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Abstract

In this paper, we consider the rolling problem (R) without spinning nor slipping of a smooth connected oriented complete
Riemannian manifold (M, g) onto a space form (M , &) of the same dimension n > 2. This amounts to study an n-dimensional
distribution DR, that we call the rolling distribution, and which is defined in terms of the Levi-Civita connections V& and vé .
We then address the issue of the complete controllability of the control system associated to DR. The key remark is that the state
space Q carries the structure of a principal bundle compatible with Dg. It implies that the orbits obtained by rolling along loops
of (M, g) become Lie subgroups of the structure group of 7 js. Moreover, these orbits can be realized as holonomy groups of
either certain vector bundle connections VR"', called the rolling connections, when the curvature of the space form is non-zero,
or of an affine connection (in the sense of Kobayashi and Nomizu, 1996 [14]) in the zero curvature case. As a consequence, we
prove that the rolling (R) onto an Euclidean space is completely controllable if and only if the holonomy group of (M, g) is equal
to SO(n). Moreover, when (M, £) has positive (constant) curvature we prove that, if the action of the holonomy group of VR is
not transitive, then (M, g) admits (M , &) as its universal covering. In addition, we show that, for n even and n > 16, the rolling
problem (R) of (M, g) against the space form (M , &) of positive curvature ¢ > 0, is completely controllable if and only if (M, g)
is not of constant curvature c.
© 2012 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

1. Introduction

In this paper, we study the rolling of a manifold over another one. Unless otherwise precised, manifolds are smooth,
connected, oriented, of finite dimension n > 2, endowed with a Riemannian metric. The rolling is assumed to be
without spinning (NS) or without spinning nor slipping (R). Here we only consider the rolling problem (R). When
both manifolds are isometrically embedded into an Euclidean space, the rolling problem is classical in differential
geometry (see [21]), through the notions of “development of a manifold” and “rolling maps”. For instance, E. Cartan
defines holonomy by rolling a manifold against its tangent space without spinning nor slipping (cf. [5,7]). The most
basic issue linked to the rolling problem (R) is that of controllability, i.e., to determine, for two given points gjpi and
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¢final 1n the state space Q, if there exists a curve y so that the rolling (R) along y steers the system from ginit tO gfinal-
If this is the case for every points gipit and gsina1 in Q, then the rolling (R) is said to be completely controllable.

If the manifolds rolling on each other are two-dimensional, the controllability issue is well-understood thanks to
the work of [2,6,8,16,1] especially. For instance, in the simply connected case, the rolling (R) is completely control-
lable if and only if the manifolds are not isometric. In the case where the manifolds are isometric, [2] also provides a
description of the reachable sets in terms of isometries between the manifolds. In particular, these reachable sets are
immersed submanifolds of Q of dimension either 2 or 5. In case the manifolds rolling on each other are isometric
convex surfaces, [16] provides a beautiful description of a two-dimensional reachable set: consider the initial config-
uration given by two (isometric) surfaces in contact so that one is the image of the other one by the symmetry with
respect to the (common) tangent plane at the contact point. Then, this symmetry property (chirality) is preserved along
the rolling (R). If the (isometric) convex surfaces are not spheres nor planes, the reachable set starting at a contact
point where the Gaussian curvatures are distinct, is open (and thus of dimension 5).

After [2], the state space (Q) of the rolling problem (R) is given by

0= {A:T|xM—> T|;A;I | A o-isometry, x € M, x EM}

where “o-isometry” means positively oriented isometry (see [6,17,11] for an alternative description). The set of ad-
missible controls is equal to the set of absolutely continuous (a.c.) curves on M. We next construct an n-dimensional
distribution Dg, that we call the rolling distribution, so that its tangent curves coincide with the admissible curves
of (X)g. A standard procedure in geometric control in order to address the controllability issue simply consists of
studying the Lie algebra spanned by the vector fields tangent to Dr. More precisely, one tries to compute the dimen-
sion of the evaluation at every point g € Q of this Lie algebra. However, this strategy turns out to be delicate for the
rolling problem, even if one of the manifolds is assumed to be the Euclidean space. Indeed, in that particular case, this
amounts to determine the dimension of the holonomy group associated to the Levi-Civita connection of a Riemannian
manifold (M, g), only from the infinitesimal information provided by the evaluation at any point x of the curvature
tensor associated to V& and its covariant derivatives of arbitrary order (cf. [10] for more details).

However, when one of the manifolds, let say (M , &), is a space form, i.e., a simply connected complete Rieman-
nian manifold of constant curvature, we prove, in Section 4, that there is a principal bundle structure on the bundle
mo,m: Q — M, which is compatible with the rolling distribution Dr. From this fundamental feature, we show how
to address the complete controllability of the rolling problem (R) without resorting to any Lie bracket computation.
Indeed, if M has zero curvature, i.e., it is the Euclidean plane, we reduce the description of reachable sets to the study
of an affine connection and its holonomy group, a subgroup of SE(n), in the sense of [14]. Then, we deduce that the
rolling (R) is completely controllable if and only if the (Riemannian) holonomy group of V¥ is equal to SO(n). This
result is actually similar to Theorem IV.7.1, p. 193 and Theorem IV.7.2, p. 194 in [14].

In the case where M has non-zero constant curvature (up to a trivial reduction equal to 1 or —1), the description of
reachable sets resumes to the study of a vector bundle connection VR of the vector bundle 77 MoR:TM SR —> M
and its holonomy group A", which is a subgroup of SO(n + 1) or SOy (n, 1) depending whether the curvature of M
is equal to 1 or —1 respectively. Recall that SOg(n, 1) is the identity component of O (n, 1). We then prove that the
rolling problem (R) is completely controllable if and only if H Rol ig equal to SO(n + 1) or SOg(n, 1) respectively.

The structure of HR is further investigated for the rolling onto an n-dimensional unit sphere S”. We prove that
if the action of H" onto §” is not transitive, then (M, g) admits the unit sphere as Riemannian universal covering.
This rigidity result can be seen as a de Rham type of result of global nature and we will provide in another paper
[9] the details of the extension of de Rham decomposition theorem to the case of rolling on a space form of negative
curvature.

Then by adapting to the classical argument of Simons [22] to our particular situation, we prove that for n even and
n > 16, the rolling problem (R) of (M, g) against the space form (M, 8) of positive curvature ¢ > 0, is completely
controllable if and only if (M, g) is not of constant curvature c. In that way, we recover some of the results of [13].

To conclude this introduction, we would like to propose some open problems. The first one deals with the rolling
problem of two (locally) symmetric spaces. Indeed, the Lie algebraic structure of the rolling distribution does not
involve the covariant derivatives of the curvature tensors on M and M (see [11]) and therefore its analysis turns out to
be a purely algebraic question. Another question refers to the rolling onto a space of constant positive curvature, where
the action of the rolling holonomy group is irreducible and transitive. One reasonably expects a list of possibilities
similar to that of Berger. In addition, one may investigate the structure of the group of (local) symmetries associated
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to the rolling distribution, in particular when both manifolds M and M have constant curvature. Finally, what could be
necessary conditions on M and M insuring that the rolling distribution is a principal bundle connection over Q — M?
Recall that we provide here a sufficient condition for that, namely that M has constant curvature.

2. Notations

For any sets A, B, C and U C A x B and any map F:U — C, we write U, and U” for the sets defined by
{be B|(a,b)eU} and {a € A| (a,b) € U} respectively. Similarly, let F,: U, — C and FY:U? - C be defined
by F,(b) := F(a,b) and Fb(a) := F(a, b) respectively. For any sets Vi,...,V, themap pr;: V] x --- x V, = V;
denotes the projection onto the i-th factor.

In this paper, a smooth manifold is a finite-dimensional, second countable, Hausdorff manifold (see e.g. [15]). For
any smooth map 7 : E — M between smooth manifolds E and M, the set P {x}) =: 7~ 1(x) is called the 7-fiber
over x and it is sometimes denoted by E|,, when m is clear from the context. The set of smooth sections of 7 is
denoted by I"(;r). The value s(x) of a section s at x is usually denoted by s|,. For a smooth map 7 : E — M and
y € E, let V| () be the setof all Y € T'|, E such that 7, (Y) = 0. If 7 is a smooth bundle, the collection of spaces
Vly(r), y € E, defines a smooth submanifold V (;r) of T'(E) and the restriction w7 (g) : T (E) — E to V(i) is denoted
by 7y (z). In this case my () is a vector subbundle of 77 (g) over E.

One uses VF(M) to denote the set of smooth vector fields on M. The flow of a vector field Y € VF(M) is a smooth
onto map @y : D — M defined on an open subset D of R x M containing {0} x M.

For any maps y :[a,b] - M, w:[c,d] — M into M such that y (b) = w(c) we define

v (@), t €la,bl,

a)LlJ/:[a,b+d—C]—>M; (a)l—ly)(l)={w(t_b+c) telb,b+d—cl.

Also we write y_l :la,b] > M, y‘l(t) =y (b + a —t). In the space of loops [0, 1] — M based at some given
point xg, one defines an operation “.” of concatenation by w.y = (t — a)(%)) Ut — y(%)). For y € M, we use
£2, (M) to denote the set of all piecewise C!-loops [0, 11— M of M based at y.

A continuous map y :I — M from a real compact interval I into a smooth manifold M is called absolutely
continuous, or a.c. for short if, for every fy € I, there is a smooth coordinate chart (¢, U) of M such that y(¢p) € U
and ¢ o y |, 1y is absolutely continuous.

Given a smooth distribution D on M, we call an absolutely continuous curve y : I — M, I C R, D-admissible
if y is tangent to D almost everywhere (a.e.), i.e., if for almost all ¢ € [ it holds that y(¢) € D|, (). For xo € M,
the endpoints of all the D-admissible curves of M starting at xo form the set called D-orbit through xo and denoted
Op(xp). More precisely,

Op(xo) = {y (1) | y:[0, 1] > M, D-admissible, y(0) =xo}. (1)

By the Orbit Theorem (see [3]), it follows that Op(xp) is an immersed smooth submanifold of M containing xg. It is
also known that one may restrict to piecewise smooth curves in the description of the orbit, i.e., the curves y in (1)
can be taken piecewise smooth.

Let 7 : E — M be a vector bundle and V: VF(M) x I'(w) — I'(;r) a linear connection on 7. As is standard, we
write for X € VF(M), s € I'(;) the value of V as Vys € I' (). A parallel transport of so € E|y, along an a.c. path
y :la,b] > M from y(a) = xo to y (b) is written as (PV)Z()/)S(). The parallel transport map

(PY)2(): Ely@ — Elyay )

is a linear isomorphism and one also writes (PV)Z()/) = (PV)Z(y_l) = (PV)Z(]/)_I. The holonomy group of V at
x¢ is defined to be the subgroup H V|, of GL(E|y,) given by

HY| = {(PY)y) | v € 25, (M)},

One writes RV for the curvature tensor of V and if the connection V is clear from the context, one simply writes
P =PV and R = RV for the parallel transport operator and the curvature operator, respectively. Finally, the Levi-
Civita connection of a Riemannian manifold (N, k) is written as V" or simply V when # is clear from the context.
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We use Iso(N, h) to denote the group of isometries of a Riemannian manifold (N, /). The isometries respect
parallel transport in the sense that for any absolutely continuous y :[a,b] — N and F € Iso(N, h) one has (cf. [20,

p. 41, Eq. (3.5)])

Felyiy o (V). ) = (PY").(Foy) o Fulya). 3)

The following result is standard.

Proposition 2.1. (Cf. [14, Chapter 1V, Theorem 4.1].) Let (N, h) be a Riemannian manifold and for any absolutely
continuous y : [0, 11 — M, y(0) = y, define
1
h iy 0 .
AV (1)) = f(Pv ), (V¥ (s)ds € T[N, 1€[0,1].
0
Then the map A}V, Y A ()/)( -) is an injection from the set of absolutely continuous curves [0, 1] — N starting at
Yo onto an open subset of the Banach space of absolutely continuous curves [0, 1] — T'|, N starting at 0. Moreover,

the map AX;I is a bijection onto the latter Banach space if (and only if) (N, h) is a complete Riemannian manifold.
3. State space and distributions
3.1. State space

3.1.1. Definition of the state space
After [2,3] we make the following definition.

Definition 3.1. The state space Q =Q0M, M ) for the rolling of two n-dimensional connected, oriented smooth
Riemannian manifolds (M, g), (M, g) is defined as
QO ={A:T|xM — T|;M | A o-isometry, x € M, £ € M},

with “o-isometry” means “orientation preserving isometry”: if (X;)7_, is a pos. oriented g-orthonormal frame of M
at x then (AX;)!_, is a pos. oriented g-orthonormal frame of M at £.

