Available online at www.sciencedirect.com

SciVerse ScienceDirect

ANNALES
DE LINSTITUT
HENRI
POINCARE

ANALYSE
NON LINEAIRE

s
ELSEVIER Ann. L. H. Poincaré — AN 29 (2012) 955-988

www.elsevier.com/locate/anihpc

Energy and local energy bounds for the 1-d cubic NLS equation
. _1
n H™ 4
Herbert Koch **, Daniel Tataru®

4 Mathematisches Institut, Universitit Bonn, Germany
b Department of Mathematics, University of California, Berkeley, United States

Received 1 December 2010; received in revised form 26 October 2011; accepted 30 May 2012
Available online 23 June 2012

Abstract

We consider the cubic nonlinear Schrodinger equation (NLS) in one space dimension, either focusing or defocusing. We prove
that the solutions satisfy a priori local in time H* bounds in terms of the H* size of the initial data for s > — }1. This improves earlier
results of Christ, Colliander and Tao [3] and of the authors (Koch and Tataru, 2007 [13]). The new ingredients are a localization in
space and local energy decay, which we hope to be of independent interest.
© 2012 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

1. Introduction

We consider the cubic nonlinear Schrodinger equation (NLS)
ity — uyx £ulul?> =0, u(0) = ug, 1)
in one space dimension, either focusing or defocusing. This problem is invariant with respect to the scaling
u(x,t) — Au(kx, Azt)

as is the Sobolev space H -3 , which one may view as the critical Sobolev space. The NLS equation (1) is also invariant
under the Galilean transformation

TV v
u(x,t) = ey (x + 2ct, 1)

which corresponds to a shift in the frequency space. However the space H =3 is not Galilean invariant.

This problem is globally well-posed for initial data uo € L?, and the L? norm of the solution is conserved along
the flow. Furthermore, the solution has a Lipschitz dependence on the initial data, uniformly for time in a compact set
and data in bounded sets in L2. Precisely, if # and v are two solutions for (1) with initial data u¢, respectively vy, then
we have

|u) —v@)| 2 S lluo = voll 2, ] <1, luoll 2, llvollz2 < 1.
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By scaling and reiteration this implies a global in time bound

4
[u) = v@)] o < MMz HI00R g — v 2. @)

A natural question to ask is whether local well-posedness also holds in negative Sobolev spaces between H /2

and L2. As a consequence of the Galilean invariance, the map from initial data to the solution at time 1 cannot be
uniformly continuous in the unit ball in H*® with s < 0 (see [11,4]). However, it is not implausible that one may have
well-posedness with only continuous dependence on the initial data. This problem seems to be closely related to that
of relaxing the exponential bound in (2) to a polynomial bound. Choosing the focusing or the defocusing problem
may also make a difference.

At this point we are unable to tackle the question of uniqueness or continuous dependence on the initial data in L?
in the H® norm for s < 0. This remains a fundamental open problem, whose answer may depend also on the focusing
or defocusing character of the equation.

The problem of obtaining a priori estimates in negative Sobolev spaces was previously considered by Christ,
Colliander and Tao [3] (s = —1/12) and by the authors [13] (s > —1/6), see also the discussion by Oh and Sulem
[14] on the NLS below L2. One key idea was that one can bootstrap suitable Strichartz type norms of the solution but
only on frequency dependent time-scales. Another idea was to use the /-method to construct better almost conserved
H? type norms for the problem.

In this article we introduce another ingredient into the mix, namely local energy bounds. By establishing separately
that the solutions satisfy local energy bounds on the unit time scale we are able to weaken the interval summation
losses and obtain a better result with more a priori bounds on the solutions.

As in our previous work [13], here we focus on the question of a priori bounds in negative Sobolev spaces. In the
process, we also establish certain space—time bounds for the solution, as well as for the nonlinearity in the equation;
these bounds insure that the equation is satisfied in the sense of distributions even for weak limits, and hence we also
obtain existence of global weak solutions for initial data in H* for —1/4 < s < 0. It is likely that —1/4 is not optimal.
Our main result is as follows:

Theorem 1. There exists € > 0 such that the following is true. Let

1
—— <5 <0, A>1
4

and assume that the initial data ug € L satisfies

luolfy i= [ (4% ) ol ds < e
Then the solution u to (1) satisfies

sup | s <2lu0lm- 3)

It

The norms H? are equivalent for all A. In H¥ all frequencies below A carry the same weight. Beyond A we
essentially obtain the standard H® norm. The constant A describes the minimal localization scale in frequency. The
reader will find a more detailed discussion of the role of A below.

As a byproduct of our analysis, in addition to the uniform bound (4), we also establish space—time bounds for the
solution u as well as for the nonlinearity |u|?u in the time interval [0, 1], namely

2
ol nxs, o S lMwollas, | xro.nlul’ul

e Yinys 5 ”u()”Hj‘ 4)
Jle Je

where the spaces X%\, X% ,, Y} and Y3 , are defined in the next section.
The above theorem captures most of the technical contents of our analysis. However, it is not scale invariant, so
taking scaling into account we obtain further bounds. Indeed, rescaling

uy(x,t) = /Lu(ux, ,uzt)
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we have

2s5+1

i O]y = 1% )] .

Applying the above theorem to u, for s = 4—11 we obtain the case s = i of the following

Corollary 1.1. Let —% < s <0. Suppose that M > 0 and A > 0 satisfy A > M*. Let u be a solution to (1) with initial
data ug € L? so that

luoll 1 <M.

1
4
HA

Then u satisfies

sup [u()| e Slluolls, T <M™®. )
[1I<T 4

The general case follows from the s = % case due to the following equivalence:

2 L)) 2
Il ~ D22 2wl 6)
A=A H,

Here and below all the A summations are dyadic.
Applying the above corollary to a given solution for increasing values of A yields global in time bounds. Consider
first the case when 1/4 < s < 0. Given M > 1 and an initial data ug so that |lug|| gs < M we have

luoll s SA™TIM, A1

Hy

IS

By the above corollary this yields

L4 2
sup ||u(t) || i, < luoll a5, » A> max{TSx+2 M F+T | M 24T }

<<

Hence we have proved

Corollary 1.2. Let —41—‘ <s <0and M > 1. Let u be a solution to (1) with initial data ug € L? so that
luollas < M.

Then for all T > 0 the function u satisfies

sup [u(®)] e M. AT) =max{T5% MEH, M), (7)
HI<T ™

Here it is only the principle that matters. The exact exponents here are less important since it is very unlikely that
the s = _le result is sharp.

The case s = —JT is more delicate. There all we can say is that
1
lim |lugl| _1 =0 forupe H™ 4. ®)
A—00 H, 4

Thus we obtain

Corollary 1.3. Let u be a solution to (1) with initial data ug € L*. Then for all T > 0 the function u satisfies

sup lu)| _y <1 )
[1<T H,
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for some increasing function A(T) which depends only on the function

A = uoll
HA

FSE

in (8).

The a priori estimates suffice to construct global weak solutions. Using the uniform bounds (4) one may prove the
following statement.

Theorem 2. Suppose that ug € H®, s > —J—r Then there exists a weak solution u € C(R, H*), so that for all T > 0 we
have' xru e XN Xj, and

<C (10)

sup [u) | o + xi-rrielxsnxg, + xi-r.riuPul vy, <

ALY

with C depending on T and on the H = frequency envelope of uy.
1.1. Some heuristic considerations

The nonlinear Schrodinger equation is completely integrable. Depending on whether we look at the focusing or the
defocusing problem, we expect two possible types of behavior for frequency localized data.

In the defocusing case, we expect the solutions to disperse spatially. However, in frequency there should only be a
limited spreading, to a range below the dyadic scale, which depends only on the L? size of the data. Precisely energy
estimates show that for frequency localized data with L? norm A, frequency spreading occurs at most up to scale A.

In the focusing case, the expected long time behavior (or short time for large data) is a resolution into a number
of solitons (possibly infinitely many) plus a dispersive part. The situation is somewhat complicated by the fact that
some of these solitons may have the same speed, and thus considerable overlapping. The inverse scattering formalism
provides formulas for such solutions with many interacting solitons. Nevertheless it is instructive to consider first the
case of a single soliton, which in the simplest case has the form

ulx,t)y=e" sech(2*1/2x).
Rescaling we get a soliton with L2 norm A, namely
ut(x, 1) = eitrt)2 Sech(271/2)»2x).

More soliton solutions can be obtained due to the Galilean invariance. However, our function spaces here break the
Galilean invariance, so our worst enemies are the zero speed solitons.

The above solution is constant in time, up to a phase factor. It is essentially localized to an interval of size A~2 in x,

and of size A2 in frequency. It also saturates our local energy estimates in (4) for s = — %, exactly when A =%,

In many cases error estimates for a nonlinear semiclassical ansatz for solutions are available. An example is the
initial data

uo(x) = Asech(27/%x)

where a semiclassical ansatz for an approximate solution is given by
u(t,x) = rA(x, t)e 5@

where p = A2 and 1 = A2, S satisfy the Whitham equations

pr + Ao =0, i+ rdy (1 /p £ p?/2) =0

I Here we drop the subscript A = 1 from the notation for the space—time norms.
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with + in defocusing and — in the focusing case. The Whitham equations are hyperbolic for the defocusing case and
they can be solved up to a time 7 ~ A~ !, when singularities corresponding to caustics occur. Grenier [6] has justified
this ansatz up to the time when caustics occur.

The Whitham equations are elliptic in the focusing case. Akhmanov, Khokhlov and Sukhorukov [1] realized that
the implicit equation

— AL
w=—2xrtp> tanh(u), o= (l + Aztzpz) sechz(px — ut) (11)
0

defines a solution to the Whitham equation with the A sech initial data. The semiclassical ansatz for small semiclassical
times has been studied by Thomann [17].

The direct scattering problem has been solved by Satsuma and Yajima [15]. In particular, if A is an integer one
obtains a pure soliton solution with A solitons with velocity 0. In this case the solution is periodic with period 2.
Formula (11) seems to indicate that the solution remains concentrated in a spatial area for size ~ In(1 + A). The
semiclassical limit has been worked in a number of problems, see Jin, Levermore and McLaughlin [8], Kamvissis [9],
Deift and Zhou [5], and Kamvissis, McLaughlin and Miller [10].

