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Abstract

We study a model introduced by Perthame and Vauchelet [19] that describes the growth of a tumor governed by Brinkman’s
Law, which takes into account friction between the tumor cells. We adopt the viscosity solution approach to establish an optimal
uniform convergence result of the tumor density as well as the pressure in the incompressible limit. The system lacks standard
maximum principle, and thus modification of the usual approach is necessary.
© 2017 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

We study the following model, which was introduced by Perthame and Vauchelet in [19]. It describes the growth
of tumors at the cellular level by providing a law relating the cell density, pressure, and cell multiplication. The tumor
cell density ng : R” x [0, c0) — R satisfies,

ong — div(ng DWy) =ni G(pr),

(1.1)
—VAW + Wi = pi,

where the pressure py is given by,

)k_l.

Dk = (g

k—1
Here v is a positive constant and G is a given function that describes the effect that the pressure has on the growth of
the tumor. We assume G satisfies,

GecC! (R), G'(-) < —a <0, and G(Py) =0 for some Py > 0 and & > 0. (1.2)
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The main results of [19] concern the limit as k — oo, or the so-called incompressible limit, of (1.1). This connects
(1.1) to a system that involves a moving front. If the parameter v were zero (in other words, if the tumor were governed
by Darcy’s Law), then the system (1.1) would become,

0rny — div(ng Dpi) = niG(py).

This model for tumor growth has been widely studied, and we refer the reader to the introduction of [19] for a variety
of references, both about modeling and rigorous mathematical analysis. In particular, in [18], Perthame, Quiros and
Viézquez find that the incompressible limit of the above equation is the Hele—Shaw problem with a forcing term. Kim
and Pozar [16] used viscosity solution methods to improve the result in [18]. The model that we study, (1.1) with
v > 0, has been proposed as a better description of tumor growth. Here, the tumor is governed by Brinkman’s Law,
which takes into account the friction between the tumor cells, and not just of the tumor with its environment. These
modeling issues are discussed in, for example, [24.,6]. For fixed k, the system (1.1) was also studied by Trivisa and
Webber in [23], who established existence of weak solutions and found a convergent numerical method for (1.1).

Of particular interest in the asymptotic limit is the limiting pressure, which represents the incompressibility condi-
tion. In the inviscid model (v = 0), the limiting pressure solves a Hele—-Shaw type problem and is continuous as long
as the pressure zone is reasonably regular [ 18]. However, as illustrated in [19], in the viscous model that we study here
the limiting pressure is strictly positive on the boundary of its support, and thus is discontinuous. This is an interesting
contrast to the inviscid model.

Our goal in this paper is to obtain pointwise convergence results in the framework of viscosity solutions theory,
improving the L' convergence obtained in [ 19]. Due to the discontinuity of the limiting pressure, the optimal pointwise
convergence result one expects is uniform convergence away from the pressure boundary. This is precisely what we
obtain. In addition, knowing that the pressure converges uniformly then allows us to improve the convergence of the
Wy as well (see Theorem 1.1 below).

We point out that the system (1.1) does not enjoy the comparison principle — in fact, it is strongly coupled — and
thus one needs to modify the existing theory in the analysis. To achieve this we follow the approach in [15], where we
rely on the fact that one component of the system can be considered almost fixed due to its strong convergence: in our
case that turns out to be the Wy, though their convergence is still weaker than what is available in [15].

Heuristics. Let us briefly recall the formal derivation of the limiting system given in [19] to illustrate additional
challenges and main ingredients of our analysis in more detail. We denote the limit of (pi, nx, Wi) by (poos oo, Woo)-
Perhaps the easiest equation to guess is the one for Wyg:

—VAWs + Woo = Poo- (1.3)

Next we expect that p is either zero or satisfies poo — VG (poo) = Weo. This is because we can write the n; equation
in terms of py as

3 px — Dpi - DWy = (k — v~ pe(Wi — (I1d = vG) (p)), (1.4)

which then translates p, as a singular limit of reaction—diffusion equations. Thus it is reasonable to think that p
will take value either zero or (Id — vG) ™1 (Wyo). In other words, we expect to have po, = (Id — vG)~1 (Weo) xg, for
some region £2;. The question now is to characterize €2;.

We recall that there is a third component here, namely nj. Manipulating the equation for n; and then using the
equation that Wy satisfies yields,

ng
ong — Dng - DWi =np (AW + G(pi)) = T(Wk — pr+vG(pr)). (L.5)

The region €2; is where the pj converge to the positive value (Id — vG) L (W), so by definition we know that the
ny converge to 1 there. When the p; converge to 0 (in other words, on Qf) we expect the n to converge to zero if
initially this is the case (see the discussion in the outline below). Notice that in both situations, the right-hand side of
the previous equation is zero. Thus we expect n, to equal xg, and solve,

O0tloo — Dhnoo - DWso =0, (1.6)
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yielding the normal velocity law for the set €2;. Thus, we expect the triple (poo, oo, W) to solve the system,

VAW + Weo = Peo,

DPoo=(d — VG)_I(WOO)X{VLOC>O}5 Noo = X{ne>0}» (L.7)
0ifoo — Do - DWoo = 0.

The above heuristics are indeed true when the limiting density no is initially a patch. Then it follows from the
transport equation (1.6) that no is always zero or one at later times. In general the limiting system (1.7) is invalid
with the presence of the region {0 < ny, < 1}, due to the interaction of the two convergence regions as k — co. In the
inviscid model (v = 0), this was studied by Kim and Pozar [16] and Mellet, Perthame and Quiros [17]. In our situation
the normal velocity of the pressure zone in this general setting remains open.

Initial data. Let us now state the conditions on the limiting initial data with the notation

F:=(Id—vG)™\, (1.8)
as given in [19] (where H is used instead of F'). We assume,

n%=xa. Po=FWlxa, —vAWd+Wwl=pd. (1.9)

where Q¢ C R” is a compact set with measure zero boundary. The last two equations are, as mentioned in [19], to
avoid initial layers in the limit system. As for the approximating system, we impose

liminf , py (x, 0) > 0 on Q9 and liminfdist ({x| px(x, 0) > 0}, (€0)°) > 0, (1.10)
k— 00 k— 00

where dist is the usual distance function. The assumptions (1.10) that we make on the initial data are very similar to
those in [19]. They are neither more nor less general, as discussed below.

Main result. Now we are ready to state our main result.

Theorem 1.1. Let 29 be a compact set in R" and let ny and Wy, solve (1.1) with initial data satisfying (1.10). Then,
along a subsequence:

(a) the Wy, converge strongly to W in L*°((0, T), Wi)’cp (R™)),

(b) the pi converge locally uniformly to po on (R" x (0, 00)) \ d{ns > 0},
(¢c) the ny converge locally uniformly to neo on (R" x (0, 00)) \ 9{ns > 0},

where (Poo, Noo, Woo) solve (1.7) with initial data (1.9). Moreover, d{n~ > 0} has measure zero.

As stated in the theorem, the limiting density has its support evolving by the geometric flow (1.6). Since our
goal here is to obtain the convergence of the density and pressure in a strong sense — namely, locally uniformly —
we therefore need to employ a sufficiently strong notion of solution for (1.6). For this reason we consider viscosity
solutions to (1.6). This allows us to use barrier arguments with smooth test functions, as well as stability properties,
to yield the (locally) uniform convergence results that we desire. Since a priori estimates only yield DWx, to be
integrable in time and log-Lipschitz in space, (1.6) is not covered by standard viscosity solutions theory. Thus, a key
part of our work is to define a notion of viscosity solution for (1.6); establish basic results such as stability, existence
and a comparison theorem; and describe the unique viscosity solution of (1.6) in terms of the associated flow map. In
fact, in the proof of the main result we identify n, with the function given by (2.7) of Theorem 2.7, with V = —DW,.

Before we discuss the main ingredients of the proof in more detail, some remarks on the theorem are in order.

Size of 0{ns > 0}. Theorem 1.1 tells us the limiting behavior of the pressure and density everywhere except on
0{ns > 0}. In Lemma 9.1 we show that d{n, > 0} has Lebesgue measure zero for all times. If DW, were Lipschitz
in space, then the flow generated by D W, would also be Lipschitz, and, for example, the Hausdorff dimension of
0{ne > 0} would be preserved under the flow. This is not quite the case for us: see Section 9.2 for more discussion.
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Relationship of our work and [19]. Our results strengthen those of [19] in several ways. First, we obtain locally
uniform convergence of py and ny, improving the L 110 . convergence in [19]. Second, we characterize noo as an indi-
cator function. This confirms what was suggested in the numerical examples in [19, Section 3], but was not proven
there. Third, as a consequence of the stronger convergence of the p, we improve the convergence of the Wy from

LY((0, T), WA (R™) to L®((0, T), WP (R™)).

We now discuss in detail the relationship between our assumption on the initial data (1.10) and the analogous
assumption in [19]. Indeed, [19] assumes that pi(x, 0) converge almost everywhere to H (W) on ¢, and are iden-
tically zero on . These assumptions of [19] do not imply that (1.10) holds, because convergence in the almost
everywhere sense is weaker than what is needed for (1.10) to hold. On the other hand, our assumptions do not imply
that those in [19] hold. We do not need to assume convergence of the pi(x, 0) to F'(Ws) on Q2; for us it is enough
only to assume that the pj are uniformly positive there. In addition, we do not require all of the pi(x,0) to have
the same zero set; we simply require a convergence of the zero sets. Thus, our assumptions are neither stronger nor
weaker than those in [19].

The initial time. We discuss the behavior of the p; near the initial time. First, we point out a difference between the
assumptions on the initial data for the limiting system (1.9) and for the system at the k-level (1.10) — the second
condition in (1.9) states pgo =F (Wgo) Xg,; however, at the k-level we assume only liminf, py(x,0) > 0 on .
Despite this, we are able to establish that the p; converge locally uniformly to po for # > 0 (and off of d{n, > 0}).

To see why this should be the case, we look at the equation that py satisfies, (1.4), and explain the heuristics. We
see that if py is even a little bit positive initially, it will approach the stable root of the reaction term for positive times
as k approaches infinity. This causes a possible “jump” at time O: indeed, it is even possible for the initial data pi(x, 0)
to converge to something other than pgo, and yet for the py to still converge to ps, for t > 0.

Main challenges and ingredients. As mentioned above, our goal here is to obtain the convergence of the py in a
strong sense — namely, locally uniformly — using the viscosity solution approach. We illustrate the main ingredients
and challenges of the proof below.

Viscosity solutions for the transport equation. A key part of our work is defining and establishing basic properties
for viscosity solutions of (1.6). We prove a comparison result, Theorem 2.4, that is essential to the rest of the paper,
and implies that solutions to (1.6) with continuous initial data are unique. In addition, we also establish uniqueness
for solutions to (1.6) that have a characteristic function as initial data (see Theorem 2.7). This is an interesting and
subtle point — in general, it is possible for a Hamilton Jacobi equation d,u + H (x, t, Du) = 0 to enjoy uniqueness for
continuous solutions, but not discontinuous solutions (see the counterexample of Barles, Soner and Souganidis in [3,
Proposition 4.4] where non-uniqueness occurs for d;u + (x — t)| Du| = 0 due to nucleation).

Literature on the transport equation. There is a wide literature on renormalized solutions (in the sense of DiPerna—
Lions [11]) and distributional solutions to the transport equation with quite general vector fields. In particular,
Ambrosio’s [1, Theorem 4.1] establishes uniqueness of distributional solutions to

oqu+ Du-b(x,t) =0
where b(-, 1) € BVj,(R") for almost all ¢ and satisfies div(b) € L' ((0, T), L%.(R™)). Our vector field D Wy, satisfies

loc
these hypotheses. However, the aforementioned result concerns solutions in the distributional sense. We do not know
whether or not a viscosity solution is a distributional solution, and thus cannot immediately deduce uniqueness or

comparison for our situation, so we establish comparison for viscosity solutions of (1.6) directly.