The linear space of R-linear map A:T|xM — T| XM is canonically isomorphic to the tensor product 7*|, M ®
T |3 M. We write
T*MeTM= | ) T M&T;M
(x,H)eMxM
and if a point A € T*M ® ™ belongs to T, M ® T|xM we usually write it as g = (x, *; A). With projection
T*M®TM T*MQTM — M x M (x,Xx; A) > (x, X), the space T*M ® T M becomes a vector bundle over M x M

of rank n2 and TQ ' =Treyerilo: @ —> M X M is a smooth subbundle of rank n(n — 1)/2 with fibers diffeomorphic
to SO(n).

Remark 3.2.Letg = (x,x; A) e Qand B (T*M ® TAAJ)|(“;). Then v(B)|,; € V|q(”T*M®TM) istangent to Q (i.e.,
is an element of V|, (7)) if and only if 8(AX,BY)+ g(BX,AY)=0forall X,Y € T|, M. This latter condition can
be stated equivalently as B € A(so(T [y M)), i.e. V|(, 3.4)( @) is naturally R-linearly isomorphic to A(so(T'|, M)).

3.2. Distribution and the control problems

3.2.1. The rolling distribution DR
In this section, using the subsequent lift operation, we build a smooth distribution D on the spaces Q and T*M ®
T M whose tangent curves are the solutions of (8). For the next definition, we use the fact that if A € Q, then PO’ P)o

Ao P,O()/) € Q for all # where y, p are any smooth curves in M, M respectively.
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Definition 3.3. For g = (x, X; A) € Q and X € T'|, M we define a vector ZR(X)|, € T|;Q as

d
-iﬂR(X)|q =7

& | (PG 0 A0 P () @)
o

where y, py are any smooth curves in M, M respectively such that y (0) = X and )5(0) =AX.

Remark 3.4. The definition of 2R (X) as given above is independent of the choice of y, ¥ such that they satisfy
7(0) = X, 7(0) = AX.

This map naturally induces 2R : VF(M) — VFE(Q) as follows. For X € VF(M) we define 2R (X)), the rolling lifted
vector field associated to X, by

&RX):Q—>TQ,
g~ R(X)lg.

The rolling lift map .%& allows one to construct a distribution on Q of rank n as follows.

Definition 3.5. The rolling distribution Dg on Q is the n-dimensional smooth distribution defined by

Vg=(x,%;A)€ Q. Drlg=RT:Mlg. o)
One defines mg y :=prijomp: Q0 — M.

Remark 3.6. The map 7p » : Q — M is abundle: if F = (X;)!_, is a local oriented orthonormal frame of M defined

i=1
on an open set U, the local trivialization of 7 » induced by F as

75"y (U) > U x Foon(M);  tr(x, &5 A) = (x, (AXi|)}_)),

is a diffeomorphism, where FOON(M ) is the bundle of all oriented orthonormal frames on M.

The differential (o »)« maps each Dr|y, g = (x,X; A) € Q, isomorphically onto T'|,M, implying the local
existence of rolling curves described in the following proposition (cf. [10]).

Proposition 3.7.

(1) For any qo = (x0, X0; Ag) € Q and a.c. y:[0,a] — M, a > 0, such that y(0) = xq, there exists a unique a.c.
q:[0,a'1— O, qt) = (y (@), 7(t); A(t)), with 0 < a’ < a (and a’ maximal with the latter property), which is
tangent to DR a.e. and q(0) = qo. We denote this unique curve q by

= qpg (¥, 90) (1) = (v (1), PDg (¥, 90) (1); Apy (¥, 90) (1)),

and refer to it as the rolling curve with initial conditions (y, qo) or along y with initial position qg. In the case
that M is a complete manifold one has a’' = a.
Conversely, any absolutely continuous curve q : [0, a]l — Q, which is a.e. tangent to D, is a rolling curve along
y =7 M ©q, i.e., has the form qp, (v, g(0)).

(i1) Writing Ay, = A)YO and /i;CO = /igo (see Proposition 2.1), then, for any qo = (xo, X0; Ag) € Q and a.c. curve y
starting from x, the corresponding rolling curve is given by

D (7, 00) (1) = (v (1), AL (Ao © Ay (1)) (0); Pi (AL (Ao 0 Axy())) © Ao 0 PP (). 6)

(iil) Let go = (xp,%0; Ao) € O, X € T|x M and y:[0,a]l - M; y(t) = expxo(tX), a geodesic of (M, g) with
y(0) = xo, y(0) = X. The rolling curve qpy (v, qo0) = (v, 7Dx (¥, 90); Apg (¥, 0)):[0,a'] - Q, 0 < a’ < a,
along y with initial position qq is given by

VDr (V5 40) (1) = €XPy, (t Ao X)), Ay (¥, 90) (1) = P§ (7D (v, 90)) © Ag 0 P (y),

where eXp is the exponential mapping of (M, §). Moreover, a’ = a if M is complete.
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Gv) Ify:la,b] > M and w:[c,d] — M are two a.c. curves with y (b) = w(c) and qo € Q, then

gpr (@ Uy, 90) = gDy (@, 4D (¥, 90) (b)) U gD (. 90)- (7N
On the group $2,,(M) of piecewise differentiable loops of M based at x( one has

qpr (@.7.,90) = 4Dy (0, 4D (¥, 90) (1)) .41 (¥, 90),
where y, @ € 2y, (M).

Remark 3.8. The curve ¢t — q(¢) = (y(¢), 7 (t); A(t)) € O, t € [a, b], is arolling curve if and only if it is an admissible
curve of the following driftless control affine system

y () = u(t),
(X)r p()=AM)u(r), fora.e. t € [a, b], ®)
V@, anuanA) =0,
where V is the vector bundle connection on T yery canonically induced by V, V and the control u belongs to

U(M), the set of measurable T M-valued functions u defined on some interval I = [a, b] such that there exists a.c.
y:la,b] — M verifying u = y a.e. on [a, b]. We can write the above system as

P =AY ),
Vi iunA =0

where y is a.c. In the model of rolling of a Riemannian manifold (M, g) against another one (M , &), the first (resp.
second) equation models the so-called no-slipping condition (resp. no-spinning condition). A complete argument for
the above remark is provided in [10].

3.3. Global properties of a Dr-orbit

The next proposition describes on one hand the symmetry of the rolling problem with respect to (M, g) and (M, 2)
and on the other hand that each Dr-orbit is a smooth bundle over M. Proofs are omitted (cf. [10]).

Proposition 3.9.

(i) Let ’l/)l\z be the rolling distrjbution in Q :iQ(M, M). Then the map t: Q — Q; (x, ;A =&, x;A Hisa
diffeomorphism of Q onto Q and 1,Dr = DRr. In particular, 1(Opg(q)) = O@; (t(g)).

(ii) Let go = (x0, Xo; Ag) € Q and suppose that M is complete. Then TOpy (q0). M *= JTQ,M|ODR o) - Opr(q0) > M
is a smooth subbundle of wg .

Proposition 3.10. For any Riemannian isometries F € Iso(M, g) and F elso(M, 8) of (M, g), (M, 8) respectively,
one defines smooth free right and left actions of Iso(M, g), Iso(M, ) on Q by
g0 F := (F~'(x0). £0: Ao 0 Filp-1(yy)): F - qo := (x0, F (20); Fil3, 0 A),

where qy = (xo, Xo; Ag) € Q. Set F- qo0 - F := (1:“ “qo) - F = F- (go - F). For any qo = (x, X0; Ag) € O, a.c.
y:[0,1]—> M, y(0) = x¢, and F € Iso(M, g), F €Iso(M, g), one has

F gDy (v,q0)®) - F =qpg (F ' oy, F-qo- F)(®), )

forallt € [0, 1] where qpg (v, qo)(t) is defined. In particular, F. Opg(qo) - F = ODR(ﬁ ~qo - F).

Proof. The fact that the group actions are well defined is clear and the smoothness of these actions can be proven
by writing out the Lie group structures of the isometry groups (using e.g. Lemma I11.6.4 in [20]). If go - F = g0 - F’
for some F, F' € Iso(M, g) and go € Q, then F~1(xg) = F'~1(x¢), Filx, = Filx, and hence F = F’ since M is
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connected (see [20, p. 43]). This proves the freeness of the right Iso(M, g)-action. The same argument proves the
freeness of the left Iso(M, g)-action.
Finally, Eq. (9) follows from a simple application of Eq. (3). Indeed, we first recall the rolling curve gpy (¥, qo) =
(v, YDe (7, 90); ADg (¥, q0)) satisfies
P (7D (v 40)) 7 Dy (¥ 40) (1) = Ao P ()7 (1),
ADg (. 40) (1) = PG (Ppy (7+ 90)) © Ao 0 PP (y).
First, by using (3), we get

. d - .
PtO(FOVDR(VvCIO))E(FO PDr (V> 40)) (1)

= ﬁ*PtO(J;DR (v, C]O)) FA‘gjl(FA‘*J;’DR(y9 6]0)0))
= FAoPY ()7 (1) = (FuAgF) (FT PA(y)F) ES (1)

. d
= (F,AgF)PX(F "o y)a(F_l oy)(®),

and since by definition one has
A _ A A _ A A _ d, _
PP (e (F™ oy, Fogo- F))yp (F~ oy, Frgo- F) = (F.AGFO P (F~ oy ) - (F o) @),
the uniqueness of solutions of a system of ODEs gives that Fo PDr (Vs q0) = Vi (F oy, F. qo - F). Hence (9) is
a consequence of the following

FeApy (v, q0) Fi = F (PG (9D (v: 40)) © Ag © PP () Fi
= P{(F o 9D (7. 40)) o (FxAoF,) o PY(F~' o y)
= Pi(ppx(F oy, F-qo- F)) o (FuAoFy) o PY(F " o)
=Ape(F oy, Frqo-F). O

The following proposition and its corollary are given without their proofs.

Proposition 3.11. Let 71 : (M1, g1) — (M, g) and 7 : (Ml, g1) — (M, 8) be Riemannian coverings. Write Q1 =
Q(Ml,Ml) and (DR)1 for the rolling distribution in Q. Then the map IT1:Q, — Q; I(x1,x1;A]) =
((x1), A (X1); Tyl 0 Ay 0 (ilx)™Y) is @ covering map of Qy over Q and IT,(Dr); = Dr. Moreover, for every
q1 € Q1 the restriction onto O(py), (q1) of I is a covering map O(py), (q1) — Op, (I1(q1)). Then, for every q € Q1,
IT(Opy), (q1)) = Opy (IT(q1)) and one has O(py), (q1) = Q1 if and only if Op, (IT1(q1)) = Q.

As an immediate corollary of the above proposition, we obtain the following result regarding the complete control-
lability of (DRr).

Corollary 3.12. Let m:(My,g1) — (M,g) and 7: (Ml, g1) — (M, 8) be Riemannian coverings. Write
0=0WM, M), Dr and Q1 = Q(My, M]), (DRr)1 respectively for the state space and for the rolling distribution
in the respective state space. Then the control system associated to DR is completely controllable if and only if the
control system associated to (DR)1 is completely controllable. As a consequence, when one addresses the complete
controllability issue for the rolling distribution DR, one can assume with no loss of generality that both manifolds M
and M are simply connected.

4. Rolling against a space form
For the rest of the paper we assume that (M, £) is a space form, i.e., a simply connected complete Riemannian

manifold of constant curvature. The possible cases are: (i) Euclidean space with Euclidean metric (zero curvature),
(i) sphere (positive curvature), and (iii) hyperbolic space (negative curvature), cf. e.g. [20].
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We first reduce the original control problem to the following one: fix (any) xo € M and consider rolling of M along
loops v € £2,,(M); one obtains a control problem whose state space is the fiber 7 é IM (x0) and the reachable sets are

T, 0. M N Opyg(q0), where gg € 0. M(xo) It is then trivial to see that complete controllability of the original problem is
equivalent to the complete controllability of the reduced rolling problem. Note that this fact holds true for the general
rolling problem of one Riemannian manifold against another one.

On the other hand, the rolling problem against a space form of constant curvature ¢ € R actually presents a funda-
mental feature which turns out to be the crucial ingredient to address the controllability issue. We next prove that on
the bundle g a: O — M one can define a principal bundle structure that preserves the rolling distribution Dg. As
a consequence, the reachable sets né’lM (x0) N Opy (qo) become Lie subgroups of the structure group of wp a. We
will prove that these orbits in fact can be realized as holonomy groups of certain vector bundle connections if ¢ # 0
and as a holonomy group of an affine connection (in the sense of [14]). Therefore the original problem of complete
controllability reduces to the study of appropriate connections.

