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Abstract

We study the rate of decay of correlations for equilibrium states associated to a robust class of non-uniformly expanding maps
where no Markov assumption is required. We show that the Ruelle—Perron—Frobenius operator acting on the space of Holder
continuous observables has a spectral gap and deduce the exponential decay of correlations and the central limit theorem. In
particular, we obtain an alternative proof for the existence and uniqueness of the equilibrium states and we prove that the topological
pressure varies continuously. Finally, we use the spectral properties of the transfer operators in space of differentiable observables

to obtain strong stability results under deterministic and random perturbations.
© 2012 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

1. Introduction

The thermodynamical formalism was brought from statistical mechanics to dynamical systems by the pioneer-
ing works of Sinai, Ruelle and Bowen [39,11,12] in the mid seventies. Indeed, the correspondence between one-
dimensional lattices and uniformly hyperbolic maps, via Markov partitions, allowed to translate and introduce several
notions of Gibbs measures and equilibrium states in the realm of dynamical systems. Nevertheless, although uniformly
hyperbolic dynamics arise in physical systems (see e.g. [25]) they do not include some relevant classes of systems
including the Manneville-Pomeau transformation (phenomena of intermittency), Hénon maps and billiards with con-
vex scatterers. We note that all the previous systems present some non-uniformly hyperbolic behavior and its relevant
measure satisfies some weak Gibbs property. Moreover, an extension of the thermodynamical formalism beyond the
scope of uniform hyperbolicity reveals fundamental difficulties. Even in the non-uniformly hyperbolic context, where
there are no zero Lyapunov exponents and there exists a non-uniform geometric theory of invariant manifolds, the
absence of finite generating Markov partitions constitutes an obstruction to use the same strategy pushed forward
before. Nevertheless, more recently there have been established many evidences that non-uniformly hyperbolic dy-
namical systems admit countable and generating Markov partitions. This is now parallel to the development of a
thermodynamical formalism of gases with infinitely many states, a hard subject not yet completely understood. We
refer the reader to [16,31,32] for recent progress in this direction.
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So, despite the effort of many authors, a general picture is still far from complete. Some of the recent contributions
concerning the existence and uniqueness of equilibrium states in a context of non-uniform hyperbolicity include [21,
13,38,15,16,43,26,14,33,29,30,40,37,17,37,41,34]. Many of these papers deal with dynamical systems with neutral
periodic points, unimodal maps, perturbations of hyperbolic transformations and shifts with countable many symbols,
some of the relevant sources of examples of non-hyperbolic systems. However, a deep study on the statistical proper-
ties of the equilibrium states, as the mixing properties, limit theorems, strong stability under deterministic and random
perturbations or regularity of the topological pressure is usually obtained as a consequence of the spectral properties
of the Ruelle—Perron—Frobenius operator. This functional analytic approach has gained special interest in the last few
years and produced new and interesting results even in the uniformly hyperbolic setting (see e.g. [9,23,8]). Just for
completeness let us mention that, since the (semi)conjugacy between uniformly hyperbolic dynamical systems and
the symbolic dynamics is only Holder continuous, the strategy developed in the seventies did not allowed to under-
stand the statistical properties in the space of smooth observables. Important and recent extensions of this functional
analytic approach to the setting of non-uniform hyperbolicity include e.g. the works [44,28,18-20,4,5,36].

In this article we study the strong statistical properties of some equilibrium states built in [41] for a large class
of non-uniformly expanding local homeomorphisms that may not admit a Markov partition. Using a characterization
of equilibrium states as weak Gibbs measures absolutely continuous with respect to conformal reference measures,
the authors proved roughly that every local homeomorphism with coexistence of expanding and contraction exhibit a
form of average expansion. This enables to use Birkhoff’s method of projective cones applied to the Ruelle-Perron—
Frobenius operator acting on suitable Banach spaces to obtain the existence of a unique equilibrium state for any
Holder continuous potential with low variation and that it satisfies strong statistical properties. Natural examples are
obtained by bifurcation of expanding homeomorphisms and subshifts of finite type and allows intermittency phenom-
ena. Even in the absense of Markov partition we establish that the Ruelle—Perron—Frobenius transfer operator has a
spectral gap in the Banach spaces of both Holder continuous and smooth observables. This was inspired and extends
the work of Matheus and Arbieto [1] that considered local diffeomorphisms under some slightly different assumptions
but where the existence of a finite Markov partition played an important role. In consequence, we get an alternative
proof for the existence and uniqueness of equilibrium states in [41], obtain exponential decay of correlations and
prove a central limit theorem. Moreover, we prove that in this non-uniformly expanding setting the topological pres-
sure varies continuously with respect to the dynamics and the potential.

At this point one could think the stability of the equilibrium states under deterministic and random perturbations
could follow directly from the spectral gap property. We refer the reader to [24] for perturbation theory of smooth
families of quasi-compact operators. However this is not the case since the transfer operators acting on the space
of Holder continuous potentials may not vary continuously on the dynamical system as illustrated in Example 4.14.
Nevertheless we prove that the densities of the equilibrium states with respect to the conformal measures are Holder
continuous and vary uniformly with the dynamics. Strong statistical and stochastic stability results hold in the space
of differentiable observables and are proved after careful analysis of the action of the transfer operators in those
functional spaces. We obtain a spectral stability under random perturbations. Namely, the spectral components of the
Ruelle-Perron—Frobenius operator associated to general random perturbations of the transformation and the poten-
tial varies continuously and converges to the spectral components of Ruelle-Perron—Frobenius of the unperturbed
dynamical system outside of a disk containing zero in the spectrum.

Finally, let us also mention that the program to understand to statistical and stochastic properties of the equilibrium
states for this class of multidimensional non-uniformly expanding transformations is under way. Some of the very
interesting remaining questions are to understand if one can obtain further regularity of the topological pressure and
the density of the equilibrium states with respect to conformal measures along parametrized families of potentials (e.g.
real analytic) and the study of zeta functions. Such program has been carried out with success for uniformly hyperbolic
and some partially hyperbolic and one-dimensional non-uniformly expanding dynamical systems. See e.g. [2,35,22,
6,7] and the references therein. Just to mention some recent developments, in a joint work with T. Bomfim [10],
we prove the differentiability of thermodynamical quantities as topological pressure, invariant densities, conformal
measures and measures of maximal entropy despite the lack of continuity of the Ruelle-Perron—Frobenius operator
with respect to the dynamics.

This paper is organized as follows. In Section 2, we recall some definitions and make the precise statements of
our main results and some preliminary results are given in Section 3. The proof of the spectral gap for the Ruelle—
Perron—Frobenius operator in the space of Holder continuous observables, continuity of the topological pressure,
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uniform continuity of the densities of equilibrium states with respect to conformal measures and exponential decay
of correlations are given in Section 4. In Section 5 we show that Ruelle—Perron-Frobenius operator acting on the
space of smooth observables also admits a spectral gap and obtain the strong stability of the equilibrium states under
deterministic and random perturbations. Finally, some examples are given in Section 6.

2. Statement of the main results
2.1. Setting

Let M be compact and connected Riemannian manifold of dimension m with distance d. Let f : M — M be a
local homeomorphism and assume that there exists a continuous function x + L(x) such that, for every x € M there
is a neighborhood U, of x so that f, : U, — f(U,) is invertible and

d(f7 ), £71@) < L()d(y,2),  Vy,ze f(Uy).

In particular every point has the same finite number of preimages deg( f) which coincides with the degree of f. For all
our results we assume that f and ¢ satisfy conditions (H1), (H2), and (P) stated below. Assume there exist constants
o > land L > 1, and an open region A C M such that

(H1) L(x) < L forevery x € Aand L(x) <o ! forall x ¢ A, and L is close to 1: the precise condition is given in
(3.1) and (3.2).

(H2) There exists a finite covering U of M by open domains of injectivity for f such that A can be covered by
g <deg(f).

The first condition means that we allow expanding and contracting behavior to coexistin M: f is uniformly expanding
outside .4 and not too contracting inside A. In the case that 4 is empty then f is uniformly expanding. The second
one requires that every point has at least one preimage in the expanding region. An observable g : M — R is ¢-Holder
continuous if the Holder constant

12l = sup 1g(x) — gl
“ xXF#y d(x s y)“
is finite. As usual, we endow the space C%(M, R) of Holder continuous observables with the norm ||« || = || - lo+ | - |-

We assume that the potential ¢ : M — R is Holder continuous and that

(P) sup¢ —infe < g4 and |e?]q < epe™?
for some g4 > 0 satisfying Eq. (4.1), depending on the constants L, o, g and deg( f). The previous is an open condition
on the potential, relative to the Holder norm, and it is satisfied e.g. by constant functions. In particular we consider
measures of maximal entropy. The second condition above means that exp(¢) is contained in a small cone of Holder
continuous as discussed after Theorem 4.1.

2.2. Existence and uniqueness of equilibrium states

Let us first recall some necessary definitions. Given a continuous map f : M — M and a potential ¢ : M — R, the
variational principle for the pressure asserts that

Pop(f, ¢)=SUP{hM(f)+/¢du: W is f—invariant}

where Pyop(f, @) denotes the topological pressure of f with respect to ¢ and &, (f) denotes the metric entropy. An
equilibrium state for f with respect to ¢ is an invariant measure that attains the supremum in the right-hand side
above.

