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Abstract

Given a compact m-dimensional manifold M and 1 < r < oo, consider the space C" (M) of self mappings of M. We prove here
that for every map f in a residual subset of C L(m), the C! closing lemma holds. In particular, it follows that the set of periodic
points is dense in the nonwandering set of a generic cl map. The proof is based on a geometric result asserting that for generic C”
maps the future orbit of every point in M visits the critical set at most m times.
© 2010 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Let M and N be real compact C* manifolds without boundary. For every 1 < r < oo, C"(M, N) will stand for
the set of class C" maps endowed with the usual C” topology. When M = N, the space C" (M, M) will be denoted
by C"(M).

The problem known as the Closing Lemma states that: given a nonwandering point x of a C! map f, is it possible to
find a C! perturbation g of f such that x is g-periodic? This was solved by C. Pugh for diffeomorphisms in 1967 [4].
Since then, many generalizations were obtained in different contexts besides of diffeomorphisms (see [5]). The case
of C! endomorphisms was not included in the above contexts.

Nevertheless, for C! endomorphisms of a compact manifold and by a clever extension of Pugh’s technique, L. Wen
obtained a C! closing lemma valid for those having a finite number of critical points, see [7] and [8]. However, the set
of C! maps for which this hypothesis holds is not dense. Here we will prove that:

Theorem 1. There exists a residual set R in C'(M) such that given f € R, U a C' neighborhood of f and x a
nonwandering point of f, there exists a map g € U such that x is g-periodic. Moreover, there exists a residual subset
D of R such that for every f € D the set of periodic points is dense in the nonwandering set.
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This result answers positively the questions posted by M. Shub in the final section of [6]. The first main ingredient
in the proof of Theorem 1 is Wen’s result on closing with finitely many singularities. The second one is a geometric
result regarding the study of the singularities of a map. The study of the singularities of smooth mappings has been
largely considered in the literature. It is well known, for example, that the singular set of a generic C* map admits
a stratification in submanifolds. The singular or critical set of a map f € C!(M) is defined as the set of points where
the differential of f is not invertible, and is denoted by S 7. Our interest here is to determine how frequently the future
orbit of a point intersects the critical set of f, at least restricting the study to a residual set of maps.

Theorem 2. Let M be a compact manifold of dimension m. Given any positive integer r > 1 it holds that:

1. There exists a residual subset R, of C" (M) such that, for every f € R,, and every z € M, the set of integers
n = 0 such that f"(z) € Sy contains at most m elements.

2. There exists a residual subset P, of C" (M) such that for every map f € P, it holds that Un>0 f"(Sy) does not
intersect the set of periodic points of f.

2. Proof of Theorem 1 and some consequences

In this section we prove our generic C' closing lemma assuming that Theorem 2 holds. We first state Wen’s
result. To do that we need some definitions. A tree 7 = (Q, f) is an infinite sequence of mutually disjoint nonempty
finite sets Qo, Q1, ..., On, ... where Qg consists of a single point go together with a map f : O — {go} = O where
0= UZOZO 0O, such that f maps Q, into Q,_1 for each n =1, 2,.... An infinite sequence qo, g1, -..,4qn, ... 1S an
infinite branch of F if f(g,) =¢qn—1 foreachn =1,2,.... A tree F is called complete if f is onto.

We also denote by O~ (x) = Un}O 7" (x) the negative orbit of x.

Theorem 3. (See [8].) Let f € C'(M) and let x be a nonwandering point of f. Assume that there exists y €
O~ (x) N Q2(f) such that

1. OT(mNLAHNSyF=0.
2. (O~ (y)N&2(f), f) is a complete tree.

Then, given any C' neighbourhood U of f in C'(M) and U open set containing x, there exist g € U and p € U such
that p is a periodic point of g.

This theorem corresponds to the Case 1 in the proof of Theorem A in [8]. In that case it was assumed that
O~ (y) NS¢ = ; the arguments used there can easily be adapted.

Lemma 1. Let R = Ry NPy the residual set in C' (M) as in Theorem 2. Let f € R and let x be a nonwandering
point of f. Then, one of following statements holds:

1. There exists y € O~ (x) N 2(f) such that f~(y) N 2(f) = 0.
2. There exists y € O~ (x) N 2(f) such that

@ O~ (MNR(HNS; =0

(b) (O~ () NK2(S), f) is a complete tree.

