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Abstract

We establish the existence of a global solution for a new family of fluid-like equations, which are obtained in certain regimes
in [24] as the mean-field evolution of the supercurrent density in a (2D section of a) type-II superconductor with pinning and with
imposed electric current. We also consider general vortex-sheet initial data, and investigate the uniqueness and regularity properties
of the solution. For some choice of parameters, the equation under investigation coincides with the so-called lake equation from
2D shallow water fluid dynamics, and our analysis then leads to a new existence result for rough initial data.
© 2017 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

1. Introduction
1.1. General overview

We study the well-posedness of the following two fluid-like evolution models coming from the mean-field limit
equations of Ginzburg—Landau vortices: first, for « > 0, 8 € R, we consider the “incompressible”” flow

dv=VP —a(V+v)curlv+ (¥ +v)*curlv, div(av) =0, inRT x R?, (1.1)
and second, for 0 <X < oo, @ > 0, B € R, we consider the “compressible” flow
3v=2AV(a 'div(av)) — a(V 4 v) curlv + B(¥ + v) L curl v, inRT x R?, (1.2)

withv: Rt x R? := [0, 00) x R? - R? and curl v > 0, where ¥: R? — R%isa given forcing vector field, and where
the weight a := ¢’ is determined by a given “pinning potential” 4 : R — R. Note that the incompressible model (1.1)
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can be seen as the limiting case A = oo of the family of compressible models (1.2). As established in a companion
paper [24] with Sylvia Serfaty, these equations are obtained in certain regimes as the mean-field evolution of the
supercurrent density in a (2D section of a) type-II superconductor described by the 2D Ginzburg—Landau equation
with pinning and with imposed electric current — but without gauge and in whole space, for simplicity. In this context,
the cases A = 00, 0 < A < 00, and A = 0 correspond respectively to a low, an intermediate, and a high vortex density
regime. Note that in the parabolic case « > 0, 8 = 0, the incompressible model (1.1) can be seen as a Wasserstein
gradient flow for the vorticity curl v, but a common gradient flow structure seems to be missing for the whole family
of equations (1.2) with A € [0, oo]. In the conservative case o = 0 with W = 0, the incompressible model (1.1) takes
the form of the so-called lake equation from 2D shallow water fluid dynamics [26, p. 235] (see also [12,13]), which
reduces to the usual 2D Euler equation if the weight a is constant.

In the nondegenerate case A > 0, we investigate existence, uniqueness, and regularity, both locally and globally
in time, for the Cauchy problems associated with (1.1) and (1.2), and we also consider vortex-sheet initial data. In
Appendix A jointly written with Julian Fischer, a complete theory is further obtained for the degenerate parabolic case
A=8=0,a>0.

1.2. Brief discussion of the model

Superconductors are materials that in certain circumstances lose their resistivity, which allows permanent supercur-
rents to circulate without loss of energy. In the case of type-II superconductors, if the external magnetic field is not too
strong, it is expelled from the material (Meissner effect), while, if it is much too strong, the material returns to a normal
state. Between these two critical values of the external field, these materials are in a mixed state, allowing a partial pen-
etration of the external field through “vortices”, which are accurately described by the (mesoscopic) Ginzburg—Landau
theory. Restricting ourselves to a 2D section of a superconducting material, it is standard to study for simplicity the
2D Ginzburg-Landau equation on the whole plane (to avoid boundary issues) and without gauge (although the gauge
is expected to bring only minor difficulties). We refer e.g. to [53,52] for further reference on these models, and to [47]
for a mathematical introduction. In this framework, in the asymptotic regime of a large Ginzburg—Landau parameter
(which is indeed typically the case in real-life superconductors), vortices are known to become point-like, and to in-
teract with one another according to a Coulomb pair potential. In the mean-field limit of a large number of vortices,
the evolution of the suitably normalized (macroscopic) mean-field density w : RT x R? — R of the vortex liquid was
then naturally conjectured to satisfy the following Chapman—Rubinstein—Schatzman—E equation [25,16]

8w =div(lo|V(=2) " lw), inRT x R?, (1.3)

where (—A)~!w is indeed the Coulomb potential generated by the vortices. Although the vortex density w is a priori
a signed measure, we restrict here (and throughout this paper) to positive measures, |w| = w > 0, so that the above is
replaced by

o =divieV(-A)"lw), in Rt x R, (1.4)

More precisely, the mean-field supercurrent density v : R* x R? — R? (linked to the vortex density through the
relation w = curl v) was conjectured to satisfy

o,v=VP —vcurlv, divv =0, in Rt x R2. (1.5)

Taking the curl of this equation indeed formally yields (1.4), noting that the incompressibility constraint divv =0
allows to write v = VLA™ lw,

In the context of superfluidity [1,46], a conservative counterpart of the usual parabolic Ginzburg—Landau equation
is used as a mesoscopic model. This counterpart is given by the Gross—Pitaevskii equation, which is a particular
instance of a nonlinear Schrodinger equation. At the level of the mean-field evolution of the corresponding vortices,
we then need to replace (1.3)—(1.4) by their conservative versions, thus replacing V(-A)"lw by VE(=A)"w. As
argued in [5], there is also physical interest in rather starting from the “mixed-flow” (or “complex”) Ginzburg—Landau
equation, which is a mix between the usual Ginzburg-Landau equation describing superconductivity (¢« =1, 8 =0,
below), and its conservative counterpart given by the Gross—Pitaevskii equation (o« = 0, 8 = 1, below). The above
mean-field equation (1.5) for the supercurrent density v is then replaced by the following, for ¢ > 0, 8 € R,
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dv=VP —avcurlv+ Bvtcurlv, divv =0, inRT x R2. (1.6)

Note that in the conservative case o = 0, this equation is equivalent to the 2D Euler equation, as is clear from the
identity v curlv = (v - V)v — $V[v|%.

The first rigorous deductions of such (macroscopic) mean-field limit models from the (mesoscopic) 2D Ginzburg—
Landau equation are due to [35,30,48]. As discovered by Serfaty [48], in the dissipative case o > 0, the limiting
equation (1.6) is only correct in a regime of dilute vortices, while for a higher vortex density it must be replaced by
the following compressible flow,

3 v = AV(divv) — avcurlv + vt curl v, in Rt x R?, (1.7)

for some 0 < A < 0o. In [23, Theorem 8.1.3] we have further shown that for an even higher vortex density the relevant
limiting equation is (1.7) with A = 0. In contrast, in the conservative case o = 0, the equation (1.6) is always expected
to hold in the corresponding mean-field limit. To the best of our knowledge, this compressible model (1.7) with
0 < X < oo is completely new in the literature.

When an electric current is applied to a type-II superconductor, it flows through the material, inducing a Lorentz-
like force that makes the vortices move, dissipates energy, and disrupts the permanent supercurrents. As most techno-
logical applications of superconducting materials occur in the mixed state, it is crucial to design ways to reduce this
energy dissipation, by preventing vortices from moving. For that purpose a common attempt consists in introducing
in the material inhomogeneities (e.g. impurities, or dislocations), which are indeed meant to destroy superconduc-
tivity locally and therefore “pin down” the vortices. This is usually modeled by correcting the 2D Ginzburg-Landau
equations with a non-uniform equilibrium density a : R* — [0, 1] (or “pinning weight”), which locally lowers the
energy penalty associated with the vortices (see e.g. [15,9] for further details). As formally predicted by Chapman and
Richardson [15], and first completely proven by [31,49] (see also [29,34] for the conservative case), in the asymptotic
regime of a large Ginzburg—Landau parameter, this non-uniform density a translates at the level of isolated vortices
into an effective “pinning potential” 7 = loga, indeed attracting the vortices to the minima of a. As shown in our
companion paper [24], the mean-field equations (1.6)—(1.7) are then replaced by (1.1)—(1.2), where the forcing W
can be decomposed as W := F+ — V-1/ in terms of the pinning force —Vh and of some vector field F : R? — R?
related to the imposed electric current (see also [51,49]). In the conservative regime o = 0, 8 = 1, the incompress-
ible model (1.1) takes the form of the following inhomogeneous version of the 2D Euler equation: using the identity
vicurlv=(v-V)v— %V|v|2, and setting P:=P— %|v|2,

dv=VP+Wcurlv+ (v-V)v, div(av) =0, inRT x R2. (1.8)

In the context of 2D fluid dynamics, this conservative equation is known as the lake equation [26, p. 235] (see also [ 12,
13]): the pinning weight a corresponds to the effect of a varying depth in shallow water [44], while the forcing W is
similar to a background flow.

1.3. Relation to previous works

The simplified model (1.4) describes the mean-field limit of the gradient-flow evolution of any particle system
with Coulomb interactions [22]. As such, it is related to nonlocal aggregation and swarming models, which have
attracted a lot of mathematical interest in recent years (see e.g. [8,14] and the references therein); they consist in
replacing the Coulomb potential (—A)~! by a convolution with a more general kernel corresponding to an attractive
(rather than repulsive) nonlocal interaction. Equation (1.4) was first studied by Lin and Zhang [39], who established
global existence for vortex-sheet initial data w|,—o € P(R?), and uniqueness in some Zygmund space. To prove global
existence for such rough initial data, they proceed by regularization of the data, then passing to the limit in the
equation using the compactness given by some very strong a priori estimates obtained by ODE arguments. As our
main source of inspiration, their approach is described in more detail in the sequel. When viewing (1.4) as a mean-field
model for the motion of the Ginzburg-Landau vortices in a superconductor, there is also interest in changing sign
solutions and the correct model is then rather (1.3), for which global existence and uniqueness have been investigated
in [21,42], but for which an L? well-posedness theory is still missing. In [4,3], using an energy approach where the
equation is seen as a formal gradient flow in the Wasserstein space of probability measures a la Otto [45], made
rigorous by the minimizing movement approach of Jordan, Kinderlehrer, and Otto [32] (see also [2]), analogues of
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equations (1.3)—(1.4) were studied in a 2D bounded domain, taking into account the possibility of mass entering
or exiting the domain. In the case of nonnegative vorticity w > 0, essentially the same existence and uniqueness
results as those by Lin and Zhang were established in that setting in [4]. In the case @ > 0 on the whole plane,
still a different approach was developed by Serfaty and Vazquez [50], where equation (1.4) is obtained as a limit of
nonlocal diffusions, and where uniqueness is further established for bounded solutions using transport arguments a la
Loeper [41]. Note that no uniqueness is expected to hold for general measure solutions of (1.4) (see [4, Section 8]). In
the present paper, we focus on the case w > 0 on the whole plane R

The model (1.6) is a linear interpolation between the gradient-flow equation (1.4) (obtained for « = 1, § =0) and
its conservative counterpart that is nothing but the 2D Euler equation (obtained for « = 0, 8 = 1). The theory for the
2D Euler equation has been well-developed for a long time: global existence for vortex-sheet data is due to Delort [20],
while the only known uniqueness result, due to Yudovich [54], holds in the class of bounded vorticity (see also [7]
and the references therein). Regarding the general model (1.6), global existence and uniqueness results for smooth
solutions are easily obtained by standard methods (see e.g. [17]). Although not surprising, global existence for this
model is further established here for vortex-sheet initial data, as well as uniqueness in the class of bounded vorticity.

In contrast, the compressible model (1.7), first introduced by Serfaty [48], is completely new in the literature. In
[48, Appendix B], only local-in-time existence and uniqueness of smooth solutions are proven in the non-degenerate
case A > 0, using a standard iterative method. In the present paper, in the parabolic regime « > 0, § = 0, global
existence for vortex-sheet data is further established in the non-degenerate case A > 0, while in the degenerate case
A = 0 global existence with bounded data is obtained by exploiting the particular scalar structure of the corresponding
equation.

The general equations (1.1)—(1.2), introduced in our companion paper [24], are seen as inhomogeneous versions
of (1.6)—(1.7) with forcing. Since these models are new in the literature (except in the case (1.8)), we wish to provide
in the present paper a detailed discussion of local and global existence, uniqueness, and regularity issues. In the
conservative regime o = 0, 8 = 1, the incompressible model (1.1) takes the form of the so-called lake equation (1.8),
which has been studied in a bounded domain by Levermore, Oliver, and Titi [36,37,44] (see also [10]): global existence
was established for L? initial vorticity, as well as uniqueness in the class of bounded vorticity. In the present paper, we
improve on these previous results by establishing for equation (1.8) on the whole plane R? a global existence result for
initial data in L9 (R?) with ¢ > 1. It should be clear from the Delort type identity (1.11) below that inhomogeneities
give rise to important difficulties: indeed, for 2 non-constant, the first term —%|v|2VJ-h in (1.11) does not vanish
and is clearly not weakly continuous as a function of v (although the second term is, as in Delort’s classical theory
for the 2D Euler equation [20]), so that the usual Delort’s argument is no longer available to pass to the limit in the
nonlinearity v curl v. Because of this difficulty and of the lack of strong enough a priori estimates for the conservative
equation (1.8), we do not manage to reach vortex-sheet initial data in that case, as opposed to the simpler situation of
the 2D Euler equation.

1.4. Notions of weak solutions for (1.1) and (1.2)

We first introduce the vorticity formulation of equations (1.1) and (1.2), which will be more convenient to work
with. Setting w := curl v and ¢ := div(av), each of these equations may be rewritten as a nonlinear nonlocal transport
equation for the vorticity o,

0w = div (a)(a(\ll + v)L + BV + v))), curlv =w, div(av) =¢, (1.9)

where in the incompressible case (1.1) we have ¢ := 0, while in the compressible case (1.2) ¢ is the solution of the
following transport-diffusion equation (which is highly degenerate as A = 0),

9,0 — AAL + 2 div(¢ Vi) = div (aa)( —a(V )+ B+ v)L)). (1.10)

Let us now precisely define our notions of weak solutions for (1.1) and (1.2). (We denote by /\/ll'gc(Rz) the convex

cone of locally finite non-negative Borel measures on R?, and by P(RR?) the convex subset of probability measures,
endowed with the usual weak-* topology.)
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Definition 1.1. Let #, ¥ € L®°(R2), T > 0, and set a := e”.

(a) Given v° € L (]RZ)2 with w° = curlv® € MIOC(RZ) and ¢° := div(av®) € LIOC(]R2), we say that v is a

weak solution of (1.2) on [0, T) x R? with initial data v°, if v € L%OC([O T) x R?)? satisfies w := curlv €
(10, T); M;L.(R?), ¢ = div(av) € L2 ([0, T); L*(R?)), |v]*w € L] ([0, T); L!(R?)) (hence also wv €
([0, T) x R?)?), and satisfies (1.2) in the distributional sense, that is, for all ¥ € C ([0, T) x R%)2,

loc
/w(O v —l—//v oY = A// {dlvw—i-/ v (e(W+v) — /3(\1'+v) w.

R+ xRd R+ xR4 R+ xRd4

1oc

1oc

(b) Givenv® € LIZOC(]RZ)2 with w° :=curlv® € MIOC(RZ) and div(av®) = 0, we say that v is a weak solution of (1.1) on

[0,T) x R? with initial data v°, if v € L%OC([O, T) x R2)2 satisfies w :=curlv € Llloc([O T); MIOC(RZ)), |v|2a) €

loc([O T): L (R%)?) (hence also wv € Lloc([O, T) x Rz)z), div(av) = 0 in the distributional sense, and satisfies
the vorticity formulation (1.9) in the distributional sense, that is, for all ¢ € C2°([0, T') x R?),

fw(o Y + // wd Y = // Vi - (@(W 4 )t + (Y +v)o.

R+ xRd R+ xRd

(c) Given v° € L (R*)? with w° := curlv® € M\ _

of (1.1)on [0, T) x R? with init1a1 datav°,if v e L2

loc

div(av) = 0 in the distributional sense, and satisfies, for all ¢ € C>°([0, T) x R?),

fvf(o Jo° + /f 03y = f/ @y + 94 - (ot HolVh)

R+xRd R+ xRd

(R?) and div(av®) = 0, we say that v is a very weak solution
([0, T) x R2)Z satisfies w := curlv € LL ([0, T); M (R?)),

loc loc

_ / / aS,:V(a~ @Yy + V),

R+ xRd

in terms of the stress—energy tensor S, :=v ® v — %Id > ¢
Remarks 1.2.

(i) Weak solutions of (1.2) are defined directly from (1.2), and satisfy in particular the vorticity formula-
tion (1.9)—(1.10) in the distributional sense. Regarding weak solutions of (1.1), they are rather defined in terms
of the vorticity formulation (1.9), in order to avoid compactness and regularity issues related to the pressure P.
Nevertheless, if v is a weak solution of (1.1) in the above sense, then under mild regularity assumptions we may
use the formula v = a 'V (diva—!V)~lw to deduce that v actually satisfies (1.1) in the distributional sense on
[0, T) x R2 for some distribution P (cf. Lemma 2.8 below for details).

(i) The definition (c) of a very weak solution of (1.1) is motivated as follows (see also the notion of “general weak
solutions” of (1.4) in [39]). In the purely conservative case o = 0, there are too few a priori estimates to make
sense of the product wv. As is now common in 2D fluid dynamics (see e.g. [17]), the idea is to reinterpret this
product in terms of the stress—energy tensor S, using the following identity: given div(av) = 0, we have for
smooth enough fields

1
wu:——|v|2vih—a*‘(div(asv))i, (1.11)

where the right-hand side now makes sense in Lloc([O, T); Wlo (Rz) ) whenever v e LIOC([(), T) x R%)2Z. In

particular, if w € LlOC([O T)xR?) and v e LlOC([O, T) x R?) for some 1 < p <00, ; + 7 = 1, then the product
wv makes perfect sense and the above identity (1.11) holds in the distributional sense, hence in that case v is a
weak solution of (1.1) whenever it is a very weak solution. In reference to Delort’s work [20], identity (1.11) is
henceforth called an “(inhomogeneous) Delort type identity”. ¢
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1.5. Statement of the main results

Global existence and regularity results are summarized in the following theorem. Our approach relies on proving
a priori estimates for the vorticity w in LY(R?) for some ¢ > 1. For the compressible model (1.2), such estimates
are only obtained in the parabolic regime, hence our limitation to that setting. In parabolic cases, particularly strong
estimates are available, and existence is then established even for vortex-sheet initial data, thus completely extending
the known theory for (1.4) (see [39,50]). Note that the additional exponential growth in the boundedness effect (1.12)
below is only due to the forcing W. In the conservative incompressible case, the situation is the most delicate because
of a lack of strong enough a priori estimates, and only existence of very weak solutions is expected and proven. As
is standard in 2D fluid dynamics (see e.g. [17]), the natural space for the solution v is Lp} (RT; ° + L2(R%)?) for a
given smooth reference field v° : R? — R2.

Theorem 1 (Global existence). Let . >0, >0, BeR, h, ¥V € W1’°°(R2)2, and seta = e". Ler 1° € WI'OQ(Rz)2 be
some reference map with @° := curlv°® € PN H* (Rz)for some sy > 1, and with either div(av®) = 0 in the case (1.1),
or £° :=div(a1°) € H*(R?) in the case (1.2). Let v° € 1° + L2(R?)2, with «° := curlv® € P(R?), and with either
div(av®) = 0 in the case (1.1), or £° := div(av®) € L*(R?) in the case (1.2). The following hold:

(i) Parabolic compressible case (that is, (1.2) with & > 0, 8 = 0):
There exists a weak solution v € LffC(R+; 7° + L2(R%)?2) on R x R? with initial data v°, with @ := curlv €
L®(R*; P(R?)) and ¢ := div(av) € L2_(R*: L2(R?)), and with

loc
o |l < (@) ' +Ca™ e, forallt >0, (1.12)

where the constant C > 0 depends only on an upper bound on «, |B|, and ||(h, ¥)|ly1,.. Moreover, if @° €
L4 (R?) for some q > 1, then w € Lo (RY; L4 (R2).

(i1) Parabolic incompressible case (that is, (1.1) with « > 0, 8 =0, or with @ > 0, 8 € R, & constant):
There exists a weak solution v € Li’:c(R+; 7° + L2(R%)?2) on Rt x R? with initial data v°, with @ := curlv €
L®@®RT; ’P(Rz)), and with the boundedness effect (1.12). Moreover, if w° € L9 (Rz) for some q > 1, then w €
L (R*; LY(R2) NLET (RT; LI (R2)),

(iii) Mixed-flow incompressible case (that is, (1.1) with ¢ > 0, B € R):
Ifw° eld (Rz)for some q > 1, there exists a weak solution v € Lf’o"c (R*: 5° + L2(R?)2) on Rt x R? with initial

data v°, and with @ = curlv € L. (R*; PN LI (R2)) NLIT (RF; LI+ (R2).
(iv) Conservative incompressible case (that is, (1.1) with @« =0, 8 € R):

If w° € LY(R?) for some q > 1, there exists a very weak solution v € Ly (R*; 3° + L2(R?)?) on RT x R? with

initial data v°, and with @ := curlv € L[, (Rt; P NL4(R?)). This is a weak solution whenever q > 4/3.
We set ¢°, E",C := 0 in the incompressible case (1.1). If in addition w°,¢° € L°°(]R2), then we further have v €
L (RT; L®(R?)?), w € L (RT; L NL®(R?)), and ¢ € L (RT; L2NLY(R?). If h, ¥, v° € WS (R?)? and
w°, @°, £°, £° € HS(R?) for some s > 1, then v € LS (RT; 5° + H* T (R?)?) and w, ¢ € LS. (RY; HS(R?)). If h, ¥,
v° € CSTH(R?)? for some non-integer s > 0, then v € LY (RT; C*TI(R?)?). ¢

Regarding the regimes that are not described in the above (that is, the mixed-flow compressible case as well as

the a priori unphysical case « < 0), only local-in-time existence is proven for smooth enough initial data (stated here
in Sobolev spaces). Note that for the mixed-flow degenerate case A =0, o« > 0, 8 # 0, even local-in-time existence
remains an open problem.

