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Abstract

We consider a system modelling the motion of a piston in a cylinder filled by a viscous heat conducting gas. The piston is
moving longitudinally without friction under the influence of the forces exerted by the gas. In addition, the piston is supposed to
be thermally insulating (adiabatic piston). This fact raises several challenges which received a considerable attention, essentially
in the statistical physics literature. We study the problem via the methods of continuum mechanics, specifically, the motion of
the gas is described by means of the Navier—Stokes—Fourier system in one space dimension, coupled with Newton’s second law
governing the motion of the piston. We establish global in time existence of strong solutions and show that the system stabilizes to
an equilibrium state for r — oco.
© 2017 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction and statement of the main results

The adiabatic piston problem received a considerable attention, namely in the statistical physics oriented literature,
during the last two decades (see, for instance, Lieb [15], Gruber et al. [10,9,11], Neishtadt and Sinai [19], Wright
[25-27] and the references therein). This problem consists in studying the dynamics of a system composed of a
gas in a cylindrical container with a piston which can move freely in the longitudinal direction. The piston and the
exterior walls are supposed to be thermally insulating. Most of the above results are obtained using discrete models
for the gas, meaning, the gas is supposed to be formed by a finite number of particles. Gruber [9] uses the kinetic
approach, where the gas is modelled by a Boltzmann type equation. A fundamental question raised and discussed
in these references is the large time behavior of the trajectories of the associated dynamical system. Making various
assumptions, namely that the number of gas particles on each side of the piston is finite, that these particles make
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purely elastic collisions on the boundaries of the cylinder and on the piston, and that the mass of the piston is much
larger than the mass of the gas, the results in [11], [25] or [26] assert that the system evolves in at least two stages.
First, the system relaxes to a state where the forces exerted by the gas on each side of the piston are equal, but with
possibly different gas temperatures on each side. In the second, much longer stage, the system moves to a state where
the temperatures of the gas on the two sides of the piston equilibrate. Thus, in a certain sense, the piston is no longer
adiabatic.

To the best of our knowledge, the problem has never been analyzed in the framework of continuum mechanics.
The latter describes the state of the system by means of the macroscopic observable variables: The mass density p,
the absolute temperature 6, the fluid velocity u, and the piston position /. Given the geometry with dominating
longitudinal coordinate, the restriction to only one space variable seems appropriate. Accordingly, the trajectory of
the piston being described by the curve

yo={(t,h() [0, TIx (=1,1) | t€[0, T]}, (1.1)

the time evolution of the state variables is governed by the Navier—Stokes—Fourier system of equations

p + dx(pu) =0 (12)
3 (pu) + dx (ou®) + B p = 0y cu (1.3)
co (3 (p0) + 85 (pOu)) — By (k3:0) = puldxu|* — poyu. (1.4)

satisfied in the open set
07 C(0,T)x (=1,1), Qr = Q7 U 0F,
0r={@.n|re© 1), xe-1rmn}.
Or = {(t,x) ’ te0,T), x € (h(t), 1)}.

Here, 1 > 0, ¢, > 0, and « > 0 stand for the gas viscosity, the specific heat at constant volume, and the heat conduc-
tivity, respectively; the pressure p is given by the ideal gas law.

p=p(p,0)=pb. (1.5)

The dynamics of the piston is coupled to the gas motion via two equations. The first one asserts that the velocity of
the piston coincides with the gas velocities on both sides of the piston and it can be written

dh
5 (O =u@h()7) =u(t,h(t)"). (1.6)

The second condition comes from Newton’s second law and the assumption that the only forces acting on the piston
are those exerted by the gas. The corresponding equation is

2
x—h(t)+
Mﬁ(f)=[ﬂax“—l?]x_>h(t)_, (1.7)

where M > 0 is the mass of the piston.
We close the system by prescribing the remaining boundary conditions at the extremal points x = %1, specifically,

9,0(t, —1) = 0,0(t, h() ") = 8,0(t, h(1) ") = 8,0(z, 1) =0, (1.8)
and

u(t,—1) =u(t, 1) =0, (1.9)

meaning the piston is thermally insulating, and the whole system is both mechanically and thermally closed.
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Note that the complementary problem involving a perfectly thermally conducting piston has been tack-
led in Shelukhin [21]. The main results in [21] assert that the system admits global in time strong solu-
tions and that the state trajectories converge towards an equilibrium where the densities and the tempera-
tures have constant values which are the same on both sides of the piston. Strangely enough, this result co-
incides with the scenario expected by statistical mechanics for the thermally insulating piston. In contrast
with the prognosis of statistical mechanics, the dynamics of the continuous model with a thermally insulat-
ing piston features rather complex behavior that may depend sensitively on the initial state. As we show be-
low, problem (1.2)—(1.9) admits a continuum of equilibria including those for which the ultimate temperature
attained can be different on the two sides of the piston. Although each individual trajectory approaches an
equilibrium state in the asymptotic limit + — oo, the latter is basically unpredictable in terms of the initial
state.

Note also that simplified versions of these models, where the compressible Navier—Stokes equations were re-
placed by the one-dimensional viscous Burgers equation has been studied in Vazquez and Zuazua [23] and Cin-
dea et al. [4]. To complete the above list of quotations, we mention that the free piston problem, without con-
sidering thermal effects, has been studied in Shelukhin [20] for viscous gases and Liu [17] in the non viscous
case.

We end this introduction by briefly describing the strategy adopted to prove our main results.

e To begin, we establish existence and uniqueness of strong solutions defined globally in time. In contrast with the
situation treated by Shelukhin [21], we consider a larger class of initial data giving rise to the strong rather than
classical solutions obtained in [21]. Because of technical difficulties connected with the no-heat flux condition
imposed on the piston, we introduce an additional hypothesis that the heat conductivity coefficient « is a coercive
function of the temperature, specifically,

0 <k(146% <k(®) <k +06%, (1.10)

where k, i are strictly positive constants and o > 2. As already mentioned, the above condition on « is essentially
of technical nature. Its use is physically justified in certain high temperature regimes, see, for instance, Zel’dovich
and Raizer [28, Ch. 3].

e In accordance with the Second law of thermodynamics, the equilibrium solutions minimizing the entropy produc-
tion rate represent the terminal states for + — co. We show that they are uniquely determined by the total energy
of the system, the mass of the gas in the domain left and right to the piston, and by the limit entropy attained for
t — oQ.

e Finally, we use the relative energy functional introduced in [7] to show that each individual trajectory approaches
an equilibrium solution for t — oo.

The paper is organized as follows. In Section 2, we introduce the preliminary material and rigorously state our main
results. Section 3 addresses the problem of existence and uniqueness of global-in-time solutions. The convergence to
equilibrium solutions is shown in Section 4.

2. Main results

In this section, we introduce the necessary definitions and state our main results on the existence of global-in-time
solutions and their asymptotic behavior for large times.

2.1. Existence of global-in-time strong solutions

We start by a definition of (strong) solutions to problem (1.2)—(1.9) supplemented with the initial data

Definition 2.1. We say that p, 0, u, h is a (strong) solution to problem (1.2)—(1.9) on the time interval (0, T') with the
initial data (2.1) if:
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h:[0,T]— (—1,1) is a Lipschitz continuous function;

the functions p, 6, u, along with their distributional derivatives d;p, 0;0, 0;u, 0y, 0,0, dyxu, and 3)%0, Bfu belong
to L2(0%) N L2(0X);

p>0,0>0in Q%LU QX;

equations (1.2)—(1.4) are satisfied' a.e. in Q% and Q?;

the boundary conditions (1.6)—(1.9) hold for a.e. t € (0, T);

the initial conditions (2.1) are satisfied.

In view of the embedding theorems for anisotropic Sobolev spaces, see Besov, Iljin, Nikolskij [2, Chapter III,

Theorem 10.4], the functions 0, u are Holder continuous on the sets Q% and Q’TQ, in particular, their boundary and
initial traces are well defined. Similarly, the density p, being determined by the transport equation (1.2), satisfies

ess sup [0xpllz2—1ney) T8 sup 0xpllL2(@),1) < 00,
1€(0.T) 1€(0.T)

therefore, by [12, Lemma 2.2], p is Holder continuous on the sets a, Q_I;. Finally, we have

deu(t, h()7), dyult, h()T), 902, h(t)7), 90, h(t)T) € L*(0, T);

whence the free boundary conditions (1.7), (1.8) are well defined a.e. in (0, T').
We claim the following existence result.

Theorem 2.2. Let the initial data
ho € (=1, 1),
po € WHA(=1,ho) U W2 (ho, 1), po >0,
0o € Wi2(=1, ho) U W2 (ho, 1), 6 > 0,
o € Wy (—1,1)
be given. Let k € C2[0, o0) satisfy hypothesis (1.10) with o > 2.