Generalized set evolution. Understanding the evolution of the set d{n., > 0} is key to finding the asymptotic behavior
of our system. The heuristics indicate that this region travels with normal velocity DWo,. We want a precise and
direct way to describe and study such evolution. For this, we extend the definition given by Barles and Souganidis
in [2] of generalized flow to velocities that are only integrable in time. Heuristically, the definition involves testing a
subset of R” from the “inside” or “outside” by smoothly evolving sets. Whether a region €2; is a generalized flow with
velocity D Wy is closely related to whether the indicator of €2; is a viscosity solution of (1.6) (this is made precise in
Theorem 3.2).
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In [2], the authors also introduce a way of studying the development of interfaces in asymptotic limits of reaction—
diffusion equations. In [15], such methods were used to study a system with no comparison principle. Although the
methods of [2] and [15] provided a lot of inspiration for our work, we do not use the so-called “abstract approach”
introduced in [2], and are able to proceed with more basic barrier arguments. This is mostly due to the fact that the
equation (1.4) for py is first order.

Issues of uniqueness. It is not known whether the solutions to (2.1) or (1.7) are unique. However, if we are given
two triplets solving (1.7) but with the same Wy, then the pressures and densities must agree. In other words, if
(Poos ooy Woo) and (pl, nl,, Woeo) solve (1.7), then we must have (no0)s < il < (noo)*, and similarly for the pres-
sures (here u* and u, denote, respectively, the upper and lower semicontinuous envelopes of «). This is a consequence
of Theorem 2.7, which establishes uniqueness for discontinuous viscosity solutions of the transport equation (1.6).
This also implies, by an argument very similar to that of [3, Section 2] for classical viscosity solutions, that d{ny, > 0}
enjoys the empty interior property.

Obtaining the main result. Once we have introduced the notion of generalized flow, we establish:

Proposition 1.2. For t > 0, define the sets Ak Q,l and 9,2 by,
AR = (x| pr(x, 1) > 0}, Q! = (x| 1}(nigf*pk(x, 1) > 0} and Q? = (x| l}cn_l)gf*dist(x, A%y > 0y,
Under the hypotheses of Theorem 1.1, we have,

(1) (SE})”” is a generalized superflow with velocity —DWxo, and,
(2) (QtZ)C is a generalized subflow with velocity —DWxo.

(Here liminf, and limsup* are the usual weak limits. We write down the definition in Definition 4.1 for the
convenience of the reader.) We view this proposition as the heart of our paper. It captures the basic idea that the
limiting behavior of (1.1) can be expressed by saying where the limit of the py is zero, where it is positive, and how
these two regions evolve in time.

We remark on the definition of le It says that the p; are eventually zero, uniformly on compact subsets of Qtz
Knowing x € Q,z is strictly stronger than simply limsup*pi(x, 1) = 0. (As an elementary example, consider the
sequence of functions fi(x) = 1/k. This sequence satisfies limsup* fy = 0, and yet the f; are never eventually zero.)
In addition, limsup * px(x, ) = 0 does not imply that the limit of the ny(x, r) is zero, but x € 9,2 does.

In order to deduce Theorem 1.1 from Proposition 1.2, we also study the sets Q,‘ and Qtz at the initial time, and
compare them to the set €2¢ appearing in the hypotheses on the initial data. Then we establish that in Qt], not only are
the py uniformly positive, but that they in fact converge to (Id — G) ™' (Wao). Finally, use these results, together with
estimates on the size of d{ns, > 0}, to obtain the improved convergence of the Wj.

Structure of our paper. Viscosity solutions and generalized flows are defined in Section 2 and Section 3, respectively.
There we state basic properties of these two notions and of their relationship to each other. We could not find these
results elsewhere in our precise setting so we include their proofs. However, since this is not the main focus of our
work, these proofs are sketched in the appendices. Section 4 is short and covers some preliminary results about (1.1)
that we use in the rest of the paper. Then, Section 5 and Section 6 are devoted to the proofs of items (1) and (2),
respectively, of Proposition 1.2. We study the limiting behavior at the initial time in Section 7. Section 8 is devoted to
studying the limit of the py in the positive region. We put all of the ingredients together in Section 9 and establish our
main result.

2. Viscosity solutions

We define a notion of solution for

dqu+Du-V(x,t)=0 @2.1)
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for V uniformly bounded, log-Lipschitz in x and L' in 7. Our precise hypotheses are that there exist M > 0 and N > 0
with:

|V (x,1)| < M forall x, t; (2.2)
[V(x,t) = V(y,t)| <o(]x —y]|) for all x, y, ¢, where o(r) = Nr|In(r)|; 2.3)
t— V(x,t) is integrable on (0, T') for any x. 2.4)

We use USC and LSC to denote, respectively, the classes of real-valued upper-semicontinuous and lower-
semicontinuous functions on R"”. We will also employ the upper-semicontinuous and lower-semicontinuous envelopes,
which we denote for a given function u by u™ and u,, respectively.

We follow Ishii [13] in defining viscosity solutions for (2.1). We use H to denote,

Hx,t,q)=V(x,t)-q. (2.5)

First we define:

Definition 2.1. For any open set Q C R” x [0, T'], (xo, fp) € Q, and gg € R" we define H™ as:
H™* (x0, 0, 90) = {(G, b) such that G € C(Q x R"), b e L'(0, T),
G(x,1,q)+b(t) = H(x,t,q) for all (x, q) € Bs(xo, qo),
almost all t € Bs(tg), some & > 0}.

The definition H ™ (x, ty, go) is identical, except > is replaced with <.
Definition 2.2. Let Q be an open subset of R”.

(1) u € USC is called a viscosity subsolution (resp. supersolution) in Q x (0, T) if
9:¢ (xo, 10) + G (x0, 10, D¢ (x0, 10)) < O (resp. > 0)

holds for any ¢ € CI(Q x (0,T)), (x0,%0) € QO x (0,T), and (G, b) € H™ (xg, to, Do (x9, tp)) (resp. HT) such
that
t
(x,t) > u(x,rt) +/b(s) ds —¢(x,1)
0

has a local maximum (resp. minimum) at (xo, #p).
(2) u is called a viscosity solution on Q x (0, T) with initial data ug if u, is a supersolution, u* is a subsolution,
u(x,0) > (ug)«(x) forall x € Q, and u™*(x, 0) < (up)*(x) forall x € Q.

From now on, we often use “solution” to refer to “viscosity solution”, and similarly for sub- and super-solutions.
We remark that if ug and u are continuous, then u being a viscosity solution with initial data uo simply means that u
is both a sub- and a super-solution, and equals ug at time 0.

2.1. Basic properties

It follows directly from the definitions that if H is continuous in #, then a viscosity solution in this sense is also a
viscosity solution in the usual sense. We record this as:

Lemma 2.3. Suppose H is continuous in t, u € USC (resp. LSC) is a viscosity subsolution (resp. supersolution),
¢ € Cl, and u — ¢ has a local maximum (resp. minimum) at (xo, to). Then

0 (x0, to) + H (x0, to, D (x0, 1)) <0 (resp. > 0).
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An important property of classical viscosity solution is stability — if there is a uniformly convergent sequence of
viscosity solutions, then the limit is also a viscosity solution. The notion of viscosity solutions we define also enjoys
such a property. For a precise statement, we refer the reader to [13, Proposition 7.1]. The proof there carries over to
this situation with no modifications.

We establish the following comparison theorem for viscosity solutions:

Theorem 2.4. Suppose V satisfies hypotheses (2.2), (2.3) and (2.4). Suppose u € USC(R" x [0,T]) and v €
LSCR"™ x [0, T)) are, respectively, a sub and super solution to (2.1) on R" x [0, T]. Then,

sup (1 —v) <sup(u(x,0) —v(x,0)".
R x[0,T] R

This result is essential to our work. The proof is essentially a doubling-variables argument. It has two parts. First,
we establish that u(x, ) — v(x, t) is a subsolution to a certain equation. This part of the proof follows [13]. These
techniques have also been used by Bourgoing [5,4] to establish comparison and existence for solutions of second order
PDEs with L! time dependence. However, V is not regular enough in the space variable for any of these results to
apply directly. The second part of the proof of Theorem 2.4 is to use that V satisfies the log-Lipschitz hypothesis (2.3)
to construct a supersolution to the equation that u(x, t) — v(y, t) satisfies, thus yielding the desired bound from above.
The second part of the proof uses ideas from two papers that study Hamilton—Jacobi equations with coefficients that
are not necessary Lipshitz. These are [8] of Crandall, Ishii and Lions, as well as Stromberg’s [21]. We provide the
proof in Appendix A.

Next we prove existence and basic regularity for viscosity solutions of (2.1).

Theorem 2.5. Let V satisfy (2.2), (2.3) and (2.4). Let ug € L°°(R") be uniformly continuous. Then there exists a
solution u to (2.1) on R" with initial data uy.

Moreover, u is uniformly continuous in x and t, with modulus that depends only on the modulus of continuity of
ug, T, and the constants M, N in (2.2) and (2.3).

The main idea of the proof is that, if V were “regular enough,” then simply the method of characteristics would
provide a solution of (2.1). It turns out that the assumptions (2.2), (2.3) and (2.4) are enough for us to be able to
regularize V, obtain classical solutions using the method of characteristics, and then take a limit. In fact, the description
of u in terms of characteristics remains valid even after taking the limit, and we have:

Theorem 2.6. Under the hypotheses of Theorem 2.5, there exists unique X : (0, T) x (0, T) x R" — R” satisfying,

X(s,t,x)=x +/V(X(r,t,x),r)dr, (2.6)
1

and we have u(x,t) =uo(X (0, t, x)). Moreover, for every t > 0 the map ®; defined by, ®;(x) = X (¢, 0, x) is Holder
continuous with exponent exp(—Nt), where N is the constant in (2.3).

This characterization of u is useful to us for several reasons. First, it will allow us to deduce information about
the size and regularity of the set d{n, > 0}, which, according to Theorem 1.1, is the only region on which we “don’t
know” what the limit of the py is. Second, it connects the notion of generalized flow that we introduce in the next
section and use in the rest of the paper with more classical notions. The proofs of Theorem 2.5 and Theorem 2.6 are
in Appendix B.

2.2. Discontinuous viscosity solutions to (2.1)

It is clear that Theorem 2.4 implies uniqueness of continuous viscosity solutions to (2.1). The situation for discon-
tinuous solutions is more subtle. In fact, as described in the introduction, there are equations for which uniqueness
holds in the class of continuous solutions, but not in the class of discontinuous solutions. We use Theorem 2.4, together
with Theorem 2.6, to establish existence and uniqueness of viscosity solutions to (2.1) with initial data a characteristic
function:
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Theorem 2.7. Let 2y be an open, bounded domain in R" and let V satisfy (2.2), (2.3) and (2.4). Then there exists a
viscosity solution u of (2.1) with initial data uo(x) := xq,(x). Moreover, we have,

u(x,t) = xo,(x), where Q; :={x : X (0,1, x) € Qo}, 2.7)
where X is the unique map satisfying (2.6). And, u is unique, in the sense that any other viscosity solution of (2.1) is

between u and u* = Xg,

In order to establish the uniqueness result stated here, we are taking advantage of the special form of u in terms of
the flow X. The proof is at the end of Appendix B.

3. Generalized flows

We introdupe a notion of generalized flows with velocity V (x, t), where V satisfies (2.2), (2.4) and (2.3). Through-
out, we use Q¥ to denote the interior of the set Q.

Definition 3.1. Let (£2;):c(q,p) be a family of open subsets of R”, and let V satisfy (2.2), (2.3), and (2.4).

o The family (2/)se(,p) is called a generalized superflow with velocity V if forallx e R", t € (a,b),r > 0, >0
and for all smooth functions ¢ : R" — R such that

{x:¢(x) =0} C QN B (X),
with [D¢| # 0 on {x : ¢ (x) = 0}, there exists 4 > 0 such that for all & € (0, k),
t+h

x:q)(x)—/V(x,s)~D¢(x)ds—hoz>O N By (%) C Qiyh,

t

and & depends only on , ||| lc3(8, (v))» and the constant M that appears in the hypotheses (2.2), (2.3), and (2.4).
e The family (£2;);e(q,p) 1s called a generalized subflow with velocity V if forall x e R", t € (a,b), ¥ > 0,0 >0
and for all smooth functions ¢ : R" — R such that

{x:¢(x) <0} CQNB (%),
with [D¢| £ 0 on {x : ¢ (x) = 0}, there exists 4 > 0 such that for all & € (0, k),
t+h

x:(b(x)—/V(x,s)~D¢(x)ds—hot<O ﬂBr()E)CS_Zf+h,

t
and & depends only on «, ||@| |C3(B, F)> and the constant M that appears in the hypotheses (2.2), (2.3), and (2.4).

Whether ; is a generalized flow with velocity V' is closely related to whether xo — xgac is a solution of (2.1).
Precisely:

Theorem 3.2. Let V satisfy (2.2), (2.3), and (2.4).