4.1. Orbit structure

We first recall standard results on space forms. Following Section V.3 of [14], we define the n-dimensional space
form M, of curvature ¢ # 0 as a subset of R**!, n € N, given by

A;[”;C = {(xl, e Xng1) € R x +. —i—xn +c” lx,%Jr] =c xpp1 + ﬁ 0}.
Equip Mn  with a Riemannian metric g,.. defined as the restriction to M .c of the non-degenerate symmetric 0, 2)-
tensor s,.. := (dx1)2 + -4 (dx, )2 +c 1(d)c,,Jrl)2 The condition x4 + > 0 in the definition Mn ¢ guarantees
that M,,; ¢ 1s connected also when ¢ < 0.
Let G.(n) be the identity component of the Lie group of linear maps R"*t! — R”*+! leaving invariant the bilinear
form

(X, Vinse = in)’i + C_lxn+1yn+l»
i=1
forx = (x1,...,Xp41), y =1, ..., Yn+1) and having determinant +1. In other words, a linear map B (R 5 Retl
belongs to G.(n) if and only if det(B) = +1 and (Bx, By)n.c = (X, Y)nies VX, ¥y € R* or, equivalently,
BTI,,;CB = Ip.c, det(B) = +1, where I,.. =diag(l,1,...,1, ¢ . In particular, G1(n) =SO(n + 1) and G_1(n) =
SOgp(n, 1). The Lie algebra of the Lie group G.(n) will be denoted by g.(n). Notice that an (n + 1) x (n + 1) real
matrix B belongs to g.(n) if and only if BTI,,;C + I,. B =0, where I,,.. was introduced above.
Sometimes we identify the form s,.. on R**! with (-, ‘)n:c using the canonical identification of the tangent spaces
T|,R"*! with R"*!, Notice that if £ € M,,.. and V € T|;R"T!, then V € T |3 M,,.. if and only if 5,..(V, %) =0
If ¢ =0, the space form (M,;.0, &n:0) is simply equal to R” with the Euclidean metric, G, (0) is set to be the group
SE(n) := SE(R"), the special Euclidean group of (M,;.o, &x:0). Recall that SE(n) is equal to R” x SO(n) as a set, and
is equipped with the group operation » given by
(w,L)x(u,K):=Lu+v,LoK).
The natural action, also written as x, of SO(n) on R” is given by
(u,Kyxv:=Kv+u, @, K)eSOV), veV.

Finally recall that, with this notation, the isometry group of (M,, o gn ¢) is equal to G.(n) for all ¢ € R (cf. [14]) as
explicitly recalled in the next proof. From now on we set (M 8) = (Mn ¢» &n:¢) for ¢ € R. In the next proposition we
detail the principal bundle structure of g u.

Proposition 4.1.

(i) The bundle g p: Q — M is a principal G.(n)-bundle with a left action w:G:(n) x Q — Q defined for every
q=(x,%; A) by
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n((3.€).q) = (x.Ci+§:CoA), ifc=0

w(B,q) = (x,BX; Bo A), ifc#0.
Moreover, the action . preserves the distribution Dy, i.e., forany g € Q and B € G:(n), (B)+Drlq = DRl 1u(B,¢)
where up: Q — Q; q+— (B, q).

(ii) Forany given q = (x, x; A) € Q there is a unique subgroup Hy of G.(n), called the holonomy group of DR, such
that

(Mg x 1q}) = Opy (@) N7yl ().

Also, if ¢ = (x,%"; A") € Q is in the same wo y-fiber as q, then Hy and H, are conjugate in G.(n) and all
conjugacy classes of Hy in G.(n) are of the form H,. This conjugacy class will be denoted by H. Moreover,
TOp, ()M * Opg(q) = M is a principal H-bundle over M.

Proof. (i) We begin by showing that if B € G.(n), then u(B,q) € Q. Let X € T|,. If c =0, then B = (3,C) €
SE(n) =R" x SO(n) and

ono = ICAX I, = 1AX g, = I Xg
while if ¢ #£ 0,
|luB.X], =I1BAXIg,, =IAXIg,, =Xl

Since G.(n) is connected for every ¢ € R, it follows that (B, g) = (x,Z; A’) viewed as a map T |, M — TEA;[,,;C is
also orientation preserving and therefore indeed (B, q) € Q.

Clearly p is smooth, satisfies the group action property and the action is free. We show that p-action is transitive
and proper, implying that g 3 endowed with G.(n) action u becomes a principal bundle.

Letg = (x,%; A),q¢ = (x,x',A) € né’lM(x) and suppose (X;)?_, is some orthonormal frame of M at x. Since
G.(n), identified as an open subgroup of Iso(M,:¢, &n:c), acts transitively on the space of orthonormal frames of M,, e
thereisan F € G ¢(n) such that F*(AX )= A’X; for alll =1, ..., n. This implies that F(x) =x"and F*A Al

If c=0we set B =K - F*|x(x) F*| ), where F*|,C is thought as amap R” — R" through canonical identifi-
cations of T'|; M, 12 Mz and T| n;c With R".If ¢ # 0 the element B of G.(n) is uniquely determined by setting it to
be equal to Fu;onT|:M n;c and imposing that B (X) = &'. Therefore, we get u(Bp, q) = g" which therefore shows
the transitivity.

We first prove that if Fe G.(n) and By € G.(n) as defined above, then (B, q) = F- g where g = (x, x; A) and
the right hand side is defined in Proposition 3.10. If ¢ = 0, then

1B, q) = n((F&) = Ful: (0), Filz), q) = (x, B3 (B) + (FR) — Fil3 ()); Filz 0 A)

= (x, F(®); Fulg 0 A)=F -q,

while if ¢ # 0, w(Bp, q) = (x, Bp(2); Bp 0 A) = (x, F(R); Fulz 0 A) =

To prove the properness, consider a sequence B, in G.(n) and g, = (x,,, X,; A,) in Q suchthat g, - g = (x, x; A)
and w(By,, qn) — q' = (x',x’; A") as n — 0o. Choose the unique E, e Iso(My:c, &n:c) such that B, = B as above.
Then w(By, gn) = I:",Z q — ¢q' implies in particular that I:" (Xp) — x’ and we also have %, — x. Since the action of
the isometry group of a complete connected Riemannian manifold is proper, we hence obtain a subsequence F of
Fy converging to F € G.(n). Then By, ; converges to B and we are done.

It remains to check the claim that the action u preserves Dr in the sense stated above. Let B € G.(n). From what
precedes, there is a unique Fe Iso(Mn;C, 8n:c) such that B = Bp. Let g = (x, X; A) € Q and let y be any smooth
curve in M such that y (0) = x. By what was proved above and Proposition 3.10 imply that for all ¢,

(B, g (V. 9)(®)) = F - gD (v, ) (1) = gD (v, F - ) (1) = gDy (v, 1(B, 9)) (1).

Taking derivative with respect to ¢ at t = 0, we find that
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d
CIDR()/ 7)) =—| n(B,qpg(v. ) (1))

d
(/LB)*L”R(J?(O)H (“B)* dr
0

d
=al, ape (v (B, ) (1) = ZR(7(0))| (5.4
This implies that (1)« Dr = Drl;(B,q) and hence allows us to conclude the proof of (i).

(ii) This follows from the general theory of principal bundle connections. See [12,14]. O

4.2. Rolling against an Euclidean space

In this section, we give a necessary and sufficient condition for the controllability of (X') g in the case that M =R"
equipped with the Euclidean metric, i.e. M, )= (M,, 05 &n:0)-

Now fix a point gg of Q = Q(M, R") of the form go = (xo, 0; Ag), i.e., the initial ‘contact point on M is equal to xo
and, on R", it is the origin. Since R” is flat, for any a.c. curve ¢ — 7 (¢) in R" and X € R" we have P/ 0 (7 X =
where we understand the canonical isomorphisms 7'|;)R" =R" = T|;;)R". We can then parameterize the rolhng
curves explicitly in the form:

t

g (v, (x0, %5 A)) (1) = (V(t),)? +A/PSO(V)7?(S)ds; AP,O(J/)), (10)
0

for any (xo, 0; Ag), (x0,X; A) € Q and y € £2,,(M).

We will make some standard observations for subgroups G of an Euclidean group SE(V), where (V,h) is a
finite-dimensional inner product space. Call an element of G of the form (v, idy) a pure translation of G and write
T = T(G) for the set that they form. Clearly T is a subgroup of G. Let pr;, pr, denote the projections SE(V) — V
and SE(V) — SO(V).

Proposition 4.2. Let G be a Lie subgroup of SE(V) with pr,(G) = SO(V). Then either of the following cases hold:

(1) G =SE(V), or
(i) there exists v* € V which is a fixed point of G.

Proof. Suppose first that T = T'(G) is non-trivial, i.e., there exists a pure translation (v, idy) € T, v # 0. Then for
any (w, A) € G it holds that

G 3w, A %, idy)* (w, A) = (—A" 'w, A7) x (v +w, A)
=(A"' v+ w) — A w,idy) = (A7 v, idy),
which implies that
T>{(A v, idy) | (w, 4) e G} ={(A7"v,idv) | A € pry(G) = SO(V)}
= 5"71(0, [[v]) x fidy}

where S~ !(w,r), w € R", r > 0, is the sphere of radius r centered at w € V and || - || = h(-,)Y2. If w € V such
that |w| < ||v| then it is clear that there are u, u’ € $"~1(0, ||v||) such that u + u’ = w (choose u € S*~1(0, |[v|}) N
S" Y (w, ||v|]) and ¥’ = w — u). Therefore

(w,idy) = (u,idy) = (u',idy) € T,
i.e., B(0, |lv]]) C T where B(w, r) is the closed ball of radius r centered at w. For k € N,

{B(O, Ilvll) +---+ B(0, l[vll)} x {idv} = (B(0, [lv]l) x {idv}) *---x (B(0, [|v]l) x {idv}) C T.

k times k times

From this we conclude that V x {idy} = T. Therefore we get the case (i) since
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G=Tx*G={(uidy)*(w,A) |ueV, (w,A) eG}
={u+w, A |ueV, w,AeGl={wu,A) |ueV, Acpr,(G)=S0(V)}
=V x SO(V) =SE(V).

The case that is left to investigate is the one where T is trivial, i.e., T = {(0,idy)}. In this case the smooth sur-
jective Lie group homomorphism pr,|g: G — SO(V) is also injective. In fact, if A = pr,(v, A) = pr,(w, A) for
(v, A), (w, A) € G and v # w, then

G>w, A)x@, A =, A« (-A7v, A7) = (w—v,idy) e T,

and since (w — v, idy) # (0, idy ), this contradicts the triviality of 7'. It follows that pr,|¢ is a Lie group isomorphism
onto SO(V) and hence a diffeomorphism. In particular, G is compact since SO(V') is compact.

Take a non-zero v € V and writing g for the (right- and) left-invariant normalized (to 1) Haar measure of the
compact group G, we define v* := fG (B xv)dug(B). Thus for (w, A) € G,

(w, A) *v* =w+Av*=/(w+A(B*v)) dup(B) =/(((w,A)*B)*v)d,uH(B)
G G

=/(B*v>duH<B> — o,
G

where, in the second equality, we have used the linearity of the integral and normality of the Haar measure and in
the last phase the left invariance of the Haar measure. This proves that v* is a fixed point of G and completes the
proof. O

The previous proposition allows us prove the main theorem of this section.

Theorem 4.3. Suppose (M, g) is a complete Riemannian n-manifold and (M, 8) = R" is the Euclidean n-space. Then
the rolling problem (R) is completely controllable if and only if the holonomy group of (M, g) is SO(n).

Proof. We write H|, for the holonomy group HV|, of V at x € M.
Suppose first that (R) is completely controllable. We need to show that H |y, = SO(T |, M) for some given xo € M.
Let Ag := idnx0 m and go := (xg, 0; Ag) € Q where we understand the canonical identification T'|o(T |y, M) = T |, M.
Given B € SO(T|y,M), set g = (xp,0; AB) € Q. By assumption Op,(qo) = Q so there exists a y € £2y,(M)
(notice that g (o) = x0 = wg, m(q)) such that ¢’ = gp, (v, go)(1) which by (10) means that
1

(x0,0; AB) = (xo, A / P2(y)y (s)ds; AP?(y))

0

and thus B = Plo(y) € H|y,. This proves the necessity of the condition.

Assume now that the holonomy group of M is SO(n), i.e., for any x € M we have H|, = SO(T|,M). Let g =
(x,0; A) € Q and let H, be the subgroup of SE(n) such that u(H, x {g}) = né’lM (x) N Opy (g) as in Proposition 4.1
case (ii).

We claim that pr,(H,) = SO(n). Indeed, if B € SO(n), then A"'BA € SO(T|yM) = H|, and hence there is a
y € §£2,(M) such that A"IBA = Plo(y). Let (3,C) € ‘H, be such that w((@, C), q) = gpg (v, q)(1). Then from (10)
and the definition of u in Proposition 4.1 we obtain

1

(3, CA) = (A / P5<y>y’(s>ds,APP<y>>

0

and hence B = APO1 WA '=Ce pry(H4), which establishes the claim.
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It follows from Proposition 4.2 that either (i) H, = SE(n) or (ii) there exists a fixed point wj; e R" of H,. If (i)
holds for some go = (xp, 0; Ag) € Q, then by Proposition 4.1 we obtain
7 o (0) N Opg (90) = (Mg x {q}) = n(SE(m) x {q}) =75y (x0)

and hence Op, (q0) = Q because TTOpg (q0). M is a subbundle of mp p. Thus the rolling problem (R) is completely
controllable if (i) holds.