The equilibrium states constructed in [41] are absolutely continuous with respect to an expanding, conformal and
non-lacunary Gibbs measure v. Let us recall these definitions and the notions involved. A probability measure v, not
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necessarily invariant, is conformal if there exists a function ¥ : M — R such that v(f(A)) = f 4 e~V dv for every
measurable set A such that f | A is injective. Let S,¢p = Z’};(l) ¢ o f/ denote the nth Birkhoff sum of a function ¢.
The basin of attraction of an f-invariant, ergodic probability measure j is the set B(u) of points x € M such that the
probability measures % Zj;(l) 8 i (xy converge weakly to u when n — co. We build over the following theorem which
is a direct consequence of the results in [41].

Theorem 2.1. Let f : M — M be a local homeomorphism with Lipschitz continuous inverse satisfying (H1), (H2)
and ¢ : M — R a Holder continuous potential such that sup¢ — inf¢p < logdeg(f) — logq. Then, there exists a
finite number of ergodic equilibrium states |11, L2, ..., Lk for f with respect to ¢, and they are absolutely continuous
with respect to some conformal expanding measure v. Moreover, the union of the basins of attraction B(u;) contains
v-almost every point.

Observe that despite the characterization that equilibrium states are absolutely continuous invariant measures no
information was known e.g. on the continuity of the topological pressure and density functions. Here we shall address
these questions, the uniqueness of the equilibrium states and also the strong stability of the equilibrium states. Since
our assumption (P) implies that the potential ¢ has small variation then it fits in the assumption of the previous
theorem. We will build over the aforementioned result with a completely different functional analytic approach.

2.3. Statement of the main results

In this section we recall some necessary definitions and state our main results. The Ruelle—Perron—Frobenius
transfer operator Ly associated to f: M — M and ¢ : M — R is the linear operator defined on a Banach space
X c %M, R) of continuous functions ¢ : M — R by

Lopx)= > o).
F=x

Since f is a local homeomorphism it is clear that L4¢ is continuous for every continuous ¢ and, furthermore, Ly is
indeed a bounded operator relative to the norm of uniform convergence in C°(M, R) because I1L4l < deg(f)e™P 191,
Analogously, £, preserves the Banach space C*(M, R), 0 < o < 1 of Holder continuous observables. Moreover, it is
not hard to check that L4 is a bounded linear operator in the Banach space C"(M,R) C C O(M,R) (r > 1) endowed
with the norm || - ||, whenever f is a C"-local diffeomorphism and ¢ € C" (M, R). We say that the Ruelle—Perron—
Frobenius operator £y acting on a Banach space X has the spectral gap property if there exists a decomposition of its
spectrum o (L) C C as follows: 0 (L) = {A1} U X where 1, is a leading eigenvalue for L4 with one-dimensional
associated eigenspace and X1 C {z € C: |z] < A1}.

The first result is a spectral gap for the Ruelle-Perron—-Frobenius operator in the space of Holder continuous
observables, which is enough to derive the uniqueness and further regularity of the density of the equilibrium state
with respect to the conformal measure.

Theorem A. Let f: M — M be a local homeomorphism with Lipschitz continuous inverse and ¢ : M — R be a
Holder continuous potential satisfying (H1), (H2) and (P). Then the Ruelle—Perron—Frobenius has a spectral gap
property in the space of Holder continuous observables, there exists a unique equilibrium state u for f with respect
to ¢ and the density du/dv is Holder continuous.

Let us mention that the previous result holds for more general compact invariant subsets K C M (with the induced
topology) also under the assumption that every point has constant number of preimages in K and at least one preimage
in the expanding region, as considered in [41]. Since we will be interested in further extensions to differentiable
dynamics as discussed below we will not prove or use this fact here. Let us give two important consequences of the
previous result.
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Corollary 1. The equilibrium state | has exponential decay of correlations for Holder continuous observables: there
exists some constant 0 < v < 1 such that for all ¢ € L), Y € C*(M) there exists K (¢, V) > 0 satisfying

/(sBOf”)l//d/L—/wdu/wdu‘ <K(p,¥)-t", foreveryn>1.
M M M

As a byproduct of the previous theorem we also obtain a Central Limit Theorem.

Corollary 2. Let ¢ be a Holder continuous function and set

o0
cr(z :=/v2d,u+22v~(vofj)du, wherev:qa—/godu.
j=1

Thenoy, < cocandoy, =0iff o =uo f —u for someu € L' (). Furthermore, ifo, > 0 then the following convergence
on distribution

p ot . 1 -2
| — J — 20,
u(xeM. ﬁ;(w(f (x)) /wdu)eA) — GW\/EA/e ¢ dt,

holds as n — oo for every interval A C R.

The stability of the equilibrium state under deterministic perturbations is more subtle. In fact, the Ruelle—Perron—
Frobenius operator L f,4 acting on the space of Holder continuous observables is continuous on the potential ¢ but in
general it may not vary continuously with the underlying dynamics f, as shown in Example 4.14. Nevertheless we
could obtain further that the Holder continuous densities of the equilibrium states with respect to the conformal mea-
sures vary continuously with the dynamics in the C-topology and that the topological pressure varies continuously,
which gives a nontrivial extension of the weak™ stability results in [41].

Theorem B. Let F be a family of local homeomorphisms with Lipschitz inverse and let VV be some family of Holder
continuous potentials satisfying (H1), (H2) and (P) with uniform constants. Then the topological pressure function
F X W53 (f,¢) = Pop(f, @) is continuous. Moreover, the invariant density function

FxW—CYM,R),

(o) > L2
dl)f’q)

is continuous whenever C*(M,R) is endowed with the C°-topology.

2.3.1. Stronger stability results

Now we pay attention to the stability of the equilibrium states under both deterministic and an arbitrary random
perturbations. To obtain stronger statistical stability results we will admit that the dynamics is C"-differentiable (r > 1)
and give a detailed study of the spectral properties for the Ruelle-Perron—Frobenius operator acting on the space
C"(M,R). Associated to ¢ € C" (M, R) consider the condition:

(P’) sup¢ —inf¢p < g4 and max;<, | D*pllo < 8(;

for some e(’b > 0 expressed precisely in Eq. (4.2) and depending on L, o, g, deg(f), ¢ and r. This is an open
condition on the set of potentials, satisfied by constant potentials, and a natural generalization of condition (P) to the
differentiable setting.

Theorem C. Given an integer r > 1, let F" be a family of C"-local diffeomorphisms and let W™ be a family of
C"-potentials satisfying (H1), (H2) and (P') with uniform constants. Then the topological pressure F" x W' >
(f, ¢) = Pwop(f, @) and the invariant density
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F'x W — C"(M,R),

(o) > L2
d\]f’¢

vary continuously in the C" -topology. Moreover, the conformal measure function
F'x W' — M(M),
(fP)—>vre

is continuous in the weak™ topology. In consequence, the equilibrium measure | 1,4 varies continuously in the weak*
topology.

Finally we will describe our results on the stability of the spectra of the Ruelle—Perron—-Frobenius operator under
random perturbations. Given r € N, and families " of local diffeomorphisms and W of C"-observables satisfying
(H1), (H2) and (P) with uniform constants, a random perturbation of f € F is a family 6., 0 < ¢ < 1 of probability
measures in F© x W' such that there exists a family V.(f, ¢), 0 < e < 1 of neighborhoods of (f, ¢), depending
monotonically on & and satisfying

suppb; C Ve(f.¢) and [ Ve(f.) ={(f.®)}.
0<e<1

This dynamics can be codified by considering the skew product map
F:]—'NXM—>]:N><M,
(f.x) > (o(f). f1i(x))

where ]_‘ =(f1, f2,...)ando : F N _ FN s the shift to the left. Associated to this random dynamical system consider
the integrated Ruelle—Perron—Frobenius operator L given by

Lep(x) = /(ﬁf,w)(X)d@s(f)- 2.1)

We say that (f, ¢) has C"-spectral stability under the random perturbation if the operator £, in the Banach space
C”" (M, R) has the spectral gap property and the leading eigenvalue A, and associated eigenfunction /. vary continu-
ously with ¢ and accumulate, as ¢ — 0, respectively on the leading eigenvalue and eigenfunction of the unperturbed
operator. We prove the following spectral stability under random perturbations.

Theorem D. Let (6;), be any random perturbation of (f, ) € F* x W'. Then (f, ¢) has C"-spectral stability under
the random perturbation (6;)e.

Some comments are in order. Weaker stochastic stability results were previously obtained in [41] under a non-
degeneracy assumption. Namely, assuming that all f € F are non-singular with respect to a fixed conformal measure
it follows that there are stationary measures u® absolutely continuous with respect to the conformal measure v and
that converge to the equilibrium state w in the weak™ topology as the noise level ¢ tends to zero. Here we obtain
spectral stability under arbitrary random perturbations.

3. Preliminaries

In this section we provide some preparatory results needed for the proof of the main results. Namely, we study the
combinatorics of the orbits, hyperbolic times and some pressure estimates.

3.1. Combinatorial estimates for orbits

Here we give a description of the orbits of points according to the visit to the possibly not expanding region A
using an auxiliary partition P built using (H2).
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Lemma 3.1. There exists a partition P of M of domains of injectivity for f with cardinality at most U and such
that | {U eU: UNA#@} = J{P € P: PN.A#@}. In particular there are at most q < deg(f) elements of P that
cover A.

