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Abstract

We investigate the Dirichlet minimization problem for the total variation and the area functional with a one-sided obstacle. Re-
lying on techniques of convex analysis, we identify certain dual maximization problems for bounded divergence-measure fields,
and we establish duality formulas and pointwise relations between (generalized) BV minimizers and dual maximizers. As a partic-
ular case, these considerations yield a full characterization of BV minimizers in terms of Euler equations with a measure datum.
Notably, our results apply to very general obstacles such as BV obstacles, thin obstacles, and boundary obstacles, and they include
information on exceptional sets and up to the boundary. As a side benefit, in some cases we also obtain assertions on the limit
behavior of p-Laplace type obstacle problems for p \ 1.

On the technical side, the statements and proofs of our results crucially depend on new versions of Anzellotti type pairings
which involve general divergence-measure fields and specific representatives of BV functions. In addition, in the proofs we employ
several fine results on (BV) capacities and one-sided approximation.
© 2017 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Obstacle problems for total variation and area functional. In this paper, on a bounded open set 2 C R” of dimen-
sion n € IN, we study certain variational problems with unilateral obstacles. More precisely, our primary interest is in
the minimization problem for the total variation

/IDuldx (1.1)
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among functions u: 2 — R which satisfy, for a given obstacle i, the zero Dirichlet boundary condition and the
obstacle constraint

u=0 on 9%, (1.2)
u>y on 2. (1.3)

We directly remark that instead of (1.2) we will eventually consider the non-homogeneous condition u = u, on 92
with a quite general Dirichlet datum u,, but for the purposes of this introductory exposition we limit ourselves to the
homogeneous case in (1.2). Moreover, imposing the same constraints on u, we also study the minimization problem
for the area integral

/ 1+|Du2dx, (1.4)
Q

which, for sufficiently smooth functions u, gives the n-dimensional area of the graph of u.

It is well known that these problems are naturally set in the space BV(€2) of functions of bounded variation and
that, thanks to weak: compactness, general existence results for BV minimizers can be obtained. Indeed, such results
involve the BV versions |Du|(R2) and v/14|Du|2(R2) of the functionals in (1.1) and (1.4), where in order to explain’
Du also on 92 one extends u# by O outside 2. Moreover, one imposes mild assumptions on the obstacle ¥ to ensure
compatibility of (1.2) and (1.3) and make sure that the admissible class is non-empty (¢ € ngt(Q) suffices, but can be
weakened). Then, if the obstacle condition (1.3) is understood as an £"-a.e. inequality, the existence of a minimizer
follows by a standard application of the direct method. In particular, the validity of (1.3) is preserved in this reasoning,
since BV embeds compactly in L' and minimizing sequences possess £"-a.e. convergent subsequences.

We record that, under specific assumptions on 1, some finer existence and regularity results for the problems
in (1.1)—(1.4) have been obtained in [24-26,37], for instance. However, in the present paper, we are concerned with
different issues, which are approached in a general setting with much lighter assumptions on .

Thin obstacles and relaxation. With regard to the case of thin obstacles (i.e. obstacles which are positive only
on (n—1)-dimensional surfaces), it is also interesting to understand (1.3) as an a.e. condition with respect to the
(n—1)-dimensional Hausdorff measure H"~!, This understanding of the constraint is also natural, since H L ae.
means quasi everywhere with respect to 1-capacity; cf. (2.15). The resulting point of view leads to a more general
theory and typically makes an essential difference for obstacles which are — as it occurs in the thin case — upper
semicontinuous, but neither continuous nor BV. Precisely, as a substitute for (1.3) we thus employ the condition

ut>v  H"lae onQ, (1.5)

where the capital letter W is used for the H"~!-a.e. defined obstacle and the approximate upper limit u™ gives the
largest one among the reasonable 7"~ !-a.e. defined representatives of u € BV(R2); see Section 2.3 for the precise
definition. Under (1.5) the existence issue becomes more subtle, since a (minimizing) sequence of smooth functions
ur > ¥ may converge to a limit u € BV(Q) which does not anymore satisfy (1.5) — even though the usage of u™
means that (1.5) is understood in the widest possible 4"~ '-a.e. sense. This difficulty can be overcome by passing to
suitable relaxations (or more precisely to L!-lower semicontinuous envelopes) of the functionals (1.1) and (1.4), and
indeed explicit formulas for the relaxations — when starting from competitors w € W(l)’1 (2) with (1.5) — have been
identified by Carriero & Dal Maso & Leaci & Pascali [15]. Their corresponding result [15, Theorem 7.1] states that,
if @ has a Lipschitz boundary and a Borel function W on €2 is compatible with (1.2) in the sense that there exists a
competitor w € W(l)’1 (2) with (1.5), then the relaxed functionals on BV(2) are given by

TV, o) = |Dul (@) + f (V") dg, (1.6)
Q

I Tobe precise, the above quantities are defined for all u € BV(£2) such that the extension with value 0 on R” \ € is BV on the whole R”, and the

measure Du then represents the distributional gradient of the extended function. Correspondingly, the quantities |Du|(€2) and v/14|Du|2(R2) are
understood as the total variations over 2 of this R”-valued measure Du and the R 1" -valued measure (L", Du) (with the Lebesgue measure £"),
and they suitably take into account the zero Dirichlet condition in (1.2).
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Aw:@u) =/ 1+Du2(Q) +/(‘P—M+)+ dg. (1.7)
Q

Here the subscript 4 is used for the positive part of a function, and ¢ stands for a certain Borel measure on R”, which is
called the De Giorgi measure and coincides with 27"~ on (countable unions of) regular (n—1)-dimensional surfaces,
but not on all Borel sets; see [19,20,17,28,15] and Section 2.6. In view of the described relaxation result, the obstacle
problems in (1.1)—(1.4) are naturally generalized by the minimization problems for the relaxed functionals TVy.q
and Ag.q on all of BV(£2) — with no need to postulate (1.5) anymore, since this constraint is already incorporated,
in a weaker fashion, through the g-terms in TVy.q and Ag.q; compare Remark 3.7 for a more thorough discussion.
As the main benefit of the relaxation process, the existence of minimizers of the new functionals TVy.q and Aw.q
is easy to establish. Recently, the relaxed functionals TVy.q also proved to be useful in the parabolic setting of [14],
where solutions to the thin obstacle problem for the total variation flow were constructed.

Main results: duality formulas. In the present paper, we complement the relaxation results from [15] with duality
formulas for the above BV obstacle problems, which can (mostly) be obtained as limit cases for p \( 1 of more
standard duality results for p-Laplace type obstacle problems. A first simplified version of our BV duality formulas
asserts that, if 2 has a Lipschitz boundary and W is a bounded upper semicontinuous function on Q with ¥ < 0 on 9%,
then we have

min TVg.q(u) = max f\lld(—diva), (1.8)
ueBV(Q) 0eS®(Q)
Q
min  Ay.q(#) = max </\Ild(—div0)+/ 1—|6|2dx>, (1.9)
ueBV(Q) 0eS®(Q)
Q Q

where §°°(£2) denotes the collection of all sub-unit vector fields in L°°(€2, R"*) whose distributional divergence exists
as a non-positive Radon measure on 2. Moreover, given any BV obstacle ¢ € BV(£2) N L°°(2) with non-positive
trace on 9<2, the formulas (1.8) and (1.9) remain true for ¥ = ¥+, and likewise they hold for a natural (and essen-
tially optimal) generalization of both upper semicontinuous and BV obstacles, namely for 1-capacity quasi upper
semicontinuous obstacles W € L*° (5; 'H”_l) with W < 0 on 0€2; see Sections 2.8 and 3.2 for more details. Here, the
significance of the quasi semicontinuity requirement is also supported by classical results which guarantee, in a variety
of settings, that every convex unilateral set can be represented with the help of a quasi semicontinuous obstacle; see
[9, Thm. 3.2], for instance.

We emphasize, however, that, even though our results hold under this very general assumption on W and include
the thin case, they seem to be new even in more standard situations with n-dimensional obstacles . Indeed, by
taking ¥ = ¥ we cover continuous obstacles 1/, bounded BV obstacles ¥ and more generally all bounded £"-a.e.
obstacles ¥ which L"-a.e. satisfy ¥ = ; clearly, in these cases the g-term in TVy.q and Ay.q can only take the
values 0 and 0o, and thus it is equivalent to drop this term and return to the constraint (1.5).

In the proofs of the duality formulas we rely on fine one-sided approximation results and the theory of variational
(1-)capacity, and we crucially involve certain product constructions, which are known as Anzellotti type pairings (see
also the next paragraph). Moreover, a part of our reasoning is based on the passage to the limit p N\ 1 in obstacle
problems for p-Laplace type operators, and it yields a statement on the convergence of p-energy minimizers to total
variation or area minimizers as a side benefit.

Anzellotti type pairings and optimality conditions. The main motivation for our interest in (1.8) and (1.9) stems
from the possibility to deduce first-order optimality criteria for BV minimizers. The deduction of such criteria parallels
recent work by Beck and the second author, who identified in [10, Theorem 2.2] necessary and sufficient pointwise
conditions for BV minimizers of a wide class of functionals, but without presence of an obstacle (compare also [8,13]
for previous results). Here, in contrast, we treat the functionals TVy.q and Ay.q, which include the (possibly very
general) obstacle W. On a heuristic level with sufficiently smooth minimizers « and the functionals in (1.1) and (1.4),
one expects the first-order criteria for the obstacle problems to take the form of variational inequalities or, equivalently,
of Euler-Lagrange equations with right-hand side measures
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Du . Du
=u and —div——=u, (1.10)

|Du| V1+Duf?

where the non-negative measure p is supported in the coincidence set of u and W. However, a definition of BV
solutions (and, in the first case, even of any solutions u with zeroes of Du) to these equations is not immediate and
has only been addressed, as a topic of independent interest, in our predecessor paper [35]. In that paper, extending
classical ideas of Kohn & Temam [29] and Anzellotti [6], we indeed introduced a measure [o, Du*]]0 on Q as a
generalized product of a gradient measure Du and a divergence-measure field o € S*°(2). Our measure [o, Du't],
is a variant of the one described by Chen & Frid [16, Theorem 3.2] and Mercaldo & Segura de Le6n & Trombetti
[32, Appendix A] (their measure corresponds to [o, Du*] in our terminology), but still our product construction is
somewhat refined and is perfectly suited for giving a precise meaning to the equations in (1.10) — in the same general
framework in which the functionals TVy.q and Ay.q and the duality formulas (1.8) and (1.9) have been described.
At this stage, we state our corresponding result only for the total variation case, in which it also allows to overcome
difficulties due to non-differentiability of |Du| and singular behavior of % at zeroes of Du. Concretely, for every
pair of competitors («, o) € BV(2) x (), we obtain: (u, o) is a minimizer—-maximizer pair in (1.8) if and only if
the optimality relations

—div

lo, Du™],=|Du| on Q, —dive =pin 7'(Q), (1.11)
w=0o0n Q2N {ut > W}, u=conQnNut < W) (1.12)

hold with a non-negative measure 1. The equations in (1.11) are a BV (up-to-the-boundary) analog, as devised in [35],
of the first heuristic equation in (1. 10) and in particular the ﬁrst equality in (1. 11) encodes that o takes over the role
of the non-well-defined” quantity ID -

coincidence set Q N {u" = W} and the exceptlonal set QN {ut < \IJ} and that, on the latter set, u is even fully
determined and equal to the De Giorgi measure ¢. Here, it is possible that H"~1(Q N {u™ < ¥}) > 0 occurs, since —
as we recall once more — the strict requirement in (1.5) has been dropped in favor of the weaker penalizing g-term
in (1.6).

Extensions: thin boundary obstacles and mildly regular domains. At this stage we would like to point out that the
previously described statements, though quite general, do not yet give a complete picture of our main results in two
regards.