Proof. Assume that (1) does not happen. Then, for any y € O~ (x) N £2(f) we have that f~1(y) N 2(f) # ¥. Thus,
any point y € O~ (x) N £2(f) is contained in an infinite branch X, = {x¢g = x, x1, x2, ...} with f(x,) = x,— for
n > 1 and where x; € 2(f). Since f € R it follows that any branch X, contains at most m singular points. Among
the branches X, C £2(f) take one with a maximal cardinality of singular points in it, say X' = {x¢o = x, x1, x2, ...}.
Then, there exists ng such that x,, ¢ S for all n > ng Let y = x,,,. It follows that O~ (y) N 2(f) N Sy =0, otherwise
we contradict the way we have chosen X. In particular, f~"(y) N £2(f) is finite for all n > 0. This and the fact that
(1) does not hold imply that (O~ (y) N £2(f), f) is a complete tree. Thus, we have proved that (2) holds. O
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By virtue of Theorem 3 and the previous Lemma 1, to prove the first part of Theorem 1 we have to handle the
situation where there exists y € O~ (x) N $2(f) such that f~1(y) N 2(f) = @#. We will prove this reasoning as in
Case 2 of Theorem A in [8].

Let f € R where R is as in Lemma 1, and let &/ be a neighborhood of f. We will use without proof that there
exists € such that for any r small and x € M, if u, w € B(x, €r) then there exists & : M — M such that h(u) = w,
supp(h) C B(x,r) and that h o f € U. Here supp(h) denotes the set of points y such that #(y) # y. Let x be a non-
wandering point (and non-periodic, otherwise there is nothing to prove) of f and let U be any open set containing x.
Let y € O~ (x) N £2(f) such that f~'(y) N L2(f) = @. Let k be such that f¥(y) = x and consider V an open set
containing y such that f(V), i =0,...,k are disjoint and f¥(V) C U. Consider a decreasing sequence r, — 0
such that B(y, r,) C V for all n. Since y is nonwandering, we can pick z, € B(y, €ry,) such that f(z,) € B(y,ry)
for some m, (which is larger than k) and fi(zn) ¢ B(y,r,) for 1 <i <m, — 1. Thus, we have that f"(z,) = y
and, taking a subsequence if necessary, we have that f"~1(z,) — w with f(w) = y. Since w is wandering, there
exists an open set W containing w such that f/(W) N W =@ for all i > 1. Therefore, for n large enough, we can
take hq supported on W such that h](fm"_l(zn)) =w and hy o f € U. (We would like to push f’””_l(zn) to a
preimage of z,, but this is not possible, there is no preimage of z, in W). Consider also %, supported on B(y, r,)
such that s;(y) =z, such that hp o f eUd. Let h : M — M be h =h; in W, h = hy on B(y,r,) and otherwise
the identity. It follows that g = h o f € U. Notice that z,,, f(zn), ..., ™ %(z,) does not intersects W since W is
wandering. On the other hand, f(z,), ..., f™'(z,) does not go through B(y, r,) by the way we have chosen m,.
Therefore g'(z,) = fi(z,) fori =0,...,m, —2. Now, g™ 1 (z,) = g(f™ 2(zn)) = h1(f™ ' (z,)) = w. And fi-
nally, g"(z,) = g(w) = h(f (w)) = ha(y) = z,. Therefore, z, is g periodic. Moreover gk(zn) = fk(zn) e U, and so
we found a g periodic point in U. This completes the proof of the closing lemma for f € R.

To complete the proof of Theorem 1, we must prove that there exist a residual subset D of R such that for every
f €D the set of periodic points is dense in the nonwandering set. This follows by standard arguments. Let {U, },eN
be a countable basis of M. For all n € N consider:

Ay ={f eC'(M)[Pery(f)NU, # 0}

being Pery, (f) the set of hyperbolic periodic points of f, and consider B, = C!(M) — A,. From the continuation of
hyperbolic periodic points we know that .4,, is an open set and therefore .4, U BB, is open and dense V n € N. Then
Dy =(,en(An U B,) is a residual set on C'(M). Let us see that if f € D:=D; NR then 2(f) = Per(f).