Proof. Pick an enumeration {U;} of the open covering U/ given by (H2) in such a way that the region A is covered
by the first g elements of I/. Consider the partition PP given by P; = U and, recursively, Piy 1 =Uj11\ (U’j: 1 Pj)
fori =1...#U — 1. Itis clear that §P < gl{. Moreover, f|p, is injective for every nonempty P; since by construction
P; C U; and

q q
Uweu:vnazn=Ju;=Jpri=JPeP: PnAz0).

j=1 j=1

Since the last statement in the lemma is immediate from the construction this finishes the proof of the lemma. O

Since the region A is contained in ¢ elements of the partition 7 we can assume without any loss of generality that
A is contained in the first q elements of P. For all x we can associate an itineraryi(x) € (ig, ...,in—1) € {1,...,#P}"
by i; = £ if and only if f/(x) € Pg. Given y € (0,1) and n > 1, let us consider also the set /(y, n) of all itineraries
({0, ...,in—1)sothat #{0< j<n—1:i; <q} > yn.
Lemma 3.2. Given ¢ > 0 there exists yo € (0, 1) such that
1
¢y :=limsup — log#I (y,n) <logq + ¢

n—oo N

for every y € (v, 1).

Proof. See [41, Lemma 3.1]. O

We are in a position to state our precise condition on the constant L in assumption (H1) and the constant ¢ in the
definition of hyperbolic times. First note that if sup¢ — inf¢p < logdeg(f) —logg as in Theorem 2.1 then it follows
from Lemma 3.2 that one may find y < 1 such that ¢, < logdeg(f)—sup ¢ +inf¢. We assume that L is close enough
tol,and ¢ > 0 and 0 < g4 < logdeg(f) — logg are so that

o ULy <72 <1 (3.1)

and

o ((deg(f)—q)a‘“—l—qL”‘[1+(L— 1)“]) <L (3.2)

deg(f)

The first condition is to guarantee the existence of infinitely many hyperbolic times with respect to the reference
measure in the proposition below. The second technical condition roughly means that f has some average back-
ward contraction and will be used to obtain the invariance of a cone of functions under the Ruelle—Perron—Frobenius
operator in Proposition 4.1.

3.2. Ruelle—Perron—Frobenius operators and conformal measures

Recall that the Ruelle-Perron—-Frobenius transfer operator Ly : C 0(M ,R) — C%M, R) associated to f M—>M
and ¢ : M — R is the linear operator defined on the space C°(M, R) of continuous functions ¢ : M — R by

Lopx)= Y ?Do(y).
fy)=x
In fact, L4 is continuous since f is a local homeomorphism and ¢ is continuous. Moreover, it is not hard to check
that L4 is a bounded operator, relative to the norm of uniform convergence in C O(M,R) and ILgl < deg(f)e™P 191,
Consider also the dual operator ﬁ:‘; : M(M) - M(M) acting on the space M(M) of Borel measures in M by
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f od (L’Zn) = f (Lpp)dn for every ¢ € CY9%M,R). Let r(Ly) be the spectral radius of Ly. In our context conformal
measures associated to the spectral radius always exist as stated in the next proposition, whose proof can be found in
the proofs of Theorem B and Theorem 4.1 in [41].

Proposition 3.3. If f is topologically exact and satisfies (H1), (H2) and ¢ satisfies sup¢ — inf¢p < logdeg(f) —

log g then there exists an expanding conformal measure such that E;;v = Av and supp(v) = H, where A =r(Ly) >

deg(f)e™?®. Moreover, v is a non-lacunary Gibbs measure and has a Jacobian with respect to f given by J, f =
re ?.

Just for completeness let us mention that one key ingredient is that our assumptions guarantee we obtain volume
expansion with respect to the conformal measure, that is, J, f (x) > deg(f)e™?=5"P® > ¢ for all x € M. This is
enough to guarantee that v-almost every point spends at most a fraction y of time inside the domain .A where f may
fail to be expanding. Notice also that . = [ Lg1dv.

Finally, we collect the main estimates concerning the pressure of the invariant sets H and H¢, which play a key
role in the construction of equilibrium states.

Proposition 3.4. Py, (f, ¢) = Pu(f, ¢) =logh > Pyc(f, ¢), where A denotes the spectral radius of the Ruelle—
Perron—Frobenius Ly acting on the space of continuous observables. In consequently, any equilibrium state is an
expanding measure.

Proof. See Proposition 6.1, Lemma 6.4 and Lemma 6.5 in [41]. O
3.3. Regularity of the observables

Here we study a relation between Holder and locally Holder continuous functions. We say that ¢ : M — R is
(C, @)-Holder continuous in balls of radius § if

lo(x) —p(»)| < Cd(x, y)*
for every y € B(x,§) and x € M. Our first auxiliary lemma for the regularity of observables is as follows.

Lemma 3.5. Given 1 < ¢ <2and § >0, if o : M — R is (C, «)-Holder continuous in balls of radius 8 then it is
(C(1 +r%), a)-Héolder continuous in balls of radius (1 +r)8 < ¢, with0 <r < 1.

Proof. Since M is connected then given y, z € M so that d(y, z) < (1 +r)3 by considering a geodesic arc connecting
y and z in M there exists w so that d(z, w) =6 and d(w, y) < rd(z, w) < §. Therefore

lo(@) — ()| < @) —pw)| + [p(w) — 9(»)| < Cd(z, w)* + Cd(w, y)*
SC(1+r%)d(z, w)* <C(1+r%)d(z, y)%,

which proves the lemma. O

The next lemma asserts that every locally Holder continuous observable is indeed Holder continuous. Moreover,
we give an estimate for the Holder constant.

Lemma 3.6. Let N be a compact and connected metric space. Given § > O there exists m > 1 (depending only on &)
such that the following holds: if ¢ : N — R is (C, «)-Holder continuous in balls of radius § then it is (Cm, o)-Holder
continuous.

Proof. Fix § > 0 and let B = {B(x;,8/3)}i=1...s be a finite covering of N. We can assume, without loss of generality,
that x; € B(xj41,6) forevery j =1,...,s — 1. Our hypothesis guarantee that if x, w € N with d(x, w) < 6 we have
lp(x) —@(w)] < Cd(x, w)*. Hence, if d(x, w) > § then it is not hard to use the triangular inequality to get

lo(x) —p(w)| < (s +2)C8% < C(s +2)d(x, w)*.

Thus it is enough to take m > s + 2 in the lemma. O
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3.4. Positive operators and cones

In this subsection we shall recall some results concerning the theory of projective metrics on cones and positive
operators due to G. Birkhoff. Despite the great generality of this theory we shall concentrate on cones and positive
operators on Banach spaces. We refer the reader to [27,3] for detailed presentations.

Let B be a Banach space. A subset A C B — {0} is a cone if r - v € A for all v € A and r € RT. The cone A is
closed if A = AU{0}, and A is convexif v+w € A for all v, w € A. Notice that a convex cone A with AN(—A) =0
determines a partial ordering < on B given by:

w=xv iff v—weAU{0}.

In the sequel, our cones A are assumed to be closed, convex and A N (—A) = . Given a cone A and two vectors
v, w € A, we define ® (v, w) = O 4 (v, w) by

Ba(v,w)

Ax(v,w)’

where A 4 (v, w) =sup{r e R": r - v < w} and By (v, w) =inf{r € RT: w < r - v}. The (pseudo-)metric @ is called
the projective metric of A (or A-metric for brevity). Defining the equivalence relation v ~ w iff w =r - v for some

r € RT, then ® induces a metric on the quotient A/ ~. The following key result is due to Birkhoff, which can be
found e.g. in [42, Proposition 2.3].

O, w)=Ilog

Theorem 3.7. Let A; be a closed convex cone (with A; N (—A;) = @) in a Banach space B;, fori =1,2. If L : B] —
B, is a linear operator such that L(A1) C Ay and A = diam(.)A2 (LAY) < 00 then

On,(Lv, Lw) < (1 —e™2) - Oy, (v, w),

forany v, w € Aj.

In consequence of the previous theorem, if the diameter of the cone £(A1) is finite in A; then £ is a contraction
in the projective metric which enables us to prove that it admits a unique fixed point.

3.5. Combinatorial lemma on preimages matching

Here we establish an auxiliary lemma to bound for the distance of preimages associated to different functions in F
which will play a key role in the proof of the stability results. Let V. (f) C F be an open neighborhood of f € F.

Lemma 3.8. Givenn > 1, f,g € FN and x,y € M there exists bijection between the sets of preimages {z € M:
f"(z) =x}and {z € M: g"(z) = y}. Moreover, for every n € N there exists e(n) > 0 such that for every 0 < & < &(n)
the distance between palred n-preimages is such that if d(x, y) < e and g € Ve( f) then

n
dx”, ") <L)+ Y LS = gjla
=1

foreveryi=1...deg(f)".

