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Abstract

This works extends the recent study on the dielectric permittivity of crystals within the Hartree model [E. Cances, M. Lewin,
Arch. Ration. Mech. Anal. 197 (1) (2010) 139-177] to the time-dependent setting. In particular, we prove the existence and
uniqueness of the nonlinear Hartree dynamics (also called the random phase approximation in the physics literature), in a suitable
functional space allowing to describe a local defect embedded in a perfect crystal. We also give a rigorous mathematical definition of
the microscopic frequency-dependent polarization matrix, and derive the macroscopic Maxwell-Gauss equation for insulating and
semiconducting crystals, from a first order approximation of the nonlinear Hartree model, by means of homogenization arguments.
© 2012 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

1. Introduction

A material subjected to a time-dependent perturbation usually does not respond instantaneously. Consistently with
the causality principle, the linear response of the material can be expressed as the time convolution of some causal
response function with the applied perturbation. The response properties are therefore frequency-dependent in general.
This is the case for instance for the dielectric permittivity of the material, which allows to describe the linear response
of the electronic density in terms of an applied external electric field [1,23]. For molecules, a dipole moment is created,
while for solids a more global charge redistribution, with possibly screening effects, occurs.

For molecules, a convenient model to approximate the many-body quantum dynamics of the system is the time-
dependent Hartree—Fock model, whose well-posedness is studied in [4,7,8]. In the density matrix formulation of the
Hartree—Fock model considered in [7], the state of the system at time 7 is described by a density matrix

y® eS(L*(R%), 0<yn<1, ()

where S(L2(R3)) denotes the space of bounded self-adjoint operators on L?(R3), and where, for A and B in
S(L*(R?)), A < B means (¥, AY) ;2 < (¥, BY), 2 for all ¢ € L>(R?). To simplify the notation, we omit through-
out this article the spin variable. This does not modify the mathematical structure of the equations. The condition
0 < y(t) <1 is a translation of the Pauli exclusion principle in the language of one-body density matrices: two
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electrons cannot be at the same time in the same quantum state. The density matrix y (¢) is in fact trace-class since
there is a finite number of electrons in the system (recall that in non-relativistic quantum mechanics, the trace of y (¢)
is stationary, and equal to the number of electrons). Therefore, an electronic density o, () € Ll(R3) can be associated
with the operator y (t) [21]. We consider here the dynamics of the finite system within the time-dependent Hartree
(also called time-dependent reduced Hartree—Fock) approximation:

dy
i =y 7],

with
0 1
Hy = _EA + Vaue + Uc(py)v

where Vi is the potential generated by the nuclei, and

ve(p) = p * ﬁ
is the Coulomb potential generated by the charge density p. The time-dependent Hartree model is obtained from the
time-dependent Hartree—Fock model by discarding the exchange term. It can also be viewed as the simplest model
derived from time-dependent density functional theory (TDDFT, see for instance [15]), corresponding to the case
when exchange-correlation is neglected.
When an external perturbative potential v(#) is considered, the Hartree Hamiltonian reads

1
H;,] = _EA + Vaue +ve(py) + v,

and the dynamics is modified as

.dy v
IEZ[HV’V]' (2)

The well-posedness of such dynamics is studied in [2]. Recently, extensions of the time-dependent Hartree—Fock
models have been studied, in particular time-dependent multi-configuration models [3,14].

Crystals are infinite periodic assemblies of nuclei surrounded by their electronic clouds. The currently most popular
models to approximate the dynamics of their electronic structures rely on TDDFT, and read as self-consistent nonlinear
mean-field models. However, linear empirical models are sometimes used. In both linear empirical models and self-
consistent nonlinear mean-field models, the electronic state of the crystal at time ¢ is described by a one-body density
matrix y (¢) still satisfying (1). On the other hand, since there are infinitely many electrons in a crystal, y (¢) is not
trace-class.

In linear empirical models, the electrons in the crystal experience an effective potential and do not interact with each
other (except through the Pauli principle). In such models, a perfect crystal with periodic lattice R is characterized
by a periodic Schrédinger operator ngr =— % A + Vper where Ve is a given ‘R-periodic effective potential. Provided
Vper € leoc (RY), ngr defines a self-adjoint operator on L?(R?) with domain H?(R?), bounded from below, with well-
known mathematical properties. In particular, the spectrum of ngr is purely absolutely continuous and composed of
a countable number of (possibly overlapping) bands [22]. The ground state of the system is described by the one-body
density matrix

yfgsr = l(—co,er] (ng)er) )

where the real number ¢F, called the Fermi level, controls the number of electrons per unit cell. Here and in the sequel,
1 denotes the characteristic function of the Borel set B C R. Loosely speaking, the electrons fill the energy levels of
ng)er up to ¢f, and filling the N lowest energy bands amounts to putting N electrons per unit cell.

Now, if originally the system is not at equilibrium and/or if some external perturbation is applied, the state of the
system evolves in time. Still in the framework of linear empirical models, the dynamics is characterized by the unitary
propagator U, (¢, s) associated with the effective time-dependent Hamiltonian H (¢) = ngr +v(1):

y (@) =Uy(t, 0)y (O)Uy(,0)".
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Recall that a two-parameter family of unitary operators U (¢, s) (s, t € R) on L?(R?) is a unitary propagator provided
(see [17, Section X.12]) () V(r, s, 1) e R3, U, s U(s,r) = U(z,r): (i) U(t,t) = 1 (the identity operator); and (iii)
U (t, s) is jointly strongly continuous in ¢ and s.

Similar considerations hold for mean-field models, although the situation is more complicated since both the peri-
odic potential Ve and the perturbation v depend self-consistently on the state y . The time-evolution corresponding to
the Hartree model is known as the time-dependent self-consistent field equation, and is in fact equivalent under some
assumptions to the so-called random phase approximation; see the discussion in [12].

We focus in this work on the evolution of the electronic state in insulating (or semiconducting) crystals with local
defects. The precise functional setting allowing to describe local defects in insulating crystals is recalled in Section 2.2.
The equation governing the time evolution of the defect can be motivated by a formal thermodynamic limit based on
the evolution equation (2) for finite systems, writing y (t) = yl?er + Q(¢) in the thermodynamic limit, and using the
formal relation H)f () = H];?er +v(t) + ve(po())- This leads to the following nonlinear dynamics for a given external
time-dependent potential v(z):

00 _
dr

This paper is organized as follows. After recalling the structure of the time-independent Hartree model for perfect
crystals and for crystals with local defects in Section 2, we study in Section 3 the effective dynamics

dQU)_[
dr

where w(t) is a given effective potential. In particular, we prove that, if the initial condition Q(0) belongs to the
functional space Q introduced in [5] to describe the electronic structure of local defects (see Section 2.2), and under
some reasonable assumptions on the external perturbation w, the dynamics is well posed in Q for all times. We also
investigate the linear response corresponding to the effective dynamics (4), and show how the results obtained in [6]
for the static case can be recovered by an adiabatic limit.

In a second step (Section 4), we study the mathematical properties of the nonlinear dynamics (3). In Section 4.1,
we prove the global-in-time existence and uniqueness for (3) in the space Q, for initial data in Q (corresponding to
local defects). We also provide in Section 4.2 a mathematical derivation of the Adler—Wiser formula [1,23] relating the
macroscopic frequency-dependent relative permittivity tensor to the microscopic structure of the crystal at the atomic
level. This derivation is based on a linearized version of the nonlinear dynamics (3). Note that a formal derivation of
the expression of the macroscopic frequency-dependent relative permittivity tensor for a general TDDFT dynamics is
presented in [11].

The proofs of the results presented in Sections 3 and 4 are gathered in Section 5.

i

HY + ve(po(0) + v(0), 7 + Q0)]. 3

i

Hy A+ w(t), v + Q)] )

2. The time-independent Hartree model for crystals

In this section, we briefly recall the main properties of the time-independent Hartree model for perfect crystals and
crystals with a localized defect (see [5,6] for a detailed analysis). We consider the bulk limit where the nuclear charge
of the perfect crystal is described by a R-periodic distribution pger’, R denoting a periodic lattice of R3. In the sequel,
we assume that pper” is a locally bounded measure.

2.1. Perfect crystals

The density matrix ylg)er of a perfect crystal obtained in the bulk limit is unique [5]. It is the unique solution to the
self-consistent equation

1
0 0 0
Yper = 1(—00,8F](Hper)’ Hper = _EA + Vpers

where Ve, is a R-periodic function satisfying

nuc

—AVper = 4w (,oger — Pper ) with pger(x) = y}?er(x, x),
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and where ¢g € R is the Fermi level. The potential Ve, is defined up to an additive constant; if Vi, is replaced with

Vper + C, €F has to be replaced with ¢g + C, in such a way that V;?er remains unchanged. The function V) being
in Lzer(R3) it defines a A-bounded operator on L2(R?) with relative bound zero (see [18, Theorem XIIL1.96]) and
therefore Hper is self-adjoint on L?(R3) with domain H*(R?). In addition, the spectrum of H
continuous, composed of bands as stated in [22, Theorems 1-2] and [18, Theorem XIII.100].

More precisely, denoting by R* the reciprocal lattice, by I" the unit cell, and by I"* the first Brillouin zone, it holds

(H;?er) = U {Sn,q}’

nzl,qelr*

per is purely absolutely

where for all g € I'*, (€4,4)n>>1 is the non-decreasing sequence formed by the eigenvalues (counted with their multi-
plicities) of the operator

HO ———IA— V—i—' |2+‘/
( per) 2 1 2 per
acting on

(') := {u € L}, (R?) | u R-periodic},

per

endowed with the inner product
(u, U>L%er = /uv.
r

We denote by (u,,4)n>1 an orthonormal basis of Lger(l“) consisting of eigenfunctions of (ngr)q. The spectral de-
composition of (ngr)q thus reads

per Zgn q|”nq Un ql 5)
Recall that, according to the Bloch-Floquet theory [18], any function f € L?(R3) can be decomposed as

fx)= ][ fa()el9* dq,

where fr* is a notation for | I"*|~! /, + and where the functions f, are defined by

(271.)3/2

Jfq(x) = Z F(x + R)e 0+ R — =

ReR

Throughout this paper, we use the unitary spatial Fourier transform

> Flg+ k). ©6)

KeR*

Pt =T = 0" [ feoear. @

It can be shown that, for almost all ¢ € R3, fq € Lger(F ). Moreover, f,1x(x) = fg4 (x)e KX for all K € R* and
almost all ¢ € R3. Lastly,

2 _ 2
||f||L2(R3) - ][ ”fq ”LIZ)er(F) dq
1"*

If the crystal possesses N electrons per unit cell, the Fermi level ¢f is chosen to ensure the overall neutrality of the
unit cell:

D Maer eng <erll. )

*
|F n>1
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In the remainder of the paper, we assume that the system is an insulator (or a semiconductor) in the sense that the Nth
band is strictly below the (N + 1)st band:

+ . : ——
DI .—;relzligi EN,g < qnel}p* EN+1,q = EN+1'

In this case, one can choose for g any number in the range (Z‘;;, 2’y 41)- For simplicity we set in the following

+ —_
2yt 2N
FETT

and denote by

g=2&+1—2;>0 )

the band gap.
2.2. Crystals with local defects

Before turning to the model for the crystal with a local defect which was introduced in [5], let us recall that a
bounded linear operator Q on L2(R?) is said to be trace-class [18,21] if > i v/ O*0¢i) 2 < oo for some or-
thonormal basis (¢;) of L2(R?). Then Tr(Q) = > i{0i, Qi) ;2 is well defined and does not depend on the chosen
basis. If Q is not trace-class, it may happen that the series D, (¢;, Q¢;) > converges for one specific basis but not for
another one. This is the case for the operators Q, ¢ introduced in (15) (see the results of [6]).