Theorem 2 (Local existence). Given some s > 1, let h, W, 5° € WSTLOR2)2 et q := e, and let v° € 7° +
HSTH(R?)? with @° := curlv®, @° 1= curlv® € H* (R?), and with either div(av®) = div(at®) = 0 in the case (1.1), or
£° :=div(av®), £° :=div(a1°®) € H*(R?) in the case (1.2). The following hold:

(i) Incompressible case (that is, (1.1) with «, 8 € R):

There exists T > 0 and a weak solution v € L35 ([0, T); v° + H Y (RYH2) on [0, T) x R2 with initial data v°.
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(il) Non-degenerate compressible case (that is, (1.2) with o, 8 € R, A > 0):

There exists T > 0 and a weak solution v € Lﬁfc([O, T): 9° + HSTHRH2) on [0, T) x R2 with initial data v°.
(iii) Degenerate parabolic compressible case (that is, (1.2) witho € R, 8 =A =0):

If U, 1° € W22 (R?)? and w°, @° € H 1 (R?), there exists T > 0 and a weak solution v € L ([0, T); 2° +

HSTH(R?)?) on [0, T) x R? with initial data v°, and with » = curlv € LY (10, T); HSTL(R?)). ¢

We now turn to uniqueness issues. No uniqueness is expected to hold for general weak measure solutions of (1.1),

as it is already known to fail for the 2D Euler equation (see e.g. [7] and the references therein), and as it is also
expected to fail for equation (1.4) (see [4, Section 8]). In both cases, as already explained, the only known uniqueness
results are in the class of bounded vorticity. For the general incompressible model (1.1), similar arguments are still
available and the same uniqueness result holds. For the compressible model (1.2), we only obtain uniqueness in a
class with stronger regularity, as a consequence of some weak—strong principle stated in Proposition 5.1.

Theorem 3 (Uniqueness). Let . >0, o, BER, T >0, h,V € WI'OO(RZ), and set a = e". Let v° : R? — R2 with
curl v° € P(R?), and with either div(av®) = 0 in the case (1.1), or div(av®) € L2(R2) in the case (1.2).

(1) Incompressible case (that is, (1.1) with «, 8 € R):
There exists at most a unique weak solution v on [0, T) X R2 with initial data v°, in the class of all w’s with
curlw € LY ([0, T); L (R?)).

(i) Non-degenerate compressible case (that is, (1.2) with «, 8 € R, A > 0):
There exists at most a unique weak solution v on [0, T) X R2 with initial data v°, in the class leoc
LZ®RH)?) NLX ([0, T); W @R, O

loc

([0, T); v° +

Finally, in Appendix A jointly written with Julian Fischer, we establish the following global well-posedness result
for the degenerate parabolic case A = =0, o > 0. The proof is of a very different nature from the other cases,
exploiting the explicit scalar structure of the solution v.

Theorem 4 (Degenerate parabolic compressible case). Let . = =0, a = 1, let v°, W € WL (R?)? with curl v° €
P(R?). Then there exists a global strong solution v € Ly (R*; L®(R?)N Ly R*; v°+LI(R?)) of (1.2) on RT x R?
with initial data v° and with curlv € Lﬁfc(R“L; P N L®(R?)). This solution v is unique in the class of all w’s in
L2 (RT x R?) with curlw € LY (RT; P NLY (R?)).

If in addition for some s > 0 we have v°, WV € Wl\/s’oo(Rz)2 and curl v°, curl ¥ € W“’O(Rz), then v € le’coo(]R“';
WSO (R?)2). If for some s > 1 we further have v°, W € W®(R?)?, curlv® € H® N WS*(R?), and curl ¥ €

WH(R?), then v € LY. (RT; v° + H NWS®([R»)?). O
1.6. Roadmap to the proof of the main results

To ease the presentation, various independent PDE results needed in the proofs are isolated in Section 2, including
general a priori estimates for transport and transport-diffusion equations, some global elliptic regularity results, as
well as critical potential theory estimates. The interest of such estimates for our purposes should be already clear from
a quick look at the vorticity formulation (1.9)—(1.10). To the best of our knowledge, most of these PDE results cannot
be found in this form in the literature, and proofs are included in Appendix B.

We start in Section 3 with the local existence of smooth solutions, summarized in Theorem 2 above. In the non-
degenerate case A > 0, the proof follows from a standard iterative scheme as in [48, Appendix B]. It is performed here
in Sobolev spaces, but could be done in Holder spaces as well. In the degenerate parabolic case A =8 =0, a > 0,
a similar argument holds, but requires a more careful analysis of the iterative scheme.

In Section 4 we then turn to global existence. In order to pass from local to global existence, we prove estimates
for the Sobolev and Holder norms of solutions through the norm of their initial data. As shown in Section 4.2, these
estimates essentially follow from an a priori control of the vorticity in L°(R?). In the work by Lin and Zhang [39]
on the simpler model (1.4), such an a priori estimate for the vorticity is achieved by a direct ODE argument, using
that for (1.4) the evolution of the vorticity along characteristics can be integrated explicitly. This explicit structure is
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lost in the more sophisticated models (1.1) and (1.2), but in the parabolic case we still manage to design suitable ODE
type arguments (cf. Lemma 4.3(iii)). This leads to the nice boundedness effect (1.12) for the vorticity (depending on
the initial mass [ @° =1 only!), which of course differs from [39] by the additional exponential growth due to the
forcing W, and which is at the core of our existence result for vortex-sheet initial data. In the mixed-flow case for the
incompressible model (1.1), such ODE arguments are no longer available, and only a weaker estimate is obtained,
controlling for all 1 < ¢ < oo the L?-norm of the solution (as well as its space—time LY*!-norm if « > 0) by the
L?-norm of the initial data (cf. Lemma 4.2). This is proven by a careful examination of the evolution of L?-norms of
the vorticity.

In order to handle rough initial data, we regularize the data and then pass to the limit in the equation, using the
compactness given by the available a priori estimates. As already noticed, for # non-constant, the usual Delort’s
argument [20] fails (due to the first right-hand side term in (1.11)), so that stronger compactness is needed to pass
to the limit in the nonlinearity wv than in the simpler case of the 2D Euler equation. While energy estimates only
give bounds for v in v° + L%(R?)? and for ¢ in L2(R?) (cf. Lemma 4.1), the additional estimates for the vorticity in
L4 (Rz), g > 1, turn out to be crucial. As in [39], we need to make use of some compactness result due to Lions [40] in
the context of the compressible Navier—Stokes equations. The model (1.1) in the conservative case o = 0 is however
more subtle because of a lack of strong enough a priori estimates: only very weak solutions are then expected and
obtained (for initial vorticity in L9 (R?) with ¢ > 1), and compactness is in that case carefully proven by hand, which
is one of the main achievements in this paper (cf. Proposition 4.10(iv)).

Uniqueness issues are addressed in Section 5. Similarly as in [48, Appendix B], weak—strong uniqueness princi-
ples for both (1.1) and (1.2) are established by energy methods in the non-degenerate case A > 0. In the degenerate
parabolic case A = 8 =0, o > 0, these energy methods fail: an additional term needs to be added to the usual energy,
and on this basis a different weak—strong uniqueness principle is obtained. Following the modulated energy strategy
developed by Serfaty [48], these weak—strong principles are the key to the mean-field limit results for Ginzburg—
Landau vortices in the companion paper [24]. For the incompressible model (1.1), uniqueness in the class of bounded
vorticity is further obtained using the approach by Serfaty and Vazquez [50] for the simpler model (1.4), which con-
sists in adapting the corresponding uniqueness result for the 2D Euler equation due to Yudovich [54] together with a
transport argument a la Loeper [41].

Finally, in Appendix A jointly written with Julian Fischer, a global well-posedness result is established for the
degenerate parabolic case A = 8 =0, o > 0. The proof consists in exploiting the scalar structure of the solution v to
reduce the equation to a Burgers type equation with additional quadratic damping and forcing terms, and with unit
initial data. Suitable ODE type arguments then allow to explicitly integrate this equation, and the desired properties
of the solution easily follow.

Notation

We use the notation C for (unless explicitly stated) universal constants that may vary from line to line. We write <
and 2 for < and > up to such multiplicative constants C, and we use the notation = if both relations < and 2 hold.
We add a subscript in order to indicate the dependence on other parameters. However, as we need to keep track of
the dependence on various controlled quantities, and as subscripts would quickly become unreadable, we usually do
not use any subscript and simply indicate in the beginning of each statement or proof on what quantities constants are
allowed to depend.

For any vector field F = (Fy, F>) on R2, we denote F+ = (—F,, Fy), curl F = 9, F, — 9, Fy, and also as usual
div F = 01 F1 + 02 F>. Given two linear operators A, B on some function space, we denote by [A, B] := AB — BA
their commutator. For any exponent 1 < p < 0o, we denote its Holder conjugate by p’ := p/(p — 1). We denote by
B(x, r) the ball of radius r centered at x in RY, and we set B, := B(0, r) and B(x) := B(x, 1). We use the notation
a Ab=min{a, b} and a vV b = max{a, b} for all a, b € R. Given a function f : R? — R, we denote its positive and
negative parts by f(x) :=0V f(x) and f~(x) :=0V (— f)(x), respectively. The space of Lebesgue-measurable
functions on R? is denoted by Mes(R?), the set of Borel probability measures on R¢ is denoted by P (R?), and for
allo > 0, C7 (RY) stands as usual for the Banach space Cbm’a_m (R%) of bounded Hélder functions. For o € (0, 1),
we denote by | - |co the usual Holder seminorm, and by || - |[ce := |- |co + || - [lL~ the corresponding norm. We

denote by Lf:l oc (R?) the Banach space of functions that are uniformly locally L”-integrable, with norm || f ||LpI =

sup, || fllLr(B(x))- Given a Banach space X C Mes(R?) and ¢ > 0, we use the notation || - ||L{7X for the usual norm in
LP([0,1]; X).
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2. Preliminary results

In this section, we establish various PDE results that are needed in the sequel and are of independent interest. As
most of them do not depend on the choice of space dimension 2, they are stated here in general dimension d > 1. We
first recall the following useful proxy for a fractional Leibniz rule, which is essentially due to Kato and Ponce [33]
based on ideas by Coifman and Meyer [18,19] (see e.g. [27, Theorem 1.4]).

Lemma 2.1 (Kato—Ponce inequality). Let d > 1, s > 0, p € (1,00), and let % + qi = % with pi, qi € (1, 00] for
i=1,2. Thenfor f,g € Cfo(Rd) we have

I fgllwsr SNl ligllwsa +lglee Il fllwsa. O

The following gives a general estimate for the evolution of the Sobolev norms of the solutions of transport equations
(see also [39, equation (7)] for a simpler version), which will be useful in the sequel since the vorticity @ indeed
satisfies an equation of this form (1.9). The proof is postponed to Appendix B.

Lemma 2.2 (A priori estimate for transport equations). Let d > 1, s > 0, T > 0. Given a vector field w €
L ([0, T); WL (RN with w — W € L2 ([0, T); HTHRY)Y) for some reference map W € WSH1L(RA)4 | [et

loc loc

p € L® ([0, T); H*(RY)) satisfy the transport equation d;p = div(pw) in the distributional sense on [0, T) X R4,

loc

Then for all t € [0, T) we have

Il s Ss VW', VW) [Loe || [ s 4 W |10 10" ll2
+ min {|| " [|Loe | div(w’ — W)l zs + 0" e lw' — Wilgs 5 (10"l llw' — Wil gse1 }, (2.1)
where we use the notation ||[(Vw', VW) ||Le = |[Vw! || yy1.c0 V VW] yi.0o. Moreover, for all t € [0, T),

10" = o1 < pllpgerzliwlipae. O 22)

As the evolution of the divergence ¢ in the compressible model (1.2) is given by the transport-diffusion equa-
tion (1.10), the following parabolic regularity results will be needed. While items (i) and (ii) are classical, item (iii)
is less standard (see however [6, Section 3.4] for a variant of this estimate), and a complete proof is included in
Appendix B.

Lemma 2.3 (A priori estimates for transport-diffusion equations). Letd > 1, T > 0. Let g € Llloc([O, T) x RH?, and

let w satisfy 0w — Aw + div(wVh) = div g in the distributional sense on [0, T) x RY with initial data w°. The
following hold:

() forall s >0, if Vh € W& (R4, w e L®

> ([0, T); H*(RY)), and g € L, ([0, T); H*(RY)?), then we have for
allt €10, T),

loc

c
lw s < Ce™ (1w llms + l1gll2 o)

where the constant C depends only on an upper bound on s and ||Vh| ws.co;
(i) if Vh € LX(RY), w® € L*(RY), w € L2.([0, T); L2 (RY), and g € L ([0, T); L*(R?)), then we have for all
te0,7),

t Ct
lw' —wll g-1np2 = Ce™ (w2 + ligll22)

where the constant C depends only on an upper bound on |Vh||px;
(iii) for all 1 < p,q < oo, and all dquq <s<gq,s>1if Vh e LOO(Rd), w e Ll[:)C([O, T);L"(]Rd)), and g €
Lf;c([O, T); LS (R?)), then we have for all t € [0, T),

lwllpre = €U s+~ lglpioexp (| inf = (14 =2772)(C0™?),
2<r<oo

— %) > 0, and where the constant C depends only on an upper bound on |Vh|pe.
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Another ingredient that we need is the following string of critical potential theory estimates. The Sobolev em-
bedding for wld(Ra) gives that ||[VA~!w]|| L~ is almost bounded by the L4 (R%)-norm of w, while the Calderén—
Zygmund theory gives that || VZA ™ w|| . is almost bounded by the L (R%)-norm of w. The following result makes
these assertions precise in a quantitative way in the spirit of Brézis and Gallouét [11]. Item (iii) can be found e.g.
in [39, Appendix] in a slightly different form, but we were unable to find items (i) and (ii) in the literature. The proof
is postponed to Appendix B. (By —A~! we henceforth mean the convolution with the Green’s kernel.)

Lemma 2.4 (Potential estimates in L*°). Let d > 2. For all w € CZ° (R?) the following hold:'

(i) forall1 < p <d < q <00, choosing 0 € (0, 1) such that 5 = % + 1;—9, we have

0 -6\ 1-1
lwllf pllwllq ) 4

— 7]+l
IVA™ Wl < (A =4 A (1= L2))" T4 w] d<1 + log ;
(-9 ) L w4

(i) if w =divé for £ € C R, then, foralld < q < oo and 1 < p < oo, we have

1-1
w d
IVA  wllie < (1= )~ ajjw) g (1 +log* &) + plElLr:
q w4
(iii) forall0 <s <1land1 < p < o0, we have
_ _ llwllcs
IV2A™ e S 57wl (1 +log 1 ou— )+ pllwlue. 0

In addition to the Sobolev regularity of solutions of (1.1)—(1.2), we study in the sequel their Holder regularity as
well, in the framework of the Besov spaces C; (R?) .= B, oo(Rd) (see e.g. [6]). These spaces actually coincide with
the usual Holder spaces Ci(Rd ) only for non-integer s > 0 (for integer s > 0 they are strictly larger than W**°(R%) >
c; (RY) and coincide with the corresponding Zygmund spaces). The following potential theory estimates are then
needed both in Sobolev and in Holder—Zygmund spaces. As we were unable to find item (ii) stated in the literature,
a short proof is included in Appendix B.

Lemma 2.5 (Potential estimates in Sobolev and Hoélder-Zygmund spaces). Let d > 2. For all w € C° (RY), the
following hold:

(1) forall s >0,
IVA  wllgs Slwllg-ings,  IVZA T wligs S lwlass
(i) forall s e R,
VAT wles Sy llwllgoinee-1s 1VA  wlles S lwll goines
andforalll <p<dand1<gqg < oo,

—1 2 A1
[AA w”Ci SP,S ”w”]_‘pm]_loomcifls VA w“Ci Sq,s ”w”L‘IﬁCi’

where the subscripts s, p, q indicate the additional dependence of the multiplicative constants on an upper bound on
s, (d—p)~', and q, respectively. ¢

We now state some global elliptic regularity results for the operator — div(bV) on the whole plane R?. Considering
both the case of a right-hand side f and that of a right-hand side in divergence form div g, we compare the properties
of the corresponding solutions in terms of assumptions on ( f, g). As no reference was found in the literature for this
2D setting, a detailed proof is included in Appendix B.

1A direct adaptation of the proof further shows that in parts (i) and (ii) the L°-norms in the left-hand sides could be replaced by Holder C€-norms
with € € [0, 1): the exponents d in the right-hand sides would then need to be all replaced by (1 — e)_ld > d, and an additional multiplicative
prefactor (1 — e)*l is further needed.
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Lemma 2.6 (2D global elliptic regularity). Let b € W1*°(R*)2*? be uniformly elliptic, that is, Id < b < A1d for
some A < oo. Given f € C° R?) and g € C 0 (R2)?, we consider the decaying solutions u and v of the following
equations in R?,

—div(bVu)= f, and  —div(bVv) =divg.

The following properties hold.

(i) Meyers type estimates: There exists 2 < pg, qo, ro < 00 (depending only on an upper bound on A) such that for

allZ<p§po,allq0§q<oo,andallr6§r§rowith%—}—%:1,
0

IVullLr < Cpll fliLzesw+o, [vliLe < CyllgliLaara+a Vol < Cliglir,

for some constant C depending only on an upper bound on A, and for constants C), and C, further depending
on an upper bound on (p —2)~! and q, respectively.
(ii) Sobolev regularity: For all s > 0 we have

IVullgs < Csll fll g-1nps—1- IVvllas < Csligllas,

where the constant Cg depends only on an upper bound on s and on ||b||ys.c.
(iii) Schauder type estimate: For all s € (0, 1) we have

[Vulcs < Csll fllL2ra-s, lvles < Ciliglly2ra-»,

where the constant Cy (resp. C}) depends only on s and on an upper bound on ||b||ws. (resp. on s and on the
modulus of continuity of b).

In particular, we have

IVullLe < Cll fllLinpecs vl < CllglLingees

where the constant C (resp. C') depends only on an upper bound on ||b||y1.0 (resp. A). O

The interaction force v in equation (1.9) is defined by the values of curl v and div(av). The following result shows
how v is controlled by such specifications. The proof is postponed to Appendix B.

Lemma 2.7. Leta,a~! e L® (Rz). Forall $w, 8¢ € H! (Rz), there exists a unique 8p € L2(R>?2 such that curl Sv =
dw and div(adv) = §¢. Moreover, for all s > 0, if a, ale WS’OO(RZ) and dw, 8¢ € H'n HS_I(Rz), we have

I8vllgs < Clidoll g-1ngs—1 + CISEN g-1ngs-15

where the constant C depends only on an upper bound on s and ||(a,a™")|ws=. O

As emphasized in Remark 1.2(i), weak solutions of the incompressible model (1.1) are rather defined via the
vorticity formulation (1.9) in order to avoid compactness issues related to the pressure P. Although this will not be
used in the sequel, we quickly check that under mild regularity assumptions a weak solution v of (1.1) automatically
also satisfies equation (1.1) in the distributional sense on [0, T) x R? for some pressure P. The proof is postponed to
Appendix B.

Lemma 2.8 (Control on the pressure). Let a,B € R, T >0, h € WLo(R2), and W, 5° € L®(R2)2. There exists
some 2 < qo < 1 large enough (depending only on an upper bound on ||h||L~) such that the following holds: If v €
L ([0, T); 0° + L2(R?)?) is a weak solution of (1.1) on [0, T) x R? with @ := curlv € L® ([0, T); P N L1 (R?)),

loc loc

then v satisfies (1.1) in the distributional sense on [0, T) x R2 for some pressure P € L]O(f’c([O, T); L% (Rz)). O
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3. Local-in-time existence of smooth solutions

In this section, we prove the local-in-time existence of smooth solutions of (1.1)—(1.2) as summarized in Theorem 2.
Note that we choose to work here in the framework of Sobolev spaces, but the results could easily be adapted to Holder
spaces (compare indeed with Lemma 4.7). We start with the non-degenerate case A > 0, using a standard iterative
scheme as e.g. in [48, Appendix B].

Proposition 3.1 (Local existence, non-degenerate case). Let a, € R, A > 0. Let s > 1, and let h, ¥, v° €
WsHLoo(R2)2, Ler v° € 0° + H*H (R?)? with »° = curlv®, @° := curl9° € H*(R?), and with either div(av®) =
div(av®) = 0 in the case (1.1), or ¢° := div(av®), ;_’° = div(av®) € HS(RZ) in the case (1.2). Then there exists
T > 0 and a weak solution v € L®([0, T); v° + H*T1(R?)?) of (1.1) or of (1.2) on [0, T) x R? with initial data v°.
Moreover, T depends only on an upper bound on ||, |8, A, ™1, s, (s — D™, ||(h, ¥, V) ljs+1.00, [[V° = 0°|| gs+1,
[(@°, @°¢° ¢ as. O

Proof. We focus on the compressible case (1.2), the situation being similar and simpler in the incompressible
case (1.1). Let s > 1. We set up the following iterative scheme: let vg := v°, wp := w° = curlv® and ¢ :=¢{° =
div(av®), and for all n > 0 given vy, w, := curlv,, and ¢, := div(av,) we let w, | and ¢,1| solve on RT x R? the
linear equations

Byt = div (0511 @Y+ vt + BW+12)),  Ontilimo = @, (3.1)
0ot = ADGup1 — 2 div(Gur1 V) + div (awn (—a (¥ + v,) + BV 4+ 0)D), Gurilico = ¢°, (3.2)

and we let vy, satisfy curl v,+1 = w,41 and div(av,41) = &u41. For all n > 0, let also

= sup {1 2 02 1@ €Dl s + 1) — 2l oo = Col.

for some Cy > 1 to be suitably chosen (depending on the initial data), and let Tp := inf,, #,,. We show that this iterative
scheme is well-defined with T > 0, and that it converges to a solution of equation (1.2) on [0, Tp) % R2.

We split the proof into two steps. In this proof, we use the notation < for < up to a constant C > 0 that depends
only on an upper bound on |«|, |8], A, A7, s, (s — DL, ||(h, W, 0°) [ yyst1i005 J0° = 0% o1, 1122, ¢°) | s, and
[(@°, @)l s

Step 1. The iterative scheme is well-defined.