Proof. Let 2/ be a finite open cover by balls obtained using domains of invertibility for f and let 25 be the > Lebesgue
number of the covering U. If & > 0 is small enough the constant 28 can be taken uniform for every f € Vo(f).
Let x,y € M satisfy d(x,y) < ¢ and take f = (fi)ien and g = (g;)ien With g € V. (f). We will prove the result
recursively. B - - B

First notice that the sets {z € M: f1(z) =x} and {z € M: gi(z) = y} have the same cardinality deg(f) and thus
there exists a one-to-one correspondence. Moreover, reducing ¢ > 0 if necessary, we obtain that the paired enumera-
tions {x;} and {y;} of such elements verify
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d(g1(y), g1(x))) =d(y. g1(x)) <d(y,x) +d(x, g1 (x))
=d(y,x) +d(fi(x), g1(x)) <dy,x) + | fi — gilla <.

Since g1 € F then it satisfies (H1), (H2) and so d(x;, y;) < L[d(y,x)+ || f1 — g1lo] for every i. The same argument as

above applied to the pairs x; = f> (xj(.z)) and y; = gz(yﬁz)) proves that d(gz(y;z)), gz(xﬁ-z))) <dxi,y) + 12— g2l
and, consequently,

d(y?, xP) < L[, y0) + 112 = g21la]

J
<L, y) + 11 fi = gilla] + LI > — g2«
=L%d(x,y) + L*I fi — gilla + LIl f2 — 2las

which can be taken also smaller than § provided that we reduce ¢. Using the same reasoning recursively, if d(x, y) <
&(n) small so that the corresponding paired enumerations of preimages (xl.(k)) and (yl.(k)), i=1...deg(f )k in the sets
{z e M: J_‘k(z) =x} and {z € M: gk (z) =y} are $-close for every 1 <k < n — 1. Moreover, applying the previous
reasoning it follows that

n
d(x". y") < L"d . y) + Y L") f5 = gl
j=1

as claimed. This finishes the proof of the lemma. O

We also get a simple expression for the distance of n-preimages associated to the same close functions in F and
the same base point in M.

Corollary 3.9. Given n € N there exists €(n) > 0 such that for any fi, f> € F with || f1 — f2lle < €(n) the following

property holds: given x € M and paired preimages (xl(';)) and (xé?)) by f and f3, respectively, then

d(xf'f),ng)) <nL"|fi — falle foralli.

Proof. This is a direct consequence of the previous lemma, by considering x = y and the sequences of functions
f=C fi fia ) and g = (fa, fo, fo,..) in Ve(H)N with & small. O

We finish this section by proving that paired preimages associated to any close points have similar behavior with
respect to the region 4. More precisely,

Lemma 3.10. Let f satisfy assumptions (H1) and (H2). Then there exists § > 0 so that for every ball B of radius §
has at most q < deg(f) connected components in f~'(B) that intersect A. In particular, if d(x, y) < 8 then there are
at most g pairs of paired preimages by f associated to x and y that belong to A.

Proof. Assume that §p > 0 is small so that every inverse branch is well defined in a ball of radius &p. Since
#({f~"(x)} N A) < g then for every x € M there exists 0 < 8, < 8o so that f~!(B(x, 8,)) has at most ¢ connected
components that intersect 4. By compactness of M pick a finite subcover B = {B(x;, §;)}ic1, set 28 to be Lebesgue
number of B and assume, without loss of generality, that § < §¢. Therefore, by construction, given any ball B of radius
d it follows that B C B(x;, §;) for some i € I. In consequence, the number of connected components satisfy

ge.c.(fHBYNA) <te.e.(fH (B, 8)) N A) <q.

This finishes the proof of the lemma. O
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4. Ruelle-Perron-Frobenius operator in C* (M, R): Spectral gap and statistical consequences

In this section we prove that the action of the transfer operator in the space of Holder continuous observables
has the spectral gap property. In consequence, we provide an alternative proof for the existence and uniqueness of
equilibrium states as well as further statistical properties: exponential decay of correlations and central limit theorem.
We also get that the densities of the unique equilibrium state with respect to the conformal measures are Holder
and vary continuously in a uniform way with the dynamical system. Finally, the topological pressure also varies
continuously in this non-uniformly expanding setting.

4.1. Invariant cones for the transfer operator in C*(M, R)

To prove that the Ruelle-Perron—Frobenius operator has a spectral gap in the space of Holder continuous observ-
ables one first introduce some notations. Recall that the Holder constant of ¢ € C*(M, R) is

0l = sup lp(x) — ()l
¢ xty A, y)®

and set |¢|q,s as the least constant C > 0 such that |p(x) —¢(y)| < Cd(x, y)* for all points x, y such that d(x, y) < é.
Now, consider the cone of locally Holder continuous observables

Aps = {go € CO(M,R): ¢ > 0and |_¢|a’8 gic}.
infe

Throughout, let § > 0 be fixed and given by Lemma 3.10. Fix also m given by Lemma 3.5 associated to balls of
radius 8. We are now in a position to state the precise condition on the constants &4 and s;) on (P) and (P’) respectively.
Then taking into account (3.2) we assume:

- ((deg(f) —@)o % + gLl + (L — )]
deg(f)

) + e¢2mL* diam(M)* < 1 4.1)

and

1 e [ (deg(f) —q)o ™" +qL[1 + (L — 1]
[1+s¢]~e¢~< deef) )<1.

Notice that having (3.2) it is possible to consider s;) satisfying the later condition. Our main result in this section is as
follows.

4.2)

Theorem 4.1. Assume that f satisfies (H1), (H2) and that ¢ satisfies (P). Then there exist § > 0 and 0 < A <1 such

that Ly(Ars) C Aj . s Jor every large positive constant k.

Proof. Take x > 0 and let ¢ € A, s be given. Moreover, given x € M we consider the set (x;);j—1...deg(r) Of the
preimages by f of the point x, that is f(x;) = x, and let K = |¢|y,s be the a-Holder constant of ¢ on balls of
radius §. We will prove that there exists 0 < % < 1 such that Lope A s provided that « is large enough. Indeed, if
d(x,w) < é then

d ; .
1Lo0(0) — Lop)]_ X525 190! — g et )|
infoepm{Lop()}d(x, w)* ~  deg(f)-ePinfe - d(x, w)®
YIE 1D (p(x ) — p(w)))]
deg(f) -ef®info - d(x, w)®
SIE lp(w)) (060 — )

j=1
deg(f) - einfop - d(x, w)*

(4.3)

(4.4)
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We subdivide the sum in (4.3) according to the possible backward contraction of the inverse branches of f. Using
Lemma 3.5 we obtain that ¢ is K-Holder on balls of radius L§ with K = K(1 + (L — 1)%). Since K < xinfg and
sup¢ —inf¢ < g4 we get that (4.3) is bounded from above by

o9 (deg(f) —q)o™* +qL*[1 + (L — 1)“]K
deg(f) '

For estimating (4.4) we first note that since ¢ is Holder continuous then sup ¢ < inf¢ +m|@|,,s diam(M)“. Therefore,
using ¢ € A, s we get

supg - [e?]q - L o infe +mlgllqs diam()* le? o

4.4) < . < — L
(44) infg - einf¢ inf ¢ einf¢

|e |oc La[ + di M 01] < |€¢|¢x2 La di M a

< it mk diam(M)™ | < it mL"k diam(M)™.

Using (P) we have |e¢ le < s¢einf¢ and our previous choice of ¢4 yields that || Ly@lle,s < Ak inf(L4@). This completes
the proof of the theorem. O

Observe that assumption (P) can be rewritten as sup(¢) — inf(¢) < &4 and e? e Ag,. To prove that the cone has
finite diameter in A, s we compute an explicit expression for the projective metric.

Lemma 4.2. The A, s-cone metric O, is given by O, (¢, ¥) = log fzg‘;’%, where

Klx — %Y (2) — () =¥ ()

Ao, ) = i ’
(@ w) 0<d(x,;§1<8, zeM K|x — Y|a§0(Z) _ (90()6) — <,0(y))
and

Bepy)=  syp EIVEO-GE =YD

0<d(x,y)<$, zeM Klx — y|%p(z) — (p(x) — @(y)) ’

Proof. By definition, Ap < v if and only if ¥ (x) — Ap(x) > 0 forevery x € M and || — A@|a.s < kinf(y — Ag).
In particular one gets

A< { Y (x) . Klx —y|*¥(z) — (W(X)—l/f(y))}
min, inf —— inf .
X @(x) 0<d(x.y)<s. zeM Kk|x — y|%@(z) — (9(x) — ()

We will prove that minimum in the right-hand side is always attained by the second term. Pick xg € M such that

Yy&x) _ ¥xo0)
inf, o0 = o) Then it is immediate that

lim Kklx — xo|*¥ (x0) — (¥ (x) — ¥ (x0)) Eﬁ(xo)
x=x0 k|x — xo|%@(x0) — (¢(x) — @(x0)) w(XO)’

which guarantees that

i klx —y|[*¥(z) — (Y (x) — ¥ ()
0<d(x.y)<8, zeM K|x — y|%@(z) — (@(x) — ()

AK (QO, W) =

Similar computations lead to the expression for B, (¢, ¥). O

Proposition 4.3. Given 0 < A <1, the cone A 5.5 has finite Ay s-diameter.

