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Abstract

This paper is concerned with the analysis of a sixth-order nonlinear parabolic equation whose solutions describe the evolution of
the particle density in a quantum fluid. We prove the global-in-time existence of weak nonnegative solutions in two and three space
dimensions under periodic boundary conditions. Moreover, we show that these solutions are smooth and classical whenever the
particle density is strictly positive, and we prove the long-time convergence to the spatial homogeneous equilibrium at a universal
exponential rate. Our analysis strongly uses the Lyapunov property of the entropy functional.
© 2012 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Degond et al. derived in [5] a nonlocal quantum diffusion model for charged particles in, for instance, semicon-
ductors or cold plasmas by applying a moment method to a Wigner-BGK model. An asymptotic expansion of the
nonlocal model in terms of the scaled Planck constant 42 leads to a family of parabolic equations for the particle
densities n(¢; x). The first member of this family is the classical heat equation d;,n = An. The second one is the
fourth-order Derrida—Lebowitz—Speer—Spohn (DLSS) equation, see (3) below, which is analyzed in [9,13]. This pa-
per is concerned with the third family member, obtained from an expansion to order h* (see [3, Appendix]), which
reads as

. 1 2 2 1 2 2
8tn=d1v<nV<§(8ijlogn) —i—;Bij(naijlogn) : (1)
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Here and in the following, we employ the notations 9; = 9/0x;, 8i2j =9%/0x;0x j» etc. and the summation convention

over repeated indices from 1 to d. We study the initial-value problem for (1) in the d-dimensional torus T =0, 114
(imposing periodic boundary conditions) in dimensions d =2 and d = 3. The one-dimensional problem has recently
been studied in [14].

Specifically, we establish and compare two solution concepts for (1). The first concept is concerned with weak
nonnegative solutions; in this framework we generalize the global existence result from [14] to the multidimensional
situation. The second concept is that of positive classical solutions; in analogy to the results obtained by Bleher et al.
for the fourth-order DLSS equation [2], we are able to establish the existence of such regular solutions for (1) locally
in time. Naturally, a classical solution is also a weak solution on the time interval of its existence. Vice versa, from
a given weak solution, one obtains classical solutions on all time subintervals on which the weak solution is strictly
positive and has a uniformly bounded energy (see below for the definition). Since we are not able to rule out the loss
of strict positivity due to the evolution, it thus might happen that the classical solution concept breaks down on certain,
possibly even infinite time intervals along the globally well-defined weak solution.

We shall provide further motivations to study (1) in Section 2 below. At this point, we simply want to put Eq. (1)
into the general context of higher-order parabolic equations. Mainly initiated by the research on pattern formation
in Cahn—Hilliard and related models in the late 1980’s, the literature on the rich mathematical structure of nonlinear
fourth-order and sixth-order equations has grown rapidly over the last two decades. Particular interest has been devoted
to equations that are positivity preserving: such equations allow for the introduction of a suitable solution concept such
that a nonnegative initial datum leads to a nonnegative global solution. Clearly, this is a core feature for equations that
model the evolution of particle densities, etc. On the other hand, positivity preservation is a rare property, since
general parabolic equations of fourth- or higher-order do not obey comparison principles. For instance, even the linear
equation d;n + (—A)"n = 0 is not positivity preserving if m > 1.

Among the positivity preserving models, the probably most famous study object is the fourth-order thin-film equa-
tion

dn +div(n’van) =0. )

It describes the surface tension-dominated motion of thin viscous films of height n(z; x) > 0 under free slip (8 = 2)
or no-slip (8 = 3) boundary conditions. The available literature on the existence, (non-)uniqueness and qualitative
properties of solutions is huge and steadily growing; see [1] for a collection of references.

Other models for thin viscous films lead to sixth-order equations. One example is

orn = div(nﬂVAzn),

which models the spreading of a thin viscous fluid under the driving force of an elastic plate [8]. The model was first
introduced in [15, Formula (A8)] in space dimension d = 1 with § = 3 together with a more general form of this
equation arising in the isolation oxidation of silicon. Another application for such thin-film equations concerns the
bonding of Silicon—Germanium films to silicon substrates [8]. Further examples of sixth-order equations can be found
in [7,14,16].

The previously mentioned DLSS (or quantum diffusion) equation

din + 0} (nd}; logn) =0, 3)

provides another well-studied example of a fourth-order equation. Originally, the one-dimensional version of (3)
arose in the context of spin systems. Derrida et al. [6] derived it in the course of studying fluctuations of the interface
between the regions of predominantly positive and negative particle spins in the Toom model. There are numerous
results concerning the existence of weak solutions and their long-time behavior. We refer to [13] for some references.
Eq. (1) can be seen as a sixth-order extension of (3).

In the existence analysis for equations like (2), one of the main difficulties is to establish nonnegativity of the solu-
tions. Typically, sophisticated regularizations are constructed that lead to smooth and strictly positive approximative
solutions. The limit of vanishing regularizations then provides a nonnegative weak solution.

For our Eq. (1), the situation is more delicate since—like for the DLSS equation (3)—the nonlinearity in the
equation is not well-defined when n vanishes. This is a problem: Although nonnegativity of the solution is expected
on physical grounds, the possibility that a vacuum (localized in time and space) is created from an initially strictly



M. Bukal et al. / Ann. I. H. Poincaré — AN 30 (2013) 337-365 339

positive density cannot be ruled out. Thus, atop of constructing strictly positive approximations, we need to define a
solution concept that works also for merely nonnegative densities with the property that the passage to the limit of
vanishing regularizations is possible.
The key idea here is to rewrite the nonlinearity in (1) in a way that substitutes the logarithm by an expression that
is still well-defined for n = 0. It turns out that the following equivalent representation of Eq. (1),
o= A%n+ 03, K7 ) + 02 B (), 4)

with the nonlinear operators

Fl(ijk) (n)= 4alﬁ(4a] %ak% - 38/2k\/ﬁ)’
d
Fz(ij)(n):SZ(aﬁ{f_4ai%8k%)(8?kﬁ—4aj%ak%) &)

k=1
is appropriate to study both concepts of solutions: weak and classical.

The construction of strictly positive approximative solutions uses yet another transformation of the nonlinearity.
First, (1) is discretized in time with the implicit Euler scheme. The semi-discrete equation is regularized by an addi-
tional term of the form £(A> — 1) logn. Each time step then requires the solution of a strictly elliptic problem in terms
of y =logn. Classical elliptic theory provides L°°-bounds on y and thus strict positivity of n = exp(y).

The required compactness to perform the deregularization limit € |, 0 and later the passage to the time-continuous
limit is obtained from the dissipation of a distinguished Lyapunov functional: The physical entropy

H[u]:/(u(logu—l)+l)dx (6)

Td
is nonincreasing along the solutions. In fact, using the entropy construction method of [12], which is based on system-
atic integration by parts, we are able to prove that the entropy dissipation —d? /dz controls certain spatial derivatives,

L[5 VAlP + 19 5%, o

dr
Td

where V¥ denotes the tensor of all partial derivatives of order k. The resulting estimates are sufficient to pass to the
limit.
Our main results about weak solutions are the following two theorems.

