proposition 6.8(3) readily implies that n; = p; at n-almost every X, which completes the proof of the
lemma. O

We know from the previous lemma that 7z < D; almost everywhere. Then, using that W (%) is a neighborhood
of xp in M and the bijection

Tl () * Wioe () = Wige (%)
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it follows that 7,73 < v for fj-almost every x. Since (7);) is a disintegration of 7 and m,# = 7 it is immediate that
n < v. This completes proof of the theorem. O

Remark 6.15. We point out there is an analogous version of Theorem 6.6 that holds for piecewise differentiable
maps f that behave like a power of the distance to a possible critical or singular locus, as considered in [3]. Indeed,
assume that ¢ is an Holder continuous potential and v is an expanding conformal measure such that J, f = xe™? is
Holder continuous, where A = exp Piop(f, ¢). Assume also that 7 is an equilibrium state for f* with respect to ¢ and
n(suppv) = 1. If n has non-uniform expansion and satisfies a slow recurrence condition then there is a local unstable
leaf passing through almost every point, in the same way as in Proposition 3.15. The construction of an increasing
partition as in Proposition 6.8 and the proof of the absolute continuity of 1 with respect to v remains unaltered.
This is of independent interest and can be applied, e.g. when f is a quadratic map with positive Lyapunov exponent,
¢ = —log|det Df| and v is the Lebesgue measure to prove the uniqueness of the SRB measure. Some of these ideas
can be traced back to [30,34,45] but since these papers do not use hyperbolic times, the results are less precise than
here.

Through the remaining of the section assume that f is topologically mixing. Since equilibrium states coincide with
the invariant measures that are absolutely continuous with respect to v then there is only one equilibrium state p for
f with respect to ¢p. Thus, Theorem B is a direct consequence of Proposition 5.1 and the previous statement. To finish
the proof of Theorem A it remains only to show exactness of the equilibrium state:

Lemma 6.16. i is exact.

Proof. Let E € By, be such that w(E) > 0 and let ¢ > 0 be arbitrary. There are measurable sets E,, € I3 such that
E = f7"(E,). On the other hand, since p is regular there exists a compact set K and an open set O such that
KCENH CO and u(0O\K) <eu(K), where H denotes as before the set of points with infinitely many hyperbolic
times and ¢ > 0 is small. The same argument used in the proof of Lemma 5.3 shows that there exists T > 0 n > 1 and
Xx € H, such that

HB(r.nd/D\E)
n(B(x,n,38/4))

Since n is a hyperbolic time then f"|p(x »,5) is a homeomorphism that satisfies the bounded distortion property. Hence

pn(B(f"(x),8/4)\ f"(E)) -

< Kot e
n(B(f"(x),8/4))

The topologically mixing assumption guarantees the existence of a uniform N > 1 (depending only on §) such that
every ball of radius §/4 is mapped onto M by £ . Furthermore, since ;v < v with density & = d—’lf bounded away from

zero and infinity then J,, f = J,, f (h o f)/h satisfies c'g Jy, f < C for some constant C > 1. In particular, since
d" is an upper bound for the number of inverse branches of £V, C bounds the maximal distortion of the Jacobian at
each iterate and u is f-invariant we obtain that

WM\ E) = pu(M\ Entn) < Kod"CN171e.

The arbitrariness of ¢ > 0 shows that w(E) = 1. This proves that u is exact. O
We finish this section with the

Proof of Corollary C. If ¢ is a continuous potential satisfying (P), the existence of an equilibrium state for f with
respect to ¢ will follow from upper semi-continuity of the metric entropy. Let {¢, } be a sequence of Holder continuous
potentials satisfying (P) and converging to ¢ in the uniform topology. Take w,, to be an equilibrium state for f with
respect to ¢, given by Theorem B, and let i be an accumulation point of the sequence (u,),. Note that the constants
¢ and § given by Lemma 3.4 are uniform for every p,. So, any partition R of diameter smaller than § that satisfies
w(0R) =0 is generating with respect to u,, and

hy(f, R) = limsuphy, (f, R).
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Using the continuity of ¢ = Piop(f, ¢) and ¢ > f ¢ du it follows that

hu (£ R) =limsup[Pmp<f, bn) — f bn dun} — Pop(f ) — / $du > hu(f).

