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Abstract

For a smooth W : (0, co) x RY — Rand a family of L-periodic w12 functions Pe: R — R with ¢ — ¥, the basic problem is
to understand the weak* limit as € — 0 of L-periodic minimizers of

L
/(%w’z + W, zm) ds. )
0

It is assumed that W (¢, 8) — oo as ¢ — 0, 0o, and that W (-, ), which has no more than three critical points counting multiplicity
depending on 6 € RY isof a type that arises in the Cahn—Hilliard theory of phase separations where d = 1. The limiting problem
with € = 0 is to minimize, over bounded L-periodic measurable functions ¢,

L
f W(p(s). 9(s)) ds. @
0

Minimizers of () need not be unique (there may be uncountably many), they may be discontinuous and minimizers with only
simple jumps may coexist with minimizers with much more complicated discontinuities. Weak* limits of minimizers of () as
€ — 0 are minimizers of the relaxation of (). However it is shown that if, for a sequence of minimizers of (),

L
limsupﬁ/|<pék(s)|2ds <00, € —0,
k— 00 rd

then the weak* limit of any subsequence of {¢¢,} is an actual minimizer of (%) which is continuous except at a finite number
of simple jumps. Moreover, for sequences €, — 0 from a set of positive Lebesgue density, it is shown that the weak* limit of
L-periodic minimizers of (1) is a minimizer of (i) with a finite number of simple jumps. Under additional hypotheses it is shown
that, for sequences from a set of full Lebesgue density, the weak* limits of L-periodic minimizers of () are minimizers of (£) with
a minimal number of simple jumps.
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1. Introduction

A crucial feature in models of phase transitions is the non-convexity of bulk energy functions with respect to the
phase variable ¢. For instance, in one-dimensional Cahn—Hilliard theory the Helmoltz free energy density is given by

1 2
Wig,9)=2(¢* =1)" =g, (1.1)
where ¥ is the chemical potential. If ¢ and ¢+ are L-periodic, the total mesoscopic energy per period is
L
€ np, 1.9 2
Te(@) := 3¢ —}-Z((p —1)" =9 )dx, €>0, (1.2)
0

where €¢’2/2 corresponds to the energy of phase interactions, /€ characterizes the width of the interfaces between
phases and in practice € is very small. Critical points of 7, satisfy

—€¢" () +9(x)} —p(x) = (x), xeR. (1.3)

Alternatively, (1.3) occurs as a quasi-steady, phase field model in the theory of solidification with ¢ representing tem-
perature [1,2]. One-dimensional phase transition modelling can also give rise to higher order non-convex variational
problems [10,12], see [9] for a general discussion. However we confine ourselves to studying generalizations of (1.2)
and the weak™ limits in L, of its minimizers as € — 0 and two questions arise.

(1) How does one describe the weak* limits of minimizers of (1.2) and its generalizations?

(2) Is there is a “macroscopic” variational problem with minimizers that coincide with these weak* limits?

A common belief is that both issues can be resolved using I"-convergence theory, but this is not always the case.
Recall that a sequence of functionals F¢ : X — [«, 00], & > —00, defined on a metric space X, has I"-limit F: X —
[a, oo] if, for every ¢g and ¢ — ¢,

F(po) < liminf Fe (¢c)
e—0
and there exists a sequence @ — ¢p so that
F(po) = lim Fe(@e).
e—0

Let M F, and MF be the sets of minimizers of F. and F respectively, and let LF be set of limit points of sequences
Xe € MF, as € — 0. It is clear that LF C MF, but they are not equal in general. In the mesoscopic theory of phase
transitions F. would represent the total free energy and ¢ € M F, the corresponding stable equilibrium states. If
a macroscopic theory is to be regarded as a limit of mesoscopic theory, then macroscopic stable equilibria should
belong to LF and the I"-limit F' interpreted as an approximation to the macroscopic free energy. The validity of
such an approach depends on the size of M F \ LF. If it is not empty, an additional selection principle is needed to
identify the solutions of the macroscopic problem that are relevant to the mesoscopic theory (particularly if LF is
small in M F).

The following two examples related to our problem illustrate different relations between M F and LF. In both,
¥ is a given, continuous L-periodic function. For L > 0 fixed, let L]fer or ngr be the space of L-periodic functions
with restrictions that are pth-power integrable or essentially bounded on (0, L).

The first problem is to minimize the Ginzburg—Landau energy functional (1.2):

(pEchr

L
1
Je(¢*) = min Je(p), Je(p) = / (e¢’2+z(w2— l)z—goﬂ) ds. (1.4)
0
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The second is to minimize the scaled free energy functional
f 1
Je(w) = min I @), W)= / ( Jer+ =
0

Note that if ¢ in (1.4) is replaced by /€®?, then (1.4) is transformed into (1.5), but there is an essential difference

between the two as they stand. Let X = Lger with the weak topology in which bounded sets are metrizable. The
I'-limit J of J. is a particular case of general theory, see, for example, [6],

L

J (@) =:T'-limJe(p) = / W* (g, 9)ds, (1.6)
0
where, for fixed 6 € R, W**(-,0) denotes the convex envelope of W(-,0) in (1.1). Since W is bounded below, the
set of minimizers of (1.6) is non-empty and there are various possibilities. For example, (1.6) may have a unique
minimizer. This happens if the set of zeros of ¢ is discrete, a case that was thoroughly investigated in [1,2] (see
also [10] for generalizations and further discussion). Alternatively, (1.6) may have an infinite set of minimizers,
including Young measure solutions, as happens when ¥ in (1.1) vanishes on some interval. Moreover, a minimizer
may be discontinuous at every point of such an interval.
On the other hand, see [4, Chapter 6], [11], we have that

PN W) — [y wods if|y|=1
r-im3. (¥) = J(¥) == almost everywhere on [0, L) (1.7)
and ¥ is piecewise constant,
400 otherwise,
where NV (1) is the number of discontinuities of ¥ in [0, L) and
1
500=2/ %(¢2—1)2d¢=§. (1.8)

-1

(¥ —1)" - w) ds. (1.5)

1//ELper

Clearly elements of MJ are piecewise constant functions v with a finite number of jumps at points s; € [0, L), and
N()go is a weighted count of jumps per period. Roughly speaking the first term in (1.7) strives to minimize the
number of jumps, but this process is controlled by ¢
A difference between MJ. and M T, is that elements of MJc have a regularity property independent of € because
the set
¢

{@(We): Ye € MJe, € € (0, D}, Where@(¢)=/’s2— 1|ds,
0

is bounded in the Sobolev space Wple’rl. By contrast, the minimizers of the Ginzburg—Landau energy J. have no
regularity independent of €. An analysis of the relation between M7 and L7 is consequently more difficult and is
our concern here. A special case of our results concerns £.7 under the assumption that the limiting problem, (1.4) with
€ =0, has at least one piecewise continuous minimizer, which is true when {# =0} N[0, L) has a finite number of
connected components. The conclusion is that there exists a set E C (0, 1) which is Lebesgue dense at 0 (see (5.1)) and
the elements of £J which arise from sequences in E are piecewise continuous functions with the minimal possible
weighted number of jumps (see (2.3)).

Similar non-convex variational problems arise in the classical nonlinear theory of elastic rods [7] (also [5]) as
follows. Suppose that x € R represents the positions of material points in an elastic rod with uniform density ¢ when
it is in equilibrium in the absence of external forces on a straight line. Suppose that u(x, ) denotes the position of
the same point when the rod is deformed in the same straight line by a force field f(x,t), and that f and the stretch
field u, are L-periodic in x. If the elastic energy density is given in terms of the stretch and stretch gradient by the
formula

€
Euxxz + Wiuy),
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where W is convex (a one-phase material), then u satisfies the wave equation
Ol = —€Uxxxx T+ (W/(ux))x + f, ux(x + L, 1) =uyx(x,1).

In the corresponding travelling-wave problem, f(x,t) = f(x — ct), u = u(x — ct), and the stretch variable ¢(s) =
u'(s), with 9/(s) = f(s), satisfies

—€¢" + 9 W (p(s), 0 (s), ¥) =0, @(s + L) =¢(s),

for some constant y, where

W(p,0,y) =W(@) —c?0¢?/2+ 0 + ).

Note that, for large ¢, W is non-convex in ¢ even though W is convex. The external functions are ¥ and y . If instead
of remaining straight, a compressible rod with bending stiffness is prescribed to lie on a given periodic curve in a
vertical plane, the stored energy is again non-convex in the stretch, and its curvature and height are two additional
external functions in the travelling-wave equation. This observation in [13] explains our interest in periodic boundary
conditions and multiple external functions.

Main results. Let leer be the Hilbert space of L-periodic continuous functions on R with restrictions in W12(0, L).
In what follows, d € N, ¢ :R — (0,00), 9 :R — R and A:R — R are L-periodic functions, while (¢, 0, A, €) €
R4+3. We study minimization problems for generalizations of (1.2) of the following type. Let B :R — R be a smooth
increasing function and, for a set £ C (0, 1] with a limit point at 0, let {.: € € E} be bounded in (leer)d . Then the

problem is to find ¢, € leer such that

Je(pe) = inf Je(p) =:€(e), €>0, (1.9)
pEeH o
where
L
Je(p) = /(%(B(fp)’)2 + W(p, t‘/‘e)> ds, @€ Hy,. (1.10)
0

For the Ginzburg—Landau functional (1.2), B(¢) = ¢ and W is given by (1.1), whereas the scaled Ginzburg—Landau
functional (1.5) corresponds to W in (1.1) with B(¢) = ﬁa& and ¥, = /e®. A solution ¢ to problem (1.9), for
€ > 0, satisfies the Euler-Lagrange equation

€B'(¢e()) B(p)"(5) — 9 W (¢e(5), 9e(s)) =0 onR. (1.11)
It follows from the maximum principle and (H1) below that solutions ¢, of (1.11) have ||¢c|| L+ ”‘Pe_l I L, bounded
by a constant independent of € when |||l HL) < Mg, € € E. Our goal is to give an explicit upper bound for the

number of jumps of ¢, a weak* limit in ngr of minimizers ¢, , for a “almost all sequences ¢, tending to zero” in a
sense that will be made precise. Before summarizing our result we discuss the essential properties of the potentials W
and exterior functions . under consideration.

Conditions (HI1-3), which are formulated precisely and illustrated by a figure in Section 2, describe a function
W (-,0) which is either a single or double well potential depending on # € R?. (H1) is a coercivity condition that
W(¢p,0) — oo as ¢ — «, B where «, B € [—00, o0]. To avoid repetition, we consider only the mixed case o > —o0,
B = oo and take o = 0. (H2) says that, for 6 R, the function W (-, 6) has no more than three critical points counting
multiplicity. (H3) implies that the distance between local or global minimizers ¢=(6) of W(-,6) is bounded below
by a positive constant. Therefore the only possible bifurcations of critical points of W (-, 8) are from inflection points
to local-minimum-local-maximum pairs. Thus W is of a type that arises in first order phase transition problems.
Hypotheses (H1-3) induce a decomposition of R? into disjoint sets corresponding to the number and type of critical
points of W. The most important is G, which consists of those # € R for which W (-, 0) has two distinct global
minima corresponding to two distinct coexisting stable phases (see Fig. 1).

(H4) in Section 4 means, roughly speaking, that, for some ¢ € (ngr)d and @y, O < o0,

limsup || — ﬂ||(Lé€r)d/ﬁ: ©p and limsup /€| 3¢V ||<Ll|m)d = 0.

e—0 e—0
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b3 (0)

o(0) = 5 [ BoVvEa -

¢s (0)

¢ = du (‘9)

A=W OO =g T o=ore)

Fig. 1. Graphs of W (-, 0) depending on 6 € R4,

(HS) is the requirement that there exists a piecewise regular solutions to the primary variational problem:
L L
/W(go*,ﬂ)ds: ilzf /W((p,z?)ds:: @(0). (1.12)
el
0 0

It holds if the critical set Qg @) ={s: 9(s) € Gg} has a finite number of connected components.