Therefore suppose that (ii) holds, i.e., for every ¢ € Q of the form ¢ = (x, 0; A) there is a fixed point w;‘ e R”
of H,. We will prove that this implies that (M, g) is flat which is a contradiction since (M, g) does not have a trivial
holonomy group.

Thus for any point of Q of the form g = (x, 0; A) and all loops y € §2,, (M) we have by (10) and Proposition 4.1,

1
wi = (1) " (gD (D) xwi = () (x, / PY(y)y (s)ds; APP(y)) *w)
0
1 1

= (A f PY(y)y (s)ds, AP?(y)A*) xwh=AP)(y)A™ Wi+ A f PY(y)y(s)ds.
0 0
In other words we have (Po(y) - id)A_lw* + fol Po(y))}(s) ds =0. Thus if ¢ = (x,0; A) and ¢’ = (x, 0; A’) are on
the same 7 p-fiber over (x, 0), then (Po(y) —id)(A~! w — A ;‘/) =0 for every y € £2,(M). On the other hand,

since M has full holonomy, i.e., H|, = SO(T |, M), and H|, = {Plo(y) | vy € 2,(M)}, it follows from the above
equation that A_lw* =A"! ;‘ This means that for every x € M there is a unique vector V|, € T|x M such that

Vii=A" w* Vg € n (x 0). Moreover, the map V: M — TM; x — V|, is a vector field on M (smoothness of V
is deduced below) satlsfylng

1
PPVl = Ve = —/ PY(¥)7(s)ds, Vy € Qu(M). (11
0
It follows from this that, for any piecewise C! path y : [0, 1] — M, we have
1
Viyam =P (y)(wy«» - / Ps°<y>y'(s>ds>. (12)
0
Indeed, if w € £2,,(1)(M), then y lwye £2,0)(M) and therefore

PY () PY (@) Pd 1)V Iy = Vy0)
=Py Loy)Viyo — Viyo

1
/PYO .. ; (y_l.a).y)(s)ds
0

/ P2(y)y(s)ds — P)(y) / Po(w)ir(s)ds — PX(y) P (w) / PY( *1): ~(s)ds
S

0

1

=— / P2(y)y(s)ds + P () (PY @) VIyay — VIyy) + PL () P (@) Py () f P2(y)y (s) ds,
0 0
that is (P)(w) —id) Pg () (V],0) — fol P2(y)y(s)ds) = (P)(®) —id)V]y1). Eq. (12) then follows from this since
{PY(@) | @€ 2,1y (M)} = H|,qy=SO(T|,1yM).
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Since (M, g) is complete, the geodesic yx (t) = exp, (¢ X) is defined for all ¢ € [0, 1]. Inserting this to Eq. (12) and
noticing that Pf(yx))}x (s) = X in this case for all s € [0, 1], we get V|, 1) = PO1 (yx)(V]x — X). In particular, one
deduces from this formula that V is smooth on M. If X := V|, and z := yx (1) = exp,(V|x), we get V|, =0.

Fix z € M such that V|, = 0 and fix also some ¢* € Q of the form ¢* = (z, 0; Ap) (one may e.g. take Ao = idr |, a).
Eq. (12) is clearly equivalent to

t

PYOV o = Vo) — / P2y (s)ds
0

for any piecewise smooth path y : [0, T] - M, T > 0. Taking y to be smooth and differentiating the above equation
w.r.t. to 7, we get Pto(y)V};(t)V = —P,O(y)))(t), ie., Vy»nV =—y(t). Since y was an arbitrary smooth curve, this
implies that

VxV=-X, VXeVFWM). (13)
For any X € VF(M), the vector R(X, V)V can be seen to vanish everywhere since
R(X,V)V =VxVyV —VyVxV — V[X’V]V =—-VxV+VyX+[X,V]
=[V,X]+[X,V]=0,

where, in the second equality, we used (13).
For any X € T'|, M, we write yx (1) = exp, (¢ X) for the geodesic through z in the direction of X. It follows that

t t

Vi = Piyx) (V|z - f PSO(VX)VX(S)dS) = Pj(yx) (- / XdS) = Pi(yx)(—tX) = —tyx(1).

0 0

Now for given X,v € T|,M let Y(¢) = z%k) exp, (t(X + sv)) be the Jacobi field along yx such that Y (0) = 0,
Vix @Y li=0 = v. Then one has

. . 1
VixtyVyx Y = R(yx (0), Y (1)) yx (1) = t_2R(V|yX(t)» Y(®))Vlyx@y =0,
for 1 # 0 which means that > Vy, (Y is parallel along yx, i.e., Vi, nY = P§(yx) Vyy Y = Pj(yx)v. This allows

us to compute, for any ¢,

d? » . d
2 IOl =238(Vix V. Y(0) =28(Vix ) Vi V. Y () + 28 (Vi Y. Vix V)
=0
= 2g(P§(yx)v. P{(yx)v) =2[vl;

and then (1Y (1)1 = 2[lvlizr + GlollY (17 = 2[lvlr, since FlollY ) = 28(Vyx@Y. Y (0)) =0 as Y(0) =0.
Therefore,

2 2
YO, = lvlge® + [y O, = lvlige?,
which means that || (exp,)«|:x (v)|lg = lIv]l; and hence, when t =1,
H(CXPZ)*Ix(v)Hg=Ilvllg, VX, veT| M. (14)

This proves that exp, is a local isometry (T'|;M, g|;) — (M, g) and hence a Riemannian covering. Thus (M, g) is
flat and the proof is finished. O

Remark 4.4. For results and proofs in similar lines to those of the above proposition and theorem, see Theorem IV.7.1,
p. 193 and Theorem IV.7.2, p. 194 in [14].
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4.3. Rolling against a non-flat space form

4.3.1. The rolling connection
Let rrpyer : TM @ R — M be the vector bundle over M where w7 yer (X, r) = 7y (X). In this section we will
prove the following result.

Theorem 4.5. There exists a vector bundle connection VRO of the vector bundle mryqr that we call the rolling
connection, and which we define as follows: for every x e M, Y € T|xM, X € VE(M), r € C*°(M),

VRUX,r) = (Vy X +r(0)Y, Y (r) — cg(X|x, Y)), (15)

such that in the case of (M, g) rolling against the space form (A;In;c, 8n:e), ¢ # 0, the holonomy group G of DR is
. . yhol Rol
isomorphic to the holonomy group H of V7O,

Moreover, if one defines a fiber inner product h, on TM @ R by

he((X.7), (Y.9)) = g(X,Y)+c rs,
where X,Y € T|,M, r,s € R, then VR is a metric connection in the sense that for every X,Y, Z € VE(M), r,s €
C*(M),

Z(he((X, 1), (Y, 9))) =he(VEX, 1), (Y, ) + he((X, 1), VEO(Y, 9)).

Before providing the proof of the theorem, we present the equations of parallel transport w.r.t. VR along a general
curve and along a geodesic of M and also the curvature of VR et y :[0,1] - M be an a.c. curve on M, y(0) = x
and let (Xo, r9) € T|x M @ R. Then the parallel transport (X (¢), 7 (t)) = (PVROI)B()/)(XO, ro) of (Xg, ro) is determined
from the equations

Vi X +r@)y ) =0,

#(1) — eg(y (1), X (1)) =0,
for a.e. t € [0, 1]. In particular, if y is a geodesic on (M, g), one may derive the following uncoupled second order
differential equations for X and r, for all ¢,

(16)

Vi Vi X +cg(X @,y (0)y (1) =0, a7
F()+c|y@ ng(t) =0.
One easily checks that the connection vRo on 7p MeR has the curvature,
RV (X, Y)(Z.r) = (RX.V)Z —c(3(Y. 2)X — g(X. 2)Y),0), (18)

where X, Y, Z e VE(M), r € C*(M).

Proof of Theorem 4.5. We have proved in Proposition 4.1 that the rolling distribution Dg is a principal bundle
connection for the principal G.(n)-bundle g » : Q — M. By a standard procedure (cf. Definition 2.1.3 and Propo-
sition 2.3.7 in [12]), the previous fact implies that there is a vector bundle £ : E — M with fibers isomorphic to R**+!
and a unique linear vector bundle connection VR%': I'(§) x VF(M) — I' (¢) which induces the distribution Dg on Q.
Then the holonomy group G of Dr and H VR of VROl are isomorphic. We will eventually show that & is further iso-
morphic to 77y gRr and give the explicit expression (15) for the connection of 77y gr induced by this isomorphism
from VR on &.

There is a canonical non-degenerate metric h.: E © E — M on the vector bundle & (positive definite when ¢ > 0
and indefinite if ¢ < 0) and the connection VR is a metric connection w.r.t. to h, i.e., for any ¥ € VF(M) and
s,o €'(v),

Y (he(s,0)) = he( Pl o)+ he(s, V;m'a). (19)

The construction of & goes as follows (see [12, Section 2.1.3]). Define a left G.(n)-group action 8 on Q x R +1 by
,(g,v)) = ,q), Bv), where g € Q, v € , B € G.(n). The action B is clearly smooth, free and proper.
B(B,(q,v)) = (u(B,q), Bv), where g € Q R"*!, B € G.(n). The action B is clearly h, d prop
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Hence E := (Q x R"*1)/8 is a smooth manifold of dimension n + (n + 1) = 2n + 1. The B-equivalence class (i.e.,
B-orbit) of (¢, v) € O x R™*1 is denoted by [(g, v)]. Then one defines £([(g, v)]) = o, m(q) which is well defined
since the B-action preserves the fibers of Q x R"*! — M; (¢, v) — mo,m(q). We prove now that & is isomorphic, as
a vector bundle over M, to

rmuer:TM AR — M,

(X, 1) > wrm(X).
Indeed, let f € I'(§) and notice that for any g € Q there exists a unique 7(q) e R"*! such that [(q, 7((1))] =
f (o, ,m(q)) by the definition of the action 8. Then f:Q — R"*1 is well defined and, for each ¢ = (x, £; A), there
are unique X|, € Ty M, r(g) € R such that

(@) = AX|g +r (@)X

The maps g — X|, and g > r(g) are smooth. We show that the vector X|, and the real number r(g) depend only on
x and hence define a vector field and a function on M. One has [((x, x; A), v)] = [((x, y, B), w)] if and only if there
is C € G.(n) such that CX = §, CA = B and Cv = w. This means that C|jma = BA™[ima: TlxM,, c—>ThKM
(with im A denoting the image of A) and this defines C uniquely as an element of G.(n) and also, by the deﬁmtlon
of f, Cf(x,%,A) = f(x, 9, B). Therefore,

BX'(x,yA';B) + I"(}C, 57; B)_)A) = C(AX|(XJQ;A) ~|—r(x, ),C\; A))%) = BXl(x,)?;A) ~|—}’(X,),C\; A)_)A/,
which shows that X|(, 5.y = X|(x 3:4), 7(x, ¥; B) =r(x, X; A) and proves the claim.
Hence for each f € I'(£) there are unique X r € VF(M) and ry € C°°(M) such that
f)=[((x, % A), AXflx +rp(0)%)]

(here the right hand side does not depend on the choice of (x, X; A) € & éylM (x)).
Conversely, given X € VF(M), r € C*°(M) we may define f(x ) € I'(§) by

foxn ) =[((x, %5 A), AX | +r(x)X)],

where the right hand side does not depend on the choice of (x, X; A) € 0. M(x)
Clearly, for f € I'(§), one has f(x, ;) = f and, for (X, r) € VF(M) x C>®(M),onehas (X, 7 fx,)) = (X, 7).
This proves that the map defined by

') — VE(M) x C*(M),
f=> Xy ry)
is a bijection. It is easy to see that it is actually a C°°(M)-module homomorphism. Since C°°(M)-modules I"(¢) and
VF(M) x C°°(M) are isomorphic and since VF(M) x C°°(M) is obviously isomorphic, as a C*°(M)-module, to
I’ (tr yeR), it follows that £ and w7 @R are isomorphic vector bundles over M.
We now describe the connection VR and the inner product structure /. on & and we determine to which objects

they correspond in the isomorphic bundle 77y gR.
By Section 2.1.3 in [12] and the above notation, one defines for f € I'(§), Y € T|\M,x e M

VI fle =[G &5 ) ARl sn £

where f:Q — R"*! is defined above and fR(Y)|(x,)g;A)f is defined componentwise (i.e., we let ZR(Y)|(y 3:4) tO
operate separately to each of the n + 1 component functions of f). The definition does not depend on (x, £; A) €
T é,lM (x) as should be evident from the above discussions. The inner product on &, on the other hand, is defined by

he([((x, %3 A),0)]. [((x. 3 B), w)]) = g(X. ¥) + ¢ 'rt,

where v = AX +rx, w = BY +1ty. Itis clear that &, is well defined.
We work out the expressmn for VRO For clarity, we write ¢: Mn « = R"*! for the inclusion. Let f € I'(§),
YeT|M,x € M. Then f(y v, B) =1:(BXrly) +rf(y)y where X r € VE(M), ry € C*°(M) and

Rz f = LRV 2:4) (0, I3 B) = t(BXf1y)) + Y (r )& + 75 (x)AY.
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Take a path y on M such that y(0) = Y. Then ¢p,(y,q)(0) = ZR(Y)|;, where ¢ = (x,X; A), and
LR ((3,9: B) > t(BX£1y)) = ot (App (v, ) () X £l 1)) Since

d
Sn;c(@
d .
=% Osn;c(L*ADR(V’ DOXrly)s PDx (Vs (@) = Snic (L AX g, 1oAY )
= _gn;C(AXf|X7 AY) = _g(Xfl)m Y)= Sn;c(_cg(Xf|Xa Y)fa 72)
This implies that

LD (3,9 B) > t(BX 11))) = tVay (Apg (v, 90) (DX §) — cg(X plx, V)R
= L AVY X — cg(Xfly, V)R

L(ADr VDX 1y ) f)
0

and so LR(V)|y f =tA(Vy X +r(0)Y)+ Y (rp) —cg(Xrlx, Y))X.

