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Abstract

We consider geometries on the space of Riemannian metrics conformally equivalent to the widely studied Ebin L? metric.
Among these we characterize a distinguished metric that can be regarded as a generalization of Calabi’s metric on the space of
Kéhler metrics to the space of Riemannian metrics, and we study its geometry in detail. Unlike the Ebin metric, its geodesic
equation involves non-local terms, and we solve it explicitly by using a constant of the motion. We then determine its completion,
which gives the first example of a metric on the space of Riemannian metrics whose completion is strictly smaller than that of the
Ebin metric.
© 2012 L'Association Publications de l'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

1. Introduction

Let M be an n-dimensional compact closed manifold, and consider the infinite-dimensional space M of all smooth
Riemannian metrics on M. The space M is endowed with a natural L2-type Riemannian structure, the Ebin met-
ric [14],

gu(h, k)l == (h, k) :=/tr(g—1hg—1k)dvg, (1)
M

where g € M, h, k € T, M, T, M may be identified with the space I" (S2T*M) of smooth symmetric (0, 2)-tensor
fields on M, and g’lh represents the (1, 1)-tensor dual to i with respect to g. This metric has received much at-
tention since being introduced in the 1960s [14], see, e.g., [17,18,7,11], and has found various applications, for
example in the Weil-Petersson geometry of moduli spaces of Riemann surfaces [16,25] and in the study of the moduli
space M /Diff(M) of Riemannian structures (e.g., [14,15,3]). A related pseudo-Riemannian metric, the DeWitt metric
[13,23], has been used in the Hamiltonian formulation of general relativity.

Recently, the metric completion of M, of (M, ge) has been determined [9], and it was shown by means of
examples that convergence in M, is too weak to control any geometric quantities or to imply geometric convergence
of any sort (e.g., Gromov—Hausdorff convergence) [10]. Therefore, it seems natural to look for other metrics on M
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with the property that their metric completions are strictly contained in M. In other words, metrics for which certain
types of degenerations are excluded along convergent sequences. One purpose of this article is to take a first step in
this direction by studying conformal deformations of the Ebin metric in the search for metrics with this and other
distinguished properties.

Our first observation (Proposition 3.1) is that there is a distinguished metric in the conformal class characterized
by the property that the tautological vector field X|, = g on M is parallel. This metric, which we call the generalized
Calabi metric (or sometimes the normalized Ebin metric), is given by

8N = Vigg B, §EM,

where V, := Vol(M, g) is the volume function on M. We then restrict attention to conformal factors that depend
on the volume, i.e., metrics on M of the form ¢/ (Ve) ge, With f a smooth function on R. ¢, and mostly to the
metrics g, := gr/ V?, which serve as the basic models within this family, as they capture the possible degenerations
of manifolds in terms of either volume collapse or blow-up. By studying this family of metrics, we then show that gy
has the smallest metric completion (Theorem 5.3), and in particular one that is smaller than that of the Ebin metric.
This provides the first example of an L2-type metric on M whose metric completion is strictly smaller than that of
the Ebin metric.

An additional motivation for introducting gy comes from the study of the subspace of Kihler metrics H C M
in a fixed Kéhler class (when M admits a Kihler structure). In our previous work [12], we studied the intrinsic and
extrinsic geometry of H in M. We observed that the Ebin metric induces the so-called Calabi geometry on H, and
that this embedding is essentially as far from being totally geodesic as possible. It then seems natural to ask whether
there exists a metric on M that still induces the Calabi geometry on H but with the property that # is totally geodesic.
As before, it is natural to restrict to conformal deformations depending on the volume, this time since the volume is an
invariant of the Kéhler class, and so any such metric will induce the Calabi geometry on 7. We then show that to the
extent possible, gy is the unique metric with the aforementioned property. In particular, # is totally geodesic in the
case that M is a Riemann surface. In general H is not totally geodesic, but by the Calabi—Yau Theorem it is isometric
to the “Riemannian Kéhler spaces” Pg N M, consisting of metrics of fixed volume in a fixed conformal class, which
are totally geodesic in (M, gy) (Corollary 4.4).

One further possible application of the metric gy is to the Ricci flow. Recently, we showed that in the Kihler setting
there is a connection between the existence of Einstein metrics, the smooth convergence of the normalized Ricci flow,
and the metric geometry of (M, gx). Namely, a Kidhler—Einstein metric exists on a Fano manifold if and only if the
Kaihler—Ricci flow converges in the metric completion of (M, gi), and in particular if and only if the flow path has
finite length [12, Theorem 6.3, Corollary 6.9]. It would be very interesting to find analogous results for other classes
of Riemannian manifolds, perhaps ones for which the singularities of the Ricci flow can be understood fairly well. In
studying this problem, it might prove useful to use the metric g, for which the submanifold M, C M of metrics of
fixed volume v—which is preserved by the normalized Ricci flow—is also totally geodesic (Corollary 3.3).

Motivated by these and possible other applications of the metric gy to geometric problems, we thus study the ge-
ometry of (M, gy) in detail. Under the conformal change, the geodesic equation becomes substantially more difficult
since it contains non-local terms involving integration over the whole manifold. The solution of the geodesic equation
is obtained in several steps, building upon the work of Freed and Groisser for g [17]. A key extra ingredient here is
an invariant of the gy-geodesic flow, or a ‘constant of motion’ (Corollary 3.2). The solution of the geodesic equation
(Theorem 4.1) gives a precise sense to how geodesics in (M, gy) generalize those discovered by Calabi [4,5] for
the subspace of Kihler metrics, which in turn bear several similarities with constrained geodesics of the Wasserstein
metric in optimal transportation [6] (cf. [12]). We also compute the curvature of gy and compare it to that of the
metrics g, (Section 3.2).

Finally, it should be noted that “weighted” L? type metrics were also studied by several authors on the space of
simple closed curves in R? (see [20,22,24] and references therein), and this can also be seen as another motivation for
our study. Moreover, very recently, while the present article was being prepared, Bauer, Harms and Michor [2] have
written down the geodesic equation for metrics conformal to g on M, as well as much more general Sobolev-type
metrics and metrics weighted by the scalar curvature function. Their main result is that for some of these metrics
the exponential mapping is a local diffeomorphism. In this article, we go into greater depth for a smaller class of
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metrics by solving the geodesic equation, computing the curvature, estimating the distance function, and determining
the metric completion.

The article is organized as follows. In Section 2, we briefly review the relevant preliminaries about M. In Section 3,
we discuss general conformal changes, mostly focusing on those involving functions of the volume. For the model
metrics g, we compute the curvature as well as find an invariant (or ‘constant of motion’) of the geodesic flow.
Section 4 contains the solution of the initial value problem for gy-geodesics, making use of the invariant of the
geodesic flow. In Section 5, we study the distance functions of g, and determine their metric completions. Some of
the technical facts needed in this analysis are proven in Appendix A. Section 6 concludes with some further remarks
and a few open questions.

2. Preliminaries

Since the preliminaries relevant to our results are covered in detail in [14,17,18], we will simply briefly summarize
what we need in this section.

The manifold of metrics, M, is easily seen to be an open cone in the Fréchet space F(SZT*M ) of smooth, sym-
metric (0, 2)-tensors on the finite-dimensional, compact manifold M. As such, it is endowed with the structure of
a Fréchet manifold (cf. [19] for background on Fréchet manifolds), and its tangent space at g € M is canonically
identified with I"(S2T*M).

The Ebin metric, defined in (1), is a smooth Riemannian metric. It is, however, a weak metric, meaning that the
tangent spaces of M are incomplete with respect to the scalar product induced on them by the Ebin metric. For weak
Riemannian metrics, the existence of the Levi-Civita connection is not guaranteed by general results. Nevertheless,
the Ebin metric has a Levi-Civita connection which can be directly computed. Geodesics and curvature may also be
directly computed. The Riemannian curvature of (M, gz) is nonpositive, and the exponential mapping at any point
g € M is a real-analytic diffeomorphism from an open neighborhood of zero in T, M to an open neighborhood of g
in M. (Both of these neighborhoods are taken in the C*° topology.)

With respect to g, we may orthogonally decompose the tangent space T, M into the subspaces of traceless (sat-
isfying tr(¢g~'h) = 0) and pure-trace (satisfying h = pg for some p € C>(M)) tensor fields. Corresponding to this
decomposition is a product manifold structure for M. Denote by V the space of all smooth, positive volume forms
on M; it is an open cone in £2" (M), the space of smooth top-degree forms. For any g € M we denote by dVj its
induced volume form. Then for any u € V, with M, :={g € M: dV, = u} C M, there is a diffeomorphism

iV XMy — M, iy (v, h) = /)" h. 2)

That s, i, maps (v, k) to the unique metric conformal to /2 with volume form v. Thus M =V x M, and one sees that
(i,)x(TV) is the subbundle of T M consisting of pure-trace tensor fields, while a tangent space to the submanifold
M, is identified with the subspace of traceless tensor fields.