In this step, we show that for all n > 0 the system (3.1)—(3.2) admits a unique solution (@, +1, {n+1, Vp+1) With
wny1 € LY (RT; H*(R?)), Cuy1 € Ly (RY; HY (R?)), and v,y € Lo (RY; 9° + Ht1(R%)2), and that moreover
for a suitable choice of 1 < Cyp < 1 we have Ty > Cy 45 0. We argue by induction. Let n > 0 be fixed, and as-
sume that (@, {y, vn) is well-defined with @, € L2 (RT; H*(R?)), ¢, € L2 (RT; H¥(R?)), and v, € L2 (RT; 9° +
HS(R2)?%). (For n = 0, this is indeed trivial by assumption.)

We first study the equation for w, . By the Sobolev embedding with s > 1, v, is Lipschitz-continuous, and by
assumption W is also Lipschitz-continuous, hence the transport equation (3.1) admits a unique continuous solution
®y+1, which automatically belongs to ijc(R+; o+ H 'NHS (Rz)) by Lemma 2.2. More precisely, for all > 0,
Lemma 2.2 together with the Sobolev embedding for s > 1 yields

t ' ' t r =
Ol 1 llms < CA + v, lwre) @y, g lms + Cllwy g liLe llv, — 0%l s+
t = t
<CUA+ v, = 0%l gse) llwp oyl as.
Hence, for all 7 € [0, ,], we obtain ;|| !, ||| zs < CColl@!,, |||+, which proves
CCot CC
ey llms < e[| s < Ce™ 0"
Noting that
|@® =@l -1 < [[v° = v°[l 2 < C,

Lemma 2.2 together with the Sobolev embedding for s > 1 also gives for all # > 0,
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lwhy = @°ll -1 < C + oy — @l g-1 < C + Ctllopsillpsop2 (1 + g lLers)
< C+ Ctllonst s (1+ og — 0° e s,
and hence, for all f € [0, t,,],
! = @°ll -1 < C(1+1Co)e“ ",

We now turn to ¢,4+1. Equation (3.2) (with A > 0) is a transport-diffusion equation and admits a unique solu-
tion ¢,+1, which belongs to Li’(fc(R“'; ° + H™' N H*(R?)) by Lemma 2.3(i)—(ii). More precisely, for all ¢ > 0,
Lemma 2.3(i) yields for s > 1

g, i llms < CeC (1201 s + llawn (@(W +v) " + B(¥ + vl 2 pgs)

< CeC' (141" wnllsoprs (1 + [lon — 8°llLee o)), (3.3)

where we have used Lemma 2.1 together with the Sobolev embedding to estimate the terms. Noting that

16° = &2l g1 < llav® —at®ll 2 < C,
Lemma 2.3(ii) together with the Sobolev embedding for s > 1 also gives for all ¢ > 0,

1gnt = &N g-1 < C+ 151y = &2l -1 < C + Ce (I1E°lIL2 + lan (@(W + v) ™t + B¥ + vl 212)

< Ce (1 + 12|l wnllLoe s (14 [lvn — 8°llLoops)).

Combining this with (3.3) yields for all ¢ € [0, #,],

1o s+ 1601y = S0l g1 < Ce“ (1 4112Co(1+ Co)) = C(1 +1'2CThe".

We finally turn to v,4;. By the above properties of w,+ and ¢,+1, Lemma 2.7 ensures that v, 4 is Pniquely
defined in Ly (R*; 9° + HT(R?)?) with cur](vﬁl_|rl —°) = wﬁH_l — @° and div(a(v;_H —1°) = g;_H —¢° for all
t > 0. More precisely, Lemma 2.7 gives for all ¢ € [0, t,,],

||U£l+1 — 0% g1 < Cllwa] — 0l g-1nps + C||§I’i+1 - EO”H*WHS
<C+ C||a),’1+1 —@°|lg-1 + Cllw,’H.l s + Cllé“,i“ Mg + C||§,€+1||Hs
< C(141Cy+1'72C3)eC ",

Hence, we have proven that (@, 11, {n+1, Un+1) is well-defined in the correct space, and moreover, combining all
the previous estimates, we find for all 7 € [0, #,,],

1! 1s &t D s + 10y = 0Nl ot < C(1+1Co +1112C)eC "
Therefore, choosing Cop =1 + 3Ce€ <1, we obtain for all r < t, A C0_4,

t t t =
(@ y1s S D s + vy g — 0%l gst1 < Co,
and thus # 41 > 1, A Cyy 4. The result follows by induction.

Step 2. Passing to the limit in the scheme.

In this step, we show that up to an extraction the iterative scheme (wy,, ¢, v,) converges to a weak solution of
equation (1.2) on [0, Tp) x R2.

By Step 1, the sequences (w,), and (£,), are bounded in L*°([0, Ty]; H® (R?)2), and the sequence (vy), is bounded
in L([0, To]; v° + H*T1(R?)?). Up to an extraction, we thus have w, A w, & A ¢ in L°([0, Tol; H* (R?)), and
Uy X v in L°°([0, Tp]; v° + H”l(Rz)z). Comparing with equation (3.1), we deduce that (0;w;), is bounded in
L®°([0, Tol; H*~!(R?)). Since by the Rellich theorem the space H*(U) is compactly embedded in H*~!(U) for any
bounded domain U C R?, the Aubin—Simon lemma ensures that we have w, —  strongly in C°([0, To]; Hl‘f)zl (R2)).
This implies in particular w,v, — wv in the distributional sense, and hence we may pass to the limit in the weak for-
mulation of equations (3.1)—(3.2), which yields curl v = w, div(av) = ¢, with w and ¢ satisfying in the distributional
sense on [0, Tp) x R2,
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dw =div(0(@(¥+ )"+ W +)), ==,
& ¢ =AAL — Adiv(EVh) +div (ao(—a(¥ 4+ v) + B(Y + v)L)), Cli=0=2¢%,

that is, the vorticity formulation (1.9)—(1. 10) Let us quickly deduce that v is a weak solution of (1.2). From the above
equations, we deduce d;w € L®([0, Tol; H~' N H*~1(R2)) and 9;¢ € L=([0, Tol; H~' N H*~2(R?)). Lemma 2.7
then implies 9,v € L*°([0, Tp]; HS~ l(IR2)2). We may then deduce that the quantity

V=080 —AV@ ) +a(¥+vo— WY +v) e

belongs to L*°([0, Tp]; L2(R%)2) and satisfies curl V = div(aV) = 0 in the distributional sense. Using the Hodge
decomposition in L%(R?)2, we easily conclude V = 0, hence v € L*°([0, Tp]; v° + HSTH(R?)2) is indeed a weak
solution of (1.2) on [0, Tp) x R2. O

We turn to the local-in-time existence of smooth solutions of (1.2) in the degenerate case A = 0. The analysis of
the iterative scheme needs to be carefully adapted in this case: in particular, w and v are now on an equal footing with
regard to regularity. Note that the proof only holds in the parabolic regime g = 0.

Proposition 3.2 (Local existence, degenerate case). Let « € R, B =1 =0. Let s > 2, and let h € W (R?),
U, 3° € WSHLO(R2)2, Let v° € ©° + H*(R?)? with ° := curlv®, @° := curl 3° € HS(R?) and ¢° := div(av®),
2° :=div(av®) € H* "V (R?). Then, there exists T > 0 and a weak solution v € L*([0, T); v° + H*(R*)?) of (1.2)
on [0, T) x R?, with initial data v°. Moreover, T depends only on an upper bound on ||, s, (s —2)~L, ||h||ws.co,

W, 5°) lyyss1.00, 10° = 0N, 1@, @)l ms, and [(C°, 8l ggs-1. - O

Proof. We consider the same iterative scheme (wy,, &, v,) as in the proof of Proposition 3.1, but with A = 8 =0. Let
s >2.Foralln >0, let

. . 1 t =
t = sup {12 02 s + 1164t + 10 — 3°llzs = Col

for some Cp > 1 to be suitably chosen (depending on initial data), and let Ty := inf, #,. In this proof, we use the
notation < for < up to a constant C > 0 that depends only on an upper bound on |«|, s, (s — )71 |hllws,
1OV, v2) ls+r.o0s (102 = 0% s, 11(E°, ) | 51, and [[(@®, @°) || 15 -

Just as in the proof of Proposition 3.1, we first need to show that this iterative scheme is well-defined and
that 7y > 0. We proceed by induction: let n > 0 be fixed, and assume that (w,, ¢y, v,) is well-defined with

n € LS (RY; HS(R?)), ¢, € LY.(RT; H~1(R?)), and v, € L. (R; 5° + HS(R?)?). (For n = 0 this is indeed
tr1v1a1 by assumption.)

We first study ¢,+1. As A =0, equation (3.2) takes the form 9;¢,4+1 = —a div(aw, (¥ + v,)). Integrating this
equation in time then yields

11 st < 1% st + ] / o, (U +v)llasdu ST+ 11+ vy — 0l ms) lonllge s

where we have used Lemma 2.1 together with the Sobolev embedding to estimate the last term. Similarly, noting that
12° = ¢°llg-1 < llav® — av®|l 2 < C, we find for s > 1,

151 =€ g1 < CH6npy =& N1 < E° N g1 + Ial/ llwy, (W =+ vy) [l 2du

ST 11+ vy — 0l ) lon llpoe s
Hence we obtain for all 7 € [0, 7,,],
1E) i llgs—1 + 16041 — %l g1 < €+ Ct(1 4 Co)Co < C(1 +1CP).

We now turn to the study of w,4+1. As 8 =0, equation (3.1) takes the form 0;w;,+1 = o div(w;,4+1 (¥ + v,) D). For
all t > 0, Lemma 2.2 together with the Sobolev embedding for s > 2 then yields (here the choice § = 0 is crucial,
since otherwise the higher norm ||v!, — ¥°| ys+1 would appear in the right-hand side!)
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t t t t t = t t =
Il gy lms S A+ vy llwreo) lwp oy lms + llwy,y e | curl (v, — 0°) s + llwpy llwee v, — 0%l as
12 t =
S A+ llwyllas + v, = 0%l ms) oy, lms
For all 7 € [0, ,,], this implies 3;[|w], | #s < C(1+2Co)|l@),, |5, and thus

LCU+2C0) CCot

ol i las < llw® |l g <Ce

Moreover, noting that ||w° — @°|| 51 < [|[v° —v°|| 2 < C, and applying Lemma 2.2 together with the Sobolev embed-
ding, we obtain

Ity — @M1 < €+l — -
= C+ Cr(1 + [lvnllgeree) llwnt1llpeer 2
<C+Ct(1+ |lvn — 0l o) lont1 llpser 2,
hence for all t € [0, 1,,]
ooy — &Nl g1 < C + Ct(1+ Co)|wnillpper2 < C + CCote“ .
We finally turn to v,4;. By the above properties of w,+; and ¢,+1, Lemma 2.7 ensures that v, 4 is uniquely

defined in L. (R*; 9° 4+ H*(R?)2), and for all ¢ € [0, 1,,] we have

loc
= t ~ t -
lvpgy = 0°llms < Cllwg =&l g-1ags—1 + Cligu g — &l g-1npst
1 = 1 t p t
<C+Cllwyy =@l g-1 + Clloy 1 lms + Cllig, iy — ¢l g-1 + Cllg, s
<C(141C3)efC,
Hence, we have proven that (w,+1, {n+1, Un+1) is well-defined in the correct space, and moreover, combining all
the previous estimates, we find for all 7 € [0, #,,]
12 t t = 2y ,CCot
w1 llms + 1841 lgs— + v — 0 lms < C(A+1Ch)e 0"
Therefore, choosing Cp =1 + 2Ce€ <1, we obtain for all r < t, A Cy 2
ey i llas + 1201 st + llvpy — %Nl as < Co,

and thus 7,11 > 1, A Cy 2. The conclusion now follows just as in the proof of Proposition 3.1. O
4. Global existence

As local existence is proven above in the framework of Sobolev spaces, the strategy for global existence consists
in looking for a priori estimates on Sobolev norms. Since we are also interested in Holder regularity of solutions, we
establish a priori estimates on Holder—Zygmund norms as well. As will be seen, the key ingredient is given by some
a priori estimates for the vorticity w in L? (R?) with p > 1.

4.1. A priori estimates

We start with the following elementary energy estimates. Note that in the degenerate case A = 0, the a priori
estimate for ¢ in leoc (R*; L2(R?)) disappears, which is the main difficulty to establish a global result in that case.
Although we stick in the sequel to the framework of item (iii), a priori estimates in slightly more general spaces are
obtained in item (ii) for the compressible model (1.2).

Lemma 4.1 (Energy estimates). Let . >0, « >0, BeR, T > 0 and ¥ € WH°(R?). Let v° € L?_(R?)? be such that

loc
w° :=curlv® e PN LIZOC(RZ), and such that either div(av®) = 0 in the case (1.1), or £° := div(av®) € L?. (R?) in the

loc

case (1.2). Let v € L%OC([O, T) x R?)2 be a weak solution of (1.1) orof (1.2) on [0, T) x R2 with initial data v°. Set
¢ :=0in the case (1.1). Then the following properties hold.

(i) Forallt €[0,T), we have ' € P(R?).
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(ii) Localized energy estimate for (1.2): If v € L2 ([0, T); L2, (R?*)?) is such that w € L2 ([0, T); L (R?)) and

loc uloc loc

¢ eL? ([0,T); L% (R?)), then we have for all t € [0, T),

loc uloc

1 .
CeCaT o2, ifa =0, 3> 0;
uloc
12 2 2 —1y =1/, At At 11,,0112 . .
v +alllv] ol ;1 + A <{Ca 'A7 (e =1)+ CeMve , ifa>0, A>0;
15 +allvPoly, +AE0E. < o
C<)r‘t+C||v°||i2 , ifa>0, 2=0;

uloc
where the constant C depends only on an upper bound on «, |B|, A, ||h|wi., |VY|Le, and additionally on
IVW| e~ in the case o = 0.
(iii) Relative energy estimate for (1.1) and (1.2): If there is some v° € W1 (R?)? such that v° € 1° + L>(R?)?,
w°® :=curlv® € L2(R2), and such that either div(av®) = 0 in the case (1.1), or E" :=div(av®) € L2(R2) in the
case (1.2), and if v € L® ([0, T); 1° + L2(R?)), w € L®.([0, T); L®(R?)), ¢ € L2 ([0, T); L2(R?)), then we

loc loc loc

have forallt €0, T),

t !
/a|vt—ﬁ°|2+a/du/a|v“ —E°|2w”+)»/du/a7]|§“|2
0 0

Ct(1 +a H+ fa|v° — 17°|2, in both cases (1.1) and (1.2), with a > 0;
< eCt(1+fa|v°—ﬁ°|2), in the case (1.1), with o = 0;
C(eCUHD 1) 4 eCOXANE [ a1v° — 5°2,  in the case (1.2), witha =0, A > 0;

where the constant C depends only on an upper bound on a, |B|, A, |h|ly1.00, [|(¥, 0°)|ILo0, ||§_‘°||L2, and addi-
tionally on ||0°||;2 and ||(VV, V1°) (L in the case « =0. O

Proof. Item (i) is a standard consequence of the fact that w satisfies a transport equation (1.9). It thus remains to check
items (ii) and (iii). We split the proof into three steps.

Step 1. Proof of (ii).
Let v be a weak solution of the compressible equation (1.2) as in the statement, and let also C > 0 denote any
constant as in the statement. We prove more precisely, for all 7 € [0, T) and xo € R?,

t t
fae—‘x—x0'|v’|2+afdufae—‘x—x0'|v"|2w" +k[du/a_le_|x_x°||§“|2 4.1)
0 0

eCUFADE [ go—lx—sol|yo2, ifa =0, A>0;
< Coa M — D)+ €M [fae ™ e, ifa >0, A >0;
Ca_1t+fae_|"_"°||v°|2, ifa>0, A=0.

Item (ii) directly follows from this, noting that

117, = sup / e Pol| £ () Pdx

uloc X0 cR2

holds for all 1 < p < oo. So it suffices to prove (4.1). Let xg € R? be fixed, and denote by x(x) := e~ Yol the
exponential cut-off function centered at xo. From equation (1.2) we compute the following time derivative

af/")(|”t|2 = 2/61X()‘V(a71§l) —a (¥ + 0o + W+ o) e’) o,
and hence, by integration by parts with |V x| < x,
at/axwt'z2_2)‘/“_1X|§t|2—2)x/.vx ' —Za/a)dvtlzwt+2/ax(—allf+,3\I'L).v’wt

5—ZAfa_lx|§t|2+2kfxl§’||v’|—2a/ax|v’|2wt+2/ax(—ot\ll+ﬂ\IJJ‘)~vta)t. (4.2)
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First consider the case & > 0. We may then bound the terms as follows, using the inequality 2xy < x2 + y2,
atfast —2Afa‘1x|¢f|2+2Afx|;’||vf| —2a/ax|v’|2wf+2C/ax|v’|wf

5—A/a_lx|§’|2+kfax|v'|2—ot/-axlvt|2w’—I—Coz_l/axa)’.

<C

As o' is nonnegative by item (i), the first and third right-hand side terms are nonpositive, and the Gronwall inequality
yields [ax|v'|> < Ca™ a7 — 1) + €M [ax|v°]? (or [ax|v'|? < Ca™'t + [ax|v°|* if A = 0). The above
estimate may then be rewritten as follows,

a/ax|vf|2wf+x/a”x|;’|2scw‘ +Afax|vf|2—at/ax|vf|2

5Cofle)‘t—i—)»e“/ax|v°|2—8,/ax|v'|2.

Integrating in time yields

t t
a/du/ax|v[|2w“+A/du/a_lxl§“|2fCa_l)»_l(e_M - 1)+e)"/ax|v°|2—/ax|v'|2,
0 0

so that (4.1) is proven for o > 0. We now turn to the case « = 0, A > 0. In that case, using the following Delort type
identity, which holds here in LS. ([0, T); W' (R?)?),

1 1
wv =a_1§vL — §|v|2Vlh — a_l(div(aSU))L, Sy =v®uv— §|v|21d,

the estimate (4.2) becomes, by integration by parts with |V x| < x,
o [[axto' =21 [ a e P 2n [ ettt =20 [axivPol +2 [ x-aw puty o)t
1 Lp0.112 1 . 1
—/ax(—aW+ﬂ‘I’ ) - V=h|v'| +2fax(ochIJ +ﬂV\IJ).Svr+2/ax|oc\Il + BYI| Sy |,
and hence, noting that |S,:| < C|v’ |2, and using the inequality 2xy < x2 4+ y2,
3z/ax|v’|2S—ZA/a_lXICtV+2Cfxls“’||v’| —2a/ax|v’|2w’+C/axIv’|2
< —x/a—1x|;’|2+ca+r1)fax|v’|2.

The Gronwall inequality yields [ ay|v’|? < eCU+"0r [ ax|v°|*. The above estimate may then be rewritten as fol-
lows,

A/a*‘x|cf|2sc<1+r‘)fax|vf|2—at/ax|vf|2
<c( +r1>ec<‘*“)’/a)<|v°|2—Bz/axlvw?.

Integrating in time, the result (4.1) is proven for @ = 0. (Note that this proof cannot be adapted to the incompressible
case (1.1), due to the lack of a sufficiently good control on the pressure P in (1.1) in general.)

Step 2. Proof of (iii) for (1.2).
We denote by C any positive constant as in the statement of item (iii). From equation (1.2), we compute the
following time derivative,

8t/a|v’ - ﬁ°|2=2/a(AV(a_1§’) —a(V+v)Ho' + (Y +0v) o) - (0 —7°),
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or equivalently, integrating by parts and suitably regrouping the terms,

8[/a|v’ —a°|2:—2x/a*1|§f|2+2/\/a*1;’5°—2a/a|uf — Lo
+2/a(—a(\ll+f)°) +BW+1°)h) - (v — ). (4.3)
First consider the case o > 0. We may then bound the terms as follows, using the inequality 2xy < x* + y?,
8,/a|v’ —ﬁ°|25—2)\fa*‘|gf|2+2)\/a*‘§’g:°—2a/a|v’ —6°|2w’+2c/a|v’ — %l
5—,\fa—1|¢’|2+xfa—1|5°|2—a/aw’ —9°)P0' +Ca™!,

and the result of item (iii) in the case « > 0 follows by integration. We now turn to the case @ = 0, A > 0. In that case,
we rather rewrite (4.3) in the form

8,/a|v’ —17°|2=—2/\/a*‘|g’|2+2/\/a*‘;’50—2a/a|v‘ — Lo
+2fa(—a(‘l’+17°)+ﬁ(‘lf+17°)l) (' =) (0" —@°)
+2/a(—a(\D+E°)+ﬂ(\IJ+ﬁ°)J‘) (v = °)@°,

so that, using the following Delort type identity, which holds here in L ([0, T); ngcl 1(R2)2),

loc
(@—a°)w—°)=a" (¢ - ) (v—1°)*F - %w —3°PPVth —a (divaS,—g )T,

we find by integration by parts

8,/a|v’ —5°|2=—2/\fa*‘|g’|2+2/\/a*‘;'50—2a/a|v‘ — Lo

+2f(—a(w+ 7°) + B +5°)1) - (v =) =)
—/a(—a(w+5°)+,3(\y+ﬁ°)i)-vlh|v’ —D°|2+2/aV(a(\IJ+17°)L+ﬂ(\I'+17°)) : Sy _go

+2fa(—a(w+ﬁ°)+ﬁ(w+ﬁ°%) (V' =1°)@°.
We may then bound the terms as follows, using the inequality 2xy < x2 + y2,
St/a|v’ —5°|25—2)\/a—1|;f|2+2/\/a—1|;f||§°| —2afa|v’ — 2!
+C/|v’—ﬁ°||§’|+C/|u’—ﬁ°||E°|+C/a|v’—ﬁ°|2+c/a|vf—z7°|5)°
5—A/a*‘|§’|2+C/a*‘|E°|2+C/|5)°|2+C(1+r1)/a|vf—a°|2.
Item (iii) in the case o = 0 then easily follows from the Gronwall inequality.