Then, for every T > 0, the problem (1.2)—(1.9) admits a strong solution p, 0, u, h in (0, T), unique in the class
specified in Definition 2.1.

Theorem 2.2 is proved in Section 3 using the description of the problem in Lagrangian mass coordinates.
2.2. Entropy and equilibrium solutions

Dividing the thermal energy balance by 6 we obtain the entropy balance equation

K(0) 1 5 Kk(0)]3:6
9 (ps(p,0)) + dx(ps(p, O)u) — ox Taﬂ =3 wlocul” + S — (2.2)
satisfied in Q% and QI;, where the specific entropy is given as
o
s(p,0) =10g< ) (0, 6>0). (2.3)
o

Equilibrium solutions [0, fso, oo, fco] are those with vanishing entropy production rate. Accordingly, we get

dyxUoo = 0 yielding, in view of (1.9), ux =0,

' Hereinafter, ‘a.e.” stands for ‘almost everywhere’ or ‘almost every’.
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and h, = const. By the same token
000 =01n (=1, hoo) U (Moo, 1);
whence
0, =0p(t) forx € (—1, hso),
Ooo =
0 =0g(t) for x € (heo, 1)
Moreover, plugging u = us, = 0 in the field equations (1.2), (1.3) we get
3P0 =0, 9x p = 9x (P008c0) = 00 0x oo =0

yielding

pr forx € (=1, hoo),
Poo =
pr forx € (hoo, 1)

where pr, pr are positive constants. Similarly, we deduce from (1.4) that 9,6, = 0 concluding that 8 , 6 are positive
constants independent of time.
Finally, we observe that the free boundary constraint (1.7) enforces continuity of the pressure therefore

pLOL = pROR. (2.4)

Obviously, any choice of (positive) o1, pr, 01, Or, ho satisfying the compatibility condition (2.4) give rise to a
strong (equilibrium) solution of problem (1.2)—(1.9). In particular, the states [pr, 0.1, [or, Or] may be different.

2.3. Long-time behavior

The long time behavior of solutions to problem (1.2)—(1.9) is determined by several flow invariants. We start by
recalling a version of transport theorem

h(z) h(0)
/[al(PD)“l‘ax(pDu)] dx dr = / pD(t,-) dx — / pD(0,-) dx
ot -1 -1

1 1 2.5)

/[az(pD)Jrax(pDu)] dx dr = / pD(t,-) dx — / pD@O,) dx, 0<t<T,
QR h(r) h(0)

which can be easily verified by means of the Sobolev version of Gauss—Green theorem (see e.g. Chen, Torres, Ziemer
[3]) for any solution p, u of problem (1.2)—(1.9) belonging to the regularity class specified in Definition 2.1 and any

D e wh2(Qkyuw!'2(oh.
2.3.1. Mass conservation
Applying (2.5) to D =1 we get

h(t) ho 1 1

mp = f pdx:/,oo dx, mp= / ,odx:/po dx for any t > 0, (2.6)
-1 -1 h(t) ho

which can be seen as a mathematical formulation of the conservation of mass.
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2.3.2. Energy conservation
Multiplying momentum equation (1.3) by « and taking the sum with (1.4) we deduce the energy balance

1 1
oy (p |:§u2 + cve}) + s (p [Euz + cve] u) = —0x (pOu) + pd (dxuu) + x (e (6)6:) 2.7
satisfied in each set Q%, OX. Consequently, integrating (2.7) over QF, QF, applying (2.5) with
D=|tuye0
= 2’/‘ o |,

and using (1.6), (1.7), (1.8), we deduce that

1
1 M|d 2 1 M
[ 500 +euwo| @ a5 S| = [ Somd +costt | ax + 5 oo = Eo 28)
2 2 |dt 2 2
-1 -1

meaning the total energy of the system is a constant of motion. Note that (2.8) holds for any solution belonging to the
regularity class in Definition 2.1.

2.4. Entropy production

Applying (2.5) with D = s(p, 0) to (2.2) and using (1.8) we finally observe that the functions

h(t)

1
T / ps(p,0) dx, T+ ps(p,0) dx
—1 h(t)

are non-decreasing for T > 0. Further, as —plogp < e™!, plog# < pf and the total energy of the system remains
bounded by (2.8), it is easy to check that these functions admit an upper bound and consequently

h(z) 1
/ ps(p,0) dx = S, / ps(0,0) dx — Sg as T — o0. (2.9)
-1 h(t)

2.5. Stabilization to equilibria

We show that the long time behavior of solutions to problem (1.2)—(1.9) is completely determined by the constants
mp, mg, Sp, Sg identified in (2.6), (2.9) and the total energy of the system Eg. Note that, unlike my, mg, Ep
that are fixed by the choice of the initial data, the asymptotic values of the entropy Sz, Sg are a priori unknown
parameters.

The rather obvious idea, justified by rigorous arguments in Section 4, asserts that:

e Solution trajectories stabilize to equilibrium solutions.
e The limit equilibrium is uniquely identified by m, mg, S, Sg and Ey.
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Theorem 2.3. Under the hypotheses of Theorem 2.2, let p, 0, u, h be a global-in-time (defined on [0, T] for any
T > 0) solution to problem (1.2)—(1.8) emanating from the initial data (2.1).

Then
h(t) > heo € (—1,1) (2.10)
plul(t,) = 0in L'(~1,1) @.11)
o(t,) = pso in L1(—1,1) forany 1 < g < oo (2.12)
O(t,-) — 00 in L' (—1,1) (2.13)

ast — oo, where

) oL forx e(—1,hx)
P =\ pr for x € (hoo, 1),

0. — 0 forx € (—1, hso)
7| g for x € (hoo, 1),

OL, PR, 0L, Or positive constant satisfying
1
pLOL = prOR = — Ey,
2cy

(I+he)pr =mp, (1 —heo)pr =mRg, (2.14)
(I +hoo)prs(pr,0L) = St,
(1 = hoo)prs (PR, OR) = SR,
with the quantities mp, mg, Eo, and Sy, Sg identified through (2.6), (2.8), and (2.9), respectively.

Theorem 2.3 will be proved in Section 4. It is easy to see that the equilibrium solution %, Pso, 000 18 Uniquely
determined by the constants my, mpg, Eo, Si., Sr. Indeed we deduce that

Sr

St
,0L) = , ,0r) = , 2.15
pLs(pL,0L) ho 1 PRS(PR, OR) [ he (2.15)
and, furthermore,
96v+1 GCU S

log | ¢, £ =log< L >=S(pL,9L)=—L,

Ey PL mp,
(2.16)

96u+1 961, SR
10g<cv 1270 :10g<p1;>=s(PR,9R)=m—R-

Finally, it is also easy to check that the equilibrium state with p; = pg, 0 = 0r actually maximizes the limit
entropy of the system

1

/ PooS (Poos Oco) dx
-1

under the given constraints my, mg and Eg. This can be seen as a kind of “stability” of this state reflected by the
predictions made by the statistical approach.
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3. Global-in-time existence
3.1. Result statement using Lagrangian mass coordinates

Our goal in this section is to prove Theorem 2.2. Following the standard approach (see e.g. Kazhikhov and
Shelukhin [14]) we consider the problem in Lagrangian mass coordinates, choosing /(¢), supposed to lie in (—1, 1)
(see (1.1)), as origin for the space variable. More precisely, we set

X

y =V, x), W(t, x)= / p(t, &)dE (>0, xe[-1,1]). (3.1)
h(t)
Accordingly,
W, —1)=—ry, W, 1) =r, (t >0, (3.2)
where
ho 1
r1=mL=/,00(x)dx, F2=mR=/,00(x)dx~
—1 ho

More precisely, for every ¢t > 0, W(z, -) is one to one from [—1, 4(¢)] onto [—r1, 0] and from [A(¢), 1] onto [0, r2]. It
follows that the problem in Lagrangian mass coordinates is considered on a fixed domain. For each ¢ > 0 we denote
by Nt (¢, -) the inverse map of W(z, -).