(1) (x(x,t) — xae(x, 1))y is a supersolution of (2.1) on R" x [0, T] if and only if (Qi”’),e[oj] is a generalized
superflow with velocity V.

(2) (Qim)te[O,T] is a generalized subflow with velocity V if and only if (xo(x,t) — xac(x,1))* is a subsolution of
(2.1)on R" x [0, T].

The proof follows along the lines of the proof of Theorem 2.4 of [2]. The key idea is that, for any (smooth enough)
function ¢, the function i defined by,
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Yx,r)=¢(x)— [ Hx,s,Dop(x))ds — (r —t)a/2
1

“should be” a subsolution of the equation (2.1). Indeed, if H were differentiable in x and continuous in ¢, we’d have,

Dy (x,r) =D (x) — / Hy(x, 5, D$(x))D*¢(x) + Hy(x,s, D (x))ds,
t

and hence Dy (x,r) = D¢ (x) + O (|r — ¢]). Taking the derivative of v in r yields,

Vr(x,1)=H(x,r, Dp(x)) —a/2,

and since Dy (x,r) = D¢ (x) + O(|r —¢|), we find that the right-hand side of the previous line is bounded from above
by H(x,r, Dy (x,r)) for r close enough to .

To make these ideas precise, we regularize H in the space variable before carrying out this argument. We do so in
the following lemma, which will also be useful to us in Section 5. The proofs of the lemma and of Theorem 3.2 are
in Appendix C.

Lemma 3.3. Let ¢ € C3(R") and let o > 0. We take H(x,t, p) = p - V(x, 1), where V satisfies (2.2), (2.3), and (2.4).
Let p be a standard bump function, supported on B1(0) and with 0 < p <1 everywhere, and let p.(x) = %,, P (;—()
Define H® as the convolution in x of H and p; namely,

HE(x,1,q) = / Hx =y, 1, q)pe(y) dy.
yeR?

Define Vs and W, by,
Ilfe(x,r)=<b(x)—/rHE(x,s,Dd)(x))ds—(r—t)a/2 3.1
and [
1ﬁs(x,r)=<15(x)—/rHE()C,&D¢>()€))ds—|r(r—t)Ol/2~
‘

There exist constants €1 > 0 and h > 0, both depending only on «, ||¢| |c3rny and the constant N in (2.3), such that

Ve, is a subsolution and 1}81 is a supersolution of (2.1) on R" x (t, t + h). Moreover, for this same &1 we have, for all
x € R" and for all t,

IH“(X»I,D¢(X))—H(x,t,D¢(X))|S%- (3.2)

4. Preliminaries

Now that we have introduced the notions of viscosity solution and generalized flow that we will be using, we are
almost ready to study the limit of our system. However, we first need to take care of a few preliminaries. We recall
that py satisfies (1.4). For the remainder of the paper we take v = 1. Indeed, if py, W, G are as in the introduction,
then pg, Wk, G given by,

Pr(x, 1) = pr(v/vx, ve); Wi = Wi (W/vx, ve); G ) = vG(u),
satisfy

0 pr — Dpy - DWy = kpi (Wi — pr + G(pi)),

4.1
—VAW; + Wi = pi.
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(We have also renumbered, so that k + 1 becomes k.) Thus our assumption v = 1 does not result in any loss of
generality. We will focus on (4.1) for the remainder of the paper.
First, we recall for the reader the standard definition of weak limit that we use throughout the paper:

Definition 4.1. Let {u;} be a sequence of functions. We define:
liminf ,ug(x,7) = lim inf{u;(y,s): j>kand [(x,1) — (y,5)| < k_l},
k— 00 k— 00

and,

lim sup *uy (x, 1) :klim sup{uj(y,s): j=kand|(x,1) — (y,9)] < k_l}.
—>00

k— 00

Next, we summarize the results on the system (4.1) that we will use from [19].

Lemma 4.2. Let py and Wy satisfy (4.1) with initial data satisfying (1.10). We have,
0< W, < Py and 4.2)
0<px < Puy. (4.3)

In addition, there exists Woo € C(R" x (0, T))NL>®((0, T), W (R™)) satisfying (1.3) and such that DWx satisfies
(2.2), (2.3) and (2.4) and, along a subsequence (still denoted by W),

D Wy converge strongly in Ll((O, T), L?(fc(]R”)) to DWx 4.4)

and the Wy converge to W locally uniformly.

Proof. Items (4.3) and (4.4), as well as the fact that D W, satisfies (2.2) and (2.4), follow directly from the statement
of [19, Lemma 2.1]. Item (4.2) follows from (4.3) and the maximum principle for the equation that Wy, satisfies. That
Weo satisfies (1.3) is exactly [19, equation (1.14)]. Since p is, in particular, a function in L°°, classical results (see,
for example, [20]) yield that D W, satisfies (2.3).

The uniform estimates Wy € L>°((0, T), WH4(R%)) and 9, Wy € L'((0, T), L7(R%)), for 1 < g < oo of [19,
Lemma 2.1] imply that the W}, are equicontinuous. According to (4.2) the Wj are also uniformly bounded. Hence, by
the Arzela Ascoli Theorem, we also have that the W converge locally uniformly to W, along a further subsequence.
In particular, we conclude W, is continuous. 0O

Finally we establish some elementary properties of G and of the reaction term in (4.1) that we will use throughout
the remainder of the paper.

Lemma 4.3. Suppose G satisfies (1.2) and that the family Wy satisfies (4.2). Then we have:

Gu) > a(Py —u), 4.5)
uWr —u+Gw)) >u(@Py — (1 +x)u), and 4.6)
uWr —u+G)) <u(l+a)Py 4.7

for all u € [0, Py]. In addition, we have F'(u) € (0, 1) for all u, and F(Wx(x,1)) € (0, Py] for any (x,t), where
Woo is as in Lemma 4.2 and F is given by (1.8).

Proof. First we examine the function G. The properties of G in (1.2) imply, for u € [0, Py],

Py Py
—G(u):G(PM)—G(u)z/G’(r)drf/—&dr:—o_t(PM—u),

which implies that (4.5) holds. Next we use (4.5) to obtain a lower bound on our reaction term:

u(We —u+ Gu) = u(Wi —u+ &Py — u)) = u(Wi + @ Py — (1 +&)u).
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Using Wy > 0, we find,
u(We —u+ G)) = u(@Py — (1 +au).
To obtain the bound from above we use the estimate W) < Pj; and obtain,
u(Wg —u+ G) <u(Py —u+ Gu)).
Since —G is increasing and u > 0, we have u — G (1) > —G(0). Since, by (4.5), G(0) > & Py, we have,
uWr —u+G)) <u(l+a)Py. (4.8)

The first assertion about F' is line (1.7) of [19], where H is used instead of F. We have that (/d — G) maps
[—G(0), Py] onto [0, Pys], and G(0) > 0. Hence if u € [0, Py], we have F(u) < Py. Moreover, F(—G(0)) = 0.
Together with the fact that F is increasing, this implies that F(x) > 0 holds for # > 0. According to Lemma 4.2,
0 < W4 < Pyy. Thus the second assertion about F holds as well. O

5. Superflow

Now we will establish item (1) of Proposition 1.2. In this section we use Vi and V to denote,
Vi=DWiand V = DWq. (5.1)
And, we use f(u) and a to denote,
fw =u@Py —(1+au), a=aPy(l+a)".
According to (4.6) of Lemma 4.3, pyi is a supersolution of
oiu — Du - Vi —kf(u) =0. (5.2)
In the following lemma we construct a barrier that we will use in this proof.
Lemma 5.1. Assume the hypotheses of Theorem 1.1. Let xg € R", r > 0, ty > 0 and let ¢ be a smooth function with

{¢ > 0} C Br(x0). Let a € (0,a), B > 0. There exists h > 0, that does not depend on B or a, and a subsolution
wkBa(x 1) of (5.2) in R x (19, to + h) such that

WhPA (- 19) < axigsp) (5.3)
for all k large. And, if (x, h) € B, (xo) x (0, h) is such that

to+h
d(x)+ / V(x,s) Dop(x)ds — ha > 28 5.4

holds, then

liminf . ¥52%(x, 10 + h) = a.
k—00

Proof of Lemma 5.1. Let us assume, without loss of generality, ty = 0.
Let (V;) be the regularization of Vj in space defined in Lemma 3.3. We define ¥ and y* by:

'
Yx,t)=¢(x) +/D¢(x) -V(x,s)ds —ta — 28,

0
t

Vi D=9 +/D¢(X) (Vi) (x, s)ds — t% —28.

0
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Notice that I//k =y — 28, where ¢ is as defined in Lemma 3.3. In particular, since, according to Lemma 4.2, we
have that the Vj satisfy (2.2) and (2.3) uniformly in k, Lemma 3.3 implies that there exists ¢ > 0 and 4 such that for
all k, ¥¢, and therefore ¥, is a viscosity subsolution of

qyk — DYk v <0 (5.5)

on R" x (0, k). Moreover, since each of the V; is continuous in ¢, Lemma 2.3 implies that wk satisfies (5.5) in the
classical viscosity sense.
We also recall that, according to Lemma 3.3,

ID$(x) - Vi(x. 5) — Dp(x) - (Vo) (x.5)] < %

for all x and for all s > 0. We use this to estimate the difference in size between v and ¥/*:

h
Yx, h) — kb)) = /(V(x,S) — (Vi) (x,s)) - Do(x)ds — %h
0
h
< /(V(x,s) — Vi(x,s)) - D (x)ds — %h
0

h
o
< ||D¢||oo/ Vex,s) = Vi, )l ds —
0

Since Vi — V in L'((0, T), L% (R"))), we have that the right-hand side of the previous line is non-positive for all k
large enough and for all x, s. Thus we find,

¥ (x,s) <y (x,s) (5.6)

for all x, for all k large enough, and for all s > 0.
Next let us take g : R — [0, a] to be a smooth non-decreasing function on R with g(—1) =0 and ¢(1) = a, and
define Wk-B.a by,

Wk ) = g(kyk(x,1).

Since B and a are fixed throughout this proof, we will no longer write them in the superscript. We remark that
f(\l/k) > (0 holds since 0 < ¢(¢) <a <a forall ¢ and f > 0 on [0, a]. We have,

Wk — Vi(x. 1) DV = gkyrf — GkVi(x. 1) - DY* = Gk[yf — Vix, 1) - DY*1 <0,

where the inequality holds for ¢ € (0, h), and follows from (5.5) and because g > 0. Finally, since f (\I—'k) >0, we
find,

JWE — Vi(x, 1) - DUF < kf (W5),

so that W¥ is a subsolution to (5.2) on (0, /).
Let us now check the behavior of the W* at time 0. The definitions of WX and ¥ yield:

W (x, 0) = g (k(¢ (x) — 2B)). (5.7)
Let us suppose x is such that ¢ (x) < 8. This implies that, for all k > 1/8,
¢ <26 k",

The previous line holds if and only if

k(p(x) —2B) < —1.
Applying g, which is non-decreasing, yields,
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qk(p(x) —28)) =q(=1)=0.

Together with (5.7), this implies that if x is such that ¢ (x) < 8, then wk (x,0) = 0. In addition, W* (x, 0) < a for all x.
Thus, we have shown that (5.3) holds.
Now we study the liminf of the W*. Since ¢ is non-decreasing for each k, (5.6) implies,

gy (x, 1)) < gk (x, 1)) = W (x, 1), (5.8)

where the equality is simply the definition of WX,

Now suppose (x, t) is such that (5.4) holds (with #o = 0 and ¢ instead of /). This says exactly that ¢ (x, ) > 0,
so that ¥ (y, s) > 0 for all (y, s) € By(x, t) for some 7 > 0. Therefore there exists K such that ki (y, s) > 1 for all
(y,s) € Bi(x,t) and for k > K. Applying g, which is non-decreasing, and then using that g (1) = a yields,

gk (y,s)) = q(l) =aforall (y,s) € By (x,1).
We now use (5.8) to estimate the left-hand side of the previous line from above and find,
WK (y,s) >aforall (y,s) € By (x,1).
Therefore, taking liminf, gives liminf;_, LUK (x,t)>a. O
Proof of item (1) of Proposition 1.2. Letx e R",t € (0,T), r > 0, o > 0 and let ¢ : R” — R be a smooth function
such that
{x:p() 20} C (@)™ N B(X),
with |[D¢| # 0 on {x : ¢ (x) = 0}. Let us use Ag  to denote,

t+h
Agp = x|¢(x)+fV(x,s)~D¢(x)ds—hoc>2,3

t

Let h be as given by Lemma 5.1. We fix some g > 0 for the remainder of the proof. We will establish that for
h e 0, h),

Apn € Q)™

Since B is arbitrary, establishing the previous line will complete the proof.