Theorem 1 (Global existence of weak solutions). Let ng € L'(T%) be a nonnegative function with finite en-

tropy H[ng] < oo. Then there exists a nonnegative function n € WIL’C4/3(O, oo; H3(T9)), satisfying /n €

LIZOC(O, 00; H3(Td)) and n(0) = no, that is a solution to (4) in the following weak sense:

o
(@, p)dt + //(a,%kw?jkn + 03,0 F{70 (n) — 039 3 () dx dr = 0 )
0Td

for all test functions ¢ € L*(0, T; H3(T%)).

It is not trivial at all to see that all integrals on the right-hand side of (8) are well-defined for functions n of the
stated regularity. At this point, we just mention that under these hypotheses, &/n is a well-defined Sobolev function;
see Lemma 26 in Appendix A as well as [17] and [9, Section 3] for a discussion about the regularity of square and
fourth roots of nonnegative functions. The relevant estimates on the pairings inside the integrals are established in the
course of the proof; see, e.g., Lemma 10 below. Since dimension-dependent Sobolev embeddings are involved, this
particular concept of weak solution does not carry over to space dimensions d > 4.

We recall that H¥(T?) etc. are spaces of functions that are 1-periodic in each spatial coordinate direction. The
derivation of the sixth-order equation (1) in [3] was performed on R¢ and hence, it does not include the derivation of
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physically relevant boundary conditions. In this work, we have chosen periodic boundary conditions to simplify the
analysis. In particular, integration by parts plays a pivotal role in our derivation of a priori estimates, and the boundary
integrals vanish for periodic functions. We note that in [3], radially symmetric solutions for (1) satisfying no-flux-type
boundary conditions have been considered instead.

Theorem 2 (Exponential time decay). Let ng € LY(T?) be a nonnegative function with finite entropy H|[ng] < oo and
unit mass de nodx = 1. Let n be the weak solution to (4) constructed in Theorem 1. Then there exists a constant
A > 0, depending on d, such that for all t > 0,

|n@; ) = 1] 1 gy < V2HIn0le ™.

Since Eq. (4) is semi-linear parabolic, it is accessible by methods from the theory of analytic semigroups. This
approach leads to the following result on classical solutions.

Theorem 3 (Existence and uniqueness of a classical solution). Let ng € H>(T?) be strictly positive. Then there
exist Ty > 0 and precisely one smooth and strictly positive classical solution n € C*°((0, Ty); C (T9Y) 1o (4) with
n(t) — ng in H2(’]I‘d) as t | 0. Moreover; either T, = +00, or there exists a limiting profile n, € H2(’]I‘d) such that
n(t) = ny in H*(T%) as t 4 Ty, and min, a1 (x) = 0.

In other words, the only possibility for a classical solution to break down is the loss of strict positivity. This
result parallels the one of [2] for the fourth-order DLSS equation in space dimension d = 1. Since stronger Sobolev
embeddings are available for the sixth-order equation (4), our result holds in dimensions d =2 and d = 3 as well. It
is an open problem if loss of positivity can occur at # > 0 or not.

Naturally, we shall establish a connection between the concept of weak solutions, defined in (8), and classical
solutions. To do so, we need to introduce the energy: For a positive and smooth function u € C*® (Td), define

€[u]=%/u“vzlogu|]2dx. 9
Td

This functional is equivalent to the L?-norm of V2,/u in the sense that

o[22 < et < |V (10)

for some constants 0 < ¢ < C [9,13]. For smooth and positive solutions to (4), one easily proves that £ is a Lyapunov
functional, see Lemma 6 below. The functional £[u] extends in a weakly lower semi-continuous manner to all non-
negative functions u with /u € H 2('JI‘d); see [9, Section 3] for details. Hence, if n is a weak solution in the sense of
Theorem 1, then E[n(t)] is well-defined for almost every ¢ > 0. We expect that £ is a Lyapunov functional also for
weak solutions, but currently we are not able to prove this conjecture, mainly because £ is not a convex functional.

Theorem 4. Assume that the weak solution n from Theorem 1 has the property that E[n(t)] is uniformly bounded on
some interval (Ty, T»), and that it is strictly positive at some time ty € [T, T>); here T = 0 and/or T, = +00 are
admissible. Then there exists T, € (T1, Ta] such that n equals to the classical solution from Theorem 3 on (ty, Ty).
Moreover, either T, = T, or n(t) loses strict positivity as t T Ty in the sense of Theorem 3.

It is well known for the fourth-order equation (3), that weak solutions may not be unique [13]. We expect the same
phenomenon to occur for (1). On the other hand, Theorem 4 asserts that a new weak solution n, can branch off from
a given classical solution n at some time T > 0 only if either n loses strict positivity, lim;4+7 inf, o (2, x) = 0, or if
n, has locally unbounded energy, limsup, | 7 £[n4(#)] = +o0. This shows consistency between the notions of weak
and classical solutions. In view of Theorem 2, it is reasonable to conjecture that all weak solutions become classical
eventually as t — oo.

The paper is organized as follows. Section 2 provides some background information on the derivation and prop-
erties of (1). In Section 3, we derive the alternative formulation (4) of (1) and we prove the entropy inequality (7).
Sections 4, 5, 6, and 7 are devoted to the proofs of Theorems 1, 2, 3, and 4, respectively. Finally, in Appendix A, we
collect some technical lemmas and recall some known results which are used in the existence analysis.
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Notations. All functions u defined on the torus T¢ are assumed to be one-periodic in each coordinate. Specifically,
u:[0,11% — R is said to belong to the function space L” (T4, w™P(T?) or C*®(T%), respectively, if its periodic
extension Eu:RY — R, defined by Eu(x) = u(x mod T?), belongs to L (RY), W,-" (RY) or C*(R?). Lebesgue
and Sobolev norms are calculated by integrating the respective powers of Eu and its weak derivatives (which are

periodic functions on Rd) over the unit cube [0, l]d .
2. Derivation, motivation, and open problems

In this section, we indicate several motivations to study Eq. (1) by reviewing its derivation from the nonlocal quan-
tum model, putting it in the context of gradient flows, and establishing connections to the heat and DLSS equations.

2.1. On the derivation from the nonlocal quantum model

Degond et al. derived in [5] the nonlocal and nonlinear quantum diffusion model
dn=div(nVA) inR? >0, (11)

where the potential A is defined implicitly as the unique solution to

e oo )
n(t;x)= [ Exp A(t,x)—T dp.

R4
The so-called quantum exponential Exp is defined as the Wigner transformed operator exponential: Denoting by W
the Wigner transformation and by W~ the corresponding Weyl quantization, then Exp(f) = W' o expoW (f); see
[5] for details.

In the semi-classical limit / |, 0, the expression Exp(A — | p|?/2) converges to 4, so that A = log n, and we recover
from (11) the classical heat equation. For z > 0, however, the quantum exponential is a complicated, genuinely non-
local operator. An asymptotic expansion in terms of # has been performed in [3, Appendix], leading to the following
local approximation of A in terms of n:

h? 4

A=A+ —A|+—Ar+ O(h® 12
0+ A3 At (7°) (12)

with the local expressions

A/n

Vn
Replacing A in (11) by Ag, Ay, or Aj yields, respectively, the heat equation, the DLSS equation (3), or the sixth-order
equation (1). In this sense, (3) and (1) constitute, respectively, the primary and secondary quantum corrections to the
classical diffusion equation.

Ao=logn,  Aj=-2 A2=%||V210gn||2+%Bizj(naizjlogn).