By definition, a piecewise regular minimizer of (1.12) has finitely many jumps per period at points s; with 9 (s;) €
Gg and to each such minimizer ¢* we can assign a weighted number of jumps W(¢*), which is commensurate with,
but not necessarily equal to, the actual number of jumps per period,

W)= Y o).

s;€[0,L)



660 P.IL Plotnikov, J.F. Toland / Ann. I. H. Poincaré — AN 27 (2010) 655-691

Here o : Gg — R is given by formula (2.3a), which is similar to (1.8) in that special case. Let Whj, be the infimum
of the weighted number of jumps of all piecewise regular minimizers. We will see that Wiy, is attained. Let N* < oo
be the maximum of the actual number of jumps of all piecewise regular minimizers with minimal weighted number
of jumps.

(H6) in Section 5 is the requirement that & defined by (1.9) is locally absolutely continuous on (0, 1). (In Ap-
pendix A we discuss (H6) which is often satisfied trivially; when ¢ is independent of € it follows because € is
concave.)

The following, Theorem 5.6, is one of the main results of the paper.

Minimal number of jumps principle. Suppose that (H1-6) hold with ®y = @ = 0 in (H4). Then, for any § > 0
there is a set E5 C (0, 1] which is Lebesgue dense at 0, see (5.1), with the following property. If a sequence {¢c,: Es >
€n — 0} of minimizers converges weak™ in ngr to @, then ¢ is a piecewise regular minimizer of (1.12) with weighted
number of jumps W(@) < Whin + 8 and actual number of jumps N (¢) < N*.

Method. As mentioned above, the passage to the limit in (1.9) is difficult because its solutions lack regular-
ity properties independent of €. To cope, we use the fact that the Euler-Lagrange equation (1.11) implies that
AL(s) = 39 W (e (s), De(5))0, (s) where the adiabatic variable A (see [3]) is defined by

€ 2
Ac(s) 1= W(@e(s), D (s)) — E(B((ﬂe)/(s)) -

Combining this observation with the remark following (1.11), we conclude that solutions of (1.11) satisfy the estimates
M7 <o) () SM forseR, | Ay, <M,

in which the constant M depends only on W and sup, [|F¢ || g ) In particular, if periodic solutions of (1.11) converge

weak* in ngr to ¢, then, after passing to a subsequence, we can assume that (A, ¢¢) converges weakly in (leer)””‘1
to some (A, ©). The main idea is to obtain a representation for weak* limits of solutions to (1.11) in terms of A and .
To this end we introduce the averaging operator

h(e)/€/2 h(€)/2
1
(s +1)dt = — / ve(y, s)dy,

1
NG / h(e)
—h(€)/é/2 —h(e)/2

Yel@el(s) =

where h1(€) = In|lne| for € € (0, 1/e] and v (v, s) = @ (s ++/€y). By Lemma 3.7, the function ve can be approximated
with an accuracy of €”, p € (0, 1/4), by a solution to the autonomous ordinary differential equation

1
S (B ) = W(te(y. ). () + Ac(9) =0,y & (h(e). h(e)).

This choice of & is more or less essential for the existence of such an approximation and leads to the representation

| h(e)/2
we[ﬁ”e](s)zm f ug(y,s)dy+0(e”).
—h(e)/2

In Section 2.3 we show that ¥ (s) = lim¢_, g W [@e](s) exists for every s € R, and that the weak™* limit is continuous
on [0, L) except at points of the critical set

s € F(A D) ={s €[0,L): 9(5) € G and A(s) = inf W (6. 2)}-

Since the weak™ limit ¢ of ¢. equals ¥ almost everywhere, we can identify ¢ with ¥ and thus replace the analysis
of solutions to (1.11) with an analysis of the corresponding sequence W, [¢]. The advantage gained is that W, [¢]
converges pointwise to ¢ and the limiting behaviour of ¥ [¢], € € E, near s € F(A, ) can be characterized by
what we call the oscillation defect. This oscillation defect, osc-def E(s), is defined by (3.3) in terms of the family
{¢e: € € E} and not in terms of its weak* limit points. Nevertheless ¢ is continuous at s when osc-def E(s) = 0.
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The relation between the oscillation defect and the limiting behaviour of the energy functional is established in
Theorem 3.3 which is the first significant result of the paper. If a sequence of periodic solutions ¢, € € E, of Eq. (1.11)

converges weak* in Lig, to a function ¢, it follows that

L
> o (061)) <}Eimin(f)§/(8(goé(s))/)2ds, (1.13)
Si O

where the sum is taken over the set of points s; € [0, L) N F (A, ¢) with non-zero oscillation defect. This theorem holds
for solutions of the Euler—Lagrange equation, not only for minimizers of J.. However, when applied to a sequence of
minimizers, Theorem 3.3 implies that if the limit on the right in (1.13) is finite, then ¢ is a piecewise regular minimizer
and
L
Wi(p) < 1imin£§ (B(¢e(5)))’ ds.

Ese—
0

The second significant result of the paper is Theorem 4.2 which can be regarded as the “inverse” of Theorem 3.3.
In the simplest case, when ®9 = 0 in (H4), if the primary variational problem has at least one piecewise regular
minimizer ¢, then Theorem 4.2 says that

lim sup w <2W(p), where €(€) = Jc(¢c).
e—0 \/E

Theorems 3.3 and 4.2 give estimates, from below and above, of the weighted number of jumps of a weak* limit of
minimizers, in terms of the total energy €(e) = J. (¢.) and the interfacial energy
L

B =5 [ (Ble)) as.
0

Notice that while €(¢) depends only on €, the interfacial energy depends on the minimizer ¢., since (1.9) may have
many solutions. The relation between total and interfacial energies is important in the general theory of singularly
perturbed variational problems. For example, for minimizers of the scaled Ginzburg—Landau functional (1.5), the in-
terfacial and bulk energy contributions to the total energy are approximately equal when € is small. This is an example
of the principle of equipartition of energy which plays a crucial role in the analysis of (1.5) and its multidimensional
generalizations. However it is special, and for more general problems we need a different technique.

Our approach is based on Struwe’s monotonicity method [14, Chapter II, Section 9]. Application of this method to
problem (1.9), in the simplest case when ®; = 0 in (H4), leads to the inequality, see Lemma 5.4,

Be) < E(e) + Aq(e), JEA(€) >0 ase— 0, (1.14)

in which B(€) = sup,, €' B(ge). In its turn, this lead to a criterion for estimating the number of jumps of a weak*
limit of minimizers when ®y = & = 0 in (H4), namely, for § > 0,

limsup /€4 € (€x) < Winin +8, & —>0 = W(g) < Whin + 6.

k— 00

That this criterion is valid for sequences in a set which is Lebesgue dense at zero is the content of Lemma 5.5. Its
proof, which depends on the energy estimate (1.14), might be regarded as the main insight in this paper.

2. Minimization problems

The primary problem is

L
inf_ / W (p(s), 9 (s)) ds, (2.1
0

(peLper

where ¥ € (leer)d is given and W satisfies the following hypotheses which are illustrated in Fig. 1.
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(H1) W e C3((0, 00) x RY),

W(¢,0) — oo, |0, W(9,0)| > 00 as¢p — 0, 00,
uniformly for 6 in compact subsets of R¥.

(H2) For every 6 € R?, the function W(-,) has no more than three, counting multiplicity, critical points each of
which is one of the following types: a stable global minimizer ¢ (6) which is non-degenerate, an unstable local
maximizer ¢, (0) which is non-degenerate, a metastable local minimizer ¢,, (9) which is non-degenerate, or a
critical inflection point ¢, (8). With this hypothesis we can write R? as the union of three disjoint sets, G,
G,, Gj as follows.

Giisthesetofd € R4 such that W (-, 6) has only one critical point — the non-degenerate global minimizer ¢;(6);
G, is the set of § € R¥ such that W (-, 8) has two critical points — the non-degenerate global minimizer ¢;(6)
and a critical inflection point ¢y, (6) with W (¢5(0),0) < W (¢ym (6),6).

G3 is the set of § € RY such that W(-, ) has three critical points — a non-degenerate global minimizer ¢;(6),
a non-degenerate local maximizer ¢, (6), and a non-degenerate local minimizer ¢, (6) with

W (¢5(6),0) < W (¢ (6),60) < W(¢u(6),06).

In its turn, G3 contains the set Gg of 8 such that W (-, 8) has two non-degenerate global minimizers, ¢; () <
¢S"’ (), and one non-degenerate local maximizer ¢, (0). In other words, a metastable state has become stable
and ¢y, coincides with one of the points ¢>Si.

Let F C RY*! be defined by

F={(A,0) e R A=W(¢F(0),0) where 0 € G3}.

(H3) For 6 in a compact set there exists ¢ > 0 such that

[6u@) =@ >, |pm @) =@ Zc, ¢ @) —¢7 @) =c.
W(¢u(0),60) — W(s(0),0) >c ford e Gs\GY,

W (6u(6),6) — W(¢E(©),0) >c for6 e GY,

W (um (0),6) — W(¢5(6),6) = ¢ for 6 € Ga,

W (s(0).0) >c ford eR\GY,

W (65(0).0) >c ford e G,

W (6u(©).0) <0 for € Gs,

W ($n(0).0) >0 ford €G3\ Gj.

Remark 2.1. If W is a real-analytic function, then Gg is a real-analytic variety. More generally, except in degenerate
situations, possibly caused by symmetries, the set Gg is typically the closure of a union of manifolds with dimensions
d — 1, or smaller. In particular, when d =1, Gg is often a discrete set of points.

To proceed we need some additional notation. Let (A, 9) € (le y4+1 pe given. With F, G;,i=1,2,3, and Gg

cr
defined in terms of W by (H2), let

G ={seR: ¥(s)€G;}, i=12.3,

GY(W) =|s eR: ¥(s) € GY},

FA9)={seR: (A(s),9(5)) € F} C GI(®).
Since the prescribed functions ¥ are continuous, the sets G (¥), G3(¢) are open and G> (%), gg(ﬁ) are closed; so the
sets R\ GY(9) and G3(¢) \ G2 (¥) are open. Since G3() = {s: ¥ (s) € GY}, it follows from Remark 2.1 that if ¢ is

real-analytic, then gg’ is a one-dimensional real-analytic variety. If it is not the whole space R it is a discrete set of
points.
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2.1. Minimizers of primary problem

For any ¢ € (leer)d, @ is a minimizer of the primary problem (2.1) if

(s @)}, 1€R\GIW)
@) € + _ 0
{o @ (D), 5 (1))}, 1 €GF(P)
almost everywhere. Minimizers always exist but they may not be unique and often cannot be continuous. By (H3),
the size, ¢ (0) — ¢, (0), 6 € GY, of possible jumps of minimizers is bounded below by a positive constant. We are

interested in minimizers that are piecewise regular in the following sense. Say that {S, } is a discrete periodic sequence
if Sy41 — Sp € [a, b] for some a, b > 0 and all n, and {S,,;: n € Z} ={S, + L: n € Z}.

o
per
piecewise regular if there exists a discrete periodic sequence {S,} C gg (¢) with the following properties. For every n,

the restriction @|(s,. s, ) € Wl’z(Sn, Spi1)s
i - +
lim_ () € {or (9(50). o7 (2(5)))

Piecewise regular minimizers. For ¥ € (Hp] 4, a minimizer ¢ € LS. of the primary problem (2.1) is said to be

CI‘)

s

and the function ¢ has a jump at S, with magnitude ¢;F (9 (S,)) — @5 (9 (Sn))-
For a piecewise regular minimizer the actual number of jumps per period is

N (@) :=card Q(¢) < oo where Q(¢) =[0, L) N{S,: n € N}. 2.2)

It will be convenient to estimate the number of jumps of a piecewise regular minimizer by assigning to each a number
other than unity. Let B : (0, 00) — R be the smooth strictly increasing function in (1.10) and, for 6 € Gg, let

A

1

©O) = E / B () W(¢,0) —Adp where A = W(q&f(@), 9). (2.3a)

¢s (0)
Then the weighted number of jumps of ¢ per period is

W)= Y p(() < oc. (2.3b)

s€Q(p)
A piecewise regular minimizer ¢ has a minimal weighted number of jumps if
W(p) = igf W(9) =: Whin, (2.3c)

where the infimum is taken over all piecewise regular minimizers ¢. Lemma 2.3 asserts that Wy, is attained.