The specific volume in Lagrangian mass coordinates is defined by

0(t,y) = —Ar—,
{ PV IENT (120, y e [=r. ]\ (0}, x [~ 1. 1]\ (h())). (33)

PUX) = FrwE
Similarly, the velocity field in Lagrangian mass coordinates writes
lz(ﬂ)’):u(f,\p_l(t,)’)% u(t3x):ﬁ(tvlp(tsx)) (t>07 ye[_rlrrz]v xe[_lsl])' (34)

Finally, the temperature field in Lagrangian mass coordinates writes

6(t,y) =6, w71, ),
) (t=0, yel[—ri, ]\ {0}, x e [—1, 1]\ {R(1)}). 3.5)
0(t, x) = 6(t, ¥((1, x)),

With the above notation, the system formed by (1.2)—(1.9), can be written in the form:

30 — 3yt =0 (t=0, ye(=r1,r2) \ {0}, (3.6)
y 1

et + dy (%) = 5 zz (t=0, ye(=ri, )\ {0}, (3.7)

cvd — 8, (K(Q) ) 5 dyii|? %ayﬂ (t=0, ye(—ri,rn)\ {0}, (3.8)

ut,—r) =u(t,r) = (t>=0), 3.9)
y—0t

i(t,0%) = g(1), M—(t) = [i - 19} (t>0), (3.10)
v v y—>0~

30 (1,0%) =,0(t, —r1) = 8,0(t,12) =0 (t>0), (3.11)

8(0) = go, (3.12)

v(0,y) =v0(y), u(0,y)=iio(y) (y € (—=r1,r2) \ {0}), (3.13)

where g(t) := dt (t) for every t > 0 and
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Bo(y) = iio(y) = uo(¥10,y), Go(3»)=6¥"10,y)  (ye(=r,r)\{0).

Po(W=1(0, y))’
As is well known, see Wagner [24], formulation (3.6)—(3.13) is equivalent to the original problem (1.2)—(1.9), (2.1)
even at the level of weak solutions as long as the specific volume v satisfies,

O<v<v<o.

We claim the following result on global in time existence of strong solutions of (3.6)—(3.13):

Theorem 3.1. Assume that k € CZ[O, 00) satisfies (1.10) for some o > 2. Let the initial data g, Vo, U, 9~0 be given in
the class

5o € W2 (=r1,00 UW"2(0, ), 7o >0 (3.14)
iig € Wy 2 (=r1,12), iio(0) = go (3.15)
8o € Wh2(=r1, 00U WH2(0, ), 6y > 0. (3.16)

Then for any T > 0, the system (3.6)—(3.13) admits a solution (g, v, u, é] on the time interval [0, T], unique in the
class

g e W0, 1), (3.17)

e C([0,7]; W (=r1,0) N C([0, T]; W20, 12)), (3.18)

v(t, ) =2v@) >0 (€0, 1)), (3.19)

ii € C([0,T]; Wy (=11, 1)), (3.20)

dit, dy,yii € L*([0, T]; L*[—ry,0]) U L*([0, T]; L*[0, r2]), (3.21)
6 € C(0,7); Wh3(=r1,0) UC(0, ]; W'2(0, 1)), (3.22)

30, dy,0 € L*([0, 7]; L*[~ry, 0]) U L2([0, T]; L2[0, 7)), (3.23)
6(t,)=0(1)>0 (t €10, 7]). (3.24)

Remark 3.2. Besides the fact that we consider an insulating piston and a temperature dependent heat conductivity
coefficient, the above theorem requires definitely less regularity of the data compared to Shelukhin’s corresponding
result [21] based on classical solution framework.

Moreover, the obtained v is bounded from above and bounded away from zero and therefore, going back to the
eulerian density (see (3.3)),

O<m1—<,0(t,.x)<MT<OO (te[()?r]vx#h(t))s
h(1) 1

/p(t,x)dx:rl, /p(t,x)dx:rz (r €10, 1)),

-1 h(t)
where h(t) = ho + for g(o)do, with hg € (—1, 1). The above facts imply the expected property
h(t)e(—1,1) (t €10, 1]).

Passing to the original Eulerian variables we easily check that Theorem 3.1 yields strong solutions in the regularity
class specified in Definition 2.1; whence justifying the existence statement claimed in Theorem 2.2. On the other hand,
any solution enjoying the level of smoothness imposed by Definition 2.1 has the regularity claimed in Theorem 3.1
when expressed in the Lagrangian coordinates. Indeed relations (3.21), (3.23) in fact imply continuity claimed in
(3.20), (3.22), respectively, while the continuity of the specific volume v obtained in (3.18) follows from the fact that
the density p > 0 satisfies the transport equation (1.2) in the Eulerian coordinates and therefore can be computed on
the streamlines by the method of characteristics. In other words, the statement of Theorem 3.1 implies Theorem 2.2.
In the remaining part of this section, we therefore focus on the proof of Theorem 3.1.
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3.2. Local existence and uniqueness of solutions

In this subsection we give a local in time existence and uniqueness result, whose precise statement requires some
notation. More precisely, for every R > 0 we denote by Bg the closed ball of radius R centered at the origin in X,
where

o1 | 9o € Wh2(—=r1,00 N WH2(0, 1)
o iig € Wy (=r1,72)

&80 goeR

O | | o Wh2(=r,00 N W2(0, )

and g(0)=go ¢ . (3.25)

Moreover, given R, mg, m; > 0, with mg < my, we denote by Bg ;, m, the subset of Bg formed by the states
satisfying

my = to(y) = mo (y € (=r1,0) U (0, 72)), (3.26)
mi1 = 0o(y) = mo (y € (=r1,0)U(0,r2)) (3.27)
1ol wi2r,.0) + 100l w1200y + N0l wi2ry rpy + 1001l w120 + €0l w120,y < R

Our local in time existence and uniqueness states as follows:

To

io

Theorem 3.3. Let R > 0 and m| > mqg > 0. Let € BR mg,m,- Then there exists T > 0, depending only on my,

fo
m1 and R such the system (3.6)—(3.13) admits an unique solution (in the sense of Theorem 3.1) on [0, T].

An important point is that the proof of the above theorem is based on a “monolithic” linearization of the system
(3.6)—(3.13), followed by an application of the Banach fixed point theorem. The term monolithic linearization designs
the fact that the linearized system is still a coupled one, in which both the velocities of the gas and of the piston are
supposed to be the unknowns. Using this type of linearization is important in order to obtain the local existence and
uniqueness in spaces which are less regular than those used in the existing literature.

With the exception of the above mentioned point, the proof of Theorem 3.3 is based on standard maximal regu-
larity theory for linear parabolic equations and on standard Sobolev embedding theorems. We refer to the proof of
Theorem 3.1 in Debayan et al. [18] for a detailed presentation of the method in a situation which is close to the one
encountered in Theorem 3.3.

In the remaining part of this section we deduce the main estimates which are necessary to show that the local in
time solution constructed in Theorem 3.3 can be extended to a solution defined on [0, t) for every t > 0. Our approach
has numerous common points with the methodology used by Shelukhin [21], Antontsev et al. [1] and Kazhikhov [13]
but it requires new estimates in order to tackle the fact that the piston is assumed thermally insulating, which gives the
homogeneous Neumann boundary condition for the temperature on the piston.

3.3. Energy type estimates and first density and temperature bounds

In this subsection and for the remaining part of this section 0 < v < oo is fixed and is a solution of

o T <

(3.6)—(3.11) on [0, T] C [0, T) having the properties stated in Theorem 3.3. All the constants appearing in the es-
timates below may depend on t and on the constants mq, m1, R in Theorem 3.3, but are independent of T'.

In this subsection we derive, following closely ideas from [21], some energy bounds and we provide the first
estimates on the density and temperature fields.

Denote, recalling that g () := % (¢) and that the constructed local solution satisfies § > 0 and ¥ > 0 on the existence
domain,
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g2 ()

E1(t) = |c0(t,-) + ;uz(t ) +M - (tel0,T), (3.28)

Ll[=r1.r]

D . ~2 .
Ex(0) = cv¢><9(’ ))+¢(”(2 )>+”§;’) + 220 el 1),

2a
Li[=r1,n]
Es()=|| == (t,)+ < = | xft|2> (t,) (r€[0,T], (3.29)
029 0 .
Li[=r1.r2]

where a, b are arbitrary positive constants and

¢B)=6—1n6 —1 @ >0). (3.30)
Lemma 3.4. We have

Ei(t) = Ei(0) (rel0,T), (3.31)

15 L1y = B0l L1y =B (£ €10, TD, (3.32)

t
E>(t) + / Es(s)ds = E2(0) (tel0,T]. (3.33)

0

Proof. Taking the product of both sides of (3.7) by i, integrating on [—r1, 0], on [0, r2], using (3.9) and summing up
the obtained results it follows that, for every ¢ > 0,

1d [ 51" 7 6
- T g 2
—— | @, y)dy + g(?) |:78yu - ::| ) + / oyl (t,y) (TE)V :) (t,y)dy =0.
2dt v v v v
—ry y—>0~ —ry
By combining the above formula and (3.10) it follows that, for every ¢t > 0,
1d [
T i (1, y)dy+——g )+ /(8 u)(t, y)( - 5) (t,y)dy =0. (3.34)

—ry

On the other hand, integrating (3.8) on [—r1, 0], on [0, 2], using (3.11) and summing up the obtained results it follows
that, for every ¢ > 0,

n r ~
%/cvé(t,y)dy—/ayﬁ [( ayu—gﬂ(t y)dy =0.
“n

—ry

Summing up the above formula and (3.34) we obtain (3.31).
In order to prove (3.32), it suffices to integrate (3.6) on [—ry, 0], on [0, 3], to sum up the obtained results and to
use the first condition in (3.10).