Indeed, the more relevant extra feature, which we can handle, are (1-capacity quasi upper semicontinuous) obsta-
cles W which do not anymore respect the boundary condition (1.2). In other words, on top of the results described so
far, we can dispense with the requirement ¥ < 0 on 9€2. Then, since we allow all functions in BV(£2) as competitors,
the admissible class is still non-empty and consists of functions which are forced to jump at the boundary. Specifically,
we can even cover, for instance, the case of thin boundary obstacles (i.e. obstacles which are positive only on 0£2).
The generalization of the duality formulas (1.8) and (1.9) to these cases actually requires an extension of the g-terms
in TVy.q and Ay.q to Q and also — maybe more surprisingly — the addition of an extra term /: g (I—o)W dHr!
on the right-hand sides of (1.8) and (1.9). Here, o, stands for the inner normal trace of a divergence-measure field
o € §%°(2) in the sense of [35]. With regard to the optimality criteria, these changes lead to some additional con-
ditions on the boundary, which can partially be understood with the help of a modified up-to-the-boundary pairing
[o, Du*]]g, which has also been introduced in [35]; see Sections 2.5, 3.2, and 3.3 for more details.

With regard to the regularity of 92, the above statements are made for the case of Lipschitz domains €2, but in
the sequel we will even cover a large class of bounded open sets €2 of finite perimeter with well-behaved topological
boundary. The precise mild regularity condition, on which we rely, has been introduced in [36] and is stated in (2.1)
below. This condition ensures, for instance, that €2 cannot locally lie on both sides of 92 and is relevant in connection
with interior approximation of €2 in measure and perimeter. Our adaptation of an up-to-the-boundary Anzellotti type
pairing to this kind of mildly regular domains follows the approach of [10, Section 5].

2 We stress that in our context the Radon—Nikodym derivative d‘?Dl‘l is not suited as a replacement for ‘B“‘ Indeed, a first indication for this is that

d\Du\ is |Du|-a.e. defined. In contrast, o is £"-a.e. defined, thus its distributional divergence can be taken, but still the equality [o, Du+]]0 = [Du|
also contains information on the singular parts of Du.
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Comparison with Anzellotti’s directional-derivative approach to Euler equations in BV. Finally, we comment on
an alternative way to identify a BV version of Euler equations. While the alternative is clearly more straightforward
than our duality-based considerations, we believe (and try to explain in the sequel) that its results are conceptionally
weaker than the characterization via (1.11)—(1.12) above.

Indeed, in order to characterize BV minimizers u one may simply require, for a given variational functional on BV,
the vanishing of all those directional derivatives which exist at the point u. In the obstacle-free case, a computation
of the relevant derivatives, which leads to a weak BV formulation of the Euler equation, has been carried out by
Anzellotti [7]. Specifically, for a generalized minimizer u € BV(2) of the total variation with respect to a boundary
datum u, on a Lipschitz domain €2, Anzellotti obtained in [7, Theorem 3.9] the equation (with the Radon—Nikodym
derivative %)

dDu u—u,
.dD +/ dH"'=0 (1.13)
/ dpul T Ju=u,l?
Q aQ

for all ¢ € BV(2) such that [Dg]| is absolutely continuous w.r.t. [Du| on €2 and such that the trace ¢ vanishes %" !-a.e.
on 92 N {u = u,}. However, in case of the total variation and for similar non-differentiable functionals, it has not
been clarified in [7] if this necessary criterion is also sufficient for minimality. For functionals with differentiable
integrands such as the area, the statement of Anzellotti’s equation requires some more notation and involves BV
test functions such that |Dg| is absolutely continuous w.r.t. £"+|Du|. In these latter cases, at least, the equation
does indeed characterize BV solutions of the Dirichlet minimization problem (which results from the fact that the
directions ¢ with the relevant absolute-continuity property are dense in a suitable topology); see [7, Theorem 3.7] and
[7, Theorem 3.10] for the necessity and the sufficiency of the equation, respectively.

In principle, Anzellotti’s approach via directional derivatives also applies to obstacle problems for BV functionals
(possibly with a small enhancement based on one-sided directional derivatives). However, already in the obstacle-free
case the Anzellotti Euler equation seems less explicit and meaningful than the corresponding duality-based extremal-
ity relations of [10, Theorem 2.2]. In fact, in the total variation case (still without obstacle as above), the duality
information consists in the simplified version of (1.11) with p = 0 which asserts [o, Du] u, = |Dul on Q for some
sub-unit field o with vanishing distributional divergence. In contrast, it seems difficult to find a conceptual interpre-
tation of (1.13) based on more standard classes of test functions ¢. Actually, whenever some level set of u possesses
an interior point, some functions ¢ € Z(£2) are non-admissible in (1.13), and (1.13) does not yield the existence of a
divergence-free quantity of type \B_Z| on 2. In view of such problems, we believe that our approach is preferable over
the use of directional derivatives and yields more useful results. Nevertheless, at least for area minimization without
obstacle, the Euler equations obtained by the two approaches are, a posteriori, equivalent, even though this is not at
all obvious (to us) from the equations themselves.

Last but not least we remark that our duality considerations and specifically equation (1.11) are also consistent
with plenty of more recent literature [21,2-5,11,22,12,33,31,32,34,35], in which it has become common to model the
1-Laplace operator and the total variation flow on BV functions with the help of Anzellotti type pairings. All in all, we
thus believe that the strategy of this paper via duality and pairings is the state-of-the-art technique in order to extract
first-order information on BV minimizers.

Organization of this article. We start with a preliminary section in which we gather the technical tools that are
necessary to formulate our results. After these preparations, we give the precise statement of our results in Section 3.
Section 4 contains some results on the p-Laplace obstacle problems for p > 1, which we use as approximating
problems. The proofs of our results on the obstacle problem for the total variation functional are presented in Section 5.
In the final Section 6, we comment on the changes that are necessary to derive corresponding results for the area
functional.

2. Preliminaries
2.1. General notation

We write £ and H"~! for the n-dimensional Lebesgue measure and the (n—1)-dimensional spherical Hausdorff-
measure, respectively. The perimeter of a Borel set A C R” is denoted by P(A). The {0, 1}-valued characteristic
function of a set A is abbreviated by 1 4.
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For the positive and the negative part of a function f : Q — R, we use the customary notation

f+(x) :=max{ f(x), 0} and f—(x) :=max{— f(x),0}.

This is not to be confused with the approximate upper and lower limits f and f~, which are defined in Section 2.3
below.

As in [1], we use the standard notations L7, wk-p s Ck, Ck’“, BV for spaces of integrable, (weakly) differentiable,
Holder, and bounded-variation functions, respectively. Moreover, Z(£2) denotes the space of smooth functions with
compact support in the open set €2, while %’(2) stands for the corresponding space of distributions.

2.2. Domains

In the sequel, we will always work on an open set 2 in R”, and mostly we will assume that €2 is bounded and
satisfies the mild regularity requirement

H' 1 OQ) =P(Q) < 00, 2.1)

where P(£2) stands for the perimeter of 2. In view of De Giorgi’s structure theorem, condition (2.1) can be equivalently
reformulated to P(2) < oo and H"*~1(9Q \ 8*Q2) = 0 with the reduced boundary 9*<2 of €2, and in particular (2.1)
implies that 9€2 is H"~!_rectifiable; compare [ 1, Theorem 3.59].

2.3. Representatives and traces of BV functions
Consider u € BV(R"). We recall that "~ !-a.e. x € R” is either a Lebesgue point (also called an approximate con-

tinuity point) of u or an approximate jump point of u; compare [ 1, Sections 3.6, 3.7]. We write u™ for the approximate
upper limit of u, defined by

u+(x) :inf{)\ e R:lim £7({u > 4} N B, () :0} ,
N0 rit

where B, (x) C R" denotes the open ball with radius » > 0 and center x € R”. This defines an H"~!-a.e. defined
representative ™ of u which takes the Lebesgue values in the Lebesgue points and the larger of the two jump values
in the approximate jump points. Analogously, one defines a representative #~ which takes the lesser jump value in the
approximate jump points, and we set u* := %(u++u’). Observe that (u+v)T <ut+v* and (u+v)~™ > u~"+v~ hold
#H"~!-a.e. and that, on the set J, N J, of joint approximative jump points, these inequalities need not be equalities.
However, for the mean value representative, one always has the H"~!-a.e. equality (u+v)* = u*+v*.

We also recall that u € BV(IR"") possesses traces in the sense of [ 1, Theorem 3.77] on every oriented H"~ ! -rectifi-
able set " in IR". These traces from the two sides of I are defined and finite "~ !-a.e. on I, but are not necessarily
equal to each other or integrable in any sense. In particular, an interior and an exterior trace with respect to €2 exist
whenever I' = 9*Q is the reduced boundary of a set 2 of finite perimeter in IR”, and these traces are then denoted
(with slight abuse of terminology) by uiaflfg and u§X\,. Under the hypothesis (2.1) we can and do regard the traces
as H"~!-a.e. defined functions even on the topological boundary 9%, and thus we then use the corresponding nota-

. int ext
tions uye, and uye-

2.4. Admissible function classes

Given a Borel measurable obstacle ¥ : Q — R and a boundary datum u, € w1 (R™) NL*°(R2), we introduce the
admissible classes

BV, () :={u e BV(R") : u =u, holds L"-a.e. on R" \ Q},
Ky(Q):={u BV, (Q) : u" > ¥holds H" '-ae.on Q}.

Occasionally, we will also use the more precise notation Ky ,, (€2) if it is not clear from the context which boundary
data are considered.
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For the formulation of dual problems, we introduce the notation
S®(Q) :={o e L¥(Q,R") : |o| <1holds L"-a.e. on 2, dive <0in Z'(Q)}

for the class of sub-unit vector fields on €2 with non-positive distributional divergence.
2.5. Angzellotti type pairings for divergence-measure fields

Following [16], we denote the space of bounded divergence-measure fields on €2 by
DM>(Q) :={o e L*°(R,R") : divo is a finite signed Borel measure } .
The following result by Chen & Frid [16, Proposition 3.1] is crucial for our purposes.

Lemma 2.1. Assume that o € DM (). Then, for every Borel set A C Q with H"~'(A) = 0, we have |divo|(A) = 0.

The following lemma enables us to make sense of a pairing [o, Du+]]un when u and o are in the admissible classes
BV, (2) and S>°(£2), respectively.

Lemma 2.2 (Finiteness of divergences with a sign). If Q2 is a bounded open set in R with H"~1(d2) < oo, then we
have

$2°(Q) C DM™X(RQ)
and
(—divo)(Q) < 2 yn=1(3Q)  foreveryo € S¥(Q),
Wp—1

where w, denotes the volume of the n-dimensional unit ball.

For the proof, we refer to [35, Lemma 2.2]. The constant % can be improved, but this is not relevant for our
purposes, and so we have chosen to state the outcome of the simple proof in [35], which still covers the very general
domains 2 considered here.

With Lemma 2.1 and Lemma 2.2 at hand, we next define our Anzellotti type pairing.

Definition 2.3 (Distributional up-to-the-boundary pairing). Consider a bounded open set 2 C R". For every u, €
WLHQ) NL®(Q), 0 € $°(Q) and U € L®(Q2; H"~ 1), we define a distribution [o, DUJ, € 2'(R") by setting

[[a,DUﬂuo(w) :=/.<p(U—u3) d(—dive) — /(U—uo)(a -Dg) dx —}—/q)o -Du, dx
Q Q Q

for ¢ € Z(R"). This distribution is well-defined in view of Lemma 2.1 and Lemma 2.2 and, since U and u}, are
#"!-a.e. defined and bounded.

Remark 2.4 (On the up-to-the-boundary pairing for BV functions). Given a function u € BV, () NL*>°(£2), we may
choose the representative U = u™ of u in the preceding definition, because u™ is 1"~ !-a.e. defined and bounded. In
this way, we obtain the distribution [o, Du*]]uo € 9'(R"), which was already considered in [34,35] and is given by

[o, Du+]]un(<ﬂ) 2=/(p(u+—u:) d(—dive) — /(u—u())(a -De)dx + / @o -Du, dx
Q Q Q
for ¢ € Z(R"). In the same way, by choosing the representatives u~ or u* of u instead of u™, one obtains the
distributions [o, Du~], and [o, Du*], (which coincide with [o, Du*], for u € WHI(Q) N L>®(R), since then
ut = u* =u~ holds ’H”_l-a.e.). However, in connection with obstacle problems, it turns out that u™ is the suitable
choice. This is related to the occurrence of ™ in the penalization terms in (1.6) and (1.7) and also to the fact that the

maximum on the right-hand sides of the duality formulas (1.8) and (1.9) would not necessarily be attained if we used
the representative W = ¢~ or W = y* of a BV obstacle r, rather than ¥ =T,
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From [35, Lemma 3.3] we have the following statement.