An identity that will be repeatedly used below is that the differential of the map g — dV, is h % tr(g~'h)d V.
Therefore, if we denote by V =V, := [}, dV, the volume function on M, then the differential of g — V, is h >
(8. M.

For the remainder of the paper, all differentiability properties we refer to are implicitly meant to hold in the category
of Fréchet manifolds; we again refer to [19] for background.

3. Conformal deformations of the Ebin metric

Let f : M — R be a twice continuously differentiable function, and consider the metric on M,

grh,0)lg = e ©gy(h, kg = ezf(g)/tr(g_lhg_lk)dvg, hk € Ty M, (3)

M
conformal to the Ebin metric. The purpose of this section is to characterize two metrics in the conformal class of g.
One metric, the generalized Calabi metric gy = g/ V, is characterized by its Levi-Civita connection (Proposition 3.1),

and the other, the second Ebin metric g» = g/ V2, by its curvature tensor (Proposition 3.6). We then restrict to the
model metrics
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1
8p=—p8s 8EM, 4
Vg

for some integer p. We find invariants for their geodesic flows that will be important later in integrating the geodesic
equation (Corollary 3.2 and Lemma 3.4), compute their curvature (Section 3.2), and describe a natural duality map
on M that is a conformal isometry between g, and g»_, (Proposition 3.8) and that also conformally relates their
curvature tensors.

3.1. Conformal deformations and the Levi-Civita connection

Our first observation is a characterization of the generalized Calabi metric
g =81 =8u/Vg, geM.

Proposition 3.1. Let f : M — R be a differentiable function. Let V' denote the Levi-Civita connection of ¢*f g,
and suppose that V- g =0, where g denotes the tautological vector field g — g on M. Then f(g) = —% logV, +C
for some constant C.

Proof. First, note that V8eg = %8, where § is the Kronecker tensor. This follows from the formula for the Levi-Civita
connection of g [14, (4.1)],

ViTk|g = Dyk — %(hg”k +kg™'h) + %(tr(gflk)h +tr(g ™ 'h)k — tr(g~ ' hg k) g),

where h and k are any vector fields on M and Dyk|, = % lt=0k(g + th).
Next, recall that [1, p. 58],

Y/ k= VEk+ (W Hk + (Vi b — (h, k) Vo= |, )
so Vg =0 is equivalent to

0==2

4

Plugging in & = g shows that V&E f is proportional to g; and by inspecting the equation again then necessarily
—% =df(@)=Dgf = VgEf and dF (h)g = (h, g)g V8 f. Combining these two equations yields V8 f = —ﬁg
and substituting this back into the second equation yields df (h) = —%(g, h)n. Now consider a path {g(¢)}. Then

h+df(h)g+df(g)h— (h,g)s V" f, forall h.

d 1 _1 1d
Ef(g(l‘)) =~y tr(g()™ ' g1) d Vg = PT log V1),
M
hence f(g) = —% log V, + C (as M is path connected), as desired. O

Since, by the proof above, g is the gradient vector field of 2log V' with respect to gy, we have the following
corollary, which will prove crucial in integrating the geodesic equation for gy in Section 4.

Corollary 3.2. The Hessian of log V satisfies
VéNdlogV =0.

In particular, 1og 'V is linear and V is either strictly monotone or constant along gy-geodesics.

By the above corollary, if g(t) is a gn-geodesic and (Vg (1)), (0) = 0, then V() is constant. This gives the following
fact.

Corollary 3.3. For any v € Ry, the submanifold M, := {g € M: Vg = v} is totally geodesic in (M, gx).
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As Corollary 3.5 below will imply, the above statement is true for g, only when p = 1. In particular, it is false for
the Ebin metric.

By using the Koszul formula (or else by using (5) and the known expression for V&), one can directly compute
the Levi-Civita connection of gy for constant vector fields 4, k to be

1 1, 1 1
v,ka|g=ZgN(k,h)g—Ztr(g Thg lk)g—ihg lk—ikg Th

1, _ 1 1 1
+ Ztr(g "h)k + Ztr(g k)h — ZgN(h,g)k - ZgN(k, 2)h. (6)

It is torsion free (symmetric in & and k), and one checks directly that it is metric compatible, hence it is the Levi-Civita
connection.

It is well known that along gi-geodesics the volume is quadratic [17]. This is explained by the following lemma
and corollary, which are in a similar vein to Corollary 3.2.

Lemma 3.4. We have

Ve AV = 2= p)lg,.
Proof. By (5) and (6) for constant vector fields 4, k,
1 I 1. _ |
VK|, = %(k,h)Ng — (g™ hg™"k)g — 5hg 'k — Skg '

1 2
+ (e )k + —tr( oh = 2 @)k = Do (k. ).

Thus,

Ve AV (h, k) = lVgp(l—P)V P (g, k)E——(l—p)V P(s. Vg"k)
p(l—p) —p _

_W(g:h)E(g’k)E T (h k)g + VP (g.tr(g 1h)k)E

_np(1—p) n(l — p) 1—

h,k 7hk
sy (R = (ks o

4 1 p(1—
- ——(g.r(g 7 h)k) + 7 v

= g(l -y k). O

P .y

p+1 (g,h)E(g,k)E

Corollary 3.5. Along unit-speed g,-geodesics g(t), V1=P grows quadratically (p # 1),

1 —
VP = 21— p)22 4+ —Lagr + V1P 0), )
16 2

where

. 1 L -1
ao:=—5 | f(0)dVyg, f@):=tr(g™ g).
VgoM

In particular, Vy(;y converges to 0 (if p < 1) or to oo (if p > 1) in finite time precisely along constant conformal
directions, i.e., if g;(0) = Ag(0) for A € R and A negative (if p < 1) or positive (if p > 1). Also, along a unit-speed
gp-geodesic (for any p € R),

d(1 av, ) ="a 8
E(W/f g)—Z( - p). ¥
M
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Proof. Let g(¢) be a unit-speed g,-geodesic. By the previous lemma, we have that
“ i P(1) = d dv'=P(gi(n) = av'=r( (t))—ﬁ(l— )?
dr? = 8t Va0 &)= P
This proves that yi-r grows quadratically, and (7) follows from the observation that 7 d yl-p 0) = —ao
By the quadratic formula applied to (7), the equation V=P (fy) = 0 has a real solution o if and only if aé -
nV1=P(0) > 0. Furthermore, by the Cauchy—Schwarz inequality for the Hilbert—Schmidt scalar product on symmetric

matrices, f ()% =tr(g 'g)? <tr((g'g)H) tr(l) = ntr((g™ 1 g1)?), with equality if and only if g, = Ag for some
A € R. Therefore, again using Cauchy—Schwarz,

1 2 (1
al = (W/f(omvgo) < Vg 1’<W/f(0)2dvg0)
gOM 80 M

_ n _ _

< Vglo p<W/tr((g(()) lg’(o))z)dvgo) :”Vglo ’
80

M

where the last equality holds because g,(g;(0), g;(0)) = 1 by assumption. Note that equality holds in the above if and
only if g,(0) is a constant scalar multiple of g(0). Thus this is the only condition under which a(% —nVI=P0) >0,
and the statement about V() converging to 0 or co in finite time follows.

Finally, to prove (8), note that % vi=p@) = l_—p . V+(t) f u J () d V(. The result then follows from differentiating
this equation and applying the fact, shown above, that V1 Pty =51 — p)?. O
Eq. (8) in the corollary above provides an integral for the geodesic flow of g, which allows solving the geodesic

equation explicitly, in the spirit of the work of Freed—Groisser. This will be carried out for gy using Corollary 3.2 in
Section 4.

3.2. Conformal deformations and curvature

Our main purpose in this subsection is to study which conformal deformations of g still have nonpositive curva-
ture. The next result shows that there is precisely one metric of the form gx/ V7, besides gy itself, whose curvature
is nonpositive—it is also the unique such metric with curvature conformal to that of gp—and this characterizes the
second Ebin metric

g2 =g/ V2
among all conformal deformations that depend on the volume.
Proposition 3.6. The curvature of g, is nonpositive if and only if p = 0 or 2. Moreover, the curvature of g2 = gx/ v?
is conformal to the curvature of gz,

RS2 — RSE /Vz,
and this property characterizes g», up to scaling, among all conformal deformations €*f g, with f : M — R a smooth
function depending only on V.