Suppose, by contradiction, that exist some x € §£2(f)— Per(f),andletn € Nsuchthatx € U, and U, N Per(f) =0
(in particular f ¢ A,). From the first part of Theorem 1, we know that for every & > 0 there exists g, € C' (M) such
that the C! distance between f and g, is less than & and x € Per(g,). Now we perturb g, to transform x on a hyperbolic
periodic point keeping the C! distance between f and g, less than . This implies that g, € A, and therefore f ¢ B,,
then f ¢ A, U B, which is absurd because f € D.

Now we state some straightforward consequence of our main result.

Corollary 1. Let f € C'(M) a C' — 2-stable map. Then 2(f) = Per(f).

Now, lets define the set
ENM) = int{ f € C'(M): every p € Per(f) is hyperbolic}

where int means “interior”. In other words, £! (M) is the set of endomorphisms such that there exists a neighborhood
of it such that any periodic point of any endomorphism in this neighborhood es hyperbolic. For f € £' (M) we denote
by P;(f) the set of periodic points of index i (i.e. dim E‘l‘, =1).

Corollary 2. Let f € E'(M). Then,

1. There exists a neighborhood V(f) such that if U is a neighborhood of Per(f) and g € V(f) satisfies g = f in U,
then Per(f) = Per(g).

2. There exists a neighborhood V(f) such that if U is a neighborhood of P;(f) and g € V(f) satisfies g = f in U,
then Pi(f) = P;i(g).
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The proof of this corollary is simple and it is the same as for diffeomorphisms. Indeed, just take V C E'(M)
connected and the result follows from the fact that for each n the maps v:V — Z, v(g) = t{p € Per(g): n(p) =n}
andv; : V — Z,v;(g) =i{p € P;(g): m(p) =n} are continuous and hence constants.

3. Singularities of self mappings
The first assertion in Theorem 2 will be a consequence of the following transversality result:

Theorem 4. Given a compact manifold M, and any n > 0, define G, as the set of maps f € C°° (M) such that the two
following conditions hold:

1. Forevery j<n, f~/ (Sy) is a stratified submanifold.
2. The sequence of stratified submanifolds { f ~/(Sf) 0 < j < n} is in general position.

Then G, is open and dense for every n > 0.
3.1. Preliminaries on critical sets and transversality

In this subsection we collect some definitions and standard results, in preparation to the proof of Theorem 4.
There exist different definitions of stratifications of sets. The more adequate to our purposes is the following.

Definition 1. Given a smooth manifold M, a pair (N, X) is a stratified submanifold of M if X = {Ny,..., Ni} is
a (finite) partition of a subset N of M, where each N; is a (not necessarily closed) submanifold of M such that the
following conditions hold:

1. The union Ul;j N; is a closed set for every j < k.
2. For every j <k, x € Nj, and any vector v tangent to N; at x, there exists a sequence (x,v,) in T N;_; that
converges to (x,v) in TM.

Note that the second condition implies that the dimensions of the submanifolds N; are decreasing. Each of the
submanifolds N; € X is called a stratum. It is also common to say that ¥ is a stratification of N.

The most relevant example is the set L*(R™) of singular linear endomorphisms of R™. If L; denotes the set of
linear maps having kernel of dimension j, then {L1, ..., L,,} is a stratification of L*(R™). Note that the codimension
of L in the m?-dimensional space of all linear self maps of R™ is j2.

Definition 2. Given f € C!(M) and 1 < j <m, let S i (f) be the set of points x € M such that the kernel of Df, has
dimension j.

Theorem 5. Given any compact manifold M there exists an open dense set G of C°°(M) such that for every f € G
the following condition holds:

either Sy is empty or there exists a maximum k = k(f) such that S;(f) is nonempty for every j < k and is empty
for every j > k.

If Sy is not empty, so that the second alternative holds, then (Sy, X'r), where X ¢ = {S1(f), ..., Sk(f)}, is a stratified
submanifold of M.
There exists Gy open and dense in G such that for every f € Gy no critical point of f is fixed.