These examples indicate that energy may spread over a large frequency interval even if the energy is concentrated at
frequencies < 1 initially, and there are solutions with energy distributed over a large frequency interval with velocity
zero. For the proof of our main result we use localization in frequency and space. These examples provide natural
limits for the localization. This is reflected in the estimates and the definition of the function spaces.

1.2. An overview of the proof

We begin with a dyadic Littlewood—Paley frequency decomposition of the solution u,

u= Zu;\, u)\=P;\u
A=A

where A takes dyadic values not smaller than A, and u 4 contains all frequencies up to size A. Here the multipliers P,
are standard Littlewood—Paley projectors. For each such A we also use a spatial partition of unity on the A!*% scale,

1=>"xj0),  xf@=x(""%x—)) (12)
JEZ

with x € C(‘)’O(—l, 1). To prove the theorem we will use:

(i) Two energy spaces, namely a standard energy norm

2 23 2
Nl ooy = D A% il e 2 (13)
A=A

and a local energy norm? adapted to the A!+% spatial scale,

2 252 A 2
il g s = D A7 72 supl| g a2 - (14)
Tasa jet ’

Here [? refers to the dyadic summation with respect to 4, [* to the sup with respect to j, the L? is with respect
to time and H ,* refers to x. We suppress the coordinates ¢ and x in the notation of the spaces often in the sequel.

2 For s = —% the spatial scale is one and this corresponds to the familiar gain of one half of a derivative. It may seem more natural to remove
the 9, derivative and appropriately adjust the power of 1. This would be equivalent for all frequencies A > A. However, in u 4 we are including
all lower frequencies, which correspond to waves with lower group velocities and to a worse local energy bound, should the operator dx not be

present here. Based on the standard form of the local energy bounds for the linear Schrodinger equation one may still expect to be able to relax the
1

dy operator almost to 8,? . At least in the focusing case this is not possible; indeed, if s = —% then the local energy component of the bound (19)

1
below is saturated by the frequency A2 soliton.
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(ii) Two Banach spaces X*, and X “A ;o measuring the space—time regularity of the solution u. The first one measures
the dyadic parts of u on small frequency dependent timescales, and is mostly similar to the spaces introduced in
[3,13]. The second one is new, and measures the spatially localized size of the solution on the unit time scale.
These spaces are defined in the next section. The index /e refers to ‘local energy’.

(iii) Two corresponding Banach spaces Y3 and Y j\,l . measuring the regularity of the nonlinear term |u |>u. These are
also defined in the next section.

The linear part of the argument is a straightforward consequence of our definition of the spaces, and is given by

Proposition 1.4. The following estimates hold for solutions to (1):
luellos, S lloell2 oo s, + lGo: — A)MHYR (15)

respectively

leellxs, , S Nullpgo g2 + |0 — Aul (16)

s .
Ale ™ YA,le

To estimate the nonlinearity we need a cubic bound,

Proposition 1.5. Let u € X N X?

Ale Then |u|*u € Yiny;

Ale and

2 < 3 17
[ oel Yanvs, ~ ”“”x‘j‘mx;y,e' 17
Finally, to close the argument we need to propagate the energy norms:

Proposition 1.6. Let u be a solution to (1) with

lullzpoe s K 1.

Then we have the energy bound
el ooy, S ol + 10 s, (18)
respectively the local energy decay

3
lotlzros 2 S Mol + Nl s s, (19)

The bootstrap argument which leads from Propositions 1.4, 1.5 and 1.6 to Theorem 1 is straightforward and thus
omitted. Instead we refer the reader to the similar argument in [13].

We remark that in our set-up s = —JT is the actual threshold in the energy estimates in Proposition 1.6, though not
in the bounds for the cubic nonlinearity in Proposition 1.5. In principle the former can be improved by adding further
corrections to the energy functional; we choose not to pursue this here.

The plan of the paper is as follows. In the next section we motivate and introduce the spaces X*, X 51 1> Yy and
Y3 1> as well as establish the linear mapping properties in Proposition 1.4. In Section 4 we discuss the linear and
bilinear Strichartz estimates for solutions to the linear equation.

The trilinear estimate in Proposition 1.5 is proved in Section 5. In the last section we use a variation of the I-method
to construct a quasi-conserved energy functional and compute its behavior along the flow, thus proving the first bound
(18) in Proposition 1.6. A modification of the same idea leads to the local energy decay estimate (19).

2. The function spaces
To understand what to expect in terms of the regularity of u we begin with some heuristic considerations. If the

initial data uq to (1) satisfies |lug|l;2 < 1 then the equation can be solved iteratively using the Strichartz estimates on
a unit time interval. We obtain essentially linear dynamics, by which we mean that the difference between the solution
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to the linear Schrodinger equation and NLS is small, and the solution u belongs to the space X% 1[0, 1] associated to
the Schrodinger equation (see the definition in (20) below).

Let s < 0. Consider now NLS with initial data ug € H®, localized at frequency A. Then the initial data satisfies
luoll 2 < 275 By rescaling the small L? data result we conclude that the evolution is still described by linear dynam-
ics up to the shorter time A%

We expect the frequency localization of the solution to be somewhat robust. Then it is natural to consider a decom-
position of the solution u into its dyadic components u; = Pyu and to measure the u; component uniformly in A%
time intervals.

Linear waves with frequency A travel with group velocity 22, therefore they cover a distance of about 1! +#$ within
a A* time interval. Hence we can naturally partition frequency A waves with respect to a grid of size

(SZ)LZ)\A‘S, ox;, =)\.1+4s.
Correspondingly we have the spatial partition of unity (12). We remark that the spatial scale of this partition
increases with A for s > —1/4, and decreases with s. It is independent of A exactly for s = —1/4, which makes the
threshold s = —% very convenient technically.

Now we introduce the function spaces for the solutions u. Following an idea of M. Christ [2], given an interval
I =[tp, t1] we define the space

1613010, = |60 |72 + 1110 — M) |72, (20)

where L?[I] denotes L?(I x R). We suppress the dependence in the x variable often in the sequel. Ideally we would
like to place the dyadic pieces u; of u in such a space on the ¢, scale. However, this does not quite work and we have
to introduce a slightly larger space

X1 = X% 4+ A7 =B Ui .

The UP and V7 spaces are a refinement of the Fourier restriction spaces of Bourgain. We refer to the next section and
to [12,7] for a discussion of them. They are related to the Bourgain spaces through the embeddings

X021 cu? ¢ X0z 1)

where the above X*-? type norms are defined by

1 1
Il o g = DN Quuilzzs el g o = sUpRZ Q2 (22)
"

and the modulation localization multipliers Q,, select the dyadic region {|7 + & 2| ~ ).
Let us compare the two parts of the X norms. First, Holder’s inequality implies

|Gor = 2] 11 12) < 1712 o~ 28 211

and hence (again referring to the next section for a discussion of the U? spaces)

el oy < el xou

and by the embedding properties of the U? spaces

el 1y < el

Thus we obtain

lwsliyz gy < lwallxon- (23)

This bound will suffice for most of our estimates.

On the other hand, the structure of the X, norms is so that we expect to have better bounds at high modulations
(> 22, e.g.). However, some care is required in order to make this precise, because modulation localizations do not
commute with interval localizations. To address this issue we introduce extension operators £; which take a function
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u € X,[I] to its extension E;u solving the homogeneous Schrédinger equation outside / with matching data at the
two endpoints of /. By definition we have

. 4,
[Gor = M Erus |2 pym12pp2 S luallxan.  11=2%.

This implies the high modulation bound

. _o¢ _1_9¢ 1
1050 Equsll 2 S min{a™ 2o~ A" 72 lus |l x, ). 24)

We remark that the balance between the norms of the two component spaces in X, is achieved at modulation A%, Since
the X, norm is only used on frequency A functions, it follows that the U i component of the space X is only relevant
in the elliptic region {|t — E2| ~ || + |&)%).

Now we can define the X% norm in a time interval / by

luls = D 4% sup Jluall, - (25)
A=A |J]|=A4s, Tl

In the sequel we will mostly drop the interval I = [0, 1] from the notation. We remark that within each interval J we
have square summability on the AT spatial scale as well as on any larger scale,

Slrbwly y Shual,. =% w2z (26)
JEZL
This can be viewed as a consequence of the fact that frequency A waves travel with speed A. We refer to Lemma 3.1
in the next section for more details.
Next we introduce the related local smoothing space Xil 10> Where the above summation with respect to spatial
intervals is replaced by a summation with respect to time intervals:

|J|:A4S
el =22 2sup Y o[y, @7)
’ A JEE jci

Here and below the J summation is understood to be over a partition of / into intervals J of the indicated size.
To measure the regularity of the nonlinear term we begin with

Yilll =172 L2 + "2 DU (1)

which is exactly the output of the linear Schrodinger operator i d; — A applied to X, [/] functions (see next section for
a discussion of DU?). We use it to define the ¥ %, norm

IF15s =D 4% sup  lxs full, (28)
A=A |J|=)\4'V, JcliI

as well as its local energy counterpart

|J‘:A4S
115 =22 22 2sup Y |wxjochilly, (29)
. A J€Z jcp

3. U? and V? spaces

We sketch the construction of the spaces U” and V7 and their properties and refer to [12,7] for more details.

Both UP and VP are spaces of functions in R which take values in a Hilbert space, L>(R) in our case. To define
them we first introduce the class P of finite partitions of R into intervals. A partition o € P is determined by the
endpoints of the intervals, which are identified with a finite increasing sequence (t,),=0,n(s) With fp = —oo and
ty (o) = o0.
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Let 1 < p <oo. A U? atom is a right continuous piecewise constant function

N(o)

a= Z 1[tnflvtn)an’ Z ”an”p = 1»
n=2

on the real line associated to a partition o = (t,,) € P of the real line. We define U? as the atomic space consisting of
all functions for which the following norm is finite:

o0
lu||gpr = inf Z)\.k: fzz:)»kak, ar atoms, Ay >0¢.
k=1

This is a Banach space of bounded right continuous functions which have limit zero as ¢ goes to —oo.
The space of bounded p variation functions V7 consists of all functions on R for which the following norm is
finite,

N—-1
I, = sup D Jultn) —uta-)|”-
Pn—Z

ge

In this formula we set u(oo0) = 0. This is a Banach space of bounded functions. The functions in V? have lateral limits
everywhere. By V,2 we denote the subspace of right continuous functions in V” which have limit zero as ¢ goes to co.