In the proof we make use of the following computation:

Proposition 3.7. The curvature tensor of g, is given by

1 2p — p? n
RS = WRgE + —p16p 8p@<V2p_28b" ®g" — EVp_lgp)’ &)

where g°» is the 1-form dual to the tautological vector field g with respect to gp and QY denotes the Kulkarni-Nomizu
product.
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Let h, k be tangent vectors that are orthonormal with respect to g,. The sectional curvature of the plane R{h, k} is

2p—p

1 2
Secgp(h’ k)= WSCCgE(h, k) — T (V2p—2(g7k)i + V2p—2(g’ h)% — nVP—l)_ (10)

Proof. The formula for the curvature under the conformal change g — ¢/ g, is [1, p. 58],

1 (.
R= V<RgE +gE®<VgEdf—df®df+EldflEgE>>, (11

and this applies in infinite dimensions as can be verified from its proof. (Note that our convention is R(X,Y)Z =
(VxVy — VyVx — Vix y])Z, the opposite of Besse’s.) Let f(g) := —%log Ve and fp(g) == pf(g) = —g log V.
Assume first that p = 1. We claim that

1
VgEdf=§(g, Inlg, ')N_EgN—zdf®df . (12)

To see this, compute using the formula VgE g = h (cf. the proof of Proposition 3.1) and the metric property of V&»
to deduce

VEE df (h, k) = (VE° df) (k) = VE® (df (k) — df (VEPk)

1 1 1
= _vafE (V(g, k)E) + Z(g, Ve,

1 n 1 1
= 2@ (g k) = 12 (s = 7 (8. Vi™H), + 5 (8. Vi),

8 4
1 n
= g(g,h)N(g,k)N - —(h,k)N. (13)
Second, note that df = —1g"1, |df 12 =|V f|% = &lg|% = &, and |df | gx = |df |2 ge. Thus,
1 1 n
RSN — __R&® 1 by by _ 2 . 14
v + 16gN®<g ®g 2gN> (14)

To conclude the proof, note now that V&2 df, = pVEedf =2pdf ® df — %gN, dfy, ®df, = p*df ®df, and
L1df, 2 go = L 1df12 g = L2 gx. From (11) we thus obtain

1 n
8p — g _ p2 _ r—1
R”_VPRE+(2p p)g,,@<df®df 32\/ g,,).

Since df = —1(g, )n=—18"1 = —1VP1g" (9) follows.
Next, recall that
GQP®H(a,b,c,d)=G(a,c)H(,d)+ G(,d)H(a,c) — G(a,d)H(b,c) — G(b,c)H(a,d).
So if & and k are gp-orthonormal, g,® g, (h, k, k, h) =2(h, k)§) — 2|h|§,|k|§ =—2, and

B ("7 ® ") (h, k, k, ) =2(h, k) (8" @ &"7) (I, k)
— (h.h)p (87 ® 8"7) (k. k) — (k. k) (8" ® 8"7) (h, h)
_ 2 2
—_ _(gak)p - (gvh)p
By definition, secé” (h, k) = g,(R87(h, k)k, h), and so (10) follows. O

Proof of Proposition 3.6. Let f = f(V,) be a smooth function on M. Then df = f'dV = %f’(g, Vg, OF
VéE f =1 f'¢ and 1|V8E f|2 g, = 2(f")2Vgs, while df @ df = 1(f")?¢"® ® g". A computation similar to (13)
gives VSEdf = f/’ng®ng+ gf'ge. So
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: 1
RE =T RE™ 4 2o gu@® ((f” —(f))g= ©8™ +5(F +V(f) )gE),
and analogously to the proof of (10), we may compute

" N2
secF (. k) = ¢ seck® (h. k) — %((g,k)ic + (. }) = 757 (1 + V(1))

Suppose now that sec®/ = ¢/ sec®. Then considering directions %, k tangent to M u gives that f/ + V(f N? =
from which it follows that either f = —logV +C,ie., gf = e*Cg./ V% orelse f/=0,ie., gr= e*Cgy. O

3.3. Conformal transformations and a duality map

By Proposition 3.7, g2, and g, have the same curvature tensor, up to a conformal factor. Here we observe that
there is also a conformal diffeomorphism F : M — M that relates these two metrics, so they are in fact isometric,
and in this sense g» does not provide a new geometry compared to gg.

Consider the map F' : M — M defined by F' (g) :=V9g.Let h € T M be a constant vector field. Then

d
dF(y=—| (@+thV]y,=Vih+3 q(g,h)EVq e
t=0

Hence, a careful computation shows that

n _ noay—
gp(dF(h>,dF<k>)lF<g>=gp+%q<p_1><h,k)+(1q2+q>v<1 PUID=2 (g, )5 (g, K-

To summarize, we have:

Proposition 3.8. The diﬁeomorphism F (g) — Vi g of M is an isometry between the spaces (M, g2—,) and
(M, gp), and we have V(g = Vand F~' = F. In particular, (M, g2) and (M, g,) are isometric.

It is interesting to note that using this result one obtains rather effortlessly the solution of the geodesic equation
for g, building on the much simpler one for g ([18, Thm. 3.2], [17, Thm. 2.3]). In fact, a direct solution of the
g»2-geodesic equation using the fact that the inverse of the volume is quadratic (Corollary 3.5) is substantially more
involved.

Remark 3.9. If ¢ is a positive differentiable function, and F(g) := ¢(V,)g, then

"> (Vr(g) "2 (1o
ol ="y Bslg + Vi (8. e (g, ke p <@V+ 1)

Hence, the only such map F that is an isometry between g and any g, is given by Proposition 3.8.

(dF(h),dF (k))

4. Geometry of the generalized Calabi metric

In this section, we study the geometry of the metric g in more detail. In the first subsection we solve its geodesic
equation for any given initial data. In the second subsection, we compute the sectional curvature, and examine the
extrinsic geometry of certain submanifolds in the spirit of [12], showing that the Riemannian analogues of the space
of Kéhler metrics are totally geodesic. These spaces are naturally isometric (via the Calabi—Yau Theorem) to the usual
spaces of Kihler metrics. These facts, together with the explicit formula for geodesics, give a precise meaning to the
statement that g generalizes Calabi’s geometry on the space of Kéhler metrics.

4.1. Geodesics

From (6) we obtain the geodesic equation for (M, gy),

1

_ o 1, . 1 _ 1
(¢ 1gz),=4—¥tr(g 'gig lgz)(S—Etr(g 'e)g 1g1+§(gz,g)Ng 1gt—zlg1|§5, (15)
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where 6 denotes the Kronecker tensor corresponding to the identity matrix. The last two terms are the new terms
compared to the geodesic equation for gi. Since they are non-local, the solution of the equation becomes substantially
more involved and requires making use the ‘constant of motion’ of the geodesic flow found in (8).

The solution of the initial value problem for the geodesic equation is given by the following theorem.

Theorem 4.1. Let g(0) € M, and let po := d V(). Then the geodesic in (M, gv) emanating from g(0), with initial
tangent vector (a, A) € T, Vol(M) x Ty0) My, is given by the following.
Define o := |(a, A) |y and

2 no? —a? o ap n 2
=—— [ a, by =, ——2, =, =/t 0)~1A)%).
wimpg [o =TRSO e
M

First, if bo =0, then g(t, x) = e"’“/'_’g(O, x).
If by # 0, then for each x € M,

2
1 ¢*+r? q L a4\
g(t,x)=<§<l— bg )COS(bOt)+b_081n(bOt)+§ 1+T

2 r sin(bot) _
™M g (0 = tan™! 0)~'A|. 16
¢ 8 )exp|:r an (b0+bocos(bot)+qsin(b0t)>g( ) (16)

Here, we take the exponential term to be the identity if A(x) = 0.
If A(x) #£ 0, then in (16), arctangent takes values in [Tk — %, wk+ %] whenevert € [W, %]fork e,
where

1,902 b, .
27 — cos 1(Z(ﬁ)2+bg ifq(x) >0,
0(x) := , 5
_1,q)*=b .
cos 1(3&)2“}% ifqg(x) <0.

(Here, arccosine takes values in [0, ].)

The domain of definition of g(t) is [0, 0o0) if by = 0. If bg # 0, the domain of definition is [0, ty), where tq is the
infimum of 0(x) at points where A(x) = 0. (We take the infimum to be oo if there are no such points.) In the case where
the geodesic exists for only finite time, it approaches a limit point on the boundary of M C I'(S*T*M) as t — to;
i.e., e (x) — 0 for at least one point x € M.