That {x : ¢ (x) > 0} is contained in (Q})i”’ N B, (x) implies that there exists a > 0 with liminf, py > 2a on {x :
¢ (x) > 0}, and so, for all k large enough and x such that ¢ (x) > 0, we have pi(x,t) > a. Since p; > 0 everywhere,
we find, for all k large enough, and for all x,

Pi(x, 1) = axip=0y(x, 1) = axip=py(x,1). (5.9)
Let us use W (x, 1) to denote WK-A-4(x, 1) as given in Lemma 5.1. According to (5.9) and (5.3),
pr(x, 1) > W (x, 1) for all x € R,

In addition, WK is a subsolution of (5.2)on (t,t + ﬁ), and py is a supersolution of (5.2). Therefore, we have, for all
he@,h),

pr(x,t +h) > W¥(x,t + h) for all x € R".

Now let y € Ag ;. Since Ag j is an open set, there exists 7 such that Bz(y) C Ag ;. Thus let take x € Bz(y) and take
liminf, of the previous line and find,

liminfy pi(x, 7 + k) > liminf LU (x, 7 + h).

Since x € Ag, Lemma 5.1 implies that the right-hand side of the previous line equals a. Therefore, liminf, py (x,

t+h)>a >0, which means x € Qt1+h, and hence y € (Q}+h)i”’, as desired. O
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6. Subflow
In this section we prove item (2) of Proposition 1.2. As in the previous section, we will employ the notation (5.1).
In addition, we will use that, according to (4.7) and (4.1), pi is a subsolution of,
oru — Du - Vy —ku(l+a)Py =0. (6.1)
We first construct suitable supersolutions to (6.1) in:

Lemma 6.1. Assume the hypotheses of Theorem 1.1. Let xo € R", 1o > 0, r > 0, and let ¢ be a smooth function with
{¢ <0} C B, (x0). There exists h > 0 and a supersolution Vi (x,t) of (6.1) in R" x (tg, to + h) such that

Wi (-, t0) = Pum X{p>0) (6.2)
for all k. And, if (x, h) € By (x0) x (0, h) is such that
to+h'
d(y) + / V(y,s)-D¢(y)ds +h'a <0 holds for (y,h') € B (x, h) (6.3)
fo

for some ¥ > 0, then there exists K such that

Wy (v, 19+ h'") =0 for (y,h') € Bz(x, h) forall k > K.

Proof. The proof of this lemma is similar to that of Lemma 5.1, so we omit some details. Without loss of generality
we take g = 0, and we write ¢ instead of 4. We take 1//" as in Lemma 3.3 and v to be:

t

Vi(x, 1) =¢(x) —i—/D(l)(x) “V(x,s)ds + ta,

0
t

Ve, =g (x) +/D¢(X) (Vi) (x, 8)ds +t%.

0

As in Lemma 5.1, we find that there exists ¢ > 0 and % such that for all k, 1/_fk is a viscosity solution (in the classical
sense) of

o " — DY* - Vi= 0 (6:4)
on R" x (0, k). And, again similarly to Lemma 5.1, we find
U(x,5) = 9hx,s) 6.5)

for all x and for all s > 0.
Next let us take ¢ : R — [0, a] to be a smooth non-decreasing function on R with g(—1) =0 and ¢(0) = Py, and
define Wy, by,

Wi (x, 1) = q ki (x, 1))k IHaPmr
We have,
Wi — Vi(x, 1) - DW= k(1 + @ Pyy) Wy + Gk TP — kv (x, 1) - DT Pm
= k(1 4+ aPy) Vi + gk[¥k — Vi(x, 1) - Dy jekIHePmt
> k(1 +aPy) Wy,

where the last line holds for 7 € (0, h), and follows from (6.4) and because g > 0. Thus we find that Wy is a superso-
lution to (6.1) on (0, h).
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Let us now check the behavior of the WX at time 0. The definitions of Wy and ¥ yield:
W (x, 0) = g (ki (x)). (6.6)
Let us suppose x is such that ¥ (x) > 0. Applying ¢, which is non-decreasing, yields,
q(kyr(x)) = q(0) = Py.

Together with (6.6), this implies that if x is such that ¥ (x) > 0, then WX (x, 0) = Py;. In addition, WX (x, 0) > 0 for
all x. Thus, we have shown that (6.2) holds.

Now suppose (x, ) is such that (6.3) holds on E; (x, t) for some 7. This says exactly that 1Z(y, s) <0on B;(x, 1).
Since 1 is continuous, there exists « > 0 so that

V(y,s) < —afor (v,s) € B(x, 1),
and hence there exists K so that for k > K,

kv (y,s) < —1for (v,s) € Bz(x, ).
Applying ¢ yields,

gk (y,) <q(=1) =0,

k(1+EPu)s we find,

so that, upon multiplying by e
Wi (v, 8) = q (ki (y, )P <0,

and therefore Wi (y,s) =0 for k > K and (y, s) € B;(x, t). O
We are now ready to present:

Proof of itgm (2) of Proposition 1.2. The claim of this proposition is that ((52,2)0), is a_generalized subflow. Let us
recall that Qf appears in the definition of €2 being a generalized subflow. Taking Q2; = ((Qtz)")t yields

_ i
Qf = ()™

Thus, let us take x e R?, 1y € (0, T), r > 0, > 0, and a smooth function ¢ such that
{x:p(x) <0} C ()™ N B (),

and with |D¢| # 0 on {¢p = 0}. Let us use Ej, to denote,

t+h
E, = x|¢>(x)+/V(x,s)'D¢(x)ds+hoz<0

t

Let 4 be as given by Lemma 6.1. We will establish Ej C (Qt2+h)i”’ for h € (0, h).

That {x : ¢(x) < 0} is contained in (%) N B, () implies that there exists K such that py(x,#) =0 on {x :
¢(x) <0} for all k > K. Since p; < Py everywhere (this is exactly equation (4.3) of Lemma 4.2), we find, for all
k> K, and for all x,

pr(x, 1) < Py X(p>0y(x, 1). (6.7)
Let W, be as given in Lemma 6.1. According to (6.7) and (6.2), we have,
pr(x,1) < Wi(x,t) for all x € R".

In addition, we have_that Wk is a supersolution of (6.1) on (¢, t + h), and P is a subsolution of (6.1). Therefore, we
have, for all & € (0, h),

pr(x,t+h) < W¥(x,t+ h) forall x € R".
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Now let x € Ej,. Since
t+h
x,h) > ¢x)+ / V(x,s) D¢(x)ds + ha
t

is continuous, we find there exists 7 such that y € Ey for (y,h') € B;(x, h). Thus, according to Lemma 6.1, there
exists K such that for all k > K and all (y, ") € Bi(x, h), we have W (y,t + k') = 0. The previous line therefore
implies

pr(y. 1 +h")=0for (y,h') € By (x,h), k = K.

k
We recall At iy

dist(y, Af,y) = 7/2 for (v, h') € By p(x, 1), k = K,

= {x|pk(x,t +h") > 0}, so from the previous line we find,

and hence
liminf . dist (y, A, ,) > O for y € Bja(x).

This means exactly y € (2, ). Thus E; C (Q7, )™, as desired. O

7. Limiting behavior at the initial time

We established that, for ¢t > 0, (Q})i"t is a superflow, and (SE,Z)C is a subflow, with velocity —D W. In this section
we will study these sets at the initial time ¢t = 0.

Proposition 7.1. Under the assumptions of Theorem 1.1,

(1) szf_)"' C (@)™, and
(2) (Ro)° C (™.

7.1. Positive region

We prove the first part of Proposition 7.1. We use f to denote,
fu) =u(ePy — (1 4+ )u).

We will construct a barrier from the solution to the ODE described in the following lemma:

Lemma 7.2. For each & € R there exists a unique solution w (€, t) of the ODE,
orw; = f(w) fort €[0,00); w(0)=§,
with dsw (&, 5) > 0 on R x (0, 00), and d;w(§,s) = 0 on (0, 00) x (0, 00).

Proof. This ODE has the solution: (0, ) =0, and for & > 0 we have,
o Py
14+a+ @Pyé~t— (0 +a))eabut’

From this we can explicitly verify that o has the desired properties. O

w(§, 1) =

Proof of first part of Proposition 7.1. According to (4.6), we have that py is a supersolution of,
oru — Vi - Du=kf (u).

Let xg € (Q0)™, so that there exists » > 0 with By, (xg) C Q0. Assumption (1.10) implies that there exists a > 0
such that, for k large enough and x € By, (x¢), we have pi(x,0) > a. Let { be a smooth function with,
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0<vy <ainR", Yy =00nR"\ By (xg), ¥ =a on B,(xp).
We remark that v is chosen so that,
¥ (x) < pr(x,0) for all x € R" and all k large enough. (7.1)
Let w(&, t) be as in Lemma 7.2. We define wy by,
wi(x, 1) = w((Y(x) — Kt), kt),
where we take K tobe K = 1/(M sup |Dv/|). We have,
dywg — Vi - Dwg — kf (wi) = —Kdgw + kdyow — Vi - (Osw DY) — kf (w).
The sum of the second and fourth terms is zero, due to the ODE that w satisfies. Thus we find,
dwi + Vi - Dwg — kf (wi) = dsw(—K — Vi - DYr).

Since dzw > 0, our choice of K implies that the right-hand side of the previous line is non-positive, and thus wy is a
subsolution to the equation for u;. In addition, at time O we have,

wi(x,0) = w (Y (x),0) = ¢ (x).

Together with (7.1), this implies that, for all k large enough, wi(x,0) < pi(x,0) for all x € R". The comparison
principle thus implies that for all k large enough,

wi (x,1) < pr(x,t) forall (x,1) € R” x (0, 00). (7.2)

We will now establish an appropriate bound from below on wy, and then use (7.2) to deduce the desired estimate
on the limit of the py. By definition of ¥/, we have ¥ (x) = a for x € B,(x¢). Together with the definition of wy this
implies, for x € B, (xp),

wi(x,t) =w((a — Kt), kt).

For t < aK_1/2, we have a — Kt > a/2. Since w is non-decreasing in &, we find that for x € B, (xo) and for r <
ak=1)2,

w((a—Kt),kt) >w(a/2,kt).
In addition, since w is non-decreasing in ¢ for ¢ > 0, we have, for all ¢,
w(a/2,kt) > w(a/2,0)=a/2,

where the equality follows since w satisfies w(&,0) = £. Putting the three previous lines together thus yields, for
x € B, (xp) and for t < aK_l/Z,

wi(x,t) >a/2.

‘We use this to bound the left-hand side of (7.2) from below and find,
a/2 < pr(x,t) for x € B, (xp) and for ¢t < aK_l/Z.

Thus we have for x € B, /2(xo),
liminf , pg (x9,0) > a/2 > 0,

which means xq € (Q(l))i”’, as desired. O
7.2. Zero region

In this subsection we study the behavior of lim sup * py at time zero and establish the second part of Proposition 7.1.
In the following lemma we construct a barrier.
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Lemma 7.3. Let M > 0, r > 0 and xo € R". The equation
o;v— M|Dv|=0
has a solution v(x,t) on By, (xg) % [0, ﬁ] with v(x,0) =0 on B, (xg), v(x,t) = Py on 0By, (xg) X [O,

_ r
v(x,t) =0o0n Byja(xp) x (0, W)

) an
2M

Proof of Lemma 7.3. Let ¢ : R — [0, Pys] be a smooth and non-decreasing function satisfying,
¢@E)=0for& <r, ¢(§) = Py for§ =2r,

and define,
v(x, 1) =d(|Jx — x| + Mt).

