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Abstract

In this paper, we prove some uniqueness and convergence results for a competing system and its singular limit, and an interior
measure estimate of the free boundary for the singular limit.
© 2009 Elsevier Masson SAS. All rights reserved.
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1. Introduction

The Lotka—Volterra model of competing species describes the competition of a number of species in a fixed domain.
Its general form is as following:

ou; .
8—;—Aui=fi(ui)—uizbijuj, in £2 x (0, 400),
J#i

u; = ¢i, on 2 x {0},

where b;; > 0 are constants and 1 < i, j < M, and M is the number of the species and £2 is a bounded domain in R"
(n > 1) with smooth boundary. Usually we consider homogeneous Dirichlet or Neumann boundary condition. We
only study nonnegative solutions, that is, u#; > 0 for all i.

The study of this reaction—diffusion systems has a long history and there exist a great amount of works. However,
most of these works are concerned with the case of two species. As far as we know, the study in case of many
competing species is not so much, in 1990s Dancer and Du studied three species competition systems and got very
interesting existence results. In fact, it’s believed that generally this system has complicated dynamics (see [8,9]), even
in the ordinary differential equation cases (see [15]).

In recent years, people show a lot of interests in strongly competing systems with many species, that is, the system
(or its elliptic case)
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where « is sufficiently large (or its limit at k = +00). Conti, Terracini and Verzini [5,6], Caffarelli, Karakhanyan
and Lin [1,2], etc., established the regularity of the singular limit (and the partial regularity of its free boundary) as
k — 400 and the uniform regularity for all « > 0. Conti, Terracini and Verzini find that in the singular limit species
are spatially segregated and they satisfy a remarkable system of differential inequalities, and these two conditions are
also satisfied by the solution of a variational problem. Although it’s not fully established, it’s very possible that this
singular limit has a variational structure. That is, the solution of corresponding elliptic problem is the harmonic map
from the domain £2 into a metric space X with nonpositive curvature, which has been studied by many authors since
the work of [11]. Here the metric space X is defined as follows:

XY= {(ul,uz,...,uM)E]RM: u; >0, uiujZOfOI‘i#j}.

Under the intrinsic metric structure, it is a metric space of nonpositive curvature (for the definition, please see [11]).
The harmonic map is the critical point (in weak sense) of the following functional

Z/Wuiﬁ,
2

defined in the class of functions u = (uj,uz,...,uy) € (H'(2))M satisfying u; > 0 and w;u; = 0, ae.,
see [5].

In this paper, we present some results concerning this problem. First we prove the uniqueness result of the following
Dirichlet boundary value problem of elliptic systems in a smooth domain §2 in R" for Vn > 1:

AMiZKMiZbijuj, in.Q,
J#i (1.1)
u =qj, on d52.

Here b;; > 0 are constants and satisfy b;; = b;;, ¢; are given Lipschitz continuous functions on 952, which satisfy
@; = 0. In the paper we will simply take b;; = 1, without loss of generality.

In the paper [6], they prove the existence of the positive solution of (1.1), using Leray—Schauder degree theory.
However, the uniqueness of the solution was not known. Here, we will use the sub- and sup-solution method to show
that the uniqueness is indeed right. That is

Theorem 1.1. Vi > 0, there exists a unique positive solution (uy, ...,upy) of (1.1).

The application of the sub- and sup-solution method in nonlinear elliptic systems was known for a long time, see
for example [13]. Our main contribution here is a simple observation which leads to the uniqueness in our current
situation.

This method can also be applied to the parabolic case. We consider the parabolic analogue of Eq. (1.1), that is, the
following initial-boundary value problem:

8 .
%—Auiz—lcuiZbijuj, in 2 x (0, +00),
i# (1.2)
uip = @i, on 982 x (0, +00),
u; = ¢j, on £2 x {0}.

Here ¢; are given Lipschitz continuous functions on 92, which satisfy ¢; > 0; and ¢; are given Lipschitz continuous
functions on £2, which satisfy ¢; > 0 and ¢; = ¢; on 9£2. We have the following theorem:

Theorem 1.2. Vi > 0, the solution (ui(x,t), ..., up(x, t))_of (1.2) exists globally, and it converges to the (unique)
solution of the stationary equation (1.1) as t — +o00 (in C(£2)).
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Then we give a uniform Lipschitz estimate, using Kato inequality (this inequality was also used in [10]) and our
observation from the symmetric assumption b;; = bj;:

Theorem 1.3. There exists a constant C independent of k, such that for any solution u; , of (1.2) we have

sup  Lip(u;,) <C.
2 x[0,+00)

The elliptic case can be treated similarly.

Theorem 1.4. There exists a constant C independent of k, such that for solution u; , of (1.1) we have

sup |Vu; | < C.
2

Next we consider the uniqueness of the singular limit of (1.1) as k — +00. We know that, as k — +00, solutions

of (1.1) converge to some (u1, ..., uy) which satisfy the following conditions (see [6]):
Au; >0, in §2,
a(u-Yu) <o e,
i (1.3)
ui =g, on 89,
ujuj = O, in £2.

First we establish some results concerning the estimate of the (n — 1)-dimensional Hausdorff measure of the free
boundary. From the regularity theory in [1], we know that d{u#; > 0} and d{v; > O} are smooth hypersurface except
a closed set of dimension n — 2. What we show is that they have finite » — 1 dimension Hausdorff measure in the
interior of £2.

Theorem 1.5. For any compact set 2’ € §2, we have

H" (2" N d{u; > 0}) < +oo.

This result is valid for locally energy minimizing maps too, because it also satisfy the same conditions such as
monotonicity of the frequency function (see [3]). We also establish a uniform interior estimate of the level sur-
face.

Then we consider the uniqueness problem of (1.3). In the paper [7], the authors prove the uniqueness and least
energy property of (uy, ..., uys) which satisfies (1.3) in the case of M = 3 and in dimension 2. Here we will generalize
their result to arbitrary dimension and arbitrary number of species.