Remark 4.2. Theorem 4.1 gives a precise meaning to the statement that gy generalizes Calabi’s geometry on the
space of Kihler metrics. Indeed, on the level of volume forms, Calabi’s geodesics in the space of Kéhler metrics (or,
via the Calabi—Yau Theorem, on the space of volume forms with total volume v) are given by

2
dVery=dVy (Gﬁsin(%t/ﬁ) + cos(%t/ﬁ)) ,

where (dVy0)): = Gd Vg0 [12, Remark 5.7]. On the other hand, in proving (16) one shows that the volume forms
along gy-geodesics satisfy an equation of a similar form—see (28)—and the two equations can actually be shown to
exactly coincide when A =0 and ap = 0 by using trigonometric formulas and carefully identifying the integration
constants.

Before we give the proof of this theorem, let us point out a contrast to the Ebin metric. Like the case of gg (cf. [17,
§21]), geodesics in (M, gy) exist for all time if A(x) # 0 for all x € M. However, the converse of this statement also
holds—if A(x) = 0 for some x € M, then the geodesic only exists for finite time—unless by = 0. (In the case of g,
this happens only when there is a point where A(x) = 0 and (o/uo)(x) <0.)

Note also that, as in the case of the Ebin metric, any conformal class—a submanifold of the form Pg with g € M—
is totally geodesic, as can be seen from Theorem 4.1 by putting A = 0.

We will solve the geodesic equation in the following subsections, beginning with general considerations and then
considering various special cases.
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4.1.1. The general case
We let C := g~ !g, and decompose into pure trace and traceless parts: C =: E + %I, withtrE =0, 1ie., f =trC.
From (15), we obtain the pair of coupled equations

1 E
Ei=—3fE+5 [ rav. a7
M
and
n 2 f2  no? f
ﬁ:Ztr(E)_T_T+W/de’ (18)
M

where o = |g;|x, Which is constant since g is a geodesic. The last term in the first equation and the last two terms in
the second equation are new compared to the unnormalized metric.

The following relations hold between E, f, and data related to the splitting M =V x M, where 1o 1= dVy,
(cf. Section 2). We write g = (%)2/ "h, where g, =dV, and h € M, i.e., h is the unique metric conformal to g
with dVj, = juo. Then g1 g, = h™'h, + 2 ";gg” 1, implying that £ =h~"h, and f =242

We define )

1
¢:=f—V/deg.
M

Note that V! fM fdVy = 2%(log Ve(r)). Hence, by Corollary 3.2, this quantity is constant along g(z). So defining

1
ap = 70) / F0)d V),
M

we have ¢ = f — ag and ¢; = f;.
Now, note that

2 f [ 1, 1/1 f 2
-4 = =—- - = . 19
4 + 2V ! 4 + 4\V ! (19)
M M
Using this, together with the considerations of the previous paragraph, we can rewrite (17)—(18) in terms of ¢,
E=-2k, 0)
2 2 2
n no 1) ap
=-tr(E}) - — -+ 2 21
O 4 r( ) 1 2 + 1 2n
Note that

(r(E?)), =2u(EE) = <V1 / favg — f) tr(E?) = ¢ tr(E?)
M
(so tr(E2) = exp(fy (V™! [}, fdVg — f)ds)tr(E*(0))). Hence, differentiating (21) yields

1
b = —%d)tr(Ez) ~ 51,

and substituting for tr(E 2) using (21) we obtain

Apys + 60¢: + ¢° = p(af — no?). (22)
We now let
pi=H a2, (23)

Ho
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It follows that 2p; / p = 2(g): /10 — ao = ¢. Thus, the left-hand side of (22) equals 8 p;;;/p, hence p satisfies

4pis — (a§ —no?)p, =0. (24)
Let
no? — a2
by =, ——2
0 4

Note that by is real-valued and positive, since o = |g;(0)|x and so

2_ ;/ 2 1 / 2
= V(O)M tI'(C(O) )dVg(o) > nV(O)M f(0) dVg(o)

b1 0)dV, "% 25
(v [ r0av0) =3 >
M

where the second inequality is Cauchy—Schwarz. Note that the first inequality is an equality if and only if E(0) =0,
and the second inequality is an equality if and only if f is constant. Therefore, by = 0 if and only if g,(0) = Ag(0) for
some X € R.

Now, integrating (24), we have

pu+bip=C, (26)
for some C € R. It follows that

__ ] Cicos(bot) 4+ Casin(bot) + C3, if by #0,
p(t)_{C1t2+C2t+C3, if by = 0. @7)
By (23), then,
(Cy cos(bot) + Cysin(bot) + C3)e™!/2 | if by 0, 28)
/,L() (Clt + Cot + C;)eaot/2 if by =0.

We now consider the initial value data needed to determine the constants of integration. Note that (23) implies that
p(0)=1and p;(0) = a/pno —ao/2.
To determine py,(0), we first use that ¢ = 2p;/p to see that on the one hand,

0)p(0) — 0))2 2
¢t(0):2(ﬂ> (O)=2p”( )p(0) 2(Pt( ) =2p,,(0)—2<i—a—0> '
P/ p(0) o 2
On the other hand, we see by (21) and the fact that f(0) = 2«/ o that

0="u(Eo?) "2 ¥ S & @ g
E 1 _l o 2_ a  ap 2
7 o((e04)) 4(2M0 aO) b0+2(uo 2)
1
E(q +r2 = bg),

where ¢ :=a/po —aop/2 and r := |/ § tr((g(0) "1 A)?).

This gives all the information needed to solve for g /o in the individual cases. To solve for &, we must use (20)
and the fact that ¢ = 2p,/p to see that E, = —(log p), E, implying E = E(0)/p = g(0)~'A/p. Since E = h~'h,,
this gives

' he(t) = g(0) A/ p(2). 29)

We now give the solution of the geodesic equation for each special case.
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4.1.2. The case bog =0

In this case, we have agp = o4/n and g;(0) = 1g(0) for some A € R, as noted after (25). Therefore, A = 0 and
g =0 =r,implying p,(0) =0 = p;,(0). This gives, inlight of (27), C{ = 0= C3,and C3 = 1. Thus, g /uo = eoV/nt/2
by (28), and k(t) = g(0) by (29). The solution of the geodesic equation in this case now follows.

4.1.3. The case by #0, A(x) =0
Here, (27) implies that

1 q° q 1 q*
Ci=|1-7=), Cr=—, CGi=-(1+% ),
1 2( b%) 2 bo 3 2( +bg

and thus
1 2 2
Pe _ —((l - q_2> cos(bot) + 2-L sin(bor) + 1 + q—z)eaot/z.
mo 2 b bo by

As in the previous case, since A(x) = 0, (29) gives h(t) = g(0), so the solution of the geodesic equation in this
case follows.

It remains only to determine the domain of definition of g(¢). Eq. (16) implies g(¢) is a smooth Riemannian metric
unless the coefficient of g(0) in that equation vanishes at some point x € M, which happens if and only if p(z, x) =0.

To see when this occurs in the case we are considering, set a := cos(bgt), so that sin(bot) = £+/1 — a2. Setting
p(t, x) equal to zero then leads to the quadratic equation

2 4 4 2 4 2
(1 —zq—2 + q—4>a2+2<1 — q—4)a + (1 +2q—2 + 6]—4) =4q—2(1 —a?),
bO bO bO bO bO bO

(A

. . 2-p2 . . . . . .
Plugging the solution cos(bpt) =a = ZZHJg back into the original equation gives that sin(bpt) must be negative if
0

g > 0, and positive if g < 0. Therefore, letting arccosine take values in [0, ], we have that p(¢, x) = 0 if and only if

or

TN keZ, ifqg>0
q2+bg))s e £ 1 q/ £

i(an—}—cos’l(qz_bg)) keZ, ifqg<0
bo 2+b2 o =0

%(Zﬂk —cos~I(

(30)

We also note that p(z, x) is periodic in ¢, is zero for exactly one value of ¢ in each period, and is positive for r =
2k /bg. Therefore, p(t, x) is nonnegative for all ¢.