Proof. Forallp e Az, 5 by definition we have |¢|q s < < Ak inf ¢ and, consequently, sup ¢ < [1 +mk (diam M)®]inf 0.
So, using the previous expression for the projective metric, given ¢, ¥ € A;, ; one can easily check that
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K-sup(p+i/<infg0 K-supl//+):/cinf1p)
K -infg —)A»Kinfw K -infyr — iKinfw
<K(1 + mak (diam M)*) (1 + A) inf<p>
< log =
k-(1—=2X)-infe
(K(l + mk (diam M)*) (1 + 1) inf«p)
+ log =
k-(1—=2x)-infy

Oc(@, ¥) < 10g<

144
< 210g(1 +)1) + 2log(1 4 mec diam(M)®)

for some positive constant c. This implies the finite &, -diameter of A3, ¢ and finishes the proof of the lemma. 0O
4.2. Consequences of the spectral gap in C*(M,R)
Now we shall deduce the existence of equilibrium states and some of their ergodic properties.

4.2.1. Existence of equilibrium states
Using the spectral gap property in the space of Holder continuous observables we get the existence of a unique
Holder continuous invariant density #.

Proposition 4.4. There exists a unique density h € C* (M, R) such that Loh = Lh. In particular, i = hv an equilib-
rium state for f with respect to ¢. Finally, the density du/dv is bounded away from zero and infinity and Holder
continuous.

Proof. Consider the normalized operator £¢ = A_1£¢, where A is the spectral radius of £ and write AT for the
cone of strictly positive continuous functions on M. Since A, s C AT then the projective metrics satisfy @ (¢, 1) <
O (@, ¥) for any ¢, ¥ € A, 5, where

SupxeM{w(X)/l/f(X)}>
infyem{e /¥ (M} )

By the previous proposition, £~¢(A,<,5) has finite diameter in A, s for any sufficiently large «. Therefore, as discussed

at the end of Subsection 3.4, ﬁ¢ is a contraction in the @,-metric and there exists 0 < t < 1 such that for any
o, veAcsandn, k> 1

O (Ly™ (). L)) < O (L™ (), Liy(¥)) < AT", (4.5)

@+((ﬂ, I/f) = lOg(

where A is the ©-diameter of the cone Aj, . This proves that (Eg(p)n is a Cauchy sequence in the projec-

tive metric. For the reference measure v we have that [ £~',¢g0 dv=[¢dv,VpeC O(M,R). Given ¢ € Ay,s With
J@dv =1 itis clear that supgp > 1 and infp < 1. Together with the remark that any ¢ € A, s satisfies supp <
[1 + m« diam(M)*]inf ¢ this shows that

Riéinfgoglgsupﬁl)éRl (4.6)
1
where R} = 1 + m« diam(M)%. Write ¢, = ﬁg (). First notice that (¢,), is an equi-Holder sequence since |¢, (x) —
on (V)| < kinfed(x, y)* <kd(x, y)* forall d(x, y) < § and all n, which proves that all ¢,, are k m-Holder continuous.

From the previous discussion we know that [ ¢, dv =1 for every n and, consequently, the sequence ¢, is uni-
formly bounded from above and below. In fact, observe first that [ ¢x dv = [‘¢;dv = 1 implies inf % <1< sup ‘(’;—’1‘.
Therefore, from (4.5) we get

—arn _ SUPrep k() /g1 (x)} — ) _ AT
infyem{gk (y)/@1(»)}

for every k and [ > n. In consequence,
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e AT < infﬂ <1< sup Pr <P 4.7
2 2

and (¢ )x is a Cauchy sequence in the C%-norm. In fact,

sup lgx — @1 < sup(lwzl % - 1') < Ri(eA™ = 1) <3RAT” (4.8)

for every k,l > n and any n > —log(A)/log(z). This yields that (¢x) converges uniformly to some function % in
Ay s satisfying [hdv = 1 and, consequently, km-Holder continuous. It follows from a standard argument that u =
[ hdv is an f-invariant probability measure. Furthermore, the sequence (ﬁg (¥))n converges to the same limit for
any normalized function ¢ € A s. Indeed, if this was not the case then the same arguments used before are enough
to conclude that the sequence

Ons if n is odd,
Vn = {Eg(l/f), otherwise

is Cauchy and, consequently, converges. This shows that the functions ﬁg (¢) and E;(l//) must have the same limit

and proves the uniqueness of the Holder invariant density 7 € C*(M, R) such that £~¢h = h. By Theorem B and
Lemma 6.5 in [41] we know that equilibrium states coincide with invariant probability measures absolutely continuous
with respect to v. Hence, u = hv is an equilibrium state for f with respect to ¢. This finishes the proof of the
proposition. O

Here we provide further information on the velocity of convergence to the invariant density in the space of Holder
continuous observables. More precisely,

Corollary 4.5. Set ¢ € A 5 be such that [ ¢ dv =1 and let h denote the O, -limit of ¢, = Eg (¢). Then, ¢, converges
exponentially fast to h in the Holder norm.

Proof. It follows from and (4.7) and (4.8) that |¢, — h|eo < 3R1AT" and
AT < inf“;—" <1<sup “;l—" <A 4.9)

for every n € N. Now we claim that B, (h, ¢,) > 1. In fact this is immediate in the case that ¢,, = h. Assume otherwise,
by contradiction, and notice that B, (h, ¢,) < 1 implies ¢,, # h. Using (4.9), there exists a point z = z,, € M such that
©n(z) > h(z). Take xq such that ¢, (xo) — h(x¢) = min{g, — h}. Therefore, if 0 < d(w, x¢9) < § we obtain that

Pn(W) = gn(x0) h(w) — h(xq)
dw,x0)* = dw,xp)®

In consequence

©n(zn) — (h(w) — h(x0))/kd(w, x0)*

h(zn) — (@n(w) — @ (x0))/kd (W, x0)* ~

Analogously, one concludes that A, (4, ¢,) < 1. Using the definition of &, and the exponentially fast ®, -convergence
of ¢, we get e 27" < Ac(h, ¢,) <1< Be(h,9,) < e, ¥n e N. For notational simplicity, given x # y, set
Hp(x,y) = (h(x) — h(y))/xd(x,y)* and H,, be the corresponding expression for ¢,. The previous estimates im-
ply that e2™" Hj, (x, y) — Hy, (x,y) < A" 9, (2) — h(z). In particular

Hy(x,y) — Hy, (x,¥) < n(2) = h(2) + (27 — 1) (pu(2) — Hy, (x, ) <SR AT"

for every large n. Since the other inequality follows from completely analogous computations one deduces that |7 —
@nla,s < 5R1AT" for every large n. Therefore, |h — ¢nle < SmR;At" which together with the previous estimate
l7 — @nlloc < 3R1AT" proves the corollary. O

BK(hﬂ (pn) >

The strict invariance of the cone A, s is now enough to obtain a spectral gap property for the normalized operator
Ly = )»(Zlﬁ(i,.
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Theorem 4.6 (Spectral gap). There exists 0 < ro < 1 such that the operator /3¢ acting on the space C*(M, R) admits
a decomposition of its spectrum given by X = {1} U Xy, where X contained in a ball B(0, rop).

Proof. Let E; be the one-dimensional eigenspace relative to the eingenvalue 1, and let Ep := {p € C*(M,R):
[ @dv = 0}. Observe that [hdv = 1, the subspaces Ey, E| are Lg-invariant and C*(M,R) = E| @ Ey: given
@ € C*(M,R) just write = [ @dv-h+[¢ — [ @dv - h]. Therefore, to obtain the spectral gap property it is enough
to prove that Eg |E, is a contraction for any large n.

Take « > 1 large such that A, s is preserved by L4. Pick ¢ € Eg with norm less or equal to 1 and notice that ¢ 4-2 €

Ayg.s because |¢ +2]y.5 = |¢la.s < 1and also 1 < « inf|¢ + 2|. Therefore Zg((p +2) converges to f((p+2) dv-h=2h
and

125@) | = | Lhe +2) — L5@)| < | L9 +2) — 2| + | £5(2) — 2h]| <20K Ry AT",
is exponentially contracted. This concludes the proof of the theorem. 0O

A first consequence of the spectral gap is the following strong convergence.

Corollary 4.7. The equilibrium state j coincides with the limit of the push-forwards (f7)4v of the conformal mea-
sure v.

Proof. First recall that L*v = Av. Thus, given any ¢ € CO(M) it follows that fgod(f*jv) =[go fldv =
[ (77 L71)dv which converges to [phdv = [@du as j tends to infinity. Since ¢ is arbitrary this proves that

w=1lim f/v as claimed. O
4.2.2. Uniqueness of equilibrium states and exponential decay of correlations
In this subsection we show that there is a unique equilibrium state for f with respect to ¢ and derive good mixing

properties.

Theorem 4.8. The equilibrium state | = iy has exponential decay of correlations for Holder observables: there
exists 0 < T < 1 such that for all ¢ € L' (v), ¥ € C*(M) there is K (¢, V) > 0 such that

‘/(wOf")wdu—/wdufl//du‘<K(<p,w)-r”, Vn> 1.