Theorem 1.6. Given a solution (uy, ...,upy) of (1.3), it must be the harmonic map into the space X.

By definition the harmonic map is the critical point of the energy functional | o2 iIVu; |>dx (under the same
boundary condition, see [11] or [3]). Because this functional is convex with respect to the geodesic homotopy, then
it must be the (unique) energy minimizing map. The uniqueness of energy minimizer has been proved by M. Conti,
S. Terracini and G. Verzini in [5], see their Theorem 4.2. We also use the construction of the test functions in their
proof in our Section 6.

Our method is to compute the derivative of the energy functional with respect to the geodesic homotopy between u
and a comparison (an energy minimizing map v with same boundary values). This involves some procedures of
integration by parts. In order to make this procedure rigorous, we first calculate in an approximate setting where we
can avoid the free boundary which may contain singularity, at this stage we can also cancel (or place a good control on)
the terms which involve the integration on the free boundary of v. This control is necessary, even with our knowledge
on the interior measure estimate of the free boundary of v, because we do not have the corresponding estimate near
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the boundary (this may be true, if we can choose the boundary value good enough). At last, for those integration on
the free boundary of u, we can control them well enough and after take the limit, they all cancel.

At last, we consider the uniqueness of the initial-boundary value problems and the asymptotic of following singular
limit of (1.2):

814,' .
E_Aui <0, in £2 x (0, +00),

B
(E —A><u,- —Zuj> >0, in x(0,+00),

J# (1.4)

uiuj =0, in 2 x (0, 400),
ui =i, on 982 x (0, +00),
uj = ¢, on £2 x {0}.

Various regularity results concerning this system are proved in [1]. We give a simple proof of the following result:

Theorem 1.7. There exists a unique solution of (1.4), and it converges to the unique solution of (1.3) as t — +o0.

ot i
at
are bounded. Although we don’t need this result in

There is another simple result which we would like to mention. A simple blow up argument shows that
du;
> 9t

are

uniformly bounded as k — 400, so for solution u of (1.4)
our paper, we hope it will be useful in other settings.

At last, we would like to add a remark on the symmetric assumptions on b;; in the above equation. This assumption
is essential for our proof. This can also be seen from the regularity results in [1], which, according to [6], may be wrong
if b;; is not symmetric.

The organization of this paper is as follows. In Section 2, we prove Theorem 1.1. In Section 3, we prove Theo-
rem 1.2. In Section 3, we prove Theorem 1.3 and Theorem 1.4. The methods in these three sections are very easy. In
Section 5, we prove Theorem 1.5. In Section 6, we prove Theorem 1.6. These two sections are the main part of this
paper. In Section 7, we prove Theorem 1.7. This again, is a simple treatment.

2. Uniqueness in the elliptic case

We use the following iteration scheme to prove the uniqueness of solutions for (1.1). First, we know the following
harmonic extension is possible:

Au;o=0, in$2,
(2.1)
ui0=¢, onas2,
that is, this equation has a unique positive solution u; q.
Then the iteration can be defined as:
A mt1 = KUjm+1 Z Wjm, in§2,
i (2.2)

Ui m+1 = @i, on 0%2,

this is a linear equation, and it satisfies the Maximum Principle, so the existence and uniqueness of the solution is
clear.
Now concerning these u; ,, we have the following result:

Proposition 2.1. In $2

ui0(x) > ui2(x) > >uj2m(x) > > uiomp1(x) > >ui3(x) > uj1(x).
Proof. We divide the proof into several claims.

Claim 1. Vi, m, u; ,, > 0 in £2.
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Because > i Uj,0 > 01in £2, Eq. (2.2) satisfies the maximum principle. From the boundary condition ¢; > 0, then
we have u; 1 > 0 in £2. By induction, we see the claim is right for all u; ,,.

Claim 2. u; 1 <u; o in £2.

From the equation, now we have
Au;1 =0, in §2,
(2.3)
uj1=u;p, onoas2,
so we have u; | < u; o from the comparison principle.
In the following we assume the conclusion of the proposition is valid until 2m + 1, that is in §2

Ui 0 > -+ >UuUi2m > Ui2m+1 > Ui2m—1 > - > Uj1.

Then we have:
Claim 3. u; 211 < i 2m+2.
By (2.2) we have
Attj o2 < KUiom2 D Ujom: (2.4)
J#i
At g1 = KUi 2m1 ) Uj2m- (2.5)
JF#i
Because u; 2,41 and u; 2,42 have the same boundary value, comparing (2.4) and (2.5), by the comparison principle
again we obtain that u; 2,11 < U 2m+2-

Claim 4. u; 242 < Ui 2m.
This can be seen by comparing the equations they satisfy:

Al om42 = KUi2m+2 E Ujom+l,
J#i
(2.6)
Auiom = KUiom E Ujom—1-
J#i

By assumption we have u 2,41 2 U j 2m—1, 50 the claim follows from the comparison principle again.
Claim S. u; 243 2 i 2m+1.

This can be seen by comparing the equations they satisfy:

AUim+3 = KUi2m42 D jsi Uj2m+2s o
AU 2m1 = KUidma1 D jzi Uj,2m-

By Claim 4 we have uj 2, > 1 j 2m+2, so the claim follows from the comparison principle again. O
Now we know that there exist two family of functions u; and v;, such that lim,, oo 2, (x) = u;(x) and

limy, 0o j 2m41(x) = vj(x), Vx € £2. Moreover, from the elliptic estimate, we know this convergence is smooth
in £2 and uniformly on £2. So by taking the limit in (2.2) we obtain the following equations:
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Au; = ku; E vy,

7 2.8)
Av; = Kkv; Zu,
J#i
Because u; 241 < U j2m, by taking limit we also have
vi S U (2.9)
Now summing (2.8) we have
A( Zul) =K Z(ui Zvj),
l o (2.10)
A( Zvi) ZKZ<Ui Zu])
i i j#i

It is easily seen that
(X w)=Eu( Xu).
i J# i J#i
so we must have Zi u; = Zi v; because they have the same boundary value. This means, by (2.9), u; = v;. In
particular, they satisfy Eq. (1.1).