We remark that, although |x — x| + M is not differentiable at x = xq, we still have that v(x, t) is differentiable at x¢
so long as Mt < r, which is the case in the region we consider. The desired properties thus follow in a straight-forward
way from the definitions. O

Proof of second part of Proposition 7.1. Let us take xo € (Q0)¢. Let > 0 be such that B;,(xg) C (£20)¢. Our as-
sumption (1.10) on pi(x, 0) implies that there exists K large so that for k > K we have

pr(x,0) =0 for all x € Ba,(x0). (7.3)
Let v be as in Lemma 7.3, and define,
wi(x, 1) = 0(x, )eI TPkt
We check that wy is a supersolution to the equation for p. To this end, we compute:
dwi = (8;0 + 0(x, 1) (1 +aPy)k)e ! TePk — g Go+aPakt o (1 4 5 Pk,
and
Vi Duyg = —eVTEPWRLY D5 s JHEPIK D
where the inequality follows from the uniform bound (2.2) on Vj of Lemma 4.2. Putting this together with 9, wy, yields
dwi — Vi - Dwg > (1 + @ Py)kwy + (8,0 — M| Do))e I TPk > (1 4 Pyp)kwy,

where the last inequality follows because of the equation that v satisfies. By the estimate (4.7) on the reaction term of
the equation for pg, we have that py is a subsolution of,

oru — Vi - Du = (1 +aPy)ku.

Using (7.3), (4.3) and Lemma 7.3, it is easy to check that pi(x,0) < wi(x,0) holds on the parabolic boundary of
B, (xg) x (0, ﬁ) (we omit the details). The comparison principle therefore implies,

pe(x, 1) < wi(x, ) on By (x0) X (0, ﬁ) and for k > K.

Let us now take x € By/2(xo) and 7 € (0,r/2M). According to Lemma 7.3, we have v(x,r) = 0. Therefore, the
definition of wy says that we have wg(x,t) =0- edFaPwki — () The previous line therefore implies

r

pilx.1) <0 0n Byya(xo) x (0. 32

) and for k > K.
Therefore,

dist (x, A}) = r/4M for (x,1) € By/a(xo) x (0, ﬁ) and for k > K.
This implies,

liminf .dist (x, A§) > 0 on B,/4(xo),

so in particular xg € (92)6"[ ,asdesired. O
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8. Convergence in the positive region

So far we have shown that the region
Q,l = {x|liminf , pr(x, t) > 0}
is a superflow with velocity —D W,. Now we will establish:
Proposition 8.1. Let Q be a compact subset of {(x,t)|t > 0,x € (Ql)i’” }. Then py converges uniformly on Q to
F(Woo(x,1)), where F is given by (1.8).
Proof. Let (xq, 9) € Q. We will establish,
liminf, pr(xo, t0) > (Id — G) ™' (Weo(x0. t0)) > lim sup * pi (xo, f0).

which implies the desired result.
There exists ro < 1 with B, (xp) C Q,l for |t — tg| < rg, and tg — ro > 0. Thus there exists a > 0 such that, for k
large enough,

pr(x, 1) = a2 for (x,1) € Qry(xo, o), (8.1)

where we use Q;(xo, fo) to denote the cylinder, Q,(xo, to) = B, (xg, t9) X [to —r, o +1].
Let us fix € > 0. Due to the uniform convergence of the Wy (see Lemma 4.2), we have that there exists r € (0, ro)
such that for all k large enough,

[Wi(x, 1) — Woo(x0, 20)| < € for (x, 1) € Qr(x0, f0). (8.2)
For the remainder of this proof we use 8 to denote 8 = W, (xp, f9). According to Lemma 4.3,
F(B) € (0, Py]. (8.3)
Step one. In this step we will establish,
lim sup * py (x0, t0) < F(B). (8.4)
Using (8.2) and (4.1), together with the uniform bound (4.3), yields that py is a subsolution of,
0 pk — Dpi - DWy < k Py (Woo(x0, 20) + € — pr + G(pi)) (8.5)

on Q,(xp, tn), where we assume without loss of generality Py > 1.
Let ¥ : RT — R be a smooth non-decreasing function such that,

Py
F(B)

(According to (8.3), we have % € (1, 00), and hence such a 1 exists.) Define

l<y <Py, v@=lforz<r/4, ¥(z)=

for z > r/2.

g(t) = F(B) + Pye Kt—(o=r/8M) 4 o
and
v(x, 1) =g (|x — xol + M (1 — (1 — r/8M))).

First we establish that v > p; holds on the parabolic boundary of Q := B, (xg) x (to —r/8M, to+r/8M). To this end,
we first take x € 9B, (xg) and ¢ € (to —r/8M, to + r/8M). We have,

lx —xol + M@ — (fo —r/8M)) = |x — xo|l =
Since ¥ is non-decreasing, we find

P
F(B)’

where the equality follows from our choice of {. Thus we have,

V(lx —xol =M@ —(to —r/8M))) = ¥ (r) =
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Pu

F(B)

Next we take x € B, (xp) and look at the initial time #y — r/8M, to find,
v(x, 10 —r/8M) > g(to —r/8M) = (F(B) + Pu +¢€) = Py

where the first inequality follows since ¥ > 1 everywhere.
Next we will show that v is a supersolution to (8.5). We have,

dv—Dv-DWi=g' Oy + Mg(t)y' — (1)) (x —x0) - DWi
=8Oy +gOW )M — (x = x0) - DWy)
=8Oy +gOIY|(M — (x — x0) - DWi),

where v and ' are evaluated at (|x — xo| + M (¢t — (to — r/8M)) throughout, and the last equality follows since
is non-decreasing. According to the uniform supremum bound on D W given in (2.2) we have, |(x — xg) - DW| <
rM < M (since r < 1), so we find,

v —Dv-DW; > g (.
Thus,
dv—Dv-DWi—kPy(B+e—v+G) =g Oy —kPy(B+e—v+Gv)
= —kPye K== BM) y g Py (B + e — (Id — G)(v)).

v(x, 1) = g(1) Py.

We would like to show that the right-hand side of the previous line is non-negative (and thus v is a supersolution
of (8.6)). In order to do this, we need to estimate the difference between (Id — G)(v) and 8 = (Id — G)(F (B)). First,
since (Id — G) is increasing and ¢ > 1, we find,

(Id — G)(v) > (Id — G)(g) = (Id — G)(F(B) + Pye K =U0=r/8M) 4 ¢,

Next, we recall that G is C! and, moreover, G’ < —a, so that (Id — G) > (1 + «). We use this to estimate the
right-hand side of the previous line from below and find,

(Id = G)(v) = (Id = G)(F () + (1 + ) (Pyre (W7D 4 ¢),
Recalling that (/d — G) and F are inverses, we find
(Id — G)(v) = B+ (1 + a)(Pye K= 0=r/8M) 4 o,
Thus we have,
Bte—(d=G)w)<(B+e)—f—(L+a)(Pye TOTE 4 g)
< —(1 4+ a)(Pye K~ 0=r/8M)),
We use this to estimate from below the last term on the right-hand side of the equation for v and find,
o4v—Dv-DW—kPy(B+e—v+G()) >
>k Pye ==/ P (1 4 o) (Pyye KU o=r/8M)y
=kPye (7O (—yr 4 (1 + 0) Pan)).
We use ¥ < Py < (1) Py to estimate from below the last term on the right-hand side of the previous line and obtain,
0tv—Dv-DWi —kPy(B+¢e—v+G)) >0,

and hence v is a supersolution of (8.5). Since v > pi on the parabolic boundary of Q, comparison principle implies
v > pg onall of Q.
Consider (x, 1) € Q,/16m (X0, ) C Q. Then t € (fo — r/16M, to +r/16M), and so, since g is decreasing in 7,

g)y<FB)+ PMe*k(lofr/16M7(l‘ofr/8M)) +e<F(B)+ PMefk(r/l6M) +e.
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In addition,
|[x —xo| + M@ — (to —r/8M)) <r/16M + M(r/16M +r/8M) <r/4
where we use M > 1. Thus, since V¥ is increasing,
V(lx —xol + Mt — (10 —r/8M))) =¥ (r/4) = 1.
Therefore, for (x,t) € Qr/16m (X0, 10), We have,
Pi(x, 1) S v(x,1) < F(B) + Pye *011OM) 4.
Taking limsup* thus yields,
limsup*p(x,1) < F(B) +¢
for (x, 1) € Or/16m (x0, t0), where r depends on &. Since (xo, to) € Qr/16M (X0, fo) for any r, we find that
lim sup* py (xo, t0) < F(B) + ¢

holds for any ¢ > 0. Thus we conclude that the desired result (8.4) holds.
Step two. Next we establish,

liminf , py (xo, t0) = F(B).

The proof is very similar to that of (8.4), and we provide only a sketch. Using (8.2) to bound from below the right-hand
side of the equation (4.1) for py implies that py is a supersolution of,

otu — Du - DWr =ku(B —e —u+ G(u)).
In addition, F (B — ¢) is a solution of the equation in the previous line. Thus,
Pk :=min{pg, F(B — &)}

is also a supersolution of that equation (here we mean supersolution in the classical viscosity sense, which suffices for
the remainder of this proof). According to (8.1), we have py > a/2 on Q,(xg, tp). This implies

limsup * px (xo, to) > a /2.

Thus, the inequality (8.4) that we established in the first step yields F(B8) > a/2. Hence, for ¢ small enough,
F(B —¢) > a/4. Therefore, px > a/4 on Q,(xg, tp) as well. Therefore, py is a supersolution of,

du — DuDWy = k(Woo(x0, 10) — & — u + G(u))a /4 (8.6)

on Q,(xg, to). We will now construct a certain subsolution to this equation. Let ¢ : Rt — R be a smooth non-
increasing function such that,

0<op<l1, ¢p(xy=lforz<r/8, ¢p(z)=0forz>r/2.
Define (1) = F(B)(1 — e~ ikt=to=r/8M))y _ ¢ and
w(x, ) =h(®)¢(x — xo| + M(t — (to — r/8M))).

Just as in the previous step, we find w < pj on the parabolic boundary of Q, and that w is a subsolution of (8.6). Since
Dk 1s a supersolution of (8.6) on @, and w < pi on the parabolic boundary of Q, the comparison principle implies,

Pk =won Q.

Similarly to the previous step, we find that for (x, t) € Q,/16m (X0, o),
wx, 1) > F(B)(1 — e~ TKO/16M)y _ ¢

The two previous lines, together with the definition of py imply,
pi(x, 1) = F(B)(1 — e~ 44Oy — 5 on 0,160 (x0, 10)-

Taking liminf , yields,
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liminf . py(x, 1) = F(B) — & on Qr/16m (X0, 10),
where r depends on . However, since (xo, o) € Q,/16m (X0, to) for all r, we find
liminf , px (xo, t0) > F(B) — ¢

holds for all e, and the desired result thus follows. O
9. Proof of the main result

This section puts together the results of the previous ones to establish our main result. Throughout this section we
will use the auxiliary function 6, which we define to be the unique solution of

{8,0—D0~DWoo=0f0r (x, 1) e R x (0, 00), O.1)

0(x,0)=d(x, 0R) for x € R",

where d is the signed distance function, given by,

dist(x,0Q) A 1f Q.
d(x. 95y = | 4is1 (9D A Torx €€ 9.2)
—dist(x,0) Vv —1 for x ¢ Q.

(According to Theorems 2.5 and 2.4, as well as the assumption that € is compact, 6 is well-defined.)
9.1. Proof of parts (b) and (c) of the main result

For the sake of presentation, we prove items (b) and (c) of Theorem 1.1 first. We will deduce item (a) in the next
subsection.

Proof of parts (b), (c) of Theorem 1.1. We establish:

e If O is a compact subset of {(x, )|t > 0,0(x, t) > 0}, then the p; converge uniformly on Q to F(Wx,), and the
ny converge uniformly on Q to 1.

e If O is a compact subset of {(x, )|t > 0,6(x, 1) < 0}, then there exists K large enough such that py =0 on Q
andny=0on Q fork > K.

Together, the two bullet points imply that p; converge locally uniformly to poo = F(Woo) X{po>0}» a0d 1 1O X{poo >0}
on (R" x (0, 00)) \ {# = 0}. Moreover, this identifies {6 > 0} with {ns > 0} and {0 = 0} with d{ns > 0}.
We establish the first bullet-point. Let us fix & > 0. We take ¢* to be a smooth, non-decreasing function such that

5 () = 1 for u > 2¢,

—1foru <se,
and define v, by,
Ve (x, 1) = ¢ (0(x, 1)).

Since 6 is a viscosity solution of (9.1), and ¢¢ is non-decreasing, a direct computation implies that v, (x, t) is also a
subsolution of (9.1). (Indeed, here we are using that the equation (9.1) is geometric. See, for example, [22, Lemma 1.3]
for further discussion of this property in a more general context.)