2.2. Gradient-flow structure

Eq. (1) possesses—at least on a formal level—a variational structure. The divergence form implies that solutions
n formally conserve the total mass, i.e., the integral m = de n(t; x)dx is independent of . By homogeneity, we can
assume m = 1 without loss of generality. Thus, any solution to (1) defines a curve ¢ — n(t) in the space of probability
measures on T¢. Provided that n is regular enough, this curve realizes a steepest descent in the energy landscape of
the energy functional £ from (9) with respect to the L?-Wasserstein metric. Indeed, by a formal calculation, we obtain
the gradient-flow representation

on = div(nV &;[n])

n

from (11) with A = A,, where Ay = §&[n]/dn is the variational derivative of £.
This variational structure is a remarkable property by itself. Atop of that, it establishes yet another connection to
the heat and DLSS equations. It is well known since the seminal paper [11] that the heat equation is the gradient flow



342 M. Bukal et al. / Ann. 1. H. Poincaré — AN 30 (2013) 337-365

of the entropy functional # from (6) with respect to the L?-Wasserstein distance. The dissipation of # along its own
gradient flow amounts to the Fisher information,
1 dH[n] _ 1

—/n|V10gn|2dx,
2 dt 2

Fln]l=
Td

while the second-order time derivative produces the energy from (9),

/n||V210gn“2dx.
Td

_1d*H[n] 1
4 d?r 2

E[n]

The Fisher information, in turn, has been proven to generate the DLSS equation (3) as a gradient flow with respect
to the L?-Wasserstein distance [9]. It is readily checked that £ also equals the first-order time derivative of the en-
tropy along solutions of the DLSS equation. In this sense, the sixth-order equation (1) is related to the fourth-order
equation (3) in the same way as (3) itself is related to the heat equation.

We mention this point because the intimate relation between the heat and the DLSS equations (and, more generally,
between second-order porous medium and fourth-order diffusion equations) has been the key tool in obtaining optimal
rates for the intermediate asymptotics of solutions to (3) in [18]. It would be interesting to derive estimates on the long-
time behavior of solutions to (1) by similar means.

2.3. Open problems
Finally, we propose several questions about Eq. (1) that we consider of interest:

e With our methods, we are able to prove the dissipation property (7) only in dimensions d < 3.Is H still a Lyapunov
functional in higher dimensions d > 47

e Is the Fisher information F a Lyapunov functional? Our only result in this direction so far is a formal proof of
dissipation of F in dimension d = 1.

e Is the energy £ monotone along the weak solutions constructed here? If the answer is affirmative, then the addi-
tional hypotheses on the uniform boundedness of the energy could be removed from Theorem 4.

e Does (1) admit global weak solutions in dimensions d > 4? Even if we assume that an inequality of the form (7)
continues to hold, it is far from clear how to rewrite the weak formulation (8) in a form that does not take advantage
of Sobolev embeddings in low dimensions.

e If (1) is posed on R? instead of T¢, one readily verifies that there exists a family of self-similar solutions u;,
namely

us(t; x) = 20U (M)~ 'x)  with () = (1 4+60)1/°,

with the Gaussian profile

Uiz) = exp<— i >
232
Do these “spreading Gaussians” play the same role for (1) as they do for the heat equation and for the DLSS
equation? In other words, is U an attracting stationary solution of (1) after the self-similar rescaling with x = A(#)&
and 1 = (%7 — 1)/6, and do arbitrary solutions converge to U at a universal exponential rate? In dimension d = 1,
there is numerical evidence for an affirmative answer.

3. Alternative formulations and functional inequalities

In this section, we derive two alternative formulations of the sixth-order equation (1) and prove an energy-
dissipation formula and an entropy-dissipation estimate. First, we show that (1) can be written as the sum of a
symmetric sixth-order term and a fourth-order remainder, and as the sum of a linear sixth-order part and a fifth-order
remainder.
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Lemma 5. Eq. (1) can be written for smooth positive solutions equivalently as

din = 075, (n9;;; logn) 4207 (ndj lognd, logn) inT¢, 1 >0, (13)
and also equivalently as
on=An+ 03, 'Y )+ 02 F () in T4, 1 >0, (14)

where the nonlinear operators F 1( 0 and Fz("/ ) are defined in (5).
We recall that we have employed the summation convention in the above formulas.

Proof. For the following formal calculations, we introduce the shorthand notations y = logn, y; = 9;logn, y;; =
8l.2j logn, etc. Observing that oxn = nyy, ndx(1/n) = —(dkn)/n = —yi, we calculate

1 2
500 logn)” = ndjy yoj .
and
1

n8k< 7 (nd}; logn)> = 0} (nyij) — ykd}; (nyij)
= 8,~2j (yk(nyij) + nyijr) — ykaizj (nyij)
= 0; (v (nyij) + Yk (nyi))) — yedj; (nyi) + 75 (nyiji)
= ylka (nyzj) + y:;k(nytj) + yjka (nyU) + 82 (nauyk)
=2yixdj(nyij) + na,-jyaij)’k + 3ij (”3ijyk)
=20;(ny;jyik) — naljya Yk + 0] (”3uyk)

Summing these results, we obtain

1 2

5nak(a,?j logn)” + nak( 37 (nd7 logn)> = 07 (nd]; yi) + 20 (nyij yir)-
Differentiation with respect to x; yields

ak(inak(a logn) +n8k< 37 (nd7 logn))>=8i3jk(n8i3jky)+28]2-k(nyijy,-k),

which shows (13).
Similarly, introducing u = ¥/n, u; = d;u, uij = 8i2ju, etc. and observing that dyn = AuBuy, Bl.zjn = 12u2u,~u.,~ +

4u3uij, and uu;j = 812/ (uz)/2 —u;uj, we calculate
nal]ky—aukn 38 nakn+ a,na,nakn
31]k” 48u ujjug — 16uu,-ujuk
=07 — 1207 (u?) g (u®) + 16w 05 ()
=0} n + 40k/n (40;¥/nd ¥/n — 397/n)
alen + F(ijk)(n),

Uik uiuk Uik Uujijg
2nyiyjk = 32u ( ” 2 )(f— ;2 >
=8(07 (u?) — 4uiur) (87, (u?) — 4u juy)
— 8(02 /1 — 40, g/ ) (0% /1 — 40; Smop )
=F{"n). (15)
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Differentiating both equations and summing them leads to

k
07 (nd3,y) + 202 (nyiyjn) = A¥n + 83, FTY + 92 By (16)

which gives (14). O
In the next lemma, we make our claim about the Lyapunov property of the energy £, defined in (9), more precise.

Lemma 6. If n € C®((t1, t2); C*(T9)) is a positive and classical solution to (1), then the energy E[n(t)] is a smooth
and nonincreasing function on the interval (t1, t2). In fact, the energy is dissipated according to

%S[n(t)] = —/n(t)

Td

2
t>0. (17)

v(%(aﬁ, logn(1)” + G )a?, (n()a7; logn(t))>

Proof. The smoothness of E[n(t)] follows since on the set of positive functions u € C* (T?), the operation u +— logu
is a smooth map from C°(T?) to itself. Dissipation formula (17) follows by using formulation (1) and integration by
parts:

d l 2 atn
af[n]:/<§3,n(8i2j logn) +na,.2j(1ogn)a,.2j <7>>dx
Td

/B,n(l( logn) + 182 (n82 logn)) dx

Td

:_/n

Td

2
dx,

1. .- 2 1 2
V<§(8ijlogn) +;ai (n9;; logn)
which shows the claim. O

Finally, we prove the entropy-dissipation inequality (7).