Proposition 2.2. [f there exists another positive solution w; of (1.1), we must have u; = w;.

Proof. We will prove u; 2, > w; 2 uj2m+1, Ym, then the proposition follows immediately. We divide the proof into
several claims.

Claim 1. w; < u; .

This is because
{ Aw; >0, in £2,

2.11)
w; =u;p, onas2.

Claim 2. w; > u; 1.

This is because
Aw; = Kw; Z wj,
J#i
Au; 1 =kKu; ] Zuj,o.
J#i
Noting that we have w; < u; o, so the comparison principle applies.
In the following we assume that our claim is valid until 2m + 1, that is

(2.12)

Widm 2 Wi 2 Ui 2m+1-

Then we have

Claim 3. u; 242 = w;.
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This can be seen by comparing the equations they satisfy:

Aw; = Kw; E wj,

J#
(2.13)
AUiomt2 = KUi2m+3 Z Uj2om+1-
JF#
By assumption we have u 2,41 < w}, so the claim follows from the comparison principle again.
Claim 4. u; 2,43 < w;.
This can be seen by comparing the equations they satisfy:
Awi = KW;j Z wj,
JF#
(2.14)

AUiomt3 = KUi2m+3 Z Uj2om+2-
JF#

By Claim 3 we have u j 2,442 > wj, so the claim follows from the comparison principle again. O

Remark 2.3. From our proof, we know that the uniqueness result still holds for equations of more general form:

Aui:uizbij(.x)uj, in.Q,
o (2.15)
U = @i, on ds2,

where b;;(x) are positive (and smooth enough) functions defined in 2, which satisfy b; i=bji.
3. Asymptotics in the parabolic case

In this section we prove Theorem 1.2. We can use the method of Section 2 to prove there exists a globally unique
solution u; (x, ). Moreover we can get a result about the asymptotic behavior of this solution from this method.

Proof. Let’s consider the iteration scheme analogous to (2.2). First we consider

8;;,0 — Auio=0, in 2 x (0,+00),
Uuj0 =i, on 482 x (0, +00), (3.1)
ui 0= oi, on £2 x {0}.
We know this equation has a unique positive solution u; o(x, t). We also have
t_]fToo ui,0(x, 1) =uio(x), (3.2)

where the convergence is (for example), in the space of C 0(£2) and u; o(x) is the solution of (2.1). In fact, we can
prove that

/

for some positive constants C and C».

2

a .
O 4y < Cre=Ct (3.3)

ot
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Now the iteration can be defined as:

du; )
%H — AUj g1 = —KUj 41 Z”jv’”’ in £2 x (0, +00),
s (3.4
Uim+1 = @i, on 082 x (0, +00),
Uim+1 = @i, on £ x {0}.

This is just a linear parabolic equation, and there exists a unique global solution u; ,,+1(x, ¢). Differentiating (3.4) in
time t we get

0 a”i,erl aui,erl auz m+1 auj m
5 a7 —A ar =—K Zu] m, —KU;j m+12 . (3.5)
J# JF

By the induction assumption and maximum principle we know for ¢ > 1 we have for some constant C,,

Y ujmr1 <Cp, (3.6)
J#i
and
duim |?
/ Bim | gy < Cp e~ Cmat 3.7)
at
2

for some positive constants Cp, 1 and C, 2.
Multiplying (3.5) by dus ”’“ , with the help of (3.6), we get (note that we have the boundary condition 24mtl — ()

“or
on d52)
/‘ aul m+1

Using Cauchy inequality, we get

/ 8Mlm+l 2
at
3
w(/ >[el)(f
2 J# 2

From (3.7) and Poincaré inequality, we get
2

for some positive constants Cp, 41,1 and Cpy41,2.
By standard parabolic estimate this also implies

d
dt

Ui m41
ot

aul m+1
at

S «C),

(3.8)

at

dl
dt

3”1 ,m+1

8"ij,m 8Mi,m-i—l

at

N
) . (3.9)

2
ou;
i,m+1 dx < Cm+1,1efc’"“'zt, (3.10)

Ui mi1

| S C), e Cmett, (3.11)

sup
2

for another two constants C/, 41 and Cpy1. At last we get

hm Uim+1(x, 1) = Uj m41(x). (3.12)

r—+
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Furthermore, the convergence can be taken (for example), in the space of C 0(£2) and Ui m+1(x) is the solution
of (2.2).
The same method of Section 6.1 gives, in £2 x (0, +00)

Wi > > Ujdm > Uidm42 > > Ui > > Ui dmy ] > Uiam—1 > - > UG ]
Now our Theorem 1.2 can be easily seen. In fact, Ve > 0, there exists an m, such that
max |ui,2m(x) — u,-(x)| <€
2
and
max |uj om41(x) — ui (x)| <e.
2
We also have that there exists a T > 0, depending on m only, such that, V¢ > T,
max [uj o (X, 1) — Ui om (X)| <€,
2
and
max |ui om41 (X, 1) — i 2m41(x)| <e.
2
Combing these together, we get V¢ > T,

max |u; (x, 1) — u; (x)| < 4e. (3.13)
ko)

This implies, u; (x, 1) converges to the solution u; (x) of (1.1) as t — +o0, uniformly on £2. (If the boundary values
are sufficiently smooth, we know that in fact the convergence in Theorem 1.2 is smooth enough.) O