Both spaces are invariant under monotone reparametrizations of R and can therefore be easily defined for intervals.
Given any partition o = (#,) € P of the real line we also have the interval summability bounds

N(o)
el G S D7 Mty (30)

n=1

Clearly, if 1 < p < g then
Uurcui, vPcvi, urcver.
We also have the nontrivial relation
vPcut, 1<p=<gq.

More precisely, as proved in [7], there exists § > O such that for each v € V2 and M > 1 there exists u € UP, w € U?
such that v = u + w and

M ulyr + M llwlye S lvllye. 31)
The relation of U” and V7 to Besov spaces is as follows:

S1/p, 517D,

B//PP cur cvPc B (32)

In particular the norms of u in U” and V,% are equivalent if i is supported in a fixed dyadic frequency interval.
Moreover if Q,, denotes the projection to a dyadic frequency range we have

1Quullr <en™"Plulye.
There is also a duality relation: Let 1 < p, g < oo be dual exponents. Then

UP x V93 (u,v) = B(u,v) :/uv, dt (33)

defines an isometry V¢ — (UP)*. The notation in (33) is formal, and making it rigorous requires considerable care,
for which we refer to [7]. We use the spaces DU? and DV as distributional time derivatives of functions in U” and
DV/?. This is possible since for 1/p +1/g =1

lullyr = sup{B(u, v): veC: |v[lve =1}
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and
vllye = sup{B(u,v): u € C§°: |lullyr =1}.

All these constructions apply to functions with values in Hilbert spaces. Of particular interest is the Hilbert space /2.
A short reflection shows that

U (%) c PU?, 34)
where on the left we have /> sequences with values in U?, and on the right /?>-valued functions in U?2. Similarly
PvVic Vi,

We use Bourgain’s recipe to adapt the function spaces to the Schrédinger equation

—itA

letllyp = e u)]|

and

—itA

”U”VA’ = ”e v(t)”vp'

We will always consider right continuous functions and we drop rc from the notation.
The relation to the X*? spaces can be seen from estimate (32), which also implies the high modulation estimate

—1/2
1Quull2 < e llully;

where, as before, Q,, is the projection to modulations of size 1, namely the frequency region {z + & 22 ).
The next lemma, combined with a rescaling argument, proves the bound (26).

Lemma 3.1. Let A > 0, and I be an interval with |1\ < 1. If u is frequency localized in [—A, \] then the following
estimates hold”:

2 2 2 2
Dl gy Sl e Do Az S U ga (35)

helBa g S DMkl I yay S 200X Wy (36)

Proof. It suffices to verify the first inequality for U” atoms. Furthermore, due to the first bound in (30), we only
need to prove it for each step in an atom. Thus consider a solution u to the homogeneous Schrodinger equation in a
subinterval J = [a, b) C I. For each j € Z we write an equation for x;ju, namely

(i3 = 93) Ojuw) = f;
where the right hand sides f; are given by

fi=—02xu — 20, x;dxu (37)

and can be estimated as follows:

112 12 2 2 21712 2
2 MFiGa 2 SV IS S, + 19, ) S 2310 Pllull e -
J J '

Then, using A|J| < 1, we have
Dol S Do xuly S Yo lu@l e + 115, S Ju@]-.
j j j '

The proof of the first bound in (35) is completed by summing over the intervals J.

3 Here x = x}; the superscript 1 is omitted.
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For the second bound we consider f of the form f = (id; — 8%)14 with u € Uﬁ[l]. Then we can write x; f as

xif = (i3 — 3} (xjuw) — f;

with f; as in (37). For the first term we use the first bound in (35), and for the second we bound f; in L 112 as above.
Next we consider the first bound in (36). For a partition o = (,) of the interval / we need to estimate the sum:

S=Y [l AUty — ultns )] 7
n

We have

S~ 3D (€T ) — utnan) |2
i n
<20 2ol A (o) = x|+ 30 D D T e | 2
j n n

j
and the first term is directly estimated in terms of the right hand side in (36). For the second term we will establish a
stronger bound, namely

; 2
D "2 Juol| 72 S (TR lluoll?
J
whenever u is frequency localized in [—*, A]. This suffices since we have > (f,41 — 1n)> < |I|2. Denoting u(t) =
e''Ay we write

(18 = 07)[xj. " *Juo = f;
with f; again as in (37). Hence

ZH K€" uo 72 < an,uw

and the bound for f; in L'L? is the same as above. The proof of the first part of (36) is concluded.

For the second part of (36) we write f in the form f = (i9; — Bf)u in I = [a, b] with u(a) = 0. Arguing by duality
(see (33)), from the first part of (35) applied to solutions for the homogeneous equation we obtain the uniform energy
bound

lalGoore S Y025 F a0y

The rest of the argument is similar to the one for the second part of (35). O

We conclude this section with the proof of Proposition 1.4. For r > 0 we consider the solution u to the inhomoge-
neous equation

i0iu+ Au = f, u(0) = uyg.
We set u(¢) =0 for t < 0. Then from the definitions we immediately obtain the linear bound

lullur < lluollz2 + II.f lIpue- (38)

We now consider the bound (15). The frequency localization commutes with the Schrodinger operator, and it
suffices to verify (15) for a fixed dyadic frequency range 1. We can also restrict our attention to a time interval
= [a, b] with |J| = A*. There we need to show that

luallxo S Jlua@ | 2 + 1 fillvarn (9, — Ay = fi, (39)

which follows directly from (38) and the definitions of the norms.
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For the second estimate (16) we again localize to a dyadic frequency A. Let us first consider A > A; there it takes
the form

|J|= )\4r IJ|= )L4Y
SuP Z ”XJWHX[J sup Z (A~ 4S||X]“A||L2[J]+”Xjfknn J])
S JEL e

This in turn follows after integration over ¢ € J, J summation and k summation from the next estimate:

Il S 220G =07 (w2 + 6 £l 9):
keZ

This is equivalent to considering an inhomogeneous Cauchy problem in an interval J = [a, b] with |J| = 1%,
(ioy —A)uA:P;L)(,i‘f, u,\(a):)(,i‘ué
and proving that

| xGurlly, 1y < G =0 (luoll 2 + 1 fillvia)-

For j =k + O(1) this is a direct consequence of (39). For j away from k this follows from favorable bounds on the
kernel K j of x ;‘e” A P, xj, which satisfies the rapid decay bounds

02000) K j i (. x, )| < capyrh™N (j — k)N, 1] < 81y, lj —k|> 1.
If A = A we apply the same argument to dyu 4.

4. Linear and bilinear estimates

Solutions to the homogeneous equation,
— Av=0, v(0) =g (40)

satisfy the Strichartz estimates:

Proposition 4.1. Let p, g be indices satisfying

2 1 1
—+-=5, 4<p<oo. @1
p q 2
Then the solution u to (40) satisfies
ol rpe S llvoll 2

In particular we note the pairs of indices (o0, 2), (6, 6) and (4, 00). As a straightforward consequence we have
Corollary 4.2. Let p, q be indices satisfying (41). Then
ol re S lvllue.
The proof is straightforward, since it suffices to do it for atoms. By duality we also obtain

Corollary 4.3. Let p, q be indices satisfying (41). Then

Sl

Wl pyr S W0l g

The second type of estimates we use are bilinear:
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Proposition 4.4. Let A > 0. Assume that u, v are solutions to the homogeneous Schrodinger equation (40). Then

| Posd)| 12 S 27 2 lluoll 2 llvoll 2.

Proof. In the Fourier space we have

u(r, &) =uo(§)5; _¢2, 0(7,8) = 00(§)8; _g2.

Then

uv(r,§) = / fio(§1)00(52)8, 2 g2 dE1
§1—6=¢

which gives

— 1 ~ ~
uv(t,§) = —— (o (§1)v0(&2) + fig(52) Vo (£1))

2|18 — &

where &1 and &; are the solutions to

El+E =1, &H-&=¢
We have

drd§ =28 — &|dé1d&

therefore we obtain

| Poswd)|2, < / o &) 2|30 (En) 2161 — &1 dty .

[E1—621 24

The conclusion follows. 0O
As a consequence we obtain

Corollary 4.5. The following estimates hold:
| Pro)] 2 S 4721z w2 -

_1
lwwvalle S o7l a lvllyz, » <.

967

(42)

(43)

(44)

Again it suffices to prove these estimates for atoms, and then for solutions to the homogeneous Schrodinger equa-

tion. But this follows from the bilinear estimate of Proposition 4.4.

5. The cubic nonlinearity

In this section we prove Proposition 1.5. For a dyadic frequency A we estimate the nonlinearity |u|?u at frequency

A in a time interval  of length A% in DU%. By duality this leads to a study of a quadrilinear form of the type

J=/X1uxlﬁxzu,\3ﬁ)\4dxdt.

The position of the complex conjugates is of little importance in the sequel. We will assume that 11 < Ay < Az < M43
some of the constants in the next lemma improve if the complex conjugates are placed differently, but this plays no

role in our subsequent analysis.
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Lemma 5.1. Let I be any compact interval. Then the following estimates hold:
A). If A1 ~ Ay ~ A3 ~ A4 then
715 Nt g2y s 2 Nl (45)

1
1S 1y N vz et vz e Dz (46)

B). If A ~ Ay K A3 ~ A4 then

L _1

1S 23 2 sy g2l gz s gz Nl Nz 47
L _1

1S 35 2 2 ety gz N gz ls 2l Nz (48)
—1

Kyl N Y P P TN Y IO e (49)

C). If M| K Ay K A3~ Ay then

1 1

1S A5 A 2 a2 s g2 s g2 llug g2 (50)
1 11
1S min{a 2 Ay U A 0l llga o 2 N g2 Ntz g2 (51
1 1
1S 25 2 2ty g2 Mg g2 llug 2 g g2 (52)
1
1S mindaf A5 a2 g a2 g g g 2 gl (53)

D). If A\ K Ay ~ A3 ~ Ag then

1 1

1S Al gzl gz Nt gz N gz (54)
L1

1S 23 2 ety gz N g2 s gz Nl (55)
L1

1S 2 gl gz N gz s 2l gz (56)
b-d

1S A A ety gz N gz N gz Nl - (57)

It is worth noting that the length of the interval enters only in (46). In all other cases the cutoff x; can be safely
discarded. The bounds in parts B and C improve if the none or both of the high frequency factors have complex
conjugates. We also note the weaker bound (56) when the complex conjugates fall on the first and third factor; this
directly leads to the weaker bound in (57), and causes some small difficulties later on.