The proof of the first statement consists in using jets to formalize the idea that for an open and dense set f €
C°°(R™) it holds that Df is transverse to the stratified submanifold L*(R™) of the previous example. This proof can
be found in Chapter VI of [1]. The proof of the last assertion is trivial, it will be used in the proof of the second
assertion of Theorem 2.
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There is another local property that will be used in the proof of Theorem 4. Given a map f € G and a point x € Sy,
there exist neighborhoods ¢/ of f and U of x such thatif g €e/f and S, NU C Sy, then S, NU = Sy NU. This follows
from the genericity of critical points.

Definition 3. Let M be a compact manifold.

1. Any set {N;: i € I} of submanifolds of M is transverse (also called in general position) if for any finite subset J
of I such that Nj :=) {jesy NJ is nonempty, it holds that N, is a submanifold whose codimension is equal to
the sum of the codimensions of the N; with j € J. This is denoted by M {N;: i € I'}.

2. Aset {(N;, X;): i € I} of stratified submanifolds of M is transverse if M {N;: i € I} for each choice of submani-
folds N; € X;. The notation is M {X;: i € I}.

3. Let My be a manifold; a smooth map f : M — My is transverse to a submanifold N of My if Df,(Tx(M)) +
Ty (N) = Trx)(Mp) for every x such that f(x) € N.

4. Amap f € C*(M) is transverse to a stratified submanifold (N, X) if it is transverse to each N; € X. The notation
is fihX.

If V is an open subset of the manifold M we say that f is transverse to X in V if f|V M X.

Theorem 6. Let M and My be manifolds, where only M is assumed to be compact.
If f: M — My isa C® map transverse to a stratified submanifold (N, X) of My, then

i@ =) N e 2}

is a stratification of f~V(N). The codimensions of N; and f~'(N;) are equal.
The set of smooth maps f such that f h X is open and dense in C*° (M, My).

The last assertion of this statement deserves an explanation. Recall that the submanifolds belonging to X' are not
necessarily closed; so it is not trivial a priori that the set of maps f such that f h N is open when N € X. However, if
f ™ Ni, where k is maximum such that the intersection of Ny with the image of f is not empty, then the last item in
the definition of a stratified submanifold implies that every C perturbation of f is transverse to N; for every j <k,
and does not intersect N; for every j > k.

This theorem is a consequence of the Thom Transversality Theorem, which is stated here in a mild version, suffi-
cient for all our purposes.

Theorem 7. Let A be an open set in an Euclidean space, M and N compact manifolds and assume that a smooth
map F : A x M — N is transverse to a compact submanifold V of N. Then the set of A € A such that F5 \'V has
total (Lebesgue) measure in A, where F) : M — N is the map defined by F) (x) = F (A, x).

One also has continuous dependence of f~'(N) on f. Indeed, a possible way of defining this continuity is as
follows:

Theorem 8. Let [ : M — My be a smooth map transverse to a stratified submanifold (N, X) of My. Given a sub-
manifold No C M transverse to f~'(X), there exists a C™ neighborhood U of f such that g~'(X) is transverse to
Ny for every g e U.

3.2. Proof of Part 1 of Theorem 2

Until now we treat with C° maps, in preparation for the proof of Theorem 4. Now we give the proof of Part 1 of
Theorem 2 and for this it is necessary to treat maps that are not C*°.

For maps in C! (M), the variation of the critical sets is not continuous; however, the following semicontinuity is
easy to establish:

Given f € C'(M) and a neighborhood U of § r, there exists a neighborhood 1y of f such that S, C U for every
g e Vo.
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Theorem 4 implies Part 1 of Theorem 2:
Given n > 0, let U, be the set of f € C" (M) such that

sup card{0 < j < n: fi) e S} <m,
zeM
where m is the dimension of M.

Proof that U, is open in C" (M).

Let f € U,; given z € M there exist neighborhoods D, of z, U, of Sy and V, C C" (M) of f such that g/ (D) N
U. = forevery g € V, and every 0 < j <n such that f/(z) ¢ S . Cover M with a finite number of such D,, and let
U and V' be the intersections of the corresponding U, and V,. Let V be the intersection of V' with the neighborhood
Vo associated to the neighborhood U of Sy given by the semicontinuity of Sy stated above. Then, for every g € V and
z € M, it holds that g/ (z) € S, for at most m iterates between 0 and n. This proves the claim.