4. A uniform Lipschitz estimate

Here we use the Kato inequality to establish the uniform Lipschitz bound of solutions for (1.1) and (1.2). We will
only treat the parabolic case, the elliptic case is similar.
First differentiating Eq. (1.2) in a space direction e we obtain an equation for D.u :=e - Vu:

0
(E — A) Dettj o = —KkDeutj g Zuj,,( — KU Z Dot . 4.1
J#i J#i
Now using the Kato inequality we have
0
(E - A) [Detti | < —K| Dot Zuj,l( + KU Z |D€uj,l( [ 4.2)
J# J#i

Sum these in i we get

3
(5 - A) Z | Dot ] 0. (4.3)
1

On the other hand, for @; to be the solution of

0P; .

a7 AP; =0, in £ x (0,+00),

¢i =i, on 082 x (O, +Oo)’ (44)
P = ¢i, on £ x {0},

we have (see [6] for the elliptic case)
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D > uji,
(D,'—qugui,,(—Zuj,,{. (45)
J#i J#i
This implies
' Uik
sup P )
92x(0,400) | OV

for all i, where v is the outward unit normal vector and C is independent of k. With the assumption of Lipschitz
continuity of the initial-boundary values, we in fact have

sup |Vui,/c| < Cv
982 x(0,400)

with a constant C independent of « again. Next we also have at t =0, u; , = ¢;, so

sup |Vu; | =sup|Ve;l.
2x{0} Q

Now Maximum Principle implies a global uniform bound:

sup  |Vu;,| <C.
2 x[0,400)

Then standard method means we also have a uniform Lipschitz bound with respect to the parabolic distance.

Remark 4.1. Without the boundary regularity, we can still get an interior uniform bound. Multiplying the equation by
u; . and integrating by parts, we can get an L? bound for any T > 0

> / f Vil <C, (4.6)
A )

with C independent of «. Then we can use the mean value property for sub-caloric (or subharmonic function) to give
a uniform upper bound for |Vu; |.

Remark 4.2. If we consider the original Lotka—Volterra system

ou;
a—tl—Aui:aiui—uiz—Ku,'Zuj, (4~7)
JF#
with homogeneous Dirichlet boundary condition, the above results still hold. In fact, we only need to prove a boundary
gradient estimate, which can be guaranteed by the following argument: if we define v; to be the solution of
81),‘

— — Av; = -v'—v-z, 4.8
91 i =ajv; i 4.8)

with the same initial value, then by maximum principle we have for each «
Uik S Vi
which, together with the boundary condition, implies

au,-,,(
av

Bvi
Slov

where v is the unit outward normal vector to d2; using the boundary condition once again we get on the boundary

’

[Vui | <[V,

where the right-hand side is independent of «.
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5. Interior measure estimate

In this section we prove Theorem 1.5.
In order to prove this theorem, we need some lemmas (following the same ideas in Section 5.2 of [12]). The first is
a compactness result, so given an N > 1, let’s define

H}V = { u: B1(0) —» X, satisfies (1.3) except the boundary condition,

, Vu.2
fBl(O)Zl' 21|<N, / Zuizzl}'
fZ)Bl(O) DT

9B (0) !
2
Then we have
Lemma 5.1. H), is compact in L?(B;(0)).

Proof. First from the monotonicity of the frequency we have a well-known doubling property, which implies

Z:ﬁ < C(N), (5.1)
aB1(0) !

where C(N) depends only on N. By the definition and Poincaré inequality (noting here we have a boundary con-
straint), we have

/ SOV + Y ui <Cw), (5.2)
B ! !

for another constant C(N). So for any sequence u,, € H}\,, there exists a subsequence converging to u, weakly in
H'(B)) and strongly in L2(B)).

We claim that the limit # must be in H}V, too. First, we know those properties in (1.3) are preserved under weak
convergence in H'(B;) and strong convergence in L2(Bj). Next, we claim for any r < 1, u,, converges to u strongly
in H! (By). This is because, if we take a smooth cut-off function ¢, from the continuity of u,, and the fact that Au; ;,
is a Radon measure supported on d{u,, > 0}, we have

0= / Aui,m . Mi‘mé‘2
_ 2,2
= _/ IVui m“C° +28ui iy Vi mVE.
So from the weak convergence of u; ,, in H 1(B;) and the fact that u;m converges to u; uniformly, we get

lim / Vi ml?¢? = / IVui ¢
m——+00
From Trace Theorem, we also have
T 2 _
SLERTNY DI
9B () ! B0 '
2 2
Thus for any r < 1

2 2
fB,(o) Zi |Vul. | — lim fB,(()) Zi |V”,~‘m|
2 2
faBr(O) doiu; m—-+00 faB,.(O) 2o Ui,

By the monotonicity and continuity of the frequency this implies
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2
fBl(O) i [Vu;] .
2 X

faBl(O) i

The next step is to divide the free boundary into two parts: the good parts are those which are uniformly smooth
(the gradient has a uniform lower bound there), while for the bad parts we have a control on its size. In the following
we shall denote the free boundary of u as F(u).

Lemma 5.2. For anyu € H L there exist Sinite balls By, (xx) with ri < % such that
{x € By, > | vuf| <y(1v)} NF @) | By (x0). (5.3)
i k

and

, (5.4)

N[ =

>t s

k

where y (N) is a constant depending only on the dimension n and N.

Proof. For any ug € H,, the singular set of the free boundary sing(F (u#¢)) has vanishing (n — 1)-dimensional Haus-
dorff measure:

H" ! (sing(]-'(uo))) =0.

So there exist finite balls B, (x) with g < % such that

sing(F(uo)) | J By (xp). (5.5)
k

and
n—1 < 1 6
pt S on (5.6)
k

Of course, there exists a constant y (ug) > 0, such that, on the set B% NFuo) \ (Uy B%k (xx)),
> IVuiol® = 3y (o). (5.7)
i

Now we claim there exists an €(ug) > 0 such that for any u € H}V with [lu —uoll12(p,) < €(uo), on By N F(u) \
2

(U Br 0)),
D o IVuil? =y (wo).