We also remark that combining the results in (45), (47), (48), (50), (51) (54), and (55) we obtain by duality

Corollary 5.2. Suppose that .y < Ay < A3 and Ao < Ap. Then
L1
| Pro e i) | 12 S 26 23 % e Nl Nty g2 Nluass ll gz - (58)

Proof. A. For (45) we use the LY Strichartz estimate. For (45) we use the L3L* Strichartz estimate and Holder’s
inequality to obtain

4 4 4
1 1 1
TSI [T crwalzsps ST o lgs S 12T xous; e
j=1 j=1 j=1
B. For both (47) and (48) we use an L? bilinear estimate for u a,Ux,» and the remaining two factors are estimated
in L? respectively L>°L? with an added Bernstein inequality for u 2, - For (49) we use two L? bilinear estimates for
U, Uy, respectively uy,uy,.
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L1
C. The bounds (50) and (52) are similar to (47) and (48). The same argument also yields the Az Ay 2 factor in (51).
To complete the proof of (51) we observe that we can harmlessly insert a projector P;\2 (uy;it3,) in the last product.

Here and later, P, denotes a wider frequency A projector, for instance P, = > i~ P By the L? bilinear estimate we
have

~ _1
|| P).z (u)\.3u)h4) ||L2 5 )‘2 : ”u)g ”Ui ||u)»4 ”Ui

L1
and using the L bound for u), we obtain the second desired factor Alz Ay 2 in (51).
To prove (53) we decompose each factor into a term with modulation 2 A4, and one with smaller modulation,

_h [
U =uj, —i—uk.]_.

If all four modulations are low, then a simple frequency-modulation analysis shows that J = 0. Hence we assume
without any restriction in generality that one of the factors is at high modulation. For that factor we have an L? bound,
see (21) and (22),

il 12 S Gora) s, ll e

Hence the constant in (53) is obtained by adding a (A2k4)_% factor to each of the constants in (50)—(52) and summing
them up.

1
D. Case D is similar to Case C except for the inequality (56), where we only obtain the worse factor A A, *. The

difference there is that & and & no longer need to have dyadic separation so we cannot use directly the bilinear L?
bound. To address this issue we split the problem into two cases by writing

1
Up,up, = Py (upyun,) + Poj(upytts,), A=(A1Ag)2.

For the first term we use the bilinear L2 bound to obtain

_1
| P upyuny) | 2 S (R1ha) ™4 s 2 N lly2

and conclude with the pointwise bound for u;,; .
For the second term we have orthogonality with respect to frequency intervals of size A, therefore the problem
reduces to the case when u,, and u,, are frequency localized in A sized intervals. Then we use the L? bilinear bound

for uy,u;, gaining a A,
1
(MAg)%. O

1 1
* factor, and then use Bernstein for u;, (now localized on the (A114)2 scale) for a loss of

We continue with the proof of Proposition 1.5.

Proof of Proposition 1.5. For the Y3 bound we need to estimate the trilinear expression

Py (up p,tsy)
in Y, [I] over intervals of size |I| = A% , and then square sum with respect to all frequencies A, A1, A2, A3. In the case
of the Y A le bound we have to estimate the better, localized, trilinear expression
)‘ —
X5 Po(up iy, 55)

in Y, [I], but we need to perform an additional summation with respect to the time interval /.
We separately consider several cases depending on the relative size of all A’s. In order for the output to be nonzero
we must be in one of the following two cases:

1. max{Ai(, Ay, A3}~ A
2. {A, A0, A3} ={o, w, w} with A K, o < .
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Here we allow for a slight abuse of notation, as the two highest A ;’s need not be equal but merely comparable.
We will consider these two cases separately. In the second case we will subdivide into further cases depending on the
relative size of o and A.

The space Y;[I] is a weighted sum of an L? space and a DUi space. In Case 1 we will estimate the cubic term
only in L2. In Case 2 we will estimate the cubic term in both L2 and DUi. The estimates in either spaces are good
enough to complete the argument, and hence there is some redundancy. Nevertheless we find it instructive to do the

extra work, as it shows that this argument does not break at s = —1/4.

We remark, though, that in order to continue it below s = —1/4 some extra care is required as the balance of the
spatial scales changes. We also remark that this difficulty disappears exactly at s = —1/4, when all spatial scales
coincide.

Case 1: max{A{, A2, A3} ~ A. This case imposes no restrictions on s beyond s > —1/2. Instead it makes the ar-
guments for the length of the time intervals in our X%, X% ,, Y} and Y} , norms precise. In this case we restrict

ourselves to the L? bound. Using duality and (45) we obtain

||XI’4A1 Up,U)s ||L2 5 ||MA1 I V2[I] ||MA2 I V2[I] ||’4A3 I V2[I]

S aaadz) ™ luo llxes Nuag s, s [, -

For intervals I of size || = A* this gives

—5,3
| Py uns ) || Ya[ S i aadz) 7 A7 gy s, g s, s s,

where the A1 7 3 summations are straightforward.
For the estimate in Y7, |, we observe that

|7 X1 PoCusunyung) | 12 S Z(] =7V xruag g w2
!
If L > A then the same argument as above applies since the square summability with respect to time intervals is
inherited from u;,, . If A ~ A then we apply the argument to 9y (u;,u,us;); then the square summability with
respect to [ is inherited from the differentiated factor.

Case 2: {A1, A2, A3} = {a, u, u} with A < . We subdivide this as follows:

Case 2(a): . ~ o < . This case and the next is where we gain most from the local energy decay bounds. This case
requires no explicit restriction on s beyond s > —1/2; instead it determines the power of A in the DU i component of
Y* and Y},. We remark however that for the argument below it is important to know that the frequency j spatial scale
is larger than the frequency A spatial scale; this breaks down for s < —1/4 therefore the above mentioned power of A
would have to be adjusted for such s.

The placement of the complex conjugates is irrelevant here, therefore we let, say, A1 = «. We decompose each of
the factors as

=
Mx,~=zu,\[,j, Mki,jZPAi(Xj Us;)
JEL
preserving the frequency localizations. The spatial localizations are not preserved but the tails are negligible,
A.i o= — i .
e i | S =GN G | e =G> 1 (59)
For j€eZand |I| = A% we define the localized trilinear expressions

1| =p®

F1.7 = Xity it = Xttty j Y Y Xirilgky * X1z ks-
I'cl ko,kj

Due to the above mentioned ordering of spatial scales there is some unique (up to O (1)) k = k(j) so that the supports

of x*!

i and X/? >3 overlap. We will first bound P;, fi1,jin L?. Using (47) and duality we obtain
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1 | |1=p™
A2 llusy ks ||U2 ””)Lg,lq ||U2 14!
1P frjlle S — Nuag,jlly2 E E =
PO e e (e — k()N (ks — k()Y

where the rapid decay away from when kp 3 = k(j) is due to (59). Next we use Cauchy—Schwarz with respect to I’
and then sum with respect to k3, k3 to get

1oL ogy_a
1P frille S22 272 | un [y sl ,

luslixe, - (60)

The square summability with respect to space or time intervals is inherited from u,, so we conclude that

. lyog —1 o
[EACRRI] S i 778 PON L9 PO 28 PO (61)

and similarly for the Y ,, norm. The summation with respect to A and w is straightforward.
We remark that this approach gives a better bound for high modulations but works only when s > —%. However,

the estimate in DU? shows that there is some room beyond s = —1/4.
From (49) by duality and (59) for the tails we obtain

2 Nty Nz oy Nt ks g2

1Pt ilovzin S0 Dswlozin 20 20 50w T k)™

ko,ks I'Cl

After Cauchy—Schwarz with respect to I’ and kj, k3 summation we obtain

s lxs, - (62)

Comparing this with (60) we see that (60) is stronger at modulations > Au while (62) is stronger at modulations < Au.
Precisely, from (60) we obtain

1425
1Q=auPofr v, SA'T 10> Pifrillpy2

1/242s, —1/2
SAPT2 L TV20P fr e
g X1+2S,LL_1_ZS

—1-2
1P f1.ilpyaiy S 0™ 72 a2 s lixs,

A
| xjun g2 e lixs, sl ,

S )L1+3SM_1_2S

)
HXI U, ” XSA[I] ||u)\2 “X;‘ le” A3 ”Xi\.le’
while from (62) we have
1 —1-2s| A
1Q < Paf1lly, Slog(u/mn ¥ u= 2 | hus, [y lurallxs, , leaslixs,

where the logarithmic loss is due to the number of dyadic regions between modulations A% and Ax arising in the
conversion of the DV? norm into a DUZ norm, see (32).

Again the square summability with respect to space* or time intervals is inherited from u ;> SO We obtain an
improved form of (61), namely

142s
_ A 7
| PGy i3, u35) | v S <;> 10g(x>||uxl llxs g llxs,  Naslixs, (63)

and similarly for the Y l norm. Thus s > — % is more than enough.

Case 2(b): ¢ < A << (. This case is similar to the previous case in that the local energy norms give a crucial gain
in the estimates. This case is also different from the previous case in a fundamental way, namely that the interaction
is nonresonant. Precisely, either the output or at least one of the inputs must have modulation at least Au. In the latter
case, there is a further gain due to our definition of the X* respectively X;, spaces. Unfortunately, this gain disappears
as o gets small, so we cannot take good advantage of it, and instead we end up repeating the arguments of Case 2(a).

4 Here, as well as in all the other cases, we want to use the second bound in (36) rather than (35), so the spatial summation must precede the pV?2
to DU? conversion.
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Again the placement of the complex conjugates is irrelevant, so we let A; = «. However we readjust the definition
of f1,j to
5. ()
frj = x1Poy (Xt Jusyuss

using the larger spatial scale éx; instead of dx, for the cutoffs. Using a dual form of (51) as well as (59) for off-
diagonal tails we obtain the trilinear L bound

=5 sy a2 g |
L L1 L1 radallyz gy s ks lly2
P frill2 <minfa2a ™ w2, 1202 || xtu A A
” )Lf[,]”LZN { M } 1% ||XJ Al ||U§[1]Z Z (kz—k(]))N (k3—k(])>N
koks I'Cl
On the other hand from (53) by duality we obtain
=% Yz g 2177 15,151l 2
. 14 1 2.k2 MU 3.3 U5 1]
122 frill pyagny S minfea ™ w2, e oGus |y 20 D S
P b=k T —k0)]

Using the former for modulations > Ap and the latter for smaller modulations we obtain

1Py f1 v < logOh/py minfaz a2, 1ha1+2 !