Lemma 7. Let d <3 and let u € H3(T¢) be strictly positive on T¢. Then there exists k > 0, depending only on d,
such that

/( 3 Qogu)adu + 83, (logu) F7P (u) — 92 (logu) 3 (u)) dx
Td
K/(|v3ﬁyz+|vf/ﬁ|6)dx. (18)
Td

Proof. The proof is based on an extension of the entropy construction method developed in [12] for one-dimensional
equations. A proof for d = 1 is given in [14]. Therefore, we restrict ourselves to the cases d =2 and d = 3.
By (16), (18) is equivalent to, up to a factor,

/u((afjk logu)? — 202 logu (93 logud?, logu)) dx > % /(26|V3ﬁ|2 +6°|V.Yu|®) dx. (19)
Td Td

Setting y =logn, y; = 9; logn, y;; = 8i2j logn, etc., a computation shows that (19) is equivalent to

/u(lZS[u] — KR[M]) dx >0, (20)

Td
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where S[u] = y,-zjk —2yij¥jkyri and

Rlu] = Zyizy,zy;? + 1257 y7y kK + 8Yi v Yeijk + 2451 yij yikve + 12y,~2y]2-k +48yiyijryjk + 16y
The idea of the entropy construction method is to find the “right” integrations by parts which are neces-
sary to write the integrand of (20) as a sum of squares. To this end, we define the vector-valued function v =
. vHT T - RY by
k _ 2,2 2 2. i)y v Yy
v = (Zyi Y + YiiYj + 5)’1])’1)’] + SYIthJ)yk + (3yi yj+ llyzz] +24YI)’11))’]1€ - (5)’z)’] + 11yij) yijk.
A straightforward computation shows that the weighted divergence
1 ,
Tu]=—div(uv) = e_yak(e} vk)
u
can be written as
Tlul =292y 4+ 3v2 92y + 16y ki + 92y iy ik + Y2yiivik + 1viiyjyjxve + 40y vi;y;
=2Yi YV Yi VjYkk Vi YjiYVjkYk YiYjiYjkk T Y; YjjYkk YiiYjYjkYk YiYijYjkYk
+ 3yi2y]2'k + 5yiyijj ik +40yi yij yikk + 3yivijk Yk + 11yijj yikk — 11y,-2jk + 24Yij Yk Vki-

By the divergence theorem, we have

/ uT[u]dx =0.
Td
Hence, (20) is equivalent to

/u(lZS[u]—KR[u]+T[u])dx > 0. (21)
Td
We prove that there exists ¥ > 0 such that the integrand is nonnegative. The expression T [«] turns out to be the “right”
integration by parts formula allowing us to prove the nonnegativity of the above integral. At this point, we need to
distinguish the space dimension.
First, consider d = 2. Let x € T¢ be fixed. Without loss of generality, we may assume that Vu (x) points into the
first coordinate direction, i.e. yo = 0 at x. Then we compute

1285[u] — eR[u] + T[u]
= (2—26))} + 3y (11 + y2) + 44 = 38)y{yi1 +9y] (111 + y122) — 8eyiyin + T i1 + )’
+7yiyii (i + y22) +8(5 = 38)y7 (v + ¥ia) + 31 —4e)yi (vi) +2v12 + ¥3)
+ 5y1(111 4 y122) (11 + y22) +40y1 (yi1 Ginn + yi22) + yi2(yi22 + y222))
+3(1 = 168)y1 (1Y + 2y12y112 + y22y122) + LH(O111 + ¥122)° + (112 + 222)%)
+ (1= 168) (yi1 +3Y712 + 3V + ¥322)
=& Ak + 1" Ben,

where £ and 5 are the vectors

§= (y13, Y1Y11, Y1225 Y111, y122)T, n=(iyi2. Y2, y222) .
and the symmetric matrices A; and B; are defined by
4 —4e 19 —12¢ 3 9—8¢ 9
1| 19—12¢ 102-72e 9 48 — 48¢ 45
As:i 3 9 8 —24¢ 5 8—48¢ |,
9—8s 48 —48¢ 5 24 —32¢ 22
9 45 8 —48¢ 22 28 — 96¢

46 —48s 23 —48¢ 20
B5=<23—488 14 — 48¢ 11 )

20 11 12 — 16¢
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Sylvester’s criterion shows that the unperturbed matrices Ag and By are positive definite. Indeed, the principal minors
of Ag are 2, 47/4, 20, 13, and 149/4, and the principal minors of By are 46, 115, and 334. Since the set of (strictly)
positive definite matrices is open in the set of all real symmetric matrices, there exists &g > 0 such that for all 0 <
& < &9, the matrices A, and B are positive definite, too. This shows that 125[u] — e R[u] + T[u] > 0 for 0 < ¢ < &g,
which implies (21).

Next, let d = 3. This case is similar to the previous one, but technically more involved. Again, we fix some x €
T and assume that Vu(x) is parallel to the first coordinate direction, i.e. yo = y3 = 0. For easier presentation, we
introduce the abbreviations

D+ =Yy + 33, DP— =Yy2 — 33,
qj+=yj2+yj33,  qj-=yjp—yp3. j=123

Observe that
2(v3 +33) =P + P2,
2 2 2 2
2(in +j33) =454 a5
2(y22yj22 + ¥33Yj33) = P+qj+ + p—qj—.
With these notations, we find that
128[u] — eR[u] + Tu]
=2 —28)y} +3y{ (11 + p4) + 44 = 38) vy + 9y Gint + q14)
—8eyiyin + yI o + )2+ Tyivi o + ) + 85 = 3e)y (v +vh + k)

1
+3(1 — 4e)y7 <y121 + E(p% +p3) +2(vh + i+ y§3)> +5y1011 + g1+ 1 + p4)
+40y1 (yi1 (111 + q14) + yi2(vii2 + g24) + yi3(vi1z + q34))
1
+3(1 —16¢)y <y111y11 + 5(111+P+ +q1-p-) +2(y112y12 + y113y13 + y123y23)>
2 2 2
+ 11 (O + 197 + Gz + @207 + G113 + 934)°)

3
+ (1 —16¢) <y1211 +30Tn+yhe) +5(af a9t + a3 + a5+ a3y +a%3) + 6y%23>

2
> 1
=ETAE+Y 0] Benj+¢ Cot + 20" Cov + it 16¢) (g7, +q3_),
j=2
where
-
£ = (¥}, Viyie, Yip4, Vi1, q14) nj =Yg
t=0Gip—.q1-) ", v=(y1y23, 123)

The matrices A, and B, are almost identical to those given above, with minor modifications in the third and fifth rows
and columns:

A—4e  19—12¢ 3 9_ 8¢ 9

19— 126 102 —72¢ 9 48 — 48¢ 45
A= 3 9 5 12¢ 5 13/2 — 24¢ |,

21 9-8  48—48¢ 5 24— 32¢ 22
9 45 13/2—24s 22 25 — 48¢
46— 48c 23 —48¢ 20

B£=(23—488 14— 48¢ 11 )

20 11 47/4—12



M. Bukal et al. / Ann. I. H. Poincaré — AN 30 (2013) 337-365 347

Furthermore, the matrix C; is given by

C. — 3—12¢ 3/2-24¢
fT\3/2—24e 3-48¢ )’

Again, the Sylvester criterion shows that Ag, By, and Cy are positive definite. The principal minors of A are 2, 47/4,
19/8, 5/8, and 453 /64, while those of By are 46, 115, and 1221/4, and those of Cy are 3 and 27/4. Thus, there exists
g0 > 0 such that for all 0 < ¢ < &g, also Ag, Bg, and C, are positive definite. O
4. Existence of weak solutions
The proof of Theorem 1 is divided into several steps.
4.1. Solution of the semi-discretized problem
Let T > 0 and 7 > 0 be given. We wish to solve, for a given initial datum ng € L' (T¢), the semi-discrete problem
1
~(n—no) = A+ 83, F ) + 92 () in T,
T

where F l(ij " and Fz(ij ) are defined in (5).