Step 3. Proof of (iii) for (1.1).

We denote by C any positive constant as in the statement of item (iii). Noting that the identity v — v° =
a~'VE(diva~'V) ! (w — @°) follows from (B.4) together with the constraint div(av) = div(av°) = 0, and recalling
that by assumption v —° € L2 ([0, T); L2(R?)?), we deduce » —@° € L2 ([0, T); H~'(R?)) and (diva~'V) "} (o —

@°) e L2 ([0, T); H'(R?)). In particular, this implies by integration by parts

loc
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falv — P = / a '\Vdiva 'V) N w - @) > = /(a) — @) (—diva~'V) N (w — @°). (4.4)
From equation (1.9), we compute the following time derivative
) f(w —@°)(—diva~'V)" N (w - @°)
= 2/ Vdiva™'V) N w—@°) - (@(¥+ v)*t + B(¥ +v)w
- —Z/a(v 5oyt (a(v — )+ B — %) + (W + %)+ B(U 17°))a)

= —2a/a|v —°Pw— Z/aa)(v — ) (@ + 2t + B+ 0°)).

Combining this with identity (4.4), we are now in position to conclude exactly as in Step 2 after equation (4.3) (but
with here £,¢°=0). O

The energy estimates given by Lemma 4.1 above are not strong enough to deduce global existence, and the key is
to find an additional a priori L?-estimate for the vorticity w with p > 1. We start with the following new result, based
on a careful examination of the evolution of L?-norms of the vorticity. The argument can unfortunately not be adapted
to the mixed-flow compressible case (that is, (1.2) with & > 0, 8 # 0), as it would require a too strong additional
control on the norm ||¢||; p+1; this is why this case is excluded from our global results in Theorem 1.

Lemma 4.2 (L?-estimates for vorticity). Let .,a >0, B e R, T > 0, h, W € W-°(R?), 1° € L®(R?)?, and v° €
2° + L2(R?)2, with »° := curlv°® € P(R?), @° := curl 1° € P N L®(R?). In the case (1.1), also assume div(av®) =
div(at®) = 0. Let v € L ([0, T); 0° + L2 N L>(R*)?) be a weak solution of (1.1) or of (1.2) on [0, T) x R? with

initial data v°, and with w :=curlv € L ([0, T); P N LOO(R2)). Foralll < p<oocandtel0,T),

loc

(1) in the case (1.1) with @ > 0, B € R, we have

alp=D\"" i1 TR c 45

— IIwIIL;,HLI,+1 + o llLr = ll@”llLr + Cp, 4.5)
where the constant C, depends only on an upper bound on (p — DL« a7l 1Bl, T, |[(h, ¥)]lw1.c,
[(v°, @°)||lLee, and on |[v° — v°|| 2,

(ii) in both cases (1.1) and (1.2) witha > 0, B =0, A > 0, the same estimate (4.5) holds, where the constant C,, = C
depends only on an upper bound on o, T, and on || (curl ¥) _ | =. O

Proof. 1t is sufficient to prove the result for all 1 < p < co. In this proof, we use the notation < for < up to a constant
C > 0 as in the statement but independent of p. As explained at the end of Step 1, we may focus on item (i), the
other being much simpler. Set 6° := div v°, 6 := div v. We repeatedly use the a priori estimate of Lemma 4.1(i) in the
following interpolated form: for all s < g and t € [0, T'),

q'/s'

t 1 ryl=q'/s’ ry4d' /s’
lo s <l ll{q" Nl 5 = (X (4.6)

L!
We split the proof into three steps.

Step 1. Preliminary estimate for w (in case (i)): forall 1 < p < oo and all r € [0, T),

1 ° -1
a(p=Dll”H 161 < 10® I, +Cp = DE? + ol o llol) P @.7)

Ltp+1Lp+1 L{)+]LP+1 :

Using equation (1.9) and integrating by parts we may compute
) f @)?=p / (@)P~ ! div(o' @V + ') + BV + 1))

=-p(p—1) f(w’)”‘lw @V A+ v+ B+ )
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=—(p—1 / V()P - (@@ + ") + (W + ")

=(p-1 /(a)’)p div(a (¥ + vt + (¥ + 7).
In case (i), using the constraint div(av) = 0 to compute div(avt + Bv) = —aw+ Bdivv=—aw — BVh - v, we find

(r =170 [@) <o [@1re [@)rasih s —a [@)rt s ca i [@)r.
By interpolation (4.6), we obtain
@ [ @) =07t @)y = ca el 17
and the result (4.7) directly follows by integration with respect to # and by the Holder inequality. In case (ii) we rather

have div(a(¥ + v)* + (¥ + v)) = —a(curl ¥ 4+ ), and hence

1/p

1—
« / @)+ (p—1""0, / (@) < ol curl ) | / (") = ol (curl ) = / @)
from which the conclusion (ii) already follows.
Step 2. Preliminary estimate for v (in case (i)): forall2 <g <ocoandt € [0, T),
1ol S 1+ (1 —2/g) 20 1247 1og"2 2 + | [1Lo). (4.8)

Let 2 < g < 00. Note that v/ — 3° = VEA™! (o' — 0°) + VAT (" — 6°). By Lemma 2.4(i) for w := o' — @° and
Lemma 2.4(ii) for w := 6" — 0° =div(v’ — v°), we find

I Lo < 9%l + VAT (@ — &%) [l + [VATHO" = 6°) Lo
ST+ -2/) o —&°[1210g 22+ |0 — @°llLiaLe)
+ 16" = 6°|l 210g 22 4 10" — 6°|l 2n100) + 10" — 3°]I 2.
Noting that 8/ —9° = —Vh - (v’ — ©°), using interpolation (4.6) in the form ||’ ||} 2 < || ||g;/2, and using the a priori
estimates of Lemma 4.1 in the form [|v’ — 2°[| 2 + ||@' |1 < 1, we obtain
_ "2 -0

W' I < (= 2/@) 720" 1 1og" 2@ + 1|0 L) +og! 22 + [[v" — 7° L),

and the result follows, absorbing in the left-hand side the last norm of v.

Step 3. Conclusion.
Let 1 < p < oo. From (4.8) with ¢ = p + 1, we deduce in particular

_ La+1/p) _ 3(1+1/p)
W e ST+A=1/p) 2l 12,7 10g 2@ + 0 IL+) S A= 1/p) 21+ 1", 7).

and hence, integrating with respect to ¢ and combining with (4.7),

p+1

3

7(1+1/p) -1/

7 p—1/p
LP o]

LF+1L”+1 Llerle‘H

a(p— Dol + ']y < I, + Cp(1 + |l

p+3
L,p_HLPH :

o —1
<ll°ll”, + Cpllol”5 7+ Cpllol|

L,"_HLPH
We may now absorb in the left-hand side the last two terms, to the effect of

a(p—1) |
— || "

t
ol 1 1 < eI, + .
t

where the constant C), further depends on an upper bound on (p — 1)~!, and the conclusion follows. O

The following result partially improves and completes the results of Lemma 4.2 above in the case (1.1) with either
o = 0 or & constant (cf. item (ii) below), and in both cases (1.1) and (1.2) with & > 0, 8 = 0 (cf. item (iii) below). For



M. Duerinckx, J. Fischer /Ann. I. H. Poincaré — AN 35 (2018) 1267-1319 1287

that purpose, inspired by the work of Lin and Zhang [39], we exploit by ODE arguments the very particular structure
of the transport equation (1.9). In the parabolic case « > 0, 8 = 0, note that we establish in item (iii) an a priori
L?-estimate for the vorticity  through its initial L!-norm only, which is the key for global existence results with
vortex-sheet initial data. While in [39] for the simpler model (1.4) such an a priori estimate is achieved by explicitly
integrating the evolution of the vorticity along characteristics, this explicit structure is lost for the more sophisticated
models (1.1) and (1.2), and a more subtle argument is required.

Lemma 4.3 (LP-estimates for vorticity, cont’d). Let A >0, « >0, B e R, T >0, and h,¥,v° € W1’°°(R2)2,
with @° := curlv® € P N CO(R?). Ser ¢° := div(av®), and in the case (1.1) assume that div(av®) = 0. Let v €
WIL’COO([O, T): WL (RH2) pe a weak solution of (1.1) or of (1.2) on [0,T) x R2 with initial data v°. For all
1 <p<ooandt €0, T), the following properties hold,
(1) in both cases (1.1) and (1.2), without restriction on the parameters,
o . p— 1
' llLr < fl&° L min { exp (%= (C+ CIBIIE Iy + CIBNTH I~ vl ) )

p—1
exp (%= (C+Cr + CIBIIE Ny~ + Carl Vhln ||v||L;Loo))};
(i) in the case (1.1) with either B =0 or @ = 0 or h constant, and in the case (1.2) with 8 =0, we have
o' lLr < Ce“ | ILr;

(iii) given a > 0, in the case (1.1) with either 8 = 0 or h constant, and in the case (1.2) with § =0, we have

1-1/p
o'l < (@™ +CateC)

where the constant C depends only on an upper bound on ., |B|, and on ||(h, ¥)|y1.00. O

Remark 4.4. In the context of item (iii), if we further assume W = 0 (i.e. no forcing), then the constant C in Step 2 of
the proof below may then be set to 0, so that we simply obtain, forall 1 < p < oo and all t > 0,

1/p
lo' Iy < ( f w7 (1 +atw°)1—ﬂ> < (a7,
without additional exponential growth.

Proof. We split the proof into two steps, and we use the notation < for < up to a constant C > 0 as in the statement.

Step 1. General bounds.
In this step, we prove (i) (from which (ii) directly follows, noting that choosing a constant implies Vi = 0). Let us
consider the flow

o' (x) = —a(¥+ ") (Y () — BV + )W (1)), ¥ (0)|i=o = x.

The Lipschitz assumptions ensure that 1 is well-defined in Wllf’([o, T): WLo(R2)2). As w satisfies the transport

equation (1.9) with initial data w°® € C°(R?), the method of propagation along characteristics yields

o' (x) = (") @) det V) T ()] = 0 () T ) det Vi (¥) T )|
and hence for all 1 < p < oo we have

/ |o')? = / (")~ )P det V' (W) (x))|Pdx = / |°(x)|7 | det V' (x)|'Pdx, (4.9)
while for P = oo,

lo' e < fl® e | (det V')~ lpoe.
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Now let us examine this determinant more closely. By the Liouville—Ostrogradski formula,
t
|det V' (x)| ! = exp (/ div (a(\ll Tyt 4 B+ v”))(w(x))du>. (4.10)
0

A simple computation gives

div(e(v)*t + Bv') = —acurlv' + Bdive' = —aw’ + ﬁa_lg‘t — BVh -V, 4.11)
hence by non-negativity of w,

dive ()" + Bv") < IBllla” lLllg I + [BIIV AL [0 L.
We then deduce from (4.10),

|det V' (x)| 7" < exp (e curl Wi + 2|1 div WL + |Bllla ™" | 1Sl e + IBIIVAIL [Vl ),

and thus, combined with (4.9), forall 1 < p < o0,

o p .
lo'lIiLe < lle®llLr eXP< (recll curl Wlie + 71 B]1] div Wi

+1Blla e g Nl + |,3|||Vh||L°°||U||L}LOC))~ (4.12)
On the other hand, noting that
Oh(Y' (x)) = =VRE' (X)) - (@(W + v )"+ W+ v) (W' (1)),
we may alternatively rewrite
divie@)" + o) (1) = (—aw’ + Ba”'¢" = BVA- V) (Y (x))
=3h(W' () + (—aw' +Ba~ ¢ —aVEih-v' + Vi (@Wt + BU)) (¥ (x)).

Integrating this identity with respect to ¢ and using again the same formula for | det Vy/!/|~!, we obtain

° p . _
lo'lIiLe < lle®llLr eXp( (rerll curl Wl|Loe + 2181l div Wliee + [Bllla ™" (14 FETES

+ 2|2l + (e + [BDIVAlLe [WllLe + | VA||Le IIUIIL;LOO))- (4.13)

Combining (4.12) and (4.13), the conclusion (i) follows.

Step 2. Proof of (iii).
It suffices to prove the result for any 1 < p < co. Let such a p be fixed. Assuming either § =0, or { =0 and a
constant, we deduce from (4.9), (4.10), and (4.11),

t
[0 = [1a o es (=1 [ div @w 0ty 5 v+ 0) 0" ()
0

t
< Sl / (017 exp (= a(p— 1) / o (" (0)du ) dx. (4.14)
0

Let x be momentarily fixed, and set f, (¢) := o' (/' (x)). We need to estimate the integral f(; fx(@)du. For that purpose,
we first compute 9, f,: again using (4.11) (with either § =0, or { = 0 and a constant), we find

O fr (1) = div (o (@(W + v + BV + ")) (Y (%) — Vo' (' (x)) - (a(¥ + v + B +0)) (¥ (x))
=o' (Y (x)) div (a(¥ + v + B + ) (¥ (x))
=—a(o' (Y (X)) + (—ao' curl W+ o' div W) (¢’ (x)),
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and hence
O fr = —aft — Cfy.
We may then deduce f; > g, pointwise, where g, satisfies
digr =—ag; — Cgr,  &:(0) = f2(0) = 0 (x).
A direct computation yields

Ce 0w (x)
CH+a(l—eHoo(x)’

& ()=

and hence

t t
ffx(u)du > /gx(u)du —a llog (1 faCl(1— e—C’)wO(x)).
0 0
Inserting this into (4.14), we obtain for all # > 0

17
/|a)’|pfec(p_l)’/|w°(x)|”(1~|—aC_l(1 —e—Cf)w"(x)) "ax

Ca—'eCt\ P! Ca—1eCr\ P!
= (Te_a) /'w (Dldx = (1_46_@> :
The result (iii) then follows from the obvious inequality e“/ (1 — =€)~ <¢C" 41+ (Ct)~ ! forallr >0. O

The previous two lemmas establish uniform bounds on the vorticity @ in various regimes. As a preliminary to
the propagation of regularity, we now show that any uniform bound on w implies similar bounds on v and on the
divergence ¢ . In the incompressible case of equation (1.1), this already follows from Step 2 of the proof of Lemma 4.2
above, but more analysis is needed in the compressible case (1.2).

Lemma 4.5 (Relative L? -estimates). Let . > 0, >0, BeR, T >0, h, ¥, 0° € W1’°°(R2)2, and v° € v° +L2(R2)2,
with w° := curl v° e_P(]RZ), @° :=curl 1° € P NL>®(R?), and with either div(av®) = div(a1°) = 0 in the case (1.1),
or £°:=div(av®), {° :=div(at®) € L2 NL®(R?) in the case (1.2). Let v € LY°.([0, T); v° 4+ L?(R?)?) be a weak

solution of (1.1) or of (1.2) on [0, T') x R2 with initial data v°, and with o := curlv € L2 ([0, T]; L (R2)). Then we
have forallt € [0, T)

1E" I 2Are < C, I div(v" — 8l 201 < C, o'l < C,

where the constant C depends only on an upper bound on «, |B|, 1, A7 T, 12Nl wroo, (¥, 0°) Lo, [l0° — 0°|12,
& NiALoe, 16°, ) IL2nLees @lliseree, and additionally on ||(VW, Vv°) ||~ (resp. on a~ ) in the case a = 0 (resp.
a>0). O

Proof. In this proof, we use the notation < for < up to a constant C > 0 as in the statement, and we also set 6 := div v
and 6° := div 7°. In the incompressible case (1.1) the conclusion follows from Step 2 of the proof of Lemma 4.2
together with the identity divv = —Vh - v. We may thus focus on the case of the compressible equation (1.2). We split
the proof into three steps.

Step 1. Preliminary estimate for v: for all t € [0, T'),
I llLee S 1+ 116" = 6°ll 2 log! 22 + 10" = 6° [l 2np0). (4.15)
Note that v/ — 1° = VEA™ (' — @°) + VA~ (6 — 6°). By Lemma 2.4(i)—(ii), we may then estimate
I = #° e < [VAT (@ = @°)llLe + [VATHO" — 6°) [l
Sllo' —@°lli21og" 2 + |0 — &° [Linp) + 10" — 8%l 2 1og" 22 + 116" — 6° [l 2np) + 10" — 5° 2.
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so that (4.15) follows from the a priori estimates of Lemma 4.1 (in the form ||[v" — 9°||;2 + [|@'|l1 < 1) and from the
boundedness assumption ||a)||L%OLoo <I.

Step 2. Boundedness of 0: we prove ||0 — 9_°||Lzm_oo <lforallt€[0,T).

We start with the L2-estimate. As ¢ satisfies the transport-diffusion equation (1.10), Lemma 2.3(i) with s = 0 leads
to

15" L2 S 2%l + law(—a (¥ +v) + B¥ + ) Dl 22
ST+ lollzpe v = 3°lliers + ol 221 (¥, 7°) 1L,

and hence [|¢'[|;2 S 1 follows from the a priori estimates of Lemma 4.1 (in the form [|[v" — 9°[|;2 + [|@" |1 < 1) and
the boundedness assumption for w. Similarly, for ' =a~1¢! — Vh - v', we deduce ||0" — 0°|l2 < 1. We now turn to
the L*-estimate. Lemma 2.3(iii) with P =g = s = 00 gives

1" L S 2% + llao(—a (¥ 4 v) + B + v) D) ILere S 1+ ol (1+ [vlleps), (4.16)
or alternatively, for 0’ =a~'¢! — Vh - 0!,

16"l S 1+ (10" lliee + l@llperse (14 [lvllperse).
Combining this estimate with the result of Step 1 yields

16"l S 1+ 116" = 6%z log! 22 + 116" — 6 21)

+ llolligeres (14116 = 6%l o2 10g" 22+ 110 = 6° [l o 21.))) -

Now the boundedness assumption on  and the L2-estimate for 6 proven above reduce this expression to

16" e < log'/2(2 + 110]|Lsor).
Taking the supremum with respect to 7, we may then conclude [|6" |~ < 1 forall 7 € [0, T).

Step 3. Conclusion.
By the result of Step 2, the estimate (4.15) of Step 1 takes the form ||v! ||~ < 1. The estimate (4.16) of Step 2 then
yields [|¢ ||l < 1, while the L2-estimate for ¢ is already established in Step 2. O

4.2. Propagation of regularity

Since local existence is established in Section 3 only for smooth enough data, it is necessary for the global existence
result to first prove propagation of regularity along the flow. In this section, we show that propagation of regularity
is a consequence of the boundedness of the vorticity w, which has itself been proven to hold in various regimes in
Lemmas 4.2 and 4.3 above. We start with the propagation of Sobolev H*-regularity.

Lemma 4.6 (Sobolev regularity). Let s > 1. Let A >0, >0, e R, T >0, h, V,v° € WwstLoo(R2)2 and v° € §° +
L2(R2)2, with w° := curl v°, @° := curl 1° € P N H*(R?), and with either div(av®) = div(a?°) = 0 in the case (1.1),
or£° :=div(av®), £° := div(at°) € H* (R?) in the case (1.2). Letv € L®°([0, T1; 1° 4+ H*t1(R?)2) be a weak solution
of (1.1)orof (1.2) on [0, T) x R2 with initial data v°. Then for all t € [0, T) we have

o' |lgs < C, ¢ s < C, o' — 0°l gs+1 < C, [V |l < C,
where the constant C depends only on an upper bound on s, (s — 1)_1, o, |Bl, A, AT, (R, W, 0°) || ys+1,00,

[v° = v°|l12, [(w°, @°, C°, E°)||Hs, ||(,()||L%OLOO, and additionally on a1V inthe case a > 0. ¢

Proof. We set 6 :=divv, 6° := div #°. In this proof, we use the notation < for < up to a constant C > 0 as in the
statement. We focus on the compressible case (1.2), the other case being similar and simpler. We split the proof into
four steps.
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Step 1. Time derivative of ||| gs: forall s >0and ¢t € [0, T),
Il s S L+ VU llLoe) (1 + [l | s) + 116" — 6° a5
Lemma 2.2 with p = @, w = a(¥ + v)= + (¥ +v), and W = a (¥ + v°)~ + B(¥ + 1°) yields
Il s < L+ VU o)l | s 4 0" = 0% ot [|@ [|Loe. (4.17)

Using Lemma 2.7, noting that [|(®' — @°,0" — 0°)||z-1 < v — ©°||.2, and using Lemma 4.1(iii) in the form
v — v°|l 2 < 1, we obtain

10" = 5 ggser S oo’ = &%l goms + 10" = 0N foiprs S 1+ oo’ = @°llas + 116" = 0°1 s
Injecting this into (4.17), the claim follows from Lemma 4.5 and the boundedness assumption ||a)||L%0Loo <.
Step 2. Lipschitz estimate for v: forall s > 1 and ¢ € [0, T),
VYl Slog2 4l [l s + 16" — 6°1ms). (4.18)

Since v — 1° = VI AT (0 — @°) + VAT (! — 6°), Lemma 2.4(iii) yields, together with the Sobolev embedding
of H® into a Holder space for all s > 1,

IV =)l < IV2A7 (@' = @)L + VAT = 6%) L
Sl = @° e log2 + |0 — @°|las) + |0 — &° I
+ 116" — 6° [l log(2 + (16" — 6°[ls) + 116" — 6°]|p.2,

and the claim (4.18) then follows from Lemma 4.1(i), Lemma 4.5, and the boundedness assumption on w.
Step 3. Sobolev estimate for 6: for all s >0 and r € [0, T),

16" = 8%l s S 1+ llligeps. (4.19)

As ¢ satisfies the transport-diffusion equation (1.10), Lemma 2.3(i) gives for all s > 0,

I s SN2 N as + llaw (o (¥ +v) + B+ 0) D) |25
Using Lemma 2.1 to estimate the right-hand side, we find for all s > 0,

1 S 1+ law(—a@ = 3°) + B — 2°) D)2 g + llaw (—a (¥ +5°) + B+ 521 27

ST+ lleligerellv = 0°l2ys + el gsllv — 0%l
Fllollp 22 (T4 10°[lwsoo) + lleoll 2 s (14 [10°[L0),

and hence, by Lemma 4.5 and the boundedness assumption on w,

18 s S 1+ Nl s + 1o — 2°llige s (4.20)
Lemma 2.7 then yields for all s > 0,

I Tas ST+l s + lo — &°llp oo g-1nps-1) + 115 = E°||L;O(H—10Hs—1)‘
Noting that ||[(w — ©°, { — EO)”H*I < |lv = 2°|l 2, and using Lemma 4.1(iii) in the form |jv — v°]|;2 < 1, we deduce

1 as ST+ Noligers + 1 e gt

Taking the supremum in time, we find by induction [|¢ ||pe g <1+ o Legs + 1€ ||LtooL2 for all s > 0. Recalling that
Lemma 4.5 gives [|6" —0°||;2 < 1, and using the identity 6’ =a~'¢! — VA - o', the claim (4.19) directly follows.