Lemma 2.5 (The pairing on W functions and the generalized normal trace). For an arbitrary bounded open set
QCR", 0e€S®(RQ) andu € (u,|q + W(l)’l(Q)) NL*®(), it holds

[o, Duﬂ]uo (p) = / ¢(o -Du)dx for every o € 2(R"). (2.2)
Q

If Q additionally satisfies (2.1), then for every o € S>°(S2) there exists a uniquely determined normal trace o} €
L®@Q; H"1) with |o)*| < 1 so that for all u € W1 (R") NL>(Q) and ¢ € Z(R"), it holds

[0, Du*],, (9) = / ¢(o - Du)dx + / @ (=) o dH" L, (2.3)
Q Q
where the trace (u—uo)ianst2 is taken in the sense of Section 2.3.

Following [34,35] once more, we also define the following modification of the up-to-the-boundary pairing.

Definition 2.6 (Modified distributional up-to-the-boundary pairing). Consider a bounded open set  C R" with (2.1).
For every u, € WH1(Q) NL®(Q), 0 € S¥(Q), U e L®(Q; H" 1), and ¢ € D(R"), we set

[o, DUTE (¢) := [0, DU], (@) + / o[U—uo) ], (=0 a1 (2.4)
0Q

where o, denotes the normal trace of o € S°°(2) determined by the preceding lemma. This defines a distribution
[o,DU]; € 2'(R") with support in Q. Therefore, even though [o, DU [, need not be a measure, it makes sense to
write [o, DU}, () in the sense of [o, DUT; (¢) for any ¢ € D(R") with o =1 on Q, i.e.

[o, DU]];O Q) = /(U—u:) d(—divo) + / o -Du, dx + / [U—(uo)iz,nstz]+(1—0:) dH" L.
Q Q Q2
Remark 2.7 (On the modified up-to-the-boundary pairing for BV functions). Once more, for u, € Wh1(R") NL>® (L),

u € BV, () N L®(Q), the preceding definition is applicable to U = u™. Since ut = max{uly, (u,)"%} holds
H"-a.e. on 3L, in this case the pairing takes the form

[o.Du* T () = [0, Du*],, () + / [ u—uo)i], (=0 dH* !,
I

and we again use the notation

[o. Dut]} () ::/(u+—u;)d(—divo)+/a -Du, dx+/[(u—u(,)gnsgh(l—o:)d?{"—l.
Q Q Q2

While the pairings with general U need only exist as distributions, the next result shows that in the case U = u™
(and similarly for U = 4™ and U = u~) with a BV function u they turn out to be measures.

Proposition 2.8 (The pairings with BV functions are bounded measures). Suppose that Q2 is a bounded open set in R"
with (2.1). For uy € WH(R") NL®(Q), 0 € §2(Q), and u € BV, (Q) NL¥(RQ), the distributions [o,Du*], and

[o, Du“']]zo both are finite signed Borel measures supported in Q, and there hold

|[[0, Du+]]u0‘ < |Du| (2.5)

and
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|[o. Du];; | < |Dul (2.6)

as measures on S.

The proofs can be retrieved from [35, Proposition 3.5 and formula (4.11)].
Finally, we note that the measures [o, Du*]}uo and [o, D”ﬂ]z,, differ only on the boundary, and there we have

[o. Dut], LOQ = (u—uo)jhorH ", (2.7)
[0, Dut L aQ = ([(u—uo)ig}g]+ - g“gg]_o:)H"—l , 2.8)

for all u € BV, (2) NL>®(2) and 0 € S°(), see [35, Eqns. (3.10), (4.10)].
2.6. De Giorgi’s measure
According to [17], the following definition of the De Giorgi measure is equivalent to the original one.

Definition 2.9 (De Giorgi measure). For any ¢ > 0, one defines a set function ¢, on R” by
.(E):=inf{P(B) + 1£"(B): B C R" is open with B D E}
for every E C R". Then one lets

S(E) = ililgse(E) =g@)§g(E)- 2.9)

The above definition yields a Borel-regular outer measure ¢ on R” (and thus, in particular, a o -additive measure
on Borel sets in R"). This measure satisfies

S(E) =2H""1(E) (2.10)

for every Borel set E that is contained in a countable union of (n—1)-dimensional Cl-surfaces, see [20]. However,
[28] provides an example of a Borel set E for which (2.10) does not hold. In general, the De Giorgi measure is only
comparable to the Hausdorff measure in the sense

A"~ (E) < s(B) <" (E) @10

for every subset £ C R”, with dimensional constants ¢ (n), c2(n) > 0, cf. [20] once more.
The following lemma is a slight technical adaptation of [ 15, Proposition 4.4]. It allows to approximate thin obstacles
by Wh! functions from above.

Lemma 2.10. Consider an open set Q in R" and an H"~'-a.e. defined, real-valued function W with compact support
in Q2 such that there holds V4 € LY(Q; G). Then there exist wy € VV(I)’1 (2) such that w,’: > W holds H" '-a.e. on Q
and such that we have

limsuplewk|dx§/\P+dg.
Q

k— 00
Q

Proof. By [15, Proposition 4.4(b)] there exist ux € WL1(IR") such that u;p > W holds H"Lae. on Q, such that uy
converges to 0 in L'(R"), and such that

lim | |Dug|dx = / v, dg.
k—o00
R Q
Choosing a cut-off function n € Z(2) with L,y <7 < 1 on 2, we take

wy == nu € Wy ().
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Then w;} > W evidently holds H"'-a.e. on , and via the product rule we moreover get

k— 00 k—o00

limsup/ |Dwy | dx 51irnsup|:/ |Duy| dx + ”VWHLOO(Q’RH)||Mk”L1(IRn)i| =/\I'+dg.
n Q

This finishes the proof. O

We use the preceding result for a comparison between the De Giorgi measure and the measure —divo for an
arbitrary o € S (Q).
Proposition 2.11. For every open set Q in R" and every o € S*(R2), we have

¢>—divo as measures on 2.

Proof. It is sufficient to compare the measures on Borel sets A C Q2 with ¢(A) < oo and A € Q. Then Lemma 2.10,
applied with W = 1 4, gives wy € W(l)’1 (€2) such that w,’{‘ > 14 holds "~ !-a.e. on  and such that we have

limsup/ [Dwg|dx < g(A).
Q

k— 00

Using this together with the bound |o| < 1, the representation (2.2) in Lemma 2.5 and the definition of the pairing,
we obtain

G(A) = limsup | |Dwg|dx > limsup/a -Dwy dx

k— 00 k— 00
Q

= limsup [o, Dwk]]o(ﬁ) =1lim sup/ w; d(—dive) > (—divo)(A).

k— 00 —00

This proves the claim. O
The next proposition can be understood as a boundary version of the preceding result.

Proposition 2.12. For every bounded open set Q@ C R" with (2.1) and every o € S*(2) we have

c=2H"1> (l—aﬁ)?—l"fl as measures on 0S2 .

Proof. Since, by De Giorgi’s structure theorem, the assumption (2.1) implies that €2 is a set of finite perimeter with
H L0 \ %) =0, its boundary 92 is H"~!_rectifiable. This means that, up to a set of H"~!_measure zero, it is
the countable union of (n—1)-dimensional C'-surfaces, and we infer from (2.10) that we have ¢ = 2H"~! on 9%2.
This implies the claimed identity, and the asserted inequality is an immediate consequence since 1—o, < 2 holds
H' lae.ondQ. O

2.7. Total variation and area functionals for relaxed obstacle problems
For u € Ky(£2), we set

TVq(u) := |Du|(R2) = |Du|(Q) + / |(u—u,) s | dH" !
a2

(where the second equality holds under (2.1) at least) and extend the functional to L!(€2) by letting TV g (u) := oo for
u e L1(Q) \ Ky (). Since in case of a thin obstacle W the class Ky (£2) is not closed with respect to L' convergence
(or weaksx BV convergence), it is necessary to consider the L!-lower semicontinuous relaxation of TVg. For Lipschitz
domains €2 and for obstacles W that are compatible with the boundary datum, the relaxation has been identified in [ 15,
Theorem 7.1] as the functional
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TVuy.o () = |Dul(Q) + f(\p—u+)+ dg, (2.12)
Q

with the De Giorgi measure ¢ introduced in Section 2.6 and with the understanding that TVy.q (1) = oo whenever
u ¢ BV, (£2). Here we take (2.12) as general definition of TV y.q, and we recall that we use the subscript 4 to denote
the non-negative part of a function, while the superscript T stands for an approximate upper limit. Assuming (2.1), we
also record the "~ !-a.e. equality u+ = max{u%“stz, (uo)ia“gtz} on the boundary 0<2 (which results from our setting with
u, € WHI(R") and u = u, on R” \ ). In particular, whenever the compatibility condition ¥ < (u, lanstz is satisfied
H"1.ae. on 9, it makes no difference if the g-integral in (2.12) is restricted from Q to Q. Therefore, (2.12) is
consistent with the definition of TV . in the introduction, and if we think of this compatible situation, we sometimes
define W only on €2 and still use the notation TV y. g (with the background understanding that we may take W = (uo)'},“;Z
on 9L2). However, when we allow up-to-the-boundary obstacles ¥ with ¥ > (u, 13“;2 on a portion of 32 (as we will
do in Section 3.2 below), then we still rely on (2.12) as a definition, and then it will be essential to stick to  as the
domain of the g-integral.

Similarly, we treat the model case of the area functional. For u, € WELIR?) and u € Ky(2) C BV,, (), this

functional is given by
Ag@u) ==/ 1+|Du|(Q) = f V141D ? dx + [D*u|(Q) + / [(—1o) o dH" !
Q 0

(where the second equality holds under (2.1) at least). Here the measure 1/ 1+|Du/|? is defined as the variation measure
of the R'*"-valued measure (£", Du), and Du = (D*u)L" 4+ D*u is the decomposition into the absolutely continuous
and the singular part with respect to the Lebesgue measure £". We extend this functional to L' () by letting Aq (1) :=
oo whenever u € L' () \ Ky (£2). As before, from [15, Theorem 7.1] we infer that under mild assumptions on 2
and W, the L!-lower semicontinuous relaxation of the resulting functional is given by

Awig ) =/ 1HDul2(E) + / (W—ut), dg 2.13)
Q

with the De Giorgi measure g.
We crucially rely on the following semicontinuity property which results from [15, Theorem 6.1].

Theorem 2.13 (Carriero—Dal Maso—Leaci—Pascali lower semicontinuity). Consider a bounded open set $2 in R", an
obstacle W € L= (Q; H"™1), and assume that uy, converges to u in LY(Q). Then we have

TVy.qu) <liminfTVy.q(ur),
k— 00

Aw;o) <liminf Ay, q(uk) .
k— 00

Proof. We consider a bounded open set Q in R" with Q € Q and extensions \TJ, uy, u of W, ug, u by the values of u,
on 2\ Q. We can now write

TVy.a) + / IDuy | dx =

ID|(R) + [z(U—it);dg  if T € BV(Q),
(0. ¢]
aQ

otherwise,

where the right-hand side (as a functional in %) is identified by [15, Theorem 6.1] as a relaxed functional in L! (S~2),
ie asanL! (S~2) lower semicontinuous envelope. In particular, this functional is itself lower semicontinuous in L! (SNZ),
and then our claim for the total variation follows immediately. The statement for the area functional can be deduced
from [15, Theorem 6.1] in the same way. O
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2.8. Capacities and quasi (semi)continuity
For g € [1, 00), the (variational or functional) g-capacity of a set £ C R" can be defined by

Cap, (E) ::inf{ / (|u|‘1+|Du|q)dx cu e Wh (R
R)‘l

u > 1 holds £"-a.e. on an}

" open neighborhood of E

With this definition at hand, we often say that a property holds Cap,-q.e. onaset U in R™if it holds on U \ E with
some subset E of U such that Cap, (E) = 0. It is clear from the definition that a set with zero g-capacity is negligible
for the Lebesgue measure. Hence, a Cap, -q.e. requirement is stronger than the corresponding £"-a.e. requirement.