In order to prove (3.33) we multiply (3.8) by ~¢' ( ) % —
we sum up. For the first term we obtain

0 r ~
~ ~ o(t,
[ e () ( ¢ y)) dy+ - /cvate)(r,yw’( (tay)) ay

—r 0
) ~
I (Q(t’y)> dy  @(e[0,T]). (335)
a

é, we integrate on [—ry, 0] and on [0, 2] and finally

Q| =
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The same operations and integration by parts applied to the second term in (3.8) give

1 Oa @, ; 0\ 1r2a /{(9)3 Ay
‘;fyTy o (5) o2 o (F0e)e (5] o
- 0
r

(e

—r

21
9,0

To evaluate the contribution of the third term in (3.8), we note that

_éf{aya (%aya—%:)}cp’ (g) dy=—§fr2{aya (%w——)}dy

=Tl —Tr

D

<

rn r2

s (LwiP)a- [ (3ai)a e
06 v

=T =T

Summing up (3.35)—(3.37) and using (3.6) we obtain that

) —1n<§>} dy=— /2 (@ (ayé‘29~%> dy

! =T

r rn ~
N 1 i _ 0
_/(%|ayu|2> dy+5/{ayu (%Byu—g)}dy (t €10, TY).
“

—ry

On the other hand, multiplying (3.7) by éﬁ and integrating on [—ry, 0] and on [0, »] we obtain

1dr2~2c1+1]Za~”a~9~ dy + GO = 0 @ e [0,T))
2adr ] U a Sl W R N B 2dtg - D

=T =T

Taking the sum of (3.38), (3.39) and using (3.32) we obtain the conclusion (3.33). O

Lemma 3.5. Denote

_ o,
N = o B <55

Then, for every t € [0, T] and every y € [—r1, 2] \ {0} we have

(t € [Oa T]? ye [—rls”Z]\{O})-

t & t
1 - 1 1
u(t,y) = ﬁo(y)+/—0(f,y)ew —/—G(s,y)ds dé | exp /—O(S,y)ds .
" 2 2

0 0 0
1

1 -
[ot.nas= -5 J 10509 605,y 5+ A3+ B0,
0

where B is the constant in (3.32) and

§> dy  (tel0,T).

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)
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r y y
BAG.y) = / 5, 8) / i, ) dn - f oty d | dz
-] 3 0
r &
+ f o(&) f fio(n) diy dé (t€10.T1, yel—ri.ra].
= 0
t
BB(1.y) =M f g2(s)ds — (191, )l 110,15 M 8@) = 10ll 110,15 M 80) (t€[0,T], yel-r.0),
0
t
ﬂB(t’ )’) = _M/g2(s) dS + (“ﬁ(t’ ')”Ll[—rl,O] Mg(t) - ||50||L1[—r170] Mg()) (t € [07 T]a y € (05 r2])~
0
Proof. By combining (3.6) and (3.40) it follows that
- 1 - ~
o v(t,y) = ;(U(t, i, y) +0(,y) (te€l0,T], yel—ri,r]\{0}), (3.43)

so that (3.41) is nothing else but the variation of constants formula applied to (3.43), seen as a linear ODE of unknown

v(-, y) and depending on the parameter y € [—ry, 2] \ {0}.
In order to prove (3.42) we set

! y
J/(t,y)=/G(S,y)ds+/ﬁo(n)dn (t€[0,T], ye(0,r)).
0 0

Using the fact that equation (3.8) rewrites 0, = dy0, it follows that
oy (t,y)=0(t,y), dyy(t,y)=u(t,y) (t€l0,T], yel—r1,r2]\ {O}).
Consequently, for t € [0, T] and y € [—r, 2] \ {0} we have
- ~ U ~ 2
h(@Wy)=@yi)y +dyit —0 = (3y,y¥) v + dyy¥ —0 =0y yy + 8y [Byy)y] = (dyy)” - 0.

Integrating the above formula on [0, #] x [—r1, 0], on [0, ] x [0, r>] and summing up we obtain:

r r y t
f 51, y)y (1, y)dy — f 50(y) f fio(£) d& dx — f () (y(5,07) — (s, 0% ds
—r] —r 0 0
t
—/||112(s, D86, iy, ds (t € [0, TY).
0

Using the facts that

s N

J/(s,O*)=/817/(n,0*)dn+y(0,0*)zfa(n,O*)dn,
0 0
V(s,0+)=/8z7/(n,0+)dn+y(0,0+)=/0(n,0+)dn,
0 0

it follows that

(3.44)

(3.45)

(3.46)
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y(s,07) = y(s,07) = — / [o(n. )10 dp=—-M / §(v)dt = —M(g(s) — go).
0 0

Inserting the above formula in (3.46) yields

r2

1 1
/17(t,y))/(t,y)dy=—M/g(S)(g(S)—go)ds—/Ilﬁz(Sw)+5(S,~)|IL|[7rl,r2|ds
0 0

—r

) y

+ / Bo(y) / dio(n) dn dy
0

“n
Since

1 t

t 0
/g(s)ds:/ﬁ(s,O)ds: /Byﬁ(s,y)dyds

0 0 0 —ri

0 ¢
- / f 8,55, y)ds dy = 15, M 11, o — 150llL1p_r, 0
—r; 0

we deduce that

r

t
/ v(t, )y, y)dy = —M/gZ(S)dS + Mgo (I10Ct, I 11—ry,00 = 1001l 11—, 01)
0

—r]

r

t y
_/”ﬁ2(sv')+§(S7')||Ll[—r|,r2]ds+ / ﬁo(y)/ﬁo(n)dndy
0 0

h
On the other hand, by combining (3.44) and the second formula in (3.45) it follows that

t

y y
/o(m)ds=y<t,s>+/ﬁ<r,n)dn—/ﬁo<n>dn+;(r,s>,
& 0

0

forevery t € [0,T], y € (0,rp) and & € (—ry, r2), where, for every ¢ € [0, T']

o if £€(0,r]
0.0 = {/g[a(s, Mo=M((t) —g0) if &€[-r1,0).

Multiplying (3.48) by v(¢, £) and integrating with respect to & it follows that

t r r y y
ﬁfo(s,y)dy=/ﬁ(t,é)y(t,é)d$+/ﬁ(t,é) /ﬁ(t,n)dn—fﬁo(n)dn dé
0 —r —r & 0

+ 0@, i, oM (1) — 80)

(tel0,T]).

(r€[0,T)),

(tel0,T].

(rel0,T).

(3.47)

(3.48)

Combining the above formula and (3.47) we obtain (3.42) for y € (0, r2]. The proof of (3.42) for y € [—r1,0) is

completely similar so it can be omitted. O

By combining (3.42) with (3.32) and (3.33) we obtain:
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Corollary 3.6. With the notation in Lemma 3.5, there exists a constant ¢ > 0 such that

t

/O’(S, y)ds| <c (tel0,T], ye[—r1,r]\{0}). (3.49)
0

Given a function f : [0, T] x [—r1,0) U (0, r2] — (0, c0), we denote, for the remaining part of this work

my(t) = inf @y, My(t) = sup f&y) (tel0,T].
yeE[—r1,0)U(0,72] yE[—r1,00U(0,r2]

Lemma 3.7. With ¢ defined in (3.30), we have the inequalities:

)
a

where K is a universal constant, a = max{rl_l E1(0), rz_1 E1(0)}, where E1 has been defined in (3.28) and

M(;(t)§4a{1+K0

M5 (1) J(t)} (r€l0,T)), (3.50)

Ll[=r1,r2]

J(@) = l ET8 ) (tel0,T]. (3.51)

Ll[=r1,r]

Proof. In order to prove (3.50) we fix ¢ € [0, T'] and we show that ] (t, y) is smaller than the right hand side of (3.50)
for every y € [—r1, 0]. The proof of the similar estimate for y € [0, r2] can be done following line by line the same
steps.