Remark 2.2. Note that, for 6 € Gg,
T
0 =%/(B(u)')2dt
0
if u satisfies

1
A=W(®).0) = (B’ w@=¢70).  u@)=¢0).

where A = W(q&sﬂE (6),60). Note also that, for a given B, e (¥ (s)), s € gg) (), is bounded below by a positive con-
stant k(M), for any ¢ with ||'l9||(leer)d < M. To see this, suppose (A,0) € F and |0 < cz M, where |9 (s)] <

cL||z§‘||(leer)d < ¢ M. Then, since {¢~ (), 1 (9): |0]| < cL M} is bounded and since W € C3, by Taylor’s theorem,

1
W(@.0) = A= 35 W(#0).0)(¢ —¢~©@)’| <Cle—¢~ @)
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for ¢~ (0) < ¢ < ¢7(0), where C depends on M and W. Therefore there exists ¢; > 0, independent of # with
18]l < cM, such that ¢~ (0) + ¢1 < pT(8) and

VW(,0)—A> ﬁ(«z: —¢~ ()

2
for ¢ € (¢~ (0), ¢~ (8) + ¢1), where c is as in (H3). Therefore

6T (0) ¢~ (0)+o1
f B(@)W@.6) - Adé > f B'(@)/W#.6) — Adg > C,
¢~ (0) ¢~ (0)

where C is independent of 8 with ||| <c M.
We now record an observation that will be useful later.

Lemma 2.3. Suppose that (H1-3) hold and that there exists at least one piecewise regular minimizer. Then there exists
a piecewise regular minimizer with a minimal weighted number of jumps. Let

N* = max-/\/'«omin)v

$min

where the maximum of the actual number of jumps is taken over all piecewise regular minimizers with minimal
weighted number of jumps. Then there exists 8§ > 0 such that N (¢) < N* if W(¢) < Winin + 8.

Proof. Let W(¢r) < Whin + 1/ k for a sequence of piecewise regular minimizers. Denote by S,Sk) € gg () the points

of discontinuities of ¢i. Since, by Remark 2.2, the quantities g (ﬁ(S,(lk))) are uniformly bounded away from 0, the
numbers A (¢) of discontinuities of ¢ form a finite set of integers. Therefore, after passing to a subsequence, we can

assume that V (¢) = N for all k. Since the set S,(,k) is invariant with respect to the shift s — s + L, we can assume
that, for every n, the sequence {S,Sk)} converges as k — o0, to S, say, where {S,} is invariant with respect to the shift
and S, € G().

The piecewise regular minimizers ¢; are periodic and continuous at s € (S,(lk_)l, S,gk)) and hence coincide with one
of ¢5 (U (s)), ¢§t (¥ (s)) there. However, from (H3), each of the critical points ¢5 (¢ (s9)), d)si(ﬁ (so)) is non-degenerate,

for each sg € (S,(lk_)1 , S,(lk)). Hence there is a unique continuous branch of critical points ¢(¢) defined in a vicinity of sq
by the system

W (9(), 9(1)) =0, @(s0) = @i (50)-

Therefore ¢; coincides with ¢ in a neighbourhood of each point sg € (S,(lk_)l, S,(lk)). Moreover the non-degeneracy
condition (H3) implies that

959 W (9r(50), 9 (50)) - 9" (50)
95 W (¢x (s0), ¥ (s0))

Thus, since ¥’ is square-integrable on (0, L),

L
Z{ / w,@(s)zds} - /(¢;)2ds <.
ne 0

0,0, 50)

lor(s0)| =@ (s0)| = ' <c(M)||¥ (s0) |-

We can therefore assume that ¢ converges uniformly to some continuous function ¢ on each compact subset of the
interval (S,_1, S,;) and that

Z{ f <P/(S)2dS} =: /L(<p/)2ds <e,

€L (0,L)N(Sy—1,54)
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where ¢ converges weak* in ngr to . Since the set of relaxed minimizers (Section 2.2) is weakly closed, ¢ is a

relaxed minimizer. Hence it is a piecewise regular minimizer of (2.1).
Now choose 1 > 0 so that the points n and L + 1 do not lie in the sequence {S,}. Then

W)= Y. o),
Sne(n,L+n)
and for all sufficiently large k,
W= Y. (D).
s e, L4n)
In the limiting process some points 5,5") can be lost: more precisely, for each S, there is a finite set P(n) of
cardinality p(n) > 1 so that

Sl.(k) — S, ask—ooforalli e P(n).

In other words we can split the set of sequences {S,gk)} N (n, L + n) into disjoint clusters of cardinality p(n) such
that all sequences in a cluster converge to one point S,,. Obviously

Z pn)=N.
Spe(n.L+n)
Since, for i € P(n),
P (SY)) > p(9(Sy) ask — oo foralli € P(n),
we obtain that

> pwe@E))=lm 3 ()

Sne(n,L+n) S e, L+m)
= Wmin g Z 60(19(511))
Sn€(n,L+n)

We conclude that ¢ is a piecewise regular minimizer with a minimal weighted number of jumps, that p(n) = 1 for
all n, and that N'* is finite.

Suppose that for no § > 0 does W(¢) < Wiin + 8 imply that A'(p) < N*. Then there is a sequence of piecewise
regular minimizers {¢y} with

W(¢k)<wmin+1/k, and N(¢k)>N*+l.

Now we repeat the preceding argument to obtain, in the weak* limit of ¢, a piecewise regular minimizer ¢ with
minimal weighted number of jumps and p(n) = 1 for all n. Since p(n) = 1 forall n, N (¢) > N*+1. But N'(¢) < N*¥,
because ¢ is a piecewise regular minimizer with minimal weighted number of jumps. This contradiction proves the
result. O

)¢, a pair (A, ¢) € HLx L% is called a generalized solution of

Generalized solutions. For given ¥ € (le per X Lper

dpW(p,9)=0 (2.4)
if
(GS)(i): forallf € R\ GY(D),
o) € {p.(9®)), t=s,m,u,um} and A@)=W(p(),?®);
(GS)(ii): forall t € GJ(),

A € {W(o5 (20), »®), W(du (2 (). (1) }:
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(GS)(iii):
o(t) =¢u(?(1)) fort e GIW)\ F(A D),
o) =k)p; (9(@®) + (1 —k@®) @ (9(t)) fort e F(A, ),
where k: F(A, 9) — [0, 1] is measurable.

The continuity of A restricts the behaviour of ¢ as follows.
Lemma 2.4. For ¢ € (leer)d, let (A, @) be a generalized solution of (2.4). Then ¢ is continuous on R\ F (A, ©).

Proof. To simplify notation, let ¢,(t) = ¢, (0 (1)), t € {s,u,m,um}, t € R. Let 59 € G1 (), which is open since G
is open and ¥ is continuous. Then ¢, (¢) is the unique critical point of W (-, ¥ (¢)), for ¢ in a neighbourhood of sg.
Hence, by (GS)(i), ¢(t) = ¢, () in this neighbourhood of sg. However, by the implicit function theorem, ¢;(?) is a
continuous function of 7 in a neighbourhood of sg, since ¢, (sg) is a non-degenerate critical point of W (-, ¥ (sg)). Thus
@ is continuous on Gy ().

Let so € G3(9) \ Qg (), an open set. It follows from (GS)(i) that, for 7 in a neighbourhood of sg, ¢(¢) € {p,(t): t =
s,u,m} and A(t) = W(p(t), ¥ (2)). Since, by (H3),

3 W (¢.(s0), ¥(s0)) =0 and 8¢%W(<p[ (50), ¥ (50)) #0,

if follows from the implicit function theorem that ¢, depends continuously on ¢ in a neighbourhood of s¢. Since
50 € G3(9) \ Qg(z?), there exists € > 0 such that, for all |z — sg| sufficiently small,

W (@5 (1), 9(1)) + € < W(pm (1), 9(1)) < W(pu(1), 9(1)) — €.
Since ¢(t) € {¢,(t): t=s,u,m} and A(t) = W(p(t), 9 (t)), and since A is continuous, it follows that ¢ (t) = ¢,(¢),
t in a neighbourhood of s, for one choice of t. Thus ¢ is continuous at sg for any so € G3(9) \ Q_g ().
Let 5o € G3(9) \ F(A, 9). Since, by (H3),
W (9u(50). 9 (50)) =0 and 95 W (¢u(s0). ?(s0)) #O.
by the implicit function theorem, ¢, () depends continuously on ¢ in a neighbourhood of sg. Also, by (H3),
3y W (¢ (50), #(50)) =0 and 93 W (¢;"(s0), ¥ (s0)) # 0.

It follows that there are continuous functions gZ)i, defined for 7 in a neighbourhood of sq in the open set G3 () with,
for some € > 0,

TG0 =95 (s0),  BW(FT(1).0(1) =0,
§O+e<p <Gt —e,  W(FEW®).P0) + e < W (). D(1)).

Therefore, for ¢ in this neighbourhood of sg in G3(), {, (t), @+ (1)} are the three critical points of W(-, ¥(¢)) and,
for all such ¢,

A) € {W (pu (1), (1)), W (6™ (1), (1))}
However, by (GS)(iii),
®(s0) = ¢u(50), A(s0) = W (@u(s0), 9 (50)),
where A is continuous at sg. It follows that ¢ (¢) = ¢, () in a neighbourhood of sy and the continuity of ¢ at a point
of GY(¥) \ F(A, ¥) follows.
Next assume that sg € Go(%). Then the function W (-, 9 (sg)) has exactly two critical points ¢ (sg) and @y, (so)
with
W (5 (50), 9(50)) < W (@um (50), 9 (50))- (2.5)

Moreover A is continuous and

A(50) € {W (0um(50), 9 (50)), W (95 (s0), ¥ (50)) }.-
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Let ¢, — so. From (H3), ¢, e R\ Qg(z?) for all n sufficiently large; from (GS)(i),

o(ty) € {(Ps (tn)s Om (tn), Pu(En)s Pum (tn)};

and {¢(#,)} lies in a compact subset of (0, c0), by (H1). Suppose that, for some subsequence, ¢(t,,) converges
to ¢*. From the continuity of d,W and ¥ we conclude that ¢* is a critical point of W(-, ¥ (so)). Hence ¢* €
{@um (50), @s(s0)}. Since A is continuous,

Also) = lim Altn,) = Hm W (¢ (1n,). 9 1n,)).

and since (2.5) holds, we conclude that the full sequence {¢(¢,)} converges to a limit which belongs to {¢,, (s0),
©s(50)}. By (GS)(i) and (2.5), the value of A(sg) determines the value of ¢(so) and thereby ensures the continuity of ¢
at a point of G»(¢). This completes the proof. O

2.2. Relaxed minimizers

For 6 € RY, let W**(-,0) be the convex envelope of W(-,0), defined for ¢ € (0,00) by W**(¢,0) =
SUP (4 pyec () 4P + b, where

C(0)={(a,b) eR* ap+b < W(p,0) forall ¢ € (0,00)}.

For a given ¥ € (leer)d, @ € L3 is a relaxed minimizer if

per

L L

/WW%MM=nﬁfwwwmm (2.6)
1pengr

0

where (2.6) is the relaxed minimization problem.

Lemma 2.5. For ¢ € (ngr)d let ¢ be a relaxed minimizer. Then

o) =¢5(0(1)) fort e R\ G,

o) =k®)p; (9(1) + (1 —k@®))p; (9()) forte Gl ), 2.7
almost everywhere, where k : Qg (%) — [0, 1] is measurable.
Let

0
s = Inf W™ (9,90) = W (g5 (D (1)), (1)) forteR\%(ﬁ)}

W5 @ 1), 9(1)) fort € G(®)
Then Ay € H;er and there is a constant M depending only on |9 || Hlp) such that
M7 '<pt)<M forteR and ||«419||lecr§M. (2.8)

Also F(Ay,®) = gg(ﬁ) and (Ay, @) is a generalized solution of (2.4). In particular, after being redefined on a
set of zero measure, a relaxed minimizer ¢ is continuous on R\ gg’ (0) and Ay is continuous on R.