With the compactness of H}V in L>(By), our conclusion is easily seen.

Assume this claim is not true, then there exists a sequence of u,, € H}\, with ||u,;, — uo| L2B) S %, but 3dx,, €
B% NF(um) \ (Uk Brk (X)),

> 1Vuim P Com) < v (o). (5.8)

Then from the uniform Lipschitz estimate, we have u,, converge to u uniformly on any compact subset of B1(0).
This implies for any § > 0, for m large enough depending only on &, F(u,,) is in the § neighborhood of F(u).
However, near B ! N F(uo) \ (Uk By, (xi)), locally, there exist exact two components of uy which are non-vanishing

here, without loss of generality, assuming to be u; ¢ and u> o, which satisfies

Aur,o —uz0)=0.
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Using the same method of the Clean Up Lemma in [1], we can show that locally, for m large, we also have, only u1 ;,
and u» ,, are non-vanishing. (This can also be proven by the upper semicontinuity of the frequency function under the
convergence of u,, — u and x,, — x.) Then we also have locally

A("tl,m - u2,m) =0.

In view of their convergence in LQOC, we have here locally

Ulm — U2, —> U0 —uzo smoothly.

Now coming back to (5.8), without loss of generality, assuming x,, — xo, which lies in B 1 N F(uo) \ (U Br, (x1)),
we can take the limit in (5.8) to get

> " 1Vuiol*(x0) < v (o), (5.9)
i
which contradicts (5.7). O
First we need to control the measure of the good part. This needs a comparison with some standard models, for

example, in [12], they use the comparison with harmonic functions. But here we have no such smooth model to
compare, instead, we will compare it with the homogeneous elements in H }v’ which has the property

u(rx) = rdu(x), for some d > 0.
It can be represented by u(rf) = rd ¢(0), for ¢ defined on sl satisfying
(Ag +M)¢; 20,

(Mg +)»)<<Pi _Z(Pj> <0,

o (5.10)
@i 20,
wip; =0,

where A satisfies d(d +n —2) = A and A < N, and Ay is the Laplacian on snl. By induction on the dimension, we
can assume

H" 2 (F)nS" 1) <CWN,n). (5.11)

Note here in dimension n = 2, each ¢ can be computed explicitly.

Lemma 5.3. With the assumptions of the preceding lemma, if moreover

fBl(o) > |V”i2|
2
faBl(O) DU

where o is a constant depending only on the dimension n and N, and

r 3Vl
N(u,0) = lim IBV(O)—ZZ‘
r=>0 fop o) 2oi Ui

—N(u,0) <o, (5.12)

(5.13)

Then

" (f(u) nBy\ ( LkJBm (xk)>> sCew),

where C(N) is a constant depending only on the dimension n and N.



752 K. Wang, Z.T. Zhang / Ann. I. H. Poincaré — AN 27 (2010) 739-761

Proof. Take a § > 0 small enough. If we choose o small enough too, then by compactness there exists a homogeneous
weH 11\, such that

lu — w”Lz(Bl) <4,
and F () is in the 6 neighborhood of F(w). Define

Sp = {xeB%, Z‘Vuﬂ?J/(N)}m]:(u),
Sy = {xeB;, Z|Vw,.2| >y(N)} NF(w).

If o is small, S7 is in the § neighborhood of s, too. Take an ¢ >> §, and take a maximal ¢ separated sets {yx} of 5.
Then we have dist(y, y1) > 5 and S C (U Be ().

In each B.(yx), w has exactly two components which are non-vanishing. Moreover, the free boundary F(w) N
B:(yr) can be represented by the graph of a C! function defined on the tangent plane to F(w) at y;. Now if & is small
enough, this property is also valid for u. The same method of Lemma 5.25 in [12] gives our conclusion. O

Now the proof of Theorem 1.5 can be easily done by an iteration procedure exactly as in [12]. Here, we just need
to note that in Lemma 5.2, those radius 7; can be chosen arbitrarily small so that the assumptions in Lemma 5.3 are
satisfied.

At last, we give a theorem on the uniform estimate of the measure of the level surface {u; = §}.

Theorem 5.4. For u € HI{,, Vé>0and1<i <M, wehave

H”_I(B% N {u; = 8}) < C(N).
This is also valid if we consider the local energy minimizing map.

Proof. First, because each u; is subharmonic, from the L?(B;) bound we have

supu; < C(N). (5.14)
B
2

We claim that, V§ > 0, 3C (8, N), such that, V¢ > §
H”’I(B% N{u; =1t}) < C6, N). (5.15)
If this is not true, then 37, > § and uy € HI{, such that

H”_I(B% N{uix =t}) > k. (5.16)

By (5.14), we can assume ;, — ¢ > 8. By the compactness of H), we can assume u; — u in L?(B1). By the uniform
Holder continuity [1], we can also assume u; y — u; in C(B%).

If u; =0, then for & large

t
supu;ip < =.
B> 2

3

This is impossible, so u; is not 0. In fact, {#; =} N B% # (). Because in {u; > 0}, u; is harmonic, we have
H”’I(B% N{u; =1}) < +00. (5.17)

We also have for k large, B1 N {u; x =t} lies in a small neighborhood of B; N {u; = ¢}. In this neighborhood, u;
2 2
converge to u; smoothly, so for k large, 3C > 0 such that
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H"™!(By N {ui ke =1}) < C. (5.18)

This is a contradiction, so our claim follows.
Now we can use an iteration to prove our theorem. For any u € H),, take a covering of the singular set of the free
boundary as in Lemma 5.2:

sing(Fw)) € | J B (v) (5.19)
k
with
Sl < 2L (5.20)
k

By the uniform interior Lipschitz estimate, 35(N) > 0, such that
sup Zu,- < 8(N). (5.21)
Us Bry ) 5

While for x € B% NFw)\ Uy B%k(xk)
3 IVuil? = y (), (>-22)
i
so 3C(N), such that V§ > 0
H"! (B% N{u; =8}\ L];J Brf(xk)) < C(N).