A compact self-adjoint operator Q = )", A;|¢;) (¢i] € S(L%(R3)), with (¢;, @) 2 = 8;j, is trace-class when its
eigenvalues are summable: ) . |A;] < co. Then the density

+00
po) = ildi (0]

i=1

is a function of L' (R3) independent of the chosen orthonormal basis (¢;) and

+00
TH(Q) =) hi= /pQ.
i=1 R3

A Hilbert—Schmidt operator Q is a bounded operator such that O* Q is trace-class.
We also need to introduce the Coulomb space

C={fes"(R)|feLie(®) I-I"'FO e L2(R)},

where .’ denotes the space of tempered distributions, the dual of the Schwartz space .. Endowed with the scalar
product defined by

Fi) fak) .,

D(f1, f2) :=4x T

]R3
C is a Hilbert space. Recall that L3 (R?) < C and that, for f; and f> in L% (R?),

1) f2(y) dxdy.
lx — ¥l

k,

D(fl’fZ):/ (10)
R3 R3
Considering L>(R?) as a pivot space, the dual space of C is
C':={veLSR?) | VV e (L} (RY)’],

endowed with the inner product

1 1 —
(Vi, Va)er :=—/VV1 -VV2=—/|k|2V1(k)V2(k)dk.
4 4
R3 R3
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We now describe the results of [5] dealing with crystals with local defects. The appropriate functional space to
describe local defects is the convex set

K={0eQ|-yr<0<1-yL] (11)
with
0={0€&,|0"=0. 0 €6, 0" €6, |VIQe&,, [VIQT|V|e&,, [VIQTHV|e &}, (12)

where &1 and &5 denote respectively the spaces of trace-class and Hilbert—Schmidt operators on L2(R3) and

0 = V[?erQVI%r’ Q_+ = yl?erQ(l - Vl;?er)’
0" = (1= v Qe Q7= (1= ) O(1 = 0.
Endowed with the norm defined by
”Q”Q _ ||(1 _ A)1/2QH62 + ||(l _ A)1/2Q77(1 . A)1/2||61 + ||(l _ A)1/2Q++(1 _ A)1/2||61’ (13)

Q is a Banach space. Although a generic operator Q € Q is not trace-class, it is shown in [5] that it can be associated
a generalized trace Tro(Q) = Tr(QF) + Tr(Q ™) and a density po € L*(R3) N C. In addition, the mapping Q >
Qr pg € L?(R3) N C is continuous (see [5, Proposition 1]) and there exists C, > 0 such that

logllene < CollQllg, (14)

for any Q € Q. Note that if Q € K N &, then of course Tro(Q) = Tr(Q), pp € L' (R?) and Tr(Q) = [s po-
It is proved in [5] by means of bulk limit arguments that, for insulating and semiconducting materials, the ground
state density matrix of a crystal containing a local defect, with nuclear charge density phee + v, reads

per
Y =Voer + Quier- (15)
The operator Q, . is obtained by minimizing over K the energy functional
_ 1
Eyer(Q) = Tro(HY,0) —/,OQ(U*l 17"+ 3D(0g. p0). (16)
R3

where Tro(ngr Q) is a notation for

Tro(Hper @) = Tr(| Hyee — 6| /(@7 = 077) [ Hyte — e[ '/%) + er Tro(Q). (17)

The energy functional E, . is well defined on K for all v such that (v * | - |_1) € L?(R3) + C'. The first term of
E, ¢ makes sense as it holds

(1= A) < |Hy

cr

—¢ep| <21 —A) (18)

for some constants 0 < ¢1 < ¢z < 0o (see [5, Lemma 1]). The last two terms of E, .. are also well defined since
pQ € L2(R3) NC forall Q €K.

3. Response to a time-dependent effective potential

In this section, we study the evolution of the electronic state of the system when the mean-field Hamiltonian ngr

of the perfect crystal is perturbed by a time-dependent effective potential v(z, x), so that the system is described by
the time-dependent Hamiltonian

1
Hy(6) = Hyee + 0(8,) = =5 A+ Vper + 01, ).

Under the additional assumption

veCH(R, L¥(RY)), (19)
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we can apply Theorem X.71 in [17] and obtain the existence of a unitary propagator (U, (%, 1)) (z,r)eRxR On L?(R3)

such that for each ¥ € H?(R?), and each tg € R, t > ¢, (t) := U, (t, o) is in C1(R, L2(R?)) N CO(R, H?R?Y)),

and satisfies
Ay (1)
=0 = Hi (@), dyto) =

1 0 . . . . . . .
itHer the unitary propagator associated with the time-independent Hamiltonian ngr,

Besides, denoting by Up(t) =e™
(Uy(t, 1)) (19,1)eRxR 1s the unique unitary propagator satisfying the Dyson equation

t
Y(tg,t) e R x R, Uy(t,tg) = Up(t — t9) —i/Uo(t —s)v(s)Uy(s, tg) ds. 20)
fo

Under the weaker assumption that
v € Lige(R, L (RY)), 1)

it can be proved (see Lemma 15 in Section 5.1) that there exists a unique unitary propagator solution to (20). By
extension, we will call (Uy(%, 1)) «,,neRxRr the unitary operator associated with the time-dependent Hamiltonian
H,(1).

Denoting by y the density matrix at time ¢ = 0, we consider the dynamics of the electronic state defined by the
evolution equation

y (1) = Uy(t,0)y°U, (1, 0)*. (22)

Note that the conditions ¥° € S(L*(R?)) and 0 < ¥ < 1 are automatically propagated forward in time by (22). In
addition, if (1 — A)yo(l — A) is a bounded operator, and if v satisfies (19), then (1 — A)y (¢)(1 — A) is a bounded
operator for each # € R, and y (¢) is the unique solution in C'(R, S(L?(R?))) to the differential equation

d
id—i(n:[Hv(t),y(t)], Y (©0) = y°.

Considering v(f) as a perturbation of the time-independent Hamiltonian H, Oer, it is natural, as in the time-

independent setting described in Section 2.2 (see in particular the definition (15)), to introduce
Q) =y (1) = Y.
Using (20), (22), and the fact that V;?er is a steady state of the system in the absence of perturbation (Uy (t)yger Up(t)* =
y}?er)’ a simple calculation shows that Q(#) satisfies the integral equation
t
VieRy, Q@) =Us(1)Q°Uo(1)* —i / Uo(t = $)[0(5). % + Q)] Uo(t — 5)* ds. (23)
0

where Q0 = % — ypoer. It is easy to see that under the assumption (21) on the effective potential v, the above integral
equation has a unique solution in C 0(R+, S(L2(R?))).

3.1. Well-posedness of the effective dynamics in Q

We now focus on the interesting and important case when v(¢) is the effective potential generated by a local defect,
that is when

v(®) =ve(p@®) i=p@) * |- 7", (24)

with p € L} (R, L>(R*) NC). The mapping v, is an invertible bounded linear operator from C to C’, and, according to

Lemma 16 below, it also defines a bounded operator from L?(R*) NC to L (R?). Hence, if p € L} (R, L2 R¥)NC),
the potential v defined by (24) satisfies (21). The following proposition shows that, in this case, (23) can be considered

not only as an integral equation on S(L?(R?)), but also as an integral equation on the functional space Q.
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Proposition 1. Consider 0° € Q, p € LI (R4, L>(R®) N C) and v the effective potential given by (24). Then, the

loc

integral equation (23) has a unique solution in CO(R+, Q), and for all t e Ry, Tro(Q(t)) = Tro(QO). In addition, if
Q° € K, then Q(t) € K forall t e R,.

The proof of Proposition 1 is based on the following three lemmas.

Lemma 2. Let Q € Q. Then, forallt € R, Uy(t) QUo(t)* € O, Tro(Uo(t) QUo(t)*) = Tro(Q), and there exists a real
constant 8 > 1 (independent of Q and t) such that

1
B

Lemma 3. Let 0 € L>*(R3) NC and Q € Q. Then, i[v.(0), Q] € Q, Tro(i[ve(0), Q1) = 0, and there exists a constant
Ceom,0 € Ry (independent of o and Q) such that

[i[e(@). 0][ o < Coom.allell2ncll Cllo- (20

1010 < [Uo()QUo()*|| o < BlIQlIg- (25)

Lemma 4. Let v € C'. Then, i[v, Vp?er] € Q, Tro(i[v, V;?er]) =0, and there exists a constant Ceom € R4 (independent
of v) such that

||i[v, y}?er] ” o) < Ceomllvlier

The results contained in Lemma 4 are established in the proof of [5, Lemma 5], while the proofs of Lemmas 2
and 3 can be read in Section 5.3.

Proof of Proposition 1. As v :=v.(p) € L' (R, L>®(R?)), we infer from Lemmas 2, 3 and 4 that the affine mapping

0 —i / U = )[ve(0(9)). 1% + Q)] Vo (- — 5)* ds
0

is continuous from CO(R+, Q) into itself. The existence and uniqueness of the solution to (23) in CO(R+, Q) can then

be proved by standard techniques (see for instance [16]). The preservation of Tro(Q(¢)) also straightforwardly follows

from Lemmas 2, 3 and 4. Finally, the fact that —yger <o <1- V;?er whenever —y;,)er <0%<1— V;?er can be read

off from (22). O
3.2. Dyson expansion

The Dyson expansion consists in writing (formally for the moment) the solution Q (¢) of (23) as the series expansion

+00

0(1) = Uo) Q°Uo()* + Y Qo o), 27)

n=1
where the operators O ,(¢) are obtained by inserting (27) into (23) and equating the terms involving n occurrences
of the potential v. In particular, the linear response is given by

t
Q1.4(1) = —i / Uo(t = )[v(5), vper + Uo(s) Q°Uo ()| Uo & — 5)* ds, (28)
0
and the following recursion relation holds true:
t
Vnz2, Q)= —i/Uo(t —$)[v(s), Qn—1.0()]Uo(t — 5)* ds. (29)
0

The main result of this section is the following proposition, whose proof can be read in Section 5.4.
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Proposition 5. Let p € L] (R, L>(R*) NC) and v(t) := v.(p(t)). For each n > 1, the function Q,., defined by (28)

loc
forn=1andby (29) forn >2isin CO(R+, Q), and, for any n > 1, Tro(Q,.»(¢)) =0 for all t € Ry. Moreover, there
exists a constant C > 0 such that

t n
1 0
vi>1, VieRy,  [|Quo(]g Sﬂ%(C/IIp(s)HmCds) : (30)
0

and the right-hand side of (27) converges in Q, uniformly on any compact subset of Ry, to the unique solution to
(23)-(24) in C°'(Ry, Q).

It is possible, and convenient for some calculations, to reformulate the dynamics (23) in the so-called interaction
picture (the reference time being fixed to 7y = 0), introducing the operators

Uint(t) = Up(t)*Uy(t,0) and  vine(t) = Up(t) v (t)Up(1). €29
The Dyson expansion of the evolution operator Uiy (¢) then reads, in terms of the potential in the interaction picture,

as

t

Uine(t) =1— i/vint(S)Uint(S) ds

In—1

0
+oo !

=1+Z(—i)”//.../vim(tl)vim(tz)...vim(t,,)dt,,...dtl. (32)
n=1 0 0 0

Note that, in the last integral, the times are increasing from the right to the left (¢, < #,—1 < --- < f1), and the operators
(vint(#j))1<j<n do not commute. We can also rewrite the recursion (28)—(29) in a form reminiscent of the Baker—
Campbell-Hausdorff formula: for any n > 1, it holds

Onv(1) =(_i)nU0(t)< / [vint(tl)’ [Uint(tZ)a cees [vint(tn)a y}?er"' QO]-n]]dtl dtn>U0(t)*~

0t << <t
3.3. Linear response and definition of the polarization

The aim of this section is to motivate, using rigorous mathematical arguments, the formula (44) for the polarization
matrix usually encountered in the physics literature, known as the Adler—Wiser formula [1,23] (up to a factor 2
accounting for the spin, see (2.8) in [1]). These expressions are established for a modified linear response involving
some damping. Proposition 8 gives a mathematical meaning to the polarization formula when the damping vanishes.
We therefore focus on the linear response term, which is the operator Q1 ,(f) given by (28):

t
Q1.0(t) = —i / Uo(t — $)[0(), Vger + Uo()Q°Un(s)*|Uo(t — s)* ds.
0
We choose Q° = 0. When the external perturbation v(¢) is compactly supported in time in some interval [—1g, 1], we
can view the perturbation process as a dynamics starting in the distant past from an equilibrium state described by

Q(t) =0 up to time t = —1y, and perturbed only for times # > —fy. Upon changing the reference time from 0 to —#,
the following integral equation is then obtained:

t
. 0
VieR, Q1.,(t)=—i / Up(t —s)[v(s),yper]Uo(t—s)*ds. (33)
—00
The interest of this formulation (compared to the original formulation (28)) is that it can be interpreted as some time
convolution, which can then be rewritten in a simpler manner using Fourier transforms in time. Using Lemmas 2
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and 4, and the density of C2°(R,C’) in L'(R, ("), it is easily seen that v > Q1 , defines a linear mapping from
L'(R,C) to Cg (R, Q), where Cg (R, Q) denotes the space of the continuous bounded Q-valued functions on R. It is
then possible, by density, to consider external perturbations v € L'(R, C’), and not only perturbations with compact
supports in time. Alternatively, for a given perturbation v(¢) defined only for positive times, the linear response can
be written as (33) upon considering v(¢) = V(¢) if # > 0, and 0 otherwise.