1 =u® ||MA2 kznuz o s ks D2
[ 3:k3lly2 1/]
< |xfunllozn 22 22 (64)
"= — k(MY (ks — k()Y

After Cauchy—Schwarz with respect to I’ this gives

185 f1,j lv,1r1 S log(/p) minfar? =12, W2 w2 G, [ ga gy sl s s

Ale Ale’

The square summability with respect to spatial intervals is inherited from u,, , so we conclude that

. 1, _ 1 _ 11—
ys Slog(/wymin{a2 a2, ™ A3 01 g s, [l |l xs
A

” P?»(“Mb_‘kzuhﬂ e

lluns llxs, - (65)

The summation with respect to « and p is straightforward.
The local energy Y3 ;. estimate does not pose additional difficulties. We first estimate the frequency « factor in
(64) by

” XJ)'LM)\I “ U3 S luy, llxs, -

Then we sum over all I C [0, 1] and use Cauchy—Schwarz with respectto I’ C [0, 1]. Thus the time interval summation
is inherited from the highest frequencies, and we obtain the same constants as in (65).

Case 2(c): A < o < . In this case, as « increases, the usefulness of the local energy norms decreases. The
interaction is still nonresonant, i.e. either the output or at least one of the inputs must have modulation at least A .
However, this time we can fully exploit the gain coming from the better bounds for high modulation inputs. On the
other hand if the output has high modulation then we get to use the better constant in (50) (compared to (51)).

Again the placement of complex conjugates does not matter, so we let o« = A1 but we return to our original notation
in Case 2(a),

Jrj =y jly s
We claim that the following bound holds for |/]| = Ass:

1Pl SC  sup xS [y e e

u s 66
o s s, (66)

Alle

where C = C(X, a, ) is given by

Ch,a,u) = log(,u/)u))\stu*l*zs (A%of% +a 7% min{l, )\%OFIM% })
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Here the second term is at most as large as the firstif s > —1/4 and could be omitted. Using (66) we conclude the proof
in this case. For the local energy decay norm Y ,, we square sum over / C [0, 1] and inherit the square summability
from u;,,, so there is no further loss; we obtain

%+3s

||Px(ux]b7x2ux3)||ygl < log(u/2) el lwas N, Mgl -
sle ’ B

@t 142 Asle
For the Y| norm we square sum over j in (66). The j summation is inherited from v;, ; however we cannot interchange
the I’ supremum with the square summation in j. Instead we relax the supremum to an /> norm, which allows us to
interchange norms but causes an (c/A) ™2 loss in the /” summation. This yields the worse bound

%+5s

_ A
H Py (s, usys) H Ys S IOg(M/)\)m lles, ||x-j‘ llus, ||X§w lluns ||xj\,,e-

It is easy to check that the o and 1 summation is favorable since s > —3/10.
We now prove (66). We begin by writing

fl,j = Z Xlu)»l,jﬁlz,kzu)g,ky
ka k3
The off-diagonal terms where k, or k3 are away from k(j) are estimated directly as in Case 2(a), (b) using the rapid
decay in (59). It remains to consider the diagonal contribution which we write as
fll{j = Xlukl,jb_lkz,k“k3,k’ k=k(j).

We actually obtain a finite sum of such terms, which we suppress in the notation.
We consider a time interval decomposition of f Id It

u/|=a4s |1”|=M4S |1”|=M4S
d = — o d
;= E XIUay,j E XD Wy k- X1k o= E T j-
r'ci cr 1"clI

Since we will use modulation truncations which are nonlocal in time, for the rest of the argument we extend each
of the three factors above to solutions to the homogeneous Schrodinger equation outside I’ respectively I”. A key
reason for working with these extensions is that they satisfy better high modulation bounds than the original interval
localized functions, see (24). Recalling that E; is the extension operator for the interval J we define the extension

ff//,j Offjd//’j by

Tir ;= Er o )E U ) Ep (i, k).

For f ﬁ, jwe establish a global L? bound, as well as a stronger low modulation DVL% estimate; the balance between

these two bounds is at modulation «jt. For the L% bound we recall that (50) holds on the whole real line. Hence we
obtain the L? estimate

L1
” Pkfﬁ/,j ”Lz SA2pT 2 luny gz ok lp2pm 1ok lp2pm - (67)

Next we consider the low modulations Q «ay Ps. f7 i Since we are in a nonresonant case, this is nonzero only if one
of the three factors has high modulation (2 «t). But for the high modulations we have better bounds. We write

e 1 2 3
Q<<a/LP)Lf1H,j = Q<<omP)»(81N,j + 81, j + g[//,j)
where
1
gl//,j = QzaﬂEl’ukl,j ‘ El”u)uz,k * EI””)\.S,k’
2
8prj = Q«apEruy j- Q>4 Errttig k- Epriyg k.

3 ~
8prj = Qwapkruyj- QcapEri, k- Q>4 Erriti k-
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We will only consider the first term g },, I the analysis for the other two terms is similar but the result is better since

the high modulation gain of & ~'~2* is replaced by u =17,

For the high modulation truncation we use the L bound in (24). Then by (51) and duality we estimate P;, g}/, jas
1
| Prgrr il pya S CllQzap Ertny il iz sk ly2pm s klly2gm

—1-2, _1
S Cia Sap)"2 llun,,jllx, 11 ||UA2,1<||U2[1”] lluns.k ||U2[I”]

with C| = min{u%a’lk%, l},uf%a%. Adding the similar bounds for P,\gf// i and P,\g?,, jwe obtain

_3_ 9y 1
| Q<anPrtfio il pyz S Cra™ 272 w2yl s kllx e &l x, -

We combine this with the high modulation control derived from (67) to conclude that

I Pifin I DV2 S Collsy, j lx; el kL, Nt i Nl xs (68)

where

_3_ 9y 1 L 1
Cr=Cia 277 u 2 4+A2u "a 2.
Since neither (67) nor (68) contain modulation localizations, we can truncate both of them to the interval I” and obtain
the similar bounds for f,‘{/ I Given the definition of the Y, space, from (67) nor (68) for f Id,, jwe obtain

1 £ 1y, Slogu /MR Calluny i it e e il ) (69)

where the logarithmic factor counts the number of dyadic regions between modulations A% and oy arising in the
transition from DV§ to DUﬁ. Since C = log(u/M) A2 11725 C,, the bound (66) follows from (69) after summation
over I C I.

Case 2(d): A < o ~ u. For the most part this case is identical to Case 2(c). The interaction is still nonresonant, i.e.
either the output or at least one of the inputs must have modulation at least 1>, The high modulation output bound is
unchanged. We have singled out this case because of a peculiarity which occurs when the middle (conjugated) factor
is at high modulation (see (56) and (57)). This leads to a constant C1 = (1/ u)% in the bound for g%,,’j, which in turn
yields a constant C in the counterpart of (66) of the form

CO . ) = log(u/W) (A ™37 4 w2175 G ),

The first part is as in Case 2(c), but for the second we need to sum up with respect to u in the expression

_ 11— _1— 1 9.5
log(u/MAF = O/ B TR0/ ) =log(u/Mp TR

which is favorable since s > —9/28. We note that this is the worst among all cases we have considered. O
6. The energy conservation

In this section we study the weighted energy conservation for solutions u to (1). In order to keep the notations and
the exposition as simple as possible, here and in the next section we will restrict ourselves to the endpoint case s = — i.
This suffices in order to obtain the H® energy estimates and to fully prove Theorem 1, but not the space—time estimates
@) fors > — %. The arguments here can easily be adapted to all larger s. The main result here is Proposition 6.2, which
will be used in the last section of the paper to prove the first part of Proposition 1.6, namely the bound (18).

Given a positive multiplier a we set
Eo(u) = {A(D)u, u):= |lull}a.
For the straight H energy conservation it suffices to take
a€) = (A% +£%)".

Here and in the sequel we denote the symbol of a Fourier multiplier A(D) by a(&). However, as in [13], in order to
gain the uniformity in ¢ required by (25) we need to allow a slightly larger class of symbols.
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Definition 6.1. (a) Let A > 1. Then S, is the class of spherically symmetric symbols with the following properties:

(1) symbol regularity,

|9%a(®)| S a)(a?+87) 7",
(ii) decay at infinity,

a@) > (A*+£2)77,

and
[0, 00) 5 & — a(€)(A% +£%)'?

is nondecreasing.

(b) If a satisfies (i) and (ii) then we say that d is dominated by a, d € S(a), if
|0%d| < a(A® +£2) 7
with constant depending only on «.

1
For such symbols a we denote by X respectively Xj, the spaces defined as X al

_1
respectively X , 9, but with the

symbol (A? + )\2)’% replaced by a (). Here the spatial and temporal scales are the ones corresponding to s = —%,
namely §x =1, §t = AL
We compute the derivative of Eq along the flow,

d , 5
EEQ(M) = Ry(u) =2R(i A(D)u, u|*u).

We write R4 as a multilinear operator in the Fourier space,

Ry (u) =25ﬁ/ia(éo)ﬁ(éo)ﬁ(&)ﬁ(éz)ﬁ(&)dU
Py

where

Py={&+& — & —&=0}.