Now we can rescale u in B, :
i = Liu(xy +rix).

If we choose Lj appropriately, # is still in H 1{,, and we can iterate the above procedure. This iteration will stop in
finite times and at last we get our original estimate. O

6. Uniqueness of the singular limit

In this section we prove Theorem 1.6.
In order to prove the energy minimizing property, we need to prove that for given Lipschitz map w : £2 — ¥ such
that w = u outside a compact set 2" € £2, we have

/Z|Vui|2dx</Z|Vwi|2dx.
o i o i

In fact, we will prove that, if v minimizes {fg, > IVw; |2 dx: w =u outside £2'}, then u = v in 2.

First, Vi, in {u; > 0} (or {v; > 0}), u; (or v;) is harmonic, thus real analytic. If we enlarge £2’, we can assume 92’ is
real analytic and smooth (without singularity). Choose two constants § > ¢ > 0, such that the level surfaces {u; = §}
and {v; = 8}, Vi, are regular real analytic hypersurface up to the boundary (that is, {#; =8} N 92’ and {v; =8} N 32’
are regular real analytic hypersurface in 9£2’). With this setting, we know that the divergence theorem is valid for
domains separated by these hypersurfaces.

Define uf :=max{u; — 8,0} and v{ := max{v; — o, 0}. We consider the geodesic homotopy u’ : 2 — X between
u® and v° for ¢ € [0, 1], that is, u’(x) is the point on the unique geodesic between u®(x) and v (x) which is charac-
terized uniquely by d(u’ (x), u®(x)) = td (u® (x), v (x)). (Here d denotes the intrinsic distance of X.)

We can write down the expression of u’(x) explicitly from the concrete form of X, following the construction of
the test functions used in [5]. In the set A; := {x: u? (x) >0, v7(x) > 0}:

ul (x) = (1 — Dud (x) + 107 (x); 6.1)
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in the set Byj := {x: u)(x) > 0, v7(x) > 0 and u} (x) — £ () (x) + v7 (x)) > 0} for some j # i:
up (x) = 1) (x) — £ (u? (x) + 07 (x)); (6.2)
in the set C;;j := {x: uﬁ.(x) >0, v?(x) > 0 and t(u‘;(x) + v (x)) — wj.(x) > 0} for some j #i:

up (x) =1 (5 (x) + 07 () — ) (x); (6.3)
in the set D; := {x: u’(x) > 0, v7 (1) =0, Vj}:

uj (x) = (1 = Hu (x); (6.4)
in the set E; := {x: v7 (x) > 0, ufj.(x) =0, Vj}:

ul (x) = 1 (x); (6.5)

on the remaining part uf x)=0.
Now we have (note that in {u‘.s(x) > 0}, Vu‘?(x) = Vu;(x) a.e.)

/[w €3] dx_/|(1—z)w () + 1V (x)| dx+2/|(1—t)w,(x)—Nv,(x)\ dx

2 A; J#ig

+2/|— 1= 1)Vuj(x) + Vv (x)| dx+/](1—r)w (x)|*dx
J#ic

+/ |1Vv; ()| dx. (6.6)

E;

We need to compute % |;=0. Noticing that in the first term of (6.6) the domain is fixed, and Au; = 0 in the open set
{u; > 8}, we can integrate by parts to get

2/ Vui(x)(Vvl- (x) — Vui(x)) dx=2 / %[vi (x) — u,-(x)]. (6.7)
A; 0A;
Now we have
0A; = A1 UAi2UA;3,
where
Aj1={ui =8} N{v; > o},
Aip={vi=0}N{u; > 5},
Ai3 =082 N{v; >o}N{u; > 68},

Aig={u; =46, vi=o0}.

(6.8)

On A; 3 we have u; = v;, while the n — 1 dimension Hausdorff measure of A; 4 is O (it lies in the interior of £2'), so
they do not appear in (6.7). On A; | we have u; = and on A; 2 we have v; = 0. Thus we get

du; ou; du; du;
2 —uv; — 2 u; — 28 — + 20 —. (6.9)
R 81)1.’1 K aviqz R 81)1.’1 K avigz

i1 i2 i1 i2

Here v; and v, ;o are the outward unit normal vector to d{u; > §} and d{v; > 8} respectively.
Next let’s con51der the second term in (6.6). Here we must be careful because the domain changes as ¢ changes.
That is

Bij = {xt ui(x) > 8, vj(x) >a}\{u§(x) < lt_tv;-’(x)}.
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So the second term of (6.6) can be written as

3 / |(1 = 1) Vi (x) — 1V (x)|* dx
jii{X' u; (x)>8, vj(x)>o}
By / (1= Vi () — 1Vv;(0) P dx. (6.10)
J#

fer ) ()< 7507 ()

In the first term, the domain is fixed, and the derivative can be calculated directly. The second term can be written in
another form using the Co-Area formula (see, for example, [14]):

3 B 2
Z/[ / [(1 —£)Vu; (x) th,(X)I} . 6.11)

j#t |V = |

=t}

-:q|~ 3

Its derivative at t =0 is

|Vu; (x)]?
> — 5. 6.12)
i IVﬁI

{x:

o

u

=0}

v

~q|

After calculation we get

> / |V ()]0 (x). (6.13)

j¢i{x: uj=34, vj>o}

At last we get that the derivative of the second term of (6.6) at t =0 is

-2 / Vui (x)(Vvj(x) + Vi (x)) dx — / |Vui (x) |05 (6.14)
{ui>8, vi>o} {ui=0}N{v; >0}