Step 4. Conclusion.
Combining the results of the three previous steps yields, for all s > 1,

dulle s S (4 o' 1) 1og (2 + [ = + 16" = 6° 1 o) + 116" — 6°l s
< (1 + ol ) og2 + ol ms),
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hence

Illwlipe s < supdillwllgs S (1+ llollieps) 1og2 + [l g,
[0.7]

and the Gronwall inequality then gives ||| L g5 < 1. Combining this with (4.18), (4.19) and (4.20), and recalling the
identity v — 1° = VEATH (@' — @°) + VA1 (6" — 6°), the conclusion follows. O

We now turn to the propagation of Holder regularity. More precisely, we consider the Besov spaces C; R?) :=
B, Oo(Rz). Recall that these spaces coincide with the usual Holder spaces Cj, (R?) only for non-integer s > 0 (for
integer s > 0, they are strictly larger and coincide with the corresponding Zygmund spaces).

Lemma 4.7 (Holder—Zygmund regularity). Let s > 0. Let . > 0, >0, Be R, T > 0, and h, ¥, v° € Ci“ (R?)? with
° := curl v° € P(R2), and with either div(av®) = 0 in the case (1.1), or £° :=div(av®) € L2(R2) in the case (1.2).
Let v € L®([0, T1; C5TH(R?)?) be a weak solution of (1.1) or of (1.2) on [0, T) x R? with initial data v°. Then we
have forallt € [0, T),

t t t
e llcs = C, & les =€, v [l gs+1 = C,
Cx

where the constant C depends only on an upper bound on s, s« B, A, AL T, (b, W, v°)||cs+1, 2%y 2,

||CL)||L709L00, and additionally on o~ in the case a > 0.

Proof. We set 6 := divv. In this proof, we use the notation < for < up to a constant C > 0 as in the statement. We
may focus on the compressible equation (1.2), the other case being similar and simpler. We split the proof into four
steps, and make a systematic use of the standard Besov machinery as presented in [6].

Step 1. Time derivative of || o’ lcs: forall s >0andt €[0,T),
llo'lles S A+l e (1 + IIVvtIILoonC;—l) + 16"l cs.-

The transport equation (1.9) has the form ;' = div(w'w') with w’ = (¥ 4+ v/)* + (¥ + v’). Arguing as in [6,
Chapter 3.2] (that is, similarly as in the proof of Lemma 2.2, but using the corresponding commutator estimates in
Besov spaces [6, Lemma 2.100]), we obtain for all s > 0,

dle ez S N lles IV llep et + o divu'lics.

Using the usual product rules [6, Corollary 2.86] for all s > 0,
I’ ey Sl VW'l enes—1 + o lLee Il divw’ ey + o lles | divw! [

Sl lles (M + 1V I wones-1) + 10 L (T4l lles + 16" llcy).

and the result follows from the boundedness assumption [l gep00 <I.

Step 2. Lipschitz estimate for v: forall s > 0and ¢ € [0, T),
IVl conest S M@ st + 18" gs-1 +1og2 + llo' e + 16" llcp)-

Since v! — v° = VIAT (! — w°) + VATL(O" — 6°), Lemma 2.5(ii) yields for all s € R,

V0 llsmt S T+l = 0l goings—t + 16" = 0%l i st

and thus, noting that ||(w — w°, 6 — 6°)|| 51 S |lv — v°|l 2, and using Lemma 4.1(iii) in the form [|v — v°||;2 S 1,
10 ez S 1+ 110 gyt + 16Nyt

Arguing as in Step 2 of the proof of Lemma 4.6 further yields for all s > 0,
IV [l Slog2 + Nl lley + 16" — 6%l ey,

and the result follows.
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Step 3. Estimate for 6: for all s > O and r € [0, T),
107N cs ST+ ool st
As ¢ satisfies the transport-diffusion equation (1.10), we obtain for all s > 0, arguing as in [6, Chapter 3.4],
g ey SHEClles + law(—a (¥ +v) + B(W + U)L)”L?oci—l )

and thus, by the usual product rules [6, Corollary 2.86], the boundedness assumption on w, and Lemma 4.5, we deduce
for all s > 0,

1 les ST+ ”wHLtOO(LOOQCi*l)(l + llvllLgeree) + llollLsepe (1 + ”U”L?O(Loomcjfl))
5 I+ ”w”]_‘?oc;f:l + ”U”L,OCC;fI’

or alternatively, in terms of 8’ =a~'¢! — VA -,

16" lcs SNE ILencs + 1V lLenes S 1+ ||60||Ltooc;fl + llvllLecy-
Decomposing v/ — v° = VA" (! — w°) + VAT (0! — 6°), using Lemma 2.5(ii), and again Lemma 4.1(iii) in the
form ||(w —w°, 0 —6°) |l g1 Sllv—v°|l 2 S 1, we find

v lles S 1+ llo' — w°||1:171mci—l + 16" - 90”1—'1*10@‘1 S+ ||wl||c-;—1 + ”9[”Ci_|s
and hence

0l ey S 1+ ||“)”L§>°C;§‘1 + ||9”L,°OC;§“'

If s <1, then we have || - || .51 < |- llLe, so that the above estimate, the boundedness assumption on w, and Lemma 4.5
yield |0l ecs < 1. The result for s > 1 then follows by induction.

Step 4. Conclusion.
Combining the results of the three previous steps yields, for all s > 0,

O llwllieecs < sup d;llwllcs
[0,7]

S U+ lolipe) (Ioll st + 101 ces-t +10g2 + o' llcs + 10"l cp)) + 101lLecs
S+ IIwIIL,occ;)(IIwIILtooC;—l +1log2 + llollLeecy))-

If s <1, then we have | - || ool < || - |lLes, so that the above estimate and the boundedness assumption on @ yield
Ot llwllLecs <1+ lwllLecs) 10g(2 + [lwliLecs ), hence |lwllLecs < 1 by the Gronwall inequality. The conclusion for
s > 1 then follows by induction. O

4.3. Global existence of solutions

With Lemma 4.6 at hand, together with the a priori bounds of Lemmas 4.2 and 4.3 on the vorticity, it is now
straightforward to deduce the following global existence result from the local existence statement of Proposition 3.1.

Corollary 4.8 (Global existence of smooth solutions). Let s > 1. Let . > 0, « >0, B e R, h, ¥V, 0° € W5+1’°°(R2)2,
and v° € v° + L2(R?)2, with »° ==curlv®, 0 :=curlv® e PN H* (R2), and with either div(av®) = div(at®) = 0 in
the case (1.1), or £° := div(av®), £° := div(a1°) € H*(R?) in the case (1.2). Then,

(i) there exists a global weak solution v € LS (R™; 0° + HSTHR?)2) of (1.1) on Rt x R? with initial data v°, and
with w := curlv € L (RT; P N H* (R?));

C

(i) if B = 0, there exists a global weak solution v € L® (R*; 5° + H*t(R2)?) of (1.2) on Rt x R2 with initial

loc

data v°, and with w := curlv € LY (RT; P N HS(R?)) and ¢ = div(av) e LY. (RT; H*(R?)). ¢

loc
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Proof. We may focus on item (ii), the first item being completely similar. In this proof we use the notation ~ and
< for = and < up to positive constants that depend only on an upper bound on o, &=L, |B], A, 171, s, (s — D7,
[(h, W, 0 lyys+r00, 07— 0%l 2, (@°, @°, 8%, C°) | s

Given v° € WST1°(R?)? and v° € ©° 4+ L*(R?)? with 0°, @° € P N H*(R?) and ¢°, ¢° € H*(R?), Proposi-
tion 3.1 gives a time 7 > 0, T = 1, such that there exists a weak solution v € L*°([0, T'); v° + H* (R?)2) of (1.2) on
[0, T) x R? with initial data v°. For all 7 € [0, T'), Lemma 4.3(ii) (with 8 = 0) then gives ||’ ||~ < 1, which implies
by Lemma 4.6,

' s + 08 s + 10" = 0%l e S 1,

and moreover by Lemma 4.1(i) we have o' € P(R?) forall 1 € [0, T). These a priori estimates show that the solution
v can be extended globally in time. O

We now extend this global existence result beyond the setting of smooth initial data. We start with the following
result for L?-data, which is easily deduced by approximation.

Corollary 4.9 (Global existence for L>-data). Let . >0, « >0, B € R, h, ¥ € W2 (R?)2. Ler 1° € WL (R2)? be
some reference map with &° := curl 1° € P N H*(R?) for some s > 1, and with either div(av°) = 0 in the case (1.1),
or £° :=div(a1°) € H*(R?) in the case (1.2). Let v° € v° + L*(R?)?, with ° := curlv® € P N L2(R?), and with
either div(av®) = 0 in the case (1.1), or ¢° := div(av®) € L2(R2) in the case (1.2). Then,

(1) there exists a global weak solution v € Llo(fc (R*: 3° 412 (Rz)z) of (1.1) on RT x R2 with initial data v°, and with
vel? (RT;9° 4+ H'(R?)?) and  := curlv e L. (RT; P NL*(R?));

(ii) if B =0, there exists a global weak solution v € L (RT; 1° +L?*(R?)?) of (1.2) on Rt x R? with initial data v°,

loc
andwithv € L2 (RT; 3°+ H'(R?)?), 0 := curlv € L (RT; PNLA(R?)) and ¢ := div(av) € L} (RT; L2(R?)).
O

loc loc

Proof. We may focus on the case (ii) (with 8 = 0), the other case being exactly similar. In this proof we use the nota-
tion < for < up to a positive constant that depends only on an upper bound on «, a~l 2, (s — 1)_1, |(h, W, v°) | yy1.00,
(@2, £ g, |v° — 0°|12, and [[(@°, £°)[l;2. We use the notation <, if it further depends on an upper bound on
time 7.

Let p € Cfo(]Rz) with p > 0, f,o =1, and p(0) = 1. Define p.(x) := e_dp(x/e) for all € > 0, and set w? :=
Pe * 0°, @7 1= P ¥ ®°, {0 1= pe ¥ £°, {0 1= pe ¥ £°, ac 1= pe * a and W¢ := p * W. For all € > 0, we have ¢,
w2 €PN H*®(R?), &2, E: € H®(R?), and a,, a;l, v, € C?(Rz)z. By construction, we have a. — a, a;l —>a L
W, — Win WhO(R?), &2 — @°, £° —¢° — 0in H~' N H¥(R?), and ? — w°, £ — ¢° — 0in H~' NL2(R?). The
additional convergence in H~!(R?) indeed follows from the following computation with Fourier transforms,

log = w°l1%, =/|sr2|ﬁ(eé) —11116°@®)PdE < VA i~ lo°I2,,

and similarly for @g, £2, and ;:: Lemma 2.7 then gives a unique vy € v°+ H'(R?)? and a unique v €V + HST1(R?)?
such that curlvy = w¢, curlvg = wg, div(acvy) = &2, div(acvy) = E:, and we have v — v° — 0 in H'(R?)? and
v —1v°—0in H s+1(R2)2. In particular, the assumption 7° € W% (R?)? yields by the Sobolev embedding with
s > 1, for € > 0 small enough,

192 lwroe S I0E — 0l gs+r + 10°llwroe S 1
and the assumption v° — 7° € L2(R?)? implies
e = vellz < llvg = v°liz + [v° = v°ll2 + log = 0%l S 1.

Corollary 4.8 then gives a solution ve € LY (RF; 3¢ + H*®(R%)?) of (1.2) on R* x R? with initial data v, and
with (a, W) replaced by (ac, ¥¢). Lemma 4.1(iii) and Lemma 4.3(ii) (with 8 = 0) give for all ¢ > 0,

lve — V¢ lILeer2 + 1gellp 22 + llvellpper2 <o 1.

hence by Lemma 2.7, together with the obvious estimate ||(we — @7, {e — Eé’)” -1 Sllve — 02l 2,
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lve — EEHLIZHI 5 lve — EEHLZZLZ +11¢e — C:”L?Lz + [lwe — (D:“L%LZ St 1.

As v¢ is bounded in HILC(Rz)Z, we deduce up to an extraction v — v in L%OC(R+; H]LC(RZ)Z), and also we — w,
te — ¢ in L} (R*; L?(R?)), for some functions v, w, {. Comparing equation (1.9) with the above estimates, we
deduce that (9;w¢)¢ is bounded in L1 (R+ Wl_cl 1(]Rz)). Since by the Rellich theorem the space L2(U) is compactly
embedded in H~1(U) C w-LLw) for any bounded domain U C R?, the Aubin—Simon lemma ensures that we have
we — o strongly in L2 (RT; H, —1 (R2)). This implies wve — wv in the distributional sense. We may then pass to

loc loc
the limit in the weak formulation of equation (1.2), and the result follows. O

We turn to the case of rougher initial data. Using the a priori estimates of Lemmas 4.2 and 4.3(ii), we estab-
lish global existence for L?-data with ¢ > 1. In the parabolic regime « > 0, B = 0, the finer a priori estimates of
Lemma 4.3(iii) further imply global existence for vortex-sheet data ° € P(R?). Arguing by approximation, the main
work consists in passing to the limit in the nonlinear term wv. For that purpose, as in [39], we make a crucial use of
some compactness result due to Lions [40] in the context of the compressible Navier—Stokes equations. The conser-
vative regime (iv) below is however more subtle due to a lack of strong enough a priori estimates: only very weak
solutions are then expected and obtained, and compactness needs to be carefully proven by hand.

Proposition 4.10 (Global existence for general data). Let A >0, « >0, B € R, and h, ¥ € Wl*oo(Rz)2. Let v° €
W1.2°(R2)? be some reference map with @° := curl 1° € P N H* (R?) for some s > 1, and with either div(at°) = 0 in
the case (1.1), or ZO :=div(av®) € HS(RZ) in the case (1.2). Let v° € v° + LZ(RZ)2 with w° = curl v° € P(R?), and
with either div(av®) = 0 in the case (1.1), or £° :=div(av°) € L%(R?) in the case (1.2). Then the following hold.

(i) Case (1.2) with a > 0, B = 0: There exists a weak solution v € L{ (R*; 9° + L?(R?)?) on Rt x R? with initial
data v°, and with » = curl v € L®(R*; P(R?)) and ¢ = div(av) € LIOC(RJ“ L2(R?)).
(ii) Case (1.1) with a > 0, and either 8 = 0 or a constant: There exists a weak solution v € L

on Rt x R2 with initial data v°, and with = curl v € L (R*; P(R?)).
(iii) Case (1.1) with o > 0: If w° € Lq (R2) for some q > 1, there exists a weak solution v € Ly (RJr 0° + L2(R?)?)

on RT x R2 with initial data v°, and with w = curlv € LOo (R*T: PNLI(R?)).

(iv) Case (1.1) with & = 0: If ®° € LY(R?) for some q>1, there exists a very weak solution v € LIOC(R+; v° +
L2(R?)2) on Rt x R2 with initial data v°, and with @ = curlv € Ly (R*; P NL4(R?)). This is a weak solution
whenever g > 4/3.

(R*; ° + L2(R?)?)

loc

Proof. We split the proof into three steps, first proving item (i), then explaining how the argument has to be adapted
to prove items (ii) and (iii), and finally turning to item (iv).

Step 1. Proof of (i).

In this step, we use the notation < for < up to a positive constant that depends only on an upper bound on o, ™!,
A 1Ch, W, 09) [lytoe, [ (@0°, ) s, lve — 0°;2, and [|°||} 2. We use the notation <; (resp. <y, p) if it further depends
on an upper bound on time 7 (resp. and on the size of U C R?).

Let p € C“(Rz) with p > 0, f,o =1, p(0) =1, and p|R2\31 =0, define pe(x) := € 9 p(x/e) for all € > 0, and
set wg 1= Pe * W°, W7 1= Pe * ®°, {0 1= pe *x £°, ;6 = pe x ¢°. For all € > 0, we have w;, &g ePﬁHo"(Rz) &2,
§€ € HOO(RZ) As in the proof of Corollary 4.9, we have by construction ®f — @° ;E —°—0in H™'n HSR?),
and 2 —¢° — 0in H~'NL%(R?). The assumptron v° — 1° € L2(R?)? further yrelds w° — @° € H™'(R?%), which
implies w? — @2 — @° — @°, hence ®? — w° — 0, in H~'(R?). Lemma 2.7 then gives a unique v? € v° + L*(R?)?
and a unlque vg €V° + HS‘H(]RZ)2 such that curlv? = w2, curl vy = @, div(acvy) = ¢2, div(acv?) = {E, and we
have v —v° — O in L2(R?)? and © v, —1v°— 0in H*“(Rz)2. In particular, arguing as in the proof of Corollary 4.9,
the assumption v° € Whe(R?)? yields 92l wie < 1 by the Sobolev embedding with s > 1, and the assumption
v° — 1° € L2(R?)? implies [0 — ¢[l2 < 1.

Corollary 4.9 then gives a global weak solution ve € LY (RF; 92 4+ L?(R?)?) of (1.2) on R* x R? with initial
data v, and Lemma 4.1(iii) yields for all t > 0,

lve — ESHL;’OLZ + ”Q”L,ZLZ ,St I, (4.21)
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while Lemma 4.3(iii) (with 8 = 0) yields after time integration for all 1 < p <2,

t

1/p
loel s S (f (u'"r +eC“)du) <, 2=p)lr.
0

Using this last estimate for P = 3/2 and 11/6, and combining it with Lemma 4.1(i) in the form ||we ||LtooL1 <1, we
deduce by interpolation

lwell 2qanniizmy Sl
Now we need to prove more precise estimates on v.. First recall the identity

Ve = Ve, 1 + Ve,2, Ve 1= VLAfla)e, Ve 1= vA~ldiv Ve. 4.22)

On the one hand, as w, is bounded in leoc (Rt; L¥3 NL12/7(R?)), we deduce from Riesz potential theory that v, | is
bounded in LIZOC(RJF; L*n L]Z(Rz)z), and we deduce from the Calderén—Zygmund theory that Vv, ; is bounded in
L} .(RT; L*3(R?)). On the other hand, decomposing

Ven2 =VA~ d1V(vE—v )+ 02 —via 1'2,
RT; L2(R?)?) (cf. (4.21)), that 82 is bounded in Lfoc

(R*;L

(R?)2, and that
(R%)2). Further,

noting that ve — v2 is bounded in L{°

loc
||VA_IJ)§||L2 SlallipiaLe ST (cf. Lemma 2.4), we deduce that v, 7 is bounded in L0
decomposing

~ loc loc

Ver=VA T @ (e —20) = VAT (VR - (v — 19)) + 12 — VEAT &g,

we easily check that Vv, > is bounded in LlOC (RT; L loc (R2)2). We then conclude from the Sobolev embedding that
Ve 2 1s bounded in LlOC(R+ 1oc(R2) ) for all ¢ < oo. For our purposes it is enough to choose ¢ =4 and 12. In
particular, we have proven that for all bounded subset U C R2,

||we||Lt2L4/3 + ”Q”L,ZLZ + |lve ||L§’°L2(U)

+ llve1 ||L2(L4ﬁL12) + [ Vve 1 ”L2L4/3 + ||UE,2||L2(L4QL12(U)) + ||VUE,2||L2L2(U) ,St,U 1. (4.23)

Therefore we have up to an extraction we — w 1n LI (RT;LY3(R?), ¢c — ¢ in LY (RT;L*(R?)), ve,; — vy in
(Rz)z) for some functions w, ¢, v1, v2. Comparing the above

LI (RT;L*([R?)?), and vep — vy in LY (RT; L}
estimates with equation (1.9), we deduce that (d;w¢) is bounded in L10 C(R+ 1;cl 1(Rz)). Moreover, we find by
interpolation for all |£| < 1 and all bounded domain U C R?, denoting by U! := U + B its 1-fattening,

lve — ve (- + $)||L,2L4(U) < llve,r — ve1(- + 'S)HL,ZL“(U) + llve,2 — ve2 (- + $)||L?L4(U)

1/4 3/4
< et = Vet C 6y as gy 106t = Ve G+ I o

T

2/5 3/5
vz = e+ &b o Ive2 = vea G+ 1y

1/4 3/4 2/5 3/5

<2vet — ver -+ s)nLéw(U) et I g, + 2102 = vea -+ O3 4 el g,
3/5

<204V, ! + 2062 Vveal?

Ve 1 Ve,2 5
IZI 4/3(U1 ” €, ”I 2[ 12(U1 IZI 2(U' ” €, ”Itz“z([,])
and hence by (4.23),

lve = ve - + &l 2paqy Sru 1§V + 18P

Let us summarize the previous observations: up to an extraction, setting v := v; + v, we have
we = 0in L2 (RT;LY3(R?), ve —vin L (RT; L} (R??),
(8iwe)e bounded in L (R Wl (R?)),
sup ||[ve — ve (- + S)HLZL“(U) — 0as |&| — 0, forall # > 0 and all bounded subset U C R>.

e>0
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We may then apply [40, Lemma 5.1], which ensures that we v — @v holds in the distributional sense. This allows to
pass to the limit in the weak formulation of equation (1.2), and the result follows.