This proves that u is an equilibrium state for f with respect to ¢. Furthermore, the function

<n,¢)th<f>+f¢dn

is upper-semicontinuous on the product space of c-expanding measures and convex set of continuous potentials satis-
fying (P). Hence, proceeding as in [54, Corollary 9.15.1] there exists a residual R C C (M) of potentials satisfying (P)
such that there is a unique equilibrium state for f with respect to ¢. The proof of the corollary is now complete. O

7. Stability of equilibrium states
7.1. Statistical stability

Here we prove upper semi-continuity of the metric entropy and use the continuity assumption on the topological
pressure to prove that the equilibrium states vary continuously with respect to the data f and ¢.

Proof of Theorem D. Let W be the set of Holder continuous potentials and F the set of local homeomorphisms
introduced in Section 2.4. The strategy is to construct a generating partition for all maps in F. A similar argument
was considered in [4]. Fix (f, ¢) € F x W and arbitrary sequences F > f,, — f in the uniform topology, with L, — L
in the uniform topology, and W > ¢,, — ¢ in the uniform topology, let 1, be an equilibrium state for f;, with respect
to ¢, and n be an f-invariant measure obtained as an accumulation point of the sequence (it,,)y,-

We begin with the following observation. Since the constants ¢ and § given by Lemma 3.4 are uniform in F, any
partition R of diameter smaller than §/2 satisfying n(dR) = 0 generates the Borel sigma-algebra for every g € F.
Then, Kolmogorov—Sinai theorem implies that &, () = hy, (fn, R) and by (f) = hy,(f, R), that is,

. 1 k . 1 k
By (fo) = Jnf 2 H, (RE) and hy(f) = inf = Hy (R®),

where H;(R) =) rer —1(R)logn(R) and we considered the dynamically defined partitions

k—1 k—1
RE=\/ ' ® ad RO=\/ 7 R).
j=0 j=0

Since 7 gives zero measure to the boundary of R then H),, (R,(qk)) converge to H, (R®Y as n — oo by weak* conver-
gence. Furthermore, for every ¢ > O there is N > 1 such that

Ry, (fa) < %Hun (RM) < %H,,(R(N)) +& <hy(f) +2e.

Recalling the continuity assumption of the topological pressure Pyop(f, ¢) on the data (f, ¢), that u, is an equilibrium
state for f, with respect to ¢, and that [ ¢, du, — [ ¢ dn as n — oo, it follows that

hn(f)+/¢d77 = Ptop(f’¢)~

This shows that 7 is an equilibrium state for f with respect to ¢. Since every equilibrium state belongs to the convex
hull of ergodic equilibrium states and these coincide with finitely many ergodic measures absolutely continuous with
respect to v (recall Theorem B), this completes the proof of Theorem D. O

We finish this subsection with some comments on the assumption involving the continuity of the topological pres-
sure. The map ¢ — Piop(f, @) varies continuously, provided that f is a continuous transformation (see for instance
[54, Theorem 9.5]). On the other hand, in this setting the topological pressure Piop(f, @) coincides with logA 4,
where A 74 is the spectral radius of the transfer operator L4, for every f € F and every ¢ € V. Moreover, the
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operators L 74 vary continuously with the data (f, ¢). So, the continuous variation of the topological pressure should
be a consequence of the most likely spectral gap for the transfer operator Ly,4 in the space of Holder continuous
observables. Some spectral gap properties were obtained by Arbieto, Matheus [5] and Varandas [53] in a related
context.

7.2. Stochastic stability

The results in this section are inspired by some analogous in [2]. First we introduce some definitions and notations.
Given f € FN define i = fio--o fao fi. Let (6:)0<e<1 be a family of probability measures in F. Given a (not
necessarily invariant) probability measure v, we say that (f, v) is non-uniformly expanding along random orbits if
there exists ¢ > 0 such that