Proof. Let ¢ be a solution to (2.6). Since, for s € R\ gg (1), the function W**(-, ¢ (s)) has a unique global minimizer
@5 (9 (s)), it follows that ¢4 (P (s)) and ¢(s) must coincide almost everywhere on R \ gg (). For s € gg (9), the
function W**(-, 9 (s)) takes its global minimum at every point of the interval [¢; (¥ (s)), ¢, (¥ (s))]. Hence ¢(s) is an
arbitrary point of this segment. Since ¢ is measurable, the measurability of k in (2.7) follows. The first part of (2.8) is
immediate from (H1).

Next we show that the function

Ay (s) = ¢en(10i,rcl>o) w (qb, 19(5)) emi’rclx}) W(¢, z?(s))

" $e0
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belongs to H per and satisfies the second inequality in (2.8). Now [|#(s)|| < cL [Pl HLp and, by (H1), there exists
C= C(||z§‘||(H1 )d) > 0, such that

min W(¢p,0)= min W(¢p,0)
$€(0,00) pelc1,Cl
for all # € RY with ||9|| cL||z9||(H| od S < k, say. Let a(f) = minge(,00) W(¢, 6) and let K (M) be the Lipschitz

constant of W on [C™L, C] x [—k, k]d. Then

W(@,01)=W(p,02) + W(p,01) — W(g,06)
< W(g.62) + KMD(1161 — 621l).
Hence
a(01) <a() + K(M)||6) — 62].
Interchanging the indices 1 and 2, we find that a is Lipschitz continuous With Lipschitz constant K (M) on the ball of
radius ¢ and centre 0 in R?. Since Ay (s) = a (9 (s)), it follows that Ay € H, per and the second part of (2.8) holds. From

the definition of Ay, F(Ay, ?) = g3 (1), and it follows from the first part of the proof that (Ay, ¢) is a generalized
solution of (2.4). The continuity of ¢ on R\ Qg () follows from Lemma 2.4. Finally Ay € leer is continuous. O

The following criterion ensures that certain relaxed minimizers coincide almost everywhere with piecewise regular
minimizers of (2.1).

Lemma 2.6. For ¥ € ( per)d let ¢ be a relaxed minimizer. Suppose that {a,} is a discrete periodic sequence with, for
each point sy € g3 @) N (an, an+1),
either lim esssup |<p(s) o, (z?(so))| =
B=01s—so1<p

or lim esssup |p(s) — ¢;7 (¥ (s0))| =0. (2.9)
B0 5—s01<B

Then, after being redefined on a set of zero measure, ¢ is a piecewise regular minimizer of (2.1) with jumps at
{S,} C{a,}. Moreover, lf”ﬂ”(leer)d <M,
L

/<p’(s)2 ds:=) / @' (5)? ds} < (M) < . (2.10)
0

NEL(0,L)N(Sp—1,50)

Proof. Let w(¢) be a standard mollifying kernel with suppw C [—1, 1] and define the mollified function

_ 1 t—s
¢r(5)=;/w<7>¢(f)dt» ¢ € Lper-
R

By Lemma 2.5, the relaxed minimizer ¢ is continuous on R \ 92(19). Hence, by (2.9), for any s € (an, an+1),
lim;_, ¢ @ (s) exists and equals either ¢ (¥ (s)) or qﬁxi (¥ (s)). Hence the function ¢ can be redefined on a set of
zero measure in such a way that it is everywhere the pointwise limit of a sequence of continuous functions on every
interval (a,, a,+1). Once redefined, at every point of these intervals its value coincides with one of the stable critical
point ¢ (¥ (s)), ¢5~ (¥ (s)) and
lim esssup |<p(s) go(so)| =0 forany so € (an, an+1). (2.11)
B=05—s01<B
In particular this function (also denoted by ¢) is a minimizer of the primary problem (2.1). To show that ¢ is continuous
on this interval it is sufficient to prove that the set of mollifying functions @ is equi-continuous on each subinterval
[o, v] C (an, an+1), for n € Z. If this is false, then there exist § > 0 and sequences {s¢}, {#x} C [0, ¥], {tx} so that

|Gz (sk) — @ (11)] = 8, Isk —t%]| >0 and 7, —0 asn— oco. (2.12)
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Without loss of generality we can assume that s, t; — t* € [0, ¥] as n — oo. It follows from (2.11) that there is
B > 0 so that

esssup |p(t) — ¢(t*)]| < 8/3.
l1—1*I<B

It is clear that for all sufficiently large n,
{t: 1=l <ufule It —sel <w} c{e: e —1*| < B

Therefore

1 —
| P (51) — P (10)] < ‘;/w(r r:">(<p(z) — (7)) dr| +
R

(50
<|l— | w dt| +
31 Tk

R

(5o

Tk

1) f t—t 26

— | w dt| = —,

31 T 3
R

which contradicts (2.12). Hence ¢ is continuous on all the interval (a,, a,+1).

Now from (H3), the critical points ¢y, ¢;t are non-degenerate. Hence, for sg € (a,, a,+1), n € N, a unique con-
tinuous branch of critical points ¢(¢), for ¢ in a neighbourhood of 5o, is defined by equations 9, W (¢(2), ¥ (¢)) = 0,
@(s0) = ¢(so). Therefore ¢ coincides with ¢ in neighbourhood of each point sg € (a,, a,+1). Moreover the non-
degeneracy condition (H3) implies

950 W(9(s0), 9 (50)) - ' (s0)
I3 W (¢(s0), ¥ (50))
With (H1), this gives (2.10) and the lemma follows. O

X

&' (s0)| <c(M)|9(s0) |-

Remark 2.7. It is obvious from the proof that (2.10) holds for any piecewise regular minimizer ¢.
2.3. Regularized problems

As in (1.10) let B:R — R be a smooth increasing function and, for a set £ C (0, 1] with a limit point at 0, let
{¥¢: € € E} be bounded in (leer)d. Then a solution ¢ to the regularized variational problem, for € > 0,

peH,

L L
/(%(B(goe)/)2+ W((pe,ﬂé)> ds= inf /(%(3(@0% W((p,ﬂe)) ds, (2.13)
0 0

satisfies the Euler—Lagrange equation
€B'(9e(5)) B(ge)"(s) — 9 W (¢ (), De(5)) =0 onR. (2.14)

We assume that [|Je |l g 1) < ME. Then, by the maximum principle and (H1), solutions to (2.14) satisfy M -1
e (s) < M for s € R, where M depends only on Mg, B and W. Since the adiabatic variable

Ac(s) 1= W(pe(s). 9(9)) — = (Bg) ())° (2.15)

€
2
satisfies the identity A, = VoW - 9, we also have the estimate

I Aell gy, < c(ME), €€ E. (2.16)

Hence {(A¢, ¥¢): € € E} is relatively sequentially compact in the weak topology of (leer)d+1 and {p.: € € E} is
relatively sequentially compact in the weak* topology of ngr. The difficulty is that a weak™® limit of a sequence of
solutions ¢, to problem (2.14) need not satisfy the limiting equation (2.4).
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3. Oscillation defect, energy estimates and jumps

Suppose that as £ 3 € — 0,
(Ae,00) = (A, 9) in (HL)™ and ¢ —*¢ inLS, (3.1a)
where (2.14) holds and

||19€||(1-1I}er)d + ||l9||(leer)d S Mg < o0, (3.1b)
M7 < @c(s), p(s) <M fors eR, (3.1¢)
1Al g1, + 1Al g1, < M. (3.1d)

When solutions ¢, € ngr of (2.14) converge weak* as E 5 € — 0, the functions ¢, can oscillate at points of

F (A, v). To characterize the behaviour of ¢, at these points we define an averaging operator as follows. For € €
(0,1/e] and ¢ € LSS, let

per’
. s+/eh(e)/2
Y [pl(s) = m e@)dt, h(e)=In|lne|, 3.2)
s—/eh(e)/2
and note that, if ¢, ¥ € ngr, then
L L
/V/(S)We[w](S)ds = / P()¥elP](s) ds.
0 0

Oscillation defect. 'When (3.1) holds and s¢ € 92(19), the oscillation defect of E at sg is defined by

osc-def E (sg) := min{ lim liminf sup |l1/€ [pel(s) — @, (s0)
B—0 E36~>0|S_S0‘</3

lim liminf v, — ¢ o)} 33
20 EBes0 \s_ss];p@‘ elpel(®) =47 () Y
where ¢ (s0) = ¢ (¥ (50))-
The oscillation defect is defined in terms of the family {¢.: € € E}, and not in terms of its weak* limit points.
Nevertheless we have the following observation.

’

Lemma 3.1. If (3.1) holds and osc-def E(sg) =d, so € Qg(z?). Then either
. — . +
lim o = 67 60 oy gy <4 0 Jimllo =65 60| gy < -

In particular, if osc-def E (sg) = 0, then ¢ is essentially continuous at s.

Proof. This depends on the general observation that if uy —* u in any dual space X*, then |lu|| x+ < liminfy ||ug| x*.
Suppose that ¢, =™ @. It is clear that for any continuous L-periodic function f,

L L L
/f(S)fp(S)dS=klirgofwek[.f](S)¢ek(S)ds=klingo/f(S)‘1’ek[¢ek](S)dS-
0 0 0

Hence the sequence ¥, [¢, ] is weak™® convergent in L™ (so — 8, so + B) to ¢ and
+ L +
[0 = 8560 | 1oy pusgpy < i inf [ Wi 96T = 8500 | 1o sy

Since osc-def E (sg) = d, the result follows. O
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Combining this observation with Lemma 2.6 we obtain the following.

Corollary 3.2. Suppose that ¢ in (3.1) is a relaxed minimizer of the limiting problem and {a,: n € Z} is a discrete
periodic sequence for which osc-def E(s) =0 for all s € gg(ﬁ) N (an,an + 1), n € Z. Then ¢ is a piecewise regular
minimizer of (2.1) with jump set {S,} C {ay}.

We now establish a connection between the oscillation defect of a family of solutions of (2.14) (not necessarily
minimizers), the asymptotic behaviour of the energy functional for small €, and, from Lemma 3.1, the possible jumps
of a weak* limiting function.

Theorem 3.3. If (H1-3) and (3.1) hold,
L

.. .AE /
timinf = [ (B(pe()))"ds > Oz(E)pwm), (34)
0 se

where the singular set O(E) is given by
O(E) =[0,L) N {s € F(A, #): osc-def E(s) > 0}. (3.5)
If O(E) is infinite, then both sides of (3.4) are infinite.

Proof. The proof is divided into a number of steps.

Step 1: Equations with constant coefficients. Fix (Ao, 6p) € F. The first two lemmas concern solutions to the equa-
tion

W (u(y).0) — %(B(u)%y))2 =A (3.6)
in which the constant parameters (A, #) € R4+ satisfy

10 —6oll + A — Aol < p (3.7)
for some small p. Let

0<n < ¢ (6) — b, (). (3.8)

Lemma 3.4. Suppose that (3.7) and (3.8) hold, (Ao, 6y) € F and u is a solution of Eq. (3.6) on an interval I where

M~ <u(y) <M, (3.9)
|u(y) — ¢Si(90)| >n, ulis monotone. (3.10)

Then there are positive constants pg and C, depending only on 6y and n, such that, for all p < po the length of I is
bounded by C.

Proof. If u = u,, a constant, then A = W(u,, ). If p > 0 is sufficiently small this is impossible because of (3.7)
and (3.10). Hence, without loss of generality, we can assume that u is increasing on / and

B'(u)du
dy = .
S2W . 0) = A)

Recall that the function W (-, 6p) — Ao is continuous on the interval [M ', M] and has only two zeros ¢si (69). There-
fore, by (3.7) and (3.10), there exist pg > 0 and c(#, 6p) > 0 such that for p < py,

W(u,0) — A > c(n,6p)
when u € [M~!, M] and |u — ¢§t(90)| > n. Thus, for p < pog,
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¢y (6o)—n o5 Bo)—n M
B'(u)du B'(u)du B'(u)du
meas ] < + +
V2(W(u,0) —A) V2W(u,0) —A) V2(W(u,0) —A)
M- 5 (60)+n o3 (60)+n
B’ (u)du

< 71
1 ~/2c¢(n, 6p)
e
and the lemma follows. O

Next we extend this result to the case of non-monotone #, when 6 and A are constants. Suppose 6y € Gg. For any
function #: J — R and n > 0 let

Bylul={y € J: |u(y) — ¢ (60)| > n}. (3.11)

Lemma 3.5. For (Ao, 6y) € F, suppose that u satisfies (3.6) on an interval J and (3.7)—(3.9) hold. Then, for any
8 > 0 there exist K3, 0o > 0, depending only on §, n and 6y, such that if meas J > K> and p < po then meas By[u] <
dmeas J.