Step 2. Proof of (ii) and (iii).

The proof of item (ii) is again based on Lemma 4.3(iii), and is completely analogous to the proof of item (i) above.
Regarding item (iii), Lemma 4.3(iii) does no longer apply in that case, but, since we further assume w° € L4 (R?) for
some g > 1, Lemma 4.2 gives the following a priori estimate: for all # > 0

looll a1y g + lollLgers Sr 1 (4.24)

hence in particular by interpolation ||a)||L{wLp <; 1 forall 1 <p <2. (Here we use the notation <; for < up to a

constant that depends only on an upper bound on , (g — )™', o, @1, |81, || (1, W) lwioo, [lV°—0°|l12, and [|w°]|La.)
The conclusion follows from a similar argument as in Step 1.

Step 3. Proof of (iv).

We finally turn to the incompressible equation (1.1) in the conservative regime o = 0. Let ¢ > 1 be such that
w° € L4(R?). Lemma 4.2 or 4.3(ii) ensures that w, is bounded in Lf’g’c (R*; L' N L9(R?)), and hence, for q > 4/3,
replacing the exponents 4/3 and 12/7 of Step 1 by 4/3 and ¢, the argument of Step 1 can be immediately adapted to
this case, for which we thus obtain global existence of a weak solution. In the remaining case 1 < g < 4/3, the product
oV A~ w (hence the product wv, cf. (4.22)) does not make sense any more for € L4(R?). Since in the conservative
regime « = 0 no additional regularity is available (in particular, (4.24) does not hold), we do not expect the existence
of a weak solution, and we need to turn to the notion of very weak solutions as defined in Definition 1.1(c), where the
product wv is reinterpreted a la Delort. Let 1 < g < 4/3. We establish the global existence of a very weak solution.
(For the critical exponent ¢ = 4/3, the integrability of v found below directly implies by Remark 1.2(ii) that the
constructed very weak solution is automatically a weak solution.) In this step, we use the notation < for < up to
a constant C that depends only on an upper bound on (g — D=L 181, Ik, W, V) lwiee, lv° = 0°(l12, [@°]l12, and
lw°|lLe, and we use the notation <, (resp. <, r) if it further depends on an upper bound on time ¢ (resp. on ¢ and on
the size of U C R?).

Let 0, @2, v2, 0¢ be defined as in Step 1 (with of course & = ¢° = 0), and let ve € LY (RT; 52 + L2(R%)?) be a
global weak solution of (1.1) on Rt x R? with initial data vZ, as given by Corollary 4.9. Lemmas 4.1(iii) and 4.3(ii)
then give for all ¢ > 0,

loe e ippay + 1ve = Bl S 1. (4.25)

(R*: L2

loc

As v¢ is bounded in LIZOC(Rz)z, we deduce in particular that v is bounded in L (R2)). Moreover, using the

loc
Delort type identity
1
wcve = =5 [vePVIh — ol (diva$,))",

we then deduce that w, v, is bounded in Lﬁf’c(R*; ngcl’ ! (Rz)z). Let us now recall the following useful decomposition,
Ve = Vel + Ve 2, Ve,1 1= VJ‘A_Iwg, Ve i= vA~ div Ve. (4.26)

By Riesz potential theory vc 1 is bounded in Li’ooc (RT;LP (Rz)z) forall2 < p < ZZqu, while as in Step 1 we check that

Ve,2 1s bounded in Lﬁfc (RT; HILC (R2)2). Hence by the Sobolev embedding, for all bounded domain U C R2 and all
t>0,

[ (e, ve, D ILser20r0-00 vy St,u 1 4.27)

© (RT; L2 (R*)?) and o, X win L (R*; LY (R?)), for some functions
v, w, with necessarily o = curl v and div(av) = 0.
We now need to pass to the limit in the nonlinearity wcv,. For that purpose, for all n > 0, we set ve ; := oy * Ve
and we j := pyp * we = curlve p, where p,(x) ;= n‘d p(x/n) is the regularization kernel defined in Step 1, and we then
decompose the nonlinearity as follows,

. *
Up to an extraction we then have ve — v in L®

WeVe = (we,n - a)e)(ve,n —Ve) — We,nVe,n T We nVe + WeVe p-
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We study each right-hand side term separately, and split the proof into four further substeps.

Substep 3.1. We prove that (we — we)(Ve,y — Ve) — 0 holds in the distributional sense (and even strongly in
L2 (R*; Wil ' (R2)?)) as 7 |, 0, uniformly in € > 0.
For that purpose, we use the Delort type identity

(@e.y — W) e,y — V) =a " (vey — ve) div(a(ve.y — ve)) — |v€ n = Vel?VEh —a” (div(aSy, ,—u )"
Noting that the constraint 0 = a~Vdiv(ave) = Vh - ve + div ve yields
a! div(a(ve,y —ve)) =Vh - ve y +divue y = Vh - (py % ve) + py xdivve = VA - (py % ve) — oy * (VR - ve),
the above identity becomes
(@e,n — W) (Ve,y — Ve) = (Ve,y — V) (VA - (py % ve) — pp % (Vh - ve))
— %m,,, — v [*V*th —a~ divaS,, v )"
(RT; L

First, using the boundedness of v, (hence of v ;) in L{® (R2)2), we may estimate, for all bounded domain

U c R?, denoting by U" := U + By, its n-fattening,

loc loc

/|<ve,n—va(Vh-(pn*va—pn*(wve)ﬂ

5 1/2
< ll(we, ve,,anz(U)(/ (/ P IVAG) = Vhx = )llve(x = y)ldy) dx)
U

2 2 1/2
SN ve) By ([ o) [ 198G = Vitx = »)Pdxdy)
U

where the right-hand side converges to 0 as 1 |, 0, uniformly in €. Second, using the decomposition (4.26), and setting
Ve,y,1 i= Pp * Ve, 1, Ve,p,2 = Py * Ve 2, the Holder inequality yields for all bounded domain U C R2,

/ [(ve — Ue,n) ® (ve — Ue,n)| = / [ve — Ué,nHve,l - Ue,n,1| + / [ve — Ue,n||ve,2 - Ue,n,2|

=< Il (e, Ue,n)||L2<1/(2*q)(U)||Ue,l — Ve, 1 ”]_,2(1/(311*2)((]) + || (ve, Ue,n)”Lz(U)”UG,Z - ve,r],2||L2(U)-
Recalling the choice 1 < g <4/3, we find by interpolation
4-3¢ g=1
2—q 2—q
”ve,] — Ve,p,1 ||L2‘1/(3‘7*2)(U) < |ve,1 — Ve, p, 1 ”LZ(U) lve,1 — Ve, p, 1 "L‘i(U)
4-3q q—l
| (Ve, 1, Ve,n, 1)”L2(U)”Vv€ l”Lq ,

»Q

S’Iz

I\)|

and hence by the Calderén—Zygmund theory,

47341 q_
2
50 e ven DI ey

‘-Q

2
[ve,1 — Ve,,1 ||L2q/(3q—2)(U)

while as in Step 1 we find
lve2 — UEJ?Q”L,ZLZ(U) = 77||VU62”L,2L2(U'7) Sun.

Combining this with the a priori estimate (4.27), we may conclude

g—1
//'(Ue_ven)®(ve Uen)|NlU7]2 1+,
0

and the claim follows.
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Substep 3.2. We set vy := py * v, wy, := py * @ = curl vy, and we prove that —we ; Ve, + We nVe + WeVe,y —> —Wyvy +
wy,v + wv), in the distributional sense as € | 0, for any fixed n > 0.

As g <2 < ¢’, the weak convergences v, X vin L2 (RT; L2 (R%)?) and o, X win L (RT; LY(R?)) imply
for instance v A vy in Llo(fC(RJr; Wl:)’cq/(]Rz)z) and we ; A w; in Lﬁ)’é(R‘*; H'(R?)) as € 4 0, for any fixed n > 0
(note that these are still only weak-* convergences because no regularization occurs with respect to the time vari-
able t). Moreover, examining equation (1.9) together with the a priori estimates obtained at the beginning of this
step, we observe that d;w, is bounded in Li’(fc(R+; ngcz ’I(Rz)), hence d;we ; = py * d;we is also bounded in the
same space. Since by the Rellich theorem the space L9 (U) is compactly embedded in W—14(U) ¢ W=21(U) for all
bounded domain U C R2, the Aubin-Simon lemma ensures that we have w, — strongly in Lﬁfi: (RT; ngcl’q (Rz)),
and similarly, since H L)y is compactly embedded in L2(U) c W=21(U), we also deduce We,y —> wy strongly in
L (RT; L2 (R?)). This proves the claim.

loc

Substep 3.3. We prove that —wyv;, + w,v + wv,; — —%|v|2VLh —a~Y(div(aSy))* holds in the distributional sense
asn | 0.
For that purpose, we use the following Delort type identity,

. 1 1,4
—WyVy + wyv + wvy = —a~! (vy —v)div(a(v, —v)) + §|v,7 - v|2VLh +a l(dlv(aSvﬂ_v))l
1
+a Mvdiv(av) — E|1)|2va; —a '(div(aS,y)™*.

Noting that the limiting constraint 0 = ¢! div(av) = VA - v + divv gives
a”! div(a(vy; —v)) =Vh v, +divv, =Vh - (o, xv) + pyxdivv=Vh - (o, % v) — py * (Vi -v),

the above identity takes the form
—1 1 2yl —1/q; 4L
—wyVy + v +0vy =—a (v; — v)(Vh “(py *v) — pyx (Vh - v)) + §|v,7 —v|*Voh+a" (div(aSy,—v))
1
—~ §|v|2VLh —a!(div(as,))t,

and it is thus sufficient to prove that the first three right-hand side terms tend to O in the distributional sense as 71 |, 0.
This is proven just as in Substep 3.1 above, with v¢ ;, ve replaced by vy, v.

Substep 3.4. Conclusion.
Combining the three previous substeps yields weve — —% [v|2VLh — a=1(div(aS,))L in the distributional sense
as € |, 0. Passing to the limit in the very weak formulation of equation (1.9), the conclusion follows. O

5. Uniqueness

We turn to the uniqueness results stated in Theorem 3. Using similar energy arguments as in the proof of
Lemma 4.1, in the spirit of [48, Appendix B], we prove a general weak—strong uniqueness principle. Note that in
the degenerate case A = 0 an additional term needs to be added to the usual energy, in link with the fact that @ and
v are then on an equal footing with regard to regularity. In the incompressible case, we further prove uniqueness in
the class of bounded vorticity, based on transport arguments a la Loeper [41] (see also [50]), but these tools are not
available in the compressible case.

Proposition 5.1 (Uniqueness). Let «,f € R, A >0, T > 0, and h, ¥ € WH°(R?)2. Let v° : R?> — R? with o° :=
curlv® € P(R?), and in the incompressible case (1.1) further assume that div(av®) = 0.

(i) Weak-strong uniqueness principle for (1.1) and (1.2) in the non-degenerate case A > 0, o« > 0:
If (1.1) or (1.2) admits a weak solution v € L?._([0, T); v° +L>(R*?) NLX ([0, T); WL (R?)?) on [0, T) x R?

loc loc

with initial data v°, then it is the unique weak solution of (1.1) or of (1.2) on [0,T) x R? in the class
L2 ([0, T); v° + L2(R?)2) with initial data v°.

loc
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(i) Weak-strong uniqueness principle for (1.2) in the degenerate parabolic case A =8 =0, o > 0:
Let EF . denote the class of all w € Ly ([0, T); v° + L*(R»)?) with curlw € L{, ([0, T); L2 (R?)). If (1.2)
admits a weak solution v € E%,vo NL.([0, T); L®(R?)?) on [0, T) x R? with initial data v°, and with w :=
curlv € LE’O%([O, T); WHo°(R?)), then it is the unique weak solution of (1.2) on [0, T) x R? in the class E%,vo
with initial data v°.

(iii) Uniqueness for (1.1) with bounded vorticity, «, 8 € R:
There exists at most a unique weak solution v of (1.1) on [0, T) x R? with initial data v°, in the class of all w’s
such that curl w € L ([0, T); L®(R?)).

loc

Moreover, in items (i)—(ii), the condition o > 0 may be dropped if we further restrict to weak solutions v such that
curlv € L ([0, T); L®(R?)). ¢

loc

Proof. In this proof, we use the notation < for < up to a constant C > O that depends only on an upper bound on «,
18], A, =1, and || (h, )| w1, and we add subscripts to indicate dependence on further parameters. We split the proof
into four steps, first proving item (i) in the case (1.1), then in the case (1.2), and finally turning to items (ii) and (iii).

Step 1. Proof of (i) in the case (1.1).
Leta >0, B8R, andlet vy, v, € L2 ([0, T); v° + L2(R%)2) be two weak solutions of (1.1) on [0, T) x R? with

loc

initial data v°, and assume vy € Lﬁf’c([O, T); Wl’oo(Rz)z). Set §v :=v1 — v and dw := w1 — wy. As the constraint

div(adv) = 0 yields v = a~ 'V (diva~'V)~'8w, and as by assumption sv € L2 ([0, T); L2(R?)2), we deduce

X X loc
dw € LIZOC([O, T); H-'(R?)) and (diva='V) 18w e leoc([O, T); H'(R?)). Moreover, the definition of a weak solution

ensures that w; := curlv; € L®([0, T); P(R2)) (cf. Lemma 4.1(1)), and |v;|*w; € L- ([0, T); LY(R?)), fori =1, 2,

loc
so that all the integrations by parts below are directly justified. From equation (1.9), we compute the following time

derivative
X / sw(—diva™' V) lsw = 2/ V(diva~'V) e - ((ot(\ll + )T+ BV + v)w;
— @(W+ )t + BY+ 1))

= —2f asvt - <(o¢(8v)l + BSv)w1 + (@ (¥ + v2)" + B(V + vz))5w>

= —2a/a|8v|2a)1 - 2/a§wavL @V v)t 4+ B+ 1))). 5.1

As vy is Lipschitz-continuous, and as the definition of a weak solution ensures that wjv; € Llloc([O, T); L! (R2)2), the
following Delort type identity holds in L} ([0, T); W_I’I(Rz)z),

loc loc
1
Swdvt = §|8v|2Vh +a " div(aSsy).
Combining this with (5.1) and the non-negativity of cw; yields

3t/8w(—diva_1V)_18w§—/a|8v|2Vh-(a(w+v2)L+ﬂ(W+v2))
+2/aS3U SV (a(W 4 v2) T + BV + 12))

<C(+ ||v2||W|,oo)/a|8v|2.

The uniqueness result v = 0 then follows from the Gronwall inequality, since by integration by parts
/a|8v|2 = /cfl IV(diva~'v) 150> = / Sw(—diva™' V) sw.

Note that if we further assume w; € L°([0, T'); L>°(R2)), then the non-negativity of o can be dropped: it indeed
suffices to estimate in that case —2« f aldv|?w; < Cllog|lL= f a|8v|?, and the result then follows as above. A similar
observation also holds in the context of item (ii).
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Step 2. Proof of (i) in the case (1.2).
Let «a >0, BeR, L >0, and let vi,v; € L2 ([0, T); v° + L*(R%)?) be two weak solutions of (1.2) on

loc

[0, T) x R? with initial data v°, and assume v, € Li5.([0,T); W1.2°(R2)2). The definition of a weak solution en-

sures that w; := curl v; € L%([0, T); P(R?)) (cf. Lemma 4.1(i)), & :=div(av;) € L2 ([0, T); L*(R?)), and |v;|*w; €

loc

Ll ([0, T); L1(R?)), for i = 1,2, and hence the integrations by parts below are directly justified. Set §v := v — v,

loc
dw = w1 — wy, and §¢ := &1 — &». From equation (1.2), we compute the following time derivative

8;[a|8v|2 = 2/61511 . ()»V(cflS{) — oW+ v + BY + vl)La)l F+a(V+v)w — (Y + vz)lwz)

:—2A/a_1|8§|2 —2afa|8v|2w1 +2/a8w8v (¥ +v2) — B¥ +v2) ).

As vy is Lipschitz-continuous, and as the definition of a weak solution implies wjv; € Llloc([O, T) x R2)2, the follow-
ing Delort type identity holds in L. ([0, T); W,_"1(R2)2),

loc loc
1
Swdv=a"18c8v" — §|5v|2VJ‘h —a '(div(aSsy))* .

The above may then be estimated as follows, after integration by parts,

atfa|8v|2 < —2x/a—1 scP — 2a/a|8v|2w1 reaq ||U2||L°°)/ s¢l1sul + €1+ ||v2||wl.w)fa|5v|2,

and thus, using the choice A > 0, the inequality 2xy < x2 4+ y2, and the non-negativity of cwi,

at/a|av|ZsC(1+Agl)<1+||vz||%w,oo)fa|av|2.
The Gronwall inequality then implies uniqueness, v = 0.

Step 3. Proof of (ii).
Let A\=8=0,a =1, and let v{,v; € L2 ([0, T); v° + L2(R?)?2) be two weak solutions of (1.2) on [0, T) x

loc
R? with initial data v°, and with w; := curly; € L%OC([O, T); L>(R?)) for i = 1,2, and further assume vy €
Li5.([0,T); L®(R?)?) and w, € Li.([0,T); W1.2°(R2)). The definition of a weak solution ensures that w; :=
curly; € L®([0, T); P(R?)) (cf. Lemma 4.1(1)), ¢ := div(av;) € L ([0, T); L*(R?)), and |v;[*w; € L} ([0, T);
L!(R?)), for i = 1,2, and hence the integrations by parts below are directly justified. Denoting 8v := v; — v> and
dw := w1 — wy, equation (1.2) yields
0:0v =—(V¥ 4+ vp)dw — w1 v, (5.2)
while equation (1.9) takes the form
38w = div((V + v2) 1 8w) + div(w svT)
=div((¥ + vz)J‘cSa)) + Vo - Svt — wi1dw
= div((¥ 4 v2) " 8w) + Vo, - st + Véw - §v* — widw. (5.3)
Testing equation (5.2) against §v yields, by non-negativity of wy,
o [ 150 =2 [10fn =2 [ 50 @+ w0 < -+l [ iulsol

Testing equation (5.3) against §w and integrating by parts yields, by non-negativity of w; and w»,

8;/|8a)|2:—/V|3w|2~(\D+v2)L+2/8wVw2~3vL+/V|8w|2~5vJ‘ —2/|8w|2w1
=—/|8w|2(curlw+w2)+2f8wVw2'SUJ‘—F/|8a)|2(a)1 —wz)—2/|8w|2w1

SC/I5w|2+2IIVw2IIL°°/|5v||5w|-
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Combining the above two estimates and using the inequality 2xy < x? + y2, we find
oy f(|6v|2 +[80?) < C(1+ )| (v2, Veo) L) f(|8v|2 +[3wl),

and the uniqueness result follows from the Gronwall inequality.

Step 4. Proof of (iii).
Let o, B € R, and let vy, v2 denote two solutions of (1.1) on [0, T") x R2 with initial data v°, and with w;, ws €
L2 ([0, T); L®(R?)). First we prove that v{, v§ are log-Lipschitz for all ¢ € [0, T') (compare with the easier situation

loc
in [50, Lemma 4.1]). For i = 1, 2, using the identity v} = VLA_lcul’- +va~ldiv vf with divv] = —Vh - v}, we may
decompose for all x, y,
v} (x) — v} (NI < VAT 0} (x) = VAT &l ()] + VAT (VR - v))(x) = VAT (VR - v) ().

By the embedding of the Zygmund space C!(R?) = B;O’ Oo(Rz) into the space of log-Lipschitz functions (see e.g. [6,
Proposition 2.107]), we may estimate

wf () —vf I S (VA ol co + 1V2ATH VR - 0]l o) Ix — yI(1 +Tog_(Ix — y])),

and hence, applying Lemma 2.5(ii) and recalling that L>®°(R2) is embedded in C,? (R?) = Bgo,OO(R2), we find for all
1<p<oo,

|vf () = v; DI Sp (10} im0 + IVA - V]l pn o) 1X = YL+ log_(Ix = yI)
S (o} lliase + 0] lliuearse ) lx — yI(1+Tlog_(Jx — y]).

Noting that v} = a‘le(diva_IV)_lw;, the elliptic estimates of Lemma 2.6 yield [|v![|ronree S ll@!llpiqpe for
some exponent 2 < pg < 1. For the choice P = pyg, the above thus takes the following form,

v} () = i NI S @ lIiarelx = yI(1+1og_(Ix —yD) < (1 + [l o) lx — y|(1 +log_(1x —yD),  (5:4)

which proves that vi, v}, are log-Lipschitz for all € [0, T).
Fori =1, 2, as the vector field a (V¥ 4 v;) + S(V + vi)t s log-Lipschitz in space, the associated flow ¢; : [0, T') x
R? — R? is well-defined globally,

i (x) = —(a(W + 1) + BV + ) ) (¥ (x)).

As the transport equation (1.9) ensures that a)f = (wi’ )¢w® fori =1, 2, the 2-Wasserstein distance between the solu-
tions o), w, € P(R?) is bounded by

Wa(o), w)? < Q"= / Y1 () = Y3 (00 (x)dx. (5.5)
Now the time derivative of Q is estimated by
Q' =-2 /(fo(X) —P(0)) - (@ + BUH (] (x) — (W + BUH) (Y5 (x)))° (x)dx

-2 [(wi(X) — ¥5()) - ((@v] + BEDHW{(0)) — (@vh + BOHT)W5(x)))w° (x)dx

1/2
<CQ'+ C(Q’)1/2< / [ (! (x)) — vé(w5<x>>|2w°(x>dx)

<CQ'+C(@) (1 + 1),

where we have set
T} == / (W] — ) (W )P ()dx,  Tii= / [V (] (x)) — v} (W5 () Pw® (x)dx.