Through an integration by parts (and the same remark as before concerning this procedure of integration by parts),
the first term of (6.14) can be transformed into the boundary term, and notice that on {u; = §} we have u; = § and on
{vj =0} we have v; = 0, so the first term of (6.14) is

du; u;i u; u;i
) f Y2 / Y =28 / Y on / Y (6.15)
8vl. 1 Bvi 2 Bvi 1 8vi’2

{ui=0}N{v;>0o} ’ {vj=0}IN{u; >4} ’ {u;=0}N{v; >0} ’ {vj=0}N{u; >4}

Here v, 1 and v; ;o are the outward normal vectors to d{u; > 8} and d{v; > &} respectively.
The third term can be calculated similarly (notice that the domain is enlarged so here the positive sign comes out):
[V () [vf - (6.16)
{uj=8}N{v;>o}
The result from the fourth term is
d
E/“ — | Vu|> = =2 / Vi |?
E; {u,->8}ﬂ(Uj{v_,-<a})

du; f ou;
=2 u; —2 —u, 6.17
/ v 2 v, (17

twi=8)n(U; vy <o) bit J =80 =0)

where v, and vi+2 are the outward normal vectors to d{u; > 8} and d{v; < 8} respectively.
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The fifth term is of the order 2, so there is no contribution. Now put all of these terms for all i together:

22 f 88:4, b2 / aaul ui=2) 8 / aavu.‘il
i,

Vil Vi ;
U {ui=8)Nfv; >0} ’ U =0 )Nu; >3} ’ Y ui=sin{vi>o}

+ZZU / 3”; —Z / |Vu,-(x)|v‘j?_2z / ou; v,

{vi=0}N{u;>8} Wi 7 (ui=8)0{v;>0) P ui=5)01v;>0)

_22 f 8814, —228 / ou; —ZZU / Buj

V; av; v
l?é]{v =0 }N{u; >8} 02 i#] {ui=6}N{v; >0} i1 i#] {vj=0}N{u; >4} 0.2

ou; ou;
+3 / Vuj oy =236 / LIPS / 8::5”"' (6.18)

— — av:
l?é/{uj:ci}ﬂ{vi>a} LJ {ui=06}N{v; <o} i1 i / {u;>8}N{v;=0}

In these twelve terms, let’s see the second, the seventh and the twelfth terms (modulo the constant —2):

T B
ll)

; ; av;
=0 }N{u; >35} i.2 l7é]{vj_a}ﬂ{u >§} l’2 ij {u;>6}N{vj=0} 02

ou; / ou;

= u; + —Uu

ZZ / v, 2 a5
i {vi=o}N{u;>6} ? i.j {vi=o}N{u;>6} ’

=0,

because the normal vector field vi+2 and v, , on {v; = o'} have opposite directions.
The fourth and the ninth terms are

314,'
2 o
Z / 81);2

I u=o)N{u;>5)

and

—220 / 8uj .

— ov;
i#] {vj=0}N{u; >4} 0.2

We show that the integration in these terms are uniformly bounded in o, thus as ¢ — 0, these two terms converge
to 0. We only calculate the first, the second is similar. First

/ aui / / aui f 8ul~
— = Au; — — — —,
ov; av; | ov

{vi=0}N{u;>38} 0.2 {vi>o}N{u;>8} {vi>0o}N{u; =4} ’ {vi>o}N{u; >8}N0 2’

where v is the outward unit normal vector field to 92’. In the right-hand side, the first term is less than the total mass
of the measure Au; on §2; the second term can be controlled by

[Vuil,
{u; =6}

at the end of this subsection we will show this is uniformly bounded in §; the third term is also uniformly bounded by
the area of 952’ times the sup norm of Vu;, and we conclude.
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The eleventh term in Eq. (6.18) converges to 0 as o — 0. Now we can take the limit in the remaining terms as
o — 0to get:

22 / i 25 / ;v”_i -3 / Vit () |v;

av; . ..
U =s)n(y=0) i =sinm=0) 0! 1 {u;=8)N{v;>0)

2> / aavu, —-26) f 8avu_i +> f |V (x) |vs. (6.19)

i =s) ;>0 ! Fi=s)n(;>0) 1 =8N >0)

Noting that on {u; = §}, 8“’

= —|Vu;|, so we have

= f [Vuilv; — ) / Vui (0)]v; +2) / Vi v,

I (u;=8}N{v; >0} 7] {u;=8)n{v;>0) ] {u;=8)N{v; >0}
+> f Vi j @0)]v; +28) f Vui| +28) f IVusl. (6.20)
1 =8)n{v; >0} i {u;=8)n{v; >0} ! {u=8)N{v; >0}

The integration in the last two terms will be shown to be uniformly bounded in § at the end of this subsection, thus as
8 — 0, they converge to 0.
As § — 0, the remaining terms converge to (see the end of this subsection, too)

=2 / Vuilv; =Y / |V (x)|v;

L 9{u;>0)N{v; >0} 71 9{u; >0)N{v; >0}
+2)° / \Vuilvj+ ) f |V (x) vy 6.21)
177 5{u;>0}N{v; >0} #79(uj>0}n{v; >0}
In {v; > 0}, if 9{u; > 0} N d{u; > 0} # @, then dalf"l = aauu-jl ,
Js

with

Z Z / |V ()| v

i Jk#i d{uj>0}Nd{ug>0}N{v; >0}

left. The integral |, 3u;>0)"(v; >0) |Vuj(x)|v; appears twice in the second term and the fourth term with different signs,
so these terms cancel each other, too.
So we have
dE

E t=0

=

However, E(¢) is a convex function of ¢, so O is its minimal point. But from our choice of v we also have 1 is its
minimal point. Therefore we must have E (¢) = const., this implies u is the energy minimizer and u = v.