Proposition 8. For a nonnegative function ng € L' (T%) of unit mass, ||no|| 11 =1, and of finite entropy, H[no] < oo,

there exists a sequence of solutions nj,nj, ...in H 3(T9) to the elliptic problems
L ap —np_ ) 8 F\TO (nf) — 03¢ £y (nf)) dx =0 22
T (nk nkfl)(b + ( z]k¢ ljknk tjk¢ ( ) ¢ ( )) X =Y, (22)
Td Td

holding for all test functions ¢ € H>(T9), with the initial solution ng = ng. These solutions are of unit mass, and the
entropy estimate

Hlnf] +xc / |V P+ 19 ax < M ],

holds with k > 0 given in Lemma 7.

WV

1, (23)

Proof. For simplicity, we only give the argument for the construction of n = n] from ng. The passage from n to
ny_ works precisely in the same way since finiteness of the entropy is inherited from one step to the next.

Regularized problem. In a first step, we are going to construct strictly positive solutions n, € H>(T?) to the regu-
larized problem

F{TO ) + 83 F7 (n) + (A logn — logn). (24)

1
;(n —ng) = A3n+8uk

Writing n = ¢, it follows from (15) that
F(ijk) ).

An = 8t]k(n81]ky) - 8Uk

Thus, assuming strict positivity and H3-regularity of n, we can reformulate (24) as

—(n —n0) = 5 ((n + )35 y) — ey + 03 By (), (25)

which is an equation in H =3 (T%).
Fixed point operator. We define the continuous map Sg : X x [0, 1] — W“(Td) on the set

X = {u e W2H(T?): mirtlju(x) > O}

xeT
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as follows. For given n € X and o € [0, 1], introduce

a(y,z) = /((U” + 8)3,~3jky3§,'kz + Syz) dx
'[[‘cl
-_2 _ () \a2
f@==—[(m—nozdx+o [ K" mdjzdx
Td Td

for all y, z € H3(T¢). Observe that a is a bounded and coercive bilinear form on H3(T¢),

a(z,z) > e/(|Vz|2 +2%) dx > cellzll 3
Td
for some constant ¢ > 0, and a varies continuously with (n, ) € X x [0, 1], since the embedding W>*(T9) —
L (T%) is continuous.
Next, we claim that f is a bounded linear form on H3(T%). Indeed, due to the continuity of the Sobolev embedding
W24(T9) — W18(T?) in dimensions d < 3 and the strict positivity and continuity of functions in W24(T9), the
mapping Fz(ij ) allows for the representation

85(”8]3]-” 85(}’18](?18/11 (akn)zainajn
—4 42 . ,
n n
from which F\"” (n) € L2(T¢) follows for all n € W4 (T¢). In fact, f varies continuously with (n,0) € X x [0, 1].

The Lax-Milgram Lemma provides the existence and uniqueness of a solution y € H>(T?) to the elliptic equation

a(y,z) = f(z) forallze H3(']I‘d).

B n)=2

This solution depends H 3—continuously on (n,0) € X x [0, 1]. In particular, y =0 if 0 =0, and y solves (25) if
o=1.
The definition of the fixed point operator S, is now completed by setting

Se(n,o0)=¢’.

Since y € H3(T¢) < L%(T9), it is clear that S, (n, o) € H3>(T¢) is a strictly positive and bounded function. In view
of the compactness of the embedding H3(T¢) < W>*(T%), S, maps bounded subsets of X x [0, 1] into precompact
sets in W24(T49), Finally, notice that S;(n,0) =1 for all n € X and S, (n4, 1) = n, for some n, € X if and only if n,
is a solution to (24). To verify the last statement, observe that n, = Sg (14, 1) implies the H 3-regularity of ny, which
justifies the passage from (25) to (24), and in particular it allows us to define A3 logn, as an element of H~3(T¢).

A priori bound. Our goal is to obtain a fixed point of S.(-, 1) by means of the Leray—Schauder theorem. Having
already verified the continuity and relative compactness of S, as well as the condition S (-, 0) = 1, it remains to find
a suitable closed, bounded, convex subset B C X such that all solutions n, € X of S;(n4, o) = n, for some o € [0, 1]
lie in the interior of B. We shall choose

B ={ueW>*(T9): minu >34, ully2s <57} (26)

with a suitable § > 0 determined below.
Let n, € W2’4(’]I‘d) be a fixed point of S(-, o) for some o € [0, 1]. By construction, we have n, = e** € H3(’]I‘d)
for y, € H3(T¢), and n, is strictly positive. The convexity of i(s) = s(logs — 1) + 1 implies that

1 1 1 1
~(Hine] — Hingl) = / (h(1) = hn0) dx < f (1 = nOW (1) dx = / (1. — o) log . dx
Td Td Td
= f(agjky*afjkn* + al':}kY*Fl(ijk) (ny) — aiij*Fz(ij)(n*)) dx — 2/(HV3Y* ”2 + y»%) dx
Td Td
<= [TV 190 ax = 2 (195 +52) .

T T4
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For the last estimate, the functional inequality (18) has been used. Thus, we have proven

Hln.]+ i /(|| VA |* + IVl dx + Ta—g /(|| V35| + y2) dx < Hinol. (27)
Td Td
A consequence of this inequality is that y, is bounded in H3(T%),

CHl[no]
TE

2
Iyl s < Cf(HV3y* |7+ 57) dx <
Td
for some constant C > 0 depending on t and ¢ (which are fixed positive numbers at this point), but not on o € [0, 1].
The continuity of the embedding H3(T?) < W2*(T) yields the o -independent bound

CHlnol
74l w2 < , (28)
Te
maybe for another constant C > 0. Furthermore, the continuity of the embedding H3(T%) — L>(T¢) provides the
estimate
CH
essinfny = exp(—Ily«llz) > exp<— [n°]> >0 (29)
Te

From (28) and (29) follows that there exists a set B of the form (26) which contains all potential fixed points n,. The
Leray—Schauder fixed point theorem in the version of [20] (see Theorem 28 in Appendix A) applies to our situation
and yields the existence of a solution n, to n = Sg(n, 1).