A modified ¢-capacity é;pq (E) can be defined for E C R” by replacing the integrand (Iu |7+|Du |q) above with the
simpler quantity [Du|?. For g <n or g =n = 1, this modification is marginal in the sense that Cap, and ézli)q have the
same zero sets and satisfy ¢ Capq (E) < %q (E) < Capq (E) for every bounded set £ C IR" with a positive constant
¢(n,q,diam E); this can be shown via cut-off and the Gagliardo-Nirenberg inequality, compare [30, Lemma 2.6].
For 1 # g > n, however, by using the competitors [1 —elog, (|x]/ r)] . one sees that Capq vanishes on all bounded
subsets of R" and does not exhibit the behavior expected for g-capacity. In contrast, Cap, withg >norg =n=11s
positive on all non-empty sets £ C R" by Sobolev’s inequality, so that Cap, behaves reasonably, but trivially in these
cases. In particular, a Cap,-q.e. requirement with ¢ > n or ¢ = n = 1 is an everywhere requirement. However, in this
paper we are interested in letting ¢ “\( 1, so most of the time both Cap, and 6&1}),1 are non-trivial, reasonable, and only
marginally different.

Specifically for the case ¢ = 1 of the BV capacities Cap; and é;pl we record (see, for instance, [15, Section 2])

Cap, (E) = inf{ TVRa(u) : u € BV(R"), u™ > 1 holds H"~'-a.e. on E}, (2.14)
Cap,(E) =0 <= Cap,(E) =0 < H""(E)=0 (2.15)

for every E C R", so that Cap,-q.e. means nothing but "~ !-a.e., in particular.
With the notion of capacity at hand it now makes sense to introduce the following concept of (semi)continuity up
to small sets.

Definition 2.14 (Cap,-quasi (semi)continuity). For any g € [1, 00), one says that a Cap,-q.e. defined, real-valued
function W on an open subset €2 of R" is Cap,-quasi upper semicontinuous on £2 if for every & > 0 there exists
an open subset E' of €2 with Cap, (E) < ¢ such that the restriction of W to €2\ E is everywhere defined and upper
semicontinuous. Clearly, there is a corresponding concept of Cap, -quasi lower semicontinuity, and a function is called
Cap,-quasi continuous if it is both Cap, -quasi upper semicontinuous and Cap,-quasi lower semicontinuous.

The next lemma is a restatement of [15, Theorem 2.5], in which, taking into account the above remarks, 6513 | has
been replaced with Cap; .

Lemma 2.15 (Cap,-quasi semicontinuous representatives of a BV function). For every open subset Q of R" and
every u € BV(Q), the representative u™ is Cap,-quasi upper semicontinuous on 2, while the representative u™ is
Cap, -quasi lower semicontinuous on Q.

Finally, consider an open set €2 in R”" and u € WL4(Q). Then, the set of non-Lebesgue points of u# has zero
g-capacity, and the precise representative u* is Cap,-q.e. defined. These facts and the following lemmas have orig-
inally been obtained in [23] for Cf;pq with g € [1, n). The case of Capq with g € (1, n] is covered in [27, Thm. 4.3,
Lemma 4.8], compare also [30, Lemma 2.19]. Finally, the cases ¢ =n =1 and ¢ > n are simple consequences of
Sobolev’s embedding.

Lemma 2.16 (Cap,-quasi continuous representative of a W4 function). For an open subset Q of R" and u €
WLa(Q) with g € [1, 00), the representative u* is Cap,, -quasi continuous on 2.
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Lemma 2.17 (Convergence in W4 implies convergence Cap,-q.e.). For an open subset 2 of R", if uy converges to
u strongly in Wh4(Q) with q € [1, 00), then some subsequence u,"(‘[ converges Cap,-q.e. on S to u.

2.9. Monotone approximation of quasi upper semicontinuous functions

The following lemma is the special case m =1 of a result of Dal Maso [18, Lemma 1.5], for ¢ = 1 see also [18,
Section 6].

Lemma 2.18. For g € [1, 00), consider a Cap,-quasi upper semicontinuous function ¥ : R" — R with
P <g* Cap,-g.e. on R" for some g € Wha(R").
Then there exists a non-increasing sequence i € wla (R™), k € IN such that, in the limit k — oo,

Ui Cap, -q.e. on R".
Moreover, we will need the following version of the previous result with boundary values on a domain €.

Lemma 2.19. For g € [1, 00), suppose that ¥ : Q — R is Cap,-quasi upper semicontinuous with

P<g* Cap,-g.e. on S for some g € u,lq + W(l)’q(Q) ,
where u, € W4 (R") is given. Then there exists a non-increasing sequence of functions Yy € u,|q + W(l)’q (2) such
that

Y- v Cap, -g.e. on Q.

Proof. Extending g by u, outside of 2, we find a function g € W4 (IR") such that g* > W holds Cap,-q.e. on Q2 (with
the representative g * of Lemma 2.16). Therefore, the extension of W by u; outside of € is Cap,-quasi upper semicon-

tinuous on R”. Consequently, we can apply Lemma 2.18 to construct a non-increasing sequence xx € W4 (IR") such
that x — W converges Cap,-q.e. on Q and x;* — uj converges Cap,-q.e. on R" \ 2. Since W < g* holds Cap,-q.e.

on Q with g € u,|q + W(l)’q (£2), we obtain the desired sequence by letting v := min{yx, g}. O

Remark 2.20. If, additionally, the function W in the preceding lemmas is essentially bounded with respect to the
Cap,-capacity and if, in case of Lemma 2.19, also u, is bounded, then the approximations ¥ can be chosen as
bounded functions. This follows by passing to the truncations 1://\1( := min{y, max{g-sup ¥, supu,}} if necessary.

3. Statement of the full results
Next we provide the full statements and a more thorough discussion of our results.
3.1. Duality formulas for obstacle problems in the limit p \( 1
We consider a Borel measurable obstacle ¥ : Q2 — R and a boundary datum u, € WLL(R?) N L*(Q). From
Section 2.4, we recall the definitions of the admissible classes for the minimization problems
BV, () ={u e BV(R") : u =u, holds L"-a.e. on R" \ 2},
Ky () ={ueBV,, (2): u™ > Wholds H"'-a.e. on Q}
and of the admissible class for the dual problems
S®(Q) ={c eL¥(Q,R") : |o] <1holds L"-a.e. on , dive <0in Z'(Q)}.

We now consider the obstacle problem for the 1-Laplacian, in a generalized formulation based on functional TVy.q
from (2.12). Our first main result identifies a dual formulation of this problem and shows consistency with the corre-
sponding duality theory for the p-Laplacian with p > 1.
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Theorem 3.1 (TV duality as the limit p \( 1 of p-Laplace obstacle problems). We consider a bounded open set
Q c R™ with (2.1), u, € WH4(R") NL>®(R), and a bounded Borel function W : Q — R so that

W is Cap,, -quasi upper semicontinuous on 2 (3.1

for some q > 1. We also suppose that \V is compatible with the boundary values in the sense that there exists a function
g €ty + Wy () with

P <g* Cap,-g.e. on Q. (3.2)
Then we have
min _ TVy.om)= max [o,DV], (Q), (3.3)
u€BV,, () 0eS®(Q) °

and every minimizer u of the left-hand side is bounded with
infq u, < u < max {1-supg W, supq u, | a.e. in 2, (3.4)

where 1-supg W stands for the essential supremum of W up to an H"-negligible set, while infqu, and supgq U,
denote the usual essential infimum and supremum of u, (up to a Lebesgue negligible set).

Moreover, there is a minimizer—maximizer pair (u, o) for (3.3) that can be obtained as a limit of solutions of
p-Laplace obstacle problems in the following sense: for some sequence p; 1 and the solution up, € u,|lq +

W(l)’p () of the obstacle problem for the p;-Laplacian with obstacle V (cf. Definition 4.1), there holds

{“pi 2u weaklyx in BV, (), (3.5)

IDup, |7 ~2Duy, — o weakly in L7T (2, R").

Remark 3.2 (On the distributional product [o,DW], ). The distributional product [o,DW], and the quantity

[o,DVY] g (Q) on the right-hand side of (3.3) have been explained in Definition 2.6. In particular, we record that,
even though [o, DlI/]]uo is not necessarily a measure, it makes sense to understand

[o, D\I/]]Mo(ﬁ) :/(\Il—uj)d(— divo) +/o -Du,dx.
Q Q

Remark 3.3 (On thin obstacles). Our assumptions include the case of a thin obstacle such as the characteristic function
of a closed, (n—1)-dimensional regular surface contained in 2. If we consider boundary data u, = 0, the assump-
tions (3.1) and (3.2) are satisfied because the obstacle function is upper semicontinuous with compact support in 2.
In this case, even for minimizers u € BV((S2), the obstacle constraint ut > W might not be satisfied H1ae. on Q.
However, the possible violation of the constraint is penalized by the term

f (W—ut), dg (3.6)
Q

in the functional TV y.q. Since this functional must be finite for any minimizer u € BV((£2) in (3.3) and the De Giorgi
measure is comparable to the Hausdorff measure in the sense of estimate (2.11), we can conclude that a minimizer can
violate the obstacle constraint at most on a set which is o-finite with respect to H”~!. In particular, for a minimizer u,
the exceptional set {x € Q: ut(x) < W(x)} has Hausdorff dimension at most n—1.

Remark 3.4 (On W4 obstacles). Another case that is covered by our assumptions is an obstacle function ¥ €
W!4(Q) that satisfies (WU—up)+ € W(l)’q (€2) for some g > 1. More precisely, the theorem is then applicable to the
Cap, -quasi continuous representative W = yr* of . In this particular case, the penalization term (3.6) is either infinite
or zero for all u € BV(R"), which means that any minimizer ¥ € BV, (€2) in (3.3) must, H"'-ae.on Q, satisfy the
obstacle constraint ™ > W = 1/* and thus lie in K v+ (§2). Consequently, formula (3.3) is then equivalent to

min_ TVq(u) = max [o,Dy*], (Q). (3.7)
uek () 0eS®(Q) ¢
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If we even have ¢ € u,|q + W(l)’q (€2), this can be re-written to

min TVgq(u) = max /a -Dyr dx, (3.8)
ek (Q) 0eS™®(Q)
Q

see Lemma 2.5.

As a second model case, we consider the minimization problem for the non-parametric area functional, again in
a generalized formulation based on the functional Ay.q from (2.13). The following theorem is the equivalent of
Theorem 3.1.

Theorem 3.5 (Area duality as the limit p \( 1 of p-Laplace type obstacle problems). Under the assumptions of
Theorem 3.1, it holds

i : = ,DU] (Q 1—|o|? dx ), 3.9
ueBlglrol(mAw,Q(u) , dmax | <[[0 [, () + / Vi-lo| X) (3.9)
Q

u,

and every minimizer of the left-hand side is bounded with (3.4). Moreover, there is a minimizer—maximizer pair (u, o)
for (3.9) that arises as the limit of solutions u,, of obstacle problems for the non-degenerate p-Laplacian with obstacle
W in the sense that

i

U p; Zu weaklyx in BV, (2),
i =2 a4
(1+4[Duyp, )T Du,, — o weakly in LT (Q, R"),

holds for some sequence p; \ 1. Here, by the solution of the obstacle problem for the non-degenerate p-Laplacian

we mean the uniquely determined map u, € u,|q + W(l)’p(Q) such that there hold the Cap ,-q.e. inequality u, >V
and the minimality property

[aspuprt e < [apepf ax
Q Q

forallveuylq+ W(l)’p(Q) that Cap ,-q.e. satisfy v = .

We finally remark that the area case differs from the total variation case insofar that the functional on the right-hand
side of (3.9) is strictly concave and its maximizer o is uniquely determined.

3.2. Duality correspondence for even more general obstacles

When compared to the preceding theorems, our next main result is concerned with obstacle functions that are more
general in two aspects. First, ¥ : € — R needs only be Cap,-quasi upper semicontinuous instead of Cap, -quasi upper
semicontinuous, which is the more natural assumption for obstacle problems with linear growth and allows in partic-
ular the application to BV obstacles (cf. Remark 3.8). Second, we can treat obstacles that are not compatible with the
boundary values in the sense that W > u, may hold on the boundary (or parts thereof). The corresponding obstacle
problems do still admit minimizers because functions u € BV, (£2) can develop jumps along the boundary 9$2. How-
ever, in the dual formulation on the right-hand side of (3.10) below one has to use the modified distributional product
[o,DVY] ZU, whose relevance will be discussed in Remark 3.7 below.