Since Q1,,(t) € Q for all ¢ € R, it is possible, in view of [5, Proposition 1], to associate a density pg, ,(f) €
L?(R3) N C to this operator. This defines a bounded linear mapping

xo:L'(R,C') — CP(R, L*(R*) nC)
[V POy

In fact, it is more convenient to work with the mapping & = vcl/ 2 Xovg/ % As vg/ % is an invertible bounded linear
operator from L2(R3) onto C’, and from C onto L?(R?), and as L?>(R3) N C’ = H'(R?), & is a continuous linear
operator from L' (R, L2(R?)) to C)(R, H'(R3)):

& L'(R. L2(R%)) — CO(R, H'(R?))

frv g, i ). (34)

()
In order to state our results, we need to introduce additional Fourier transforms, taking the time variable into

account. The partial Fourier transform with respect to the time variable, denoted by F; f, has the following normal-

. . 1 .

ization':

+00
[F f1(w, x) = / ft x)e dt. (39)
—00
The space—time Fourier transform J; , based on F; and on the spatial Fourier transform F, defined in (7) is then
(Frx )@, k) = (F Fx )@, k) = 2m) /> / ft e E e drdx. (36)
RxR3

3.3.1. Damped linear response
In order to study the properties of the linear response, it is convenient to first focus on the damped linear response
defined, for n > 0, as

t
Q] (1) =—i / Uo(t — $)[v(s), y;)er] Uo(t — s)*e 109 gs. (37)
—00
We denote the associated damped linear response operator
& LY (R, L*(RY)) — CP(R, H'(R?)) N L' (R, H'(R?))
fevpog ). (38)
L2

As shown below (see Proposition 8), the operator &7 indeed is an approximation of the operator &. The interest of
the operator &7 is that it has better regularity properties than the plain linear response &.

For a given 1 > 0, we consider a simple closed contour %, in the complex plane, symmetric with respect to the real
axis, enclosing o (ngr) N (—o0, eg], containing no element of R £ in (see Fig. 1), and such that

dist(%y, o (HY) N (—o0, s5]) > g dist(%,. R +in) > g (39)

! Note that, as usual in the physics literature, there is no minus sign in the phase factor in the definition of the Fourier transform with respect to
the time variable.
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R+in

—+in

%,

Fig. 1. Integration contour %7 used in Proposition 6.

We can then prove the following result.

Proposition 6. The operator &" is bounded on L*(R, L>(R?)) and, for fi, f» € L*(R, L*(R?)),

(f2. 6" f1) 1202 = [ (Fifo@), (@) F fi(@)) 2 g3, do, (40)
(L% (R>)
R
where, for hyi, hy € L*(R3),
1 (Vpe) Volr
(h1, EM(@)h2) > g3, = ;Im(ygTrLz(w [ —H pj+w+ ) 1/2( h2) _pHI())er ]/2(}11)] dZ) (41)

n

In addition, there exists a constant C € Ry such that

||gn”B(L2(R,L2(R3))) S“P||5 (‘“)||B(L2(R3))

SNl a

The proof of this result can be read in Section 5.5. The operator appearing in the trace on the right-hand side of (41)
is indeed trace-class since

(y[?er)l 1/2 Vper 1/2
Ty [ (ho)—5 2y )}
LED ( per+w+1) _H;?er
=Tt 253 [ (y"“)L [v 0 2(hy), y ] e [ 1/2(/41)]} (42)
- L~(R- ) 5
( —(H per +o+in) Yper H]g)er Yper
and [vl/ z(h), yger] € &, when h € L2(R?) by Lemma 4. In addition, in view of the conditions (39) on the contour %),

(Vper) ™ Voer . . . . _1
Y, ot and THD are bounded uniformly in z and w, with a bound proportional to n~" for both

of them. The rlght -hand side of (40) is therefore well defined for f1, f> € L2(R, L3(R?)).

Since the linear response commutes with time translations, it is not surprising that the operator & is diagonal in
the frequency domain (in the sense of (40)). Moreover, the operators & (w) commute with spatial translations of the
lattice. They are hence decomposed by the Bloch transform associated with the lattice R. The action of &”(w) on
the fiber associated with the Bloch vector ¢ € I'* is denoted by & (w, ¢). Introducing the Fourier basis (ex) g e+ of
(I"), where ek (x) = |I"|~'/2elK* | the Bloch matrices of the operator & (w) are defined as

the operators —

per
& x(@,q) = ek, &M (o, q)eK/>L;2)er’
and it holds
VK eR*, Fi.(6"f)(w,q+K)= Z Ef e, OFxf(o,q+K'), foraa. (w,q)eRxI* (43)
K'eR*
As stated in the proposition below, the Bloch matrices of the operators & can be written in terms of the Bloch

decomposition of the mean-field Hamiltonian Hé)er. The corresponding expressions are known in physics under the
name of Adler—Wiser formula [1,23].
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Proposition 7. For each n > 0, the Bloch matrices of the damped linear response operator &" are given by

1r+(q) lg + K'|
& (W, q) = T (0, q), 44
x.x (@) Tl a1 K| KK (w,9) (44)

where the continuous functions le xR x R3 — C defined by

iK -x iK'-x
Ungta )13, (Ung+q's €7 “lhm g )12, A 45)

“+o00 <Mm,q’ve_
T[?’K/(a), q) = Z (111<N<m - 1m<N<n)][

& = Emg ——1
n,m=1 I n,q+q m,q n

are uniformly bounded.

The proof of Proposition 7 can be read in Section 5.6. The above expressions make sense since it is proven in
Lemma 19 that the sums over m, n which enter in the definition of éolz - are convergent. This is due to the fact that

for all n > 0, (i) &,,4 grows as n?/3 when n goes to infinity, uniformly in ¢ € I'* (see (78)); and (ii) for a given
K € R*, there exists a constant C > 0 such that, forall 1 <n < N,m > N + 1, and q, g’ € I'* (see (80)),

|(um’q/, e_iK'xun’quq/)LgeJ < C(l + |K|2)m_2/3.
For later purposes, it is useful to notice that for all f € .#(R x R?),

Fix(&f)= Y wk(tx(FixHE ) (46)
K,K'eR*

where ¢ f(w, q) = f(w, g — K) is the momentum space translation of vector K. As will be shown below (see Propo-
sition 8), this representation is well suited to the limiting procedure n — 0. Note that €Ig ¢ belongs to L (R x R3)
and hence defines a tempered distribution on R x R3. Therefore, t_g (Fixf )éalg x 1s a tempered distribution when

f €. 7R x R3). The fact that the series on the right-hand side of (46) converges to Fi.x(&Tf) in the sense of the
tempered distributions is proved in Lemma 23.
The expression (46) is a result of the following computations. Since the é‘}? xS are C-valued functions on R x R3

with supports in R x I'* and uniform bounds in L>° (R x R3) (for fixed n > 0), we obtain that, for all f € (R x R3)
and all p € .Z(R x R?),

(Fon(E7 1) 0) 0 = / Fo (6" ) @, Do, k) dodk
RxR3

=/ > /fz,x(é””f)(waq+K)so(w,q+1<)dqdw

R KER*I"*

_ / Y Y 6 . Ff(0.0+ K)o, g+ K)dgdo

R KER*F* K'eR*

= Yy Ep Tk Fra )Tk

K’K,GR*RXR3

= ) [tk FahE g 1-k0) 0 5
K,K'eR*

= < Z (k' (Fix ER k1) 90>

K,K’ER* Esﬁ/,:y
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3.3.2. Bloch matrices of the linear response
In order to characterize the Bloch-frequency decomposition of the operator & defined by (34), we investigate in
this section the limit of the damped linear response when 5 |, 0, by passing to the limit in (46).

Proposition 8. The operators &" converge to & in the following sense: for any f € L'(R, L*(R%)),
VT R, 11%5'7 =&f inL®((—o0, T1, H'(RY)).
n

In addition, for each (K, K") € R* x R*, the Bloch matrix @@IZ’K, converges in . (R x R3), when n — 0, to a limiting
distribution denoted by &y k. Finally, for each f € /(R x R3), the following equality holds in ' (R x R3):

Fir&fy= Y k(g (Fixf)Ek.x)- (47)
K,K'eR*

The proof can be read in Section 5.7. This result shows that the matrix (6 k') g’ can be interpreted as the Bloch
matrix of the operator &. An expression of {6k k', ¢).or, o is provided in the proof of Lemma 22.

A careful inspection of the proof shows that (47) can be given a meaning for functions f which are not in
(R x R?), but are nevertheless regular in space and decaying in time, see Remark 24.

Remark 9. The tempered distribution &k g, defined in Proposition 8 as the limit of &’ IZ x+ When 7 goes to zero, can
be written more explicitly when the pulsation w is not too large, namely when its absolute value is smaller than the
band gap g defined by (9). Indeed, when |w| < g, itholds |&, 444 — &, — @] > g — |w| > 0forall ¢,q" and all n, m
satisfying 1 <n <N <mor 1 <m < N <n, so that for all K, K’ € R* and almost all (w,q) € R x I':

1r+(q) |61+K|
Il g + K|

Ex k' (@, q9) = T x/(@,9), (48)

where the bounded continuous functions Tlg xRx R? — C are defined by

per perd / (49)
Eng+q —Emq — @

“+o00
T x(@.q) = Z ngn<m — bngn<n)

—iK-x iK' -x
f (um,q’a e u, q+q’ Y2 {un .q+q’ et Muy, .q N2
n,m=1 *

Let us also notice that

K 1 ( ) - (yo )%
Tal lg + /| 51{,1(’(60 q) = r+ (Q) TrL [%][ _iK-x yper q+q’ olK'x Per dc]/dZi|
lg + K'| per — W)g+q’ — (H, per

G I

0
i 11"*(6]) [%][ _iKx (yper)q+q eiK/-x ()/per)q, dq/dz]’

2i er)q+q ( per + a))q/

(50)

where %, is a contour enclosing (o (H[())er) N (—00, ¢r]) £ w and containing no element of o (ngr) N[eg, +00) (see (83)
below and Fig. 2).

3.3.3. Adiabatic limit
The linear response of the electronic density for time-independent perturbations was studied in [6]. The aim of this
section is to recover the static polarization operator from the time-dependent one in some adiabatic limit.
The static linear response operator is defined as &°t@tic .= y!/2 xguate vl/2, where xgue

polarizability operator introduced in [6, Proposition 1]:
gstatic . 72 (R3) N LZ(R3)

h— UC/ (,0 static ), (51)
w2

is the time-independent
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w
. o
3 g !

Fig. 2. Integration contour %, used in formula (50).

with (for V € ')

. 1
static __ 0
Q1Y =5 Pl Ho

6o

)"V HY)  dz,

where %) is a simple closed contour in the complex plane enclosing U(H;g)er) N (—o00, ¢r] and containing no element
of (T(H[())er) N [eg, +00). We deduce from (48)—(49) and the results in [6] that

V(K. K') eR* x R*, &¢(q) =6k x/(0,q) foraa qel™.

The time-independent polarizability operator is therefore the zero-frequency limit of the dynamical response.
This consideration leads us to study the adiabatic limit of the linear response. To this end, we consider the following
time evolution for some parameter « > 0 small enough:

t/o

~,iv(t) =—i / U0<£ — s) [U(as), V;g)er]U()(é - S> ds.

In the above dynamics, the evolution of the time-dependent potential v is slowed down, and the effect of the perturba-
tion is considered on longer times (for ¢ > 0) in order to obtain a non-trivial result (note that é‘fv ) = O1,v() /),
where Q) , is defined in (33)). Equivalently, this procedure may be seen as accelerating the free evolution generated
by ngr and appropriately rescaling the result. Indeed, a change of variables shows that

t
é?,v(f)=—$ / Uo<%)[v(s),yger]Uo<%) ds.

For any @ > 0, we introduce the rescaled linear response operator
&% LR, L} (R%)) — CO(R, H' (RY))

12,
[ (pge y ). (52)

L2
Proposition 10. For any function f € /(R x R3),

11%57“10 =& ins (RxRY),

where for all t € R, (&0 £)(t) = ESC(£(1)).
This result is proved in Section 5.8. It means that, in the adiabatic limit, the linear response at time ¢ only depends

on v(#). There is no memory effect. Moreover, the linear response at time 7 is given by the time-independent (or static)
polarization operator &% studied in [6, Proposition 4].
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4. Nonlinear Hartree dynamics

We now focus on the nonlinear Hartree dynamics defined by

t

VieRy, Q@) =Uo)Q°Uo()* —i / Uo(t — $)[ve(pos) — v(5)). Ve + Q)| Uo(t — 5)* dis, (53)
0
for an initial condition Q° € K, and for a nuclear charge distribution of defects v(f) L*(R3) N C for all 7. Re-
call that the solutions of (53) are the mild solutions of the von Neumann equation (3) with v(¢) = —v.(v(¢)), since
[ng)er’ V}?er] =0.

4.1. Well-posedness of the dynamics

The main result of this section is the following.

Theorem 11. Let v € Llloc(]&_, LZR3*) N WIL’CI (R, C). Then, for any Q° € K, the time-dependent Hartree equa-

tion (53) has a unique solution in CO(R+, Q). Moreover, for all t >0, Q(t) € K and Tro(Q(t)) = Tro(QO). Finally,
if V[?er + QY is an orthogonal projector, then yp?er + Q(t) is also an orthogonal projector for all t > 0.