Deregularization. From the entropy estimate, it follows that ,/n; is e-uniformly bounded in H 3(T4), and ng
is e-uniformly bounded in WL6(T?). Hence, there exists a limit function n € H>(T%), such that, as ¢ 4 0, up to
subsequences,

Ve = /nin H3(TY), (30)
Ve = /nin W24(T?) and in W' (T9), (€29)
g — Inin wHH(T?), (32)
Yne = Ym in wh(T9). (33)

Here we take (30) for the definition of n; then (31) follows from the compactness of the embedding H 3(’]I‘d) >
W24(T9). The strong convergence in (32) is a direct consequence of Proposition 27, since ¢/n; is “sandwiched”
between ,/n; and ¢n.. Concerning (33), observe that H 3(T¢) embeds continuously into W26(T9), so that Hng
is bounded in W!!2(T¢) by Lemma 26. In particular, &/ng converges weakly to some limit in that space—which
necessarily agrees with the strong WL4(T9)-limit obtained in (32).

For the various terms in (24), this implies the following. The sequence

e =2/nc0; /e + 60 /nc 07/
converges weakly in L?(T¢) to 83 1> since /n, converges strongly in L>®(T¢) and 81.3j «+/Ne converges weakly in
L%(T¢), while 0;4/n¢ and 8]2.,(\/11—5 both converge strongly in L*(T¢). Further, the sequence

FITO (ne) = 48; /i (40, /e p /s — 303/ )
converges strongly in L*(T?), since 0;4/ne converges strongly in L®(TY), sz.k\/n_g converges strongly in L2(T¢),
and 9;.¢/n, and 9 /n. both converge strongly in L*(T¢). Finally, we consider

Fy7 (1) = 8(0iin/Med /e — 403 /15 04 /1150 /s — A0/ 04 /0 /i + 160; 0 /e (e )2).

The first term converges strongly in L?(T?) since it is the product of two second-order derivatives of /7 which
converge strongly in L*(T?). The second and third expressions converge strongly in L*3(T¢) since each of them is
the product of three strongly L*-convergent terms. To obtain weak L%°-convergence of the last product, we use the
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strong L4—convergence of 0; y/n. to conclude strong convergence of 9;.¢/n. (o n )2 in L*3(T9), and combine this

with the weak convergence of 9; ¢/n; in L12(T9), Notice that weak convergence in LO3(T) suffices, since Fz(ij ) (ng)
is tested in (22) against ¢ € H 3(T9) and hence, Bl.2j¢ e Lo(T9).
Finally, the entropy estimate (27) shows that (1/¢y,) is bounded in H 3(T9) and hence,

eye — 0 strongly in H*(T9).

The above convergence results allow us to perform the limit £ — 0 in (24), i.e., both sides converge in H3(T¢).
Hence, n is a nonnegative solution to (22).

Proof of auxiliary properties. It remains to verify that n has unit mass and that the dissipation inequality (23) holds.
Conservation of mass follows directly from (22) by using ¢ = 1 as a test function. The entropy estimate (27) shows
that n, satisfies

2
Hine] + m/(||v3./_n€ |7+ 1V.&/nz1®) dx < Hinol.
Td
Since V3 /n; — V3ﬁ weakly in Lz(Td) and V.¥n, — V.%n, weakly in L6(’H‘d), we conclude by lower semi-

continuity that

H[n]+rx/(||v3ﬁ||2+ IV %) dx
Td
< lim Hinel + 7c limi(r)lf/(” V3 e P + 1V ¥ 1°) dx < Hinol.
E—> E—>
Td

This finishes the proof. O
4.2. Passage to the continuous limit

Proposition 8 guarantees the existence of a solution sequence (nf), nf, né, ...) to the semi-discrete implicit Euler
scheme (22). Define accordingly the piecewise constant interpolants n* € L% (0, oo; H 3(T?)) by
n*(t)=n; for(k—1)t <t <kt, k€N, n®(0) =ng,

and introduce the discrete time derivative

_ 1
8:n%(1) = —(nj —np_,) for(k— 1)t <1<kt keN.
T

Corollary 9. The interpolated function n® satisfies

T T
//STrF(pdxdt+//(3i3jk(p8i3jkr7+B?jk(pFl(ijk)(n_t) — 0% ¢ Fy? (n7)) dxdr =0 (34)
0 Td 0 Td

for all test functions ¢ € L*(0, T; H3(T?)).
Proof. Eq. (34)is a direct consequence of (22), and the definitions of n* and 8;n7. Simply choose ¢ = ¢(t) € H 3(T9)

as a test function in (22) for (k — 1)t < t < kt and integrate with respect to ¢ € (0, T'). Notice that at this point, the
L*-regularity of ¢ with respect to time is not of importance. In fact, we could replace L* by L!. O

The following lemma summarizes various consequences of the discrete entropy estimate (23). Recall that we are
working in spatial dimensions d < 3.
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Lemma 10. For any finite T > 0,

(n_f) is bounded in L*3 (0, T; H3 (Td)), 35)
(VV/AT) s bounded in L"*>(0, T; L(T)), (36)
(V2Va7) is bounded in L*(0, T; L*(T?)) and in L¥3(0, T; L'/ (T)), 37)
(Vyn:T) is bounded in L6(0 T; L4( )) and in L16/3(0 T; L5 (’JI‘ ). (38)
(v y n®) s bounded in L°(0, T; L°(T?)), (39)

uniformly with respect to T > 0.

Proof. First notice that the boundedness of ~/7® in L2(0, T'; H3(T%)) follows from the entropy estimate (23). Indeed,
by Lemma 23 from Appendix A and the conservation of mass, we find that

[Var O] s < IV VA O] 2 + [V 0] 2) = C([V VAT ©] 2 + 1),
where C > 0 does not depend on 7. Therefore,
VAT | 20,y < CUV VAT oo gipgsy + T?) < C(HInol + T12),

Estimate (39) follows also from the entropy estimate (23).
To prove the remaining estimates, first notice that, by the Gagliardo—Nirenberg inequality (see Lemma 25 in Ap-
pendix A), for some constants B; > 0,

VAT o < Bi [V () |42 | VT )| 1247,
[VVA )] oo < Bo VAT O L2 00|
IVAVAE )] > < Bs| VAo 22 VAo | 2.

Integrating over (0, T'), we infer that

2/3 /6

d/6 = d/6
IV i 7100y < BN ot ey VAT | ity gy < € (40)
— | 2+d)/6 4-d)/6
IV oriasno ey < BaIVAT [ ot gy IV |t o2y < € @1
= ——12/3 —11/3
H v2‘/"—IHH(O,T;LZ) < B3 “‘/"—THL/Z(O,T;H% H‘/"—HL/OO(O T;L?) <G, (42)

where C > 0 does not depend on t. Estimate (41) implies the bound (36) since 12/(d + 2) > 12/5 for d < 3. Taking
into account

071 = 03 (VAT )? = 2V 3 VT + 2(0ATORNTT + 9N T 03N TT + VAT OV ),

ijk
Holder’s inequality and estimates (40)—(42) give

T
1957 o 0.ria < /(Wﬁ_’lﬁ@ [V V5 + |V R 92 VAT ar
0
< IV sto 1o [PV [t 71y + €IV [is o o |92V [
g Ca

since 12/d > 4 for d < 3. This proves (35). The first bound in (37) follows from (41), while
T T
— 8/3 = 204+d)/27) /= 2012-d)/27 4
JIvvam @l < b [V o Vo5
0 0

yields the second bound, since 2(24 4 d)/27 < 2. Finally, (38) is a consequence of (37) in combination with the
Lions—Villani estimate [17] on square roots (see Lemma 26 in Appendix A). O
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Lemma 11. For any finite T > 0, the sequence

(8,}17) is bounded in L*3 (0, T;H? (’I['d)), (43)

uniformly in T > 0.