Theorem 3.6 (Duality for general TV obstacle problems). Consider a bounded open set & C R" with (2.1), u, €
Wl’l(]R”) NL*(Q), and an obstacle ¥ € L*°(Q; H”_l) that is Capy-quasi upper semicontinuous on 2. Then we
have

min _ TVy.q)= max [o,DV]} Q). (3.10)
u€BV,, () ceS>(Q) ¢

Moreover, every minimizer u € BV, (R2) of the left-hand side is bounded with (3.4).
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Remark 3.7 (On up-to-the-boundary obstacles). The Anzellotti type pairing [o, D\I/]];o already appeared in [34,35],
where it was shown to be the natural pairing for the definition of weak super-1-harmonicity up to the boundary. Here,
a corresponding definition has been given in Section 2.5, and the term on the right-hand side of (3.10) can be written
out as

[o, D\Il]]fjo Q) = /(\IJ—MZ) d(—divo) + f o -Du, dx + /(1—0:)[\11—(u0)13“;2]+d7-[”_1 , (3.11)
Q Q 30
where the normal trace o} € L>°(9€2; H*1) of o € S(Q) exists by Lemma 2.5. The main difference to the pairing
[o, D\IJ]}MU and the previous duality formulas thus lies in the occurrence of the boundary integral on the right-hand
side of (3.11), which can be interpreted in a purely heuristic way as follows. Clearly, the boundary integral vanishes
if the obstacle is compatible with the boundary values in the sense ¥ < u,, on 9€2. On portions of d2 with ¥ > u,,
the minimizers u € BV, (2) are forced to jump up from u, to W (seen from the outside of €2), so that one expects the
gradient Du to point in the direction of the inner unit normal to d€2. Since o can be understood as a generalization

of %, this means that o should coincide with the inner unit normal and its normal trace (with respect to the inward

normal) should equal 1 on boundary portions where W > u,. In this light, one may say that the boundary integral
in (3.11) measures on one hand the incompatibility of ¥ and u, and on the other hand the deviation of the normal
trace o,° from the expected value 1 on the relevant boundary portions.

Remark 3.8 (On BV obstacles). For an obstacle ¢ € BV, (€2) N L*°(Q) the preceding theorem is applicable since
the representative W = ¢+ of 1 is Cap,-upper semicontinuous by Lemma 2.15. Similarly to the situation considered
in Remark 3.4, in this case we have TVy;q (1) = 0o whenever u ¢ K,+(2). Consequently, for obstacle functions
¥ € BV, (€2) NL>®(), the duality formula (3.10) can be written in the equivalent form

min TVq@)= max [o,Dyt]* (Q). 3.12
ueky+( a@) geszo(sz)[[ V(@) 12

Replacing the total variation by the area functional in the situation of Theorem 3.6, we get the following result.

Theorem 3.9 (Duality for area minimization with general obstacles). Under the assumptions of Theorem 3.6, we have

min _ Ay.o(u) = max <[[a, DY]* (Q) + / V1=|o|? dx> . (3.13)
u€BVy, () 0eST(Q) ¢
Q

Moreover; every minimizer u € BV, (2) of the left-hand side is bounded with the bounds (3.4).
3.3. Optimality relations with measure data for minimizer—maximizer pairs

As a consequence of the duality formula (3.10), the solutions of general TV obstacle problems can be seen to
solve a 1-Laplace equation with a measure datum on the right-hand side in the sense of the following corollary, which
involves the pairing [o, Du*], from Section 2.5.

Corollary 3.10 (Optimality relations for general TV obstacle problems). Under the assumptions of Theorem 3.6,
consider a pair of competitors (u,o) € BV, (2) x S*(Q). Then, (u, o) is a minimizer—maximizer pair in (3.10) if
and only if it solves the equation

[o, Du+]];0 = |Du| on 2, —dive = in 2(Q) (3.14)
with a non-negative Radon measure (1 on 2 such that

w = 0 on the non-contact set QN {ut > W}, (3.15)

W = g on the exceptional set QN {ut < Wy, (3.16)
and if (u, o) also satisfies H" ' -a.e. the boundary coupling conditions

o =10n 32N {ulls, > max{W, (u,)io}}, (3.17)
of =—10ondQN {ulh < max{W, (uy)jo}} . (3.18)

n
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The proof of this corollary is given in Section 5.3.

Several remarks on interpretations and reformulations of the conditions (3.14)—(3.18) are in order. However, before
coming to these points, we briefly clarify that the conditions (3.15) and (3.16) make sense even though Q N {u™ > W}
and Q N {ut < W} are only defined up to H"~!-negligible sets, simply because x and ¢ vanish on %"~! null sets,
see Lemma 2.1 and formula (2.11) in the preliminaries section. Moreover, we find it worth pointing out that the first
equality of measures in (3.14) can be replaced by the equality of numbers [o, Du+]};o (Q) = |Du|(RQ), which may
seem weaker, but is actually equivalent by estimate (2.6).

Remark 3.11 (On (3.14) and super-1-harmonicity up to the boundary). In the terminology introduced in [34,35], the
validity of (3.14) for some o € §2°(2) and p > 0 means exactly that u € BV, (2) is weakly super-1-harmonic on Q
with respect to the Dirichlet datum u,,.

In order to further explicate this point of view we record that the first condition in (3.14) can be split in an inte-
rior statement on €2 and a boundary statement on d<2. The interior information is just that [o, Du™] = |Du| holds
on  (for a local pairing [o, Du™]), and together with the second condition in (3.14) this means that u is weakly
super-1-harmonic on €2 in the terminology of [34,35]. The boundary information in (3.14) turns out to be that 0" = —
holds #"!-a.e. on 92 N {uiangt2 < (uo)g“;-z}, cf. (2.8). This last piece of information is also contained in (3.18) and is
thus redundant — but this one redundancy in the statement seems acceptable in order to gather all information related
to super-1-harmonicity in (3.14) and all boundary information in (3.17) and (3.18).

Remark 3.12 (On obstacles compatible with the boundary condition). If the obstacle W respects the Dirichlet bound-
ary datum u, in the sense of the 7"~ !-a.e. inequality

W< u)  ondQ, (3.19)

the statement of Corollary 3.10 simplifies in some regards.
So, we record that the boundary coupling conditions in (3.17) and (3.18) then read as

o =10n3QN Ul > (u,)}, (3.20)
oF =—10n3QN {ull, < (uy)s}. (3.21)

This is precisely the boundary requirement which one imposes in defining 1-harmonicity on Q with regard to the
Dirichlet datum u,, and this seems indeed very reasonable in the presently considered case where the obstacle is
inactive on 9€2.

Moreover, (3.21) fully coincides with the boundary information in (3.14) and is thus contained already there. In
addition, also (3.20) can be incorporated in a condition of type (3.14), simply by replacing [o, Du*], with [o, Du™],
in the latter, cf. (2.7). All in all, under the compatibility condition (3.19), minimizer—maximizer pairs (#, o) are thus
characterized by the equalities

[0,Du*], = [Du|onQ, —dive = in 2/(Q)
for some non-negative Radon measure p on 2 with (3.15) and (3.16) — without any need for further conditions on 9€2.

In this case without boundary obstacles we thus recover the criteria specified in (1.11)—(1.12) in the introduction.

Finally, we state the corresponding result for the area functional. For the formulation of the measure data problem,
we now need a generalized way of saying that o = Du__ holds a.e. on €. For a function u € Wh! (), this identity

V1+|Du|?

turns out to be equivalent to the £"-a.e. equality

o-Du= \/1+|Du|2 — \/1—|a|2,

see the discussion in Section 6.1. Therefore, the version of the preceding corollary in the case of the area functional
reads as follows.

Corollary 3.13 (Optimality relations for area minimization with general obstacles). In the situation of Theorem 3.6,
consider (u, o) € BV, () x S°(2). Then, (u, o) is a minimizer—maximizer pair in (3.13) if and only if it solves the
equation
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[o.Du™]; = \/1+|Du|2 - \/1—|c7|2£” on <, —dive =pu in 2'(Q) (3.22)
for some non-negative Radon measure  on 2 such that (3.15), (3.16), (3.17), (3.18) hold.
If W < (u,)}yg, holds H" -a.e. on 3, it is possible to replace [[o, Du“']];o by [o, D”+]]u,, in this characterization.
Furthermore, the statement remains generally valid if one requires (3.22) only on Q instead of Q and thus without
dependence on u, (since the relevant boundary information is contained in (3.18) anyway).

Finally, we record that the dual solution o in the area case is fully determined by u via the first relation in (3.22).
This has already been pointed out in [35, Section 5], and it is in accordance with the uniqueness remark made after
Theorem 3.5.

4. The p-Laplace obstacle problem with p > 1

In this section, we consider a bounded open set 2 C R”, a boundary datum u, € W9 (Q) NL* (), and a bounded
Borel obstacle W : 2 — R that satisfies (3.1) and (3.2) for some ¢ > 1. For any p € (1, ¢] we introduce the admissible
class

K5() = {u € up+ Wy () : u* > Wholds Cap,-q.e. on .

Definition 4.1. A function u € K \[171(9) is called a solution to the obstacle problem for the p-Laplacian with obstacle ¥
if it satisfies

/|Du|pdx§/|Dv|pdx forall v e K2(Q). A.1)
Q Q

The existence of solutions in the above sense follows by classical arguments, which we briefly recall for the
convenience of the reader. First, one observes that the set K \’;(Q) is non-empty by (3.2). Moreover, K \’I’,(Q) is closed
with respect to the strong topology of W17 () because every sequence with u; — u in W7 () in the limit i — oo
has a subsequence that converges Cap ,-quasi-everywhere, cf. Lemma 2.17. As a consequence of Mazur’s lemma
and the convexity of K 5(9), this set is even (sequentially) closed with respect to the weak topology of W7 ().
Therefore, the existence of a solution u € K {;(Q) follows by the direct method of the calculus of variations. By the
strict convexity of the p-energy integral in (4.1), it is also clear that u is the unique solution.

Replacing v € K{I’,(SZ) by u 4+ t(v—u) € Kfl’,(Q) for t > 0, dividing by ¢ and letting ¢ N\ 0, we deduce that the
solution u satisfies the variational inequality

/ |Du|p72Du -D(w—u)dx >0 forallv e K\’IJ,(Q). 4.2)
Q

The following lemma ensures that, for bounded data, the solutions to the obstacle problems are also bounded.

Lemma 4.2. For boundary data u, € wha(©) N L*°(R2) and a bounded Borel function ¥ : Q — R with (3.1)
and (3.2), the solution u € K\II),(Q) of the obstacle problem (4.1) satisfies

infu, <u < max {p- supg ¥, supq uo} a.e on 2,
Q

where p-supq VW is the essential supremum of WV up to a set of zero p-capacity.

Proof. If we had u > M := max{p-supg WV, supg u,} on a set of positive Lebesgue measure, then the truncated
function & := min{u, M} € K g(Q) would be an admissible competitor with

/|Dﬁlpdx</|Du|pdx,
Q Q

which would contradict the minimality of u. Analogously, if we had u < m := infq u, on a set of positive measure,
then # := max{u, m} would be an admissible competitor with strictly smaller energy. O
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For the dual formulation of the obstacle problem, we introduce the space
Sf,(Q) ={o € L”/(Q, R™) : divo <0in 2'(Q)},

/
where we used the customary notation p’ := #. For o € S” (), the Riesz representation theorem implies that the

distribution div o is a non-positive Radon measure, and by a well-known reasoning’ this measure vanishes on every
set of p-capacity zero.
In view of these observations, the distributional product [o, DU] u, In Definition 2.3 is also meaningful in the

slightly different setting of this section, that is for u, € W(l)’p (Q) NL=(Q), 0 € S (L) and a bounded Borel
function U on 2 which is at least Cap ,-q.e. defined. For u € u, + W(l)’p (€2), specifically, the product [o, Du*]]uo
corresponds to the function o - Du € L' (), as it follows from the integration-by-parts formula

/go*d(—divo):/a -Dedx. 4.3)

Q Q

Indeed, this formula is trivially valid for o € S P /(Q) and ¢ € 2(RQ), but it carries over to arbitrary ¢ € W(l)’p (2) by

strong approximation in W(l)’p and Lemma 2.17.
Now we can state and prove the duality formula for the p-Laplace obstacle problem.