To achieve this goal, we first note that from the energy estimate (3.31) it follows that

E(0)
min O(t y) < .
ye[—r1,0] Cyl'l

Then we distinguish two cases. Firstly, if we assume that

2E1(0
max 6(t,y) < <O (3.52)
ye€[-r1,0] Cyl'l
then (3.50) is obviously verified. ~
If (3.52) is false then, using the continuity of the map y — 6(¢, y) on [—rq, 0] it follows that there exists y; €
[—r1, 0] (depending on ¢) such that

E1(0)

curt

6(t,y1) =

<450

In this case, if y is such that ] (t,y) < then there is nothing to prove. We can thus assume, without loss of

generality, that 6(z, y) > 42—5?). In this case we define

é(z,y)l
S
Lyt y) = / - ¢<;>ds, (3.53)
at,y1)

where a; : E L (0) and ¢ has been defined in (3.30). We have
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y 0 0 ~ ~
— _ 1 6, m\ 00

V1 I I

0 - % 0 - 2 % _ %
< /¢,<M> dn /~ L i dn <<H¢(9(t")) M;,(t)J(t)) . (3.54)
ai 02(t,m)

ts
377( n) "

“n ~r L[—ri,r2]

On the other hand, (3.53) and elementary inequalities imply that there exists an universal constant Ko > 0 such that
for every y € [—r1, 0] with 6(¢, y) > 4a; we have

4(t.y) 6.y
aj aj

V _ 1 _ ) _ )
I y) = é(s) ds > K2 L4y = g2 0(t,y) 1| s g2 0(t,y)
p 0 75 0 “a 0 “a

The last inequality and (3.54) imply the announced estimate. O

1

3.4. Pointwise density and temperature bounds

Lemma 3.8. There exists ¢ > 0 such that

<o, y)<ec (tel0,T], ye(—ri,r)). (3.55)

Proof. Using (3.49) in (3.41) and the positivity of § we obtain the first inequality in (3.55).
To prove the second one, we use again (3.49) and (3.41) to obtain that there exists a constant ¢ > 0 such that

t
M,;(t)gc—l—c/Mé(s)ds (rel0,T)).
0
Inserting (3.50) into the last inequality we obtain that there exists a constant ¢ > 0 such that

6
¢ (—) (s,°)
a

where J has been defined in (3.51). The above inequality, combined with Gronwall’s lemma and with (3.33), implies
the second inequality (the upper bound) in (3.55). O

t

Mﬁ(t)<c+c/{l+

0

M (s)J (s) ds} , (3.56)
Li[=ri,m]

By combining estimate (3.33) with Lemma 3.7 and Lemma 3.8 we obtain the following upper bound for the
temperature

Corollary 3.9. There exists ¢ > 0 such that

t
/Mé(s) ds <c t [0, T]).
0

We also have the following upper bound for the velocity .

Corollary 3.10. There exists ¢ > 0 such that

t
/M,;z (s)ds <c (tel0,T]. (3.57)
0
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Proof. Note that, using a simple Sobolev embedding and the Cauchy—Schwarz inequality,

1
1 : Vo !
Tayu(s,) ”( ve)(sv)”zZ[
vovb L2[—ry,r2]

The above inequality together with (3.31) and (3.55) yield

Mz () < N0xu(s, Il pip—r, ) < .

M (s) < ﬁEl (0)E3(s) (s €[0.1], t €[0, T]),

where E1 and E3 have been defined in (3.28) and (3.29), respectively. Integrating the above inequality with respect to
time and using (3.33) we obtain the conclusion (3.57). O

Let us now show that the temperature 6 admits a strictly positive lower bound on [0, T'] x [—ry, r2].

Proposition 3.11. There exists ¢ > 0 such that

ms(t) = c (tel0,T]).

Proof. We define w = %. By equation (3.8)

~ N ~ )
Kk (0) 1 1 - 0 2€@0) (1. -~
a - 8 — - = — —=< 8 s — - T =_ =~ 9 . .
Ccpoiw y< s Byw> AT (ﬂ il Zﬁ) 5 <98y ) (3.58)

Multiplying the above formula by w?~!, with p > 1, and integrating over (—r1, r2) we obtain

cullw( ')Ilpflgllw(t Mp < | =] w15~ (3.59)
v ’ )4 dl ’ JZE 4Mﬁ(t, ) » ) p . .
This yields
d 1
—lw@, ), < — | = 3.60
Cog lw(, )l p vl T (3.60)

p
and, after integration with respect to time, we obtain

1
v(s,-)

ds. 3.61)

t

1
lw(t, ), < [wO)] +—/
P P deon )

0

Tending with p to infinity in the above estimate and using Lemma 3.8 it follows that

H = sup |lw,)I<c. O (3.62)
o0

sup | =
tefo,71110(¢, ) 1€[0,T]

Proposition 3.12. There exists ¢ > 0 such that

t
||8yl~1(t,')”iz[7rl’r2]+/ J0y5(s. Y32y, ds < (€10, T]). (3.63)
0

Proof. Letg =u — uoy(Inv) =u — % dyv. Using (3.7) it follows that

]
0rq(t, y) =—0y < ) @, y) tel0,T),ye[-r,r]\{0}).

v

Multiplying the above equation by ¢ and integrating on [—r, 2] we obtain
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1d ’ 0. <2
iallq(t, Wiz T H=3 |9y8]" @, ) =F@)  (€[0,T)), (3.64)
L[=r1,r]
where
r2 ~
.0 s 1 ) B -
F3(t)= i — (3yv) — z (3y0) i + ﬁ(ayv)(aye) dy (tel0,T).
“n
Using elementary inequalities it is easily checked that
~ rn é r 2
1 0 -2 - 1 ~
F3(t) < ol L ’ayv} () +c(p) / 5u2dy+c(u)/ =5 8y6" dy,
L[—ry,r2] - —r v

where J has been defined in (3.51). Using (3.55) and Proposition 3.11 it follows that there exists ¢ > 0 such that

F3(t) <

N =

~ r r
0 N - 12
MF‘E)yv}z(t, ) + (WM (r) Qdy—i—c(u)/ ‘aye‘ dy.
r

L'[=r,r2] —r —r

The above inequality and (3.64) yield

1
+ —

0 1, 2
T3 ,u5|8yv| (t,")

Sy

rn
<dMMM0/5®
)

Ll[=r1,r]

n
12
Fe(u) ’aye‘ dy  (tel0,T]). (3.65)
h
On the other hand, we note that from (3.31) it follows that

r

/5(s,y)dy <

—r

E1(0)

(s€[0,T]),

v

whereas (3.33), combined with Lemma 3.8 and Corollary 3.10, implies that there exist ¢ > 0 such that
1 r2

/ Mﬁz(s)+f‘ayé(s,y)‘2 dyds < cE2(0) + ¢ (t €[0,T]).
0 =T

Therefore, integrating (3.65) with respect to time, using again the lower bound for 6 and the upper bound for 7,
together with some elementary inequalities, we obtain the conclusion (3.63). O

3.5. Proof of Theorem 3.1

In this paragraph we derive the last estimates necessary to prove our main existence result and we give the formal
proof of Theorem 3.1.

Proposition 3.13. There exists a constant ¢ > 0 such that

t
[0 g gt [ Vil gdi<e  GemTD, (.60
0
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Proof. We multiply (3.7) by —9,, i and we integrate on [—ry, 0] and on [0, r2]. We get

rn r2

rn
_ . _ Lo _
_/(a,u)(ay,yu)dyjuf%]ay,yufdy:/ﬁ(ayv)(ayu)(ay,yu) dy

=TI !

r r
1 - 1 .
+f5(ay9) (ay,yﬁ)dy—/E(ayﬁ)e(ay,yﬁ)dy tel0,T]). (3.67)

I —r

Integrating by parts the first term in the left hand side of the above formula and using (1.6), we see that

r 0 r
_ / (34i0) 3y yi0) dy = — / (30i0) 3y yi7) dy — / (30i0) (3.,) dy
0

! =Tl
r

0
d d
= / (3, yit) (Byu) dy — d—‘f(t) (9yu)(2,07) + /(at,yﬂ)(ayu)dy + d—f(t) (@yi)(t,0")
! 0
1 d
~ g " 0+
=3 / o |9ya|” dy + 5@ [aya(t, -)];68_ (t €0, TY).