Proof that 4, is dense in C" (M).

Given any C" open set U, use the denseness of C*°(M) in C" (M) and Theorem 4 to get amap g € G, NU. To
prove that g € U,, let x € M and {j1, ... ji} be the set of indexes j < n such that g/ (x) € S,. Let N; be the stratum of
g (s ¢) that contains x. By Theorem 4 the set { Ny, ..., Ni} is transverse (in general position), and as it has nonempty
intersection, it comes that:

m=dimM > codim(ﬂ N,-) = Zcodim(N,-) > k.
i i

This proves the density of U,.
To conclude the proof of Part 1 of Theorem 2, let R, be equal to the intersection of the I, with n > 1.

3.3. Perturbation techniques

The first result needed for the proof of Theorem 4, allows us to make local perturbations without changing the
critical set:

Lemma 2. Let f: R™ — R™ be a C*™ map in the open and dense set G obtained in Theorem 5 and let 0 € Sy be a
critical point. There exist arbitrary small numbers a and b, 0 < a < b, and a C* nonnegative function ¢ equal to 1
in By, equal to O outside By, and whose gradient is orthogonal to the kernel of Df at each critical point of f in Bp.
(B, denotes the ball centered at 0 and having radius a.)

Proof. Assume that f(0) =0 and define N(x) = || f (x)||2. There exists a neighborhood B of 0 such that f “loyn
B = {0}, so one can choose an arbitrary small positive number b such that m = min{/N (x): x € d Bp} is positive, where
9B denotes the boundary of the set B. Choose any m’ € (0, m) and let a € (0, b) be such that N(x) < m’ for every
lx|l < a.Now let & : [0, +00) — R be a C* nonnegative function such that 2(t) =0ift > m,and h(t) = 1 if t <m’.
Finally define the function ¢ as being equal to 0 outside Bj, and such that ¢(x) = h(N(x)) in By.

Note that Vg(x) = h'(N(x))VN(x) in By, and that VN (x) is a linear combination of the rows of the matrix
associated to Dfy, hence orthogonal to the kernel of Df,. O

Definition 4. Given f € C*°(M), x € M and a neighborhood U{ of f, say that a triple (V, U, f}) is adequate to x, f,U
if the following conditions hold:

1. Both U and V are open neighborhoods of x such that V C U.
2. f1isamap in U that coincides with f outside U.
3. Sp=38y.

For the proof of the theorem, we will still need two preliminary results where some local perturbations are per-
formed. The first one says that we can perturb in order to make transverse the preimage of transverse manifolds,
without changing the preimage of one of them. This will be used in the induction step.
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Proposition 1. Let f € Gy (Go as in the last assertion of Theorem 5), U a C* neighborhood of f and x € Sy such
that f(x) € Ny N Ny, and f th Np, where N| and N; are transverse submanifolds. There exists an adequate triple
(V, U, f1) for x, f,U such that f;""(N2) = £~ (N2) and:

1. ifviNyinV.
2. fN N TN i VL

Before beginning with the proof note that the transversality of N1 and N, does not imply the transversality of its
preimages. It is easy to prove that if, in addition, f is transverse to N1 N N», then f’1 (N1) M f’] (N2).

Proof. Let (U’, 1) be a local chart at x such that f(U’) C V', where (V’, 15) is a local chart at f(x). As x is not
fixed for f one can choose U’ such that f(U’) N U’ = @. By taking adequate local charts one can also assume that
72 (N;) is a subspace W; for i = 1, 2. Of course, Wi h W;. Let f = rz_lfrl : R™ — R™ and define, for the function ¢
of Lemma 2, and for each w € W5, the maps

F:R" x Wa > R" by F(X,w)= f(X) +o(X)w

and for each w € Wa, fy, : R”™ — R™ by f,(X) = F(X, w).

Note that D Fg ) generates W5, from which it follows that F th W in a neighborhood of (0, 0), since W; and W,
are transverse. By the parametrized transversality theorem it comes that f,, h W; for an open set of values w € Ws.
Therefore, it is no loss of generality to assume from the beginning that f is transverse to W;.