The proof of local existence and uniqueness (see Section 5.9.1) is classical and is based upon a Banach fixed point
argument in a well-chosen ball of Q. Once local-in-time existence and uniqueness is ensured, it is possible to extend
the well-posedness of the dynamics to all times by proving that the Q-norm of Q(¢) does not blow up in finite time
(see Section 5.9.2). This can be performed by controlling the growth of || Q(#)||g by means of the energy functional
E: Ry x Q — R defined by

1
E(t, Q) = Ever(Q) =Tro(Hpe @) = D(po, V(1) + 5 D(pg, po), (54)

where Tro(ngrQ) are defined respectively in (16) and (17).
Under appropriate regularity assumptions on Q° and v, the unique solution of (53) is a classical solution of (3)
with v(t) = —vc(v(2)). Let us detail this point. The evolution problem (53) can be formally written as
do()
dt

=AQW+F(t,0(), Q0= (55)

where

F(t,0) = —i[ve(pg — v(1)), ye: + Q).

and where A is the generator of the strongly continuous group (G (¢));cr on B(Q), the space of the bounded linear
operators on Q, defined as

G1)Q=UoUn*.

In fact (see [10, Section XVIL.B.5.1)),
D(A)={0eQ] QD(ngr) C D(H;?er)’ —i(ngrQ - QH;())er) is a linear operator on L> (]RS),
with domain D(Hy,,). which can be extended to a bounded operator on L*(R?),

and this extension, denoted by Q 4, belongs to Q},

and AQ = Q4. In particular, the operators Q € Q such that (1 — A)Q(1 — A) € Q are in D(A) (recall that the set of
those operators is dense in Q, see [5, Lemma 2]), and AQ = —i[ngr, Q] in this case. We can then state the following.

Proposition 12. Ler v € C' (R, L2(R?) N C). Then, for any Q° € D(A), the unique solution to the time-dependent
Hartree equation (53) in CO(R+, Q)isin CO(R+, D(A) NCY (R, Q), and is a classical solution to (55).
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Proof. The result follows directly from Theorem 6.1.5 of [16], since F : R, x Q — Qis C!. Indeed, this mapping
is differentiable and its derivative

dF(t, Q) - (s, R) =is[vc(v' (1)), yoer + @] — i[ve(pg — v(1)). R] —i[ve(pR). Yper + O]
defines a bounded linear operator on R, x Q. Moreover, in view of Lemma 3, the mapping (¢, Q) +— dF (¢, Q) is
continuous whenever v € C'(Ry, L2(R*) NC). O

4.2. Macroscopic dielectric permittivity

We start with formal computations, which, to be justified, would require estimates on the long time behavior of
Q(t). Unfortunately, we do not have such estimates, see the discussion after Proposition 13. For the same reasons as
the ones presented before (33), we choose 0°=01in (53) and change the reference time from O to 7o, letting then 7o
go to —oo, formally obtaining

t

Q) =—i / Uo(t = $)[ve(po(s) = v(5)), Ver + Q()]Uo(t — )* ds. (56)

The above integral equation can be rewritten as

(1) = O1,ue(pg—n)(®) + 02,1 (09— (1), (57)

where the linear operator Q1 , is defined in (28), and where the remainder éz,vc(pQ_,,) (t) collects the higher order
terms. Eq. (57) can be reformulated in terms of electronic densities as

po (1) =L — po)](@) +r2(2),

where £ = —xovc and r(t) = PG, relng-n (1) or equivalently as

[+ L) = pe)]0) =v(t) —r2(1). (58)

This motivates the following result (proved in Section 5.10).

Proposition 13 (Properties of the operator L). For any 0 < §2 < g (the band gap of the host crystal), the operator L
is a non-negative bounded self-adjoint operator on the Hilbert space

Ha ={0 € L*(R,C) | supp(F;.x0) C [, 2] x R},

endowed with the scalar product

(02, 01)12¢) = / (02(t, ), 01(1, ) dt = 47://7”@2(“’ K Frx1@ K)o

|k|?
—Q2R3

Hence, 1 + L, considered as an operator on ¢, is invertible.

This result cannot be used as such to study (58) since, even when v belongs to ¢ (0 < §2 < g), the nonlinear
response rp generally involves frequencies with absolute values larger than §2. This can be seen from the relation (29).
For instance, Q> , is a convolution between the time evolution Uy of the perfect crystal, and products such as vQ1 .
Since the time Fourier transform of each of the element of the latter product has support in (—£2, £2), the time Fourier
transform of their product has support in (—2£2,252).

In order to rigorously obtain the macroscopic dielectric permittivity from (58), some spatial rescaling should be
performed. In the time-independent case dealt with in [6], the equivalent of the nonlinear term r, turns out to become
negligible under this spatial rescaling. In order to prove that the same phenomenon occurs in the time-dependent
case, we would need estimates on the time growth of the nonlinear term r;(#). Controlling this term is probably
difficult since very few is known about the long time limit of dynamics such as (56). Typical tools to this end are
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Strichartz-like estimates, which allow to establish appropriate decays in time and prove scattering results (see for
instance [19, Section XI.13]). Such inequalities are easy to prove for the operator —A on L?(R?). To our knowledge,
the only known dispersion inequality for periodic Schrodinger operators is restricted to the one-dimensional setting,
see the recent work [9]. The proof is based on the stationary phase method, but several fine estimates rely explicitly
on the fact that the system is one-dimensional. It is unclear whether such results can be extended to three-dimensional
systems.

We will therefore limit ourselves to pass to the macroscopic limit on the following /inear problem, obtained by
neglecting r7 in (58): 0 < £2 < g and v € H; being given, seek p, € Hg, such that

VieR, [(1+L)©—p)]@)=r@). (9

In order to study the response of the system at the macroscopic scale, we consider the regime where the perturbation
is weak but spread out over a large region, using the same spatial rescaling as in [6]. For > 0, introduce the rescaled
charge of the external perturbation

vy (t, x) = P u(t, nx). (60)

Note that f]R3 vy(t, x)dx = ng v(t,x)dx for all n > 0 and all + € R. We also define the rescaled potential generated
by the total charge of the defect v, — p,, as

W, x) =" ve(vy = pu) (8,07 %), (61)

The scaling of the potential is such that, in the absence of dielectric response (£ = 0), the potential effectively seen
by the crystal is W, = v.(v). We are then able to prove the following result.

Proposition 14. There exists a smooth mapping (—g, g) 2 w — em(w), with values in the space of symmetric 3 x 3
matrices, satisfying em(w) > 1 for all w € (—g, g), such that, for all v € Hgo (0 < 2 < g), the rescaled potential W,
defined by (59)—(61) converges weakly in Hg when n goes to 0, to the unique solution W,, in Hg to the equation

—div(em(@)VIF, W](@, ) =4n[Fl(o, -), (62)

where div and V are the usual divergence and gradient operators with respect to the space variable x, and where J;
is the time Fourier transform defined in (35).

This result is proved in Section 5.11. In particular, the precise expression of ey (w) in terms of the Bloch decompo-
sition of the mean-field Hamiltonian ngr is given in (110). Note that in the macroscopic equation (62), the pulsation
o enters as a parameter: there is no coupling between different values of w. In the space—time domain, this means that

the charge v(z, x) and the potential W, (¢, x) are related by a space—time convolution.
5. Proof of the results

5.1. Existence of propagators

—itHY

Lemma 15. Consider a self-adjoint operator HC. , and the associated propagator Uy (t) = e "rer For a given poten-

per’
tial v e LllOC (R, L®(R3)), there exists a unique unitary propagator (U, (t, ) (s.1)eR? Satisfying the integral equation

t
V(t,10) e Rx R, Uy(t, t9) = Up(t —tg) — i/ Up(t — s)v(s)Uy(s, tp) ds. (63)

Iy

Proof. The proof uses ideas from [17, Section X.12], [16, Section 4.1] and [24]. Denote vin(¢) = Uo(¢)*v () Up(2) the
perturbing potential in the interaction representation. Note that v belongs to L lloc (R, B(L2(R?))), where B(L%(R3))
is the Banach space of the bounded operators on L2(R3). We first define the propagator U, int(?, tp) associated with the
family of bounded operators viy:. In view of [17, Section X.12], we can associate to the family of bounded operators

(Vint(t))¢er a unitary propagator (Uy int(?, tO))(tO‘z)eRZ- In addition,
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t
V0, ) R X R, Upim(t.t) =1 —i / Oint($) U ine (5 10) ds. 64)
fo

It easily follows that (Uy(Z, 10)) 4, 1 er2, Where Uy(t, s) = Uo(1) Uy int (7, to)Up(tp)*, forms a unitary propagator, and
verifies (63) in view of (64). O

5.2. Some properties of the Coulomb potential
The following result is an extension of Lemma 3 in [13].

Lemma 16. When o € L2(R3) NC, the potential Vo = vc(o) belongs to LO(R3) N L®(R3), and there exists a constant
Cpot € Ry such that

Vpe[6,+00],  [Vollr < Cpotllellz2ne- (65)

Moreover, for all g € [2,6), VV, € (L2(R3) N L1(R3))3, and there exists a constant Cyrad,q € Ry such that
”VVQHLq < Cgrad,ql|Q||L2ﬂC'
Proof. Note first that, since V, € C', it holds V, € LS(R?) and VV,, € (L*(R?))? with

Volle < Celiellc, IVVellz2 < Celielle,

for some constant C¢ € R, independent of o. The boundedness of the potential comes from the following estimate:

N e T L L \f/ el [/ el ,
Vol < (27) nvgnu—\/; TR T ik

|k|<R k| =R
Now,
[6(k)| B> \'? 1 172
| S ] See) () ) < vRee
[k|<R [k|<R [kI<R
and
[0(k)| 2 A2 1/2
/ |k|2 dk < \Q(k)i dk de ||Q||L2,
|k|=R [k|=R [k|=R
so that finally

8 2R
Vol <4 = J = elle.
Vol R||Q||L2+ - lellc

By interpolation, V, € L? (R3) for any p € [6, +00], and the constant Cpot n (65) can be chosen independently of p.
To show that VV € (L7(R%)3 for any 2 < g < 6 it is sufficient, by the Hausdorff—Young theorem (see for
instance [17]), to verlfy that k — F(|V|Vp) (k) = |k|VQ(k) 4o (k)/\k| is in L¥(R3) for 6/5 < o < 2 since

191V < 4mamy 2| 2

La
with ™! =1 —¢~!. Let R > 0. First, the Holder inequality (with exponent 2/ and conjugated exponent 2/(2 — o))
ensures that

SO\ @ 500012 a/2 1-a/2 R3\ 1-o/2
[ () as( [ Sa) ([ a)  <eo=(5) e
R k|

X X \R
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Second,
|§(k)| o n ) a2 1 1—a/2
[ (5) o< ([ wfas T
k1> [k| > [k| >
2 \\7?
< <4n — 5a> ROT302 012,

when 20/(2 — @) > 3,ie. 0 > 6/5. O
We will need the following result.

Lemma 17. Let V € L>®(R3) be such that VV € (L*(R*)3. Then (1 — A)V?V (1 — A)~Y? is a bounded operator
on L*>(R?), and there exists a constant C € R, independent of V such that

[ =a)"2va— )| <C(IVies +IVVIILe).
In particular;, there exists a constant Ca € Ry such that

Voe LAR¥)NC, [(1—28) " ve(0)(1 — &)~ < Callell2ne- (66)

Proof. First, note that, for a given smooth function ,
0 (V1= 2)72y) = 0, V(1 = A)P9) + Vo, (1 — A)" Py

The operator (dy, V) (1 — A)’l/ 2isin G4 by the Kato—Seiler—Simon inequality (see [20,21]), and is therefore bounded.
The operator Vo, (1 — A)~1/2 is clearly bounded since V € L>®(R?). Therefore, the operator oy, V(1 — A)~1/2
is bounded for i € {1, 2, 3}. More precisely, there exists a constant C € R4 such that the bounded operator A =
V(1 — A)~1/2 verifies

1Al < ClVlLe, [0, Al S C(IVIILoe + IVV I 4)- (67)
Then, for a given function ¢ € L2(R3),

n1/2-—

[ =)2va =) Py = - &) Ay |, = | (1 + k) Ay .