Proof. Suppose this is false. Then there exists § > 0 and a sequence of solutions u, : J, — R of (3.6) corresponding
to (Ay, 6,) which satisfy (3.7)—(3.9), with (A,, 6,) — (Ao, 60),

meas By [u,]

meas J, > o0 asn— oo and > 4. (3.12)

meas J,

To contradict (3.12) we need only prove that
(meas Jn)_1 meas By[u,] — 0 as meas J, — o0. (3.13)

Let IT denote the set of (A, 60) € R?*! such that the equation W (¢, 8) = A has four simple roots R; < R» < R3 < Rj4.
After passing to a subsequence, we can assume that either (A, 8,) € IT or (A,,0,) ¢ I1.

First consider the case (A,, 6,) € I1. There are two possibilities.

The first is that u,, takes its values in interval (—oo, R1(n)) or in (R4(n), 00). In both cases it is monotone and, by
virtue of Lemma 3.4,

meas By[u,]/ meas J, < C/meas J,,
which yields (3.13).
The second possibility is that u,, is a periodic function which oscillates between R, (n) and R3(n) with half-period

R3(n)

_ B'(¢) d¢
V2,0 — An)’

Ry (n)

T,

Without loss of generality we can assume that u, (0) = Ry(n), u,(T,) = R3(n) and u,, is monotone on each interval
kT, (k+ 1)T,]. Let

m+k
o= (etn, B) = | [iTh, (i + DT ] U (e, kT, 1 U [k +m + DT, B,)
i=k

for integers k, m > 0, where
ap € [(k— DT kT, ], Boe[k+m+ DT, (k+m+2)T,].

Then u,, is monotone on each of the intervals in this representation of J,,. Hence the intersection of B;[u,] with these
intervals consists of no more that three subintervals on each of which the function u,, is monotone. It follows from
Lemma 3.4 that, for all sufficiently large n, the measure of each such subinterval is bounded by a constant depending
only on 1 if p < pg. Therefore
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meas By[un] N [, kT, ]+ meas By[u, ] N[ (k +m + 1)T,, B ] + meas Bylu, ) N [i T, (i + DT ] < c(n, 60)
and
(meas J,,)_1 meas By [u,] < (2(meas Jn)_1 + Tn_l)c(r), £0)-

To complete the analysis of this case, it suffices to show that 7,, — oo as n — oo. To this end note that the function
W (u, 0) is uniformly continuous on the set

we M~ M], 16 -6l <p,

and the equation W (¢, 6p) = A¢ has exactly two distinct roots ¢ (6). Hence the limit points of subsequences of
{R;(n)} lie in {¢; (60), ¢; (6p)}. We claim that

R3(n) — ¢ (6p) and Ry(n) — ¢, (6p) asn — oo. (3.14)

There are only two possibilities: R3(n) — ¢ (6p), or, for a subsequence indexed by k, R3(k) — ¢ (6p). In the second
case R (k) — ¢, (8p) for j < 3, which is impossible, since the roots ¢>si (6p) of the limiting equation W (¢, 6p) = Ag
are non-degenerate, that is, 8(% W (5 (60), 00) # 0. Therefore R3(n) — ¢ (6p) as n — oo. The same arguments show
that Ry(n) — ¢, (6p). Since

G
B'(¢)d¢
B —— w’
VW (g, 6) — Ao
@5 (60)

it follows that 7,, — oo as n — oo which yields (3.13).

It remains to establish (3.13) when (A,, 6,) ¢ I1. Since the set G3 C RY is open, 6,, € G3 for all sufficiently large n
and we have the following possibilities.

The first is that u, is a constant and coincides with one of the critical points of W(-,8,). More precisely,
un € {¢(6,): ¢ =s,m,u} when 6, € G3\ GY, and u, € {pE(6,), ¢u(6,)} when 6, € GY. Note that u, = ¢, (6,)
is impossible since it implies that

hrILn Ap = hrlln W(¢u (6n), Qn) = W(¢M (6o), 90) > W(¢§E (o), 90) = Ao

which is false, by (H3). Hence u,, coincides with one of the stable critical points and converges uniformly to ¢; (6p)
or ¢;F (6p). This means that the set By[u,] is empty for all large n which yields (3.13).

The only other possibility is that the functions u, are not constants. Moreover, they are not periodic since
(An, 6,) ¢ I1. Hence each u, is either monotone and bounded (a kink solution), or monotone and unbounded, or
has exactly one critical point on each side of which it is monotone (a solitary wave). In all these cases, J, consists
of no more than two intervals on each of which u, is monotone. It follows (from the definition of By[u,]) that the
intersection of By[u,] with J, consists of no more than six subintervals. By Lemma 3.4, the measure of each such
subinterval is less than C(n, 6p), which yields (3.13). O

The last lemma in Step 1 gives a lower bound on the energy of solutions to (3.6).

Lemma 3.6. If n satisfies (3.8) and (A,,6,) — (Ao,6p) € F as n — oo, let solutions u, to Eq. (3.6) with (A, 0)
replaced by (A,, 0,) be defined on intervals J,, and suppose that, for each n, there are points y,jf with

un(yr) =5 00)+n.  ua(y) =65 60) —n.
Then
é5 (00)—n
% B'(¢)y/W (. 60) — Aod¢.

In b5 (Bo)+n

n—0o0

1
liminf - / (Bu,)) dy >
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Proof. First we show that for all sufficiently large n we can choose yni as end-points of an interval I, C J, on which
the function u, is monotone. Recall that there are only two possibilities: (A, 8,) € IT and u,, is periodic, or u,, has at
most one critical point on J,,.

In the first case, u, oscillates between the roots R»(n) and R3(n) of the equation W (¢, 6,,) = A, and is strictly
monotone between successive minima and maxima. In the second, u, has only one critical point which is either an
absolute maximum or minimum. The supremum and infimum of u,, are then R3(n) and R>(n), respectively. It follows
from (3.14) (which holds, by the same argument, in the present situation) that, for all n sufficiently large,

|Ra(n) — ¢y (B0)| <n/2 and  |R3(n) — ¢y (60)| <n/2,

and the existence of the interval I,, is then obvious.
Choosing y,jf € I, and noting that W (u, (y), 6,) — A, = 0 for y € [,,, we obtain

s i
| 1
5 / (Bn))dy > 5 / (B(un))>dy = / (W, 6,) — An) dy
In Y Yn
| o5 (B0)—n
= E B (9)VW(9,0,) — A, dd
o5 (B0)+n
| &5 (60)—n
- B'(¢)y/W(¢.00) — Apd¢p asn — oo,
o5 (B0)+n

and the lemma follows. O

Step 2: Equations with variable coefficients. For a solution ¢, to (2.14) and s € R, let

V(3. 8) = @e(s +/€y),  De(y.s) =Dels +ey). (3.15)
Then

B'(ve)B(ve)" — s W (ve, D) =0,

in which ’ denotes differentiation with respect to y. Denote by u¢(y, s) the solution to the Cauchy problem

B (ue(y))Bue)" (y) = 9 W (e (v), 9e(5)) =0,

ue(0,5) =ve(0,s), dyue(0, 5) = 0,ve(0, 5). (3.16)
From (3.16), u, satisfies the autonomous equation
1 2
—3 (B(1e()))” + W (e (). 9 () = Ac(s), (3.17)

where A (s) is given by (2.15). Let h(e) = In|ln€| > 0, € € (0, 1/e].

Lemma 3.7. For any compact set K C R and p € (0, 1/4), there is €y > 0, depending only on K and p, so that, for all
s € K and € € (0, €q), the function uc(y, s) is defined on the interval |y| < h(€)/2 where lue(y,s) — ve(y, s)| < €P.
Proof. Let

V(p.0)=B'($)"'9sW(¢.0), (¢.0)€(0,00) xR

Since s is fixed, we can suppress it in the notation and write u(y) instead of u.(y, s), and similarly for the other
variables. Then
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(B(ue) = B(ve())" = V (e (). 9e(0)) = V (ve () De ()
1
= (ue(y) — ve(y))/%V(tue(y) +(1 —t)ve(y),ﬁe(o))dt
0
+V(0e(3). 5(0)) = V(v (). e (1))
=P (B(uc(y)) — B(ve(»)) + Q(y), say,
where, for a constant Ny = N1 (ME), independent of s € K,

1
ue(y) — ve(y)

dp V (tue 1 — 1)ve(y), De(0)) dt < Ny,
B () — B0 ) (ruc() + (1 =000, 2eO) dr < My

|Py)| =

0| < Nie' /1y,
when
|ue(y) — ve(»)| < %min{M‘l,M}. (3.18)
Since Z(y) := B(uc(y)) — B(ve(y)) solves the Cauchy problem
Z'"M=PMZy+ 2, Z(0)=Z'(0)=0,
it follows that |Z(y)| < z(y) where
M =Nm+e VD), 20 =20 =0.
It is easy to see that
2(y) =€ N1 YPPY (v),

where
> N2k Nk
Y =4 A 2k d Ay = 1 < 1 )
v ; YA A S @k 1+ 3) 1 15(2k)!
Thus
4N1€1/4
20| < —5— PP exp(VNily).
Now suppose that (3.18) holds on an interval I C (—h(¢), h(€)). Thenfor y € I,
4N el/4
2| < —— (e} eV <. pe(o.1/4).

when € < €, where €y depends only on M and p. If, also, eg < % min{M’1 , M}, then (3.18) holds on (—h(e), h(€)).
This estimate of Z implies the required estimate of |ve (¥) — u(y)|, and the proof is complete. O

The next result characterizes the behaviour of u.(y, s) near a point so with non-zero oscillation defect.

Lemma 3.8. Under the hypotheses of Theorem 3.3 suppose, for some sy € F(A, ), that osc-def E(sg) > 0. Let
6o = U (so) and let

no = % min{osc-def E (so), ¢;" (60) — ¢; (60)} > 0. (3.19)

For any n € (0, no) and any sequence E > €, — 0, there is a subsequence {€y, } and there are sequences {s,}, {y,ﬁ}
with the following properties:

(€nyy> Sm) = (0,50)  as m — oo, i € [=h(en,)/2. h(€n,)/2].

ey, (V> Sm) = b5 (60) +1, ey, (Vs 5m) = @5 (60) — . (3.20)
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Proof. Fix an arbitrary sequence E > €, — 0. Suppose the assertion of the theorem is false. Then there exist n €
(0, 10), €0 > 0, and b > 0 so that for every €, € (0, €0) and s € (sop — b, so + b), the function u,, (-, s) does not take at
least one of the values ¢, (6p) + 1 or ¢ (6p) — 1 on [—h(e,)/2, h(€n)/2]. This means that for every €, € (0, €9) and
s € (so — b, so + b), either

e, (v.5) = &5 (60)| =1 forall |y| < h(en)/2, (3.21)
or

e, (v.5) = ¢ @0)| >0 forall |y < h(en)/2. (3.22)
Consider first the case when u,, satisfies (3.21). Now u,, satisfies (3.17) on J,, = [—h(e,)/2, h(e,)/2], and

To = By[ue, ()| U{y € Ju: |uc(y. s) — ¢ (60)] < n}. (3.23)

where the set B, is defined by (3.11). By hypothesis,
Ve, (s) = ¥ (s0) = 0o, Ae, (s) = A(so)  as (en, s) = (0, 50),
measJ, > o0 ase, — 0 and 1/2M) <u., <2M byLemma3.7.