This can be symmetrized,

1 -
Ra(u) = Efﬁ/i(a(fo)vLa(Sl) —a(&) — a(&))iE)aE)u(E)i(E) do.
Py

Following a variation of the /-method, see Tao [16] and references therein, we seek to cancel this term by perturbing
the energy, namely by

El(u)=/b4(€0,El,Ez,Es)ﬁ(So)ﬁ(El)ﬁ(Sz)ﬁ(&)dU.
Py
To determine the best choice for b4 we compute
d -
T Eiw) = f ibs(£0. 61,62, 63) (85 + &1 — &7 — £3)0(E0)01 (1)1 (E2)0(€3) do + R (u)
Py

where Rg(u) is given by

Re(u) = 49 / ib4(E0. £1. £2. £3) u2u(E0)it (61)i (E2)a (83) do.
&0+&1—52—8=0
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To achieve the cancellation of the quadrilinear form we define b4 by

_a§) +a(é1) —a(§) —a(&)
gB+el-g2 -8

We will see in Proposition 6.2 that this is well defined. Summing up the result of our computation, we obtain

by(0,61,862,83) =

for (§o, &1,&2,83) € Py. (70)

d
E(Eo(u) + E1(u)) = Re(u). (71)

We integrate this relation to estimate Eg(u) = |lu ||%1(, uniformly in time:

Proposition 6.2. Let a € S 4. Then for any L? solution u to (1) in the time interval [0, 1] we have

2 2 2 2 2 4
||“||L00Ha,§||u0||Ha+||u||LooHa||u|| 1 +”u”XaﬂX;L”u” 1 1 - (72)

2 I~y 4
L*°H , X "NX 45

The proposition follows directly from the bounds for Ej(x) and of Re(#) in Lemmas 6.4, 6.5 below. The aim of
the rest of this section is to prove these two lemmas.

In order to estimate the size of E(u) and of Re(1) we need to understand the size and regularity of b. A priori b
is only defined on the diagonal P,. However, in order to separate variables it is convenient to extend it off diagonal
in a favorable way. The next lemma is a more precise version of a similar result in [13]; the additional information is
needed for the proof of the local energy decay estimates in the next section.

Proposition 6.3. Assume that a € S5 and d € S(a). Then there exist functions by and c4 such that

d(%) +d (&) —d(&) — d(&) = ba(50, &1, 62, 8) (& + & — & — &)
+ca(60, 81,62, 863) G0+ &1 — 62— &3)
which for each dyadic
A<a<p, Eo~A, &~a, EL,&G~u (73)
satisfy the size and regularity conditions
36" 07" 357" ba (k0. £1. &2, 83)| S a(a ™ w e Py hs,
307" 85735 ca(Go. &1, £2.89)| Saa™ aPoaPop s (74)

with implicit constants dependent on the ;s but independent of X, a, .

Proof. We first note that we have the formula

ERHEL—E — ] =280 — &) (E0 — &) — (Bo+ &1 — &2 — E3)(E0 — &1 — & — &3). (75)

In particular we obtain the factorization

El+E & — 3 =208 — &) (& — &) on Py

along with all versions of it due to the symmetries. It suffices to construct b4 and c4 locally in dyadic regions, and
then sum up the results using an appropriate partition of unity. We consider several cases:

(@) A<<a < u. Then &y, & ~ w and |y — &2| ~ «. Then the extension of b4 is defined using the formula

d(§0) +d(§1) —d (&) — d(§3)
2(60 — &2)(60 — &3) '
Its size and regularity properties are straightforward since |£y — & | ~ « and |y — &4] = . By (75) we obtain
oy Q60 +dE) —d(E2) —d () — bl +87 — & &)
T Sot+té&1—&—§&

The bounds for ¢4 are also obvious.

b4(0.81,862.83) =

=by(§0 — &1 — & — &3).
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(b) A~ a « u. Then ||, |&2] ~ « and |&1], |€3| ~ n. We define the extension of b4 using the formula

d(&o) —d(&2) d(&) —d(&3)
260 — &) (&0 —&3)  2(& — &1 (&3 — &)

b4(0,81,862,83) =

and, as above,

C dE)-d&) dE) —d&) . .
4l -G &) 0 B TR TR e gy B TR E R

Again the estimates are immediate.
(c) A~ a = . We define the extension of b4 by

dE) —dE)  d&) —dE + (o — &)
b 9 9 9 e

G081 8 = e - T 2 — k)& —E)
_ 4EE) | a6t G~ k). b+ (G0 — &)

 2(50— &) 2(61 — 83)
where ¢ is the smooth function
_d@ —dm

q(&.m) P

Then

c4 =by(63 — 60— &1 — &)

and the estimates follow immediately. O
Using the above lemma, the contribution of E; to the energy is easy to control:

Lemma 6.4. Assume that a € Sp. Then

|E1@)| < EoGu)llull? -1e. (76)

Proof. The proof is easier than the proof of the more essential result below. Nevertheless it introduces some useful
techniques. We expand the quadrilinear expression in the dyadic frequency components. Then for A < o < u we
consider the expression

‘/ bs(&0, &1, 862,80+ &1 — )iy, dEodEr d& (77)
where the ranges of the &;’s are as in (73). In this range we can express b4 in the form

ba(Eo, &1, 62, E3) =a()a ™ In(Eo/r &1 /1, E2/a, &3/ 1), (78)

where 7 is compactly supported and smooth with bounds independent of A, @ and w.

Due to (74) we can expand 7 into a rapidly convergent Fourier series. Since complex exponentials are products of
complex exponentials in the coordinates, and since multiplication by a complex exponential of the Fourier transform
corresponds to a translation in x space we can separate variables and reduce the problem to the case when b4 is simply
replaced by a(1)A "'~ !. Then using Bernstein to bound the low frequency factors in L> we obtain for the expression
in (77)

1 _ 1 _
(T =a(a'u lfuxuﬂuauﬂdxsa(x)m 2 Ml 2 Nt g2 et N2 Nl g2

/

We estimate the high frequencies in HXI % and sum with respectto A, @ and . O
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The more difficult result we need to prove is

Lemma 6.5. Assume that a € S is as above. Then we have
1
/ Re(u)dx dt

0

2 4
N ”u”XamX?e”u”XZlMﬂXleM' (79)
sle

Proof. We consider a full dyadic decomposition of all factors and express the above integral in the Fourier space as a
sum of terms of the form

1
K= f / ba(Er. 2. Ex. E0)itn, (61)any (E2)ibns (63) Pag (s ()it (E5)iirg (Bo)) dE di
0 Pg

where

Po=1{& +& +& =& + &4+ &}, §o=61—-&+&.

For each of the dyadic factors u,; we will only use the U i norm, which is controlled as in (23).

As in the previous lemma, since b4 is smooth in each variable on the corresponding dyadic scale we can expand it
into a rapidly convergent Fourier series. This allows us to separate variables and reduce the problem to the case when
b4 has separated variables,

ba(E1, &2, 83, 80) =a(a ' M EN X2 E) 1 E) A &o)

where x;’s are unit size bumps which are smooth on the respective dyadic scales and {A1, A2, A3, Ao} = {A, , 11, u}.
By definition x’(D) are bounded in the X, spaces, therefore we can discard x!, x2 and x> and incorporate x° into
P,-

Similarly to above we may expand the Fourier multiplier n for P, into a Fourier integral. We obtain for a Schwartz
function p

n(éo)=/p(y)ei5°y/k° dy.

Since in the domain of integration for K we have &y = & — &, + &3, we can separate the exponential into three factors
which can be harmlessly absorbed into u;,, i), and u,,. Thus we may as above simply drop P, whenever we wish to
do so. We discard Py, if A¢ is large. On the other hand, if it is smaller than A4, A5 and A¢ then we keep it to get better
estimates. The disadvantage in that case is that Py prevents us from using bilinear L? estimates for factors located
across P,. To summarize, we have reduced the problem to the case when K has the form

1
K=a(k)a_1u_1//uxlu_xzungxo(bt_MuxsuTﬁ)dxdt
0 R

where we have the additional freedom to discard P), as needed. The placement of the complex conjugates is irrelevant
here therefore we may always assume without any restriction in generality that

AL < A2 < A3, Ag < A5 < Ag.

It is also convenient to reorganize the indices in an increasing fashion

{A1, A2, A3, ke, A5, Ao} = {1, 2, 13, 14, 105, 16}, 15 ™ M.
We also recall that A, & and u are given by the increasing rearrangement
{0, A1, A2, A3} ={A, o, o, )

1
The X ,* norms involve space and time localizations. We will disregard those at first and consider the simpler

question of estimating the integral



H. Koch, D. Tataru / Ann. I. H. Poincaré — AN 29 (2012) 955-988 979

L =fMA]M_A2M/\3P/\0(meA5M_A6)dxdt
R2
in terms of the Ui norm of each factor,

6
ILISCL] [luilly2. CL=CrLOuo it s has ks, o). (80)
j=1
In all cases C will have a polynomial dependence on the A’s and a zero order homogeneity. Before we set to the task of

estimating C in all the cases, we consider the simpler question of the transition from the estimate for L to the estimate
for K. Precisely, we claim that (80) implies that

2 6
a(A) 1
KIS Cr [T M lxe [Tl Il 4 10 Ck =~ — (uaptapisie) (1) Cr. 81)
l:[l " /11 " XA4QXA,Z;€ a(“l)a(MZ) au

Compared to Cy,, the constant Cx contains the additional trivial frequency factors coming from the Sobolev regularity,

plus the more interesting factor (w1 ,uz)% coming from the time interval summation. For Cg we want to have Cg < 1,
plus some additional off-diagonal decay to allow for the summation with respect to all 4 ;’s. We remark that since
§=— i , Ck has homogeneity zero if a is homogeneous, therefore we do not have room for any losses.