According to item (1) of Proposition 1.2, if Qtl is given by Q,l = {x|liminf , p; > 0} then (Q})“” is a generalized
superflow with velocity —D Wy,. Theorem 3.2 thus implies that w given by w(x, ) = Xglyin (x) — Xél”(x) is a
viscosity supersolution of (9.1). t

We now aim to establish,

ve(x,0) <w(x,0).
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To this end, let us take x such that v (x, 0) > —1 (for any other x we have that the previous line automatically holds,
as w > —1 everywhere). The definition of v, implies that x is such that 6 (x, 0) > ¢. The definition of 6 (x, 0) therefore
implies x € Qf)'”. Applying Proposition 7.1, we find x € (Q(l))i"’. Therefore w(x,0) =1 > v.(x, 0), as desired.

We may now apply the comparison principle of Theorem 2.4 to find, for all ¢,

ve (x, 1) < w(x, ). (9.3)

Let Q be a compact subset of {(x, #)|t > 0,0(x,t) > 0}. Since (according to Theorem 2.5) 6 is continuous, there
exists § > 0 such that 6 (x, ) > § for (x, t) € Q. Because the ¢° are non-decreasing, we find, for (x, t) € Q,

Ve (x, 1) = ¢ (O(x, 1)) = ¢ (3).

Let us take € = §/2. Then the right-hand side of the previous line equals 1. Thus v¢(x,?) =1 for (x,7) € Q. Now
we use (9.3) to find w =1 on Q, which implies Q C (Q’l)i"’ . Hence Proposition 8.1 implies that the p; converge
uniformly to (Id — G) ™' (Wx) on Q.

The proof of the first bullet-point is now complete, and the statement in the second one is proved similarly. In
particular, we use the definition of 2, the fact that it is a generalized subflow (proved in Proposition 1.2), and the
second part of Proposition 7.1. We omit the details. O

9.2. Proof of part (a) of the main result

To establish part (a) of the main result we need to investigate the “size” of the zero set of 8. We do this in the
following lemma. Only item (1) is used in the proof of Theorem 1.1; we include item (3) in order to provide a better
description of the zero set of 6.

Throughout this section we use | A| to denote the Lebesgue measure of A C R” and, fort > 0, I'; := {x|0(x, t) = 0}.

Lemma 9.1. Assume the hypotheses of Theorem 1.1.

(1) Let Q be a compact subset of R" and let € > 0. There exists an open set A, such that |Ag| < e and Q NT; C Ag.
(2) Foranyt > 0 we have |I';| =0.
(3) We have,

dimp (T;) < exp(Nt)dimpy (To),

where dim g is Hausdorff dimension and N is the constant from assumption (2.3).

Proof. We provide only a sketch. Due to the characterization of 6 provided by Theorem 2.6, I'; is exactly the image
of ['g under the map ®; defined in Theorem 2.6. We recall that ®; is Holder continuous. Our assumption that 2 is
compact implies that locally 9€2¢ is a graph of a uniformly continuous function. Together these two facts imply the
claim of item (1) by a standard real analysis argument.

Item 1 implies that |Q N T';| = 0 for any compact set Q. Since there exists a countable cover of R” by compact
sets, we find that |I;| = 0, as desired.

The definition and basic properties of Hausdorff dimension may be found in [12]. In particular, if f: R" — R”" is
Holder with exponent «, and £ C R", then we have,

dimp (f () < édimH(Ey

Item (3) follows from this and the fact that &, is Holder continuous with exponent exp(—Nt). O

Remark 9.2. The estimate in item (3) is fairly weak — in particular, for times ¢ larger than N~ In(n/ dimg (Ig)), the
estimate says only dimg (I';) < n, which holds trivially. However, as far as we can tell, this is the best that we can do,
because the map ®; is only Holder continuous, but not (necessarily) Lipschitz.

Proof of part (a) of Theorem 1.1. Let Q CC Q' CC R” and let p > 0. Let us use Z(x, t) to denote,
Zr(x,1) = Woo(x, 1) — Wi(x, 1).
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We have that W, and Wj satisfy (1.3) and (4.1), respectively. Subtracting (4.1) from (1.3) we find that Z; satisfies,
—AZk+ Zk = poo — Pk-
Thus, standard estimates for elliptic equations (see, for example, [14, Theorem 9.11]) yield,

NZillw2r gy < CUlPoo — PillLr(o)y + 1 ZklILr @)

where the constant C depends on Q, Q’, n and p.

Let ¢ > 0. According to Lemma 4.2 the Wy converge to W, locally uniformly. Thus we have that for k large
enough, the last term on the right-hand side of the previous line is bounded from above by ¢/2C.

According to Lemma 9.1, there exists an open set A such that Q' NT; C A and |A|” < &/8CPy. Let us use Qj,
07, and Q3 to denote,

01=0'N{H>01NA°, Q,=0'N{B<0}NA°, 03=0 NA.
Thus we have,
1Poo = PillLecgn < D 11Poo — PrllLrcon-
i=1,2,3

According to Theorem 1.1, we have that py — po locally uniformly on compact subsets of either {6 > 0} or {# < 0}.
Since Q1 and Q; are compact subsets of {6 > 0} and {# < 0}, respectively, we find that for £ large enough and
i=1,2,||pec — PrllLr(g,) < ¢/8C. In addition, we have || pi||z®r) < Py, so we find,

e
l1Poo — PillLr(0s) < |AIP2|Py| < ic

Putting everything together yields

I Zkllw2r (o) =€

for k large enough, as desired. O
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Appendix A

In this appendix we establish the comparison result Theorem 2.4 using a doubling-variables argument. Thus the
strategy has two parts: (1) establish that the difference of a subsolution and a supersolution is a subsolution to the
appropriate equation, and (2) construct an appropriate family of test functions (or penalization functions) for that
equation.

Step (1) is encapsulated in the following lemma, which is the analogy of [13, Lemma 8.2]. The two differences
are the regularity of H in x and the fact that now u is USC and v is LSC, while in [13, Lemma 8.2] they are both
continuous. The proof is almost identical to that of [13, Lemma 8.2], and we use much of the same notation, and thus
is omitted.

Lemma A.1. Suppose V satisfies hypotheses (2.2), (2.3) and (2.4). Let u, v be, respectively, an USC subsolution and a
LSC supersolution of (2.1). Let Q be an open subset of R" x R" x (0, T) andlet H :R" xR" x (0, T) x R" xR" - R
be defined by,

H(x,y,t,q,9")=—0(x —yDIgl — Mlqg +¢'|. (A1)
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Then w(x, y, t) defined by
wx,y,t)=u(x,t) —v(y,1)
is a viscosity subsolution (in the classical sense) in Q of,

dw+ H(x,y, Dyw, Dyw) <0. (A2)

The remainder of the proof of the theorem involves constructing the appropriate penalization function for the
doubling-variables argument. The one we use here is different from those often appearing in viscosity theory due to
the fact H is not Lipschitz in space, but only log-Lipschitz. The presentation of the remainder of the proof closely
follows Stromberg [21]. In fact, the ideas we use from there can also be seen in the earlier work [8] of Crandall, Ishii
and Lions.

For the remainder of this section we take r € [0, c0) and « € (0, 00). Let us use 6 to denote,

o
0(r) = {0 if r O,'
oo otherwise.

We will define 6, (r) that converges to 6(r) as 6 — oo for all r. We first define G, and 6, by,
1

LI N _ 2, 2102
Gy(r)=—exp ds and 0,(r) =Gy((a” +r°)"77).
o o(s)
r
For future use we compute, for r € [0, 1],

1 1 0

f : ds:f o =N / L=~ @™ = ().
o (s) Ns|In(s)| N u N 0 N

r r | In(r)|

so that

1 1 .
Ga(r) = —exp(— In(|In(r)]) = ———.

[Inr|
According to the definition of 6, we have,
L
_ 2, 212, _¢e N 1
Oy (r) =Gy((a”+r7)/") = o @17 (A.3)
We summarize some properties of 6, in the following lemma.
Lemma A.2. Let 6, be defined as above. We have,
(1) 6y is non-negative, increasing and smooth on [0, 00) for each a > 0,
(2) Dxbu(lx — y|) = =Dybu(lx — yI),
o (Ix — y1)
(3) Db (x — y)| < =,
o(lx—yD
(4) 6,(r) — 0(r) forall r as a — 0,
(5) if rq = r, then
0(r) <liminfby (ry). (A4)
a—0

Proof. Item (1) holds because G, is non-negative, increasing and smooth on [0, 00). Item (2) follows directly from
the definition of 6, and item (1). To establish item (3), we compute,
o Gu(r)

Ga) =703

)
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and so,
r _ Go((@?+rH)? r
(Ol2 + }”2)1/2 - (7((0[2 + r2)l/2) (az + r2)1/2 :

0o (1) = G ((@® +7%)2)
Taking absolute value yields,

Go((@>+r)V2)  0,(r)
o(@>+r)?) "~ o(@+r2)l/2)’

16, ()| <

where the equality follows from the definition of 6. Since ¢ is increasing, we have o (&% +r?)12) > 5(r), and hence
we find,

0,y < 220 (AS)
()

Now let us consider 6, (Jx — y|) for x, y € R”. We have,
(x—y)
lx —yl’

so taking absolute value and then applying (A.5) with r = |x — y| yields item (3).
To establish item (4), we take r = 0 in (A.3) and then take the limit & — o0, to find,

D04 (lx — y|) = 9(;(|x -yD

lim 6, (0) = lim — =0.
a—0 a—0 o |[Ing|

If r # 0, then, again using (4), we find,

lim 6, (r) = li e !
1m r) = l1im =
a0 a—0 o |In(a?+r2)1/2|

oQ.

This means that 6, converges pointwise to 9, as desired.

To establish item (5), we consider the cases r = 0 and r # 0. First, let us suppose » = 0. Then (A.4) holds because
its left-hand side is zero, and we already know that the 6, are non-negative. Now let us suppose r # 0. Then for all
small enough we have r, > r/2. Since 6,, is increasing for all ¢ we find,

Ou(re) = 0y (r/2).
Taking liminf yields,

liminf 6, (rq) > liminf 6, (r/2) = co = 6(r),
a—0 a—0
where the equalities follow from the first part of the lemma. O
We abuse notation and use 0 (x, y, t) as well as 6(x, y) to mean 6 (|]x — y|), and similarly for 6,,.

Lemma A.3. Let Q be a compact subset of R™ and let W be upper-semicontinuous and bounded on Q x Q x [0, T].
Let V,, denote,

Wy (x,y, 1) =W(x,y, 1) — Ou(lx — y|).
Let (x4, Yo, ta) € Q X Q X [0, T] be where the maximum of Wy is achieved on Q x Q x [0, T]. Suppose that, along
a subsequence, the (xq, Y, to) converge to some (X, y,1) as a — 0. Then:
xX=y, (A.6)

max W, x,t)=W(X,x,1), and (A7)
xeQ,te[0,T]

lim 6 (X — yal) =0. (A.8)
a—0
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This lemma is very similar to ones appearing in standard viscosity theory (see for example, [9, Proposition 3.7] or
[7, Lemma 4.1]). However, we cannot directly apply any of those results because our penalization function 6, is not
of the form aW(x, y). Nevertheless the proof of this lemma is so similar to those in the literature that we omit it. We
remark that items (5) and (A.4) of Lemma A.2 are used in its proof.

Proof of Theorem 2.4. Step 1. In this step we reduce the situation from all of R" to compact subsets Sg, which we
define for 8 > 0 as,

Sp={(x,1) eR" x [0,T]: f(x,t) <B}, for f(x,0)=1+ %(1 + x[H12.

(Note Df = % W’ so that |[Df| < 1/M.) We define the functions g and g by,

g(B) = ln(2+rr£X(u —v)") and Yg(x, 1) =exp(g(B) (1 + f(x,1) — B)).

We have that g is positive and non-decreasing and limg_. o ¥g(x, ) = 0 holds for all (x,#) € R" x [0, T]. We also
find,

1
Uyp — MDYl =Vpg(B) (3 f — MIDF]) > ¥pg(B)(1 = M—7) =0. (A.9)
Step 2. We seek to establish that for all g,
(u—v—1Yg)(x, 1) <sup(u — v)+(x, 0) for (x, 1) € Sg.
Rn

If this holds, then we may take the limit 8 — O of the previous line, use that limg_, » ¥g(x, t) =0, and find that the
desired inequality holds, completing the proof.