Since, by hypothesis, so € F (A, ¥), we can apply Lemma 3.5 to Eq. (3.17). Let €g and b, depending only on n and
¥ (sp), be such that, for all €,, € (0, €g) and s € (sg — b, so + b),

|96, () = 9 (s0) | + | A¢, () — A(s0)| < po, ~ meas J, = h(en) > Ka,
where pp and K> are given by Lemma 3.5 with § = n/6M. Thus
meas By [ue, (-, 5)] - n
meas J, 6M
forall €, € (0, €p) and s € (so — b, so + b). Therefore, from (3.23), for all such s and ¢,,

{ h(en)/2
H f le, (y,s)dy} — ¢; (6o)

h(ey)
7"‘(671)/2
1 1
~ meas J, / |u6" () = ¢;r(90)} dy + meas J, / ndy
n n
Bn[uen ()] Jn\Br)[uen (-,8)]
meas B -
<3M lte, N M oy
meas J, 2

Applying Lemma 3.7 and, with p € (0, 1/4), choosing € sufficiently small we conclude that for all s € (so — b, so+b)
and €, € (0, ),

h(fn)/2
! dyt — ¢t 2 P
Ve, (v, 8)dy ¢ — @5 (B0)| <2n+ep.
h(en)
_h(fn)/z
Now recall from (3.2) that
s+y/Enh(€n)/2 h(en)/2
1
Y, =— t)dt = ,8)dy.
e [0, 1(5) \/ah(en) @e, (1) ey Ve, (v, ) dy
s—/€nh(en)/2 —h(en)/2

Thus, for all s € (so — b, so + b) and €, € (0, €g) for which (3.21) holds,
|We, [96,1(5) — ¢, (B0)] < 211+ €

Repeating the above arguments we conclude that if u., satisfies inequality (3.22), then for all s € (so — b, so + b) and
Gn e (07 60)’

|We, [0e,1(s) — @5 (B0)| <2n+ €.
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Recalling the definition (3.3) of the oscillation defect we conclude that

0 < osc-def E(so) <liminf sup |We, [¢e, 1(s) — ¢y (60)] <2

=0 |g_50|<b

But this contradicts n < g in (3.19) and the lemma follows. O

Step 3: Proof of Theorem 3.3. To complete the proof, fix an arbitrary so € F (A, &) with osc-def E (sg) > 0 and let
no be defined by (3.19). Now let n € (0, n9) and B > 0. For a sequence with £ 5 ¢, — 0 as n — oo and

so+pB | so+p
€ N2 S s €n n2
2225157 / E(B((pe)) ds = lim NG / 5 (B(ge,)')" ds, (3.24)
so—B so—pB

apply Lemma 3.8 to extract a subsequence {¢,,,} C {€,} and sequences {s,}, {y;; +1 satisfying (3.20). For convenience
let €,,, be denoted by ¢,,. Then, since (€, s,,) — (0, so) we have, for sufficiently large m,

so+8 Smt/€Emh(€m) /2
. €m N2 . 1 €m N2
mll_r)noo < / T(B(wfm)) ds > I:Trlri)sgop < / T(B(wgm)) ds. (3.25)
so—pB Sm_\/ah(em)/z
Since (em/2)(B(<p5m)’(s))2 = W(ge, (5), Ve, () — Ag, (s), we have that
5m+\/ah(€m)/2 5m+\/ah(5m)/2
1 €n N2 1 /
— —(B ds = — w , 0, - A ds. 3.26
= | Gee.re= 2 (W (0 5), D 5)) — A, (5)) s (3.26)
S 1*\/ah(€m)/2 Sm*\/ah(fm)/z

Moreover, since (3.1) holds, for a constant ¢ depending on Mg and M,

|(W(<ﬂe,,, (s), 196,,, (S)) - Aem (S)) - ( (Qoem (s), ﬁem (Sm)) - Aem (Sm))|
c([[Pen () = Be (o) | + | Ae,, () = Ae, (s)|) < cls — sl 2.
Combining this observation with (3.26) and (3.15) we obtain

5m+\/ah(€m)/2
1 €m

JEm / 2
Sm—~/€Emh(€m) /2

SmA/€mh(€m)/2
1 4
== f (W (96, (5). D, (5m)) — Ae,, (sm)) ds + O (en] h(em)>?)
Sm_«/ah(fm)/z
h(€m)/2
= / (W (Ve (s Sm): Dy (5m)) = Acy, (s)) dy + 0(€nl")  as e — 0. (3.27)
7h(€m)/2
Recall, from Lemma 3.7, that for all m sufficiently large, and p € (0, 1/4),
|Ve,, 0 5m) = tte,, (v, sm)| < €y when y € [~/(em) /2, h(em)/2].
where u., (v, s) satisfies (3.16) with s =s,,. With p = 1/8 this leads to the estimate

8
(W (Ve (3, Sm)s Dy () — W (e, (7, 5, D (5)) | < cend*
which in (3.27) yields that

M (B(ge,))’ ds

| Sm+/€mh(€m)/2 h(em)/2
7 / 2 (B(pe,)) ds = f (W (ttey (3 5m), Py (5m)) = Ac, () dy + O (&0f®). (328)
m

51*\/5}1(5'11)/2 —h(em)/2
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Now recall that, in addition to the sequences {€,} and {sm}, we can choose sequences {ym} satisfying (3.20). Note
also that if the function u., has different values at y=X, then it is not a constant and there are only three possibilities: it
is periodic and monotone between successive points at which it takes absolute minimum and maximum values, or it
has only one critical point at which it takes its absolute minimum or maximum, or it is monotone.

It obviously follows that we can choose yﬁ, satisfying conditions (3.20), so that u, (y, s,) will be monotone on
the interval I, C [—h(€n)/2, h(€y)/2] which is bounded by y,, and y;g . Note from Lemma 3.7 that

W(uem s sm), Ve, (Ym)) -Aem (sm) =0 for|y| <h(em)/2

and, on /,,,

B (e, ) dite,, = £/ 2(W (1, (. 5m). Dy (5m)) — Aey, (5)) .
where we take “+” if y,, < y;} and “—" otherwise. Thus, since |y;§| < h(em)/2,

h(em)/2
(W (e (s 5m)s ey, (5m)) — Aey, (s)) dy = f (W (e, (s 5m)s D (5m)) — Aey, (5)) dy
—h(em)/2 Inm
B 0)—n
/ W (. e, (5)) — Ac, (5 B'(6) dp.
&5 (Bo)+n

Combining this observation with (3.28) we obtain
| Smt/€mh(€m)/2 | ¢ Wo)—n
€m N2 1/8
= [ FeeVac g [ W 6w) - A B @de+ o)),
Sm—~/€mh(€m)/2 ¢s (Do)+n
Since (A, (sm), O¢,, (sm)) = (A(so), ¥ (s0)) as m — oo, from (3.24) and (3.25),

so+B o (s0)—n
1iminfL / E(B(go )’)2ds > L / \/W(qﬁ z?(so)) — A(so)B'(¢) dop
E3e—0 /€ 2 ¢ - V2 ’ '
d o5 (s0)+n
Finally, letting n — 0, we find that for 5o € F (A, ©) with osc-def E(sg) > 0 and 8 > 0,
so+B
liminf / £ (Bpo)) ds > 9 (9(s0))
E3e—0 /€ 2 ¢ -
so—pB

where g is defined by (2.3a). If the set O(FE) defined by (3.5), contains n distinct points s;, 1 <i < n, then, for 8
sufficiently small, we obtain

L si+pB

o] € /
llmmfﬁ E(B(goe)) llmmf—Z/ B(ge)) Zp D (si))

e—0
0

If the set O(E) is finite, this gives (3.4). If the set O(E ) is infinite, then letting n — oo we obtain that both sides
of (3.4) are equal to oo (see Remark 2.2), which completes the proof of Theorem 3.3. O

4. Asymptotic behaviour of energy minimizers
In this section we make the following hypotheses on {.: € € (0, 1)}.

(H4) (1) {¥¢: € € (0, 1)} is bounded in ( per)d
(ii) limsup,_, g€~ 17219, — ﬂII(Lllm)d = Oy < o0.
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(iii) There exists A: (0, 1) = R with limsup,_, ; +/€ A(€) = ©] < oo and, for almost all € € (0, 1),
1Pes = Dell iz, yo

liminf = Ae).
Pl Y )

With E = (0, 1) let M be as in (3.1b), (3.1c) and let Cw be such that
(W(g,61) = W($,0)| <Cwlibr —6all, ¢ e[M~", M], lI6:1], 1621l < Mg
(H5) With 9 given by (H4), problem (2.1) has a piecewise regular minimizer.

Of course, (H4) is trivial if ¥, is independent of €.

Energy minimizers. Let (H4) and (H5) hold and define €:[0, 1) — R by

L
E(e)= inf /(%(B(@)’)2+W(¢,ﬂe))ds, ce(0,1),
0

<peH
¢0) = / Ay (s)ds where Ay(s) = ing(d), B(s)). 4.1)
Here Ay € H per is as in Lemma 2.5. First we discuss the behaviour of € at 0.

Theorem 4.1. & is continuous from the right at 0.

Proof. Let ¢ be a minimizer of (2.1) so that ¢(s) € [M~!, M] and

€(0) = f W (g, ®)ds.
0

For § > 0, let <£" be a mollification of ® with g" e[M~!, M] and

(gg”,ﬂ)ds—/W(gg,ﬁ)ds gg.
Now let
2 ( | -
€5 = ?</(B(gn)f)2ds> .

0
Then, for 0 < € < €5,

i €
¢(0) < &) f(5 P w(gh, ﬁe))d
0
L L
§+/ ds—i—/ (9" 9e) — W(e",9))ds
0 0

L
2
<€+ 2+ [ (W(eh 00 - w(gh.0)as
0
< €0) + 4,

by (H1) and (H4)(ii), if € < €; is sufficiently small. This proves the result. O
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Theorem 4.2. Suppose that (H1-5) hold and that ¢ is a piecewise regular minimizer ¢ of (2.1). Then
lim sup &) - €O
0<e—0 \/E

where W(p) is defined in (2.3b) and Cw and Oy are given by (H4).

<2W(p) + Cw By, 4.2)

Proof. For any (Y. € H! : € € (0, 1)} with . (s) e [M~!, M],

per*
¢ ((0) 1 ;
g0 -0 NG ( ) NG /(% B(Ws)’(S))2+W(lﬁe(S),ﬁ‘(S)) —A&(S)) ds
0
! L
= f(W(lﬁe(S),l‘/‘e(S)) — W (¥e(s), 9(5))) ds
0
1
< NG / <%(B(1/fe)'(5))2 + W (e (), 9(5)) — Ay (S)) ds +Cw6o +o(1), (4.3)
0

by (H4)(ii), as € — 0. Hence it suffices to make an optimal choice of 1, in order to estimate the first term on the
right-hand side of (4.3). We use an auxiliary function @ defined by the following lemma.

Lemma 4.3. For constants (A, 0) € F, the Cauchy problem
1 1
W(@).60) = (B@)0) =A,  2O)=(p; O +¢[©). @' >0, 4.4)

has a unique solution @ :R — R. It is monotone, limy_, 100 @ (y) = ¢si (0) and there are positive constants cy, ¢,
depending only on ||0||, such that

@) — ¢F @) <e Pl for [y| > ca.

Proof. Since the function W (-,60) — A is positive on (¢; (), ¢, (9)) and has non-degenerate global minima on R at
¢§t (0), the statement of the lemma follows from the formula

D (y)
B'(¢)d¢
V2Z(W($,0) — A)

y =
(@5 0)+459))/2
Turning to the proof of the theorem, for € > 0 sufficiently small, let
In = (Su — 26712, S, +267/12),

where {S,} is the jump set of the piecewise regular minimizer ¢. For all small €, these intervals are disjoint and their
union covers the set {S,,}. Set 8, = 9(S,), A, = Ay (Sp), ¢,ﬂf = ¢>si (6,), and denote by @,, the solution to the Cauchy
problem (4.4) with 6 =6, and A = A,,.

(i) Fors e R\ Ul,, let < (s) = ¢(s).
(i) For |s — S,| < €/12, let

_ § — Sn . o+
Yel(s) = (b( NG ) when s_])l;;}jﬁo(p(s) =9, 4.5)

and

()—fb(s"_s) hen lim g(s) = ¢F (4.6)
Yel(s) = NG wens_>1sryrlli0<ps_¢n. .
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(iii) On (S, —2€>/12, 8, — /12y U (S, + /12,8, +265/12) et Y be affine so that the resulting function is contin-
uous on R.