We first study 7. Using that v; = A (diva_1V)_1a),~, we find



M. Duerinckx, J. Fischer /Ann. I. H. Poincaré — AN 35 (2018) 1267-1319 1303

t t 12 t t t 12 t . —1 -1, 1 12
T1 =f|v1 _U2| wy = ||0)2||L°°/|v1 _Uz| = ||w2||wa|V(d1Va V) (a)l _0)2)|
Sllahlie [ IVA™ (@] — o))
S llws [l W] — wy)|”.

(Here, we use the fact that if —div(a™!'Vu;) = —Auy with uy,us € H'(R?), then [a~'|Vuy|? = [Vu; - Vuy <
%fa_1|Vu1|2 + %faqu2|2, hence [a~!'|Vui|* < [a|Vuz|*.) Loeper’s inequality [41, Proposition 3.1] and the
bound (5.5) then imply

T{ < l|lwhllL (o] I V llah L) Wa(e], 05)* < [[(@], o)) [~ Q"
We finally turn to T». Using the log-Lipschitz property (5.4) and the concavity of the function x > x(1 + log_ x)2,
we obtain by Jensen’s inequality,
T3 S o lif /(1 +log_(1yf — v’ 1Y — Y370
2 t 112 o 2 t 12 o
<l (1 +10e_ [ 1] —v3Pe?) [ 1] —yale
Sl 7 (1 +log_ 01> 0.

We may thus conclude 9, Q < (14 |[(w1, w2)|lLe) (1 +1log_ Q) Q, and the uniqueness result follows from a Gronwall
argument. [O
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Appendix A. Degenerate parabolic case (jointly written with Julian Fischer)

We now turn to the study of the compressible equation (1.2) in the degenerate parabolic case A =8 =0, o =1,
that is,

3v=—(V¥+v)curlv, in R* x R?, (A-D

with initial data v|;—o = v°. A local existence result is already established in Proposition 3.2 above, and uniqueness is
obtained in Proposition 5.1(ii), but the absence of strong enough a priori estimates on the divergence div v due to the
degeneracy of the equation makes the question of global existence delicate. In the present appendix, jointly written
with Julian Fischer, we show how to exploit the particular scalar structure of the solution v to establish global existence
and finer uniqueness results. More precisely, we establish the following, which in particular implies Theorem 4.

Proposition 5.2. Let L =8 =0, a = 1, let v°, ¥ € L2 (R*)? with curlv°, curl W € LY (R?) and curlv°® > 0, and
assume that v° and \V are log-Lipschitz, that is, for all x, y,

[0°(x) = v+ [W(x) = W(y)| = Clx — y|(1 +log_(lx — y)).

There exists a unique global strong solution v € L5, (Rt x R2) of (A.1) with curlv € L (Rt x R?) and curlv > 0.
Moreover the following hold:

() if v°, W € WL (R?)?, then the solution v satisfies curlv € Lﬁfc(R"’; L*®(R?)), and if in addition curlv® €

P(R2), then there holds v € L® (Rt; v° + L NL®(R?)?) and curl v € L (R1; P N L>®(R2));

loc loc
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(ii) if for some s > 0 we have v°, V¥ € WsVLoOR2)2 gnd curl v, curl W € WS (R2), then for all 0 <u <s the
solution v belongs to WIL(’):FI’OO(R+; WS—1:00(R2)2)

(iii) if for some s > 1 we have v°, W € W5*(R?)2, curlv® € H® N WS (R2), and curl ¥ € W5 *°(R?), then the
solution v belongs to LY (RT; v° + HS N WS®(R?)?). ¢

We start with a suitable reduction of equation (A.l), making its scalar structure appear. Assume that v €
Wli)’coo (RT; Li’OOC(RZ)) is a strong solution of (A.1) with curlv € Lﬁ;(R* x R2). Since the forcing vector field W is
time-independent, equation (A.1) for v can be rewritten as follows,

(¥ +v)=—(¥+v)curlv, (W +v)|=0 =WV +0°,

which implies for all x € RZandt >0,
t
(W + ") (x) =" () (¥ +0v°) (x), k' (x) = exp(— /curl ¥ (x) ds), (A.2)
0

together with the following scalar equation for «,
ok = —k curlv, Kli=0=1.

Assuming curl W € L*. (R?), the definition (A.2) of « in the form v = —W + k(¥ 4 v°) and the assumption curlv €
L;’g’c(RJr x R?) ensure that the directional derivative (¥ + v°)® - V)« is well-defined in Ly (RT x R?), and the above
scalar equation for « turns into

ok =k (W + vo)J‘ -V)k — 2 curl v° + k(1 —«)curl ¥, Kli=0=1. (A.3)

Along the characteristic curves of the vector field (¥ 4 v°)*, this equation takes the form of a Burgers’ equation
with additional quadratic damping and forcing terms. Although such a Burgers’ equation may in general develop
discontinuities in finite time (shock waves), we show that this cannot occur for constant initial data «|,—g = 1 as
considered here. Recall that we focus on the case with nonnegative vorticity curlv® > 0.

Lemma 5.3. Let W € Llog’c(Rz)2 be log-Lipschitz (that is, |W(x) — W(y)| < Clx — y|(1 +1og_(|x — y|)) forall x, y),
and let f, g € L (R?) with f > 0. We consider the following Cauchy problem on R x R?,

loc
8tK:/<(W-V)K—K2f+K(1 —K)g, Kli=0=1, (A4)

where (W - V)i denotes the directional derivative of k along the flow of W. There exists a global strong solution
K€ Wl:)’coo (RT: L (R2)) NL®°(RT x R?) with %, (W - V)k € L® (Rt x R?). This solution is unique in the class

loc loc

C:= [k € WL R LE(R?) 1 (W - V)k e LS. (RT x RY)}.

loc

Moreover the following hold:

(i) if f.g € L°(R?) and W € W'-°(R?)2, then the solution k satisfies 1, (W - V)i € L (R*; L®(R?)), and if in
addition f € L'(R?), then there holds 1 —k € L (R; L' NL®®R));
(i) iffor some s > 0 we have W € WSVLX(R?)? and f, g € W°(R?), then for all 0 < u < s the solution k belongs
to Wit b (RT; Wi (R?));
(iii) iffor some s > 1 we have f € H* NWS®(R?), W € W*®(R?)2, and g € W5 (R?), then the solution k satisfies
1 —k e L® (R*; H (R?). ¢

loc

Proof. Let W € LY (R?)? be log-Lipschitz, and let f, g € LY (R?) with f > 0. Then the flow ¥ : R x R*? - R?:

loc

(s, x) — ¥ associated with the vector field —W is well-defined globally on R x R2,

aclﬂ)f:—W(l//;), Ilf,fh:o:x.

We have ¢ € C!(R; C(R?)), and for all s € R the map ¥ : R — R? is a homeomorphism with inverse ¥ ~*. More
precisely, since W is log-Lipschitz, the map * is a Holder homeomorphism in the following sense: we have for all
§,X,Y,
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—Cls|

AN =y <A — Yl e Alx — D¢
We split the proof into three steps.

Step 1. Uniqueness.
In this step, we show that for all x € R? and o° € R there exists a unique global solution o, (0°) : Rt — R : 7 >
ol(c°) of

oy (0°) ox(0°)
sose)=1- [ ruven(- [ rowhd)s. o=, (A5)

and that the corresponding map o! iR — R is invertible on R. In addition, assuming that for some 7 > O there exists

a local strong solution k € W °°([0, T); LIOC(RZ)) of (A.4) on [0, T) x R% with (W - V)k € L® ([0, T) x R?), we
show that such a solution « is necessarlly given by the following explicit formula,

loc

€ =1- / F e / (f + Q) Wdu)ds. (A6)
(a1
This implies the stated uniqueness result.
Setting kL(s) := «'(¥?), and noting that dkL(s) = —(W - Vk')(¥f), we deduce by assumption K, €
Wll)fo([o, T) x R) for almost all x. Picard’s existence theorem then ensures the local existence and uniqueness of

the flow o, on R associated with the vector field k,: for almost all x, for all o°, there exists 0 < Ty (c°) < T and a
unique local solution oy (c°) € C 1[0, T (6°))) of the Cauchy problem

d0,(0°) =k (0,(°)), 0y (0°)|i=0=0". (A7)
Now note that by definition the function # — &% (o(c°)) belongs to Wﬁ;j"([o, T, (0°))) and satisfies

H(ﬂ) H(ﬂ)

Ry 0y (@N(1 = Ry (05 (0°) g (Y™ ), (A.8)
ACHCAIIESE

0 (L (0L (0) = = (k1L @°))* f W

For f, g e L[5, (R?), this equation admits a unique global solution in W1 ([0, Ty (c°))), which must be given by the
explicit formula
al(c°) al(c°)
doton=1- [ ruveo(- [ ¢ +ow)s (A9)
N

On the one hand, since the positive part 0V &, (o, (6°)) belongs to Wll)coo ([0, Tx (¢°))) and also satisfies equation (A.8),
we deduce by uniqueness that k, (o (6°)) must remain nonnegative. Moreover, formula (A.9) with f > 0 ensures that
Ky (ox (0°)) remains bounded above by 1, so that it is actually [0, 1]-valued on its domain. On the other hand, due to

formula (A.9), equation (A.7) takes on the following guise,
305 (0°) = Z(0x(0°),0°), 0x(0°)|1=0 =07, (A.10)

where we have set
Z(0,0°) := max {0 = / f(w;)exp(— /(f +g)(wf:)du)ds}.
o0 s

As 0<Z(o,0°) <1,wededuce 0° <ol (0°) <o°+tforall t > 0. Since in addition for f, g € LIOC(RZ) we have Z €

1 oc (R x R), the flow o, (0°°) must exist globally. We may therefore choose T (0°) = T and the representation (A.9)
holdsforall0 <t < T.
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It remains to invert (A.9) and deduce the formula (A.6) for the solution « itself. For that purpose, we need to invert
the (non-decreasing) map o : R — R globally for all # > 0. Since we have shown k% (cl(c°)) = Z(0L(c°),0°) €
[0, 1] for all # € [0, T), equation (A.10) leads to

l(c°)
8 t o . b
a,%zf(w;’)exp(— /(f+g)(w;;)du)
o
) t( °) 0y (0°) al(c°)
o, (o ol(o® ol(c° )
+ 2 (a0l [ reven(- [ Growhaas). o

For all x, ¢, 0°, define the compact set KL(c°) := B+ {3 :0° <5 <0°+1t}, where B is the closed unit Euclidean
ball at the origin in R?. Hence, for f, g € L® (R?) with f > 0, we find for almost all x, for all 7 € [0, T),

loc
. ol (c°)
9ol (c°) 9ol (c°) (@1 (@°) =) 18Il 00 k" oo
0 gao > — gao I fllLee ko)) + I8 lILe (ki @on I L (ki (o)) / TN lx w00 g5
(]—-0
t o ° °
> —8G§(U ) ”f”Lo"(K’(G"))(] el )“g”LM(K‘['(UO)))
UO X
0ol (0°) tllell sormt o
z-2 goo ||f||L°O(K,§»(00))e Ielhoo o »,
while from (A.9) we deduce
al(c°)
d0l(c°) o
02700 = pexn (= [+ o)
(TQ
30l (0°) . o CO NN o {(0°)
+ 2 (=@ g ) — kol @) F )
tlelh oo . 9ol (c°)
<e ‘gHL (Ki(o ))”f”LOC(K?(UO)) + go'o ||g||LOO(K§(o—O))
For almost all x, for all ¢ € [0, T'), this implies
118l ook (oo 30 (0°) tlgll oo pt o
exp(— 2f||f||L°°(K;(UO))e 8lliLoo (ki (o ))) < &T < (1 _i_t“f“LOQ(K'?(JO)))e 8liLoo(kt (o ))’

which shows that the map o : R — R is a Lipschitz diffeomorphism, with also
30" (0°)
do°

The representation (A.9) applied to 0° = (O’;)_l (0) then yields the desired result (A.6).

-1 — [ee} [} o) o
(L4201 fllLekooey) e el wionn < <exp (21||f||L00(1<;(a°))€tHg”L ki@ ”)- (A.12)

Step 2. Existence.
Let «, o be given by (A.5)—(A.6). Noting that for all o there holds

tN—1, t t\—1 t t 8(0;)_1 t
0=20;((6)) " (07(0))) = (3 (0}) ™) (0L (0)) + B0} (o) W(GX (@),

equation (A.7) leads to the relation

t\—1
30 (0) = —x’(x)%(ox
0

O

The definition (A.6) and the estimate (A.12) then ensure that k € WI’OO(R+; L (R?)). We now check that (W - V)« €

loc loc
L (RT x R2). For almost all x and for all ¢, 5°, rewriting equation (A.5) in the form
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rtoyr(o®) rtoyr(o®)
doy;(0°) =1~ / Farexp (- / (f + @)W du)ds,
r+o° N

we easily find that the map r — Uxtpr (0°) belongs to Wli)’coo (R). Using the relation

t \—1
d(oy,)

do°

3 (0" (0) = —(3,57,) ((5,) 7" (0) (0),

it follows that the map r — (ag’w y~1(0) also belongs to WIL’COO (R). For almost all x and for all ¢, writing (W - V)« (x) =
—Brx’(w;) |;=0, and using the definition (A.6) in the form

K =1- / f(xh;)exp(—/<f+g><w;‘>du)ds,

rol,) 1 0)

we then easily deduce that (W - V)k € Lf&(R+ x R?). We now check that « is a strong solution of the Cauchy
t o
problem (A.4). By construction, the map ¢ — «’ (1//?* @) ) is given by (A.9) and thus satisfies

al(c°) al(0°) al(c°) al(c°) al(c°) al(c°)

3 (k" (Yy )) = — (k" (Yy ))zf(I//x )+ (Yx (1=« (Y )) 8y ),
or alternatively,

al(c°)

(" — k" W) WD) = (= (D2 4K (1= k) W)

As this holds for almost all x and for all o°, we indeed deduce that « is a strong solution of (A.4). It remains to check
that % eLy, (Rt x R?). For that purpose, we note that equation (A.4) implies

|3, (1" O | < 1" @I HIW - V) )+ (1 + 16" () DIg()) + | F (o,

which easily implies by a Gronwall argument that % eLy, R x R?).

Step 3. Regularity and integrability.

The additional regularity statement (ii) in W* ’OO(RZ) is a straightforward consequence of formulas (A.6)—(A.5),
together with the identity (A.11) and the estimate (A.12). Also note that for f, g € L™ (R2) and W € WL°(R2) the
argument in Step 2 ensures that %, (W - V)i € L (RT; L®(R?2)).

loc

We now turn to the additional integrability (i) for 1 — k. Assume that f € L! N L*® (R?), W € W-°(R?), and
g € L®(R?). For all R > 1, denote by xr(x):=e I/R the exponential cut-off function at scale R. We compute

a,fxml ey s/xRK’WVu | +/xR(K’)2f+/xR|K’g||1 i),
R2 R2 R2 R2

and hence, after integration by parts, using the property |V xr| < xg of the exponential cut-off function, for all R > 1,

3, / Xl =i < 1 Pl s + (e divie g W) e + ||:<’g||w>/xze|1 |
R2 R2

< e IFec £l + AW - V)" Lo + [l Lo | W llico + ||Kt||L°°||g||L°°)/XR|1 —«'l.
R2
20 (R L(R2).
We finally turn to the H°®-regularity. Let s > 1 be fixed. Assume that f € H* N WSRO (R2), W € W (R2)2,

g € WS°(R?). For all R > 1, denote by xr(x) :=exp(—(1 + |x%)!/2/R) a smooth exponential cut-off function at
scale R. We compute

Applying the Gronwall inequality, and letting R 1 oo, we deduce 1 —k € LT°
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| Xr(1 = k")l = —2/(V>S(X~R(1 — kDY)’ (k" xR W - Vi)
R2

- 2[(V)s()~<1e(l —kD)(V) (= Zr(")* f + Frec' (1= Kk")g). (A.13)
R2
Decomposing

—2(V)* (k" XRW - VK') = 2[(V)*, k" WV (xR (1 — k") + 2" W - V(V)* (xR (1 — k"))
—2V)* (A = Kk"K"W - Vr),

we find, after integration by parts in the second right-hand side term,

TR — KI5 = 2/<V>S(>2R<1 — k)Y k"W IV (xr(1 — k")) — / (V) (Rr(1 — M) div(x W)
R2 R2

- 2/(V>S (Xr(L =KV (1 =&K' W - VEg — D f + Zre' (1 —k")g),
RZ
and hence,

Al XR (A =k s SNV, " WAVERA = D2 + 16 [yse | KR S 1 s
+ (Il dive W)l + 1725 ' W - VEgllwsoe + [l gllwsoe ) | R (1= k) |1 1s

Applying the Kato—Ponce commutator estimate [33, Lemma X1] in the form (B.2) with s > 1 in order to estimate the
first right-hand side term, we find

AR — kD ms S (" Wllwsoo + 1 X5 k"W - VIR lwsoo + [l gllwso ) I XR (1 — k)| s
+ e Fys.co | X R f N1 s

and thus, for all R > 1, using the properties of the smooth exponential cut-off function xg,
A NFTR( — ks S e oo | (W, )l wsoo IZR A — k) L ars + NIk ys.ooll £11 25,

Applying the Gronwall inequality, using the regularity result for the solution « in W* > (R?), and letting R 1 0o, this
implies 1 —x € L® (Rt; H*(R?)). O

loc

‘We may now conclude with the proof of Proposition 5.2.

Proof of Proposition 5.2. Let v°, ¥ € L™ (R2)2 be log-Lipschitz vector fields with curl v°®, curl ¥ € L™ (R?) and

loc loc

curl v° > 0. We start with the existence part. By Lemma 5.3 with W := (¥ +v°)%, f :=curlv°, and g := curl ¥, there
exists a global strong solution k € WIL’Oo(RJ“; L (R%)) of (A.3) with 1, (U + v°)L - V)k € L (RT x R?). Then

C loc loc

the function v := —W¥ + x (W +v°) € Wlh’coo (RT; Lfoi (R2)) is by construction a global strong solution of (A.1) with
initial data v° and with curlv € L§, (R* x R?). The additional regularity statements follow from the corresponding
statements for x in Lemma 5.3 together with the representation v — v° = —(1 — k) (v° + V).

We now turn to the uniqueness part. Assume that vy, vy € Lf&([O, T) x Rz) are strong solutions of (A.1l) on

[0,T) x R? with curl vy, curl v € L® ([0, T) x Rz) and curl vy, curl v, > 0. From (A.2), it follows that for i = 1,2

loc
we have v; = —W + ; (W + v°) where «; is given by

t
K} (x) :=exp ( — / curl v (x) ds).
0
As v; is a strong solution of (A.1) on [0,7T) x R2, we deduce that «; is a strong solution of equation (A.3)
on [0,7) x RZ, and the boundedness assumption on curlv; implies that «; € Wl’oo([O, T): L (R?)) satisfies

loc loc
Kii, (W 4 0°)+ - V)i € Li.([0,T) x R2). The conclusion k| = k3 then follows from the uniqueness statement in
Lemma5.3. O
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Appendix B. Proof of the preliminary results

In this appendix, we prove the various preliminary results stated in Section 2. We start with the a priori estimate
for transport equations, stated in Lemma 2.2.

Proof of Lemma 2.2. We split the proof into two steps: we first prove (2.1) as a corollary of the celebrated Kato—

Ponce commutator estimate, and then we check estimate (2.2), which is but a straightforward observation.

Step 1. Proof of (2.1).
Let s > 0. The time derivative of the H*-norm of the solution p can be computed as follows, using the notation
(V)= + V)2,

3o’ ||Hs—2/< P V) div(p'w')) =2 f( POV div, w']p +2/( W' - V(V) ')
—2/<<v HV)* div, w'lp’ —/| *p'|* divw'
<201p" a5 IKVY div, w'1p" g2 + [l (divw’) [l | " 1
and hence,
o lus < V) div, w' — W1p [l2 + (V) div, Wlp' [l12 + %n(div w') e 0" | a5 (B.1)

Now we recall the following forms of the Kato—Ponce commutator estimate [33, Lemma X1] (see e.g. [38]): given
p €(1,00), and % + % = % with p;i, g; € (1,00] fori =1, 2, we have for all f, g € Cfo(Rd),

IV Y, FI8lLe Ssopaprops 1 s+ gl + IV fllea l1gllwsaz,

and also

IKVY, FIVEILe Ssopoprops I f lwsarligllyron + Ls=1lIV fllLe g llwsaa (B.2)
Together with the Kato—Ponce inequality of Lemma 2.1, these estimates yield on the one hand

ILCV)* div, W1p" 2 S IW lysereo 10" Iz + IV Wl o [ s,
and

ILV)* div, w" = Wlp'll2 S llo" Iellw’ — Wil s + IV (" = W)Ll o’ [l 4,
and on the other hand,

IL(V)* div, w — Wip' [l 2 < llp" div(w' — W)ligs + V), (' = W)-1Vp'[|2

Ss IV’ = W)l o | as + o el div(w’ — W) llgs + 110" w100 w" — Wilgs.

Injecting these estimates into (B.1), the result (2.1) follows.

Step 2. Proof of (2.2).

Let € > 0. We denote by & the Fourier transform of a function # on R¢. Set G := pw, so that the equation for p
takes the form 9, p = div G. Rewriting this equation in Fourier space and testing it against (¢ + |£])~ 2(p" — p°)(&),
we find

3 / (e +1ENT2P'(E) — p°(&)|*dE =2i / (e + 15D 726 - G (£) (D' () — p°(8))dE

2/(6 +IEDTA'E) — A©NIG (B)1dE,

and hence, by the Cauchy—Schwarz inequality,

1/2 R 1/2
at( /(e+|s|>—2|/3’<§>—ﬁ°<s)|2ds> 5( / |G’<s>|2ds) :
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Integrating in time and letting € | 0, we obtain

1" = Pl -1 = IG 2 < Il Wl e

that is, (2.2). O
We turn to the proof of the a priori estimates for transport-diffusion equations, stated in Lemma 2.3.

Proof of Lemma 2.3. We split the proof into three steps, proving items (i), (ii), and (iii) separately.

Step 1. Proof of (i).