Proof. We need to show that there exists a constant M > 0 such that

T
/ / 527 (13 )15 x) e de | < Mgl o711
0Td

holds for every test function ¢ € L*0, T; H3(T9)Y), independently of 7 > 0. Since, according to (34), the discrete
time derivative can be decomposed as

8on® = AT + 83, F{7O (n7) + 0 By ()

in the sense of L*/3 O, T, H -3 (Td )), it suffices to discuss the three terms on the right-hand side separately. For A3n?,
using Holder inequality, it follows that

T
// 313,'1((/’(1; x)afjkn_f(t; x)dx dt

0Td

T
< [l IOl s < el 13 o,
0

and the last expression is uniformly bounded with respect to 7 in view of (35). Concerning 81.3j F l(ij k), we find that

T
// 030t ) {7 (n7 (1 x)) dx dt

0Td

T
<4 [ o] |9V O] BIVVE O 2+ 4] TV 0] o
0

< 4”‘/’”L4(0,T;H3) H V\/’_FHLU/S(O,T;LOO) (3HV2\/’_7”L3(0,T;L2) + 4“ Vy”:THiG(O,T;U))’

which is bounded, in view of (36), (37), and (38). Finally,

T
// 0%t 1) F3 (n¥ (1 x)) dx dr

0 Td

T
< 19200 || 27 0) 5
0

T
<€ [0l (1N Ol s+ 819770 [1205)° o
0

S 2C”‘p”L“(O,T;H3)(|| Vz‘/’_F”iS/S(o,T;LIZ/S) + 16”Vﬁ”iléﬁ(o,T;LMﬁ))

shows that also 8i2j Fz(ij) is uniformly bounded with respect to T in L*3(0, T; H=3(T%)), see (37) and (38). O
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Lemma 12. There exists a nonnegative function n € L*/3(0, T; H>(T4)) such that along a suitable sequence t |, 0,

nt —=n inL*3(0, T; H*(T?)), (44)
8:nT —dn in LY3(0, T; H(TY)), (45)

nt— /n in L*(0,T; H*(TY)), (46)
Vnt — Ynin L0, T; Wh(T9)). (47)

Proof. Estimate (35) immediately implies (44), i.e., (a subsequence of) n® converges weakly to some limit 7 in
L4730, T; H3(T?)). This convergence is even stronger: The 7-uniform bound (43) on §;n7 allows us to apply Aubin’s
compactness lemma [21] to n7 (using Lemma A.2 of [4]). It follows that n7 converges strongly to the same limit z in
L*3(0,T; Hz(Td)) and that §;n7 converges to 9;n weakly in L3, T;: H3 (Td)), proving (45).

Of course, n? also converges strongly to n in Ll(O, T; Ll(’]I‘d )). Therefore,

T T
//\ﬁ(r;x)—ﬁ(z;x)\zdxdrg//[?(r;x)—n(t;x)ydxdz—w,
0 Td 0Td

since |/a — +/b|? < |a — b| for a, b > 0. It follows that /i converges strongly to y/n in L>(0, T; L>(T¢)). Invoking
the Gagliardo—Nirenberg inequality, we obtain

T
/|| V2Vt (1) — VE/n(r) ||i2 dt
0

T
B/llﬁ(n—\/ﬁ(r)nmnfa) VOIS
0

T

ol [

0

2/3
(V0 moa) ( [170 - Folia)

which tends to zero since V77 is uniformly bounded with respect to t in L2(0, T; H3(T%)), by (35), and it converges
strongly to \/n in L2(0, T; L>(T%)). This proves (46).

Finally, (47) is a consequence of Proposition 27 (see Appendix A), applied with « =1/2, 8 =1/6, y = 1/4, and
p=2,q=06,r =4. Indeed, a simple combination of the strong convergence of /7T in LZ(O, T; H 2(Td )) with the
boundedness of (\%?) in L(0, T; WhH0(T9)) (see (39)) gives the conclusion. O

Proof of Theorem 1. It remains to prove that the limit function n € L%/ 30, T; H3(T9)) from Lemma 12 is the sought
weak solution for (8). In other words, we need to identify the limit d,n with the right-hand side of (4). We recall that,
by the weak convergence of 8,17 to 3;n in L3, T; H3 (']Td)),

T

T
/(Btn,go)dtzltiil(}[(&r?, @) dt
0

0
holds for all ¢ € L*0, T; H3(T%)). In view of (34), the goal is thus to prove that

11m// 070031 +8Uk<pF(ijk)(n) o @ FyP (n7)) dx dr
0’]1‘d

/ f (8003 n + 850 F7 () — 02 Fy7 (n)) dx dr
0 Td
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for all test functions ¢ from some dense set of L0, T; H3(T%)). Since the C* functions are dense in tha;'set, it
suffices to prove the weak convergence of 97 s F) W0 (77), and F{7(n%) to their respective limits 83, s F @ ),

and F\Y)(n) in L1(0, T; L' (T9)).
First term of the integrand. From (44), it follows in particular that 81.3jkr7 converges weakly to 8i3jkn in
L*3(0, T; L*>(T¢)) for any combination of the indices i, j, and k, and thus, as 7 | 0,

T T
// alikwafjkﬁdxdf*// a0y dx dr.

0Td 0 Td

Second term of the integrand. We recall the definition of F' l(ij ) from (5). As a consequence of (47), the first-order
derivatives 9 jf/n:T converge strongly to 9;4/n in L*0, T; L*(T%)) for all j. As a product of strongly convergent
sequences, each 9; Jnt ka/nzr converges strongly in L2(0, T'; L?(T¢)) to the respective product 9 j/nd/n. Clearly,
all second-order derivatives a}kﬁ tend strongly to their respective limits 8/2.k nin L*(0, T; L*>(T¢)) as well, taking
into account (46). In combination with the strong convergence of din/nT to 9;4/n in L%(0, T; L>(T9)), by (46), it
follows that each F fij k) (n?) is the sum of products of two strongly convergent sequences in L2(0, T'; L?(T%)) and
consequently, the product converges strongly in L' (0, T'; L' (T9)) to the product of the limits:

// 03 F\7P (n7) du dr — // 030 F\7P (n) dx dr.

0 Td 0 Td

Third term of the integrand. Arguing as above, it follows from (46) and (47) that both summands in Fz(ij )(;F )

converge strongly in L2(0, T; L?>(T%)) to their respective limits, and so the sequence of the product converges strongly
in L1(0, T; L'(T%)) to the product of the limit. This means that

// 02 g Fy) (n? dxdt—)// 029y (n) dx dr

0Td 0Td

finishing the proof. 0O
5. Exponential time decay of weak solutions

Proof of Theorem 2. Let v > 0 and let nf n§ ... be the sequence of solutions to the semi-discretized problem
constructed in Proposition 8. The discrete entropy estimate (23) implies that

H[ni] + t/c/|V3 fuiPdx <H[nf_,]. keN,
Td
with a positive constant ¥ > 0 independent of k and 7. Employing the generalized logarithmic Sobolev inequality,
/n,ﬁ log<L)dx < ;/Hva/nf“zdx
D 327° ¢
Td Td

which is proven as in [13], and observing that [|[ng || L1y = Inoll 1 ey = 1, we infer that

32ﬂ6/||v3\/>” dx.