1 o ooyl
li — Y log| Df (¥ <—2c<0
imaup -3 gl (¢ )~ < -2

for (GSN x v)-almost every (f, x) € FN x M. If this is the case, Pliss’s lemma guarantees the existence of infinitely
many hyperbolic times for almost every point where, in this setting, n € N is a c-hyperbolic time for (f, x) € FN x M
if

n—1
l_[ HDf(fj(x))_l (IS e~* forevery 0 <k <n—1.
j=n—k
We refer the reader to [2, Proposition 2.3] for the proof. Given & > 0, let n{ : F N % M — N denote the first hyperbolic
time map. Set also H,,(f) = {x € M: n is a c-hyperbolic time for (f, x)}. In the remaining of the section let f € F and

v be an expanding conformal measure such that suppv = H. The next result shows that f has random non-uniform
expansion. More precisely,

Lemma 7.1. Let (6:)o<¢<1 be a family of probability measures in F such that supp 0, is contained in a small neigh-
borhood Vo (f) of f and (", Ve (f) ={f}. If F > g — J, g is a continuous function and & is small enough then (f, v)
is non-uniformly expanding along every random orbit of ( f , 05). Furthermore,

(65I X v)({(f, x) e FN x M: ni(f, x) > k})

decays exponentially fast and, consequently, [ nid (GSN X V) < 0.

Proof. Given g € F, let A, C M be the region described in (H1) and (H2). Denote by A the enlarged set obtained
as the union of the regions A taken over all g € suppf;. If &£ > 0 is small enough then we can assume that Ais
contained in the same ¢ elements of the covering P as the set A .

Now we claim that, if y is chosen as before and f € F N the measure of the set

B(n,f):{xeM: l#{0<j<n—1: fj(x)efl}>y}
n

decays exponentially fast. Indeed, the same proof of Lemma 3.1 yields that B(x, f) is covered by at most e(l024+20/2)n
elements of P (f) = \/7;(1) f=7(P), for every large n. On the other hand, since supp(6;) is compact the function
supp 6, > g — J, g is uniformly continuous: for every ¢ > 0 there exists a(e) > 0 (that tends to zero as ¢ — 0) such
that

e,a(g) < Jy f(x) Sea(e)
Jyg(x)

for every g € supp(6,) and every x € M. As in the proof of Proposition 4.4, this implies that

n—1
12v(f"(P)) = / 1_[ Lo fj off dv > e~4®n / Jy [ dv > elogateo—a@)n,, p)
p Jj=0 P
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and, consequently, v(P) < e~10gaHe0=aE) for every P € P (f) and every large n. Hence
v(B(n, D) <#{P e P™(): PN Bn,f)#0P} x e~ Iogateo—aEnn

which decays exponentially fast and proves the claim. Then, the set
1 4 -
B(n) = {(f,x)e]:NxM: —#{Ogj <n-—1: ff(x)e.A} Zy}
n

is such that (6, x v)(B(n)) = f v(B(n, 1)) dGSN (f) also decays exponentially fast. Borel-Cantelli guarantee that the
frequency of visits of the random orbit {fj (x)} to A is smaller than y for 95 x v-almost every (f, x). Moreover,
since every g € F satisfy (H1) and (H2) with uniform constants this proves that f is non-uniformly expanding along
random orbits. Moreover, the first hyperbolic time map n{ is integrable because

/nl d(6% x v) = (68 x v) (m1 = 1) < 361 x v) (B) < .

n=0 n=0

This completes the proof of the lemma. O

Remark 7.2. Before proceeding with the proof, let us discuss briefly the continuity assumption on F 3 g — J, g.
First notice that in our setting this is automatically satisfied when v coincides with the Lebesgue measure since it
reduces to the continuity of g — log|det Dg|. Given g € F, let v, denote the expanding conformal measure and set
Py = Piop(f, ¢). Observe that if & is a c-hyperbolic time for x with respect to f then it is a ¢/2-hyperbolic time for x
with respect to every g sufficiently close to f. Consequently

K(c/2,8) 2 Pr—relk P BOK D) o sy2elP—pilk
vy(B(x, k,93))
which proves that the conformal measures vy and v, are comparable at hyperbolic times and that J,g = d(g, 1v) /dv
is a well defined object in the domain of each inverse branch g‘l. So, in general, the relation above indicates that the
continuity of the topological pressure should play a crucial role to obtain the continuity of the Jacobian ' > g — J, g.