We proceed to establish the previous line by contradiction. Thus, assume that there exists 8 > 0 such that the
previous line fails. This implies that there exists ¢ > 0 with,

sup (u(x,1) —v(x,t) —¥g(x, 1) —ct) > sup(u — nt(x,0).
(x,1)€Sp Rn

We now stop writing the subscript 8, as it is fixed. We use W (x, y, 7) to denote,

W(-x7 yvt) :u(-xvt) - U(yvt) - Wﬂ(yvt) —ct,
so that the previous line becomes,

sup W(x,x,t)>sup(u—v)*(x,0). (A.10)
(x,1)eS R?

Let us consider,

Oy (x,y, 1) =ux, 1) —v(y, 1) =Ygy, 1) — ct — b (|x — y|),

where 6, is as defined in the previous subsection. Let (x4, Yy, fy) be a maximum of &, on S x § x [0, T']. Notice that
this exists as S is compact and @, is upper-semicontinuous.
Step 3. In this step, we establish, for all « small enough:

e 1, >0, and,
e (xu,1y) and (yy, ty) are contained in the interior of S.

Let us suppose that the first statement is not true. That means that there exists a subsequence (xq;, Yo, fa;) converging
to (x,y,0). We now apply Lemma A.3. We find that x = y and,

max  W(x,x,1)=W(x,x,0) =u(x,0) —v(x,0) —¢(x,0) <u(x,0) —v(x,0),
xeS§,t€l0,T]

where the second equality follows from the definition of W. We now use (A.10) to bound the left-hand side of the
previous line from below and find,
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sup(u — 1 (x,0) <u(x,0) —v(x,0),
Rl‘l

which is impossible. Therefore the first item must hold.

Now let us suppose the second item does not hold. This means that there exists a subsequence (xaj, Yo taj)
converging to (x, x, ¢) with (x, ¢) € 35 (the xy ; and Yo; converge to the same point due to Lemma A.3). The definition
of § as the sub level set of f implies, f(x, ) = B. The definitions of ¢ and g therefore imply,

V(x,1) =exp(g(B) =2+ m;lx(u —v)t.
Using this in the definition of W yields,

WE X, 0 =u(x, 1) —vEx, ) — Y, 1) —ct =u(x, 1) —v(X, 1) — (2 —|—m§1x(u —v)") —ct <0.
We again apply Lemma A.3 and find,

max W(x,x,t)=W(X,X,1).
xeS§, t€l0,T]

We had just shown that the right-hand side of the previous line is negative, which contradicts (A.10), as the right hand
side of (A.10) is non-negative.

Step 4. Let us recall that, according to Lemma A.l, we have that w(x, y,f) = u(x,t) — v(y, t) is a subsolution
(in the standard viscosity sense) to (A.2) with H given by (A.1). The claim we established in step 3, together with the
fact that (x4, Vg, ty) is @ maximum of &, on S x S x [0, T], therefore yields,

0V Oas te) + ¢+ H(Xa, Yo, tar DxOa(|Xa — Yal), Dyl/’()’otv fe) + Dygoz(|xot —yal)) <0.

The definition of H thus gives,

0V Vo, ta) + ¢ — 0 (|xg — Ya D Dx0u (X0 — Yo )| — M|Dyw()’aata)| <0,

where we have also used that D6y (|xq — Yal) = —Dy0u (|xXe — Yo ). According to (A.9), the sum of the first and last
terms is non-negative, so we find,

¢ —0(|xq — Ya)IDxOu(|xe — ya )| < 0.
We use item (3) of Lemma A.2 to estimate the left-hand side from below and find,

Ou (|Xa — Yal) <

¢ —0(|xq — yal) o (e — yal) —

)

which becomes,

¢ < 0u(|xqg — yal)-

However, equation (A.8) of Lemma A.3 says that the limit as o goes to zero of the right hand side of the previous line
is zero. This yields the desired contradiction, completing the proof. O

Appendix B

In this section we establish Theorem 2.5, Theorem 2.6, and Theorem 2.7. Classical results (see, for example,
[10, Chapter 1]) assert that if V € C! satisfies (2.2) and (2.3), then there exists a unique flow X generated by V
satisfying (2.6). Moreover, if ug € C!(R"), then u defined on R” x (0, T) by,

u(x,t) =uo(X(0,1,x)) (B.1)
is a classical solution of,
oiu+V - -Du=0inR" x (0, 7T), (B2)
u(x,0) =ugp(x).

We now establish some regularity results for u, which depend only on the constants in (2.2) and (2.3). For this we
need two lemmas about the regularity of the flow X. We phrase them in terms of its trajectories, s — X (s, ¢, x), which
we denote by y (s).
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Lemma B.1. Let V be continuous and satisfy (2.2) and (2.3). Let tg < t1,tp < T, x1,x2 € R" with |x; — x2|,
[ty — ]| <1, and fori =1, 2, let y; solve the ODEs,

yi(s) =V (yi(s),s) on (1o, T),

vi(ti) = x;.
Then for s € [y, T],

715) = 12(8)] < vy — x| PENTTO) 4 (M 1y — 1PN T 0D,

Proof. We only present the case #; = ; for simplicity. Note that
N
P =) = —x2+ [ Vo). = Voa.n
n
Taking absolute value and using (2.3) yields, for all s,
s
[Y1(s) — y2($)] = |x1 — x2] +/0(|)/1 (r) —y2(r)Ddr. (B.3)
3]

Let us use R(s) to denote the quantity on the right-hand side of the previous line. Using a generalized Gronwall’s
inequality and the explicit expression o (r) = Nr|In(r)| we may compute,

R(s) < |x; _x2|€XP(—N(S—t1)) <|x; — x2|eXP(—N(T—to)).

Together with (B.3), this implies that the desired claim holds. O

We write the bounds in the previous lemma so explicitly to highlight the fact that they depend only on the constants
M, N, and not on the C! norm of V. The following proposition is a direct consequence of the previous lemma.

Proposition B.2. Assume V € C! satisfies (2.2) and (2.3), let X be the flow associated with V and let u be given
by (B.1). Assume that there exists a modulus of continuity w with,
luo(x) —uo(¥)| = w(lx — y|.

We have ||u||p~ < ||lug||r~ and u is uniformly continuous, with modulus that depends only on w, T, N and M.
We now present the proofs of Theorem 2.5 and Theorem 2.6.

Proof of Theorem 2.5 and Theorem 2.6. Let p°(x,?) and 5°(x) be standard mollifiers with integral 1. We regular-
ize V by convolution in both x and ¢:

VEi(x,1) = / Vix—y,t—s5)p°(y,s)dyds,
R*xR
where V (x, r) has been extended to be zero for » ¢ (0, T), as in [13, Lemma 8.1]. Since V satisfies (2.2) and (2.3),
V¢ does as well. We also have V¢ € C!, and hence the classical ODE results summarized above yield the existence
of X¢ satisfying,
N
Xg(s,t,x)=x+/V£(X£(r,t,x),r)dr. (B.4)
t

We also regularize the initial data: we define,

ug(x) =/uo(x - (y)dy,
R}l

so that ug is C ! and uniformly continuous with modulus independent of ¢.
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Let u®(x,t) = uS(X (0, t, x)), so that according to the classical results described above, u® satisfies,

ou® +Ve.-Du®* =0inR" x (0, T),
u®(x,0) =uy(x).

According to Proposition B.2, the u® are uniformly continuous in x and ¢ with modulus independent of & and
[lugllpoe < |luollLee < 0o. By the Arzela—Ascoli Theorem there exists a subsequence which converges locally uni-
formly to some u.

Let Q be a compact subset of R” x (0, 7). The arguments of [13, Lemma 8.1], together with an estimate similar
to (3.2), imply that the V¢ converge to V in L'((0, T), C(Q)) (indeed, Lemma 8.1 of [13] concerns regularizing
via convolution in time, while (3.2) is an estimate regarding convolution in space). Thus, by the stability result [13,
Proposition 7.1], we conclude that u is a viscosity solution of (2.1). The stated regularity of u is a consequence of the
regularity of the u® given in Proposition B.2.

We have thus completed the proof of Theorem 2.5, and continue with this setup to establish Theorem 2.6. According
to Lemma B.1, for 5,7 € (0, T), the map (s, ¢, x) — X*(s, t, x) is Holder continuous, uniformly in &. The L°° bound
(2.2) on V implies | X®(s, 1, x)| < |x|+TM for s, t € (0, T). Thus the Arzela—Ascoli theorem implies that there exists
a subsequence of ¢; — 0 as j — oo and an X such that X®/ converge to X locally uniformly on (0, T) x (0, T') x R".
In addition, X is therefore also Holder continuous.

Since Vi converge to V in L'((0,T), C(Q)) for any compact set Q and satisfy (2.3) uniformly in ¢, we find that
forany s,7 € (0,7),

S N

lim V€~f(X€-f(r,t,x),r)dr=/V(X(r,t,x),r)dr.
J—>00
t t

Thus taking a (pointwise) limit of (B.4) along the subsequence ¢; implies that X satisfies (2.6).
Since X®/ converge to X locally uniformly, we find uS(X £(0,t, x)) converges to ug(X (0, ¢, x)). Thus,

u, 1) = lim ug (X0, 1,%)) = uo(X (0, 1,x)),
j—o00
as desired. The regularity of the map & follows from the regularity of X. O

‘We now have the ingredients needed to establish Theorem 2.7.

Proof. Let us first approximate the initial data uo from below by u, % and from above uar * where ugt’k are continuous

functions from R” to [0, 1]. We construct these functions such that ugt’k =11in Qa’k = {x :d(x, Qg) > 1/k} and
ur™ =0 outside of Q" := {x : d(x, Qo) < 1/k}.

Next, let # % and ut* be the corresponding unique viscosity solutions of (2.1) with aforementioned initial data
7 * and ”3_ ** Due to Theorem 2.7 we have representation formulas for these solutions. In particular we have

W= 1in Q% o= (x: X0, 1.3) € 254)
and
wEk=0in Q" = {x 1 X(0,1,0) € Q1.

The properties of the flow map X summarized in Theorem 2.6, including invertibility and continuity with respect to
x and ¢, imply,

limsup*u =% (-, 1) =limsup*u ¥ (-, 1) = xg, (B.5)

k— 00 k—o00

and

liminf*u =% (., 1) = liminf*u "k (-, 1) = xq, . (B.6)
k— 00 k—o00
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Due to the standard stability property of viscosity solutions, x5 = u* is a subsolution of (1.6), and u™ = (ug)* due to
the continuity of X (0, ¢, x) with respect to ¢. Similarly we have u is a supersolution of (1.6) with u, = (ug).. So we
have at least one solution of (1.6) with initial data u.