Denote G := g — wVh, so that w satisfies 3w — Aw = div G. Set (£) := (14 |£]|?)'/2, and let i denote the Fourier
transform of a function u on R?. Let s > 0 be fixed, and assume that VA, w, g are as in the statement of (i) (which
implies G € leoc([O, T); H® (Rd )) as shown below). In this step, we use the notation < for < up to a constant C as in
the statement. For all € > 0, rewriting the equation for w in Fourier space and testing it against (€ + |£]) ~2(£)% 9, W (£),

we obtain

£
(€ + 1€

"y f (e + 16N 2(E)2E - G (60,07 (B)dE,

1
/ (e + D267 100 @)k + / (625010 (&) d&

and hence, integrating over [0, 7], and using the inequality 2xy < x2 4+ yz,

HE

25 |t 2
7(e+|$|)2<§> lw'(§)°d§

t

1

//(e +1E1)72(€) > 8,10 (§)|>dEdu + 3
0

1 HE

t
— 25 .80 2 . -2 25e AU ~u
=3) exEp @l dé+z//(e+|§|) (5)78 - G (§)9, 0" (§)dEdu
0

t t

1 . 1 N 1 _ ) R

55/<s>23|w°(s>|2ds+5//<s>25|6“(5)|2dsdu+5//(e+|s|) 2(E) |8, 0" (§)|*dEdu.
0 0

Absorbing in the left-hand side the last right-hand side term, and letting € | 0, it follows that
t
/<§>2S|zb’<s)|2ds s/<s>2S|w°<s)|2ds+//<s>2S|é”(§>|2dsdu,
0

or equivalently
t
lw'll s < lw°llms + 1G 2 -
Lemma 2.1 yields
IGH2ps < Ngll2ps +MwVhI2gs S8 gs + IVRITwsellwli 22 + VAL [wll 24
5 ”g”L?HS + ”w”L%Hsv

so that we obtain
t
12 2 2 2
w5 S Nw®ll7s + IIgIILtzHX +f lw“ || du,
0

and item (i) now follows from the Gronwall inequality.
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Step 2. Proof of (ii).
Set again G := g — wVh, and let VA, w°, w, g be as in the statement of (ii). For all € > 0, rewriting the equation
for w in Fourier space and then integrating it against (¢ + | "2 (W' — w°)(£), we may estimate

3 f (e +1ED T2 — ©°)(&)|PdE =2 f (e +ED T2 — o) (€)' (§)dE

B &7 €1?
- (€ + 152 (€ +15D)?

+2/(€ +IEDTH@ — D) EIIG (&)IdE

(@ — ©°) (&) +2 | — D°)(E)][° (&)

< / %W@)P + f(e +ED @ — D°)(&)*dE + /(1 +IEH) NG ©)7ds,
that is

3 / (e+1ENTH@" — D°) (&) [dE < / (€ +1ED @' — BO)YE)PdE + [lw°llf2 + 1G 15,1
and hence by the Gronwall inequality,

/(e +IENTAI" — b)) PdE < (t]wllfz + G, ).

Letting € | 0, it follows that w’ — w°® € H~!(R?) with
lw' — w1 < e (wll2 + Gl 2g-1) = e (lwll2 + gl 2p-1 + IIVAlLellwllp2g2).
Combining this with (i) for s = 0, item (ii) follows.

Step 3. Proof of (iii).

Let 1 < p, g < oo, and assume that w € L? ([0, T'); L4(R?)), Vh € L°(R?), and g € L ([0, T); L (R%)). In this
step, we use the notation < for < up to a constant C as in the statement. Denoting by I (x) := Ct~4/2¢™1* ?/2) the
heat kernel, Duhamel’s representation formula yields

t
w'(x) =T" % w®(x) + ¢y (x) — / / VI*(y) - Vh(x — y) w' ™" (x = y)dydu,
0
where we have set
t
Sy0ri= [ [ V)¢ - vy
0
We find by the triangle inequality
1
lw'llLe < llw®llLe / IT*WIdy + lgg e + I VAL f llw'™"lILa / VI (y)ldydu,
0

hence by a direct computation

t
' ‘ - —1/2
lw'lie < lw®llLe + lldg llLe +/ lw' ™ flLou™"du.
0

Integrating with respect to ¢, and using the triangle and the Holder inequalities, we find
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root 1p
_ _ p
||w||Ltqu Stl/p”wO”Lq + ”¢8”LtpL‘1 + (/ (f Tycpllw’™"|lLau l/zdu) dv)

0 0

t
1 —1/2
SO e + gl o +f lwlly gyt — )~ du
0

! 1r
—1/7 11
gtl/p”wo”Lq + ||¢g||Ltqu + (1 - r//2) 1/r t27r (/ ||w||£5quu> s
0

for all » > 2. Noting that (1 —r//2)~/ r <14 (r —2)~!/2, and optimizing in r, the Gronwall inequality then leads to
° e -
lwllrie S @710 o + gz exp (| inf ==+ =2)7/21772), (B.3)
2<r<oco Fr

Now it remains to estimate the norm of ¢,. A similar computation as above yields || ¢, ||L;>Lq <tV 2||g||Lqu, but a
. . . Py . . T
more careful estimate is needed. For 1 <s < g, we may estimate by the Holder inequality

! NI 1/s
|¢;(x>|s/(/|vr”|s /2) ([|vr“<x—y)|s/2|gf”(y>|5dy> du,

0

and hence, by the triangle inequality,

\ A\ 1/q 1/s
g llo S/(/IVF“P /2) (f|vr"|q/2> (/lgf‘”l‘*) du.

0

Assuming that « := %(é + é — %) > 0 (note that ¥ < 1/2 follows from the choice s < g), a direct computation then
yields
t
[CATYES / W g ™ Lsdu.
0
Integrating with respect to ¢, we find by the triangle inequality

t t—u 1/p

el ria S / u“( / ||g“||ﬁsdv) du Sk N8 s
0 0

and the result (iii) follows from this together with (B.3). O

We turn to the proof of the potential estimates in L% (R¢), stated in Lemma 2.4.

Proof of Lemma 2.4. Recall that —A~'w = g4 % w, where we define gg(x) := cglx|*~¢ if d > 2 and g»(x) :=
—cplog|x| if d = 2. The stated results are based on suitable decompositions of this Green’s integral. We split the
proof into three steps, separately proving items (i), (ii) and (iii).

Step 1. Proof of (i).
Let 0 < y <T < oo. The obvious estimate |[VA ™ w(x)] < f Ix — y" 4 w(y)|dy may be decomposed as

VA 'w(x)| < f Ix =y w(y)ldy + / lx =y w(y)ldy + / lx — yI"w(y)ldy.
l[x—yl<y y<|lx—y|<I’ [x—y|>T

Let 1 < p <d < g < 00. We use the Holder inequality with exponents (g/(g — 1), g) for the first term, (d/(d — 1), d)
for the second, and (p/(p — 1), p) for the third, which yields after straightforward computations
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VAT w()| S (¢’ —d/g) ™4y =4 wlig + (og(T/y) 4D/ wl|q
+(p'd/p—1))VPTI P w] L.

Item (i) now easily follows, choosing yl=d/a = lwllie/llwlLe and rd/p=1 = lwllLe/l|lwll;«, noting that y <T" fol-
lows from interpolation of L4 between L? and L, and observing that

(C]/(l — d/q))_l/q/ S (1 — d/q)_l'i'l/d’ (p’(d/p _ 1))—1/17, S (1 _ [)/d)_l_H/d.

Step 2. Proof of (ii).
Let 0 <y <1 <T < o0, and let xr denote a cut-off function with yr = 0 on Br, xr = 1 outside Br4i, and
|V xr| <2. We may then decompose

~VA  w(x) = / Vga(x — y)w(y)dy + / Vga(x — y)w(y)dy

[x=yl<y y<|lx—y|<I
+ / Vga(x —y)(I — xr(x — y)w(y)dy
I<lx—y|<'+1
+ / Vga(x —y)xr(x — y)w(y)dy.
[x—y|=T

Using w = div& and integrating by parts, the last term becomes
/ Vga(x — y)xr(x — y)w(y)dy

=— / Vga(x —y) @ Vr(x —y) - E(y)dy — / xr(x — Y)V2ga(x — ) - E(y)dy.

Choosing I' = 1, we may then estimate

VA w(x)| < f lx =y w(y)|dy + / lx =y w(y)|dy + [ lx — y|~E()|dy.
[x=yl<y y<|x—y|<2 [x=y|>1

Using the Holder inequality just as in Step 1 for the first two terms, with d < g < oo, and using the Holder inequality
with exponents (p/(p — 1), p) for the last term, we obtain, for any 1 < p < o0,

VAT W) S (@' —d/g) ™4y " il + (og2/y) D wlia + @d(p = 1) I N,
so that item (ii) follows from the choice y!=4/4 =1 A (lw|lpa/llw|lLe), observing that (d(p’ — 1))_1/1’/ <p.
Step 3. Proof of (iii).

Given 0 < y < 1, using the integration by parts

/ VZga(x — y)dy = / n®Vgq(x —y)dy,
[x—y|<y [x=yl=y
we may decompose

_\®2 —y)®2 —y)®2

[x=yl<y y<lx—y|<l [x=y[=1
(x — y)®* x—y
5‘ / m(w(x)—w(y))dy + w )] |x—y|ddy
lx—yl<y lx=yl=y

_\®2 _a®2
+‘ / |(;—yy|z+2w(y)dy‘+‘ / |(;—yy|)d+2w(y)dy"

y=lx—yl<1 lx—yl=1
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Let 0 <s <1and 1< p < o0. Using the inequality |w(x) — w(y)| < |x — y|*|w]|cs, and then applying the Holder
inequality with exponents (1, co) for the first three terms, and (p/(p — 1), p) for the last one, we obtain after straight-
forward computations

IV2A T )| S sy lwles + lwlie + gy llwliis + (@d(p" = 1) V7 L.
Item (iii) then follows for the choice y* = ||wllLe/|lw]cs <1. O
We turn to the proof of the potential estimates in Sobolev and Hoélder—Zygmund spaces, stated in Lemma 2.5.
Proof of Lemma 2.5. As item (i) is obvious via Fourier transform, we focus on item (ii). Let s € R, let x € C° (RY)

be a fixed even function with x = 1 in a neighborhood of the origin, and let x (V) denote the corresponding pseudo-
differential operator. Applying [6, Proposition 2.78] to the operator (1 — x (V))VA~™!, we find

VAT wles < 10— x(V)VA  wlles + I (MVA  wlles S lwll et + 1 (VIVA™ wllcs.

Let k denote the smallest nonnegative integer > s. Noting that [[v]|cs S Z];':O | V/ vl e holds for all v, we deduce

k
VA  wlley Slwllesm + Y IV x(VVA™ wllie,

j=0
and similarly
k
IV2PA wles Slwles + Y IV x(MVEA™ w]ls.
j=0

Writing V/ x (V)VA™ 'w = V/ 5 « VA~ lw, we find
IV/ x (VIVA e < IV 2 IVA w2 = 1V Rl lwll -1

and the first two estimates in item (ii) follow. Rather writing V/ x(VVA~ w = VA= (VI § % w), and using the
estimate |[VA~ v(x)| < f Ix — y|'?|v(y)|dy as in the proof of Lemma 2.4, we find forall 1 < p < d,

IV/ x(V)VA™ wLe < sup / lx — "7V § % w(y)|dy + sup / lx = yI"VI gk w(y)ldy
X X
lx—y|=<1 [x—y|>1
Sp IV R s wliienre < IV/ Rl wllears,

and the third estimate in item (ii) follows. The last estimate in item (ii) is now easily obtained, arguing similarly as in
the proof of Lemma 2.4(iii). O

We turn to the proof of the 2D global elliptic regularity results stated in Lemma 2.6.

Proof of Lemma 2.6. We split the proof into three steps, first proving (i) as a consequence of Meyers’ perturbative
argument, then turning to the Sobolev regularity (ii), and finally to the Schauder type estimate (iii). The additional
L-estimate for v directly follows from item (i) and the Sobolev embedding, while the corresponding estimate for
Vu follows from items (i) and (iii) by interpolation: for 2 < p < pg and s € (0, 1), we indeed find

VullLe S VullLe + [Vules < Cpll fllzorw+a + Csll flliza-9 < Cpsll fllLinre-

In the proof below, we use the notation < for < up to a constant C > 0 that depends only on an upper bound on A,
and we add subscripts to indicate dependence on further parameters.

Step 1. Proof of (i).
We start with the norm of v. By Meyers’ perturbative argument [43], there exists some 1 < rp < 2 (depending only
on A) such that ||Vu|Lr < |lgllLr holds forall rg <r < r(/), % + 1 = 1. On the other hand, decomposing the equation
o
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for v as
—Av=div(g+ (b — 1)Vv),
we deduce from Riesz potential theory that forall 1 <r <2

vl ze-n Srllg + (B = DVl Sliglie + IVl

. 2
and hence ||v||;2/e-n Sr gl forall rg <r <2, thatis, [[vliLe Sq 18Iy 24/+2 for all 2_’20 <g < oo.

We now turn to the norm of Vu. The proof follows from a suitable adaptation of Meyers’ perturbative argu-
ment [43], again combined with Riesz potential theory. For the reader’s convenience a complete proof is included. First
recall that the Calder6n—Zygmund theory yields IVZAw|r < K pllwllLr forall 1 < p < oo and all w e C¥° (R?),
where the constants K ,’s moreover satisfy limsup,,_,, K, < K>, while a simple energy estimate allows to choose
K> = 1. Now rewriting the equation for u as

2 ) 2 A+1
—Au=——f +div (b— )Vu ,
A+1 A+1 2

we deduce from Riesz potential theory and from the Calderén—Zygmund theory (applied to the first and to the second
right-hand side term, respectively), for all 2 < p < oo,

IVullr < VA~ flls + | VA~ div(—— (b~ L)
u p p v — u
M AT Y A+1 2 L
2C, 2K, H A+1
- , p- 2Ny
< W i + =20 (b= =5=) va|
2Cp Kp(A - 1)
< _— v P,
At I fll2p/+2 + ATl IVullL:
where the last inequality follows from Id < b < A Id. Since we have ﬁ—jr% < landlimsup,_ ,, K, < K> =1, we may

K,(A—1)

choose Py > 2 close enough to 2 such that < 1 holds for all 2 < p < pg. This allows to absorb the last
right-hand side term, and to conclude || Vullrr Sp |l fllp2p/0+2 forall 2 < p < po.

Step 2. Proof of (ii).
We focus on the result for u, as the argument for v is very similar. A simple energy estimate yields

/IVulziwaqu:/qu If 1 -1V,

hence ||[Vulli2 < | fll -1, that is, (ii) with s = 0. The result (ii) for any integer s > 0 is then deduced by induction,
successively differentiating the equation. It remains to consider the case of fractional values s > 0. We only display the
argument for 0 < s < 1, while the other cases are similarly obtained after differentiation of the equation. Let0 < s < 1
be fixed. We use the following finite difference characterization of the fractional Sobolev space H*(RR?): a function
w e L2(R?) belongs to H*(R?), if and only if it satisfies |w — w(- + h)|lj2 < K|h|® forall h € R2, for some K > 0,
and we then have ||wl|| g+ < K. This characterization is easily checked, using e.g. the identity [|w — w(- + h)||i2 ~
f [1 — e'$72 10 (€)|2dE, where  denotes the Fourier transform of w, and noting that |1 — ¢/¢| <2 A |a| holds for all
a € R. Now applying finite difference to the equation for u, we find for all 4 € R?,

—div(b(- + h)(Vu — Vu(- + h))) =div((b — b(- + h))Vu) + f — f(- + h),
and hence, testing against u — u(- + h),
/ Vi = Vu(-+ ) < —/(w — Vu(-+h)) - (b=b(-+h)Vu + /(u —u(+m)(f = f+h)
< kP bles IVull2IVu — Vu (- + )iz + 1 f = fFC+ D -1 lIVu — Vu(-+h) |2,

where we compute by means of Fourier transforms

If = FCHDIE .~ f 17211 — 5P| (&) PdE S f 17218 - 1P| FE)PdE SR LI 1y
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Further combining this with the L?-estimate for Vu proven at the beginning of this step, we conclude
IVu = Vu(-+h)ll2 S (bles IVull: + 1 £l g-1ags—1) STRIFA + 1BIe)If | -1nps-15
and the result follows from the above stated characterization of H*(R?).

Step 3. Proof of (iii).
We focus on the result for «, while that for v is easily obtained as an adaptation of [28, Theorem 3.8]. Let xo € R2
be fixed. The equation for # may be rewritten as

— div(b(x0)Vu) = f + div((b — b(x0)) Vu).

Forall r > 0, let w, € u + HOI(B(xo, r)) be the unique solution of —div(b(xo)Vw,) = 0 in B(xg, 7). The difference
Vpi=U— w, € HO1 (B(xg, r)) then satisfies in B(xq, r)

—div(b(x0)Vvy) = f + div((b — b(x0)) Vu).

Testing this equation against v, itself, we obtain

/IWIZ <

We estimate the first term as follows

for| + 7 blesIVull L2 gy I VUr ll2-

fvr‘ + f b — b(xo)|[Vul[ Vo | <

B(xo.r) B(xo.r) B(xo.r)

< IV Ly B IVA ™ Laio,n HliLe,

‘/fvr‘z‘ / Vo, - VAT Lpeon f)

B(xo.r) B(xo.r)

and hence by Riesz potential theory, for all 2 < p < oo,

for

B(xo,r)

Sp [V ”Ll’/(B(xo,r)) I/ ||L2”/(”+2)(B(x0,r))'

The Holder inequality then yields, choosing g := & > 2,

< ol 1+2-2 201-1y Lts
Soe| Spr? AVuellzr TP fllee =7 I Vuellp2 | fllee =7 Vel L f llza-— -
B(xo,r)

Combining the above estimates, we deduce

2 2(1 2 2 2 2
/|vvr| 51" (+S)||f||L2/(lfx)+r s|b|CS”VM”L2(B(xO’r))'

We are now in position to conclude exactly as in the classical proof of the Schauder estimates (see e.g. [28, Theo-
rem 3.13]). O

We turn to the proof of Lemma 2.7, concerning the reconstruction of v from the knowledge of curl v and div(av).

Proof of Lemma 2.7. We split the proof into two steps.

Step 1. Uniqueness.

We prove that at most one function v € L?(R?)? can be associated with a given couple (8w, 8¢). For that purpose,
we assume that §v € L2(R?)? satisfies curl §v = 0 and div(adv) = 0, and we deduce §v = 0. By the Hodge decompo-
sition in L?(R?)2, there exist functions ¢, ¥ € Hl})c (R?) such that adv = V¢ + V1 with Vg, Vi € L2(R?)%. Now
note that A¢ = div(adv) = 0 and div(a~' V) + curl(a~'V¢) = curl sv = 0, which implies V¢ = 0 and Vi =0,
hence év =0.
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Step 2. Existence.
Given 8w, 8¢ € H™'(R?), we observe that V(diva~'V)~ 8w and V(divaV)~'8¢ are well-defined in L?(R?)2.
The vector field

sv:=a"'Vtiva'V) 18w + V(divaVv)~lsc
is thus well-defined in L?(R?)2, and trivially satisfies curl v = $w, div(adv) = §¢. The additional estimate follows
from Lemmas 2.1 and 2.6(ii). O

Finally, we turn to the control on the pressure stated in Lemma 2.8.

Proof of Lemma 2.8. In this proof, we use the notation < for < up to a constant C depending only on an upper
bound on ||(h, ¥, 0°)||Le. Let 2 < po,go < 1 and ro = po be as in Lemma 2.6(i) (with b replaced by a or a1, and
note that go can be chosen large enough such that % + qio < % Assume that w € L ([0, T); P N L4 (R2)) holds for
this choice of the exponent gg. By Lemma 2.6(1), the function

P = (—divaV) " div(aw(—a(¥ + v) + B(¥ + v)1))

is well-defined in L ([0, T); L9°(R2)) and satisfies for all 7 > 0,

loc
1P [l S llaw' (—a (W +v") + BO¥ + 1) D)l 200/040)
SN+ 0%l | [l 200/24a0) 4+ 107 — D[l 2l [l10
S+ =2l e’ Lo

Now note that the following Helmholtz—Leray type identity follows from the proof of Lemma 2.7: for any vector field
F e CX(R?)?,

F=a"'Vtdiva™'Vv) lcurl F + V(divaV) ' div(a F). (B.4)
This implies in particular, for the choice F = a)( —a(W+v)+ B+ v)l),
a”'vtdiva'Vv) T div (@@ (W + v)t + B(W +v)))
=a " 'VE(diva~'V) " eurl (w(—a (¥ + v) + (¥ +v) 1))
=o(—a(¥+v)+ W +v)t)+VP. (B.5)

For ¢ € C2°([0, T) x R?)?, it follows from Lemma 2.6(i) that (diva~'V)~! curl(a=!¢) € C°([0, T); L% (R?)) and
that V(diva~'V)~!curl(@~'¢) € C2([0, T); L> N LP(R?)). With the choice io + L <1 the L%-regularity of
then allows to test the weak formulation of (1.9) (which defines weak solutions of (1.1), cf. Definition 1.1(b)) against
(diva='V)~ 1 curl(a=1¢), to the effect of

/af’(diva—lvrlcurl(a—1¢(o, -))+//w(diva—lvrlcurl(a—la,¢>)

= /f 0@V 4 v)E + B +0)) - V(diva~'V) " curl(@ ' ¢).
As by (B.4) the constraint div(av) = 0 implies v = a~ 'V (diva~!'V)™'w and v° = ¢~V (diva~'V)~1w°, and as

by definition w € L ([0, T); L' N L?(R?)), Lemma 2.6(i) implies v € L2 ([0, T); LP° (R?)?). We may then integrate
by parts in the weak formulation above, which yields

/¢>(0, 5w + /f 0 v = —//a”qs v (diva V) divie@(W + v)t + B+ v),

and the result now directly follows from the decomposition (B.5). O
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