Correspondingly, using the isomorphism of & and 77 /g, to the connection VR and the non-degenerate metric
h¢ on &, there is a connection VPR and an indefinite metric s (with the same names as the ones on &) on T ygR
such that for X e VF(M),r e C*(M)and Y € T | M,

VX, r) = (Vy X +r(x)Y, Y (r) — cg(X|y, Y)), (20)

where (x,%; A) € Q is any point of 7~ 'x and h.((X,r), (Y,s)) =g(X,Y) +c lrsfor X, Y € T|yM, r,s € R. To
finish the proof, we need to show that VR is metric w.r.t. i.. Indeed, if X, Y, Z € VF(M), r, s € C*®°(M), we get

he(VEUX, 7). (Y, 9)) + he((X,7), VEO(Y, 5))
=he(VzX4+rZ, Z(r) — cg(X, 2)), (¥, ) + he((X, ), (V2Y +5Z, Z(s) — cg(Y, 2)))
=g(VzX+rZY) +c_1Z(r)s —gX,2)s+g(VzY +sZ,X) + c_er(s) —rg(Y,Z)
=g(VZzX.Y) +g(X, VzY) + ¢ Z(r)s + ¢ 'r Z(s)
=Z(gX. V) +c 7 'rs) = Z(he((X, 1), (¥,5))). O

4.4. Rolling holonomy for a space form of positive curvature

In this section, we assume that ¢ = 1, i.e. (M, g) = (A;In;l, 8n:1) is the n-dimensional unit sphere S”. It is now
clear, thanks to Theorem 4.5, that the controllability of the rolling problem of a manifold M against the sphere S”
amounts to checking whether the connection VR of 777 e has full holonomy or not, i.e., whether HR:= HV™ is
SO(n + 1) or not.

The classical investigation of the holonomy group H of the Levi-Civita connection in Riemannian geometry is
divided into several steps. The first one consists of studying the reducibility of the action of H"° and this issue is
tackled by de Rham theorem (see [20]). The second step then deals with the question of transitivity of the irreducible
action of H on the unit sphere. In particular, if this action is not transitive, the corresponding Riemannian manifold
is shown to be (locally) symmetric (cf. [22,12,18,4]). Then, from the list of compact connected subgroups of SO(n)
having a transitive action on the unit sphere, one proceeds by either excluding candidates or constructing examples of
manifolds having a prescribed holonomy group.

As regards to HR' the situation turns out to be much more simple and is summarized in the following theorem.

Theorem 4.6. Let VRO be the rolling connection associated to the rolling problem (R) of a complete simply connected
Riemannian manifold (M, g) onto the unit sphere S", n > 2. We use HR to denote the holonomy group of V7.
Assume that the action of H on the unit sphere is not transitive, then (M, g) admits the unit sphere as its universal
covering space.

We deduce from the list of compact connected subgroups of SO(n) having a transitive action on the unit sphere
(cf. [12, Section 3.4.3]) an immediate corollary regarding the complete controllability of the rolling problem (R)
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associated to the manifolds (M, g), (M , &) as in the previous theorem. Indeed, a transitive action on the unit sphere
S for even dimension k > 16 corresponds to a unique compact connected subgroup of SO(k + 1), namely SO(k + 1)
itself.

Corollary 4.7. If n is even and n > 16, then the rolling problem (R) associated to a complete simply connected (M, g)
against a space form (My.c, §n:¢) of positive curvature ¢ > 0 is completely controllable if and only if (M, g) is not of
constant curvature c.

The proof of Theorem 4.6 is divided in two steps. We first assume that the action of H= is reducible and then deal
with the case of irreducible and non-transitive action.

4.5. Reducibility

Theorem 4.8. Let (M, g) be a complete connected Riemannian manifold and (M, 8) = S" be the unit sphere. If the
rolling holonomy group HR' corresponding to the rolling of (M, g) against S" acts reducibly, then S" is a Riemannian
covering of (M, g).

Proof. We write h = h for the inner product on 7M @ R. Fix once and for all a point xo € M. Since H?° acts
reducibly, then there are two non-trivial subspaces Vi, V, C T'|yyM ® R and invariant by the action of H Rol| xo» the
holonomy group of VR at xo. Since the holonomy group of VR acts h-orthogonally on T, M, it follows that
ViLlV,.

Define subbundles p; :Dj— M, j=1,2, of w7y such that for any x € M one chooses a piecewise C I curve
y :[0, 1] = M from x¢ to x and defines

Rol\ 1 .
Dily=(PV7),)V;. j=12

These definitions are independent of the chosen path y: if  is another curve, then w1y € £2,,(M) is a loop based
at xo and by the invariance of V;, j =1, 2, under the holonomy of VvRol
Rol\ | Rol\ | Rol\1, _ Rol\ |
(PY7)g Vi = (PY 7)o@ (P )o(@” y) Vi = (PV )@V

=V;

Moreover, since parallel transport (PVROI )é(y) is an h-orthogonal map, it follows that D L D; w.r.t. the vector bundle
metric h.

It is a standard fact that D;, j =1, 2, are smooth embedded submanifolds of 7M @ R and that the restriction of
TrMeRr to D; defines a smooth subbundle Tp; as claimed. Moreover, it is clear that 7p, ® mp, = TTyeRr, and this
sum is s-orthogonal.

We will now assume that both D;, j = 1,2, have dimension at least 2. The case where one of them has
dimension = 1 can be treated in a similar fashion and will be omitted. So we let m + 1 = dimD; where m > 1
andthenn —m=m+1)—(m+1)=dimD, > 2,i.e, 1 <m <n — 2. Define for j =1,2

DY =pri (D) ={X | (X,r) eD;} CTM,

Nj={xeM| 1) eDjl}cM.
Trivially, Ny N N = @. Also, N;, j = 1,2, are closed subsets of M since they can be written as N; = {x € M |
pj-(T|x) =T|,} where p-:TM ®R — D; is the h-orthogonal projection onto D; and T is the (smooth) constant
section x — (0, 1) of 7 yeR.

We next provide a sketch of the proof. We show that N; are non-empty totally geodesic submanifolds of M and,

forany x; € Nj, j =1, 2, that (M, g) is locally isometric to the sphere

S={(X1,X2) e TN ®@ T3, Na | X112 + 1 Xall3 = 1},
with the metric G := (g|T|L N © g|T‘L Nz) |s. Here L denotes the orthogonal complement inside 7’|, M w.r.t. g. Since

1 2

(S, G) is isometric to the Euclidean sphere (S”, s,,.1) this would finish the argument. The latter is rather long and we
decompose it in a sequence of ten lemmas.
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Lemma 4.9. The sets N;, j = 1,2, are non-empty.

Proof. Note that N; U N, # M since otherwise N = M\ N, would be open and closed and similarly for N,. If
(say) Ni # (4, then N1 = M by connectedness of M, i.e., the point (0, 1) € Dy|, for all x € M. Then, for all x € M,
X € VE(M), Dilx > v;*ﬂ (0, 1) = (X|,, 0), by the invariance of Dy, the holonomy of VR and (15), implying that
Dy =TM @R, a contradiction.

Letx’ € M\ (N1 UN,) be arbitrary. Choose a basis (Xg, r0), . .., (X, rm) of Di|,. Then at least one of the numbers
ro, - .., ',m 18 non-zero, since otherwise one would have (X;,r;) = (X;,0) L (0, 1) for all i and thus Dy|, L (0, 1),
ie., (0,1) € Dy|y, ie., x’ € Np which is absurd. We assume that it is 9 which is non-zero. By taking appropriate
linear combinations of (X;,r;),i =0, ..., m (and by Gram—Schmidt’s process), one may change the basis (X;, 7;),
i=0,...,m,of Di|y sothatry,...,r, =0, ro # 0 and that (Xo, o), (X1,0), ..., (X, 0) are h-orthonormal. Also,
Xo, ..., X;, are non-zero: for X1, ..., X,, this is evident, and for X it follows from the fact that if Xy = O, then
ro = 1 and hence x’ € Ny, which contradicts our choice of x’.

Now let y : R — M be the unit speed geodesic with y (0) = x’, y(0) = Hg—o{’”g Parallel translate (X;,r;) along y
by VP to get 7p,-sections (X;(¢), r; (t)) along y. In particular, from (17) one gets 7 (¢) +r; (t) = 0, with r9(0) # 0,
r1(0) = - -+ =ry(0) = 0. From the second equation in (16) one obtains 7; (0) = g(y(0), X;(0)) = ||X0||;1g(X0, Xi)
and thus 7;(0) =0fori =1, ..., m since (X;, 0) is h-orthogonal to (X, r9). Moreover, 79(0) = || Xo||g. Hence r; (1) =
Oforallfandi=1,...,m and ro(t) = || Xollg sin(z) + ro cos(z). In particular, at t =19 := arctan(—HXrﬁ) one has
ri(to) =0foralli =0, ..., m which implies that D1 |, ) L (0, 1), i.e., ¥ (fo) € N>. This proves that N; is non-empty.
The same argument with D; and D, interchanged shows that Nj is non-empty. O

Lemma 4.10. For any x € M and any unit vector u € T |, M,

(PY™) (00, 1) = (= sin()7 (1), cos(1)). Q1)

Proof. Here and in what follows, y, (f) := exp, (tu). Write (Xo(t), ro(t)) := (PVROI)’O()/M)(O, 1). The second equation
in (16) implies that 79(0) = g(,(0), X¢(0)) = g(u,0) = 0 and, since r¢(0) = 1, the second equation in (17) gives
ro(t) = cos(t). Notice that, for all r € R,
V) (= 8in(®) 7, (1)) + ro(0) yu (1) = Vg, () (= sin(0) )y (1) — sin(2) Vi, (1) Yu (1) + €08(2) 3, (¢)
= —cos(t)yu(t) — 0+ cos(?)yu(t) =0,

i.e., —sin(#)y,(t) solves the same first order ODE as Xo(¢), Vy, )Xo + ro()y.(t) = 0 by the first equation in (16).
Moreover, since (—sin(z)y,(t))];—0 = 0 = X(0), then X(¢) = —sin(¢)y,(¢), which, combined with the fact that
ro(t) = cos(¢) proven above, gives (21). O

Lemma 4.11. The sets N;, j = 1,2, are complete, totally geodesic submanifolds of (M, g) and Dj.v’|x =T|yNj,
Vx eNj, j=1,2.

Proof. We show this for N;. The same argument then proves the claim for N. Let x € Ny and u € D{” |x a unit vector.
Since (0, 1) € Dy, Eq. (21) implies that
Rol . B
Dily,y 2 (PY)g(ru)(0, 1) = (= sin(t)yu (1), cos(1)).
Next notice that
VE% (cos(®)7u (1), sin(@)) = (= sin()yu (£) + sin(t)u (1), cos() — g (¥u (1), cos ()7, (1))
=(0,0),

and hence, since (cos(t)y, (t),sin(t))|;=0 = (#,0) € Di|, (because u € D{”lx, hence there is some r € R such
that (u,r) € Di|y and since (0,1) € Dy|y, then Di|, > (u,r) — r(0,1) = (u,0)), we have, for all r € R,
(cos(t)yu (1), sin(t)) = (P ) (u, 0) € Dyl 1y, and then

Dily, ) 2 sin(t)(cos(t)))u (1), sin(t)) + cos(t)(— sin(?)y, (1), cos(t)) =(0,1).
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This proves that any geodesic starting from a point of Ny with the initial direction from D{” stays in N forever.
Hence, once it has been shown that N is a submanifold of M with tangent space T |, N; = D{"’ |x forall x € Ny, then
automatically N is totally geodesic and complete.

Let x € Ny. If U is an open neighbourhood of x and (X,;41,7m+1), ..., (Xu, rp) local mp,-sections forming a
basis of Dy over U, then NyNU ={x €U | ry+1(x) =--- =ry(x) =0}.
Thus let (Xp41,7m+1), - .-, (Xn, rn) € D3]y be a basis of Ds|,. Choose € > 0 such that exp, is a diffeomorphism

from B, (0, €) onto its image U and define fory e Ue, j=m+1,...,n,

X rply = (PY™) (v > expy (zexpy ' (0)) (X5, ).