We now prove that (80) implies (81). For convenience we simply omit the prefactor a(})/(«p) in K, which plays
no role here. We decompose each factor u;; in space on the unit scale and in time according to the 67, ; = )»;1 scale,
while preserving the frequency localization:

1 1 ~
Z Zu)\j’kj9 u)\jvkj _XIjP)\.j(iju)Lj)'

|1j1=27" k€2
Then K is decomposed into

-1
1j1=2;

> Y K(Upj=i6 k) j=1.6),

I nested k;€Z

where

|
el A
K((U)), (k)) Z//”M kluxz kzuxg k;PKO(uM k4“xs k5”k6 kﬁ)dx‘h-
0

For these components we claim that we have

6
|K (). (k)| < (1 +max|k; —k;[)~ CLl_[”Xk i o2y, (82)
j=1

If max |k; — k;| < 1 then this follows directly from (80). Otherwise we further decompose K ((I;), (k;)) as

(([ ) (k ) Z/ / Xku)\l klukz kzul3 k3 P)‘O(uk4 k4u)\5 ksukﬁ kﬁ)dx dr.
ko Rr

For each k € Z we can find some j so that |k — k;| 2 max{k; — k;}. To keep the notations simple let us take j = 1.
Then we apply the bound (59) to xi ”){11 k> this shows that
I -N, - —-N
” Pyxs) ” v S N N(max{ki —kj} ke —kal) " g ||U§[11]-

Hence (82) follows by applying (80) to each of the terms in the above sum after a summation with respect to u and k.
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We obtain the bound for K by summing (82) over the nested intervals /; and k;. We switch the frequencies to the
wj notation. Using the fact that 5 = ue and therefore /5 = Ig, by Cauchy—Schwarz we obtain

1

(KIS (14 max |k — k)~ ]_[maXIIXk u,L,uUi[,]]"[<Z||x;{ Wy, ])
{ki} I

2
2
I (gmﬁ" Vot g)

1

6 L

2
supmax | ity 3 1 I1 sup(Z ety 2, ])
1j k

4
j=3 j=5 1_/-
l 6 %
[Tsw( St iy,
j=3 k I

174N

2
<11 (Z D ki, ||§,§[,i]>
j=1 I; k i

% 6
= (a(una(u) " ? (uapapsie)s (1) H(Z iy, ||Xa> [Tty
j=3 le

j=1" 1

Thus (81) is proved. It remains to estimate the constant Cy, in (80). We need to distinguish two cases:
Case A. Ao > p2. In this case we must have A > w1, o > o and p > 3. We claim the following bound

L
CL S (mim3)2ug (83)
This is not optimal in many cases, but it suffices for our purposes. In particular by (81) it implies that
(mm) a(pur) Lo b va(u) u
O g W LD (o) auiau) P ududnd < =

He  M2U43 uz\/a(uz

Note that we have rapid decay off the “diagonal” Ag = 1 = w2 = U3 = a4 = 5 = e, which suffices for the dyadic
summation.

To prove (83) we drop P, and we consider three subcases:

Case Al. 3 < 6. Then we can use two bilinear L and two Bernstein to obtain the stronger bound

Lo
Cr < (i) 2pg

Case A2. 11 < 3 ~ e Then we can only use a single bilinear L? bound, one Bernstein and three L® bounds to
get

0=

Lo
CL S 1ikg
which still implies (83).

Case A3. i ~ j16. Then we simply use six L° bounds to show that Cx < 1.
Case B. Lo < p2. In this case we claim that the following bound holds:
L _1
CrL 3 )\‘0I’L4 : Mg ’. (84)

To see that this suffices we consider two cases. If A9 < | then we have A = Xp, @ > 1 and p > 3. Then by (81)
we obtain

Ao a(ro) Ll dga(hg) Vura(ur) QI

Ck S (m1p2)? (a(u)a(a)) 2 p3 g g < B,
. ' ) Pmsming < ria(un) a(uer) i
M4M6

On the other hand if ;] < Ag < w2 then we have A > 1, @ > A9 and p > 3. Then by (81) we obtain
l

Ao a(ur) 1 “Lr bl Vwa(py) 1 2

Ck S (M1M2)2 a(p)a(ua)) 2 i pg e < ——=—=—+ < L.
3,3 hott ( )k < T

M4 Mg My
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In both cases we have decay off the expanded diagonal Ao = 1 = 2 = U3 = w4, us = pe, which still suffices for
the dyadic summation.

It remains to prove the bound (84). If Ly < > then we must have Ly < Ay = A3z and Ao < A5 = Ag. By symmetry
we can assume that Ag = g. Then we have two cases to consider:

Case B1. A3 = 4. Applying twice (58) we have

1 _1 1 _1
” P).Q(u)ulﬁ)uzu)q) || 12 ,S )"(%)"3 : 1_[ ”u)\j ”Uis H P)»o(u)»4lz)\5u)»6)” 12 5 )“é )“6 : l_[ ”u)»j ”Ui
j=1 j=46
which imply (84).
Case B2. A3 < 4. Then the frequencies must be ordered as follows:
M SA=243 K e SAs = ke

The key observation here is that, regardless of the presence of Pj,, the multilinear interaction in L is nonresonant, i.e.
at least one of the factors must have high modulation 2 A44¢. This is similar to the proof of (53). For the following
argument it does not matter which is the high factor modulation factor. To fix the notations we assume this is the A4
factor; this is actually the worst case. Then we write

|L| S )\0”1’“»1 Up,U)s ”L“L1 ” Q>k4kﬁuk4uk5uko ”L%LI

Shollun lpoer21Qoningtirglle [ Nujllzsps
j=2,3,5,6

6
_1
S ho(are) ™2 [ T lujllys -
j=1

This gives (84) in this case, and concludes the proof of the lemma. 0O
7. Local energy decay

In this section we consider the weighted local energy decay estimates for (1). Our main goal is to prove Proposi-
tion 7.5, which is the local energy counterpart of Proposition 6.2 in the previous section. Proposition 7.5, together with
Proposition 6.2, will be used in the last section to derive the second part of Proposition 1.6, namely the bound (19).

To keep the argument as simple as possible, in this section we only consider the extreme case s = — %. The benefit of

doing this is that at s = 21; we can work with the same unit spatial scale for all frequencies.

Let ¢ be an odd smooth function whose derivative has the form ¢’ = y2 where v is positive, with rapidly decaying
and with Fourier transform supported in [—1, 1]. Let a be as in the previous section. We define an odd monotone
smooth function a € S, (a) by

a() ifé > A,
&—[—a(é) ifé <—A,
A~'ea§) if|El < A)2

and consider the indefinite quadratic form
~ 1 - - _
Eo(u) = 3 /(¢a(D) + a(D)¢)uii dx.
A small modification of the calculation of the previous section gives
d -~ ~ ~
EEo(u) = Ro(u) = R4(u)
where

Ro(u) = i{(¢a(D) + a(D))uxx, u) — i((pa(D) + a(D)$)u, ux)
=((¢'a(D) +a(D)¢")Du, u)+ ((¢'a(D) + a(D)¢')u, Du)
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and
Ra(u) =2%(i (a(D)p + pa(D))u, |ul*u).

The term R,, which was zero in the computation of the previous section, has a positive principal symbol and will be
used to measure the local energy.
We now turn our attention to the quadrilinear form Ry4. In the Fourier space we represent this term in the form

154(M)=/¢(X)€ix5/i(ﬁ(f;‘o—é)+51(So))ft(So)ﬁ(él)ﬁ(éz)ﬁ(és)déi d€ dx

R PE
_ / () / s (B0, £1, £, E3)(E)AENAEDAES) dE; dE dx
R Pg

where

P:={§+& —& —& =&}

and the symbol a4 is obtained by symmetrizing the symbol a(§9 — &) + a(&p). We can view this as a function of &y with
a smooth dependence on the parameter &, which is invariant with respect to the symmetrization. Here we only need
uniformity with respect to & in a compact set [—1, 1]. Hence we can apply Proposition 6.3, keeping & as a parameter,
in order to represent the symbol a4 in the form

Gy =Dba(E5 +57 — &5 — &)+ o+ & — & — &) =ba(E] +&] — &5 —&3) +Cuk

where by and &4 are viewed as functions of &0, &1, &2, &3 and & which are smooth in £ in a compact set and are smooth
on dyadic scales |€;| ~ A ; and have size

ba~aMe 'ul G~ama!, (o A A A=A n), A<a <.
This leads to a decomposition

Ra(u) = Ba(u) + Ca(u).

The C4 term is better behaved, as one can see in the following integration by parts:

é4(ﬂ)=f¢(X)6iXEE/i54(§o,El,Ez,53,E)u(fl)u(&)u(&)u(&)d«fl d§yd&zds dx
Py

. / ¢ ()¢ f E(Eo. £1. 2, £, E)uEo)u(E)) B (Es) d&1 dir dis dx dE dx.

P

We will estimate Cy4 directly. For the B4 term, on the other hand, we introduce an energy correction

E\(u) = f ¢ (x)e™* f ba(£0, &1, &2, &3, E)u(Eo)u(ENuE)u(Es) d&) déy dés dE dx.

P

Then
d - ~ -
—E1(u) = B4(u) £ Re(u)
dt

where Rg(x) is given by

Ré(u)=2§Tf/¢(X)eix§/ib4($o,§1,Sz,Sa)@(éo)ﬁ(él)ﬁ(éz)ﬁ@s)de d€dx.

Pg
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With all the notations above, our full energy relation reads

d - 5 5 B 3
E(EO(M) F E1(u)) = Ry(u) £ C4(u) F Re(u)

where the choice of the signs depends on the focusing or defocusing character of the problem, and plays no role in our
analysis. Our goal is to use this relation to estimate the time integral of R, (u), which in turn controls the local energy.
Integrating between 0 and 1 we obtain

1 1 1

/Rz(u)dt= (Eo(u):pEl(u))}(l):pfa(u)dti/&(md:. (85)

0 0 0

Following the steps in the previous section we bound the terms on the right. We begin with Eoand E;:

Lemma 7.1. Let a € S5 and a, ¢ be as above. Then at fixed time we have

|Eo(u)| < Eo(u) (86)
respectively
|E1@)| < EoG)llull?-1e. (87)
A

Proof. The proof repeats the proof of Lemma 6.4. One begins with a Littlewood—Paley decomposition. Separating
variables the symbols @ and b4 can be replaced by their sizes for each dyadic piece. Once this is done, we observe that,
since ¢ is bounded and has a compactly supported Fourier transform, it can be harmlessly included in either factor
and discarded. The proof is concluded as in Lemma 6.4. O

We continue with the bound for C~‘4:

Lemma 7.2. Let a € S and a, ¢ be as above. Then

1

/ Ca(u)dt

0

S el e el - (88)
XA / mXA,l/e
This result does not have a counterpart in the previous section, and requires a complete proof. In order to keep the
argument fluid we postpone the proof for the end of the section. Finally we have the bound for Rg:

Lemma 7.3. Let a € Sy and a, ¢ be as above. Then

1

/ Re(u)dt

0

2 4
S lluellga el —/a- (89)
Ale

Proof. The proof repeats the proof of Lemma 6.5. Since $ has compact support, it does not affect any of the dyadic
frequency localizations. Since ¢ is bounded, it does not affect any of the L? bounds. Finally, since ¢ is time indepen-
dent, it does not affect any of the nonresonance considerations in Case B2. O

Finally, we turn our attention to Ié2. Since ¢’ = wz, we can rewrite 152 (1) in the form
~ - 1 2
Ry(u) = | (Da(D))ul) > + (r*" (x, Dyu, u)