Proposition 4.3. Consider a bounded open set Q2 C R", some u, € WLa(Q) NL>®(Q), and a bounded Borel function
W Q — Rwith (3.1) and (3.2) for some g > 1. Then, for any p € (1, q], we have

min %/|Du|pdx= max ([[a, DY], (Q)— §f|a|l’/dx). (4.4)
Q Q

ueky() oes? ()

In fact, for the minimizer u € K% () of the left-hand side and o := |Du|P~2Du € SP(Q) we have

%/|Du|pdx=[[o,D\If}]uu(§)—%/|o|pldx.
Q Q

Proof. We begin by considering arbitrary functions o € S” () and u € K@(Q). Since —divo is a non-negative
Radon measure that vanishes on sets with p-capacity zero, we know

/(u*—\IJ) d(—divoe) >0,
Q

from which we infer

[o, D\y]]uo(ﬁ)=/(\y—u§)d(—divo)+/a -Du, dx
Q Q

< /(u*—uz) d(—divo) +fo -Du,, dx
Q

Q
:/Du~0dx

Q

3 Indeed, for compact E C R" and ¢ > 0, via the definition of Capp one finds some ¢ € D(R") with ¢ > 1 and HD(pllfp(]Rn R?) <
Cap, (E)+e. This gives (—divo)(E) < f]R" ¢d(—dive) = f]R" o-Depdx < (Capp(E)—',-a)l/pllJll
the resulting inequality (— divo)(E) < Cap,(E)!/P|o|

LY (RN’ and, by inner regularity of —divo,

LY (@.R") holds true even for arbitrary E C R".
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1 P Wy 4
§/<p|Du| + Lol )dx.
Q

In the last two steps, we used formula (4.3) and Young’s inequality. All in all, we deduce

min l/|Du|pde sup | [o, DV], (Q) — i,/|a|1”dx . (4.5)
uekl@) P o o r
v Q O'GS_ (Q) Q

For the reverse inequality, we choose the solution u € K \117;(9) of the obstacle problem for the p-Laplacian with
obstacle W and let 0 := |Du |1’_2Du. Then we have

%/|Du|”dx=/|Du|p_2Du~D(u—u0)dx+/|Du|”_2Du-Duodx—%/|Du|”dx
Q Q Q Q

:/(u*—u:)d(—divo)—i-/a~Du0dx—%/|alp/dx.
Q Q

Q

Now we choose a non-increasing sequence Y € u, + W(l)’q(Q) such that ;' — W converges Cap,-q.e. on 2. Such
a sequence exists by Lemma 2.19 and thanks to our assumptions (3.1) and (3.2). Via monotone convergence and the
variational inequality (4.2) for the solution u, we infer

/(\Il—u*)d(— divo) = lim f(lﬁ:—u*)d(— divo)
— 00
Q Q
= lim /lDu|p_2Du-D(1//k—u)deO.
— 00
Q

Joining the two preceding formulas, we arrive at

%/|Du|pdx5/(‘1’—u§)d(—divo)+/c-Duodx—#f|a|”/dx
Q Q Q Q
:[[a,Dw]}uo(ﬁ)—ﬁfww dx .
Q

This proves the reverse inequality in (4.5) and shows moreover that the supremum on the right-hand side is attained
foro = |Du|P~2Du. O

5. The obstacle problem for the total variation
5.1. The duality formula in the limit p \ 1

This section is devoted to the proof of Theorem 3.1. We still consider u, € Wh4(IR") N L>(R) and a bounded
Borel function ¥ : Q@ — R with (3.1) and (3.2) for some ¢ > 1. Then we analyze the asymptotic behavior of the
solutions to the obstacle problems for the p-Laplacian with data u, and W in the limit p \( 1.
Proof of Theorem 3.1.. The proof is divided into four steps.

Step 1. The easy inequality in the duality formula. We begin by considering arbitrary u € BV, () N L>°(2) and
o € S°(2). We use Proposition 2.8 and Proposition 2.11 with U = W—u™ in order to estimate

[0,DY¥],, (@) = [0,Du™], (Q)+ / (W—uT)d(—divo)
Q

< |Du|(Q) + /(‘I/—M+)+d§ =TVy,o@). (5.1
Q
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Moreover, we observe that every minimizer u € BV, (€2) of TVy.q satisfies the bounds
m :=infqu, <u <max {1-supg W, supg u,} =: M a.e. in Q. (5.2)

In fact, if one of these inequalities did not hold on a set of positive measure, the truncation # := max{min{u, M}, m}
would satisfy TVy.q (@) < TVy.q(u), which contradicts the minimality property of «. This implies the claim (3.4)
and also shows

inf TVeo@) = inf TVga@). (5.3)
ueBV,, (Q)NL* () ueBV,, ()

Combining (5.3) with (5.1), we infer the estimate

inf TVy. > DY) (Q), 5.4
ueBl\I’lun(Q) wal) _oe?ilop(sz) L7 DL, (2 G4

which yields one inequality of the claimed identity (3.3). It remains to prove the reverse inequality and to show that
the infimum and the supremum are attained. To this end, we analyze the asymptotic behavior of the solutions to the
p-Laplacian obstacle problems as p N\ 1.

Step 2. Solutions to the obstacle problems for p > 1. For every p € (1, g), we choose u, € K ff,(Q) as the solution
of the obstacle problem for the p-Laplacian in the sense of Definition 4.1. From Lemma 4.2 we infer u, € L>()
with

infou, <up <max{supg ¥, supq u,} a.e.on 82, (5.5)

for every p € (1, g) (where, for simplicity, we estimated p-supg W by the pointwise supremum supg, W). Moreover,
by using v = g as comparison map in the minimality condition (4.1) for u,, where g € u,|q + W(l)’q () Cupla +
Wé"" (R2) is provided by assumption (3.2), we deduce

1

/|Dup|dx §c</|Dup|1’dx>% §c</|Dg|pdx)p gc(/mgwdx)é (5.6)
Q Q Q Q

for every p € (1, g). Here the constant ¢ can be chosen only in dependence on ¢ and |€2|.

Step 3. Letting p — 1. Extending u, by u, outside of 2, we can interpret u, as element of BV, (£2). The
bounds (5.5) and (5.6) enable us to extract a subsequence p; — 1 with

{“m S u  weaklyx in BV,,(Q), (5.7)

up, —u  weakly* in L¥(Q),

as i — oo, for some limit map u € BV,,, () NL*°(£2). Due to (5.6), the functions o; := |Du,, |P"_2Du,,l. satisfy

sup/ oy |7 dx < 00. (5.8)
ie]NQ

Possibly passing to another subsequence, we can therefore assume
0 —o  weaklyinL? (Q,R") (5.9)

as [ — oo for some o € Lq/(Q, R™). We claim that we have o € L>°(2, R") with || ||Lo(@,r?) < 1. To verify this
claim, we consider the truncated sequence
o; Du,
To;:= |loi | |Dup,-| '

0; = |Dup, |"*Du,, , ifo;| < 1.

if|o;| > 1,
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Clearly, we can also assume To; 2 & in L®(Q,R") as i — oo for some & € L®(2, R"), which satisfies
15 I (@, Ry < 1 by lower semicontinuity of the norm with respect to weak convergence. In order to identify 0 =&,
we calculate for arbitrary A > 1

Du,,
/|o,-—Tcri|dx= / P (1Duy, [Pt 1) dx
J Dut,|

QN{|Duyp, |21}

= f (|Dum|pi_1—1) dx + / (IDum|pi—1_1) dx
QN{1=(Dup, |<2} QN{|Dup, [>1}

=L +11I.

The first integral on the right-hand side can be bounded by

I <|QI(Pi~1-1) foreveryi € IN. (5.10)
For the estimate of the second integral, we recall (5.6), which yields
1 i 1 i c q
1 = — [ IDup, | dx < — [ |Dg|” dx < X(||Dg||Lq(Q,Rn) +1). (5.11)
Q Q

Collecting the estimates, we arrive at

L C
[ 1= Taular <1217 711 + £ (D + 1)
Q

The right-hand side can be made arbitrarily small by first choosing A > 1 large enough and then p; sufficiently close
to 1. Hence, we have shown

0i—To;—0  inLYQ,R"),asi — oco.
But this implies o = ¢ € L*°(2, R") and consequently,
ol (@.rry = 15 [lLo(@re) < 1, (5.12)

as claimed. Next, we recall that the approximating solutions u , satisfy

/Ui -Dgdx :/|Dupl.|p"72Dup,. ‘Dpdx >0
Q Q
for all ¢ € Z(€2) with ¢ > 0 on 2. Passing to the limit i — oo, this implies

/G-Dgazo for all p € 2(2) with ¢ > 0.
Q
Keeping in mind (5.12), we thereby deduce o € S ().

Step 4. The limit maps are extremal points. Since the solutions u,, € WLPi(Q) satisfy Cap,-q.e. the obstacle

constraint u’]‘,i > W, we have TVy,q(up,) = fQ [Du p, | dx. Using the lower semicontinuity of TVy.q with respect to

weaks convergence in BV, which is guaranteed by Theorem 2.13, we hence deduce
1 -+
Vo) < liminf/ IDu, | dx < liminf|2|' "7 (/ IDu |7 dx) P (5.13)
1—>00 1—> 00
Q Q

1

:1iminf(%/|Dupi|pi dx)p_i.
i—oo \Pi
Q

From Proposition 4.3 we know
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% / |D”[’i |Pidx = [[o’i, D\I‘]]uy(ﬁ) — p%’/ lo;|Pi dx (5.14)
Q Q
for every i € IN. Now, we join (5.13) with (5.14) and make use of the bound (5.8). This leads us to
1
TVy.o@) < liminf ([[oi, DY), (@) — 2 / |o; |V dx) b
’ i—00 o pi
Q
= liminf [o;, D¥], (). (5.15)
i—00 0

Next, we apply Lemma 2.19 to obtain a non-increasing sequence of functions V. € u,|q + W(l)’q(Q) such that ¥/
converges Cap,-q.e. on £ to W. We subsequently use the Cap,-q.c. inequality W < Y¢ on Q, the triviality of the

pairing on W14 functions (see Lemma 2.5 or (4.3)), the convergence (5.9), and again the triviality of the pairing
on W14 in order to estimate

limsup [o;, DV], (Q) < limsup [o;, Dy 1, (Q) =lim sup/ o; - Dy dx

i—00 i—00 i—00

= / o - Dy dx = [0, DY;],. (Q) (5.16)
Q
for every k € IN. Combining (5.15) and (5.16) and letting k — oo, we deduce

TVy.qu) < klirrgo [o.DY{],,(Q) =[0,D¥], (), (5.17)
where the last equality follows from the definition of the pairing and the monotone Cap,-q.e. (hence also

(—divo)-a.e.) convergence ¥ — W on Q. Combining this with (5.4), we deduce the claim (3.3). The asymptotic
behavior (3.5) in the limit p \( 1 is satisfied by (5.7) and (5.9). This completes the proof of the theorem. O

5.2. The duality formula for general obstacles
In this section, we establish the general duality statement in Theorem 3.6.

Proof of Theorem 3.6. We consider u, € W (IR") N L*(2) and, for a start, an arbitrary ¥ € L% (Q; H"~!). From
the Propositions 2.8, 2.11, 2.12, the definitions of the pairings, and the sublinearity of the function x + x_, it follows
that we have, for all u € BV, () NL*°(2) and 0 € S>(Q),
TVy.ou) = |Du|(Q) + f(‘l‘—u+)+ dg
Q

> [o, Duﬂ]in(ﬁ) —i—/(‘l—'—u"‘) d(—divo) +f(W—u+)+(1—a:)dH"_1
Q R

=[o,D¥], () + / ('t —()is1s + (¥—uh) ) (1—o) dH" !
a0
> [o, D], (Q).
Moreover, by the truncation argument already used for the derivation of (5.2) we deduce
infqu, < u < max {1-supg W, supg u, a.e.in (5.18)
for every minimizer u € BV, (2) of TVy.q and

inf TV\p;Q (u) = inf TV\I/;Q(M) .
ueBV,, (Q)NL>* () ueBV,, ()

Thus, we have verified (3.4) and
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inf  TVg.o)> sup [o,DV]} (Q). (5.19)
sl o, TV e I, (@)
The reverse inequality and the fact that the infimum and supremum are attained will be verified in several steps for
more and more general obstacles.