The behaviour of ¥ when it is affine is described by the following lemma.

Lemma 4.4. Suppose that (4.5) holds. Then
[We(s) — ¢, | <ce®* for S, =277 <5 <5, — /12,
|1ﬁe(s) — ¢:| e for S, + N2 <5 < S, +2/12,
[l(s)| <ce™* for /1 < |8, — 5| < 26712 4.7)

If (4.6) holds, then the roles of ;" and ¢,; are interchanged.

Proof. Suppose that (4.5) holds. On (S, — 26312 g — €3/12) where Ve is affine,
[We(s) = ¢, | < [Ve (S —267"2) = ¢ [ + |vre (S0 — €1%) = ¢, |
=lo(Sn —2¢”1%) = g |+ [@n(=e71) = g7 |-
Since the piecewise regular minimizer ¢ is absolutely continuous and ¢’ is square-integrable on (S,—1, Sy,),
[0(8 = 26712) — g7 | =o(S, —2672) = lim ¢(s)]
s—> S, —
Sp

172
< (2 / (<p’)2ds> 5124 < o512,
5,

n—1
Also it follows from Lemma 4.3 that, as € — 0,
_ _ o —1/12
|¢,n(_€ 1/12) 4 | < ce e < e,

This gives the first inequality in (4.7). Repeating this arguments on the interval (S, + €>/12, S, 4 2¢>/1%), we obtain
the second estimate in (4.7). Finally note that, on the interval (S, — 263125, — €5/ 12),

Wi =P |Ye (S0 —2671%) = e (S — 7))
e (e (Sn —26712) = ¢ | + [V (S — €712) — 0, |)
= (lp(Su —267"12) = |+ [@u(—€ V1) = |) < e,

which yields the third estimate in (4.7) when (4.5) holds. A similar argument when (4.6) holds completes the
proof. O

With this choice of ¥ we study the integral on the right side of (4.3) in three steps. Choose an arbitrary integer n
and without loss of generality assume that limg_, 5,40 ¢(s) = qb,jf.

Step 1. By hypothesis, {||?(s)||: s € R} is bounded and, by construction, M~ < e(s) < M, where M is as
in (3.1). Therefore

(W (We(9), 9(5)) = W (e (s), 0a) | + [An = Ao ()| < ([0 () = 9 (Sn) | + [As (s) = Ay (Sn)])

(19 g + 1 4ol gy s = a2 < e (4.8)

NN

forall s € (S, — 26912 5+ 265/12). Therefore
Su+e3/12

! (W (We(5), 9(5)) — W(We (), ) + Ap — Ay (5)) ds| < ce /FFINIF/24 — /8,

Je

S, —e5/12
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Observe, from (4.4) and the definition of ¢, that

W(Ye(s),6,) — Ay = %(B(we)’(s))z on [S, — SN2 g 4 65/12].

(4.9)

Hence
Sy+e3/12
1
7 / (%(B(Iﬂe)'(S))2 + W (Ye(s), D(s)) — Ap (S)) ds
S, —€5/12
Sy4e>/12 Sy4-e3/12
2 1
=7 (W (pe(s). ) = An)ds + / (W(Ye(), () — W (Pe(s), 0) + A — Ay (5)) ds
S, —e5/12 5, —€5/12
Sy4€3/12
2 / 1/8
= (W (Ye(s), 6,) — An)ds + O(€'/®).
\/Esn,GS/IZ

Next, from the definition of .,

Sp+e/12 e 1/12
2
= [ Wwos)—ayis=2 [ (W@,00.6) - )y
Sy —e3/12 _em1/12
(/1)
=2 f B' (@)W (p.0n) — Andg.
Py(—e1/12)
Since, by Lemma 4.3,
¢’: < ¢n < ¢n+’ |¢n(i671/12) _¢r:,t| <Cefclgfl/l27
it follows from formula (2.3a) that, as € — 0,
Py(e 1%
|f2 / B @)/ WS 6) — Ay dd — 2 (6)
(pn(_éfl/lZ)
@y (—e1/12) oF
= ﬁ{ / + / }B/(¢>¢W(¢,9n) — Andg
¢; dyn(e—l/lZ)

e L eell8,
Combining this with (4.9) and (4.10) we obtain that, as € — 0,

S, 4e3/12
/e
Sn_65/12
Step 2. Note that
S, —e3/12
1
— / (W(¥e(s), 9(s)) — Ay (5)) ds

§,—2e5/12

m

1
_ / (%(B(l/fe)/(s))z + W(lﬁe (s), z?(s)) — Ay (s)) ds =2 6,) + 0(61/8)'

(4.10)

(4.11)
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Sn765/12
1
- / (W (e (s). 6) — An) ds
Sp—2€5/12
SH_GS/IZ
1
+ﬁ / (W (e (), 9(5)) — W(We(s),6n) — A (s) + Ay) ds. (4.12)
Sy —2€5/12

From (4.8) we obtain

5, —e5/12
1
‘\_E / (W (We(5), 9(5)) — W (Ve (s), ) — Ap(s) + Ay) ds| < ce™ /2524 — c1/8 (4.13)
Sn_2€5/12

and, from Lemma 4.4,

[W (Ve (5), 0n) — An| = [W (¥e (), 00) — W(dy,0n)| < c|wre(s) — o | < e/,

which leads to the conclusion that

S, —€5/12
1
‘f / (W (We(s), 0n) — Ap)ds| < ce /A2 L e l/B, (4.14)
Sp—2e5/12

Substituting (4.13) and (4.14) into (4.12) we finally obtain

§,—€5/12
1
= / (W(We(s), 9(5)) — Ap (5)) ds

Sy—2e3/12

<celld. (4.15)

Furthermore, it follows from Lemma 4.4 that

S, —€5/12

1
= / (B ) ds

S, —2€3/12
Combining (4.15) and (4.16) gives

<cell?. (4.16)

< cellB,

— / <§(B<we>’<s>)2+W(we<s>’ﬁ(s>)—AM”)dS

Similarly, the same estimate holds on (S, + /12§, +2¢5/12) Hence, by (4.11),

1
Ve / (%(Bwe)’(s))2 + W (We(s), 9(5)) — Ay <S>) ds =2 6n) + O(€'”%). (@17)
Iy

Step 3. Note that ¥ (s) coincides with the piecewise regular minimizer ¢(s) and Ay (s) = W (p(s), 9 (s)) for s
outside of the intervals I,,. Hence, for any finite interval (a, b),

1
NG / (%(B(I//e)/(s))2 + W (e(s), 9(s)) — ,419(5)> ds
(a,b)\UI,
\/E ! 2 ( ’ 2
~ 2 f (B)'(s))"ds < C«/E/(w (5))’ds < c(a, b)v/e.

(a,b)\UI, a
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We are now in a position to complete the proof of Theorem 4.2. Since each compact set contains only a finite number
of points S, there exists § > 0 so that the intervals (—4§, 0) and (L — §, L) do not contain any S,,, n € Z. Therefore

L
1

7/( (BW') + W (e, 9) — Azs) ds

-8

[ (G s w40 )as

~

1

€

&\

= /( B(lﬂe)) +W(¢evﬂ)_d40)ds

{n: Sye( f
1 N2
+$ / <§(B(¢e)) +W(we,19)—u419) ds
(—8,L—8)\UI,

- ¥ f/< (Bwo)') +W<we,ﬂ)—Aﬂ)ds+0( 12).

(n: Spe(—8,L—8)}

This observation, when combined with (4.17), yields

L
1
ﬁ/ <§(B<we>/)2+wm,ﬂ>—v40) ds= ), 2000+0()
0

{n: S,e(=6,L-96)}
= Y 2p(9(Sw)+0(e'?).
Sn€l0,L)

Recalling (4.3) we finally arrive at the inequality

€O ) T paes)+ o)
\/_ Sn€l0,L)

as € — 0, which yields (4.2). O
5. Minimal number of jumps principle

Theorem 5.6, which says that, almost always, solutions to the variational problem (2.13) converge weak* to piece-
wise regular minimizers with a minimal number of jumps, is a corollary of a stronger statement, under more general
hypotheses. A set E C (0, 1] has lower Lebesgue density A at 0 if

1
liminf—(measEﬂ [0, r]) = 5.1)
0<t—>0T

We say that E has positive Lebesgue density at 0 if A > 0 and E is Lebesgue dense at 0 if A = 1. We need a final
hypothesis.

(H6) ¢ defined in (4.1) is locally absolutely continuous on (0, 1).

This is a rather weak hypothesis which is trivial when ¥, is independent of €, because then & is concave. More
generally it is shown in Corollary A.2 in Appendix A that (H6) holds if there exists a locally absolutely continuous
function 4 : (0, 1) — R with the property that, for all ¢ € H;}er with range in [M -I'm 1,

L
the mapping € — h(e) + f W (g, ¥¢)ds is concave on (0, 1), (5.2)
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where M > 0 is given by (3.1) with E = (0, 1). Alternately, if [§, 1] > € > ¥, € (Lrl)er)d is Lipschitz continuous for
all § € (0, 1), (H6) follows from Theorem A.3. In the notation of (H4), let

S 2
L£05) = . 5>0. 53
@ <a+cw@1 +CW@0/2> ~ (5-3)

Theorem 5.1. Suppose that (H1-6) hold. Then, for any § > 0O there is a set Es C (0, 1] with lower Lebesgue density at
least L£(8) at 0 and the following property. If a sequence {¢e,}, Es > €, — 0, of solutions to problem (2.13) converges
weak* in ngr to some function @, then ¢ is a piecewise regular minimizer of (2.1) with weighted number of jumps

W(@) < Whin + Cw O + Cw /2 + 6, (5.4
where Whin is defined in (2.3c¢).

Proof. The proof is in a number of steps, but first a remark.

Remark 5.2. To illustrate this observation, consider the example

L

Je(p) == /(ega/z + W (g, ¥))ds,
0
in which d = 1, W(¢,0) = (¢*> — 1)>/4 — 8¢ (a Landau potential) and 9 = \/ey®*, where y € R and 9* € leer
are given. Note that (H4) holds with ®¢ ~ |)/|||19*||L]1)er and ®| ~ |y|||1?*||L]1)er/2, that the limit of ¥, is O and that

©(0) = o = 4/3, from (1.8). Clearly the minimum possible number of jumps of a minimizer of Jy is zero, in other
words, Whin = 0 in (5.4). A question arises:

how many jumps do the weak* limits of minimizers of Jc have?

To address this question, note that minimizers of J. are minimizers of a family of scaled Ginzburg—Landau function-
als Je given by (1.5) with & = y 9%,

L
1) = = Jo(p) = if(ew’z + W(p, o)) ds
€ \/E € . \/E » V€ .
0
Hence weak* limits of minimizers of J. are minimizers of the I"-limit J given by (1.7), where go/N (¢) coincides with
the weighted number of jumps W(¢) of a minimizer. It follows from (1.7) and (1.8) that weak* limits of minimizers
of J take the values =1 only, and are minimizers of the functional

L

Wig) — y / P ods, ol =1. (5.5)
0

Suppose that #*(¢t) = sin(27¢/L) which has only two simple zeros per period. If ¢ does not change sign then
¢ = %1 and the minimum of (5.5) is zero. If minimizers of (5.5) have jumps, they must occur at t = 0 mod .
However, if ¢ changes sign twice then (5.5) becomes 16/3 &= 2y L/m. Hence, the minimum of (5.5) is zero if and
only if |y| < 87 /3L, and negative otherwise. It follows that weak* limits of minimizers of J. have no jumps when
|y | is small and two jumps when y is large, notwithstanding the fact that in both cases there exists a minimizer of the
limiting problem with no jumps. This discrepancy is allowed for in inequality (5.4).

Step 1. The function €(€). We have seen in Theorem 4.1 that € is continuous at zero. Even more is true.