Now if there is any other solution w of (1.6) with initial data u¢, then by comparison principle w* < u™* and
wy > u—K. Taking lim sup and liminf, respectively, of these inequalities, and then using (B.5) and (B.6) yields,

w* < xg, =u" and wy> xo =u.
Putting the previous two statements of the previous line together yields the desired result:

u<wy<w<w" <u*. 0O
Appendix C

Proof of Lemma 3.3. We fix o« > 0. Throughout, we us use C; to denote,
Ci= ||¢||c3(Rn)-
Step one. We first establish (3.2). The definitions of H® and H, and that V satisfies (2.3) yield,

1
) - Hot o)l < [ polaemdy=lal [ S0 (2)omdy=lal [ p@otead

The right-hand side of the previous line is a continuous decreasing function whose limit as ¢ — 0 is 0. Thus, there
exists €1 > 0 such that for ¢ < ¢,

o
C1/,0(z)a(8z)dz < 7
Combining the previous two lines yields (3.2). Similar computations yield,
|DxH®(x,1,9)| <€~ Mlq|C, (C.D)

where C = [ Dp(z) dz. Now that we’ve fixed ¢, we take h to be,

o

h= .
16M(MCy+ MCCie})

(C.2)

Step two. Next we establish that i/, is a subsolution of (2.1) on R” x (¢, + I_z) (t_he proof that 1}5 is a supersolution
is analogous). To this end, we suppose y € CI(R" x [0, T]), (xg,70) e R" x (¢,t+h), G,b € H (xo, ro, Dy (x0, 10)),
and

r

(x,r)r—)1//5(x,r)+/b(s)ds—y(x,r) (C.3)
0
has a local maximum at (xq, o). We want to show,
¥r (X0, 70) + G (x0, ro, Dy (x0,r0)) < 0.
We proceed by contradiction and suppose that the previous line does not hold. Thus there exists some a > 0 such that,
2a < yy(x0, ro) + G (xo, ro, Dy (x0, 10)).
The continuity of y, its derivatives, and G implies,
a < yr(xo,r) + G(xo, r, Dy (x0,7)),
for r near ry, for instance on (r1, o) for some r; < r¢. Integrating the previous line thus yields,

o

a(ro —r1) < y(xo,ro) —y(xo,71) + / G(xo,r, Dy (x0,7))dr.

rl
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Since (xg, o) is a local maximum of the function given in (C.3), we find,
ro
Y (x0,70) — ¥ (x0, 1) < ¥e(x0, r0) — VYe (X0, 71) +/b(s)ds-
r

The two previous lines thus imply,

ro ro
a(ro — 1) < Yo (o, 7o) — e (k0. 1) + / b(rydr + [ G (xo. 7. Dy (x0. 7)) dr.
rl r
The definition of v, yields,
ro ro ro
alro—r) < — / HE (xo. 7, D (xo)) drr — (ro — r)at/2 + / b(rydr + f G (xo. 7. Dy (x0. 1)) dr.
r1 r r

Next, we use the estimate (3.2) to bound the first term on the right-hand side of the previous line from above, and
find,

o o

ro
a(ro—ry) < —/H(xo, r, D¢ (x0))dr — (ro — rl)(x/4+/b(r) dr + / G(xg,r, Dy (xo,r))dr. (C4
r| r r|

We now want to estimate the difference between D¢ and Dy in order to compare the first and last terms on
the right-hand side of the previous line. To this end, we first note that, since (xg, rp) is a local maximum of the
differentiable function (C.3),

Dy y (x0,70) = Dy e (x0, o)

1o

:D¢(x0)_fapHg(XOasvD¢(x0))D2¢(x0)+axH€(x07Ss D (x0)) ds.
t

Rearranging the previous line and taking absolute value yields,
ro
[Dyy (x0,r0) — D (x0)| < / 19, HE (x0, 5, D (x0)) D*¢ (x0) + 8y H (x0, 5, Db (x0))| ds.
t

The definition of H (2.5), together with the assumed bound (2.2) on V yields
|0, H® (x0, 5, Dp(x0))| = |V (x0,5)| <M.

Together with our estimate (C.1), as well as the estimate ||¢|| c3mry = C1, this yields,
0
IDyy (x0,70) — D (x0)] = / MCy + MCCie~ ds = (ro — )(MCy + MCCre™ ).
t

Since rg <t + h we find that the right-hand side of the previous line is bounded from above by /(M Cy +MCCe™1).
Since Dy is continuous in r, we have, for r near ry,

1D,y (x0.7) — D (x0)| < 2A(MCy + MCCie™") < SiM

where the second inequality follows by our choice of hin (C.2), and since h < h. Thus we find,
o
|H(x,r, Dxy(x0,r)) — H(x,r, DP(x0))| < M|Dyy(x0,7) — Dp(x0)| < 3

We are now ready to complete the proof of the lemma. We may assume that r is close enough to r( so that the
previous line holds. Thus, the previous line together with (C.4) imply,
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ro ro o
Mm—mS—/HUmnMWWHM%%m—mWﬁ+/NﬂW+/Gumnm¢mHMh
r ry r
The fact that we took G, b € H™ (xg, ro, Dy (x0, ro)) implies that, for | close enough to rp, the sum of the first, third,
and fourth terms on the right-hand side of the previous line is non-positive. Thus we find,
a(ro—r1) < —(@ro —rpa/8,

which yields the desired contradiction (since ry > r1) and completes the proof of the lemma. O

Proof of Theorem 3.2 item (1). We provide the proof of item (1); the proof of the other item is analogous. We use
W to denote,

W(x, 1) = (xo(x, 1) = Xge (X, ))x.

We establish that if W is a supersolution then €2; is a superflow. The proof of the other direction is very similar to that
of Theorem 2.4 of [2], and we omit it.

Let us suppose W is a supersolution of (2.1) on R" x [0, T']. We aim to show that (SZ;"” )ie[0,7] 1s a generalized
superflow with velocity —H. To this end, let us take x € R", t € (0,T), r > 0, « > 0 and a smooth function ¢ :
R" — R such that

{x:¢(x) =0} C Q" N B(), (C.5)
with [D@| # 0 on {x : ¢(x) = 0}. By modifying ¢ outside By, (y,), we may assume, without loss of generality,
[1¢1lc3@mny < 00 and [|¢]|¢3rn) depends on r and ||¢||C3(Br(x0))' Let us use C to denote,

C= ||¢||c3(Rn)-

Let 1, be as defined in Lemma 3.3, and fix ¢ = &;. Notice that . (x, ) = ¢(x), so according to (C.5) we have
Y(x,t) < W(x,t) for all x € R". Since, according to Lemma 3.3, ¢, is a subsqlution of (2.1), we can apply the
comparison theorerq and conclude that ¢ (x,r) < W(x, r) holds on R” x (¢,7 + h). Due to the definition of W this
implies, for & € (0, ),

{x: Ye(x,t +h) >0} C Q. (C.6)
Let us take & € (0, k) and x € B, (¥) such that

t+h

¢(x) — / H(x,s, Dp(x))ds — ho > 0.
t

Rearranging and then using the estimate (3.2) yields,
1+h 1+h

¢>(x)>/H(x,s, Dd)(x))ds—l—haz/Hg(x,s, Dd)(x))—%ds—i—ha
t t

t+h
= / He(x,s,Dp(x))ds +ha/2=¢(x) — Y (x,t +h),
1
where last equality follows from the deﬁr_lition of ¥. So, we find ¥, (x,t 4+ h) > 0 holds for such x, A.
Thus, we have shown that for 4 € (0, i),
t+h
B, @) N{x:¢x)— / Hx,s,D¢p(x))ds —ha >0 C{x:¥(x,t+h)>0}.

t

According to (C.6), the set on the right-hand side of the previous line is contained in Q;’fh

proof. O

which completes the



1354 L Kim, O. Turanova / Ann. 1. H. Poincaré — AN 35 (2018) 1321-1354

References

[1] L. Ambrosio, Transport equation and Cauchy problem for BV vector fields, Invent. Math. 158 (2) (2004) 227-260.
[2] G. Barles, P. Souganidis, A new approach to front propagation problems: theory and applications, Arch. Ration. Mech. Anal. 141 (1998)
237-296.
[3] G. Barles, H.M. Soner, P.E. Souganidis, Front propagation and phase field theory, SIAM J. Control Optim. (1993) 439-469.
[4] M. Bourgoing, Viscosity solutions of fully nonlinear second order parabolic equations with L1 dependence in time and Neumann boundary
conditions, Discrete Contin. Dyn. Syst. 21 (3) (2008) 763-800.
[5] M. Bourgoing, Viscosity solutions of fully nonlinear second order parabolic equations with L1 dependence in time and Neumann boundary
conditions. Existence and applications to the level-set approach, Discrete Contin. Dyn. Syst. 21 (4) (2008) 1047-1069.
[6] D. Bresch, T. Colin, E. Grenier, B. Ribba, O. Saut, A viscoelastic model for avascular tumor growth, Discrete Contin. Dyn. Syst. Suppl. (2009)
101-108.
[7] M. Crandall, Viscosity Solutions: A Primer. Viscosity Solutions and Applications, Lectures given at the 2nd Session of the Centro Inter-
nazionale Matematico Estivo (C.I.LM.E.) held in Montecatini Terme, Italy, June, 12-20, 1995, 1997, pp. 1-43.
[8] M. Crandall, H. Ishii, P.-L. Lions, Uniqueness of viscosity solutions of Hamilton—Jacobi equations revisited, J. Math. Soc. Jpn. 39 (4) (1987)
581-596.
[9] M. Crandall, H. Ishii, P-L. Lions, User’s guide to viscosity solutions of second order partial differential equations, Bull. Am. Math. Soc.
(N.S.) 27 (1) (1992) 1-67.
[10] G. Crippa, The flow associated to weakly differentiable vector fields, Ph.D. Thesis, http://cvgmt.sns.it/paper/655/.
[11] R.J. DiPerna, P.L. Lions, Ordinary differential equations, transport theory, and Sobolev spaces, Invent. Math. 98 (1989) 511-547.
[12] L.C. Evans, R.F. Gariepy, Measure Theory and Fine Properties of Functions, CRC Press, 1991.
[13] H. Ishii, Hamilton—Jacobi equations with discontinuous hamiltonians on arbitrary open sets, Bull. Fac. Sci. Engrg. Chuo Univ. 28 (1985)
33-77.
[14] D. Gilbarg, N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, 2nd edition, Springer-Verlag, Berlin, Heidelberg, 2001.
[15] I. Kim, Singular limits of Chematoxis model, Nonlinear Anal. TMA 46 (2001) 817-834.
[16] I. Kim, N. Pozar, Porous medium equation to Hele—Shaw flow with general initial density, Trans. Am. Math. Soc., https://doi.org/10.1090/tran/
6969.
[17] A. Mellet, B. Perthame, F. Quirds, A HELE-SHAW problem for tumor growth, preprint, arXiv:1512.06995.
[18] B. Perthame, F. Quiros, J.-L. Vdzquez, The Hele—Shaw asymptotics for mechanical models of tumor growth, Arch. Ration. Mech. Anal. 212
(2014) 93-127.
[19] B. Perthame, N. Vauchelet, Incompressible limit of a mechanical model of tumour growth with viscosity, Philos. Trans. R. Soc. A, Math. Phys.
Eng. Sci. 373 (2050) (2015) 20140283, https://doi.org/10.1098/rsta.2014.0283.
[20] E.M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton University Press, 1971.
[21] T. Stromberg, On viscosity solutions of the Hamilton—Jacobi equation, Hokkaido Math. J. 28 (3) (1999) 475-506.
[22] P.E. Souganidis, Front propagation: theory and applications, in: Viscosity Solutions and Applications, in: Lecture Notes in Mathematics,
vol. 1660, 1997, pp. 186-242.
[23] K. Trivisa, F. Weber, A convergent explicit finite difference scheme for a mechanical model for tumor growth, ESAIM, Math. Model. Numer.
Anal. 51 (1) (2017).
[24] X. Zhenga, S.M. Wisea, V. Cristinia, Nonlinear simulation of tumor necrosis, neo-vascularization and tissue invasion via an adaptive finite-
element/level-set method, Bull. Math. Biol. 69 (2005) 211-259.


http://refhub.elsevier.com/S0294-1449(17)30137-3/bib416D62726F73696Fs1
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib4253s1
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib4253s1
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib425353s1
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib426F7572676F696E6733s1
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib426F7572676F696E6733s1
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib426F7572676F696E6734s1
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib426F7572676F696E6734s1
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib4243475253s1
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib4243475253s1
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib43s1
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib43s1
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib43494Cs1
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib43494Cs1
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib5573657227736775696465s1
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib5573657227736775696465s1
http://cvgmt.sns.it/paper/655/
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib444Cs1
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib4576616E7347617269657079s1
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib4973686969s1
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib4973686969s1
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib4754s1
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib4B696Ds1
https://doi.org/10.1090/tran/6969
https://doi.org/10.1090/tran/6969
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib4D5051s1
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib505156s1
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib505156s1
https://doi.org/10.1098/rsta.2014.0283
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib537465696Es1
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib53s1
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib536F7567616E6964697346726F6E7450726F7061676174696F6Es1
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib536F7567616E6964697346726F6E7450726F7061676174696F6Es1
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib5457s1
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib5457s1
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib5A5743s1
http://refhub.elsevier.com/S0294-1449(17)30137-3/bib5A5743s1

	Uniform convergence for the incompressible limit  of a tumor growth model
	1 Introduction
	2 Viscosity solutions
	2.1 Basic properties
	2.2 Discontinuous viscosity solutions to (2.1)

	3 Generalized ﬂows
	4 Preliminaries
	5 Superﬂow
	6 Subﬂow
	7 Limiting behavior at the initial time
	7.1 Positive region
	7.2 Zero region

	8 Convergence in the positive region
	9 Proof of the main result
	9.1 Proof of parts (b) and (c) of the main result
	9.2 Proof of part (a) of the main result

	Conﬂict of interest statement
	Acknowledgements
	References