3
= 1AV, + > ki A2,

i=1

3
=AYI7, + Y _ 110y A3,

i=1

3
< (nAn2 +) ||ax,.A||2) Iy 2,,

i=1

which, in view of (67) and Lemma 16, gives the expected results. O
5.3. Some stability results

Before providing the proofs of Lemmas 2, 3 and 18, we first show that, for any fixed ¢ < min(o (H2,.)), the norm

|Q|Q—||( per — )1/2Q||62+“( per — )l/zQii(Hr?er_c)lﬂnel

1/2 A4t 1/2
+ ”( per ) Q ( per ) ”61 (68)
is equivalent to the norm || Q|| g defined in (13). More precisely,

b0l < IIQllg < bIQlg,

per
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with b = max (|| B|, | B~ | BII?>, IIB~!||*) > 1 where
1/2 _
B=(HY —c)' (1)1 (69)

is bounded and invertible. This is a consequence of the following inequalities:

|(Ho =) ? 0|, = [BU—8)720] o, <UBI|(-8)70]..

and
[a—a)"720| s, =B (Hpx — )”ZQHGZ 1B~ (Hper — )”2Q||62
as well as
|(Hpes — €)' 2 05 (Hpe — ) ||, = B = &)1 2051 = )18,
<IBIP[( =220 - )2
and

|1 = )"20* 0 - 02| o <[|B7P|(H — o) 20 (HY, — o)

ls, per -

It is therefore sufficient to prove the stability results we need in the norm | - |Q defined in (68). The interest of this
norm is that it simplifies some algebraic computations since any function of H per commutes with (H, per —o)'/2,

The first stability result, stated in Lemma 2, shows that the space Q is stable under the action of the propagator of
the corresponding periodic mean-field Hamiltonian.

Proof of Lemma 2. The inequality (25) is a straightforward consequence of the equivalence of norms (68) and the
equality

[Uo() QU (1)*| 5 = 1Qlo-

Moreover, as yp?er and Uy(t) commute, we obtain

Tro (Un (1) QUo (1)*) = Tro ((Uo(t) QUo(1)*) ™) + Tro((Uo (1) QUo(1)*) ™)
= Tr(y 2 Uo (1) QUo(1)*yie) + Tr((1 — y%) Uo(1) QUo(1)* (1 — %))
=Tr(Uo() Q™" Uo(1)*) + Tr(Uo (1) @ Up(1)*)
=Tr(Q ") + Tr(Q ") = Tro(Q),

which completes the proof of Lemma 2. 0O

The second stability result, stated in Lemma 3, shows that for all ¢ € L2R3 NC, O+ i[ve(p), Q] defines a
bounded linear operator on Q.

Proof of Lemma 3. First, since V,, := v.(0) is bounded in view of Lemma 16, and Q € &, i[V,,, O] is self-adjoint
and Hilbert—Schmidt on L2(R3), with

(HAZ H62 < 2Cpotllolp2ncllCllo-
In addition,

(H“ ¢)' Vo, Q1= w(HY, — )0 — (HY, — ) * 0V,

per per per

where (H, per —0)'20 € G, and

w=(HY%, — )"V, (HY, - )‘/2=B(1—A)‘/zvg(l—A)*‘/zB*‘ (70)

per per

(with B defined in (69)) is bounded by Lemma 17. This shows that (HY.. — ¢)!/%i[V,, Q] € &, with

per

[(ES — &) ilVe. Q1] o, < (Cpor + 1BI| B~ Ca) el 2n¢ ] Qlo-
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Now, consider for instance (i[V,, Q)T+ =i(l — yr?er)[VQ, ol - yper) The goal is to prove that (
([Vp, oD (ngr — ¢)!/? € &;. This operator can be decomposed as
(Hper = )2 (i0Var Q1) (Hper = )" = (gt = )" (1 = vjae) Vorser @ (1 = viee) (Hier =) 2
—i(H =€) (1 = i) Q¥ Vo1 = vier) (Hier — €)'
+1 (H[?er )1/2(1 yper)v Q++( per C)l/z
(H;E)er )1/2Q++V (1 - J/per) (H;?er )1/2'

Let us deal with the first and the third terms on the right-hand side (the second and the fourth terms are the adjoints of
the first and third terms respectively). It holds

(ng)er - 0)1/2(1 - y[?er) VQV[?erQ(l - y[?er)(H[?er )1/2 (ng)er )1/2 [VQ Vper] Q_+ (H[?er )1/2v

1/2
per—c)/ X

and
(H[())er - C)l/2(1 per) VQ Q++( per c)l/2 (1 - V[?er) (ngr - )1/2Q++( per - C)l/2
with w defined in (70). In view of Lemmas 4 and 17, we infer that the above operators are trace-class and that
[i(Fger =€) (1 = ¥ger) Ve Ypes ©(1 = vpue) (Hijte = €)% | 5, < CeomlI Blllell 21l
Ji(H% — )2 (1 = %) Vo O (S — ©) |l s, < CalBI| B~ [llel 2ncl Qlo-
Using similar manipulations for the other terms, we finally obtain (26). Besides,
(v, @)™+ (Ve @) =iV, ~ 07 = 077V ) iV, TOT - 07TV
+ i(VQ++ Q++ _ Q++ VQ++) + I(V;_— Q—+ _ Q+— VQ_+)’

It follows from the cyclicity of the trace that Tro(i[V,, Q1) =0. O

The last lemma of this section is concerned with the regularization operators

(1 +5| per 8F|)_1

The properties of these operators we will make use of are collected in the following lemma. As in [5], we introduce
the space

&Y:={0e6:[ 0" &), 0 €6},
and denote by Tro(Q) = Tr(Q* ) + Tr(Q ") the generalized trace of an operator Q € 6?.

Lemma 18. The regularization operators have the following properties.

(1) Forall Q € Qandall § >0, RsQRs € Q, and there exists a constant C independent of Q and § such that
VO0eQ, ¥6>0, [IRsQRs5lg<ClQlo.
In addition,

lim||Rs QRs — =0. 71
lim IR ORs — Cll an

(2) Forall Q € Qand s > 0, i[Q, Rs] € Q, and there exists a constant C independent of Q and § such that
V0eQ ¥5>0, [i[Q Rsl|o<ClQlo.

Moreover,

%i&)l”i[Q, Rsl| o =0. (72)
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(3) Leto € L2(R3) NC, Vy:=vc(0) and Q € Q. Then for all § > 0, VoRs H% O, Vo QRs Hyr, Vo Rs Hye ORs and
VoRsORsH per belong to &Y, and the following estimates hold, for a constant C independent of 0, Q and §:

|Tro (Vo Rs Hye Q)| < Cllel 2ncll Qllo |Tro (Vo QRs Hpey) | < Cllell2ncll o,
|Tro(VoRs Hyey ORs)| < Cllol2ncll Qo [Tro(VoRs QRs Hy,)| < Cliell el Qllo-

Proof. We prove the bounds in the norm defined in (68). Let Q € Q and § > 0. It is clear that Rs Q Rs is Hilbert—
Schmidt and self-adjoint. In addition, (Rs QR(;)ii R5 QiiR(; Using the fact that Rs is a bounded self-adjoint

operator satisfying 0 < Rs < 1 and commuting with H? per» We obtain

[ (Her =€) (Rs QR (Hig =€) s, < | (e = )0 (e =€) | -

Likewise,

[ (Higer =)' (Rs QRs) |, = Tr(Rs (Hige = <) * QR Q(Hig — €)' Ra) < | (Hye = ) 0.
Hence, RsQRs € Q and |Rs QRs|o < |Qlg. The property (71) is established in the proof of [5, Lemma 2].

Let us now turn to the second assertion. Clearly, i[O, Rs] is Hilbert—Schmidt and self-adjoint. In addition,

(Hper = )" (LQ. R1) ™ (Hptr — ) "2

per per
(HO )l/zQii(HO )1/2R 1R5(H0 )1/2Qii(H0 6)1/2661,

per per per per

and
1/2. 1/2 . 1/2
(HO, — ) %10, Rs1 = i(HO, — ) > ORs —iRs (H, — ¢)* 0 € &,
Hence, i[Q, Rs] € Q and |i[Q, Rs]lo < 2|Q|g. We deduce (72) from the fact that (see [5, Lemma 7])
Vi< p<oo, VAeG,, %iil{)l”RgA —Als, =0.

Let us finally prove the third assertion. We focus on the first estimate; the other ones can be established in a very
similar manner. Consider for instance

(1 - V&r) VQRB perQ( ylg)er) (VQR5 perQ) V++R ngrQ++ + Vg+_R H;())erQ_+’

the term V;?erVQRSngrQV;?er being treated similarly. Since V, and RéH;?er are bounded, Q" € &; and

o+, VQ’Jr € &,, the operator (V, Rs ng)erQ)Jr+ is trace-class on L2(R?). Besides,
Tr((VoRs Her Q)T 7) = Tr(V, T Rs HO 0 F) + Te (V7™ RsHO,, 07 ). (73)

The second term in (73) is the trace of V"~ RsH3., Q™" = V7" A;Q~F, where As =y, RsHY, is uniformly

bounded in §. It can therefore be bounded by C|| Vg’ lls, 1 Qllg, hence by Clloll;2nc I Qllg in view of Lemma 4.
The first term on the right-hand side of (73) can be rewritten as

Tr(Vy ™ Ro Hyey Q) = Tr(w* A5 (Hpey — )7 0 (Hye = ) 7).

per

where Ay = per( per — ¢)~'Rs is uniformly bounded in § and w is defined in (70). The boundedness of w and the
inequality || Rs|| < 1 imply the existence of a constant ¢ > 0, independent of §, ¢ and Q, such that

ITe((VoRs HRr Q) )| < Cllell2nc 1 Qll -

This therefore gives the expected estimate. O
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5.4. Proof of Proposition 5

We start with the case n = 1. We easily deduce from Lemmas 2, 3 and 4 that if p € L'(R,, L2(R3) N C) and if
v="10c(p),then 01, €C 0(R+, Q) and the following estimate holds:

t
VieRy, [Q1v®]g<B(Ceom+BCeom.0] 2’ ) /HP(S> | 2neds
0

t
< B Caam BCeom @) (14101 ) [ 1] e s (74)
0

We also infer from Lemmas 2, 3 and 4 that Tro(Q1,,(#)) = 0 for all # € R... Still using those three lemmas, we obtain
by an elementary induction argument that foralln > 2, Q, , € C O(R+, ), Tro(Qn.»(t)) =0 forall r € Ry, and

t
Vi eRy, ” Qn,v(t)HQ gﬂCcom,Q/”p(S)”Lzmc” anl,v(s)”st. (75)
0

The estimate (30) being true for n = 1 in view of (74), it remains true for all n > 2.

The right-hand side of (27) therefore normally, hence uniformly, converges in Q on any compact subset of R, to
some Q(¢) such that Q(-) € CO(R,, Q). It is then elementary to check that Q(-) is the unique solution to (23)—(24) in
C'R+, Q).

5.5. Proof of Proposition 6

We consider the regularized operator x{} based on (37), and defined as
xd:L'(R,C') - CP (R, L*(R*) nC) N L' (R, L*(R?) NC)
v por (76)

We show in this section that this operator is in fact well defined and bounded from L?(R, C) to L>(R, L*>(R3) NC) for
any 7 > 0, so that &7 is a bounded operator on L2(R, L2(R?)).
In the sequel, we will meet expressions of the form

+00
fq (x) = Z (1n<N<m - 1m§N<n)am,n,q,q’“m,q’(x)un,q-i-q’(x) dq/-

I* n,m=1

The function f : g — f,(-) isin L (I, Lger(l")) as soon as

+00
sup ][ Z (1n§N<m + 1m<N<n)|O‘m,n,q,q’|2dq/ < 00, (77

qu*F* n,m=1

and

+oo 1/2
2 4./
”f”LOC(F*,L%e[(]")) < < sup f Z (1n<N<m + 1m<N<n)|am,n,q,q/| dQ) :
qgel™*

* n,m=1

It is easily checked that the coefficients o, , 4,4 in the expressions below satisfy (77) using the following estimates.
Lemma 19.

(1) There exist (a—,b_) e R} x Rand (ay,by) € RY x R such that, for all g € I'*,

a_n*P 4+ b_<epy <apn® + by (78)
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(2) There exists a constant C € Ry such that, for any function v e H>(R3) and for all 1 <n < N, m > N + 1,
qerl”,

2 _
][ [{ttn.q Vg—grttmq) 2, | da’ < Cllvlgom ™. (79)
1"*

(3) There exists a constant C € Ry such that, for any K € R3,

[tn.g- € ttm )y | <CUHIKP)m™2, (80)

Proof. The bound (78) follows from (18) (see also (3.9) in [5]) and the results of Section XIII.15 in [18]. To prove (79)
and (80), we rewrite, for m large enough, u,, , as eg’lq,(H]g)er)q/um)q/, so that, for all w € szer(F),

(Un,g, Wiy g') 2 = —((ngr)q,(wun,q), um,q/>L

2
per Em q / per

1 1

1 712
= <——wAun,q — (Vw+iwq') - Vun g + (——Aw —iq - VW + Vper + ﬂ>un,q, um,q/>
Em,q' 2 2 2 L2

per

We infer from (78) that there exists a constant C € Ry such that forall 1 <n< N, m>N+1,qeT'*, q € I'*,
w € Hy. (1),

[{ttngs witm 1) 13, | < Cllwll o, m =3
Choosing w(x) = e'X* leads to (80). Applying the square of the above inequality to w = Vy_q forve H 2(R3), and
integrating on I"*, we obtain

2 2 —4/3 2 . —4/3

][| (un,qa vq—q’”m,q’)LgeJ dq/ < C(f ”vq—q’”[_[ger df/)’n / < C’||v||H2m / s
r* r*
which completes the proof of the lemma. O

The proof of Proposition 6 is performed in two steps: (i) we first give the expression of [F;( ng)(a))]q (x) since
this quantity is the basis for several computations in this section and the following ones; (ii) we then evaluate
(f2, & f1) 12(12)- The proofs are written for regular functions v, f1, f2, the general result following by the continuity
of & on L*(R, L?>(R?)).