4.14. The case A(x) #0
Similarly to the last case, we can compute the constants C1, C», and C3 to find

1 2 2 2 2
Mg _ —((1 _4 —i;r )cos(bot) +2Z sin(bot) + 1 + %)e“ol/z.
mo 2 b;; bo b

Either by integrating (29) or directly verifying that the following solves that equation, one sees that in this case,

t

h(t,x) = g(O,x)exp((/ p(s)”! ds>g(o,x)‘A(x)>

0

2, .2
= g(O,x)exp|:%<tan_1 (i + ¢ +r tan<@t>> —tan~! <€)>g(0)_1A:|. 31D
r r bor 2 r
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Using the sum formula for arctangent and the half-angle formula for tangent, we can write this more elegantly as

rsin(bot)
by + bg cos(bot) + g sin(bpt)

2
h(t, x) =g(0,x)exp[—tan_1( >g(0,x)_1A(x)]. (32)
r
As in the last case, (16) implies that g(¢) is a smooth Riemannian metric unless the coefficient of g(0) is nonpos-
itive. We claim that in this case, p(z, x) > O for all ¢, implying the coefficient is always positive at x. To see this, we
write

2 1 2 2
p(t,x) = ~— (1 = cos(bor)) + = ((1 - q—) cos(bot) + 2-L sin(bot) + 1 + q—).
’ 2bo 2 b3 bo bg
Since r > 0 in this case, the first term (involving r) is always nonnegative, and it is zero exactly when 7 is an integer
multiple of 27 /by.

On the other hand, the second term (involving ¢) is formally exactly the same as p(¢, x) from the previous case. In
particular, it is always nonnegative, and is zero exactly for those values of ¢ given in (30). But this shows that when
the first term is zero, the second term is positive, and vice versa. Therefore p(¢, x) > O for all 7.

Finally, to be precise, we must specify the branch of arctangent for various ranges of ¢ in (32). That entails determin-
ing when the argument of arctangent in (32) becomes unbounded, and so we begin by finding when the denominator
is zero. Again substituting a := cos(bpt) and setting the denominator equal to zero leads to the quadratic equation

b2(1+a)* =g*(1—d?),

232

which has solutions a; = ZZTZ(Z) and a; = —1. These two solutions coincide if g = 0, and if g # 0, then the argument
0

of arctangent in (32) approaches r/q as t — m = cos~!(—1). Therefore the argument remains bounded in this case,

and so we are only interested in a;. Substituting cos(bot) = a; and sin(bpt) = +,/1 — af into by + bocos(bot) +

q sin(bot) = 0 shows that in this case, sin(bgt) must be negative if ¢ > 0 and positive if g < 0. Note also that as byt

approaches a| from below, the argument of arctangent in (32) approaches +o00. Thus, the branch of arctangent jumps

as t approaches the values

1 _1,9°-b .
%(an—cos (5=3)), keZ, ifqg=>0,
q°+b; (33)

Lok +cos  (L=0)), keZ, ifq<0
p; 27k + cos (42+b(2)))’ €7, ifqg<DO.

Since p(t, x) > 0 for all ¢, the integral fot p(s, x)~ds is strictly increasing; therefore, the branch of arctangent in (32)
“jumps upwards” at each value of ¢ in (33).
This completes the analysis of the final case in Theorem 4.1.

4.2. Curvature and relation with Calabi’s space of Kdhler metrics
We next restate Proposition 3.7 in the case p = 1.

Theorem 4.3. The curvature tensor of gy = gg/ V is given by

1 1 n
8N — __ p8E 4 b b
R VR + 16gN®<g ®g 2gN>, (34)

where g is the 1-form dual to the tautological vector field g with respect to g. Let h and k be unit tangent vectors
with (h, k)x = 0 and |h|§ = |k|§ = 1. The sectional curvature of the plane R{h, k} is

(8. 5> (g h)? n
— —. 35
16 16 + 16 (35)

1
secSN(h, k) = VsecgE (h, k) —
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A conformal class Pg is totally geodesic (put A =0 in (16)). However, unlike the Ebin metric, it is no longer
flat, and its curvature now changes sign. Furthermore, since sec$® is nonpositive [17, Corollary 1.17], the sectional
curvature of gy is bounded from above by {¢.

Let (M, J, ) be acompact closed Kihler manifold of complex dimension m = n/2, where J denotes the integrable
almost complex structure and w denotes the Kéhler form. Denote by  the space of Kéhler metrics cohomologous
to w. The higher-dimensional Riemannian analogue of 7 is the space of metrics of fixed volume v within a conformal
class, Pg N M, (where M, :={g: V, = v}); in fact, these notions coincide for Riemann surfaces, while in higher
dimensions, using the Calabi—Yau Theorem [26], H is isometric to PgNM,, [12, §4.2]. Now, H is not totally geodesic
in (M, gg) [12, §3]. Yet it has constant positive curvature in the induced metric. This geometry on H is called Calabi’s
geometry [4,5] (see also [12]). The following corollary describes another sense (in addition to Theorem 4.1) in which
g~ generalizes Calabi’s geometry on the space of Kihler metrics. It is one of our motivations in introducing the
metric gy.

Corollary 4.4. The space of metrics of fixed volume within a conformal class Pg N M, is totally geodesic in (M, gy),
and has constant curvature %. In particular, when M is a Riemann surface the space of Kdhler metrics H is a totally
geodesic portion of a sphere in (M, gy).

In fact, for p = 1 and m = 1, H C M is the intersection of the totally geodesic submanifolds M, (cf. Corollary 3.3)
and Pg.

In other words, gy equips M with a geometry for which the “Riemannian Kéhler spaces” Pg N M, (which are
isometric to H) are totally geodesic portions of spheres, and in this sense extends Calabi’s geometry to the whole
of M.

Remark 4.5. By (10), the space Pg N .M, has constant curvature % in (M, g,). However, by adapting the proof
of [12, Proposition 3.1], one may readily show that this space is no longer totally geodesic for p # 1. In a related vein,
but with a little more work, one may also show that H is no longer totally geodesic for gy when m > 1.

5. The distance functions and the metric completions

In this section, we analyze the distance function d,, of g, especially in comparison with the much better-studied
distance function dy of the Ebin metric. These distance functions are defined in the usual way as the infimum of
lengths of piecewise differentiable curves between two points.

Our main result gives one further way that the metric gy is distinguished among the family considered in this
article. Namely, the (metric) completion of (M, dy) is strictly smaller than that of any other d,,. In fact, we will see
that for each p, the completion of (M, d),) is given by a quotient of the space of symmetric (0, 2)-tensors that are
measurable (as sections of S>T*M) and positive semidefinite. (The quotient is given by identifying tensors that agree
wherever they are positive definite; equivalent tensors may disagree over a set where they are not positive definite.)
However, if p = 1, then the completion consists only of such tensors with finite, positive total volume. If p < 1, the
completion contains a point representing all such tensors with zero volume, and if p > 1, the completion contains a
“point at infinity”. (For precise statements, we refer to Section 5.3.)

In the process of proving the completion result, we will show that di; and d),, for p # 1, are equivalent on subsets
of metrics with fixed bounds on their total volume (Section 5.2). It turns out that dy, and dy are also equivalent on such
subsets, but only locally (i.e., on small metric balls). While we suspect d, and dy are inequivalent when considered
on the entirety of such a subset, we have no proof of this fact as yet.

5.1. The metric completion

To state the result about the completions of (M, d},) in each of the cases mentioned above, we must introduce some
notation.

Definition 5.1. We denote by M  the set of measurable, positive-semidefinite sections g : M — S 2T*M with finite
total volume. That is, a section g € M  if and only if its restriction to any coordinate charts is a measurable mapping



B. Clarke, Y.A. Rubinstein / Ann. I. H. Poincaré — AN 30 (2013) 251-274 265

between subsets of Euclidean space, g(x)(X,Y) > 0 for any x € M and any X,Y € T, M, and V, = fMdVg < 00.
Here, dV, is as usual given locally by /det gdx' A --- A dx"™ (which induces a nonnegative measure since g is
measurable and positive semidefinite).

We also define My := M /~. The equivalence relation ~ is defined by g ~ & if and only if the following
statement holds almost surely (up to a Lebesgue-nullset): g(x) # h(x) implies det g(x) = deth(x) =

Remark 5.2. We note that the concept of a Lebesgue-nullset on a manifold, used in the above definition, is well
defined independently of a volume form as a set whose image under any coordinate chart is a Lebesgue-nullset in R”.

We can now state the result, which we will prove in the remainder of this section.

Theorem 5.3. The metric completion (M, dp) of (M, d)) can be identified with

1. ﬂf\-i- i=Mypy/~if p=1, where My, C M consists of those elements with positive total volume;

2. Myrifp<l;

3. m U{goo} if p > 1, where goo is a “point at infinity” represented by the single equivalence class of Cauchy
sequences {hi} with limy_, o0 Vi, = 00.