—r

For the last term in the right hand side of the above formula we have that

d N
S0 [ ]y < (r) (Nsiite, 9 ¢y, gy + 105860 Vcrorn)
,u y—0F
[(E - ) )i|y—)0 <|| ayﬁ(t’ .)”C[—rl,O] + ||8yﬁ(t’ ')”C[O,rz])

< (103 iy oy + 161312y gy + 1813120,) (1 €10, 7).

where we have used (3.10) and (3.55). On the other hand, Gagliardo—Nirenberg inequality together with Young’s

inequality yield
- - g
|| 8\’“ “ Lo° —r1 ,rz] < C”Li || W2,2(7r1’0)mwz,2(0’r2) ||M ||L2[7r1’r2]
<é ”ay,y””y[frl,rz] t+e ” dyit “ L2[—ryry) T @M 21—y 1)

where ¢ > 0 is arbitrary and c(¢) > 0 depends only on ¢. Inserting the last two estimates into (3.67) and using again
Young’s inequality we get

r r
1 -2 ~12 ) -2
5 / o [ayi|” dy + / |9y, yit| dyg“’"||3y,y“||L2[—r1,r2]+C(8) ||8yuHL2[—r1,r2]+”M”Lz[—rl,rz]
“h

—r
r

+ [ losil aap

—ry

~112
oy Ty |- G6®)

For ¢ small enough we may absorb first term on the right hand side. Since o > 2 in (1.10), Lemma 3.4 yields
-2
foT H 9,0 2lerro] c. Consequently, it suffices to integrate (3.68) with respect to time, to use Proposition 3.12
. . . g

and Gronwall’s inequality in order to obtain the desired estimate
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Proposition 3.14. There exists a constant ¢ > 0 such that

t

2 ~
+ / 0,0
L2[—r1,r2]

t
0

~ 2
s

dr <c (tel0,T). (3.69)

L2[—r1,r]

Proof. We multiply (3.8) by K(é)a,é' and we integrate over interval (—ry,r2). Using the fact that 9, (K (5)8;5) =
0y (K(§)8y§>, we get

r2

.
- ~12 d 21 - ~12
/cvx(e) 3,6 dy+—/:‘/c(9)8y9’ dy <
dt v
- -
r r ~
1 1. 6\ . -
5= lord] K(e)aye‘ dy+ | oyii | =oyii — = | c@2,0 dy. (370)
—r —r

Due to (3.6) and Proposition 3.13 we have 9,0 € Lz([O, T1, L*®[—r1,r2]). We use Young inequality in order to esti-
mate the last term and we may absorb part of it to the left hand side. By Gronwall inequality we get the claim. O

‘We are now in a position to prove our main existence and uniqueness result.

Vo
Proof of Theorem 3.1. Let R, mq, m > 0 be such that Z’g € BR,mgy,m, (recall that Bg ., 1s defined at the be-
fo
ginning of Subsection 3.2). Due to Theorem 3.3 there exists a strong solution defined on [0, 7], with 7 > 0 depending
only on R, mg, m. This solution can obviously be extended to a maximal one defined on [0, t), with T € [0, co].
Assume, by contradiction, that T < co. Then, combining Lemma 3.4, Lemma 3.8, Propositions 3.11, 3.12, 3.13 and
u(t, )
u(t,-)
g()
a(t, )
Theorem 3.3 it follows that there exists 7 > 0 such that our strong solution can be defined on [¢,¢ 4+ T] for every
t € [0, t), which contradicts the supposed maximality of this solution. O

3.14 it follows that € Bg fi.fi,» With R, mo, n depending only on R, mp, m; and t. Applying again

4. Long time behavior

Our ultimate goal is to show Theorem 2.3. To this end, we first derive bounds on global-in-time solutions that are
uniform in time. We denote by c(data) a constant depending only on the initial data, in particular, independent of time.

4.1. Mass conservation, energy and entropy estimates

We recall the following estimates proved in Section 2.3.

Proposition 4.1. Denote mj = ff‘l’ po(x) dx, mp = fhlo 00(x) dx.

Then the mass of gas on each side of the piston is conserved, specifically,

h(t) 1

/ p(t,x)dx=my, / p(t,x)dx =mp (t =20). 4.1)
-1 h(t)
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In addition, the total energy is conserved, i.e.,

1, M 2
/ SO(E D) +eu(ph)r.x) ) det Bt ) = Eo (r >0), 42)
4
where
1 . y
Ep =/ <§po(x)u(2)(X) + cvpo(x)90(x)) dx + - (0, ho)|*. (4.3)
-1

Finally, the entropy is being produced in the course of motion,

[ he

1
1 0)9,62 1 0)]0,0%
/ /5(maxu|2+“ )|0x | > dH/g(maxulerK( >|9x | ) i | ar

0 |-1 h(1)
- 4.4)

~ h(t) t=t 1 =t
- /ps(p,e) ) /ps(p,e) dx (x> 0).
L5 —o | —o

4.2. Uniform bounds for the temperature and density fields
As a consequence of Proposition 4.1 we get the following uniform bounds for the temperature.

Proposition 4.2. Under the hypotheses of Theorem 2.3, let p,0,u,h be a strong solution in [0, 00) of problem
(1.2)=(1.9), (2.1). Then there exists a positive function ® € L*(0, 00), with DIl 120,00) < c(data) such that

max|10g(6)(r..x)| < c(data)[l 4 d>(r)] (t>0), (4.5)

max 0(r..x) < c(data)[l + CID(t)] (t>0). (4.6)

xe[-1,1

Proof. We first note that the terms on the right-hand side of (4.4) evaluated at t = 0 are controlled by the initial data.
Consequently, using (4.1), (4.2) and hypothesis (1.10) we may infer that for every t > 0 we have

T 1
/ / é|8xu|2 dx dr < c(data), (4.7)
0 —1
T h(t) 1
/ /<|8X6|2+|8x10g(9)|2> dx+/<|8x9|2+|8xlog(0)|2) dx | dr < c(data), 4.8)
0 | -1 h(t)
and
1 1
/,Ol log(@)I(z, x) dx + / pllog(p)|(z, x) dx < c(data). 4.9)

-1 -1

To proceed we need the following observation proved in [8, Lemma 3.1]:

1
max |w(x)| §/|8xw| dx+—/p|w| dx (4.10)
xel m
I I
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for any interval I C (—1, 1), any w absolutely continuous in 7, and any non-negative measurable p,

/,0 dx=m > 0.

I
Applying (4.10) to w =1log(8) we obtain, in accordance with (4.1), (4.9)

h(t) h(t)

1
max_|log(0)(t, x)| < / |0, log(®)[(, ) dx + — / pllog(®)I(t, ) dx
xe[—1,h(1)] r

—1 -1

) 1/2

< c(data) | 14 flaxlog(é))l2 dx ;
-1

where, by virtue of (4.8), the integral on the right-hand side belongs to L2(0, 00). Repeating the same arguments on
the interval (h(t), 1) we obtain the conclusion (4.5).
The method of the proof of (4.6) is similar. It is sufficient to use (4.2) instead of (4.9), so we skip it. O

Remark 4.3. A simple but important observation is that the piston always maintains a positive distance from the fixed
boundary of both chambers, namely

—1 < h(data) < h(r) < h(data) < 1 (t=0). “4.11)
Indeed it follows from (4.1), (4.9) that
h(t)

0<mL=[p(t,x)dx= / p(t.x) dx + / p(t.x) dx
—1 xe(—1,h(t)),p(t,x)<K xe(=1,h()),p(t,x)>K
1
<K@+ 1)+ — / log(p)[(r, ) dx < K ((r) + 1) + S92
S O s " X
log(k) J 108 * log(K)

1

for any K > 1; whence h(¢) admits the lower bound i > —1. The existence of the upper bound can be shown in a
similar manner.

We are ready to show a crucial estimate for the density p.

Proposition 4.4. Under the hypotheses of Theorem 2.3, let p,0,u,h be a strong solution in [0, 00) of problem
(1.2)-(1.9), (2.1).
Then

0 < p(z, x) < p(data) (t=0, xe[-1,1]). 4.12)

Proof. Following Straskraba [22] we note that
0; log(p) + udy log(p) = —du >0, —1<x<h(@®)). (4.13)
By the momentum equation we get
X
E)xuzl p+pu2+8,/,oudz +c
a -1
for some constant ¢ depending on ¢ which can be determined by a condition
h(t)
%h(t) =u(t,h(t)) —u(t,—1)= / Oxl.
-1
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Consequently, the derivative d,u can be expressed as

h(t) h(r)

Ol = — — dx + u2—
M= T v J PP T T
1 _

h(t) X

X

1 1 1 d

—0 dz — — ) dz| d — log(1 4 h(1)).

+M,/,ouz T hO ,/,ouz x+dt0g(+())
| 5

-1
Furthermore, in accordance with (1.6),

h(t) / x h(t) / x

d 1 u(t, h())
el d dx | = ———22 d dx
& | T+ r0) /p” ‘ (1+h(1))? /pu ‘
-1 -1 -1 -1

h@) | R

u(r t

Ui, nt)) dx 9 dz | dx.