Lemma 20. For any function v € . (R x R3), the following equality holds in L>° (R x I'*, Lger([‘)) (with w € R and
qerlr™):
ik (un,q+q’v [J:tU(w)]qum,q’)L%erum,q’un,q+q’

7O @], =1 L Quran ~ Lnxan)

* n,m=1

dq'. (81)

Engtq’ — Emg — @ —1in

Proof. Let v e .7 (R x R?). We first note that

t
o7 (t=—i / (Uo(t — )v(8) v Un(t — )* — Up(t — 5)yger0($)Up(t — $)*)e ™"~ ds
.
—i / (Uo(t — )y 0() (r) Vot — 5)* = Uo(t — ) (3 %) v($) v Uo(t — 5)*)e 1) ds.

—00
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The Bloch decomposition of the operator QY’U (t) reads

t

[ Y’U(I)]Q»Q' =i / [UO(t - S)Vp?er]q[v(s)]q—q’[(yp?er)lUO(t - S)*]q,e_n(t_s) ds

—00
t

—1 / [UO(l - S)(y[?er)l]q[v(s)]q—q’[y[?erUO(t _ S)*]q,efn(’*s) ds

—0
+0o0
=i Z (1n<N<m - 1m<N<n)gZ’q’m,q/(t - S)hn,q,m,q/(s)mn,q) (um,q/| ds,
R n,m=1

where gqu’m,q,(t) =exp(—(n+i(en,g —&m,g N liz0and by g m,q (1) = (Un 4, [v(t)]q—Q’”m’q’>L§er' It can be checked

that [Q] () flg = fr<[Q] ,(D]y.q fy dq’ is well defined in L3, (I") when 5 > 0 since g/

integrable in 7, n, m, q, q’. Therefore (see [6, Section 6.5]), the following equality holds in L®(R x I'*, lem(F)) for

,(t) is uniformly

the function (¢, ¢) > [xgv(1)]y:

0], 00 = F127, 0], .00’

1"*
+o00
: n —
=1 Z MugNem — 1m<N<")(gn,q+q/,m,q/ * hn,q+q’,m,q’)(t)um,q’(x)un,q+q’ (x) dq/-
* n.m=l1
Remark that g;z,q +q'mg 04 gy q'.m g are both integrable, and that

i

Filg) (w)=— —.
8t/ m) Engtq — Emg — @ — i1

It follows that

[F: (xgv)(@)], ()
+00 -
= Z (1n§N<m - 1m<N<n)~/—'.t (gZ,q+q’,m,q’)(w)f:t (hn,q+q’,m,q’)(w)um,q’(x)un,q+q’(x) dé]/
* n,m:l

= <un,q+q’a [F v(w)]qum,q’>Lgerum,q/(x)un,q+q’(x)

2 : /
= (1n§N<m - 1m$N<n) . dé] s
Eng+q — Em,qg —@W—11]

I+ n,m=1

where the equality holds in er)er(l“ ) (for functions in the x variable) uniformly inw e Randg e I'*. O

Lemma 21. For any fi, f> € (R x R3) and n > 0,

1 (A — 1 %)
<fz,rf”f1>Lz(Lz>=—;Im(§I§ / Tr[ ( 4 Fal2(h) )2 ftvl/z(fl)(w)} dwdz).
%, R

2= (Hpe + o +in) Z— HY,
(82)
Proof. Using Lemma 20,
(2 6" i)z
B / ][ / [Froe? (P @], @[ Fixgve> (f)@)], () dx dg do

RI*r
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+00

R ([*)? n,m=1

1/2 1/2
<“m,q’s [‘Ftvc/ (fZ)(w)]qun,quq’)LZer (un,quq/v [-Ftvc/ (f])(w)]qum,q/>L2€r ,
X 2 - ¥ dq'dgdw
En,g+q — Emg —W—1

(Vper) g —
B Im<TrL2 |: 56/ ][ perp+ w+ ln)q []:lvg/z(fZ)(w)]q

R (1"*)2

Voer)g+q’
— P [Fu ()@)], g’ dqdwdzD
z— (Hper)q-Hl
where we have used the fact that the terms in the sum over 1 < m < N < n are the complex conjugates of the
corresponding terms in the sum over 1 <n < N < m. Remarking that

Try, [ ][ ][ A Pl ], - ORI 12 ] d dq}
— (Hfey + 0 +in)yr —(HY)grq g
r*r*
(V er (yoer) /
= [][][ (ngrp+w+1n)q/[J:’vcl/2(f2)(_w)]q (pip:r)q[ l/z(fl)(‘”)] dq dq]

. (Vper)l 1/2 (y[?er) 1/2 /
_][TIL%H[Z_( per+w+ )[ e (e ]T[?er[ (fl)(w)]:L’ﬂ'dq

1"*

_ Vper) 1/2— (Vper) o2
_Tr|: e () (P (fl)(w))}

we obtain the expected result. O

Proposition 6 now easily follows from (82), using the density of . (R x R?) in L2(R, L?(R?)). The bounds on
& (w) are a consequence of (42) (see the discussion after this equation).

5.6. Proof of Proposition 7

Note first that, thanks to Lemma 19 above, the sums over n, m in (45) are convergent when 1 > 0. In addition, for
all n > 0 and all g € I''*, the expression (45) can be rewritten as

o) - (VoS
TIZ x(@,q) = (515][ —ikex per atd ek ¥ o g dq/dz>
' er)q+q z— (Hpy + 0+ i)y
0
<7§ ]L o (yper)w ek (yperiq/ dq/dZ), (83)
— (H, Per —ing+q’ 7= (Hper)g'

where ¢, is plotted in Fig. 1. This gives the continuity of the mapping (v, ¢) le x(@,q) on R x I'* for any
n>0.
To prove (44), we use Lemma 20, and write

(2n)3/2]:[,x (ng)(a), g+K)= /[]—‘, (ng)(a))]q(x)e—il(xdx
r
(Un,g+q'» [Frv(@)]qum,q) 2 {Umg e KXy a+a) 12

+o00
) ) per ’ per /
= 3 (nenan = Inenn dq

& r—£& r—w—1i
nom=1 Fa n,q+q m,q n
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Now,

(27.[)3/2
||

[Fiv@)], () = Y Frav(o.q+ K,
K'eR*

which implies that

17+(q) +00
-Ft,x(XgU)(a)qu"K): Z |: I[Frl Z (1n§N<m_1m$N<n)Tnn,m‘](yK/(a)vQ) .F[,XU(Q),CI‘FK/),

K’ eR* n,m=1
with
(”m,q’s e_iK.x"tn,q+q’>L2 (”n,q+q’v elk"x Uy, .q )2
F k. (@ @) —][ - - = dq'. (84)
nm En,g+q — Em,q — W1
F*
Therefore,
+00
1r+(q)
(Xg)K’K/(w,CI)= T Z (LngN<m _1m<N<n)Tnn,mﬁK’K/(wv q)-
n,m=1
Since .F(vl/zf)(k) = VA |k|~'F f(k), we obtain that the entries of the Bloch matrix of the operator &" =

l/ 2 X(;] Ve 12 are given by (44).

5.7. Proof of Proposition 8
The outline of the proof is the following:

(i) we first characterize the limit when n goes to zero of the matrices & for a given pair (K, K') € (R*)2

K.K'
(Lemma 22);
(i1) next, we show that for any f € . (R x R?), the series

Y k(tek (Frx )R x1)

K,K'eR*

converges to F; (&7 f) in ' (R x R?), and has a well-defined limit when 1 goes to zero (Lemma 23);

(iii) finally, we prove that & strongly converges to & on time intervals of the form (—oo, T'], which allows us to
identify F; (& f) with the limiting series obtained in the previous step (see Lemma 25 and the discussion after
its proof).

Lemma 22. For any K, K' € R*, the family of functions & K - defined by (44) has a limit in ./ (R x R3), denoted by

&k k1, when 1 goes to zero. Moreover, the support of & g is contained in R x T'*.

Proof. It is easily seen that for any n > 0, the function (w, q) > éolz k' (@, q) belongs to L>(R x R3), hence to
(R x R3), and that its support is included in R x I'*. Fix a function ¢ € .7 (R x R3). It holds:

(6% k0o 7= / / Ex k(@ D)o@, q)dgdw
R Ir*

lg + K|
|F| Z (1n<N<m - m<N<n)/ 7+ K| </ nm, K, K/(C() q)e(w, Q)da)> dq,

n,m=1

where T

nm K. K' is defined in (84). Now,
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n —iK- iK' o, / ’

/Tn’m,K’K/(w,Q)fp(w,Q)dw: ][(Mm,q’ae xun,q+q’)Lger<“"~q+q”e xum»q/>Lgerw(/rJz " n(q’q )dq ’
R r*

with

a)’
wg,m,n(q’ q/) =/ p(w,q) _dw
En,g+q —Em,q —@W—1]

Standard computations show that the functions ¥,"""" are bounded in L>°(I"* x I'*) uniformly for 0 < n < 1, and
1<n<N<morl<m<N <n.Inaddition,

lim @™ 1y — onm /
lim g (¢.4") =25 (q.4),
where
n,m / 1 .
o) (7.9') =—=(pv.| — ). 0(Engrq — Emq + ) — T Q(Engtg — Emg's ) (85)
[ -] IS
It then follows from Lemma 19 that (51? ki @), 7 has alimit (6 g/, ) 97 o when 1 goes to zero, given by
+o00 ’
1 lg + K|
Ex k' Q) o o= —— 1 -1 gr2l
€k, Q). T Z LugN<m m<N<n) g+ K|

n,m=1 I*

—iK-x iK'’
x ][(”m,q” € ”n»q+q’)L2 (“n,q+q” €
per
F*

'xum’q/>Lgerd>$’m (¢.9")dq' dq.

We also infer from the above arguments that there exists a constant C independent of ¢, K and K’ such that
3
(& k. @) 7| SC(LHIK'])" (1 + |K|) AT (9),
where the seminorm .47+ is defined on . (R x R?) by

de
A (@) = (1 + |‘“|)‘P||Lw(n§x1?*) + H%

L®(RxTF)
The limit & g+ of éolg - therefore defines a tempered distribution of order 1. Besides, as the distributions éa[g g are
all supported in R x I'*, so is their limit. O

Lemma 23. Let f € .7 (R x R?). Forall n> 0, it holds
Fir(6f)= D (g (Fix)Ep x) (86)

K. K'eR*

in ' (R x R3). In addition, the above quantity converges in .#'(R x R>), when 1 goes to zero, to the tempered
distribution

T = Z tx (- (Fix )Ek k')
K,K'eR*

where the tempered distributions & g are defined in Lemma 22.

Proof. The computations performed in the proof of Lemma 22 show that there exists a constant C > 0 and 79 > 0
small enough such that, for all 0 < n < 59, all K, K’ in R*, and all ¢ € .7 (R x R3),

<C(1+|K')’ (1 + 1K) A+ ().

|(512,K” ‘p)y’,y

Therefore,
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|(ex (T*K/(‘F’,Xf)glg,l(’)’ ‘p>y/,y‘ = Hglg,w TfK’(]:l»xf)LK(‘P»yaﬂ
<O+ K] (1 4+ 1K) At (Froe 75 ()
<SC(U+ K (1 KD AT (Foa -+ K ) A (- + KD).
Consequently, for all f € (R x R?), and any 0 < 1 < no, the series
>tk (ke (Fix )Ex x1)

K,K'eR*

converges in /(R x R3) and

< Z ik (tok (Frx EL x)s (p>

K,K/ER* y/,y

‘ < CM3(Fix HMs(p),

where for (p, qg) € N x N, .4}, , denotes the Schwartz seminorm on . (R x R3) defined as

a|ap|+|aq|¢
. q
c/i/l])q(¢) = max W

1+ Jwl)” (1 + [k
lop|<p, lagl<q ( |w|) ( | |)

LOO
The claimed convergence result is then easily obtained. O

Remark 24 (Sufficient regularity requirements on the function f ). The above proof shows that the series (86) are well
defined as soon as A1 7(F;.x f) < 0o. Actually, weaker conditions such as

6+¢
<0

6+¢ 8~7:t,xf
w L

(1 +ll) (1 + k) Frx f @, 0)|| oo + H (14 Ik1) (w, k)

can be derived by using sharper estimates in the above two lemmas.