In particular, (M, gx) is strictly contained in (M, g,) forall p # 1.

For p # 1, one can very heuristically view these completions as cones, where for p < 1 (resp. p > 1), metrics
with zero (resp. infinite) volume are identified to a point. (Of course, there are other identifications occurring, so this
picture is not very rigorous.) In the special, scale-invariant case p = 1, this cone is opened to a cylinder.

We begin proving the above theorem by showing the equivalence result mentioned at the beginning of the section.

5.2. The (local) equivalence of d,, and dx

In this subsection, we show that d;, and dy, are equivalent metrics—as long as p # 1—on any subset of M satisfying
an upper and lower bound on the total volume of any element in the subset. Furthermore, we will show that for any p,
they are equivalent on small balls (of some uniformly positive radius) in such subsets. To do so, we first show that
the function sending a metric to its total volume is continuous on (M, d,,) for any p. This allows us to prove the
uniform local equivalence for any p mentioned above. Following that, we state a result that, in particular, implies that
subsets of metrics with certain bounds on their total volumes have bounded diameter with respect to both d), and dx,
for p # 1. (It is at this point that the proof fails for p = 1; however, we do not yet know whether p # 1 is an essential
assumption.) A simple metric space argument then gives the global equivalence on the subsets we are considering.

We begin this process with the following lemma, which was inspired by [21, §3.3] and generalizes [8, Lemma 12].

Lemma 5.4. Let g, h € M. Then
1—p

dp(g. ) > § 0= pM'Vh TVt p#L

vt Al p=1.

In particular, the function g — V, is continuous on (M, dp).

Proof. Let y(¢),t € [0, 1], be any path from g to &, and define k(¢) := y;(¢t). We compute
1 4 1 w2 172
@wmzi tr(y @dw<§JW (e(y~'k))"dVv, ) (36)
M M

where we have used Holder’s inequality in the second line.
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Let ko () denote the trace-free part of k(¢). By the orthogonality of traceless and trace-free matrices in the Hilbert—
Schmidt product (A, B) = tr(ABT), and since k = ko + :—l tr(g_lk)y, we have

(tr(y~'8))” =n(te((y~'0)°) — (v ko)) <ner((y~'0)%).

Applying this to (36) gives

| 1/2
% Vya) < 5\/"7(”]“((7/_11‘)2)‘”/)/) < g\/v_ﬂk"? = f y(t) |k|p

M
Now, let p # 1. We estimate
1 1
l;p # 1-p p
V,: =V, :/3 Vy([) / Vi V. y(t) dt
0 0
(1-p)y/n (1—-p)y/n
< #/\k(r)]ﬁd: - TPIL,,(;/). (37)

Since this inequality holds for all paths from g to A, and we can repeat the computation with g and % interchanged,
it implies the result for p # 1. The case p = 1 follows analogously to (37) if one begins with the quantity log(V},) —
log(Vy) on the left-hand side. O

The following is an immediate corollary, and hints at the completions described in the introduction to this section.

Corollary 5.5. If {hi} C M is a d,,-Cauchy sequence, then {Vy, } converges in R, U{0} (for p < 1), Ry (for p=1),
or RU {+4o00} (for p > 1).

Lemma 5.4 also yields the following comparison between d, and ds.

Corollary 5.6. Let v' > v > 0 be given. Define M,y :={g € M: v <V, <V'}. Then there exists § =8(v,v') >0
such that if g € M, v and h € M, then

1. dy(g.h) < 8 implies d,(g, h) < max{(2v")~?, (5)"P}dx(g, h), and
2. dp(g, h) <& implies di(g, h) < max{(2v")?, ($)P}d, (g, h).

Proof. By Lemma 5.4, the function g > Vj is uniformly continuous with respect to both d;, and di, on M, ,». So we
can choose & small enough that if ¢ € M, v, h € M, and either d,, (g, h) < 28 or dy(g, h) <28, then 5 < Vj, < 2v'.

Let g, i, and § be as above, let 0 < € < § be arbitrary, and let {y (t)}:c[0,1] be any piecewise differentiable path
connecting g and & that satisfies L (y) < dg(g, h) + €, where we denote by Ly and L, the length with respect to gg
and g, respectively. Since di(g, ¥ (t)) <26 forany ¢ € [0, 1], % <Vyn < 2v’ for all ¢. Thus we may estimate

1 1
—-P
Lp(y(t)):/|y,(r)|pdt=/V_p|y,(t)|Edtgmax{(2v/)_p, (%) }LE(y(t)).
0 0

Since Lg(y(t)) < dg(g,h) + € and € was arbitrarily small, this proves statement (1). Statement (2) is then proved
completely analogously. O

Since g, is, as discussed in Section 2, a weak Riemannian metric, the distance function d;, does not a priori induce
a metric space structure on M as it is not a priori positive definite. (Note that the other metric space axioms follow,
as in the finite-dimensional case, directly from the definition of the distance function as the infimum of the lengths
of piecewise differentiable curves between two given points; e.g., the triangle inequality follows from an argument
involving the concatenation of two curves.) In fact, there are examples (e.g., due to Michor and Mumford [20,21])
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of weak Riemannian manifolds with induced distance between any two points zero. However, it has been shown
[8, Theorem 18] that di; does induce a metric space structure on M, and so Corollary 5.6 gives:

Corollary 5.7. (M, d,) is a metric space.

We now give a proposition that estimates d,, from above in a way that is, at least in spirit, converse to Lemma 5.4.
This proposition allows us to bound the distance between two metrics based only on their total volumes and the
intrinsic volumes of the set on which they differ. A direct consequence is a diameter bound for subsets of metrics
satisfying a bound on their total volumes.

Proposition 5.8. Suppose that g, h € M, and let E :=carr(h — g) = {x € M | g(x) # h(x)}. If p # 1, then there exists
a constant C(p, n), depending only on p and n =dim M, such that

dy(g,h) < C(p,n)- (Vg "2 YVOI(E, g) + V, P\ /Vol(E, ).

In particular, let 0 < v < 0o. Then if p < 1, we have

diamy, ({& € M | Vol(M, §) < v}) <2C(p,myv 7",

If p > 1, then we have
diam({g € M | Vol(M, §) > v}) <2C(p, myv' 7"

Since the proof of this proposition is rather lengthy, we postpone it to Appendix A.
Corollary 5.6 and Proposition 5.8 imply, with just a little extra work, that d,, (p # 1) and d;, are equivalent on the
sets M, , defined in Corollary 5.6.

Corollary 5.9. Let p # 1 and 0 < v, v' < co. Then d,, and dy, are equivalent on M, ,y (where by d,, and d,, we mean
the extrinsic distance induced by g, and g, respectively, on this subset).

Proof. Let g,h e M, .
Corollary 5.6 implies that there exist € > 0 and 1 <7 < oo such that if either d, (g, h) < € or dg(g, h) <€, then

0~ dp(g.h) <ds(g.h) <ndp(g. h). (38)
On the other hand, let di(g, h) > €; then the preceding paragraph gives dp(g, h) > n~'e. Furthermore, Proposi-
tion 5.8 implies that there exists D < oo such that the diameter of M,, ,/ is at most D with respect to both d,, and df,

so we also have di(g, h),dp(g, h) < D. Thus,

-1 -1

_ € noe
dp(g,h)>n"le= 5 D> T5di(s, b,

and
D D
dy(g,h) <D= ?e < ?dE(g, h).
This completes the proof. O

5.3. The completion of (M, d))

Using these results, together with the characterization of the completion of (M, dg) in [9], we can prove Theo-
rem 5.3.
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First, though, we need to recall the completion of (M, dg), as determined in [9]. This requires some background
discussion.

Definition 5.10. Let M, := S_%_ *M denote the set of positive-definite (0, 2)-tensors at x € M; its tangent spaces
are given by T, M = SZTX M. Define a Riemannian metric {-,-) on M, by (b, ¢), := tr(a="ba="'e) /det(2(x)~a),
where g € M is any fixed reference metric.

Let d, denote the distance function of (-,-) on M. Define a metric (in the sense of metric spaces) on M by

12
2:(g.h) = (fdx(g(x),h(x))de§> :
M

It is not hard to see that £2, is indeed a metric, and one can show that it does not depend on the arbitrary choice
of g (see [11]). The completion of (M, dy) is given by cl(My)/dM,, that is, by all positive-semidefinite (0, 2)-
tensors at x, with tensors that are not positive definite identified to a point. A sequence {a;} C M, converges in the
completion to [0], the equivalence class of the zero tensor, if and only if det(g(x)'ax) — 0 [11, Proposition 18]. One
can use this fact to show that the metric £2; can also be extended in a well-defined way to /\//l\f [11, §4.1].