Proof. First we write the correlation function

Co.y (n) 1=/(<p0f”)1/fdu—/wdufl/fdu=/(<p°f”)1/fhdv—/wd/L/I/fdM-

It is no restriction to assume that [ v dp = 1. Then, using that / is bounded away from zero and infinity we get

Z:n h Zn N
fieormar o oo (35 )35

where ||¢|l1 = f lpldu. If yh € A, s for some sufficiently large « as in Theorem 4.1 then it follows from (4.8) that
the first term in the right-hand side above satisfies

00| <o

el
0

< 2Ry
0

(eA™ —1) < Cr",

h 0

for some positive constant C and so | [(¢o f") ¥ du— [@dp [ dul < K(p, ¥)T". In general write h = g where
g= g;f — gp and g? = %(|g| + g) + B for B > 0 large so that gf € Ay s and apply the latter estimates to g?. By
linearity, the same estimate holds for g for some constant K (¢, ¥) > K (¢, g;f) + K (@, gg)- This concludes the proof
of the exponential decay of correlations. O
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As a consequence we remove the topologically mixing assumption from [41] and still deduce that there exists a
unique equilibrium state and it is exact.

Corollary 4.9. The probability measure | is exact and the unique equilibrium state for f with respect to ¢.

Proof. Let ¢ € L' (1) be such that ¢ = ¢, o f” for some measurable functions ¢,. Given any ¥ € C%(M) it follows
from the previous theorem that

[ [

where the constant K (¢,, V) depends only on the value of fgon du = fgpd,u and || |lo. Hence K (¢y, ¥) does
not depend on n and, consequently, [(¢ — [@du)y du =0, for all Holder continuous . The later implies that
¢ = [ @du for p-almost every x, proving that x is exact. In consequence, 4 = hv is an ergodic probability measure
whose basin of attraction contains v-almost every point. Therefore the uniqueness of the equilibrium state follows
from Theorem 2.1. O

/(‘pn of”)wdu—/wdufwdu‘ < K(gn, )T,

4.2.3. Central limit theorem

Here we obtain a central limit theorem from the strong mixing properties. Let F be the Borel sigma-algebra of
M and F, := f~"(F) be a non-increasing family of o -algebras. Recall that a function &£ : M — R is F,-measurable
iff € = &, o f" for some measurable &,. Let L2(F,) = {& € L?(u): & is F,-measurable} and note that L%(F;,) D
Lz(]-"n+1) for each n > 0. Given ¢ € Lz(u), we denote by E(p|F,) the L2—orthogonal projection of ¢ to L2(Fp).
The strategy now is to apply a general result due to Gordin by proving that the L2(F;,) components E(¢|F,) of any
observable ¢ are summable.

Lemma 4.10. For every a-Holder continuous function ¢ with [@du = O there is Ry = Ro(¢) such that
IE(@|Fn)ll2 < Rot" for alln > 0.

Proof. Observe that since ||Y ||} < [|y/]l2 and [ @ du = [ @hdv =0 it follows that
[t0170 ], =sup] [ €odus £ e 25, el =1
= sup{/(vf o fMedu: ¥ € LW, ¥l = 1} <K(p, )",
which proves the lemma. 0O
Now the central limit theorem in Corollary 2 follows from the following abstract result due to Gordin (see e.g. [42]).
Theorem 4.11. Let (M, F, ) be a probability space, f : M — M be a measurable map such that  is f-invariant
and ergodic. Consider ¢ € L*(w) such that [@du =0 and denote by F, the non-increasing sequence of sigma-

algebras F, = f7"(F), n 2 0. If Y, 2 IE(@|Fn)ll2 < 00 then o, is finite, and o, =0 iff ¢ =u o f — u for some
u € L*(11). Moreover, if oy > 0 then for any interval A C R

<xeM —Z( ff(x) /(pdu)GA) OW/_ e 2a2dt

as n tends to infinity.

4.2.4. Uniform continuity of the densities for the equilibrium states

Here we shall prove the first stability result for the equilibrium state: the density of the equilibrium state with
respect to the corresponding conformal measure varies continuously in the C%-norm. This is not immediate since the
Ruelle-Perron—Frobenius operator in general does not vary continuously with the dynamical system in the space of
Holder continuous observables as discussed in Example 4.14. Nevertheless, we could get the continuity of the density
function which is the main result of this section.
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Proposition 4.12. Let F be a family of local homeomorphisms and VV be a family of potentials satisfying (H1),
(H2) and (P) with uniform constants. Then the topological pressure 7 x W 3 (f, ¢) — log A 1,4 = Pop(f, @) and the
density function

Fx W (C*M.R). | - o).
d
(f. ) > “f"’

are continuous.

Proof. Recall that Proposition 3.4 implies that Pp(f, ¢) =logA 7,4 where A 1,4 is the spectral radius of the operator
L f,4. Moreover, it follows from the proof of Corollary 4.5 that for any ¢ € A s satisfying [@dv =1 one has in
particular

_ diyse
n n 5
H’\f,¢£f,¢¢’ -

<3R1AT", (4.10)
dl)f’¢,

for all n. Notice the previous reasoning applies to ¢ = 1 € A, s. Moreover, since the spectral gap property estimates
depend only on the constants L, o and deg( f) it follows that all transfer operators £ 7.4 breserve the cone A, s for all

pairs ( f , @) and that the constants R; and A can be taken uniform in a small neighborhood U of (f, ¢). Furthermore,
one has that [ AZ}/)E 1.9 dvye =1 and so the convergence

1 1
lim —log ||£ f¢(1)”0 lim log||)hf¢—ﬂ[:nf¢(l)||0—0

n—+00 n—>+oo n

given by Proposition 4.4 and Corollary 4.5 can be taken uniform in ¢{. This is the key ingredient to obtain the continuity
of the topological pressure and density function. Indeed, let ¢ > 0 be fixed and take ng € N such that

1 ny _ _ N
%loguﬁ 0f,¢(1)Ho log()»fy

for all f € U4. Moreover, using Pop(f, ®) =log s e by triangular inequality we get

| Pop(f, ®) — Piop(f. )| <

—log|}£"°~¢<1>||0 log(2. 7 ¢>’ ’ log [ £ 1.¢(1) |, — log(h 1.9

+| g€ o0, - o toe |2

Now, it is not hard to check that, for ng fixed, the function i/ — C 0(M ,R) given by
3 no — Sn ¢())
f|—>£ﬁ¢l— ~Z s
froy)=x
is continuous. Consequently, there exists a neighborhood V C U of f such that |% log [|I£70 £.4(D)lo —

log ||£”° z (1)||0| < ¢/3 for every f € V. Altogether this proves that | Pop(f, @) — Ptop(f ¢)| < ¢ for all f ev.
Smce & was chosen arbitrary we obtain that both the leading eigenvalue and topological pressure functions vary con-
tinuously with the dynamics f. Finally, by Eq. (4.10) above applied to ¢ = 1 and triangular inequality we obtain
that

H digy dugg
dl)f*’(p dl)f’¢

<6R|AT" + ||/\f';£'}¢ =27l s

for all n. Hence, proceeding as before one can make the right-hand side above as close to zero as desired provided
that f is sufficiently close to f. This proves the continuity of the density function and finishes the proof of the
proposition. O

We will finish this section with some comments on the non-continuous dependence of the Ruelle—Perron—Frobenius
operators, acting on the space of Holder continuous observables, as a function of the dynamics f.
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Remark 4.13. Notice first that Holder continuous observables are Lipschitz continuous with respect to the metric
d(-, ). Hence, for simplicity we provide below an example of discontinuity of the Ruelle—Perron—Frobenius operator
Ly :Lip(M) — Lip(M) with respect to the dynamics f, where Lip(M) are the space of continuous observables such
that

Lin( ) i sup SO =IO
n#£y d(x9 )’)

Example 4.14. The key idea of the following surprisingly simple example of discontinuity of Ruelle—Perron—
Frobenius operator with respect to the dynamics is that the operator of composition ¢ — ¢ o g acting in the
space of Lipschitz functions does not vary continuously with g. Consider the expanding dynamics f;, on the circle
ST ~R/[—1/2,1/2) given by that f,(x) =2(x + ﬁ) (mod 1). Obviously, f,, converges to f, f(x) =2x (mod 1)
in the C*-topology. Now, take a periodic Lipschitz function ¢ in the circle such that ¢(x) = |x| say, for |x| < 1/8
and ¢(x) =0 for 1/2 > |x| > 1/5. Just take the potential ¢ = 0 and write £,,, £ for the Perron—Frobenius operators
corresponding to f;, f respectively. Therefore, taking 0 < x,, < y, < 1/10n, we obtain that

) > 1L (@) () = Ln (@) (xn) + L(@) (xn) — L(@) (Yn)]

Lip((ﬁn - L)(p)

Yn — Xn
_ Myn/2=1/10n| =[x, /2 = 1/10n]| + |x, /2] = |yn /2|
Yn — Xn
— |=Yn — Xnl =1=Lip(p).
Yn — Xn

Thus £, : Lip(S', R) — Lip(S', R) does not converge to £ even in the strong operator topology. In particular, £,, does
not converge to £ in the norm topology.

5. Ruelle-Perron-Frobenius in C" (M, R): Spectral gap and strong stability results

Throughout this section we assume that f is a C"-local diffeomorphism (» > 1) and the potential ¢ belongs to
C"(M). Here we restrict the analysis of the transfer operator to the space of smooth observables.