Then (X, r;) are local p,-sections and it is clear that

NiNUe= {y e U ’rm+l(.)’)="'=rn(y) =O}~
Moreover, from (16), Vrj|y = Xj|x, j =m + 1,...,n, which are linearly independent. Hence, by taking € > 0
possibly smaller, we may assume that the local vector fields Vr;, j =m + 1, ..., n, are linearly independent on Uk.
But this means that Ny N U ={y € U¢ | rip+1(y) = -+ - = rp(y) = 0} is a smooth embedded submanifold of U, with

tangent space
TN ={XeT|:M|g(Vr;,X)=0, j=m+1,...,n}
={XeT|\M|g(X;.X)=0, j=m+1,....n} =D} .

Since x € N| was arbitrary, this proves that N is indeed an embedded submanifold of M and T'|,N| = D{” | for
allx e Ni. O

Lemma 4.12. Let d; (x) :=dg(N;, x), x € M. Then in the set where d; is smooth,
(V cos(d,-(~)), cos(di(~))) € DZM, (22)

where V is the gradient w.r.t. g.

Proof. Let x € M\N;.Choose y € Nj,u € (T|yN1)L such that y, : [0, d; (x)] — M is the minimal normal unit speed
geodesic from Nj to x. Since (0, 1) € Dy, (because y € Ny), the parallel translate of (0, 1) along y, stays in D
which, in view of (21), gives

Dile 3 (PY)0 )0, 1) = (= sin(d1 (x)) 71 (d1 (), cos(d; (x)))

= (= sin(di () V(di ()], cos(dr ()
= (V cos(d1 (-)) 2 COS(dl (x))),

where the last two equalities hold true if x is not in the cut nor the conjugate locus of Ny (nor is x in N, by assump-
tion). Working in the complement of these points, which is a dense subset of M and using a continuity argument,
we may assure that the result holds true everywhere where d; is smooth. The same argument proves formula (22)
ford,. O

Lemma 4.13. For every Y € VE(M), one has, wherever dy(-) is smooth, that
2
g(R(Y.Vdi())Vdi().Y) =g, Y) — (Vy(di("))". (23)

Proof.
It is known (see [19]) that for any Y, Z € VF(M), d; (-) satisfies a PDE

—g(R(Yly, Vdi () Vdi(y), Z|,) =Hess™ (di () (Y |y, Z1y) + (Vva, (yyHess(d1 (1)) (Y ]y, Z1),

for every y € M such that d; is smooth at y (and this is true in a dense subset of M). In particular, y ¢ Nj. Also, since
the set of points y € M where cos(d;(y)) = 0 or sin(d;(y)) = 0 is clearly Lebesgue zero-measurable, we may assume
that cos(d; (y)) # 0 and sin(d; (y)) # 0.
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Notice that (X, r9) := (V cos(d;(-)), cos(d;(-))) belongs to D; and has h-norm equal to 1. We may choose in a
neighbourhood U of y vector fields X1, ..., X;;, € VF(U) such that (Xo, 7o), (X1,0), ..., (X, 0) isan h-orthonormal
basis of Dy over U. Assume also that (Xg, rg) is smooth on U. This implies that there are smooth one-forms w’j,

i,j=0,...,m, defined by (set here r| =+ =r, =0) VR (X;,r;) = Y1, w{(Y)(X,-, rj), Y € VF(M), or, more
explicitly,

m
VyXj+r¥ =) of ()X,
i=0

m
Y(rj)—g(¥, X)) =Y &\ (Y)ri.
i=0
Since (Xo, r9), ..., (X, rm) are h-orthonormal, it follows that w; = —a);/. The fact that r| = --- = r,,, = 0 implies
that —g(Y, X ;) :a)?(Y)ro, j=1,...,m,ie.,
g(Y, Xj)
cos(di(-)
Since a)g =0, one has Vy Xo + oY = Z'}':l wé(Y)Xj, which simplifies to

W) (V) =

1 m
_ sin(d; (+)) cos(d; (+)) ;g(xja Y)X/

VyVdi(-) = —cot(di () Vy (di ()) Vdi () + cot(d1 ()Y
Writing S(Y) := VyVd;(-) = Hess(d;(-))(Y, -), one obtains
(Vvd () (Y) = Vva,5 (S(Y)) = S(Vya, () Y)

Vy (di())Vdi (-) = cot(di () g (Vva, ()Y, Vdi (1) Vdi ()

" sin(d ()
_;y_( ! ! )Z Y. X)X;
2@y \eo@)  smay) =4
1 m
~ sin(di () cos(d1 () ;(g(y’ Vyai (X)X +8(Y, X)) Vva ) Xj)

+cot(di () Vg, ,r(di() Vdi(),
N——
=g(Vd1(),Vva, () Y)

where we used that Vyg, () (d1(-)) = g(Vdi (), Vd;(-)) = 1. On the other hand,

Hess?(di () (Y, ) = S2(Y) = S(S(Y))

l m
= s(— cot(di (1) Vy (di () Vdi (-) + cot(di (-))Y — @O o) XZ: e(X;, Y)xj)

_ 2 . . . 2 .
— —cot (dl())Vy(dl())le()+Cot (dl())Y smz(dl())zg( i Y

7

T ))cos2<d1< ) & Zg( ¥

where we used that Vd (), X1, ..., X, are g-orthonormal (recall that Xo = — sin(d;(-))Vd(:)). Thus, forany Y, Z €
VF(M), one has on U that
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—g(R(Y, Vdi())Vdi (), Z)

=—9,Z _—
sth 2+ (sin2<d1<->>

1 m
T @ 0) cos@ ) Z(g(Y, Vva,()X)8(X;, Z) + g(Y, X)g(Vva ()X, Z)).
1 1 =
We also set Z =Y and hence get that —g(R(Y, Vd;1(-))Vdi(-), Y) is equal to
2
sin(d; (-)) cos(di(-))

Here Z;f’:l 8(Y, Vvg,yXj)g(X;,Y) is equal to

— cot? (di (-))) Vy(di())Vz(di(9))

g(Y,Y) = Vy(di())Vy(di () +

m
Zg(Y, Vva, () Xj)g(X;, Y).
=1

1 m
=————— ) o (Xo)g(Y, X)g(X;,¥) =0,
. J J
sin(dy () o= D20 TR S
)1 (%)2
where expression (%) is skew-symmetric in (i, j) while (%), is symmetric on (i, j). Hence the sum is zero. We finally
obtain g(R(Y, Vdi(-))Vdi(-), Y) = g(¥, Y) — (Vy(d1(-)))?, as claimed. It is clear that this formula now holds at every
point of M where d; (-) is smooth and for any Y € VF(M). In particular, if Y is a unit vector g-perpendicular to Vd (-)
atapoint y of M, then Vyd; ()|, = g(Vd1(")ly, Y]y) =0 and hence sec(Y, d,(-))|y =+1. O

Lemma 4.14. For every x € Ny, a unit vector u € (T|xN1)* and v € T|x M with v L u,

sin(t)
—|llvllg, teR. 24)

| exp)ilu@, =
In particular, for all unit vectors uy,uz € (T |y N1 one has exp, (wu1) =exp,(wuz).

Proof. Let Y, ,(t) = %k)expx(t(u + sv)) be the Jacobi field along y,(t) = exp,(tfu) such that ¥, ,(0) =0,
V3. Yu,v =v. Since v L u, it follows from the Gauss lemma (see [20]) that Y, ,(t) L y,(¢) for all t. Moreover,
the assumption u € (TNt implies that Vdi(-)ly, ) = Y« (t) and thus Vy, ) (d1(-)) = g(Yu (), Yu,»(¥)) =0. By
polarization, (23) rewrites as R(Z(t), y,(t))y.(t) = Z(t) — g(Z(t), yu(t))yu(t), for any vector field Z along y,,.
In particular, Vy, V;, Y, v = —R(Yy v, Vi)Vu = —Yu,u, since g(¥, (1), ¥4(t)) = 0 for all . On the other hand,
the vector field Z(t) = sin(t)Pg (yu)v satisfies along y,, for all ¢ that V)V, Z = —Z(t) with Z(0) =0 and
Vi Zli=0 = v, i.e., the same initial value problem as Y, ,. This implies that Y, ,(t) = sin(t)Pé (vu)v, from which
we obtain (24) because Y, ,(t) =t (exp, )| (v). The last claim follows from the fact that the map exp, [s:S — M
where S = {u € (T|xN1)* | |lu]| = 7} is a constant map. Indeed, if u € S, v € T|,S and we identify v as an element
of T'|y M as usual, then by what we have just proved (note that u = ”il_lng)’ lexp)slu()llg = Smnﬂ lvllg = 0. Hence

exp, |s has zero differential on all over S which is connected, since its dimension is n —m — 1 > 1 by assumption.
Hence exp, |s is a constant map. O

Lemma 4.15. For every x € N1 and unit normal vector u € (T | N, the geodesic t — y,(t) meets N> exactly at
te(Z+ %)n, similarly with the roles of N1 and N interchanged.

Proof. Let x e Ny and u € (T|,(N1)L be a unit vector normal vector to Ni. For (X, r) € Di|, define (X (¢),r () =
(PV“"')g(yu)(x, r). Then by (16), (17) we have (notice that g(u, X) = 0 since u € (T, N1)* = (D¥|,)* and X €
D{”|x) r(t) =r(0)cos(t). Hence, (X(¢),r(t)) is h-orthogonal to (0, 1) if and only of r(¢) =0, i.e., r(0) cos(t) = 0.
This proves that (0, 1) L D1l (), i.e., (0, 1) € D2|y, ), i.€., yu(t) € Nz if and only if ¢ € (% + Z)r (obviously, there
is a vector (X,r) € Dy withr £0). O
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Lemma 4.16. The submanifolds N1, Ny are isometrically covered by Euclidean spheres of dimensions m and n — m,
respectively, and the fundamental groups of N1 and Ny are finite and have the same number of elements. More
precisely, for any x € N1 define

Sy ={ue (T N)* | llully =1},

equipped with the restriction of the metric g| of T|x M. Then Sy — Na; u > exp, (5u), is a Riemannian covering.
The same claim holds with N1 and N, interchanged.

Proof. Denote by C; the component of N; containing x. We show first that C; = Ny, i.e., N; is connected. Let
y1 € Np. Since Cg is a closed subset of M, there is a minimal geodesic y, in M from C; to y; with y,(0) =v a
unit vector, x1 := ¥,(0) € Cy and y,(d) = y1, with d :=dg(y1, C1). By minimality, v € (T|xlC1)J- = (T|X1N1)J-.
Hence by Lemma 4.15, x; := expxl(%v) = yv(%) belongs to N,. Since the set Sy, = {u € (T|x2N2)J- [ Nullg =1}
is connected (its dimension is m > 1 by assumption), Lemma 4.15 implies that exp,, (5 Sx,) is contained in a single
component C{ of Ny. Writing u := y,(5), we have u € Sy, so

d b1
_eXpy, (tv)> =expy, <<§ - t) v)
7

, b4 7
C) > exp,, U = expy, Y

and since also x; € Cy, it follows that Ci = (1. But this implies that

T
expy, (tv)) = expy, <Eu) eCy.

It also follows from u € (T |y, N2)* that y, () = c%|% expy, (tu) € (T |y, ) N1)*. Since exp,, ((d — F)u) = y1 € N1,
Lemma 4.15 implies that d — % € (% + Z)m, from which, since d > 0, we get d € Nozr, where Ng = {0, 1,2, ...}. By
taking xé = yv(%rr) € N, we may show similarly that y,(27) € C; and by induction we get y, (k) € C; for every
k € Np. In particular, since d € Nom, we get y; = y,(d) € C1. Since y; € N was arbitrary, we get N; C C| which
proves the claim. Repeating the argument with Ny and N, interchanged, we see that N; is connected.

Eq. (24) shows that, taking u € Sy and v € T|,, Sy, 1., v Lu, v L T|y Ny,

‘ d T+t i
Oexpx<2(u+ v)) (expx)*|%u(2v)

dr

This shows that u — exp, (%u) is a local isometry S, — Nj. In particular, the image is open and closed in N,, which
is connected, hence u > exp, (Fu) is onto N». According to Proposition II.1.1 in [20], u +> exp, (Fu) is a covering
Sy — N».

Similarly, for any y € N the map Sy, — Ni; u — expy(%u) is a Riemannian covering.

Finally, let us prove the statement about fundamental groups. Fix a point x; € N; and write ¢; (1) = exp,, (%u),
i =1,2, for maps ¢ :Sy;, = N2, ¢2: Sy, — Ni. The fundamental groups 1 (N1), 71 (N2) of Ny, N> are finite since
their universal coverings are the (normal) spheres Sy,, Sy, which are compact. Also, ‘7’1_] (x2) and ¢, 1(x1) are in
one-to-one correspondence with w1 (N>) and 71 (N7) respectively.