. . ~ L
where, by a slight abuse of notation, ¢'(Da(D))2 stands for the smooth odd square root, and the operator r>¥
accounts for the lower order terms, with its symbol 2 satisfying
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—b/2

|020gr?(x, ) < (x)"M(A% + %) a(E)

and hence it has a negligible effect

(r>* (x, DYu, u)| S Eo(w). (90)

Thus we obtain

Lemma 7.4. The quadratic form R> satisfies the bound
- 1 2 -
lw(Da(D))?ul|;> < Ra(u) 4 cEo(w). 1)

Taking into account the last four lemmas, we have proved that

4
st ||u||X71/4)-

Ale Ale

1
1
0/ I (DaD) ul i dr 5 suplua (14 [ )+ ol (Bl

The right hand side is translation invariant but the left hand side is not. Hence we can replace ¥ by 1 (- + xo) and take
the supremum over xp. But some straightforward computations show that

1

— 2 ~ 5 112

sup 2 27 a0t 0, 1y < SUPNY € +50)(DAD)) w12 0,11
A=A

Hence we have proved the main result of this section:

Proposition 7.5. Let a € S . Then all L* solutions u to (1) satisfy the following bound in the time interval [0, 1]:

SHPZk_la(/\)ll)(jaxuxlliz§SUP||M(I)||2(Z(1+||M(t)||2,%)+IIMII§(a(|Iu||24 o lult ). (92)
J A=A ! Hy XA40XA,‘}e XA,A}e

Proof of Lemma 7.2. We recall that

Caw) = — / ¢ ()¢ / &4 (Eo. £1. £2. Enu(Eo)u (e i EDuE) dE; dE dox.
Pe

We use a Littlewood—Paley decomposition for all factors, denoting the corresponding frequencies by A, A2, A3, A4.
Since 43 has compact support, we can organize the four frequencies as usual {A1, X2, A3, Xa} = {A, o, i, u} with A <
o < . Within each dyadic term the symbol c4 has size a(A)a~'. Hence we can separate variables and reduce the
problem to estimating the expressions

1

cmﬂ=a(k)oz_1//d)’(x)uxﬁauuﬁﬂdxdt.
0 R

The position of the complex conjugates is of minor importance; above we chose the most interesting case. The ar-
gument applies to the other case without major changes. We split time into time intervals I of size ™ !; the interval
summation is accomplished due to the fact that we use the local energy norms.

Case 1: If A < u then we expand each factor with respect to the x; partition of unity on the unit spatial scale and
use two bilinear L2 bounds plus Hélder’s inequality to obtain

1
sup > I xjua g2 X ol g2 1 a2 e Xl g

U |

lcrapl Saa™ ™

1 1
1 e
Sa)zal) 2 fuplixalluglixallupd _y lupll )
Ale XA.le

with an easy summation in «, A and u.
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Case 2: If A <« A ~ u then we use three L° bounds, one energy and one Holder inequality in time. We obtain a
constant

(S

a(uypm™

which is again more than we need for the summation.

Case 3: If A ~ X ~ u then we have an additional difficulty, because we can no longer use the full strength of the
local energy decay. In this case we can assume that ¢4 is constant (and nonzero) so there is no help from there. In the
defocusing case this term comes with the right sign, as in the classical Morawetz estimate. However, in the focusing
case we need to bound it, and there is a potential obstruction which is due to the existence of solitons. Indeed, consider
the soliton

2

D=

u=Que ', o=A

_1
where the scale for o is chosen so that this soliton has the largest mass among the zero speed solitons of H, * size
less than one.
Suppose Qe'! is the normalized soliton. Then by rescaling we produce frequency o solitons
2

0., Qs =00Q(0x)
with mass o 2. Such a soliton has norm less than 1 in H %, provided that
A< A%,

Now measure the same soliton in our space X*, , . We loose A~2 in the time interval summation. On the other hand
we gain o/ A because of the 0, operator in the definition of X?, , . Thus for all o as above we must have

A_ZSZ < 1
A~
This gives exactly the threshold s = —% which corresponds to o = A% . Hence not only our full result (i.e. with
large A) is false for s < —%, but also the 9, operator in the definition of X7 ;, cannot be relaxed at all if s = —i.

Then the low frequency part of the integral in the lemma has the form

1
“j)/f|Qa|4dxdt~Ma3=a(A)A%
0

A

which is a tight bound. This shows that s = —% is the actual threshold for this lemma, and also that in proving the

lemma in this case we need to be careful about the concentration scale associated to the above soliton.
We consider a further dyadic decomposition

Up= E Uy
VALALA

where u VA also contains all the lower frequencies. Then c4 44 is decomposed into

1
CAAA:ZC)LC(ph Ck(xu:a(A)Ail//wzu}tﬁauﬂﬁﬂdth
0 R

where A < o < u are in the range [/ A, A]. This is a slight abuse of notation, since A, & and u here are in a different
range from the one previously considered. We look at several cases:
Case 3a: If A < i then we can use two bilinear L? estimates to get

leraul SaA™ W™ Hluallp el gz b ullyz 1l -
[I|=A—1
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For the first two factors we use the X¢ norm to get a uniform bound with respect to /. For the second two we use the
local energy norm to gain /> summability with respect to I, but there is a price to pay, namely a A/u factor for each
due to the 9, operator in the definition of X? , . Using Cauchy—Schwarz with respect to / for the last two factors to
obtain

1 2
|cw|5a(A>A‘u‘A—j<f) ol Ny |y Nl
a( ) 128 Ale XA,I@

3

2
= —g lluallxallupll _1llupll 1
M A,A}e XAje

where the factor A%/ a(A) is due to the L2 normalizations of the four factors. Since j > A% the above coefficient is
less than 1 and we have an easy summation with respect to A, « and p.

Case 3b: If A ~ 1 then we cannot use bilinear L2 bounds. To understand this difficulty we consider first the extreme
case: .

Case 3b(i): A ~ p ~ AZ. Then we neglect the local energy norms and simply use the energy for each factor
combined with two Bernstein inequalities and Holder in time. We obtain

1 4 “ 2 2
leupul S a(A)A™ plluplly oo S — lupllgallugll”
A2 X3
Lo 1 . .
which is favorable exactly when = A2. We continue with the last case:

Case 3b(ii): L ~ > AZ. We begin with the frequencies &; for the four factors. Due to the compact frequency
support of i, these are restricted to a unit neighborhood of the set Py = {§y + &1 — & — &3 = 0}. We consider the
dyadic scale 1000 ~ 100 + max |§; — &;|. The idea is now to produce a decomposition of C4 with respect to o. To
achieve that we begin with a corresponding decomposition of R*. For each dyadic o > 1 we consider the family Q,
of dyadic cubes Q with side-length o, indexed by their position (kg, k1, k2, k3). Then we consider a Whitney type
partition of R* with respect to the distance to the diagonal {£) = & = & = &3}

o'=Ja. al=0'ng,
o>1

where for o > 1 the cubes in Q(], are at distance ~ 1000 from the diagonal, while the cubes in Q} are within distance
< 100 of the diagonal. To this partition of R* we associate a corresponding partition of unit

1= Z x0 o, 61,62, 83)
0e€Q,

where xo is smooth on the o scale for Q € Q,. This is possible since each two neighboring cubes in Q! have
comparable size. The functions x o do not have separated variables, but we can separate variables as before, and, by a
slight abuse of notation, assume that y o has the form

xo = x2E)xk EDxk @) xb &)

for Q € Q}, at position (kg, k1, k2, k3). Thus we obtain a simultaneous quadrilinear decomposition

1
— k; k
Cuppn = Y Cupuloli=a(Ha™'y " " //1//2P§OMMP§IMMPUZMMP(,}u#dxdt
I<o<p 021 (k)eK() ) R

where the positions k; are restricted to a range [C(o) with the property that
K(o) C {|ki —kj| $1000, max |k; —k;| > 100, |ko+ ki —ky — k3| < 10}, o>1,
K(o) C {lki —k;| $1000, |ko+ ki —k, —k3| <10}, o =1.

For each integral we can apply either the argument in Case 3a or the argument in Case 3b(i). In both cases the
summation with respect to k; is diagonal and causes no losses by the Cauchy—Schwarz inequality.



H. Koch, D. Tataru / Ann. I. H. Poincaré — AN 29 (2012) 955-988 987

For the Case 3a argument we split the quadrilinear form in two bilinear products with o frequency separation to
obtain

A2
2 2
|Cpnnlo]] S — luglliallu |
oH Al
Jle

For the Case 3b argument we use Bernstein in o frequency intervals to obtain

2
|lcupnlol] S — Al ety a1

XA Jle

Combining the two we have

3
A o
2 2
|lepunlol]| <mm{ 2,—1}Iluullxalluull 1
Ol Az

i
XA,]E

We remark that the two factors balance when 0 = A/ < A2 In the second case the frequency separation is not
needed, therefore the most natural decomposition would be obtained by restricting o to the range A/u <o < A.

Since u > o and u > A 3 itis now easy to check that the above coefficient is at most 1, with decay off the diagonal
o=pu=A > The proof of the lemma is concluded. O

8. Conclusion

The final step in the paper is to use Propositions 6.2, 7.5 in order to conclude the proof of Proposition 1.6. For
a € S, we can combine the results in Propositions 6.2, 7.5 to obtain

sup Z a(A) ||Mx(l)||Lz + sup Z a(A)A™ 1|| X])‘E) u (1) HL2

A=A I aza
Slluolldye + Nl cogallul® + lula (lel® o +lull* ). (93)
LOOHA2 XA4QXA,Z}(' XA.A;e
For i > A we apply this inequality for the symbols a,, € S4 given by
_1 i
ap&)=p (1 +&%/u?) 4° (94)

with small €. Restricting the left hand side in the above inequality to A = u we have
_1 2 3 2
12 gl o2+ sUp 2 || X B () |1
J

2 2 2 2 4
S luollgan + lull7 oo gaw el l + lae e (121 1yl 1)-

L®H, X inx, X

A Alc /\[L

Finally, we sum up with respect to dyadic © > A to obtain

2 2 2 2 2 2 2 4
[l _1 Al 1 S lluoll™ _y A+ flull IRCU e 1 7%(Ilull s el 7%)-

4 4 2 4
2L*H, 121012 } H,* 2L®H, L®H, X, X, nx 3 X4

This implies both (18) and (19) and completes the proof of Proposition 1.6 for s = — %.
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