Step 1. WU obstacles W with W = u, on 3. Possibly replacing u, € W1 (R") N L*°(Q) with the trunca-
tion max{min{u,, [|[uo L)}, —lluollLo(e)}, We can assume that u, is indeed bounded on the whole R". More-
over, in this first step, we consider ¢ € (u,|q + W(l)’l(Q)) N L*°(2). Extending ¢ by u, outside of 2, we can
understand ¢ € WLL(R") N L*°(R"). Standard approximation of this extension yields functions i € WLZ(R")
with ¥ — ¥ in WHI(R?), as k — oo. We can assume ||k [|Lo(mn) < [ [lL(rn) by passing to the truncations
max{min{yr, supg» ¥}, infr= ¥} if necessary. As new boundary data, we consider the same functions u,  := Y, €
W1'2(Q) NL%(£2). In this way, we find approximating obstacles ¥ € u, x + W(l)’z(Q), and we have the convergences

Ve — Y in Wh1(Q)
in WHL(R™ \ Q) (5.20)

Uo.k —> Uy

RM\Q RM\Q

in the limit k — oo. From Theorem 3.1 and Remark 3.4 thereafter (compare (3.8), in particular), we obtain minimizer—
maximizer pairs (ug, ox) € K Vi ok (2) x §=°(R2) for the obstacle problems with obstacles 1/ such that we have

TVa(ug) =/Uk -Difrdx.
Q

Moreover, since (5.18) applies to each of the uj, we have

luk Lo () < max {supg ¥, lluo kllLo)} < 1V L@ (5.21)

for every k € IN. By minimality we have |Duk|(§) < fQ DYk | dx, and hence the convergence (5.20) implies that
the functions u; € BV, , (2) are bounded in BV(R"). Moreover, by definition of S>°(£2), the o} are bounded in
L (2, R"). Possibly passing to subsequences, we can thus assume that u; and o weakly* converge in BV(IR") N
L%°(£2) and L*°(2, R") to limits u € BV, () NL*(Q) and 0 € S°(2), respectively, and it follows that u > 1/
holds a.e. on Q2. Furthermore, relying on the above convergences, the lower semicontinuity of the total variation, and
the bounds |ox| < 1, we obtain

TVqo(us) <liminfTVq(uy) = liminf/ak - Dy dx
k— 00 k— 00
Q
< lim [ ox-Dydx + lim /|D(1/fk—¢)|dx
k—o00 k—o00
Q Q
= / O - DY dx = [[0007 DI/’JF]]ZU(ﬁ) ,
Q

where the last identity follows from Lemma 2.5 and the fact that [0, Dy *], equals [0, DY ] under the present
assumption at the boundary. Joining this with (5.19) for ¥ = v+ and observing that the a.e. inequality us, > v suffices
to guarantee uoo € Ky+ ,,, (€2), we deduce that (4o, 000) € Ky+ ,, (€2) X S$%°(R2) is a minimizer—maximizer pair with
the claimed L°°-bound for 1+, and that (3.10) holds for obstacles in u,|q + W(l)’1 (Q).

Step 2. W1 obstacles 1, possibly with ¥ > u, on Q. Next, we consider an obstacle ¥ € Wh1(Q) N L®(Q)
that need not agree with the boundary datum u, on 9€2, but satisfies only (Y —u,)_ € W(l)’l (€2). Since 1 is lower

semicontinuous, we can find an increasing sequence of Lipschitz functions n; € Cg’l (R2) with gy — 1q pointwisely
on 2. We use these to define an increasing sequence of approximating obstacles by

Vi = olo + Mk (W—to) + — (Y —tto)— € tolo + Wy ().
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From Step 1 we infer the existence of solutions (ug, ox) € le:r’uo (R2) x §°(2) for the obstacle problems with
obstacles Y, in particular

TVa(ug) = / ok - DYy dx = [or, DY ], (Q). (5.22)
Q
Using u, + 1o (¥ —u,) as a competitor, we see that the uy are bounded in BV(RR"), and the property (5.18) for the uy
implies
g |l oe (@) < max{supg Y, lluollLe (@)} < max{supg ¥, |[us Lo (@)} (5.23)
for every k € IN. Consequently, after passage to a subsequence we can assume that u; weakly* converges to a limit
U € BV, (€2) NL*(2), which in fact satisfies u, € Ky+ 4, (§2). Moreover, we can assume that oy = 0o Weaklyx

in L*°(£2, R"). Taking into account the definition of the pairing, the Cap,-q.e. inequality w,:r < ¢ on Q for any
k € IN and the identity (2.3) with ¢ = 1 on , we find

[0, DY T, (@) < [ox. DY ], ()

Z/gk .Dwdx+/(w—u(,)§,“;2 (ox)FdH"™!
Q R
< /O'k -Dyrdx +/(1ﬂ—uo)iangt2 dn
Q 30
where we used the 7"~ !-a.e. inequalities (w—u,,)g“gz > 0 and (ox); <1 on 9 for the last step. Plugging the last
estimate into (5.22), letting k — oo, and again applying (2.3), we arrive at
]}(minfTVQ(uk) < /O’OO -Dyrdx + /(x[f—uo)ians@z dH" !
—00
Q 3Q

= [0, DY, () + / (1= (000)3) (Y —110) 1y dH" !
Q2

= [ooe. DYV T, ().
where the last identity is valid since (w)ia“;2 > (uO)Z,“St2 holds H"~!-a.e. on 9Q by assumption. By using the lower
semicontinuity of the total variation, we thereby deduce

TVq(uoo) < [0co, DY T} (Q).

Comparison with (5.19) shows that uso € Ky+ ,, (€2) is a minimizer with the claimed L°°-bound and that (3.10) holds
also in the case ¥ € W1 (Q) with (Y —u,)_ € W(l)’l(Q) if we choose the representative ¥ = v of .

Step 3. Cap,-quasi upper semicontinuous obstacles. Finally, we consider an arbitrary bounded Borel function
W : Q2 — R that is Cap,-quasi upper semicontinuous. We decompose the obstacle function according to

U =max{V,u}} — (V—u’)_ on 2.
Since —(W—u})_ is majorized by the constant function g = 0, we can apply Lemma 2.19 and the remark thereafter
to find a non-increasing sequence of functions n; 1 € W(l)’1 (22) NL*°(RQ) with

Mg —> —(W—uy)- Cap,-q.c. on @, as k — 00. (5.24)

By passing to min{ny,1, 0} if necessary, we can moreover assume that n; ; < 0 holds a.e. on Q. Since max{W, u}
is a bounded Cap, -quasi upper semicontinuous function on , its extension by u} outside of € is Cap,-quasi upper
semicontinuous on R” and can be majorized by a W function. We are thus in a position to apply Lemma 2.18,
which, together with Remark 2.20, yields a non-increasing sequence of functions nx > € Wh1(©) NL>®(Q) with
Nk,2 < max{l-supg ¥, [[usllLe ()} a.e. on € and
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Mo~ max{W,uz}  Capj-q.e.on Q, (5.25)
(nk.2) g = max{W, (u,)i%} Cap;-q.e. on 98, |

in the limit £ — oco. Consequently, the functions

Yk = k1 + k2 € WHH(Q)NLX(Q)
form a non-increasing sequence with
Vil (@) < max{1-supg [W], [luollLoe)} forevery k € IN,
Vi — W Cap,-q.e. on Q,
(k=) — [W—(u,)mL ], Cap;-q.e. on 992,

in the limit k — oo. Since nx 2 > u, as a consequence of our construction, for each k € IN we have 0 > — (Y —u,)— >

Nk,1 € W(l)’1 (€2). Therefore, it holds (Yx—u,)— € W(l)’1 (£2), so that we are in a situation covered by Step 2 above. The
earlier reasoning thus ensures the existence of minimizer—-maximizer pairs (ug, ox) € K Wit (R) x §*(2) for the

obstacle problems with obstacles 1, which, by (5.18), satisfy
llug |l () < max { supg, Y, lluollLoe) | < max { supg ¥1, lluollLe ) }

and
TVau) = [ox. DY ] () (5.26)

for each k € IN. Since u, + 1o (¥1—u,) is an admissible competitor for each of the uy, we infer that the sequence uy

is bounded in BV, (€2). We may thus assume convergence uy = Uso Weakly* in BV, () and oy = 0o Weaklys in
L*°(£2, R") in the limit k — oo, for some u, € BV, () N L () and some o, € S*(£2). We emphasize that, in
contrast to the previous steps, at the present stage the exceptional set 2N {1, < W} may have positive H"~!-measure.
In order to analyze the convergence of the right-hand side in (5.26), we observe that for every £ € IN, the monotonicity
of the sequence v implies

limsup [ox, DY [ ( )

k— o0

—hmsup([[ok,Dw,ﬂ]uo / (1—(00)}) (Y —uo) d H"—l)

k— 00

<limsup ([[ak,Dw /(1—(ak) ) (Yrg— ua)lnt dH"*~ 1)

k— 00

= lim sup / ox - Dy dx + f (Ye—uy) M dH" !

k—o00

/ 05 - DY dx + / (We—it)1 dH!

Q

= [000. DY, ( f (1=(000)?) (Yot dH

In the last three steps, we employed the weaks convergence oy = Oso In L°(2, R") as k — oo and twice the
identity (2.3). Passing £ — oo and making use of the monotone Cap,-q.e. convergences WZ =Yy, — Won Q and
(Yre — uo)‘m — [V — (uo)lnt ]+ on 92, we deduce

timsup [or. Dy 1, () < [o0e. DV, / (1= (o) DW= (1 )15 ] !
k—o00

= [0, DV]; (). (5.27)
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Since we have uy € K Wit () C Ky 4, (£2), the lower semicontinuity result from Theorem 2.13 ensures
TVy.qUeo) < liminf TV y.q(ug) = iminf TVq(uy) . (5.28)
k— 00 k— 00
Combining (5.28), (5.26), and (5.27), we conclude
TV, (o) < [000, DV]; ().

Comparing the last inequality with (5.19), it turns out that u, is a minimizer and o, a maximizer. Therefore, we
have verified (3.10) in the general case, and the proof of Theorem 3.6 is complete. O

5.3. Derivation of the optimality relations
In this short subsection, we give the

Proof of Corollary 3.10. The corollary is a consequence of the following chain of inequalities that holds for any pair
of competitors (4, o) € BV, (2) x $2() in (3.10):

[0, DY]; (Q) = [0, Du™]; (Q)+ / (W—u™)d(—divo)
Q
+ f (=) (=], — [t —(uo) 1, ) dH—!
Q2
<[o.Du™]; () + /(\IJ—u*)d(— divo) + /(1—0:)(\1;—u+)+ dH"!
Q Q2
< |Du|(§)+/(W—u+)+d(—div0)+2/(\If—u+)+d’}—[”_l
Q 02

< |Du|(§)+/(\ll—u+)+dg+/(\Il—u+)+dg
Q Q2
=TVy.qu). (5.29)

Here, the first line follows from the definition of [o, Du*]}; (), and the second one from the H"1_a.e. bound oy <1
on 02 and the elementary inequality a4 —b < (a—b) for a, b € R, which specifically gives

[W—(uo) o], — [t — o)l < (—u'), . (5.30)

Furthermore, in the third line we used Proposition 2.8, the non-negativity of (—divo), and the H"~1.ae. bound
oy > —1 on 92, while the fourth line is a consequence of Propositions 2.11 and 2.12.