Lemma 25. For all f € L'(R, L2(R%)), it holds
VI eR, lm&"f=&f in L>®((—o00, T1, H'(R%)).
n

Proof. This result is a straightforward consequence of the following fact: for any given potential v € L' (R, C"),
VI eR,  sup [QF ()= Qis(®)]g—0, (87)
te(—o00,T] n—0
together with the continuity of the linear mappings @ > Q — pg € LR N, vé/z :L2(R%) — ¢’ and vcl/2 :
L2R3) NC— C'NL2R3) = H'(R?). Actually, it is sufficient to show (87) for T € C°(R x R?). Indeed, fix & > 0,
and approximate v by some v € C°(R x R3) in such a way that

/||v(t) 0]
R

Then, using Lemmas 2 and 4, we obtain

C,dt <es.

t
vVt eR, ”Q?v(t)_ 117’5(t)||Q§,3Ccom/”v(s)_E(S)”C/d5<ﬂccom5a
—00

and similarly ||Q1,,(t) — Q1,5(®)]lg < BCceome. Let us now consider v € CZ°(R x R3) and Ty > 0 large enough so
that the support of ¢ — v(¢) is contained in [—Tp, To]. Then,

sup ” Q?v(t) —01,0() HQ < /chom”U”Ll(R,C’) (efl(|T|+T0) - 1) — 0,
te(—00,T] n—0

which concludes the proof. O
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With these results, the proof of Proposition 8 is now straightforward. Indeed, Lemma 25 implies that, for any f €
(R x R3), Fi 5 (&M f) converges to F; 4 (& f) in . (R x R?), while Lemma 23 allows to identify the corresponding
limit.

5.8. Proof of Proposition 10

We fix f € (R x R3) and prove that F; ((?"‘f) converges in .’ (R x R3) to .F,,x(f;‘zof) when o goes to zero.
The expression

t
~ i t— t—s\*
Q(f,u(f)=é/U0<Ts>[l/poer,v(s)]Uo(Ts) ds

shows that the adiabatic evolution can be understood as the standard evolution upon considering the evolution operator
with generator ngr/oc (hence replacing e, 4 1q' — &m,q’ BY (€n,q1q’ — €m,q’)/ in the expressions involving Bloch
matrices), and globally rescaling the result by a factor & ~!. According to Proposition 8 and the results established in
Section 5.7, the quantity F; x (g % f) can therefore be expressed in terms of the Bloch matrices (gg k) K.K'eR* by the
following equality in .7/ (R x R3):

Fix(@f)= Y w(op(FaHEL x).
K.,K'eR*
where for any ¢ € .7 (R x R3),

+o00
<g1‘é[(/7 ‘P>§ﬂ/’y = Z (1n<N<m - 1m<N<n)E?(”n}(’tx(‘ﬂ),

n,m=1
with

|Q+K| _iK- K. ~
E’;(n;(fx( )_ |1’1| / |q 4 Kl Um q/’e K x””sq+q/>Lgel4<un»Q+q/’elK me*q/)L%er¢(Z’m’a(Qa q/) dq dq/a

and

5$’m!a(q7 q/) = _l p-V. L b (p 8”’q+ql — gm’q/ + ) q - iz(p 8"’q+q/ — Sm’q/ ’ q .
o [ o N o o

On the other hand,
Fix(&0f) = Z TK (T—K/(}—t,xf)gg,m)’
K,K'eR*
where for any ¢ € .7 (R x R?),

+00
<éo[(()’K/7 ‘P)y/’y = Z (1n<N<m - 1m§N<n)EnK’:1;(’/O(¢),

n,m=1

with

—iK-x iK'-x
+ K’ (Um ,q'»© - Mn,q-l—q’>L2er <un,q+q’a e tuy, .q )LZEr
ER") () = / g+ R : : /(p(a),q)da) dqdq'.
|F| lg + K| en,q+q’ — Em,q’ 5

We now use the same arguments as in the previous section to prove the convergence of (60 K,,go) 7.7 to

(éalg K’ @) when o goes to zero. The only point we need to check is that
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o there exists a constant C such that forall0 <a < l,all I<n <N <morl <m <N <n,andall ¢,q’ in I'*,
m,a(q7q/)’ <C,

n,
¢
o forall l<n<N<morl<m<N <n,andall g,q" in I'*,

~ 1
lim @""™%(q,q") = 7/¢(w,q)da).
a0 ¢ ( ) 8”,(]-’1‘(1/ — Sm,q’ J

y

This is a direct consequence of the following lemma. We denote by .4}, p € N, the usual Schwartz seminorms on
Z(R).

Lemma 26. For given ¢ € (R), y € R, and o > 0, we set

1 1
’“'f’ﬂ“):‘a(p'“(m)*” <§+')>w S

Then, there exists Cy, < 00 such that for all |y| > 8 > 0, and all o € (0, 1],

C
|y v (@)] < T"’ws(t/f),

and, for any y # 0,
1
lim Ay, = - .
o= [ ¥
R

Proof. Consider the case when y > 0. It holds

1 y
h = — -,
v,y (@) ygw<a>

where

i l +00
—00 5 /

X
The third term can be bounded as follows: for z > 1,

+00 400 5 +00
Z/ lﬁ(z+x)dx / z (z+x) w(z+x)dx‘<(/ dx )«/‘/2(1#) o
X Z+x x(x +2) x(x +2) 7—> 400
1 1

1

Moreover, for z > 2,

1 1
- - 2
Z/lﬁ(z +x)—Y(@—x) dx :2/Zlﬁ/(z+9x,zx)dx <7ZZJ;/2(¢) — 0,
X (z—1 z—>+00
0 0
where 6, ; € [—1, 1]. Lastly, for z > 2,
—1 1//( ) z—1 1 (z—1)/2 1 z—1 1
Z+x
-z / ———dx= / Y(y)dy= / v(y)dy+ / V(y)dy.
X 1-y/z 1-y/z 1-y/z
—o0 —o0 —o0 @12

The first term of the right-hand side of the above equality is controlled by
(z—1)/2 x
2 [ i< [ 2% ay=2nmw,
R

1+y2

—0o0
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and converges to fR ¥ when z goes to 4-00. To bound the other term, we notice that

z—1 z—1 z—1
1 N3(Y) 3z45(¥)
< < = .
| =vear|<s [ wolay<: Py =
(z—1)/2 (z—1)/2 (z—1)/2

Hence the function z — gy (z) is bounded by C.43(/), uniformly on [2, +00), and converges to fR Y when z goes
to +oo. This completes the proof. O

5.9. Proof of Theorem 11

To simplify the notation, we denote by v(s) := —v.(v(s)) and w2(s) ;== v(s) + ve (Pos)) = ve(po(s) — v(s)). We
proceed in three steps:

(i) we first show that the dynamics is well defined for short times (Section 5.9.1);
(i) we then extend the result to arbitrary times using some energy estimate (Section 5.9.2);
(iii) we finally establish a few qualitative properties of the solution (Section 5.9.3).

5.9.1. Local-in-time existence and uniqueness

The existence and uniqueness in C 0([0, T, Q) of the solution to the integral equation (53) for short times
easily follows from Lemmas 2, 3 and 4, using standard techniques. For each 7 > 0, we consider the mapping
Fr:C°([0,T], Q) — C°([0, T, Q) defined by

t

Fr(Q)(1) = Up(1) Q°Up(1)* —1i / Uo(t — $)[ve(pos) — v(5)). Vo + Q)] Uo(t — 5)* dis. (88)
0

Notice that the solutions of the integral equation (53) on [0, 7] are the fixed points of F7. Foreach T > 0, the mapping
Fr is well defined in view of Lemmas 2, 3 and 4. The existence of a fixed point for 7 small enough is, in turn, given
by the following

Lemma 27. For any R > || QO||Q (where B is defined in Lemma 2), there exists T > 0 small enough such that Fr is
a contraction on

BRz{QeCO([O,T],Q)‘ sup |yQ(t)||Q<R}.
0T

Proof. Let O € Bg. Lemmas 2, 3 and 4, together with the continuity property (14) show that
| Fr(@) @) — Uo() Q°Uo()* | o

' t
< ﬂ(Ccom /”pQ(s) - V(S)”C ds + Ccom,Q/HpQ(S) - U(S)”LZDC ” Q(S)”st>
0 0
T
< B(Ceom + Ccom,QR)/HpQ(S) —v(s) ” L2NC ds
0

T
< B(Ceom + Ccom,QR) (C,ORT + /”V(S)”LZOC dS).
0

Therefore,

T
@01 <810+ €+ Camar (€18 + [ o] ) < &
0
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for T small enough, so that the application Fr : Bg — Bp is well defined. Now, consider Q1, Q2 € Bg. Then,

t

Fr(Qn() — Fr(Q2) () = —i/ Uo(t — $)[w?' (s) = w@(s), ypr + Q1 ()] Uo(t —5)*ds
0
t

—i/Uo(t —S)[wQZ(S), 01(s) — 02()]Uo(r — 5)*ds,
0
so that

t
| Fr(@n@) — Fr(Q2)®)| o < BCp(Ceom + Ccom,QR)/||Q1(S) — 02(9)| o ds
0

t

+BCam [ (VO] 2o + CoRQ16) = 020 s

0
<a(T) or<“5‘<xr” 01(5) = 029 o

where

T
a(T) = ,BCcom,Q/“V(s)”LZQC ds +.3Cp(ccom + 2Ccom,QR)T
0

is (strictly) smaller than 1 when T is small enough. This shows that Fr is a contraction provided 7" is small
enough. O

5.9.2. Global-in-time existence and uniqueness
Let [0, T;), 0 < T, < oo, the maximal interval on which the solution to the integral equation (53) is well defined. In

order to obtain global-in-time existence and uniqueness, that is to prove that 7. = oo, it suffices to show that || Q(?) | o
does not blow up in finite time. For this purpose, we rely on the following energy estimate:

t
Viel0,T,), E(1,01)=E&(, QO)—/D(me,u’(s))ds, (89)
0

where we recall that £(¢, Q) is defined in (54) as

1
Et, Q) =Tro(Hp Q) = D(pg, v(D) + 5 D(pg, po)-

Although the formal derivation of (89) is a simple exercise, the rigorous proof is somewhat technical. We first complete
the proof of the global-in-time existence and uniqueness, assuming that (89) holds true; the latter equality will be
established at the end of the present section.

From (89), we infer that

t t
E(r.0n) <£(0.0%) + / D(pocs). v'(9))|ds <£(0. Q%) +C, / [v©lele®]gds.
0 0
On the other hand, we deduce from Corollary 2 in [5] that there exist @, b > 0 such that for all t € Ry and all Q € I,

1
£(t. Q) > allQllg +erTro(Q) —b— = [v(nc.
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In addition, Tro(Q(¢)) = Tro(QO) for all t € [0, T,) in view of Lemmas 2, 3 and 4 and the formula

t

Q1) = Up(1) Q°Up(1)* — i / Uo(t — $)[ve(poes) — V(). viae + Q)] Uo(t — 5)* dis.
0

Therefore,
t
e, [o0lg<an+ [wm]ow]qds
0

where
1 0 0 1 2 Co.
ai(t) = E(s(o, 0°) —erTro(Q") + b+ 5||v(r)||c>, ar(t) = 7“1) O]

As, by assumption, v € Wll)’cl (R4, C), we infer from the Gronwall lemma that ||Q(¢)||g does not blow up in finite
time, which implies that 7, = co.
Let us finally establish the energy estimate (89). The proof is based on the following result.

Lemma 28. Consider the regularization operators Rs = (1 + 8 |H1§)er —¢p|)!, and the regularized energy Es(t, Q) =

E(t, Rs ORs), where & is defined in (54). Let v € Wli)’cl R4, C) and Q € C°([0, T..), Q) be the unique solution to the
integral equation (53). Then, there exists a constant ¢ € Ry such that, for all t € [0, T,),

1 t

Es(t, Q1) = &5(0, Q°) — /D(pRaQ(s)Ra, V' (s)) ds + /ra(S)ds, (90)
0 0
with

s < (v | o + 2D o)
< ((1+ o] Q)| Rs@@Rs — 01) | o + [i[Q ™), Rs]| o + [ Rs Q1) Rs — Q1) o) 91)

where é(t) =i[we (), y[())er + 0@®)].

The energy estimate (89) can then be easily deduced from (90), by remarking that the mapping Q> Q +— £(t, Q) €
R is continuous, and that the first two assertions in Lemma 18 allow to pass to the limit in (90) by means of the
dominated convergence theorem.