Lemma 5.3. If (H1-5) hold and if a sequence ¢ of minimizers of problem (2.13) converges weak™ in ngr to a
function @, then ¢ is a minimizer of the relaxed problem (2.6), and is therefore continuous on R\ gg (¥). Moreover,

Ae in (2.15) converges weakly in leer to Ay, defined in Lemma 2.5.
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Proof. It follows from the definitions that
L

L
/W**((pg,ﬁ)dIQ/W(gog,ﬁ)dt
0 0

L L
s /(g(%é)’)z + W(pe. ﬂa) dt + /(W(gae, 9) = Wge, 90)) dt
0 O

L

=e(e>+[(W(we,ﬁ> — W(ge, D)) d.
0

Therefore, if g —* ¢ in ngr, from the convexity of W**(-, ¢ (s)) which is bounded below, and the characterization
of sequentially weak* lower semi-continuous functionals in L[o)gr [8, Theorem 6.56], the uniform convergence of ¥
to ¥, and the definition of &(0) we find that

L L
c’z(O)g/W**(go,ﬂ)dtglimigf/ W™ (ge. 9) di < liminf €(c).
€e—> €—
0 0

Moreover, from Theorem 4.1, € is continuous at 0. Hence
L

/ W™ (p, ) dt = €(0) = lin}) &(e),
€—>
0
which proves that ¢ is a relaxed minimizer. Now
L

o< |

L
(B(go))di + / (W (e, 9) — W™ (pe. 9)) di
0 0

N M

L L

=€(6)+/(W(<ﬂe,ﬁ) - W((pgsﬁe))dt_/W**((pe»ﬂ)dt

0 0
L

< () — €(0) + /(W(we, B) = Wige. ) di — 0
0

as € — 0. Since both integrands on the first line are non-negative, it follows that
L

f(B(%)’)zdt —0 ase—0.
0
By (2.16), {A¢: € € (0, 1)}, defined in (2.15), is bounded in leer. Moreover,

N M

L

L L

/Ae(s)ds =C¢() —¢ f(B((pe)’)zdt — &) = / W**(p, ®)ds (5.6)
0 0 0

as € — 0. However, for € > 0,

Ae = W(@e, 0c) — %(B((ﬂe)/)z
> W (e, 9) + W(ge, D) — W(pe, 9) — %(B(goa’)z

> W (0, 9) + W(ge, Do) — Wige, 9) — %(B«pe)’)z.
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Taking limits almost everywhere on the right, for a sequence of € — 0 we find that
liminf A (s) > W™ (¢(5),9(5)) (5.7
€—

almost everywhere. Along with (5.6) and Fatou’s lemma, this implies equality almost everywhere in (5.7) for that

sequence. Since Ay coincides with W**(g, ) almost everywhere and since {Ac} is bounded in leer, it follows at

once that A, converges weakly in leer to Ay. O

Step 2. Monotonicity trick. The following lemma is similar to Struwe’s monotonicity argument [14, Chapter II,
Section 9]. Denote by 9 (€), € € (0, 1), the set of all minimizers g, of the variational problem (2.13) and let

L

1
B(e) = sup 5/(3(%)/)2615-
e €M(€) 0

We note from (H6) that € is locally absolutely continuous and hence its derivative &' (¢) exists almost everywhere.

Lemma 5.4. There exists a function Aq:(0,1) — [0, 00) with
]imsup\/EAl(e) <CwO®; and B(e) < E(e)+ Aq(e)

e—0

for almost all € € (0, 1]. Hence, /€€ (€) is essentially bounded below as € — 0.

Proof. Choose an arbitrary € € (0, 1], A € (0, €) and ¢, € M(e). Then
L L L

A — A
5/(3(%)’)2015 =/(%(B(we)’)erW(@e(t),z?e(t))) dt —/(GT(B(%)’)ZJFW(%U)’&A(’))> dt
0

0 0

L
+ / (W(@e (@), Der(0)) = W(pe (1), 9 (1)) dt
0

L
<E(e) —E(e — M) + / (W(ge(0), Den()) — W(@e(0), 9e (1)) dt.
0
Now
L
1 Cw
X (W((Pe(t)a ﬁe—k(t)) - W(§06 (1), Ve (Z))) dt| < T”ﬁe—k — D¢ ”(Lllm)d-
0
Hence, by (H4)(iii) and the absolute continuity of &, for almost all € € (0, 1),
L
1 n2 /
5 (B(pe))"ds < €' (e) + Cw A(e),

0
where limsup,_, /€ A(€) = ©1. With A = Cw A, the proof is complete. O

Step 3. Lebesgue density. For any c > 0, let
E={ee(0,1]: €(e) > c/ e} (5.8)
Lemma 5.5. If c = Wiin + Cw®0/2 46, § > 0, then

1
lim sup — meas(é’c N o, 'C]) <1 —=L36).
=0 T

In particular, if ©) = @1 =0 in (H4), the complement of & is Lebesgue dense at 0 for all ¢ > Whin.
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Proof. Suppose there exists a sequence {t,} and A € (0, 1) so that

1
— meas(é'c N (0, rn]) >A>0, T1,—>0asn— oo.
Tn
Let m,, =0 if (0, t,] \ & has zero measure and
my =essinf{/e€'(€): € € (0, 7,]\ &} otherwise.
Then m, > —oo by Lemma 5.4 and, from Theorem 4.1, (5.8) and (H6),

Tn

c my . , _ _
/ ﬁde + / ?de < hh\r‘%/ ¢ (e)de = E(1,) — €(0).
h

E:N(0,1,] 0, \&
To estimate the right-hand side we use Theorem 4.2. Choose the minimizer ¢, in the hypotheses of that theorem so
that W(g,) < Wiin + (1/1). It then follows from Theorem 4.2 that
E(1y) — €(0) = 2Whin + CwO0) /T + &n, Where limsup &, //T, < 0.
n—o0

Hence

c m
/ ﬁdf‘i‘ / 7%d6<(2Wmm+CW@())\/E+§n
EcN(0,1,] (0,‘[,1]\5(-
Now set t; = Wmin + Cw®o/2 —m,, and ¢ = Wpin + Cw®o/2 + 5. Then § > 0 and
5 /‘ de 6 < / de
\/E n X Mn \/E
gc'm(oﬂ:n] (Osfn]\gc
Since meas(E: N (0, 7,]) > ATy,

Tn

de
— > — =2./1,(1 —
| % o =2/m VT,
E.N(0,7,] 1=y
whence
de
28/t (1 =1 = 1) =& < i f NG
(O’Tn]\gz:

Since liminf,o(—%,//Tn ) = 0, it follows that w,, is positive and (0, 7,] \ & has positive measure for all sufficiently
large n. Moreover,

A=1)1n

[

0,7 \E

=2 TV —

Hence, for all large n,

§(1—+/1 ) < .
,—1 ( ( 2\/— Hn
Since liminf,  oo{—81//Tn } = 0, we have

liminf u, > u* = 8(
n—>oo

—1)>0.
=
Since essinf(g ¢, )\, VEE (€) = Whnin + Cw O /2 — iy, we have proved that (0, 7,1\ € # @ for all sufficiently large n
and
Cw®y
2

limsup[ess 1nf \/_G/(e)} < Whnin +

n— 00 0,71\
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Now recall from Lemma 5.4 that, for all € € (0, 1), every solution ¢, to the variational problem (2.13) satisfies
L
\/g n2 /
T [ (Bwo)) ds < /eB(e) < Ve€(e) + Ve (o).
0

where limsup,_, o /€ A1(€) < Cw ). Therefore, there exists €, € (0, 7,) and a solution ¢, to (2.13) such that
L
JE
lim T" / (B(ge,)')’ ds < Wanin +
0

Cw®yp

+ CwO; — i* =: Whpin +v*, say.
0

Without loss of generality we can assume that ¢, converges weak™* in Lgg, to a function ¢. Let E = {¢,: n € N}.

By Lemma 5.3, ¢ is a relaxed minimizer and 4., — Ay in Hp]er. Hence F(Ay, 9) = Qg(z?) in (3.5). Therefore, by
Theorem 3.3,

L
> (@) < IL‘EE%N;T / (B(¢e,(5))')* ds < Wanin +v* (5.9)
0

s€eO(E)

where
O(E) =1[0,L) N {s € G3(®): osc-def E(s) > 0}.
Hence O(E) is a finite set and, by Corollary 3.2, ¢ is a piecewise regular minimizer with Q(¢) C O(E), where Q(¢p)
is given by (2.2). Hence
W@ = Y 9(P() < Whin +v". (5.10)
s€Q(p)
If v* < 0, this contradicts the definition of Wy, and we can infer that
Cw®o

1
+CwO = u* = 8( — 1).
R WV ey
Hence A < 1 — L£(8), where £(§) is defined in (5.3), as required. O

Proof of Theorem 5.1 concluded. By Lemma 5.5, the set E5 := (0, 1]\ & with ¢ = Whin + Cw®g + 8 has lower

Lebesgue density at least £(5) at 0. Suppose E C Ej; has a limit point at 0 and ¢, € € E, converges weak™* in ngr

to ¢ as E 3 € — 0. From Lemma 5.3, ¢ is a relaxed minimizer. However, by the choice of the set £ and Lemma 5.4,
L
«/E n2
ER (B(9e(8))) ds < Whin+ CwOo + 8 + /e Ai(e) foralle € E.
0

A repeat of the argument for (5.9) and (5.10) now yields

W)= Y o)< D o)

s€Q(p) seO(E)
Ve [
. €
< hn%)T /(B(goe(s))/)zds < Whain + Cw®1 + Cw /2 + 8,
€—>
0

which completes the proof of Theorem 5.1. O

Theorem 5.6. Suppose that (H1-6) hold, that ©®y = @1 = 0 in (H4) and that N'* is defined in (2.3). Then, for § > 0
sufficiently small, Es in Theorem 5.1 is Lebesgue dense at 0 (i.e., . =1 in (5.1)) and N (¢) < N'*.

Proof. This follows from Lemma 2.3 because £(8) = 1 in Theorem 5.1 when @y =®; =0. 0O
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Appendix A. Simple criteria for absolute continuity of &

On any non-empty set X consider a variational problem
€(e) = inf {ef (x) + g(€, 1)},
xeX

where f: X — Rand g: (0, 1] x X — R are arbitrary functions.

Theorem A.1. Suppose that there is a set E C X and a function h: (0, 1] — R which is locally absolutely continuous
with the following properties:

(A) foreach € € (0, 1] there exists x. € E with €(€) = €f (x¢) + g(€, x¢) > —00;
(B) forall x € E, e — g(e€, x) + h(€) is concave on (0, 1].

Then € is locally absolutely continuous on (0, 1].

Proof. For € € (0, 1], let

(&) = inf{ef (x) +g(e,x) +h(e)} =€) + h(e). (A.D)
By (A), for € € (0, 1],
(&) = inf{ef (x) +g(e, ) +h(e)} (A2)

and, by hypothesis (B), § is concave, and hence locally absolutely continuous, on (0, 1]. The result follows from (A.1),
since A is locally absolutely continuous. O

Corollary A.2. If (5.2) holds, € is locally absolutely continuous on (0, 1].

; 1
Proof. In the preceding theorem let X = Hy,,, for ¢ € X let
L

L

1 N2

ror=5 [(B@Y s gen=[Wwvods
0 0

and let E = {p¢: € € (0, 1]} where ¢ is a solution of (2.13). Because of (5.2), the hypotheses (A) and (B) are satisfied

and the result follows. O

Theorem A.3. Suppose that (A) holds and, for all § € (0, 1),

(©) {f(xe): € €8, 11} is a bounded set;
(D) for€e[8,1], e — g(e, xe) is Lipschitz continuous on [8, 1] with a Lipschitz constant that is independent of e,
€es,1].

Then € is locally absolutely continuous on (0, 1].

Proof. Since

€1f(xe) +8(e1,xe) = €2 f (xe)) + g€, x¢y) + (€1 — €2) f(x¢) + g(e1, %)) — gl€2, X¢))
it follows that

E(e2) — €(e1) < (€2 — €1) f (xey) + 8(€2. x¢;) — g(€1, Xey).
Similarly,

€(e1) — €(e2) < (€1 — €2) f(xey) + g(€1, xe,) — g(€2, Xey)-
It follows from (C) and (D) that € is Lipschitz continuous on [§, 1], for all § € (0, 1). Hence it is locally absolutely
continuous on (0, 1], as required. O
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