In fact, we have the following theorem, which in particular says that, like curvature and geodesics, the distance
between points (and in a sense the completion) of (M, g) can be computed “fiberwise”.

Theorem 5.11. (See [9, Theorem 5.17], [11, Theorem 22].) Forall g, h € M, dx(g, h) = §22(g, h).

The metric completion (M, gg) of (M, gE) is identified with Mf That is, for each dgz-Cauchy sequence
{hi} C M, there exists a unique element h € Mf such that §2(hy, h) — 0. Furthermore, if {hi} € M is another
dg-Cauchy sequence with limy_, o d (g, hk) =0, then .Qz(hk, h) — 0 as well.

Using the (local) equivalence of d and d),, as well as the completion of (M, gi) as a basis for comparison, we
can now prove Theorem 5.3.

Proof of Theorem 5.3. We begin with general arguments. Following that, we treat the specifics of each of the three
cases.

Let {ht} be a dp-Cauchy sequence. By Corollary 5.5, {Vj,} converges either to a nonnegative real number or
infinity. Let’s assume that it converges to a positive number. Then there exist 0 < v < v < oo such that {h} C M,
(with notation as in Corollary 5.6). But then Corollary 5.6 implies that {i} is dp-Cauchy as well. Therefore, by
Theorem 5.11, {Ax} §22-converges to a unique limit point 2 in My with V;, > 0. This shows there exists a mapping

from the set of d),-Cauchy sequences in M with positive volume in the limit to M 7.

To see that this induces a well-defined mapping from a subset of the completion (M, d,) to ﬂf\% we must show
that if {h;} and {ﬁk} are d,-Cauchy sequences with positive volume in the limit and limy_; oo d) (hg, ﬁk) =0, then
{hy} and {hy} £2>-converge to the same element /1 € W But in this case there exist 0 < ¥ < ¥’ < oo such that {h}
and {fzk} both lie in M3 i, so this is implied by Corollary 5.6 and Theorem 5.11.

On the other hand, the same argument, with the roles of dy and d,, reversed, shows that if {A;} is a dz-Cauchy
sequence with limg_, o0 Vjy, > 0, then {h;} is d,-Cauchy. Therefore, the mapping from this subset of (M, d,) to

o

M ¢4 is surjective.

To see that the mapping from this subset of (M, d,) p) to ./\/l £ is 1njectlve we must show that if {/;} and {h;} are
Cauchy sequences with positive volume in the limit and limy_, oo dp (A, hk) # 0, then the §2;-limits of {h;} and {hk}
differ. But as in the proof that the mapping is well defined, this follows from Corollary 5.6 and Theorem 5.11.

Now, consider the case p = 1. Here, Corollary 5.5 implies that all Cauchy sequences have positive volume in the
limit, so the preceding arguments suffice for this case.

If p < 1, the only remaining d,-Cauchy sequences {h} are those for which limy_, o Vj, = 0, again by Corol-
lary 5.5. To complete the proof of the theorem, we must show that if {;} and {/;} are two such sequences, then
limy_, oo dp (hy, hy) = 0. But this follows from Proposition 5.8.

The case p > 1 follows from the case p < 1 using the isometry of Proposition 3.8. O
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6. Remarks and open questions
6.1. (Non-)control over geometry via d

In [10, Example 4.17], it was shown that the metric d is too weak to control, in any reasonable way, various
geometric quantities associated to elements of M. That is, functions mapping a metric in M to its curvature, distance
function, diameter, or injectivity radius are discontinuous, even in some weakened sense.

In fact, the same examples constructed in [10] for dy. are also valid for d),. To see this, and make it precise, we give
a result analogous to Proposition 5.8, with a statement weakened in order to handle the case p = 1. It only gives an
upper bound on the distance between metrics that agree as tensors somewhere on M. On the other hand, if two metrics
differ everywhere (the generic case), this proposition gives no information.

Proposition 6.1. Suppose that g,h € M, and let E := carr(h — g) = {x € M | g(x) # h(x)}. Given a measurable
subset AC M and g € M, let

A ._ -p/2 ~\—p/2
Vits = max{V, " Vol(M \ A, &P/},
Then there exists a constant C (n), depending only on n = dim M, such that

dp(g, h) < C(n)- (V5 ,y/Vol(E, g) + V5, VOI(E, ).

The proof of this proposition is postponed to Appendix A.
In [10], taking M = T2, the two-dimensional torus, several examples of sequences {/x} C M with the following
properties were constructed:

o dVy, =dVy forall k € N, where h denotes the standard flat metric on T2 (with both radii equal to 1);
e for each k € N, there exists a set Uy € M with hy = h outside of Uy; and
o Vol(Ug,h) — 0as k — oo.

The above properties imply, by Proposition 6.1, that d},(hi, h) — 0. Furthermore, various sequences with the above
properties were constructed so that, depending on the sequence,

e no curvature quantity of (M, hy) converges to the corresponding quantity for (M, h), even outside of some small-
measure subset;

e the distance function induced on M by hj does not converge to that of £, either in the Gromov—Hausdorff sense
or some sense relevant to metric-measure spaces;

e diam(M, hy) does not converge to diam(M, h); or

e the injectivity radius of (M, hj) does not converge to that of (M, h), either as a function of M outside of some
small-measure subset, or taking the infimum of this function.

Since these examples apply to d),, it seems the advantage of d),, when considered in the context of convergence of
Riemannian manifolds, is that it eliminates collapse of the metrics over the entire manifold if p = 1.

To the best of our knowledge, it remains an open question to find a simple Riemannian metric on M with a distance
function that offers some control over the geometry of elements of M—for instance, one for which convergence with
respect to the distance function of the Riemannian metric implies Gromov—Hausdorff convergence (or some other
synthetic—geometric convergence). While this is certainly the case for Sobolev H® metrics when s > n/2 (cf. [14,
p. 20] or [2]), it might be the case that there are simpler Riemannian metrics with this desirable property. (Compare
[21,20] for analogous examples of this in the setting of submanifold geometry.)

6.2. The exponential mapping of gx

It is possible, though a bit tricky (see the next two subsections), to see that the exponential mapping of gy is
surjective onto any conformal class, but not onto all of M. This is also true for the Ebin metric. It would be interesting
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to find a Diff(M)-invariant geodesically convex Riemannian metric on M, that is, one for which geodesics exist
between any two points. However, at this point the authors know of no such metric.

6.2.1. Conformal classes

Let us now show that for any g € M, exp, is a diffeomorphism onto the conformal class Pg of g, when restricted to
an appropriate open neighborhood of 0 in 7, (Pg). (The same is true for the Ebin metric, as is immediately apparent
from the explicit formula for its exponential mapping [17, Theorem 2.3], [18, Theorem 3.2].) We show this in the
remainder of this subsection.

Indeed, the completion of the set V,, of smooth volume forms with fixed total volume v = Vol(M, g) is isometric
to a section of a sphere in a Hilbert space when endowed with the metric induced from the Ebin metric via the map
iy (2) [12, §4.4]. In particular, one can deduce that the exponential mapping of V), is a diffeomorphism from a subset
of TV, onto V, for any v € V,,.

Consider now the set Pg N M, = {h € Pg: Vol(M, h) = v}. Since the metric induced by gy on Pg N M, is
equal (up to a factor 1/v) to the Ebin metric, and i,, induces a diffeomorphism between Pg N M, and V,, one also
sees that the exponential mapping at g of (Pg N My, gy) is a diffeomorphism when restricted to the appropriate
domain. Furthermore, as noted above Remark 4.5, Pg N M, C M and Pg C M are totally geodesic. Therefore, the
exponential mapping of (M, gy), restricted to vectors tangent to Pg N M, coincides with that of (Pg N M, gx).

Now, let notation be as in Theorem 4.1, and let {g(f)};¢[0,1] be any geodesic emanating from g(0) = g with initial
tangent vector (o, 0), where ag = %fM a = 0; that is, («, 0) is tangent to Pg N M, and Vol(M, g(¢)) = v for all ¢.
Let us now consider the geodesic g(7) emanating from g(0) with initial tangent vector (o + Ao, 0), where A € R.
One then computes that under this change, ap becomes 2A, but by, g, and r do not change. Examining (16), then,
g(t) = e*/"g(1). Since Pg = R-q - (Pg N M,), one deduces that exp, is a diffeomorphism from an appropriate
domain in T, (Pg) onto Pg.