Proof of Lemma 28. In this proof, the constant C > 0 may vary from line to line, and can be chosen to be independent
of §. By density, it is enough to establish (90) in the case when v € C IRy, L2 R} NC).
The solution of (53) can be rewritten as

t

Q1) = Up(1) (QO —i / Uo(s)*[w(s), Vper + Q(S)]Uo(S)dS) Uo()*. 92)
0

In addition,
dt sY0 ) per 0 )

where Rs HY. = HO._Rj; is bounded. Therefore, t — Rs5Q(r)R; is differentiable and

per per

d
i~ (Rs Q(ORs) = Rs Hyer Q1) Rs — Rs Q(0)Rs Hyey + Rs [0 (1), yper + Q)] Rs. 93)
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Since Q(r) € Q and i[w2(r), yger + Q(t)] € Q by Lemmas 3 and 4, it is easily verified that [‘f—t(R(; Q(t)Rs) € Q for

all § > 0. Now, (92) implies

t

Tro(Hye Rs Q (1) Rs) = Tro(Hye, Rs Q" Rs) — /Tro(HperR(gi[wQ(s),ySer+Q(s)]R(;)ds
0

so that 1 +— Tro(H, per Rs Q(t)Rs) is differentiable, with
d
7 (Trof HY. Rs Q(1)Rs)) = — Tro(Hge, Rsi[w? (1), e, + Q1) Rs)
= —Tro(Hge, Rsi[w€ (1), Q)] Rs )
= —Tro(RgngrRsl[ 2. 0m)),

where we have used that yper, Rs and RsH, per commute. Moreover,

7 D(prsoRrs» V(1)) = (PR5Q(z)R5,V(f))+Tf0<vc(V(f)) (RaQ(f)Rs)),

where the second expression makes sense since %(R(; Q(t)Rs) € Q. Finally,
d d
ED(pRg 0(1)Rs» PRsQ(1)Ry) = 2Tro | ve(oR; Q(z)Rg)E (RsQ(1)R;) |.
Therefore, ¢ > Es(t, Q(¢)) is differentiable and

d
E(&s (1. 0®)) = —D(prs o) Rs» V' (1)) + rs(t)

where
rs(t) =Tr0< R QFs (1) — (RaQ(t)Rs)) — Tro(Rs Hyee Rsi[w€ (1), Q(1)]).

Therefore, (90) holds true for s given by (94). Using (93), we may rewrite rs(t) as

rs(t) = _iTrO(Uc(PR5 0 Rs—0) Rs H erQ(l)Ra) + 1TrO(UC(PR5Q(t)R5 0n)Rs Q1) Rs per)
— Tro(ve (PRs 0 (1) Rs— Q(z))Ral[wQ(l), Yper T O(1)|Rs) — Tro(w Q(I)Ral[wQ(l‘), Yper + Q)] Rs)

— Tro(w@ (1) Rs Hyi[ Q (1), Rs]) — Tro(w@()i[ Q(1). Rs | Rs Hy,).-
We deduce from the third assertion in Lemma 18 that

| Tro(ve (PR; 0y Rs— 0)) R Hotr Q1) R5) | < C Q1) | o Rs Q1) Rs — Q1) o,

and

| Tro(ve (PR; 0y Rs— (1)) Rs Q (1) Rs Hyry )| < C Q)| o Rs Q1) Rs — Q1) | o-
It also follows from Lemmas 3 and 4 that
| Tro (ve (or; Q(z)Ra—Q(t))Réi[wQ(t), Vr?er + Q(®)]Rs)]
1+ 120 (v @] 2ne + 2D RsQORs = 00| o
To bound the fourth term in the right-hand side of (95), we notice that
Tro(w@ (1) Rsi[w? (1), v, + QO] Rs) = Tro(w 0)i[w? (1), v + Q(1)])
+Tro (w2 () (Rs Q) Rs — O (1)),

where we recall that (Nz(t) =i[w?(r), y&r + Q(1)]. Now, forall V € v.(L>NC) and all Q € Q,

(94)

95)

(96)

7

(98)
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Tro(Vi[V. yper + Q]) =0,

so that

|Tro(wC () Rsi[w @ (@), yper + QO] Rs)| < C(|v D) || 12 + [ QD] ) [R5 Q1) Rs — O (1) - (99)
We finally infer from the third assertion in Lemma 18 that

| Tro(w® (1) Rs Hyed[ Q(1). Rs )| < C([v () 12 + [ QD[ Q) [ Q). R ]| o (100)
and

| Tro (w@ i[ Q0. Rs[Rs Hpey) | < C([v) | o + [ Q@D [ Q) [ 2@, Rs ]| - (101)

Collecting (96)—(101), we obtain (91). O

5.9.3. Properties of the solution
The preservation of the trace has already been proved at the beginning of Section 5.9.2.
Let us now assume that yger + QY is an orthogonal projector. Since y[?er + Q(t) is self-adjoint and non-negative,

proving that V;?er + Q(t) is an orthogonal projector amounts to proving that (V;?er +0@)* = yé)er + Q(r) forall r > 0.
Introducing I"(1) = (v, + Q(1))* and y () = y%, + Q(1), it formally holds

.d

iZ v =[H©,y®],

where H(t) = ng)er +ve(po(t) —v(1)), and

d
i = [HO.yOly O +yO[H®, yO)]=[H®), y@©)*]=[H®), [ ©)].

The above formal computation can be made rigorous upon using mild formulations, and establishing the second
equality by some limiting procedure involving regularization operators, as in Section 5.9.2. We do not detail this point
here for the sake of brevity. The uniqueness of the mild solution of the linear equation

d
i—A@)=|H(), At
i () =[H (), A®)]
and the fact that y (0) = I"(0) allow to conclude that ¢ (¢) = I'"(¢) for all # > 0.

5.10. Proof of Proposition 13

Proposition 6 shows that the regularized operator
L= —xJve (102)
(with x, defined in (76)) is such that, for any o1, 02 € L*(R, C),

0L 0
(o2, L701),2 =—11m<§1§ / Tr[ Ooo e oy ) fzvagl)(w)]dwdz), (103)
L2(O) b4 g4 z— (ngr—l—w—l—ln) - H;())er
On

where the contour % is plotted on Fig. 1.
We now investigate the limit 7 — 0 of the latter expression. To this end, we choose a contour % similar to the one
of Fig. 2, such that, for all n € [-1, 1],

dist(, (o (HO) N [ep, +00)) £ 2 +in) > 5= 2.0, (104)

and consider o1, 02 € .7 (R x R3) such that F; 01, F;0> have support in [—£2, £2] x R3. We can then pass to the limit
n 4 0in (103), and the limit actually make sense when Fyv.(ox) € L>(R,C’) for k = 1,2 and Fyvc(01)Five(02) =0
outside a compact subset of (—g, g). This is the case in particular when both functions g belong to 7% (note however
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that it is even possible to give a meaning to this expression when only one of the functions is in 7%, the other one
being in L%(R,C)). The resulting expression is clearly symmetric in o1, 02:

(Vper = (Vper)
{02, Lo 2(c) = ——Im(¢/ [2—(pper+ )fzvc(az)( ) _leg)erftUc(Ql)(w)}deZ)-

This finally shows that £, restricted to 7 C LZ(R, C), is a well-defined symmetric operator. It is also clearly
bounded, with a bound proportional to (g — £2)72 in view of (104).
Besides, for ¢ € 57,

+0o0

(0. Lo) 2y =2 Z
ISnKN<m g px P

’ ’ 2
][ |<un,q+q s []:tvc(Q)(a))]qum,q )L%erl dq/dq do > 0.

Em,q" — €n,q+q +o
which shows that £ is non-negative on .7 when 0 < 2 < g.

Remark 29. Note that the corresponding expressions of (£o1,02)¢ and (Lo, 0)¢ in the time-independent (static)
setting (see the proof of Proposition 2 in [6]) are recovered by removing the integration over w € [—£2, §2] and setting
o = 0 everywhere.

5.11. Proof of Proposition 14.

This proof strongly relies on the proof of Theorem 3 in [6] and we only present the required modifications. For the
ease of comparison, we follow the notation of [6] and hence use 7 for the spatial dilation operator

Uy, x) =n*?h(z, x).
Computations similar to the ones performed in [6, Section 6.10] give
UpA~'U, v = £, (105)
where A = vc1 / 2(1 + L)ve 12 is bounded and invertible on the space
={f e L*(R, L*(R%)) | supp(F; ) C [-£2, 2] x R*},

and where V and f" are the functions Of,% defined as vV = vcl/zv and [ = v{l/zwl?, with W] = ﬁU,;‘vc(vn — an)'
Note that Uy, is unitary on Hg, with adjoint (Uy)* = U,-1. The proof of the result therefore amounts to identifying
the weak limit of U*A~'U, 7.

Lemma 20 shows that, for any function 4 € L*(R, L per(F ),

Fi(Agh)(w, x)

+00
=h(w,x) — Z ApgNam — 1m<N<n)][

n,m=1 *

<un,q+q/a []:t(vgﬂ)qh(wa ‘)]um,q’>LIZ)

En,q+q — Em,qg — @

er ¢ 1/2 .
(vc/ )q[un,q+q’”m,q’](x) dq'.

This defines an operator A(w, q) acting as F;(A4h) (@, ) = A(w, ) Fih(w, -), with (for g € Lger(l’))

per)q+g' — En.g' + @

/2 Vo) gqf 1/2 L
Alw.q)g=g+ (v Z T tnq (ve'"), 8 |iwg dq
P per

0 L
]/2 Z (yper)ﬁq, u /(vl/z) g linodq (106)
( w n,q C q n,q .

er)q+q’ —&nq —
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As A~! is bounded on j%;;, the weak limit of the left-hand side of (105) can be studied for functions whose space—
time Fourier transforms have compact support. For & and A, in L*(R, L?(R?)) with compact supports, and for
small enough,

(U;A—lUnhl,hz)Lz(Lz) = / ][(]-", (A_lUnhl)q(w, Y, Fr(Uyh2)g (o, '))Lge, dgdw

R I+
- / / ([, 1] 0. )z Frchi @ B F oo, b dordk,
R R
where we have used that, for & € L2(R, L2(R?)),
(27.[)3/2
(Fih)g(@. %) = " Y Fixh(@.q+ K)ek (x),
KeR*
so that
L3y (2m)3? K
Fr(Uph)g(w,x)=n""/? |r|1/2 Z Fixh| o, eg (x).
KeR*

Note that, since the spatial Fourier transforms of the functions %1, > have compact supports, for  small enough, only
the first component K = 0 remains in the above sum.
It is therefore sufficient to understand the limit ([A(w, nk)]™ e, eo) 12, When 1) — 0, with ¢g = |I"|~1/2. This is

given by the following lemma, whose proof is omitted since it is a straightforward modification of Lemma 6 of [6]
(note that Eq. (69) in [6] is replaced by (106)).

Lemma 30. Denote by Py the orthogonal projection on {eg}*. The following hold:

(i) Forall w € (—g, g) and all o € S?, A(w, no)ey converges strongly in L%er([') to by (w, x) as n — 0, where for
all k € R3, the periodic function by (w, -) is defined by

bi(w, ) = (k1> + kT L(w)k)eo

2ivar | [ 0L |
_ —1/2G0 Z 0 0 (k- Vit g )itng dq’,
I P n=1 (Hper)g' = &n.q' — @) (( —Eng +©)

Hper)q/
(107)

with

(k- Vidtng ttm.g) 13, INE
Vke R, kT Lok =% Z Z ][ o T D dq,
|F|n Lm=N+1;" (€m.q = €ng)(Emq = Eng +©)(Emg —Eng — ©)

1
and where G is the operator defined on le)er(l") as
—iK-x

G |F|1/2

1/2f_ Z VA fi ek

K| |F|% wherefK=/f(x)

KeR*\{0) A

and which satisfies P()Gl/2 Gl/zP

(ii) For a given w € (—g, 8), the family of operators PyA(w, q) Py, seen as bounded operators acting on PyL
is continuous with respect to q and

per(F)

PoA(@, @) Polpy 12,y = C (@)

strongly as g — 0, where C(w) > 1 is the bounded operator on POL%CI(F ) defined by
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(H[())er)q/ - 8}’[,(1/ —w (Hrg)er)q/ - 8n,q’ + w

2 [y (Vper)y (Vper)y ! :
Cl)f=f+G, E + Un,qgGg f |itng dgq (108)
I+ n=1

forall f € PoLp, (D).
(iii) Forall o € S* and w € (—g, g), the following limit holds:

. -1 1
lim (eg, |A(w, = . 109
i {eo: LA o)) = o e (Pob @) €@ Poby @ N (10
We may now define the macroscopic dielectric permittivity as
Kl en@)k = k1> + K" L)k = (Pobe(@. ), [C@)] " Pobit. ) . (110)

The matrix inequality ey (w) > 1 is a straightforward consequence of (109), using the fact that A > 1.
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