5.1. Spectral gap for the transfer operator in C" (M, R)

Here we shall assume that f is a C" (r > 1) local diffeomorphism on a compact manifold M satisfying (H1) and
(H2) and ¢ € C" (M, R) satisfies (P’). In fact, we require L > 1 to be close to 1 such that

g, i ot 4L ¥ (deg(f) —q)o
deg(f)

which we use as counterpart of (3.2) in this differentiable setting. We prove that the transfer operator Ly : C" (M, R) —

C" (M, R) has a spectral gap. The strategy is to show Lg-invariance of the cones of smooth observables

ID%¢llo _ « }

<1, 5.1)

<—=fors=1...r
infp )

AL:{(pGC’(M,R): ¢ > 0and

for some constants c‘E’) with s = 1...r defined recursively using the corresponding constants for the cones corre-
sponding to smaller differentiability. The choice of the constants c§’> is made in order to guarantee that observables in
Al associated to large « belong to some cones A,’(’,—" for some large constants (k;);—1.. ,—1 where the Ruelle-Perron—
Frobenius operator acts as a contraction in the projective metric. The precise construction is described in what follows.
For r = 1 just consider

D
A,l( = {(peC’(M,]R): ¢ > 0and ”, ¢llo <K},
inf ¢

which corresponds to the previous cone with cﬁl) = 1. For r = 2 we obtain that the cone A,% can be written as
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D 1-= D?
A£={¢eC2(M,R):¢>0, I §0||0< ( 2K Il <p||o<K}’

an
infop  2e¢f max, |[D2f~1(x)| inf g

=2(1 — &) e max, | D> f ' (x)]. Assuming that we have defined the positive constants

(c§"”)sz 1..r—1 associated to the cones AL‘I of C"~1-observables we define the constants cfﬂ as follows. Set

with cg) =1 and ng)

o’ =1

¢ =111 = E,) e max < <, max, [ D7 (1)

(r) (r) (r=1)
Crt =Cryq1 " Cr—t

J.
K

, fort=2...r—1.

Roughly, the choice of ci?l is made in order to guarantee that at most r! terms arising in the computation of higher
order derivatives of the observable L4¢ are dominated by the term involving D’ ¢, while the recursive choice of the

constants c‘E’) with s < r guarantees that the cones corresponding to smaller differentiability are contracted. Hence,

our main result in this section is as follows.

Theorem 5.1. There exists a positive constant 8(;) > 0 (depending only on f and r) such that if ¢ satisfies condition
(P’) given by

supp —inf¢p <&y and max ||D3¢||0 <&y
s<r
then there are ko > 0 and 0 < & < 1 such that Ly(AY) C AEK Sfor every Kk = K.

Proof. We shall prove the theorem recursively on the differentiability r. First set » = 1 and consider ¢ € A,l( for
k >0 large. Given x € M let (x;); denote the set of preimages by f of the point x and denote by fi_l corresponding
the local inverse branch for the function f in a neighborhood of x with f;(x;) = x. It is not hard to check that
[Lop(x)| < e inf|Ly@]| for every x € M. Moreover,

deg(f) deg(f)
D(Lyp)x)= Y I Dep)DfT )+ Y 9x)e? D (x))Df; (x) (5.2)
j=1 j=1

and, consequently, || D(Ls¢)(x)]|| is bounded by

deg(f) deg(f)
Z |e¢(x_/>\||D<p(xj)Df/f‘(x)||+ Z |¢(xj)e¢<X./>|||D¢(xj)Df]f‘(x)||.

j=1 j=1

By our assumptions (H1) and (H2) it follows that the isomorphism | D f j_l(-)|| < L for j =1...q and is indeed a
contraction for j > ¢. Thus, using (P’) and that sup ¢ < inf¢ + || Dg|lo diam(M) we get

D(Lyp)(x) 1 LIS [[IDexj)llo+ > oy 0 e? S Dep(x)llo
¢ < = Jj>q

inf|Lpp| deg(f)einf? infg
N Y Llpxe? P IIDG(xp)llo + X -y 0 e (x)e?P1IIDG (x)llo
deg(f)eiM®inf g
L+o1(de - D s L+o~1(de —
st ( gH—q) | w”°+e€¢||D¢(xj)Ho upg gL + o~ (deg(f) —q)

deg(f) infe
< E1-k+ Erey(1+ I1Dgllo diam(M))

infg deg(f)

which can be taken smaller than A «, for some constant 0 < A < 1 by our choice of &g in (5.1) provided that s:p is

sufficiently small. In consequence we obtain that || D(Lg¢)|lo < Ak inf |Lgel, which proves the theorem in the case
thatr = 1.
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We now consider the case r = 2. Fix k > 0 and consider ¢ € A%. Differentiating (5.2) by means of the chain rule
we obtain sums involving the seven terms

D¢ [Df; (0] e D)),

Dy (x))D* [} (x)e? D (x)),

D¢ (xj)Df; ! (x)e? P Do(x))Df " (x),
D¢(xj)ijf1 (x)e¢(x_;)D¢ (xj)ij;I (x).
DDy (xj)Df; () D(x/) DS (x),
?“) D2 [Df (0]

D De(x)D* £ (x).

Our assumption max,, [ D*¢llo < 8(’1) with 8(; > 0 small implies that all but the last two previous terms can be taken
neglectable. In consequence, proceeding as before we conclude that there exists a uniform constant C > 0 depending
only on f such that

D*(L D? L% +o072(d — D
I . (Lop) ()l < Cel + e I : ellogL” +o “(deg(f) —q) e ||. ello max | sz—l(x)”
inf|Lypl inf deg(f) infop xem
< Céely + B + ﬂl(
¢ 2

which can be again taken smaller than A «, for some constant 0 < A < 1, provided that « is large enough and 8(’1) is
small. This estimate, which involves the information on the smaller derivatives, proves the strict invariance of the cone
A,2( under the operator L4. The complete statement in the theorem follows by completely analogous computations for
the s-derivatives of L4g, with 2 < s < r. In fact, the remaining of the proof can be obtained recursively for £ 4 1
using previous information or s € {1, 2, ..., £} by analogous computations of higher order derivatives using the chain
rule and estimating dominating terms as above. In fact the number of terms associated containing the derivatives D*¢,
s =1...r are clearly less than r! and, by definition of the cones, each of such terms is bounded by (1 — =}.)/r!. Then
if 8;) is small proceeding as above we get that A} is strictly preserved by Ly, which proves the theorem. O

Again we use that the smaller cone has finite diameter in the projective metric in the case of the cones for differen-
tiable observables, whose proof can be simply adapted from the one of Proposition 4.3. For that reason we shall omit
its proof.

Proposition 5.2. Given 0 < A < 1, the cone Agm 5 has finite Al -diameter.

In the next subsection we will use Birkhoff’s theorem to deduce good spectral properties for the Ruelle—Perron—
Frobenius operator.

5.2. Strong stability properties

Here we establish the statistical and spectral stochastic stability results. The discussion in Remark 4.13 shows
that this property was far from being immediate. In the space of C”-observables (r > 1) the Perron—Frobenius vary
continuously with the dynamics in the strong (pointwise) operator topology. However, it can also be shown that in
general such operators do not vary continuously in norm in the space of bounded linear operators. In fact, the stability
results presented here will follow from the careful study of the spectral properties of the transfer operators and will be
consequence of the uniformity of the gap spectral for all close dynamical systems and potentials.

Throughout this subsection let 7" be a family of C”, r > 1 local diffeomorphisms and let YW be some family of
C"-potentials satisfying (H1), (H2) and (P") with uniform constants. Let B(C" (M, R), C" (M, R)) denote the space of
bounded linear operators on C” (M, R) endowed with the strong operator topology.
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Proposition 5.3. The Ruelle—Perron—Frobenius operator function

F'x W' — B(C"(M,R),C"(M,R)),
(f,P)=> Lyy

is continuous in the C" -topology.

Proof. Let (f, ¢), (f, q;) € F" x W’ be given. Then for any fixed ¢ € C" (M, R) and x € M we get that

deg(f)
|£7 5@ ) = L7 5@ < Z lo (£ @) - e ) — (1) () - Ui |

where, as before, fi_1 denote the inverse branches of f at x. Moreover, the right-hand side above goes to zero

independently of x as ( f , &) converges to (f, ¢) in the C 1-topology. Furthermore, | DL 7. d;((p)(x) - DL 7 J)((p)(x)H
is bounded by '

deg(f) |
Z ID(e(F7") ) - U (x))) D(p(f") @) - 2 )|

which also converges uniformly to zero by standard triangular argument as the element provided that ( f , $) converge
to (f, ¢). We note that analogous computations hold for higher order derivatives which lead to the statement of the
proposition. O

Now we deduce our functional analysis approach to deduce the important continuity of the topological pressure,
a fact unknown in [41].

Proposition 5.4. The topological pressure function F* x W' 3 (f, ¢) — Pwop(f, @) is continuous in the C" -topology,
forr > 1. Moreover, the densities Z by vary continuously with respect to (f,¢) € F* x W'.