Define @1:¢; '(x2) — Su,; @1(u) = — &z expy, (tu) € Sy, and similarly Dr:05 ' (x1) = Syy; P2() =
—4 7 exp,, (tu) € Sy, . Clearly, for u € o7 (),

d b4
_expy, (tu)> =expy, ((E - t>u>
7

= X1,
_T
=3

wd
VU(T[) = eprl (JTU) = expx2 EE

I
2

= [lvllg-
8

8

=x1’

T
2 dt

62 (®10)) =exp,@(

=3
i.e., @1 maps q)l_l(xz) — ¢2_1(x1). Similarly @, maps ¢2_1(x1) — ¢1_1(xz). Finally, @ and @, are inverse maps to

each other since for u € ¢, ! (x2),

Dy (P1(w)) = P

d d d b1
t%expx2 —t£ %eprI(su) =5 %expx1 E—t u|=u,

and similarly @1(®,(u)) =u foru € ¢2_1(x1). O
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For sake of simplicity, we finish the proof of Theorem 4.8 under the assumption that N; is simply connected and
indicate in Remark 4.19 below how to handle the general case.

If N is simply connected, then S, — Na; u — expx(%u), defined in Lemma 4.16 is an isometry for some (and
hence every) x € Ni. From Lemma 4.16, it follows that N is (simply connected and) isometric to a sphere as well.
We next get the following.

Lemma 4.17. Fix x; € Nj, j = 1,2, and let
Sey={ue @y ND* |llulg =1}, S, ={ue(Tl,N)" | llully =1},

the unit normal spheres to N1, N at x1, x» respectively. Consider first the maps
f1:8y = N, 18y, = N,
T b4
Ji(u) =exp,, <§u) f2(v) =exp,, (51)), (25)

and the map w which associates to (u,v) € Sy, x Sy, the unique element of S, () such that exp ) (Fw(u, v)) =
f1(w). Finally let

lI/:i|0, %[ X Sy X Sy, > M,
W (t,u,v) =expy, ) (1w, v)). (26)
Suppose that §:=10, X[ x Sx,; X Sk, is endowed with the metric g such that

&l = A +sin* (g7, 5, +c08”(1)gIT),5,, -

Then W is a local isometry.

Proof. We use G to denote the geodesic vector field on T M, i.e., for u € T M we have

2
Gly:=7.,0) = % OexpnTM(u)(tu).
The projections on M by 7y of its integral curves are geodesics. Indeed, first we notice that
2 2
Gl)}u(t) = E OeXqu(f) (S)}u(t)) = @ Oyu(t +5) = yu (),

and hence, if I is a curve on T M defined by I'(¢) = y,(¢), then It = Yu(®) =Glpm) = Glr@y, and I'(0) = u.
Hence I satisfies the same initial value problem as ¢t — @ (¢, u), which implies that @5 (¢, u) = y,(t), Vt € R,
u € TM, and in particular, (7 o @g)(t,u) =y, (), Vi e R,u e TM.

For every u € T M there is a direct sum decomposition H, & V,, of T|,TM where V,, = V|, () is the w7y -
vertical fiber over u and H,, is defined as

H — d

“T e

We write the elements of 7’|, 7 M w.r.t. this direct sum decomposition as (A, B) where A € H,, B € V,,. It can now
be shown that (see [20, Lemma 4.3, Chapter I1])

Pé(VX)” Xe T|7TTM(”)M}'
0

((@6)),|,(A. B)=(Z.B)®). Vy,0)Za.B). (A.B)eT[,TM, ucTM,

with Z 4, p), the unique Jacobi field along geodesic y,, such that Z(4 p)(0) = A, V;,0)Z(4,B) = B.
We are now ready to prove the claim. First observe that ¥ (z,u, v) = (mrm o @¢)(t, w(u, v)) and hence, for
(3. X1,X2) €TS,
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0 d
lI@(a, Xl, X2> = (”TM)*(a(pG (t’ w(u’ U)) + ((¢G)l)*|w(u,v)w*(X1’ X2)>

= (”TM)*(G|CDG(I,w(u,v)) + (Zw*(xl,xz) ([), V(:;il(NTM0¢G)(t,w(M,U))Zw*(X1’Xz)))
= J)w(u,v)(t) + Zw*(Xl,Xz) (t)

On the other hand, (7 o @) (%, w(u, v)) = f1(u), from where (f1)«|u(X1) = Zw*(Xl,Xz)(%)- Similarly, since
(wrm 0 @G0, w(u, v)) =y (wn, v)) = f2(v), we get (f2)«lv(X2) = Zy,(x,,x,)(0).

As in the proof of Lemma 4.14, we see that the Jacobi equation that Z, (x, x,) satisfies is
V];w(w)(t)vj;w(w) Zuy(X1,X2) = —Zuw,(X,,X,)(). It is clear that this implies that Z,, (x, x,) has the form
Zu, (Xy,X2) (1) = sin(t) P§ (Yw(u,v)) V1 + €08(1) P§ (Vw(u,v)) V2, for some Vi, V3 € T| 4, ()M . Using the boundary values
of Zy,(x;,x,)()att=0and t = % as derived above, we get V| = P% Yw,0) (Dl (X1)) and Vo = (f2)«]v(X2).
Define

Y1(t) = sin(t) Py (Vuw(u,0) V1 = Sin(t)P'% V) ((Dxla(X1)),

Yo(1) = COS(t)P(i(Vw(u‘v))VZ = COS(I)P(;(Vw(u,v))((fZ)*lv(XZ)),

which means that Z =Y + Y>. Notice that ¥; and Y, are Jacobi fields along yy,u,v)-
Since w(u, v) € (T £,y ND)T and Y w,v)(5) € (T'] £, N2)* and

Y1<%> = (fD«lu(X1) € T| ;) N2, Y2(0) = (f2)«lv(X2) € T| f0) N1,

it follows that Y1,Y2 L yyu,v). We claim that moreover Y1 L Y3. Indeed, since (f2)«[v(X2) € T|fw)N1 and
(0,1) € Dy| vy (by definition of Ny), we have ((f2)«]»(X2),0) € D1l and hence, for all 7, (Z1(2),r1(2)) :=

(PVROI)B(yw(u,U))((fz)*|U(X2), 0) € Dy. On the other hand, r; satisfies ¥ 4+ r; = 0 with initial conditions r(0) =
0 and 71(0) = g(Vww,»(0), Z1(0)) = g(w(u, v), (f2)«lv(X2)) =0 so ri(r) = 0 for all . Thus Z;(¢) satisfies

Vim0 Z1 = 0, i Z1(1) = P{(uwn)(f2)«lo(X2)). Similarly, if w'(u,v) := — |z expy,,) (w(u, v) =
_J}w(u,v)(%),

(22<% = r)w(% - t)) = (PY™) ) (D) (X1), 0) € Do,

and we have (5 — 1) =0 and Z2(F — 1) = P{(Yuw (u.0) (fD+]o(X1)), i€, Za(t) = P’% Yw(.v) ((SD«]p(X1)). But
since D1 L Dy w.rt. h, we have that (Z1,r1) L (Z2,r) w.rt. h, ie., g(Z1(t), Z2(t)) = 0 for all ¢ (since ri(¢) =
r2(t) =0). Thus,
g(Y1(1), Ya(1)) =ssin(r) COS(t)g(Pl% Vo) (Dl (XD) s PyGww.n) (2«10 (X1)))
= sin(t) cos(1)g(Z2(1), Z1 (1)) = 0.

2

This proves the claim, i.e., Y1 L Y. Since ||w(u, v)||; = 1, one has
= [P+ 11O + 1O = [P O+ MO+ o]
g

H <8t, b )

Finally, since (f1)«|,(X1) = (expxl)*l%u(%Xl) and (f2)«lv(X2) = (expxz)*|%v(%X2), Eq. (24) implies that
Il (XDl = Isin(DIIX1lle = 1Xillg,  1(2Dxlv(X2)llg = [sin(5)lIX2lly = [IX2lly, and  therefore
192 X1, X2) 112 = 14sin® ()| X2]|2 +cos* (D[ X112 = &l (2. X1, X2),ie., ¥ isalocal isometry § — M. O

Lemma 4.18. The manifold M has constant curvature equal to 1.

Proof. By Lemma 4.17, we know that ¥ : § — M is a local isometry. Now (S, §) has constant curvature = 1 since it
is isometric to an open subset of the unit sphere (cf. [19, Chapter 1, Section 4.2]). The image ¥ (S) of ¥ is clearly a
dense subset of M (indeed, ¥ (S) = M\ (N1 U N3)), which implies that M has constant curvature = 1. O
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This completes the proof the theorem in the case 1 < m < n — 2, since a complete Riemannian manifold (M, g)
with constant curvature = 1 is covered, in a Riemannian sense, by the unit sphere, i.e., $”. The cases m = 0 and
m=n —1,ie., dimD; =1 and dimD, = 1, respectively, are treated exactly in the same way as above, but in this
case N is a discrete set which might not be connected. O

Remark 4.19. The argument can easily be modified to deal with the case where N> (nor N7) is not simply connected.
The simplifying assumption of simply connectedness of N1 and N, made previously just serves to render the map
w(-,-) globally defined on Sy, x Sy,. Otherwise we must define w only locally and, in its definition, make a choice
corresponding to different sheets (of which there is a finite number).

4.6. Non-transitive irreducible action

Following the same line of arguments that have been used in proving the classification of Riemannian holonomy
groups, the next step to take after proving Theorem 4.8 consists of studying the case where HR°!| xo acts irreducibly
on T|x,M @ R and non-transitively on the /1-unit sphere of T'|,,M @ R, where the latter means that there are more
than one H ™|, -orbit on that unit sphere. We will prove that in this case of irreducible and non-transitive action of
the rolling holonomy group, the manifold (M, g) has to have, again, constant curvature one. To do this, we will use
the results from [22].

For the ease of reading, we first recall some definitions and the key results from [22]. Let V be a vector space.
The action of GL(V) on V induces in a natural way an action of GL(V) on the tensor spaces ®k V*e@ K"V of
(k, m)-tensors by

EnNX1,..., Xk, 01, ..., 0n) :=T(g_1X1,...,g_1Xk,a)1og,...,a)mog),

where Te R V@™V, X1,.... Xk €V, o1, ...,0m € V*.

IfPe ®3 V*® V, we write usually P(X, Y)Z for P(X,Y,Z,-) € V,where X,Y,Ze V.If g€ GL(V) and P is
a (1, 3)-tensor, then (¢P)(X,Y)=goP(g~'X, g~ '¥Y)og~!. This implies that g[(V) acts on an element ®3 V*QV
by

(AP)(X,Y)=—P(AX,Y) — P(X, AY) — [P(X, Y), A] 27)

50’
where A € gl(V). Let G be a subgroup of O(V), where V is an inner product space. We recall that G acts (a) irre-
ducibly in V if the only G-invariant subspaces of G are {0} and V and (b) transitively on (the unit sphere of) V if
for one (and hence any) unit vector X € V one has GX = S"=1(V), where S~ (V) is the unit sphere of V. We also
recall that if a connected subgroup G of O (V) acts irreducibly in V, then G is compact (see [14, Appendix 5]). The
concept of a curvature tensor, in abstract setting, is defined as follows.

Definition 4.20. Let V be a vector space with inner product (-,-). Then a (1, 3)-tensor R € ®3 V*Q® V is called a
curvature (tensor) in V if the following conditions hold for all X, Y, Z, W € V

R(X,Y)=—-R(Y, X), (28)
(RX.NZ, W)=—(R(X, V)W, Z), (29)
(RX.Y)Z,W)=(R(Z, W)X, Y), (30)
RX,VNZ+RY, )X +R(Z,X)Y =0. (€1}

From these one makes the following observations. Eqgs. (28), (29) imply that R can be seen as a map R: A2V —
A% by defining (R(X AY),Z A W) to be (R(X,Y)Z, W), where in the former (-,-) is the inner product in A%
induced in the standard way by (-,-) in V. Then Eq. (30) means that R as a map A2V — A2V is orthogonal.

Definition 4.21. Let V be an inner product space, G a compact subgroup of O(V) with Lie algebra g and R a
curvature tensor in V. The triple (V, R, G) is a holonomy system if

R(X,Y)eg, VX, YeV.
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Notice that by (29), if R is a curvature in V, then R(X,Y):V — V is skew-symmetric, i.e. R(X,Y) € so(V) for
all X, Y € V. Moreover, it is easy to see that for all g € O (V) one has that gR is a curvature in V.

Definition 4.22. If (V, R, G) is a holonomy system, we write G(R) for the linear span in gl(V) of {(gR)(X,Y) |
X,Y eV}

Clearly for all @ € G(R), g € G one has gQ € G(R) and hence AQ € G(R) for all A € g. Moreover, if g € G
and X, Y € V, then since one can write (gR)(X,Y) as Ad(g)R(X, Y) which belongs to g, because R(X,Y) € g, we
getthat Q(X,Y) e gforall Q € G(R), X,Y € V. Thus we may pose the following definition.