HEETO +1+h(t)/ t/pu ‘

-1 -1 -1
Going back to (4.13) we obtain

9; (log(p) + x) + udy (log(p) + x)
h(t) h(t)

1 1 1
LI DL +—/ 2
” 1+h(t)/p PY e )P
—1 —1

(4.14)
P h(t) X I h(t)
t, h(t t,h(t
+”(7<))2/ /pudz dy - L)
w(l+ k(1)) 1 1 w(l+h(t)) 1
where we have set
1 X { h(t) X
=log(1+h(@)) + — / udz — / udz | dx
g( () " P TTh0) P
—1 -1 \-1
It is worth pointing out that x is bounded due to Proposition 4.1 and Remark 4.3.
We observe that the scalar functions
h(t)
1 / 24

H —_—

1+ra ) P

-1
wnoy

u(t, n(t

_— d dx 4.15
T R / pu 0z (4.15)

-1 -1

u(t h(t)) / 4 dx
1+h(t)

are integrable over the half-line (0, co) with the L! (0, 00)-norm bounded in_terms of the initial data. To see this
first observe that thanks to (4.5), (4.6), there exist positive constants 0 (data), 6(data) and a set S C [0, co) of finite
Lebesgue measure such that

0<6<6(t)<0 (t € (0,00)\ S). (4.16)
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Consequently, in view of the energy bounds (4.2), (4.7), and Poincaré’s inequality,

1
//pu dx<//pu dx dt + (r1 +12) f flu(z, )||Lo<>( 11y dt

0 —1 0,7)\S
< EolS| + c(r +r2) / losu(t, M2z, dr
0,0\S
< EolS| + (r1 +12) 0 c(data),
uniformly for T — oo.
Seeing that the remaining two functions in (4.15) can be handled in a similar fashion we may rewrite (4.14) as
h(t)

0 /pdx—p + k(D) 4.17)

1
9, log(p) + x) +udy, (log(p) + x) = n

with
”k”L'ﬂLOC(O,oo) < c(data).
For the new quantity

o]

n(t,x) =exp X(t,x)—i—/k(s) ds |,

t

relation (4.17) reads

h(t)

(L) ()= (L) [ s
— uoy | — )J=—-—-\—\)——— X. .

"\ on on un on M(l‘i‘h(f))_] P

By virtue of the energy estimates (4.2) and (4.11) we conclude that

1 1 1
3 (—)+uax (—) > K10 — K> (—) (4.19)
on on on

for certain K > 0, K» > 0 depending solely on the initial data. Thus a simple comparison argument yields

pL(T’X) >Y(r) for — 1 <x < h(7), 4.20)
n

where Y solves

d 1

with

6(r) = mf 9(t x).

xe(—1,

Consequently, in accordance with (4.16),
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Y (1) =exp(—K27)Y (0) + K| exp(—KaT) / exp(K20)0(1) dt
0

2 exp(—K21)Y(0) + Ky exp(—K»a7) / exp(Kzt)é(t) dr
0,0)\S

T
> exp(—K>21)Y(0) + 0K, /exp(Kz(t — 1)) dt
0
~oKiexp(-Kar) [ expKan dr
SN(0,1)
where
6K exp(—K»y1) / exp(K»t) dt — 0 for T — oo.
SN(0,7)
As n is uniformly bounded below and above in (0, co) we conclude that
0<p(r,x) <p(data) forallt >0, —1 <x < h(7),

and, repeating step by step the previous arguments on the set 2(7) < x < 1 we obtain (4.12). O
4.3. Convergence to equilibria
Having established all necessary uniform bounds we are ready to complete the proof of Theorem 2.3. To this

end, we make use of the relative energy method developed in [7]. Specifically, we introduce the ballistic free energy
function

o
Ho(p,0) = pe(p,0) — pOs(p,0) = cypd — pOlog ( 5 ) ,
and the associated relative energy functional

E(p,e,u,h

r,@,U):

1
1 dHo(r, ® M (4.22)
/[5p|u—U|2+H@<p,0)—%(p—r)—hr@(r, @)] dx + (),

-1
with r, ®, U suitable “test” functions. As shown in [6, Chapter 5, Lemma 5.1], the functional £ represents a “distance”

between the quantities [p, 6, u] and [r, ®, U]. More precisely, for any compact set K C (0, oo)2, there exists a positive
constant ¢(K), depending solely on the structural properties of the thermodynamic functions e and s such that

dHe(r, ©)
He(p,0) — T(p —r)— He(r,0)
o |l re—eF il ol K IOl K (4.23)
>cC
1+ pe(p,0) + pls(p, )] if [p, 0] € (0,00)* \ K, [r,O] € K.
Our strategy is based on the following steps:
o We take
pr for x € (=1, h(1)), 0y for x € (—1, h(1)),
U=0, r(t,x) = O, x) = (4.24)
or for x € (h(1), 1), Or for x € (h(?), 1),

where pr, pR, 0L, Og are the constants determined through (2.14) as test functions in (4.22).
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e We observe that
E() = Ex

ast — oQ.

e We show that £, = 0, which, in view of (4.23), yields the convergence claimed in Theorem 2.3.

To carry out the above delineated programme, we first observe that, with the ansatz (4.24),

e(p,e,u,h

1 1 2 M 2
r,@,U) (z)=/ 5P +cupd | (1) dx + = lu(t, h(o))

h(t) 1
_GL/pS(PaG) dx—OR/pS(p,é‘) dx
-1 h(t)
h(t) 1
—CUOL/p dx—CUQR/p dx
-1 h(t)
h(t) 1
+6r [1og(9§v)—log(pL)—1]fp dx + g [1og(9;v)—1og(pR)—1]/p dx
-1 h(t)
1
+ —Eo,

Cy

where we have used the identity

0Hp (1, ®)

r_HG)(rae):p(r’@)’
ap

together with (2.14), specifically,

1
PLOL = PROR = Pooloo = =— Ep.
2cy

Consequently, in accordance with (2.9) and Proposition 4.1, the function

tr—>5<p,9,u,h

r,®,U ) (t), with the test functions (4.24),

is non-increasing in ¢, more specifically,

5<p,9,u,h

r, 0, U) )\ Eo—01.5L —OrSR — cyfrmp — c,Oprmp

1
+06rs(pr,0)mp —Opmp + Ors(pg,Og)mg — Opmp + C—Eo

v

(4.25)

as t — oo. Thus our task reduces to showing that the right-hand side of (4.25) is actually equal to zero. Moreover, as £
is a non-increasing function of time, it is enough to show that any sequence of times 7,, — oo contains a subsequence

(not relabeled) such that

Ty+1

/ E(p,e,u,h

T,

r,@,U) dt —> 0as 7, — oo.

(4.26)
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4.3.1. Vanishing velocity time averages
We first show that the velocity field tends to 0 when + — oo and provide some information on the large time
behavior of the piston position /.

Proposition 4.5. The velocity field u satisfies

T+1
lim / (e, oo =1,1) + 105w, Y p1¢_y.1y) dt =0. (4.27)
T— 00
T
Moreover, every sequence T,, — 0o contains a subsequence (not relabeled) such that
sup  |h(t) — hoo| = O forn — oo, (4.28)
te[T,, T,+1]

for some ﬁoo e(—1,1).

Proof. Using Poincaré’s inequality, we have
[ h(n 1

I}lafiulu(t,X)Kc /Iaxul(t,x) der/Iaxul(t,x) dx | =
xel—1,
—1 h(t)

[ he)

1
=c [%|8xu|(t,x) dx+h(f) %Iaxul(nm dx
— t

L 4.29
h(t) 1 ( )

<e f@ dx—l—/@ dx
-1 h(t)
h(t) 1
+c(e) /é|8xu|2(t,x) dx+/é|8xu|2(t,x) dx (t > 0)
-1 h(r)

for any & > 0. Furthermore, by virtue of (4.10) (applied to w = /6),

2 2

h(t) h(t) h(1)
1

/9dx§2||\/5||2mo(71’h(,))§c /|8x«/§|dx +2 m—/p\/gdx ,
L
-1 -1 -1

where, by Holder inequality,

h(t) h(t) % h(t) h(t) %

1 / 1 1
— p+/ pOdx < — f,odx /p@dx = /p@dx
"L 1 v " 1 1 "L 1

Bl—

The same considerations could be done for f hl(t) 6dx therefore
h(r) h(t) h(t)
2
/edxgc/|axdé|2dx+—/pedx (t>=0),
mr,
-1

-1 -1
1

1 1
2
/edxgc/|axﬁ|2 dx+—/p9dx (t >0).
mRg

h(t) h(t) h(t)



1404 E. Feireisl et al. / Ann. I. H. Poincaré — AN 35 (2018) 1377-1408

Next, we integrate (4.29) over a time interval (T, T + 1) and use (4.2) to get

T+1 T+1 1 T+1 1
/ max  |u(z, x)|dr + / /laxu|(t,x)dx§8 [ /pedxdz
xe[—1,1]
T T -1 T -1
T+1 1
2 1 2
+ c(e) 19.:4/0] + Slowuldx dr | < eEo+c(©)I(T).  (4.30)
T 2

where I'(T') — 0 for T — o0 as a consequence of (4.4). Thus we obtain (4.27) because (4.30) holds for every €> 0.