Note also that D F(q ¢y is a submersion, because (by hypothesis) 9, FF = Dfx generates a subspace complementary
to W and 0, F generates W>.

Let f,,(X) = F(X, w) and choose w small so that f,, is transverse to W; N W5 in a ball B,. Observe that every
critical point of £ is a critical point of f,, because the gradient of V¢ is orthogonal to the kernel of D f. This implies
by genericity that S F= S P Define f} as the map that coincides with f outside U = 7, '(By) and is equalto 7, ! fw 7]

inV=rt ! (Bg). Therefore, there exist vectors w of arbitrary small norm such that the triple (V, U, f1) is adequate to
x, f,U.

By the choice of w € W, it comes that the preimages of N> under f; and f> are equal. On the other hand, fj is
transverse to Ny and fl_1 (Np) h fl_l (N2), by the remark preceding the proof of the proposition. O

The second ingredient in the proof of the induction step of Theorem 4 is the following proposition, intended to
show that S can be made transverse to anew f~"(Sy) without changing f~/(Sy) for j <n — 1.

Proposition 2. Suppose that f is a map in C°°(M), Ny and N, are transverse submanifolds of M and f N1 N Ny. If
Ny is another submanifold of M, U is a neighborhood of f, and x is a point in M such that x € No N f = (N1 N N»),
then there exists a triple (V, U, f1) adequate to x, f, U, such that:

1. Noh £ (Ny), and
2. fi (o) = (V).

Proof. As in the proof of the above proposition, one can assume that f acts in R and that each N; is a linear
space. The map f; will be obtained from a perturbation of the type f1(x) = f(x) + wa¢@(x), for wo € W> and ¢ as in
Lemma 2. Define L = Df, and let V be a subspace where L is injective and such that L (V) @& W; = R™ this last exists
because L is transverse to Wi N W,. Let w : Wo — LV be the projection which assigns to each w, its component in
LV relative to the decomposition LV & W; =R™. Let 7o = (L|V)~! om. Note that g : Wo — V is surjective since
W> + Wi = R™. Note that L™ (W} 4+ wz) = L™H(W}) 4 mo(wy) for wy € W. As V @ L™H(W)) = R™, it follows
that L~'(W;) + v is transverse to Wy for almost every v € V. As g is surjective, it comes that L~ (W} + wy) is
transverse to Wy for almost every wy € W>.

This is equivalent to say that L;;(Wl) is transverse to Wy, where L,, = L 4+ w. But this must hold also for f,,
that is arbitrarily close to Ly,. O
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3.4. Proof of Theorem 4

It will be proved that if n is a given nonnegative integer, then:

N Sp, TS TS

for every f in an open and dense subset of C°°(M). The proof will be done by induction.
The initial step requires that Sy is a stratified submanifold; this is an immediate consequence of Theorem 5.

Induction step: Assume that for every f in some open and dense set V), it holds that for each 0 < j <n, f~/(S ) is
a stratified submanifold and

DS FHSH o FTSH)

We have to prove that there exists an open and dense set V,, 11 such that for g € V1 we have

1. g/ (Sg) is a stratified submanifold for every j <n + 1.
2. M {Se, g71(Se), ..., g7 TV(S,)).

Notice that the set of maps g satisfying each one of (1) and (2) is open. So, to complete the induction step it suffices
to show that in any nonempty open set U contained in V), there exists a map g satisfying (1) and (2).

Let us prove first that ff("ﬂ)(S f,) is a stratified submanifold for some fi € Y. For this, it is sufficient to find
fi1 €U such that fi v f7"(Sp).