6.1. Verification of the convergence of the integration

Here we will show the uniform boundedness and the convergence of the various integrations appearing before.
We only consider the integration
|Vuilvi,
{u;=8}N{v; >0}

others can be treated similarly.
We know that the singular set of d{u; > 0} is of Hausdorff dimension n — 2, so its (n — 1)-dimensional Hausdorff
measure is 0. In particular, Ve > 0, there exist some balls B(xg, rx), such that



758 K. Wang, Z.T. Zhang / Ann. I. H. Poincaré — AN 27 (2010) 739-761

Sing(3{u; > 0})  |_J Bxe. ro).
with

Zr,i'_l <e.

k

Outside | B(x, rx), 0{u; > 0} is a regular smooth hypersurface where inf|Vu;| > 0, then it is easily seen that (noting
that the integrand are continuous up to d{u; > 0} outside | J B(x, r)), there exists a 8o > 0, such that for any § < §
(if the level surface {u; = §} is regular)

‘ / [Vui|vi(x) — / [Vuilvi(x)| <e. (6.22)
(i =8\ Bxk.r1)) 3 >0N\ (U BCxie.ri0)

On the other hand, in B(xg, rr), we have

0= Au,-

{uij>e}NB(xy,rr)

aui
= f |Vui (x)] + / 5

{ui=e}NB(xg,r) {u;>e}NaB(xk,rk)

where v is the unit outward normal vector of d B(xg, ri). We also have on {u; > ¢} N 0 B(xg, ry)

Bu,-

ov

Combing these two facts we get

< Vui| <C.

|Vu; (0| < crp ! (6.23)
{u;=0}NB (xk,ry)
Sum these to get
Z / |Vu; (x)| < Ce.
K {ui=8)NBxeari)

From H"~'(8{u; > 0} N £2") < 0o, we can select balls B(xx, r¢) small enough so that (here the integration, as usual,
is understood as on the regular part)

Z [ Vi (0)| < e.
k3 >00NB (k. r)

In view of the arbitrary choice of ¢, now it is clear that as § — O,

/ [Vuilvi (x) — / [Vu;lv; (x).

{u;=8}N{v; >0} 9{u; >0}N{v; >0}

Then the left-hand side is also uniformly bounded in §.
7. Uniqueness and asymptotics of the singular parabolic system

In this section we prove Theorem 1.7.
First, we prove the uniqueness of the solution. If there exist two solutions of (1.4), # and v, define the distance

du,v)(x,t):= Z ’ui(x, 1) —v;(x, t)‘.
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Because Vi, u; and v; are Lipschitz continuous with respect to the parabolic distance, d is Lipschitz too. Now we
claim that in {d > 0}

?
(A— 5)ar>o. (7.1)

We prove this case by case:

1. Where u; > 0 and v; > 0 with u; — v; > 0, we have
d=u; —v;,

so (A—2)d=0.
2. Where u; > 0 and v; > 0 with v; — u; > 0, we have

d=v; —ui,

so (A—)d=0.
3. Where u; > 0 and v; > 0 for some j # i, we have

d:vj—i-ui,

so (A—2)d=0.
4. Where u;(Xo) > 0 and v;(Xo) =0, V}, then in a neighborhood of X, we have

d:ui—vi+Zvj,

JF#

(A—%)d:(A—%)(—vi+Zvj> > 0.

5. Where v;(Xo) > 0 and u j(Xo) =0, Vj, then in a neighborhood of X¢, we have

d:vi—ui+Zuj,

SO

J#i
)
0 0
<A - 5>d = (A - 5) <—u,~ + Zu,) >0.
J#i
Take an € > 0, and define
d=ed,
then
a0\ ~
(A — —)d >0, (7.2)
at

strictly on the open set {d > 0}. Now from the boundary condition we have
d=d=0, ond,($2x(0,+00)).

By the maximum principle we get d =0, or in other words
u; =v;.

That is, the solution is unique.
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Next, let’s consider the singular limit of the following system (this was considered by Caffarelli and Lin in [4]):

3 .
g;’x — AV o = —KVj Zvjz-’,{, in £2 x (0, 400),
7 (7.3)
Vi =i, on 082 x (0, +00),
Vi = Pis on £2 x {0}.

This system is the decreasing gradient flow of the functional

/ SVl +x 3ot}

i#]
We claim that its singular limit v; as k — 400 satisfy the inequalities in (1.4). We know that the singular limit satisfy
ov;
S~ Avi==2 i (7.4)
JF#

where u;; are positive Radon measure supported on d{v; > 0} N d{v; > 0}. We just need to show

wij = wji, Yj#i.
This comes from the regularity theory of the free boundary, which shows that

pij = |V | H"! Logu, o) A -

But on d{v; > 0} N d{v; > 0}, we have
V| =|Vul, H" 'ae

Then our claim is proven.
From the above proof of the uniqueness, we know this singular limit v coincide with u, the solution of (1.4). But v
has an energy identity induced from (7.3):

d
—/§nwm /§
dt -
Q 1
Of course, this is also valid for u. Now it is easy to conclude that as t — 400, u converge to the unique stationary

solution. This is because, for any sequence t; — +o00, the translation u(#; + t) has a subsequence converges to a
solution w of (1.4) defined on (—o0, +00). However, from the energy decreasing property, we know

TS

au; | (1.5)

(7.6)

So
Bw,-
at

that is, w is a stationary solution of (1.4), or solution of (1.3). From Theorem 1.6, we know such w is unique, thus we
proved that for any sequence f; — +00

=0, a.e.

u(t;) = w,

with w the unique solution of (1.3).

Remark 7.1. The above method can be easily generalized to systems with the form
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B i < fitw, in 2 x (0, +00).
(% — A) <u,~ - Zu/) > fi(u) — ij(uj), in £2 x (0, +00),
Jj# i (7.7)
uiuj =0, in £2 x (0, 4+00),
Ui = ¢@j, on 52 x (0, +00),
u; = ¢j, on 2 x {0},

where f;(u;) are Lipschitz continuous function on R.
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