Proof. This proof goes along the same lines of the proof of Proposition 4.12. For that reason we will prove the result
by focusing on the main differences. First notice that A 7,4 is the leading eigenvalue and spectral radius of the operator
L4 acting in any space of the Banach spaces C” with r > 0. Now, using once more that all transfer operators
associated to all ( f , ¢A>) in some neighborhood U/ of ( f, ¢) preserve the same cone of functions we obtained, following
Proposition 4.4 and Corollary 4.5, that the limit

1 1
lim — log ||£” (D], = 11rj£1oo - log ||)\.‘;’?P£nf:($(l) |.=0

n——+00

is uniform for all ( f , ¢) in some neighborhood U of (f, ¢). Therefore, by standard triangular inequality together with
the continuity of the transfer operators in the C”-strong topology it follows that given € > 0 there exists ng such that

~ A 1
|Pmp<f,¢>>—Pmp<f,¢>)|<|%10g|}£"°m<1>|| —log(h; 3)| +

Lo [£75(D)], - gz

1 1
+ ‘n—olog &7 o], - - tog |7

as ( f , 43) converges to (f, ¢). This argument shows that the leading eigenvalue, thus the topological pressure, vary con-
tinuously. Proceeding as in the proof of Proposition 4.4, noticing that C" (M, R) ¢ C°(M, R) and i k;:p/i fedv=1,
one obtains from the contraction on the projective metric @, that

H dujg  duse
dl)];’(’; dvyg

<6R1Ar"+||)»}:3 ol el s,
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where R; is a uniform upper bound for the C%-norm of the iterates A f” E” 1 in a neighborhood of (f, ¢), the
constant A is the diameter of the cone Al, and 0 < v < 1. Using the contlnulty of the transfer operators given in
Proposition 5.3 then for any fixed n the last expression in the right-hand side above can be made arbitrarily small
provided that ( f , ¢A>) is sufficiently close to (f, ¢). This proves the continuity of the density function and finishes the
proof of the proposition. [

We are now in a position to prove that the equilibrium states are strongly stable under deterministic perturbations.

Proof of Theorem C. The continuity of topological pressure given by Proposition 5.4 together with Theorem D in
[41] that the conformal measures vy, 4, converge to vy, in the weak™ topology as (f,, ¢,) goes to (f,¢) in the

“fq‘f is C" and also varies continuously in the C"-norm with (f,¢) € F© x W' it

C"-topology. Now, using that

follows that the equilibrium state u .4 also varies continuously in the weak™ topology, which completes the proof of
the theorem. O

Finally we derive the strong stochastic stability of the spectra. Consider any family 6., 0 < ¢ < 1 of probability
measures in F© x W’ such that its support supp6; is contained in a neighborhood V. (f, ¢) of (f, ¢) depending
monotonically on ¢ and satisfying (), e<1 Vo (f, ¢) ={(f, ¢)}. We refer to (6;) as an arbitrary random perturbation
of (f,¢) € F" x W". We first prove that the stochastic transfer operator L, : C"(M,R) — C" (M, R) given by

Le(p)= / L;50dOc(f, ) (5.3)
is well defined and preserves a cone of C”-observables.

Lemma 5.5. The stochastic transfer operator L. defined in (5.3) is well defined. Moreover, there exists 0 < A <1so
that L (A}) C A%K for every small ¢ and every large k.

Proof. First we prove that the stochastic transfer operator L, is well defined. Given any fixed ¢ € C" (M, R) it follows
that ﬁ 77 ((p) is C" for all ( f ¢) € F' x W’. Moreover, since the constants are taken uniform in the family " and
wr then it is a consequence of Lebesgue dominated convergence theorem that L, (¢) is also C". This proves the first
claim in the lemma.

On the other hand, by construction we obtain 0 < A <1andk large so that Ef, &(A,’C) C AZZK for every (f,$) ina
neighborhood of (f, ¢). In particular, if & is small then this property holds in V¢ (f, ¢) and, consequently, L¢(A}) C
A;«‘ This proves the second statement finishes the proof of the lemma. O

We finish our section by proving our spectral stochastic stability result.

Proof of Theorem D. Let (f, ¢) € 7 x W’ be fixed. By Proposition 5.3 the transfer operators £ I¥: acting on the

space C" (M, R) vary continuously with (f, ) € 7" x W in the strong operator topology.
Recall also that the dominant eigenvalue for L 7 4 equals to the spectral radius and has multiplicity one and that both
the leading eigenvalue and corresponding eigenspace vary continuously. Moreover, since all transfer operators £ I¥:

preserve the same cone Aj. for all ( f , @) in a small neighborhood of (f, ¢) then it follows from the last proposition
that the same property holds for £, with & small. Proceeding as in the later sections we get that £, has a spectral gap
for every small ¢. In particular, there exists a unique eigenvalue ., which coincides with the spectral radius of L,
and the eigenspace associated to A, is one-dimensional.

We claim that the spectral radius A, of L varies continuously for all small & and that it converges to A 7,4 when-
ever ¢ tends to zero. If ¢ > 0 is small we have that all operators A, 'L, preserve the same cone of functions A”.
Moreover, there exists a conformal measure v,, that is, such that £}v, = A;v, and it follows from the normalization
[A;'Le1dve =1 that the convergence lim,, %log ;" L1l = 0 is uniform for all small ¢. Proceeding as in the
proof of Proposition 5.4 we deduce that the functions ¢ — A, and ¢ — du./dv, vary continuously for all small €. In
fact, proceeding as before one obtains that
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due  dugg
f.e

n —npnqy __ y—n pn
dve  dvyg Hr<6RlAt [ e A

where R; is a uniform upper bound for the C°-norm of the iterates A" L11 for all small ¢, the constant A is the
diameter of the cone A, and 0 < v < 1. Using that for n fixed the functions £}1 and £". ,1 are uniformly close
provided that ¢ is small then one deduces that A, — A, and consequently, that the densit)} due/dv, converges to
duye/dvyg as e — 0. This concludes the proof of our theorem. O

6. Examples
In this section we provide some examples and comment on our assumptions.

Example 6.1. Let fy : TY — T be a linear expanding map. Fix some covering I/ by domains of injectivity for fy
and some Up € U containing a fixed (or periodic) point p. Then deform fy on a small neighborhood of p inside
Uy by a pitchfork bifurcation in such a way that p becomes a saddle for the perturbed local diffeomorphism f. In
particular, such perturbation can be done in the C"-topology, for every r > 0. By construction, f coincides with fp in
the complement of Pj, where uniform expansion holds. Observe that we may take the deformation in such a way that
f is never too contracting in Pj, which guarantees that conditions (H1) and (H2) hold, and that f is still topologically
exact. Condition (P’) is clearly satisfied by any C”-potential close to ¢ = 0. Hence, there exists a unique measure of
maximal entropy u for f, it is absolutely continuous with respect to a conformal measure v, supported in the whole
manifold T¢ and has exponential decay of correlations on the space C”-observables. Moreover, it follows from our
results that the density dyu/dv is C” and it varies continuously in the C")-topology with the dynamical system f,
where [r] denotes the integer part of r. Furthermore, the topological pressure function Pyop( f, ¢) varies continuously
among the pairs (f, ¢) that satisfy conditions (H1), (H2) and (P’) with uniform constants. Finally, in the case that
r > 1 we have that the maximal entropy measure is strong stable under deterministic perturbations and satisfies a
random spectral stability.

In fact, the previous example can be modified to deal with expanding maps with indifferent periodic points in a
higher-dimensional setting. A particularly interesting one-dimensional example is given by the Manneville-Pomeau
transformation and the family of potentials ¢; = —tlog|Df]|. An intermittency phenomenon occurs at ¢ = 1 but no
longer occurs whenever ¢ is close to zero as we now discuss with detail.

Example 6.2 (Manneville—-Pomeau map). If « € (0, 1), let f, : [0, 1] — [0, 1] be the C I+ _Jocal diffeomorphism
given by

x(14+2%%) if0<x <
2x —1 if%<x<

Ja(x) = {

Observe that conditions (H1) and (H2) are verified and the family ¢, ; = —tlog|Df,| of C%-potentials do satisfy
condition (P) for all |¢| < 79 small and o € (0, 1) since

|Dfo(x)]
IDfo(¥)I

Hence, we obtain that for all |¢| < £y there exists a unique equilibrium state p,, it is absolutely continuous with respect
to a conformal measure v; and has exponential decay of correlations in the space of Holder observables. Moreover,
du /dv; is Holder continuous and it varies continuously in the C 0_norm for all [t] < 1p.

Moreover no transition occurs once one considers the order of contact o of the indifferent fixed point to in-
crease. Indeed, if « is arbitrary large then it follows from our previous reasoning that there exists a small interval
Iy = [~t4, 4] containing zero such that the topological pressure R* x [—ty, f4] 3 (@, 1) > Piop(fa, ®a,r) varies
continuously. Moreover, there is a unique equilibrium state for the C*-potential ¢, , with |¢| < #, and it is Clel
strong stable under deterministic perturbations: for every («,t) € Rt x [—ty, ty] there exists a unique equilibrium
state [ty absolutely continuous with respect to a conformal measure vy, its density dgy, /dvy,: 18 clol and
varies continuously with (a, ¢). Finally, since our strong random spectral stability result applies for general ran-
dom perturbations one can consider e.g. 6, to be the uniform distribution in the one-parameter family of pairs

|@a,t () — @, (V)| = |t log | Dfy (x)| — tlog | Dfu(0)|| = It]log <tllog(2 + ).
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{(fas Pat,): o € (g — &, 000 + &)} C F x W. In particular, the random dynamical system associated considers ran-
dom orbits using maps with indifferent fixed points with different contact orders. Here our results yield that the
random Ruelle—Perron—Frobenius operator £, has the spectral gap property and that its spectral radius A, converges
t0 exp(Prop(fors Pa,1,)) la=ary @S € tends to zero.
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