It is clear from Theorem 3.6 that («, o) is a minimizer—maximizer pair if and only if all the inequalities in (5.29) are
in fact equalities, and going through the above argument this occurs precisely if we have the following five identities,
which we will show to be equivalent with (3.14)—(3.18) in the statement of the corollary:

[o. Du*T; (Q) = Du|(Q),

Wyt = W—ut), (—divo)-a.e. on €,
o, =1 H"'-a.e. where inequality (5.30) is strict on 0€2,
of=—1 H ae.ondQN{ut < W},

and

/(\I/—u+)+ d(—dive) = [(\Il—u+)+ de. (5.31)
Q Q
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Now, in view of (2.6) the first identity is equivalent with the equality [o, Du*]];g = |Du/| of measures on € and thus
with the validity of (3.14) for u := —divo. The second line then clearly corresponds to u(Q2 N {u™ > W}) =0, that
is to (3.15). The boundary portion in the third identity is quickly identified by observing that the strict inequality
at—by < (a—b)4+ holds if and only if one has b > ay or b < —a_. In the case of (5.30), the second alternative can
not occur because ut = max{ugnst-z, (uo)gnsg} > ('u[,)iangtz holds H"’l-a.e. on 9<2. So, the boundary portion in the third
identity turns out to be the one where u™— (o)}, > [W— (o) 4] . or, equivalently, u}j, > max{W, (10) &} holds. In
view of this observation, the third identity coincides with (3.17). The fourth identity is (only) a part of (3.18), since
indeed it requires o = —1 only on the portion {u+ < W} of {ui,c)“g2 < max{V¥, (u, 5“;2} ={ut < WU {ugngz < (uy 3“;2}
(all sets taken in 0€2). However, we have already obtained (3.14), and by (2.8) the validity of (3.14) on 92 turns
out to mean [(u—z,to)i(‘,“gtz]Jr — [=ux)s] o = |(u—u,)y| on 3. Thus the equality o;f = —1 on the other portion
{uiz,“gtz < (U, iané} is already contained in (3.14) (compare Remark 3.11), and hence (3.18) is fully justified. Finally,
since Proposition 2.11 generally asserts — divo < ¢ as measures on £2, the remaining identity (5.31) means nothing

but —dive = ¢ on QN {uT < ¥}, thatis (3.16). O
6. The obstacle problem for the area functional

In this final section, we briefly explain how to adapt the proofs in the preceding sections to the case of the area
functional.

6.1. Convex conjugates and duality for non-degenerate p-energies

In order to specify the approximating problems, we introduce the non-degenerate p-energies

Ab (u) :=/f,,(Du)dx foru e WHP(Q),
Q

where we defined
»
fp@:=(1+[z]*)?  forzeR"

for p € [1, 00). In particular, with this convention, the functional A}Z coincides with the area Aq on W!! functions.
The convex conjugate

[ (@) = sup[2* -z~ fp(2)] 6.1)
zeR"

p—2
can be computed in terms of the inverse ®,(z*) := (pr)_l(z*) of the gradient V f},(z) = (1+|z|2)’Tz as

P
i@ =25 @, — (1+|®,(cH)*)?  forz* eR".

In the case p = 1, the above formula is only valid for |z*| < 1 since, otherwise, ®; is undefined. However, in this case
we have the explicit formula

@)= .
o0 if |z¥] > 1
for all z* € R". As a consequence of f), < f, for p < g we have
VM whenever 1 < p <gq. (6.2)

In addition, we observe:

Lemma 6.1. In the limit p \ 1 we have

@) = fi(Z*)  monotonically, for all z* € R" . (6.3)
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Proof. In the case |z«| < 1 the claim can be checked, for example, by choosing z = \/%W in the supremum of
—I|Z
(6.1), with arbitrary A > 1. Letting first p \( 1 and then A N\ 1, we infer the estimate

1' k *>_ 1_ *2: * *.
pl\mlf,,(z )= 2% = fi (z")

Since we have f;,“ (z*) < f{(z*) as a consequence of (6.2), this implies the claimed convergence (6.3) for [z*| < 1.In
the case |z*| > 1, however, we choose z = Az* in (6.1). After letting p N\ 1, this implies

: Kk ®*2 /1 2
tim f77) 22 (1P =\ 1P,
and the right-hand side tends to co = fl*(z*) in the limit A — oco. This completes the proof of (6.3). O

In the case p = 1, the Fenchel inequality gives

22 A@F @) =1+ =112 forz, 2 € RY with [2*] < 1. (6.4)

This inequality induces a corresponding estimate for the Anzellotti pairings. Indeed, from [35, Lemma 5.5], we obtain
the following proposition, which serves as a replacement for Proposition 2.8.

Proposition 6.2. Consider a bounded open set @ C R" with (2.1), u, € WELRY) NL®(Q), u € BV, () NL*(),
and o € S°(2). Then we have the inequalities of measures

[o.Dut],, | </ 14DuP = J1-loP " oG 6.5)

and

|[o. Du* ;| 5\/1+|Du|2—\/1—|a|2/§” on Q. (6.6)

We recall that equality in the Fenchel inequality (6.4) holds if and only if z and z* are coupled by z* =V fi(z) =

\/hiﬁ' As a consequence, for any u € WH1(Q) and o € S%°(Q2) we have the equivalence
Z

Du

V1+ Duf?

In this sense, the case of equality in (6.5) and (6.6), respectively, can be understood as a generalization of the identity
Du__ 3¢ on Q2 to BV functions u.

o= v 1+|Dul?
The classical arguments of Section 4 apply also to the non-degenerate p-energies Aé’z with p > 1. In particular, the
unique minimizer u of Ag in K \I;(Q) satisfies the variational inequality

a-Du=\/1—|—|Du|2—\/1—|a|2 &< 0=

/pr(Du) ‘Dv—u)dx>0  forallve Ki(Q),
Q

and the bounds in Lemma 4.2 hold analogously. Hence, we have the following analog of Proposition 4.3.

Proposition 6.3. Consider a bounded domain 2 C R”", boundary values u, € W4 () NL*® () and a bounded Borel
function ¥ : Q — R with (3.1) and (3.2) for g > 1. Then, for every p € (1, q], it holds

min / fp(Du)dx = max <[[0,D\Ilﬂu0(§)— / f;(a)dx>. (6.7)
Q Q

LlGK\I;(Q) oesP (Q)
Indeed, for the minimizer u € K \I;(Q) of the left-hand side, the right-hand side is maximized by

: 2,252 P
o =V f,(Du) = p(1+Dul?) "z Du € S” ().

i.e. for this choice of o we have
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f fp(Du)dx = [o,DV], (Q) — / fyo)dx. (6.8)
Q Q

6.2. The duality formula in the limit p \( 1

Sketch of proof for Theorem 3.5. In large parts, the proof is analogous to the arguments that have been carried out
in detail in Section 5.1. One difference, however, is that the applications of Proposition 2.8 now are replaced by the
corresponding estimate from Proposition 6.2. In particular, the easy inequality in the claimed duality identity (3.9)
follows from (6.5) and Proposition 2.11 by estimating

[0.D¥], (@) =[o.Du™], (Q)+ /(\I/—u+)d(— divo)

Q
SAQ("‘)_/\/]_|G|2 dx+/(‘1/—u+)+d§
Q Q
= Aw.o(u) —/ 1—|o|* dx
Q

for all u € BV, (©2) NL*°(R) and o € $>°(2). For a sequence p; \ 1, we next choose minimizers u ,, € Kff,i )N
L*(€2) of the left-hand side in (6.7) and the corresponding maximizers o; := p; (14|Du, |2)%4Dupi € Sf’{(Q) of
the right-hand side in (6.7). Analogously to Section 5.1, we can achieve convergence u = u weakly* in BV, (€2)
and in L*°(2) as well as 0; — o weakly in Lq/(Q, R™), where o has non-positive distributional divergence. Us-

ing the lower semicontinuity of Ay.q according to Theorem 2.13, Holder’s inequality and the identity (6.8) for the
solutions u p, , we deduce

1
Aw:a ) guminf</(1+|Dupi|2)”2" dx) "
1—>00
Q

=lim inf([[o,-, D\I/]]un Q) — f f;l, (Ul-)dx> . (6.9)
11— 00
Q
Repeating the arguments from (5.16) and (5.17), we have
limsup [o;, D¥], (R) < [0, DV], (Q). (6.10)
i—00

The two preceding estimates imply, in particular,

i—o00

limsup(—/f;’_(a,-)dx> > —00. (6.11)
Q

From the monotonic dependence (6.2) of fl;" on p and the weak upper semicontinuity of the concave functional
— Jo [ () dx we infer

imsup ([ 7 oax) <tims (= [ fi@ar) <= [ i@
1—> 00 o 1—> 00 o o

for every & > 0. Next, we exploit that f}", , converges monotonically to f}* as & \( 0 according to (6.3). Therefore, we
can pass to the limit ¢ N\ O in the last integral to infer

limsup(—/f;i(a,-)dx> 5—/f]*(a)dx.
1—>00 o o
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In view of (6.11) and the fact f}*(z*) = oo for |z*| > 1, this implies 0| < 1 a.e. on 2, i.e. 0 € §2°(R2). Consequently,
we can rewrite the preceding formula to

limsup<—/f;‘i(oi)dx> 5/,/1—|o|2dx. 6.12)
1—> 00 Q Q

Plugging (6.10) and (6.12) into (6.9), we deduce the final estimate
Aw.oW) < [o, D‘If]]uo(ﬁ) + / V1-lo?dx.
Q

This yields the remaining inequality needed for the claimed identity (3.9). O

Remark 6.4. Compared to the proof of the TV-case in Section 5.1, in the preceding proof we obtained the estimate
o] <1 a.e. on  in a slightly different way. In fact, in Section 5.1 we avoided the use of convex conjugate functions
and employed a truncation argument instead. However, the approach of this section would also be applicable in the
TV-case.

6.3. The duality formula for general obstacles

Sketch of proof for Theorem 3.9. Here, we follow, up to minor modifications, the line of argument from Section 5.2.
Analogously to (5.19), now replacing the application of Proposition 2.8 by the estimate (6.6) from Proposition 6.2,
we deduce

Aw.q) > [o, DlIl]]:ﬂ(ﬁ)+f,/l—|o|2dx
Q

for all u € BV, (2) N L>°(2) and o € S°°(2). This readily implies one inequality in the claimed identity (3.13).
The other inequality follows by the three-step approximation procedure of Section 5.2. In each of the steps, the
behavior of the pairings [oy, Dwk]]zo in the limit £ — oo can be controlled by exactly the same arguments as in
Section 5.2. The only difference in the case of the area functional is that we additionally have to deal with the integrals
/s oV 1-lok |2dx that now occur in the dual formulation. However, these integrals can be handled by using the weakx

upper semicontinuity of the concave functional fQ /1= - |?dx on sub-unit L* vector fields. Also taking into account
the lower semicontinuity of 4y.qo due to Theorem 2.13, it is now straightforward to modify the proof of Theorem 3.6
and to establish Theorem 3.9. O

6.4. Derivation of the optimality relations

Sketch of proof for Corollary 3.13. We proceed exactly as in (5.29), now applying the estimate (6.6) instead of
Proposition 2.8. This yields, for every pair of competitors (1, o) € BV, (22) x S°() in (3.13), the chain of inequal-

ities
[[a,D\p]];‘a(ﬁ)+/,/1—|o|2dx
Q
< [o, Du+]};0(§)+/ 1—|o|2dx
Q
+/(\Il—u+)d(— divo) +/(1—o;‘)(w—u+)+d7¢"*1
Q Q2

< Ao + f (W), d(—divo) +2 f (W—ity, dp!
Q o
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< Ao+ [(W-u)idg+ [wuty,ds
Q Q2

= A\I/;Q(u) .

Again, we deduce that (u, o) is a minimizer—-maximizer pair if and only if all inequalities are equalities, and a discus-
sion of the cases of equality gives the claims. Indeed, (3.15), (3.16), (3.17), (3.18) come out in the same fashion as in
the proof of Corollary 3.10, and the only slightly different discussion concerns the case of equality in the estimate

[o. Dut ] (Q) < Aqw) —/ 1—|o2dx. (6.13)
Q

However, in view of (6.6) equality in (6.13) is equivalent to the first identity in (3.22), and we obtain the claimed
characterization.

In the case that ¥ < (i, g’é holds H"~!-a.e. on 3<2, the preceding chain of inequalities holds without the boundary
integrals, and as a consequence, we arrive at (6.13) with [o, Du+]]:a () replaced by [o, Du™] " (). In view of (6.5)
it is then possible to replace [o, Duﬂ]jg by [o, D“+]]u0 also in (3.22) and the claimed characterization (compare with
Remark 3.12 in the TV case).

Finally, the redundancy of the boundary information in (6.13) is a consequence of the discussion in Remark 3.11,
and the proof of Corollary 3.13 is complete. O
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