6.2.2. Nonsurjectivity on M
To show that for no g € M is exp, surjective onto M, we continue to use the notation of Theorem 4.1, and

consider any geodesic {g(?)};c[0,7) With g(0) = g and g;(0) = («, A). Let |[A(x)]| := \/tr((g(O, x)"TA(x))?) denote
the fiberwise norm of A, and A(x) := A(x)/||A(x)|| the fiberwise normalization of A; then %g(O)_lA = %g(O)_IZ.

Now, recall that the branch of arctangent in (16) “jumps upward” when ¢ — ¢ + %—’; Furthermore, its argument has

period Zb—g; therefore the arctangent term increases by adding = when ¢ +— t + i—z. In particular, using the considera-
tions of the previous paragraph as well, we have g(%) =g(0) exp(% g(0)~1A) for any k € N.
To complete the proof of nonsurjectivity, note that at each x € M,
g(t.x) =a(t,x)g(0, x) exp(b(t, x)g(0,x) ' A()),
where a and b are real-valued functions. Furthermore, from (31) (and the nonnegativity of p in that equation), it

follows that b(-,x) is monotonically nondecreasing for each x € M. From the last paragraph, we also see that

b(%,x) = % for any x € M and k € N. Since also |A(x)|| =1 for all x € M, we see that it is impossible for

the image of exp, to contain, for example, any metrics of the form Rg(0) exp(S), where R : M — R and S is any
(1, 1)-tensor with 1/tr(S2(x)) < % and /tr(S2(y)) > % for some points x, y € M and number ko € N.
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Appendix A
Here, we present the proofs of Propositions 6.1 and 5.8.

Proof of Proposition 6.1. This proposition is analogous to [9, Proposition 4.1], so we will follow that proof, with
modifications to compensate for the conformal factor V™7 of g,.
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For each k € N and s € (0, 1], we define three families of metrics as follows. The set E is open, and we may
choose closed sets Fy C E such that Vol(E, g) — Vol(F, g) < 1/k. (This is possible because the Lebesgue measure
is regular.) Let fi s € C°°(M) be functions with the following properties:

l. fis(x)=sifx € Fy,
2. fis(x)=1ifx ¢ E, and
s < frs(x)<1forallx e M.

Now, for ¢ € [0, 1], define

0= (=0t tfin)e 350 = fis((1—1)g +1h)
50 = (1 =)+ tfis)h.

We view these as paths in ¢ depending on the family parameter s. Furthermore, we define a concatenated path

gk,s — ék,s * gk,s * (gk,s)*l’

where of course the inverse means we run through the path backwards. Then gF%(0) = g and g% (1) = h for all s.
We now investigate the lengths of each piece of g% separately, starting with that of gX5. We first compute

1

172
L(g’k"v)=f(Vg,kf:(,)ftf<(1—t)+tfk.s>g(((fk,s - l)g)z)dvg?kvx(z)) dt
M

0
1

. 1/2
f(v%mf((l 1) 1) g (((1 - fk,s)g)2)dvg) dt. (39)
0 E

Note that in the last line, we only integrate over E, since 1 — f; =0 on M \ E. Note also that since, additionally,
fis <1, we have Vol(M \ E, g) < Vi) < V. Furthermore, since s > 0, we have (1 — fis)? <1 —5)? <1, from
which

1
\ 172
L(g") <vE /( / (I—0)+1fis)? 2azvg> dr.
0 E
Now, to estimate this, we note that for n > 4, % — 2 >0 and therefore fi ¢ < 1 implies that

L(gf S) <VE J/nVol(E. g). (40)

For n <3, 5 — 2 < 0 and therefore one can compute that f ¢ > s > 0 implies

(-0 +rfk,s)%‘2 <(1-ni

In this case, then,

(41)

Putting together (40) and (41) therefore gives

L(g") S CmVE,JVOI(E, g), 42)

where C (n) is a constant depending only on 7.
In exact analogy, we can show that the same estimate holds for g&* with & in place of g.
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Next, we look at the second piece of g&-*. Here we have, using that h — g =0on M \ E,

_k, 2
B Y| ka((l t)g+th)/trfk,.v((l—f)g+th)((fk,s(h —8))7)dVy (-g+th)
M
—v;? i h—g)?)dV,
7 frs((A=t)g+th) fk,x I(1—t)g+th (( g) ) (1—t)g+th-
E

Since fi s(x) < 1 for all x € M it follows that Vs (1-ng+eh) < V(1-1)g+en- Additionally, since fi s(x) =s > 0 for
all x € M and fi s =1 on E, we have Vg ((1-r)g+th) > Yol(M \ E, (1 — 1)g + th). Thus, defining (for A C M
measurable)

W;‘g ni= max{V_

0L erm YOUM A, (1 =g +1h)"": 1 €0, 11},

the above estimate becomes

’ ‘E n/Zng h/tr(l—z)g+rh((h — g)z)dv(l—z)g+th
Fr
E 2
+w%&h/1mpﬁﬁm«h—@)dwF%Hh 43)
E\Fy

For each fixed 7, one can see that the first term in the above goes to zero as k — oo followed by s — 0. Additionally,
by our assumption on the sets Fy, the second term in (43) goes to zero as k — oo for each fixed ¢ (it does not depend
on s at all). Since ¢ only ranges over the compact interval [0, 1] and all terms in the integrals depend smoothly on ¢,
both of these convergences are uniform in . From this,

lim lim L(g"*)=0. (44)

s—>0k—00

Combining (42), its analogue for g©%, and (44), together with limg_ o0 Vlf s VpE, , (and similarly for sz »), gives the
desired estimate. O

Proof of Proposition 5.8. The proof is divided into three cases: p < 0,0 < p < 1,and p > 1.
First, let p < 0. In this case, the result follows from Proposition 6.1, since we have max{V, P2 , Vol(M '\

E,g)7 P =V, P12 and similarly for h.
Now, let 0 < p < 1. We use the notation of the proof of Proposition 6.1, and continue from (39). Note that, since
p>0and fi>s,

Vil (/((1 —0+1fi)"av, >_,, <(1= =)y 0. (45)
O s 8 = 8
M

Assume n < 3. Then 5 — 2 < 0, and therefore

(A=0)+1fi) < (1= =5)0)7 7 (46)

Also, (1 — fx,s) < (1 —s), so combining this with (45) and (46) allows us to transform (39) into the estimate (with
T:=(1—-2s5))

\ U=pin _4 5 1/2
(8") f( /1—(l—s)t) T T (1 —9)g) )dvg) dt
0

1
(=pn _
:‘/g7p/2 /nVOl(E,g)/(l_(l—s)t) 4] l(l—S)dt
0
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=V, p/zw/nVol(E g2) /(

<V P2 /nVol(E, g) /(
<C(p,myVg " 2,/V01(E, 9), 47)

where the last line follows since p < 1 andn <3
Now, assume n > 4. On Fi, we have f; ; =5, so we may carry out the same estimate as above (which, at least
on Fy, does not depend on (46)) to obtain

L(35*) < C(p,n)Vg P2 YNOI(Fr, g)
. 172
+/<VA,“(I) / (1 =0 +1tfis)? 2g(( —fk,s)g)z)dvg> dt. (48)

0 E\Fy

Since, in this case, 2 — 2 >0, the fact that f; ¢ < 1 implies ((1 —¢) + tf/m)%_2 < 1. Also, since fi s > 0, we have
that 1 — fi s < 1. Using these facts, together with (45), the second term on the right-hand side of the above expression
can be estimated from above by

1
Vg P2 /nVol(E \ Fk,g)/(l — (1 —s))"""ar.
0

The value of the integral in the above is finite for each fixed s > 0 and does not depend on k. Furthermore, by our
assumptions on the sets E and Fy, the above expression goes to zero as k — oo. Combining this fact with (47) and
(48) shows that for any n,

Jlim L( ) < C(p,m)Vg P> YVOI(E, g).

A similar estimate holds for L(g%*), and we can show exactly as in the proof of Proposition 6.1 that
lim lim L(g"*) =0.
i dim, L&)

This completes the proof for 0 < p < 1.
Finally, let p > 1. In this case, we use the isometry F from Proposition 3.8 and the result for p < 1 to see

dp(g.h) < C(p.n)- (Vi ),/Vol (E,F(9)) + F(h),/Vol(E,F(h))).

Recalling that Vg (g) = I and noting that Vol(E, F(g)) = V=2Vol(E, g) (and similarly for F'(h)) then leads to the
result. O
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