Finally, by virtue of (4.2), both Ak(¢) and %h(r) are bounded and Arzela—Ascoli theorem yields £ (7}, + 1) — hoo(2)
strongly in C[O, 1] up to a subsequence. As the velocity of the piston is determined by (1.6), we deduce from (4.27)
that

Th+1 T,+1

d

f‘—h(t)dt 5/ max |u(t,x)| — 0dt,
dr xe[-1,1]

T, Tn

and thus (4.28) also holds, where, in accordance with (4.11), we have that floo e(—1,1). O

4.3.2. Time shifts of p and 0
Our next result provides weak convergence of time-shifts of the state variables. To this end, we consider a sequence
of time 7,, — oo and introduce the following notation for the time shifts of a function v:

Vi, x) =v(T, +1,x).

Proposition 4.6. Let T,, — 00 be a sequence of times such that
R" — hog in C[0,1]
(cf. (4.28)).

Then there exists a subsequence (not relabeled) such that

p" = Poc weakly-(*) in L%((0, 1) x (=1, 1))

4.31)
and in Cyeax ([0, 11; LY(—1, 1)) forany 1 < g < oo,
0" — 0o weakly in L2((O, 1) x(—1,1)) asn — o0, 4.32)
where
. ﬁLfor—l<x<fzoo,
Poo =1 R
PR for hoo <x < 1,
. éLfor—1<x<floo,
oo = ~ ~
OR for hoo <x < 1,
and oy, PR, 01, Or are the strictly positive constants satisfying
A~ mp N mRp A A oA 1
oL = ~, PR = ~—, pLOL = prOR = — Ej. (4.33)
1+hs 1—ho 2¢y

Proof. As the velocity field u” is continuous on the free surface, the equation of continuity (1.2) is satisfied on the
whole set (0, 1) x (—1, 1) in the sense of distributions. Consequently, in accordance with (4.12), we may assume

p" = Poo weakly-(*) in L=((0, 1) x (=1, 1))
and (strongly) in Cyeax ([0, 11; LY(—1, 1)) forany 1 < g < oo.
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Moreover, Propositions 4.2 and 4.4 yield || p(p", 0") |l L2(0,1)x (-1,1)) < ¢- We multiply (1.3) by 4" and integrate over
(Tn, Ty + 1) in order to deduce that [|0xu" || 129, 1.12(—1,1y) =< ¢. This together with (4.27) imply

W' — 0in L0, 1; Wy 4 (=1, 1)) forany 1 < g <2,

whence, passing to the limit in the weak formulation of (1.2), we may infer that d; 0oo = O in the sense of distributions.
Consequently, pso = Poo(x) depends only on the spatial variable, and we may set

. ,5L=/3L(x)f0r—1<x<floo,

Poo=171 ~
0 =pr(x) for heo <x < 1.

Next, by virtue of (4.2), (4.4), and (4.10) we obtain (4.32) with

. O =0L@1) for — 1 <% < hoo,

Oo=1 . . .
Or =0r(t) for hoo <x < 1.

In addition, (4.16) implies that
0<6<0,0r<0. (4.34)

Now, we rewrite the momentum balance in its weak formulation,
oo 1

/ (@) + pu*(0:9) + p(0r9) | dx dr
1

(4.35)

1 00
d’h
/,uaxué)xgo dx dr — / Mm(t)ga(t, h(t)) dt for any ¢ € CCI((O, 00) X (—1, 1)),
1 0

2

Md h h dr = OOMdh a h a h dh d
G 0t dr=— [ E(r)[,go(r, (1) + (. (r))a(m} ‘
0

=—/Mu(t,h(t)) [Br(t, h(1)) + 0x(r, h(t))u(r, h(2))] dr.
0

Consequently, using (4.12), (4.27), we may perform the limit in the pressure time shifts p” in (4.35) to conclude that
"= p"0" — poo weakly in LZ((0, 1) x (—1, 1)), (4.36)

where V, poo = 0 (in the weak sense); whence poo = poo(?) is a function of ¢ only.
The final observation is that

Poo = Pocboo- (4.37)

To see this, consider an arbitrary space—time cylinder (0, 1) x (—1,7),r < fzoo. In view of the uniform bound on 9,,60"
established in (4.8), we get

6" — 6; weakly in L>(0, 1; W"2(—1,r)).
On the other hand, as we have already shown (4.31),
p" — pr. (strongly) in C([0, T1; W™12(—1,r)),
and we may conclude that

Poo = prOr in (0,1) x (—=1,7)
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for any r < ho. Similarly, we show that

Poo = PrOR In (0,1) x (r, 1)

for any r > hso; whence (4.37) follows.
Thus, necessarily,

ﬁLéL for —1<x<fzoo,
Po=13 . A
PROR for hoo < x < 1

is a function of ¢ only. Thus, necessarily, 0y, O are positive constants, and

~ mr, ~ mRpR Aé\ Aé
PL = ~—> PR= ~» PLUL = PRUR = Poo-
14 hoo 1—heo >

Finally, we use the total energy balance (4.2) to deduce that

1 .
CyPoo = EEO — apositive constant;

whence 01, 6 are also positive constants. O

4.3.3. Strong convergence of p", 6"
Our ultimate goal will be to show that

floo = oo, Poo = Poo- éo<> = b0, (4.38)

where /oo, Poos O are the quantities appearing in Theorem 2.3. To this end, it is enough to show strong (a.e. point-
wise) convergence of the time shifts p,, 6,, specifically,

P" = Poos 0" = b (strongly) in L'((0, 1) x (=1, 1)). (4.39)
Indeed, the strong convergence in (4.39) implies pointwise convergence of the entropy and since p"s(p",6") is
bounded in L2((0, 1) x (—1, 1)) due to (4.5) and (4.12), Vitali’s convergence theorem yields

050", 0™) = Poos(Poos o) (strongly) in L' ((0, 1) x (=1, 1) and weakly in L>((0, 1) x (—1, 1)).

In particular, we get

SL=(1+heo)prs(L,0L), Sk = (1 — hoo) prS (R, OR), (4.40)

which, together with (4.33) and uniqueness of the equilibrium solutions with the same limit energy and entropy implies
(4.38). Finally, we realize that (4.38), (4.40) yields the desired conclusion (4.26).

In the remaining part of this section, we therefore focus on the proof of (4.39). We start by proving strong conver-
gence of the density. To this end, we adapt certain ideas of the general existence theory proposed by P.-L. Lions [16].
In particular, we claim the effective viscous flux identity

p(p,0)p = p(p,0)p = 1 (pdxu — pdxu) in (0,1) x (=1, 1), (4.41)

where the bars denote weak limits of compositions. Identity (4.41) was proved (in the general 3D setting and for
a general pressure function) in [5, Chapter 6, Proposition 6.1]. The proof is based on local arguments and so it is
applicable to the sequences p”, 8", u” as well. In the present context, (4.41) gives rise to

(0™)20" = (Poo) 0o weakly in L2((0, 1) x (—1, 1)). (4.42)

At this stage, we recall that the equation of continuity is in fact satisfied (in the weak sense) for x € (—1, 1). In
particular, the densities p” satisfy also the renormalized equation

3 (") + 3 ((0")*u™) + (") 3" = 0in D'((0, 1) x (=1, 1)).
Consequently, similarly to the proof of Proposition 4.6, we have

(p")? = p2in C([0, 1]; W "2(=1, 1)), (0" — Oss) — O weakly in L2(0, 1; W2(I))
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for any compact subinterval 7 C (—1, fzoo) U (ﬁoo, 1). Thus (4.42) yields
(0") o0 = (Poo) B weakly in L2((0, 1) x (=1, 1)), (4.43)

which immediately implies the desired strong convergence of {o"}72 .
In order to see the strong convergence of the temperature shifts, we modify the previous arguments to observe that

6, — 0o weakly in L2(0, T; W2(1))
p"0" = Pooboc in C(10, T1; WH2(D))
for any compact interval I C (—1, fzoo) U (fzoo, 1), from which we deduce the desired conclusion

11 1

1
//,0,,(9,,)2 dx dr — //,aoo(éooﬂ dx dr. (4.44)

0 —1 0 —1
As we already know that p" converges strongly, (4.44) yields strong convergence of {6"}°° |. We have shown (4.39).
4.3.4. Proof of Theorem 2.3: conclusion
As the sequence of time 7;,, — oo introduced in Section 4.3.2 was arbitrary, we have
h(t) > hoo as t — 0.

Moreover, the convergence stated in (4.26), together with the coercivity properties of the relative energy functional
stated in (4.23) imply the asymptotic behavior claimed in (2.10)—(2.12) of Theorem 2.3, together with

o(t,)0(t, ") = pooboo in L' (=1, 1). (4.45)

Obviously, (4.45) implies (2.13) and therefore completes the proof of Theorem 2.3 as soon as we are able to establish
a lower bound for the density,

p(t,-)>£>0forallt20.

In order to prove that we deduce from (4.18) that

1 1 1
0y (-) + uoy (—) <Ki10—-K» (—)
on on on

and the proof can be completed similarly as the proof of Proposition 4.4. For more details we refer also to [8, Propo-
sition 6.1].
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