Given n > 1 define f' : FN — M given by /¢ (g) == g"(x). Since f is non-uniformly expanding and non-
uniformly expandlng along random orbits then there are finitely many ergodic stationary measures absolutely con-
tinuous with respect to v. More precisely,

Theorem 7.3. Let (6;): be a non-degenerate random perturbation of f € F. Given ¢ > 0 there are finitely many

ergodic stationary measures i, |5, ..., iuj that are absolutely continuous with respect to the conformal measure v
and
= lim —Z/ff v | B(uf))aol @, (7.1)
T n—oo n

forevery 1 <i <I. Inaddition, | > 1 can be taken constant for every sufficiently small €.

Proof. This proof follows closely the one of Theorem C in [2]. For that reason we give a brief sketch of the proof
and refer the reader to [2] for details. It is easy to check that any accumulation point u® of the sequence of probability
measures

n—1
lZ(ij)*ggN (7.2)
nig

on M is a stationary measure. Moreover, any stationary measure p° is absolutely continuous with respect to v because
of the non-degeneracy of the random perturbation and

W (E) = / 1 (57 (E)) dby (g) = / 1 ((0)) d6e(g) du (x) = / ((£0):6N)(E) du

for every measurable set E.
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On the other hand, by the ergodic decomposition of the F-invariant probability measure 9€N x uf there are ergodic
stationary measures. We prove that there can be at most finitely many of them. Indeed, a point x belongs to the basin
of attraction B(u°) of an ergodic stationary measure u° if and only if

n—1

1 4
LY () > [van (13)

j=0

for every ¢ € C(M) and Qﬁ—almost every f € FN. In addition, if x € B(u®) then g(x) € B(u?) for every g € supp(6;).
Furthermore, the non-degeneracy of the random perturbation implies that B(u?) contains the ball of radius r, centered
at f(x). Then, the compactness of M implies that there are finitely many ergodic absolutely continuous stationary
measures [uf, ..., 1y, with 1 <1 <I(e). Since v(B(uy7)) > 0, integrating (7.3) with respect to v and using the domi-
nated convergence theorem one obtains

n—1 n—1
1 o ;
[vawi=im 5 [ worav=tm. O:/wdf*(le(u?))
j:

I=08(us)

for every ¢ € C(M) and 9§‘ -almost every f € F. This proves the first statement of the theorem.

It remains to show that / = I(¢) can be chosen constant for every sufficiently small . The support of each stationary
measure 4 is an invariant set with non-empty interior (see [2]). Since f is non-uniformly expanding then supp (i)
contains some hyperbolic pre-ball V,,(x) associated to f and, by invariance, a ball of radius §. This proves that
l(e) <l for every small & > 0. On the other direction, since the set supp(u;) has positive v-measure and is forward
invariant by f it must be contained in the support of some ergodic stationary measure y,f, for every &’ smaller than &.
This proves the / can be taken constant for small ¢ and completes sketch of the proof of the theorem. O

Now we are in a position to prove that the equilibrium states constructed in Theorem A are stochastically stable.

Proof of Theorem E. Let (u%).~¢ be a sequence of stationary measures absolutely continuous with respect to v
and let n be any weak™ accumulation point. Theorem 7.3 implies that there is [ > 1 such that there are exactly /
ergodic stationary measures u{, ..., u; that are absolutely continuous with respect to v, for every sufficiently small &.
Furthermore,

n—1

1 .
pi = lim vy, where v, ;= —Z/ﬂ(v | B(u)) d@eN(f).
j=0

n— 00 n “

Proceed as in the beginning of Subsection 5.1 and write v, < &7 + % Z?;(l) 77; with

£ 1 - J N
fi=r Y / £ | Hy0)dol (D
7=08us)

and

thy=2 [ SO H O] (ol ©) > k) sl .

k>OB(Mf)

The arguments from Section 5 and the uniform integrability of & - nj € L1(9§ x v) yield that each measure v; ;
is absolutely continuous with respect to v with density bounded from above by a constant depending only on &. By
weak™® convergence it follows that 7 is also absolutely continuous with respect to v and, consequently, n belongs to
the convex hull of finitely many ergodic equilibrium states 1, ..., ux for f with respect to ¢. This completes the
proof of the theorem. O
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