Definition 4.23. If (V,R, G) is a holonomy system, we define gR as the linear span of {Q(X,Y) | Q € G(R),
X,YeV}ing.

The subset gR of g is more than just a subspace as will be shown next.
Lemma 4.24. The linear space g’ is an ideal in g.

Proof. Let Q€ G(R), X,Y €V, A € g. By Eq. (27),
[Q(X.Y),A],, =—Q(AX,Y) — Q(X, AY) — (AQ)(X., Y).

We observed just before the previous definition that AQ € G(R). Thus all the terms on the right belong to g™ by the
very definition of it. Therefore gR isanidealing. O

Hence the following definition makes sense.

Definition 4.25. Let (V, R, G) be a holonomy system. We write GR for the Lie subgroup of G corresponding to the
ideal gR of g.

We need to define the concepts of an irreducible, transitive and symmetric holonomy systems.
Definition 4.26. A holonomy system (V, R, G) is said to be

(1) reducible (resp. irreducible) if G acts reducibly (resp. irreducibly) in V;
(2) symmetricif gR =R forall g € G.

If G is connected, the symmetry (2) of a holonomy system (V, R, G) can be written in the infinitesimal way as:
AR =0, VA € g. We state the main result of [22].

Proposition 4.27.
e Let (V, R, G) be an irreducible holonomy system. If GR does not act transitively on (the unit sphere of ) V, then
(V, R, G) is symmetric.
o If (V,R,G)and (V,R', G) are two irreducible symmetric holonomy systems with the same V and G and if both
R and R’ are non-zero, then there exists ¢ € R such that R' = c¢R.

We next deduce from the previous proposition our main result.

Theorem 4.28. Let (M, g) be a simply connected Riemannian manifold and (S", s,+1) be the unit sphere. Then the
rolling holonomy group HR| xo» JOT some xog € M, cannot act both irreducibly and non-transitively on T |y, M ® R.

Proof. We argue by contradiction. Assume that H"| xo acts irreducibly and non-transitively on T'|,, M @ R. Since
M is connected, it follows that for any x € M, HR'|, acts irreducibly and non-transitively on T|, M & R. We will
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continue using x¢ in the notations below, but we don’t consider it to be fixed anymore. Notice moreover that simply

connectedness of M implies that H 7| xo 18 connected. Write M x R. The canonical, positively directed unit vector

field in the R gives rise to a vector field 9; in M x R in a natural way. We equip M x R with the metric A1,
hi((X,rdp), (Y,59))=g(X,Y)+rs, (X,rd),(Y,sd)eT(MxR).

If pry: M x R — M is the projection onto the first factor, then the pull-back bundle prj (77 ygRr) is canonically
isomorphic to 77 (am xR). We define a connection VR on the manifold as the pull-back pry (VR determined by

Vi o) (Y. 50) =VE(Y.5), VXY € VF(M), r.5 € C®(M)
= (VxY +sX, (X(s) — g(X,Y))d).

One has VR is hj-compatible (i.e. metric w.r.t. ) and if T® := V%, then TR((X,rd,), (Y, s8,)) = r(Y, s9,) —
s(X, rd;), so it is not the Levi-Civita connection of (M x R, hy).

Write HR := H e for the holonomy group(s) of VR, Next we show that for every (xp,s0) € M x R, one
has HR|(,.5) = HR|y,, where the isomorphism T (.5 (M x R) = T|,,M @ R is understood. Indeed, suppose
(y,7):[0,1] = M x R is a piecewise smooth path, (y,7)(0) = (x0,s0) and (Xo,700¢|sy) € T |(xy,50)(M x R).
Let (X(1), ()3 ]z(1)) = (PY" ) (v, T) (X0, r0d;|s,) and (X (), 7(£)) := (PV"), (¥)(Xo, ro). It is enough to show
that (X (2),7(t)0;|r(r)) = (X (@), r(t)0|c¢)) for all ¢ € [0, 1]. But this is clear since ng(z),f(z)a,\,(,))(x"78') =
V)'?ft') (X,7) =0. Thus for every (xo, s0) € M x R, the VR-holonomy group HR|(xo,so) C SO(T | (xg,50) (M @ R)) acts
irreducibly and non-transitively on T'|(y, s, (M @ R). Proposition 4.27 therefore implies that for all (xg, so) € M x R
the holonomy system S(x,.s0) = (T'|(x,50) (M @ R), RVR|(xo,st), HR®|(xy.50)) is symmetric. Notice that the fact that
S(x0,s0) 15 @ holonomy system in the first place follows from three facts: (1) RVR|(XO,S,) satisfies Egs. (28)-(31),
2) HR|(XO,S0) is compact since it is a connected subgroup of SO(T|(x,,s,) (M x R)) acting irreducibly (see [14, Ap-

pendix 5]) and (3) Ambrose—Singer theorem implies that RVRl(xO,s[)((X ,rdy), (Y,s9;)) always belongs to the Lie
algebra of HR|(y, s,)- Moreover, we have explicitly

R ((X, rdy), (Y, s90))(Z,ud) = RV (X, Y)(Z,u) = (R(X, Y)Z — B(X,Y)Z,0),
where B(X,Y)Z :=g(Y,Z)X — g(X, Z)Y. Notice that RV" cannot vanish identically on M x R, since in that case

HY®|(xy.50) Would be trivial by Ambrose-Singer theorem, which contradicts the irreducibility of its action.

Consider the open set O := {(x,s) e M x R | RV" # 0}. We claim that O is actually empty, which leads us
to the sought contradiction. Indeed, suppose (xo, so), (x,s) € O and choose some path (y,7):[0,1] - M from
(x,s) to (xg, s9). Then if ROVR denotes the parallel translate (PVR)(I)()/, r)RVR|(X,S), then ROVR iS a non-zero cur-
vature tensor in T'|(y,.s0)(M x R). The Ambrose-Singer theorem implies that (7' |(x,,s0)(M % R), RVR, H R|(x0, 50))
and (T |(xy,50)(M x R), RVR|(XMO), HR|(x0,so)) are both holonomy systems. Also, Proposition 4.27 implies that the
holonomy system (7| (x,,s) (M x R), RVR, HR|(x0,s0)) is symmetric. Therefore, if one writes V = T|(y,,59)(M x R),
G = HR|yy50» R = RVR|(XO,SO) #0, R = ROVR # 0, Proposition 4.27 shows that there exists a unique ¢ # 0 such

R R R
that (PY) (. DR |5y = cRY |(xg.50)-

Let E be the exponential mapping of VR starting at (xo, so) and choose U C T'|(x,,s,) (M x R) small enough such
that this exponential mapping is a diffeomorphism of ¢/ onto an open subset U > (xp, so) of M x R which is contained
in the open set O. Then by the above formula, for every (x, s) € U one has a unique f(x,s) # 0 such that

Ry1 _ R R
FO (P )t EGET )R | sy = R ey
Clearly (x,s) — f(x,s) is smooth. Let I' be a VR-geodesic through (xo,sg). Then since for ¢ small,
R R R
S OIRY |ixg.50) = (PYONIIRY |y, we get
. VR _ ) VR
I'(O)(f)R |<xo,so> =VioR . (32)
If pr,: M x R — R is the projection onto the second factor, one sees from the explicit expression of RY" that

(prz)*(RVR((Y,sat), (Z,ud;))(W,vd;)) =0, for every (¥,50;),(Z,ud), (W,v0;) € T|(xy,50)(M x R). Thus (32)
shows that (prz)*(VIa(O)RVR((Y, 50¢), (Z,ud;))(W,vo;)) =0.
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Write (X, r0;ls,) = f"(O) and take Y, Z, W € VF(M), s, u, v € C>*°(M). Then one has

vﬁ(o)(RVR ((Y, 59, (Z,udy)) (W, vdy))

= (V}E(O)RVR)((Y, 3, (Z,ud)) (W, vd,) + RY" (VE(O)(Y, s3), (Z,ud,)) (W, vdy)

R R
+RY ((Y,s&,),VIR_(O)(Z,ua,))(W,v8,)+RV ((Y, 53, (z,ua,))vf&(o)(w,ua,),

and hence, (prz)*(VIIE(O)(RVR((Y, $0;), (Z,ud;))(W,v9,))) = 0. Moreover, one also has

(Pr)« VR o (RY (¥, 50, (Z,ud)) (W, v3)

= (prz)*VFX’ratlso)(R(Y, Z)W — B(Y, Z)W,0) = —g(X, R(Y, Z)W — B(Y, Z)W).

Hence g(X, R|x (Y, Z)W — B|x, (Y, Z)W) =0 and since Y, Z, W, I', and thus X, were arbitrary, we deduce from
this that R|y, = B|y,. But this then implies that RV |(x0,50) = 0, which is in contradiction with the definition of the
set O containing (xp, so). O

References

[1] F. Alouges, Y. Chitour, R. Long, A motion planning algorithm for the rolling-body problem, IEEE Trans. Robot. 26 (5) (2010).
[2] A. Agrachev, Y. Sachkov, An intrinsic approach to the control of rolling bodies, in: Proceedings of the CDC, vol. 1, Phoenix, 1999, pp. 431—
435.
[3] A. Agrachev, Y. Sachkov, Control Theory from the Geometric Viewpoint. Control Theory and Optimization, II, Encyclopaedia Math. Sci.,
vol. 87, Springer-Verlag, Berlin, 2004.
[4] M. Berger, Sur les groupes d’holonomie homogene des variétés a connexion affine et des variétés riemanniennes, Bull. Soc. Math. France 83
(1955) 279-330.
[5] R. Bryant, Geometry of Manifolds with Special Holonomy: “100 Years of Holonomy”, Contemp. Math., vol. 395, 2006.
[6] R. Bryant, L. Hsu, Rigidity of integral curves of rank 2 distributions, Invent. Math. 114 (2) (1993) 435-461.
[7] E. Cartan, La géométrie des espaces de Riemann, Mémorial des Sciences Mathématiques 9 (1925) 1-61.
[8] A. Chelouah, Y. Chitour, On the controllability and trajectories generation of rolling surfaces, Forum Math. 15 (2003) 727-758.
[9] Y. Chitour, M. Godoy Molina, P. Kokkonen, Extension of de Rham decomposition theorem to non Euclidean development, arXiv:1203.0637.
[10] Y. Chitour, P. Kokkonen, Rolling manifolds: Intrinsic formulation and controllability, arXiv:1011.2925v2, 2011.
[11] E. Grong, Controllability of rolling without twisting or slipping in higher dimensions, arXiv:1103.5258v2, 2011.
[12] D.D. Joyce, Riemannian Holonomy Groups and Calibrated Geometry, Oxford University Press, 2007.
[13] V. Jurdjevic, J. Zimmerman, Rolling sphere problems on spaces of constant curvature, Math. Proc. Cambridge Philos. Soc. 144 (2008) 729—
747.
[14] S. Kobayashi, K. Nomizu, Foundations of Differential Geometry, vol. I, Wiley—Interscience, 1996.
[15] J. Lee, Introduction to Smooth Manifolds, Grad. Texts in Math., vol. 218, Springer-Verlag, New York, 2003.
[16] A. Marigo, A. Bicchi, Rolling bodies with regular surface: Controllability theory and applications, IEEE Trans. Automat. Control 45 (9)
(2000) 1586-1599.
[17] M. Molina, E. Grong, I. Markina, F. Leite, An intrinsic formulation of the rolling manifolds problem, arXiv:1008.1856, 2010.
[18] C. Olmos, A geometric proof of the Berger Holonomy Theorem, Ann. of Math. 161 (2005) 579-588.
[19] P. Petersen, Riemannian Geometry, second ed., Grad. Texts in Math., vol. 171, Springer-Verlag, New York, 2006.
[20] T. Sakai, Riemannian Geometry, Transl. Math. Monogr., vol. 149, American Mathematical Society, Providence, RI, 1996.
[21] R.W. Sharpe, Differential Geometry: Cartan’s Generalization of Klein’s Erlangen Program, Grad. Texts in Math., vol. 166, Springer-Verlag,
New York, 1997.
[22] J. Simons, On the transitivity of holonomy systems, Ann. of Math. (2) 76 (2) (1962) 213-234.



	Rolling manifolds on space forms
	1 Introduction
	2 Notations
	3 State space and distributions
	3.1 State space
	3.1.1 Deﬁnition of the state space

	3.2 Distribution and the control problems
	3.2.1 The rolling distribution DR

	3.3 Global properties of a DR-orbit

	4 Rolling against a space form
	4.1 Orbit structure
	4.2 Rolling against an Euclidean space
	4.3 Rolling against a non-ﬂat space form
	4.3.1 The rolling connection

	4.4 Rolling holonomy for a space form of positive curvature
	4.5 Reducibility
	4.6 Non-transitive irreducible action

	References