Let f eU.Foreveryx € Sy N f’”‘l(Sf), let J, be the set of indexes j € {1,...,n} suchthatx € f_j(Sf), and for
every j € Jy,let M be the stratum of f~/ (S ) containing x. Take a neighborhood U of x such that f(U)NU = and
the following two conditions hold: first, U N f —k (S7) =0 forevery 1 < k < n that does not belong to J, and second,
that U N M' = ¢ for every stratum M’ of f~/(Sy) of dimension less than that of M. Define N» =, f(M,)
and let Ny be the stratum of 7" (S) containing f(x). It follows that f(x) € N; N N;. Note that by the hypothesis
of the induction, Ny h Ny and f M N,. So Proposition 1 can be applied to obtain a triple (V, U, f1) adequate to
x, f,U such that f; h Ny in V, while ffl(Ng) = f~1(N,). The point here is that the perturbation of f is supported
in U, and as the preimage of N, is not changed when the perturbation is made, then N; can be thought as a fixed
manifold that does not depend on the map. It follows that fi h f;"(Sf) in V, which provides the perturbation that
makes f1 M f; " (Sy) locally. The way these local perturbations are accomplished in order to obtain a map f that is
transverse to f; " (Sy,) is standard and can be done by means of partitions of unity, as in the proof of the Transversality
Theorem, see references [2, Theorem 3.2], [3, Section 3.2] or [1, Theorem 4.9].

Once it is known that fl_("H)(S ) 1s a stratified submanifold, this property persists in a neighborhood of f;

(contained in /). For each x € M, define J (x) as the set of indexes 0 < j < n + 1 such that flj (x) € Sy, Let also M;

be the stratum of f I_J (8y,) that contains x. If O ¢ J,, then there is nothing to prove since f is locally a diffeomorphism
around x and the induction hypothesis implies that the images of these submanifolds form a transverse set. On the
other hand, if n 4 1 ¢ Jy, the induction hypothesis applies directly. For the other cases take a neighborhood U of x as
above.

Define Ny = f1(My+1), and

N> = m fi(M;)

Jj€J\{0,n+1}

By hypothesis, Nj and N; are transverse submanifolds and f] is transverse to their intersection. We will show that
we can perturb fi to obtain g so that S, is transverse to g (N1 N Ny). First show that we can perturb to obtain f>
such that Sy, is transverse to the preimage of Ny by applying Proposition 2. Indeed, let No = My be the stratum of
Sy, that contains x; then Ny can be considered as a fixed submanifold because the perturbations leave S, unchanged
by Lemma 2, as well as N1 and N3, that do not change by the choice of the perturbations. We will now perturb this
map in order to prove that the intersection of the corresponding {M;: j € J,} is transverse at x. To do this apply
Proposition 2 again, taking N1 and N, as above but defining No = ) jes\n+1) Mj. As before, by means of partition
of unity we obtain g € U satisfying (1) and (2). This finishes the proof of Theorem 4.
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3.5. Proof of Part 2 of Theorem 2

Proof. Given integers n and k, where n > 0 and k > 1, denote by Pk” (f) the set of points x € M such that f"(x) is
a periodic point of f of period at most k. Given any fixed k > 0, there exists an open and dense set LSy such that,
for every f € KCSy, every periodic point of f of period at most k is hyperbolic. In particular, for every f € KSk, the
following properties hold: P,? (f) is a finite set, it varies continuously with f, and it does not intersect the critical set
of f. Now fix some r > 1 and define:

L=KSkn{f: PE(HNSy =0}

Note that A} is open in C”"(M); indeed, given disjoint neighborhoods U of P['(f) and V of Sy, it is clear that for
every perturbation g of f it holds that P;'(g) CU and S, C V.

Fix some positive k. We will prove now by induction on n that every A} is dense in C"(M). This implies the
theorem.

To prove the claim, let f € C" (M) and U a neighborhood of f. We can begin taking f € KSx NG as both are
residual sets. The initial step of the induction is then consequence of f € KSy. So assume that f € AZ‘I. Note that
as f € G, the preimage of any point is a finite set, so it is sufficient to prove that if x € Sy N P’ (f) then there exists
a perturbation g of f such that P;’ (g) NS N U = for some neighborhood U of x. So begin withan x € Sy N P (f);
there exists a neighborhood U of x such that U N P} _1( f) =19 and such that x is the unique point of Sy N P;'(f)
inU. As Pl:l_] (f) is a (zero-dimensional) submanifold, one can use again the Thom Transversality Theorem to find
amap g € U such that the restriction of g to U is transverse to P,:“l (f) and f = g outside the closure of U. This last
assertion implies that P,? _1(g) = P,? _1( f) by the choice of U. It follows that gy is transverse to P,f _1(g) which is

equivalent to say that every point of Pk'“] (g) is a regular value of g, or that P’ (g) N Sg N U = §. This provides the
proof of the induction step. O
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