Then the above entropy inequality yields
H[np] +32n0tH[np | < H[nf_,]. keN,
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which in turn implies for all ¢ € ((k — 1)t, kt] that
H[nT ()] < (1 +327%76) /" HIno],

since k > t/7. Recall that n™(¢) converges a.e. to n(t) as T — 0, and observe that (1 + 327 07k) /T converges to
exp(—327%«t). Thus the limit T — 0 gives

H[n(6)] < Hinle 32", ¢>0.

An application of the Csiszar—Kullback—Pinsker inequality (see, e.g., [22, Section 2]) concludes the proof. O
6. Existence and uniqueness of classical solutions

In this section, we invoke the machinery of analytic semigroups to prove Theorem 3. Our approach follows closely
the strategy developed in [2] by Bleher at al. for the fourth-order DLSS equation. However, the more complicated
structure of the nonlinearities in our sixth-order equation induces a variety of additional technical difficulties.

6.1. Definitions

We collect some standard results on the operator A3. By abuse of notation, we use the symbol A3 for the
L' (T%)-closure of the operator A3p = Z;j k=1 8?8%8,3(/), defined for ¢ € C*®°(T?). Define the auxiliary function

H e C®R?) by

H(Z) — (27T)_d / e—l(\"eil.z dé‘,
R4
and introduce for each ¢ > 0 the so-called solution kernel G(¢) € C °°(’]I‘d) by

Gt:y)=t""° > H(t"°(y+ A)).
Aezd

The series converges since H (z) decays exponentially for |z| — oo. Classical parabolic theory provides the following
result.

Lemma 13. Let m € Ny, p € [1, 00), and a € (0, 1). If u € W™P(T?), then the convolution U (t) = G () x u defines a
smooth curve, satisfying

U € C*((0, 00); C*®(T9)) N C°([0, 00); W™ (T7)), %U(t) =AU, U©O) =u. (48)

If we C*([t1, 12]; W"“P(']I‘d)) is a Hélder continuous curve on [t1, t2], then the function

t

W) = / Gt —s)xw(s)ds

n

defines a Holder continuously differentiable curve, satisfying

W e Ch(In, nl; WP (T9)), %W O =NW® +w®), W) =0. “9)

Proof. The proof of (48) and (49) is technical but standard. One possible approach, which would be most similar
to [2], is to observe that —A3 is the generator of the analytic semigroup defined by ¢ — G(r) = f forall f € L'(T%).
We refer to [10, Chapter 3] or to [19, Chapter 4] for further details on the semigroup approach. O

Apart from Lemma 13, we shall not need classical results on parabolic equations. Instead, we derive our core
estimates with the help of the following lemma.
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Lemma 14. For given o € Ng, p=1,andt > 0, the kernel G satisfies the estimate
ID*G ()|, < D= etda=1/m/6, (50)

where I > 0 is independent of t > 0.
Here and in the following, D% denotes a partial derivative of order |«|.

Proof. For ¢t > 0, define the half-open cube Q(¢) = [0, 1~1/6)d - RY, Using the change of variables z(¢) = 1~ 1/6y,
we obtain

1/p
DGOy e =5 [ IDE o+ ) )
[0, 1)d AeZd

1/p
ét_d/6 Z ‘t—|a/6D§tH(Z+t—l/6A)’[7td/6dZ>
Aezd o)

1/p
=t‘(d+|°‘|_d/”)/6( f’D‘Z"H(z)V’dz)
R4
Here we used the Minkowski inequality and the fact that, for each 7 > 0, the space R¢ is the disjoint union of the
cubes Q(1) +t~'/9A, where A€ Z?.So I' = IDYH | p ra) is the required constant. O
6.2. Existence and uniqueness of a mild solution

Our main result of this subsection is contained in the following proposition.

Proposition 15. Let ng € H*(T¢) be strictly positive. Then there exist T > 0 and precisely one continuous curve
n:[0, T1— H?*(T?) with n(0) = ng that satisfies the following “very mild” formulation of (4):
1 1
- .
n(t) = G(1) xno + 83, / Gt —s)» F{"" (n(s)) ds + 0] / Gt =)+ Fy” (n(s)) ds (51)
0 0

for every t € (0, T). This solution is differentiable with respect to t € (0, T') with a Holder continuous derivative, i.e.
ne CYV12([¢, T1; H2(T?)) for every T € (0, T).

To prove Proposition 15, we adapt the proof of Theorem 4.2(a) in [2] to the situation at hand. That means, we are
going to obtain the solution n to (51) as the unique fixed point of the map u + @[u], defined by
Plul(r) = G(1) xno + ¥[ul(®) (52)
on a suitable set Vo C CO([0, T1; H*(T?)), where ¥ = ijkwl(ijk) + B?jwz(ij) and

t t

wl(ijk)[u](t)=/G(s)*F1(ijk)(u(t—s)) ds, Ilfz(ij)[u](t)=/G(s)*F2(ij)(u(t—s))ds. (53)

0 0

The core ingredient of the proof of Proposition 15 is the following Lipschitz estimate on the nonlinearities Fl(ij k)
and Fz(lj ),

Lemma 16. Forany0 <8 < 1, F l(ij Y and Fz(ij ) are Lipschitz continuous as mappings from any bounded subset of

Ug:{ueHz(’H‘d): minu(x) > 3, ||u||H2<5*1} (54)
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into L3/2(T%) and into L' (T?), respectively, satisfying
|F7Pw | e < M85 | F7P ) — F7P W) |y < M8~ lluy — uall o, (55)
|| <Ma8™T, By un) — B o)) 1 < Mas™0lluy — uall o, (56)
forallu,uy,uy € Us, where My and My are universal constants. Moreover, F](ij Y and Fz(ij ) map
Ui = {u € Usn W2 (T9): ullysn <87
into L*(T%) and L3/*(T%), respectively, satisfying
[F7P ],
[F7 @] o

forall u,uy,us € Uy.

M55, |FPP ) - F7 W),
M7, B @) - B )50

M8~ uy — uzll g2, (57)
M8~ uy — ua | g2, (58)

NN
V/AN/AN

Proof. Since we are working in dimensions d < 3, every u € Us is a strictly positive and continuous function on T¢,
with al?ju € L*(T¢) and 9;u € L°(T%). It follows that we can write

iy Oudiud Qiud u

FI7R ) =22 32 . (59)
y BGudu 2 ududiu (Beu) oud;

Fz(l,)(u)zz k%", ik ukz j +2( ku)u3,u ju ©0)

Thus, F 1(” b and Fz(” ) are sums of products of derivatives (of order one or two) of u, divided by a power of u. By
application of Holder’s inequality and the continuity of the Sobolev embedding H2(T%) < W1°(T9), one readily
verifies the first inequalities in (55) and (56). The Lipschitz continuity is straightforward to verify from the represen-
tations (59) and (60) by repeated application of the triangle inequality. For proving (57) and (58), we use additionally
the continuous embedding w33/2(Tdy — w23(T9). 0O

A consequence of the above lemma is that ¥ maps bounded curves u into Holder continuous curves.
Lemma 17. Assume that there exists a 8 > 0 such that u € C([0, T); H*(T%)) satisfies

(1) either u(t) > 8 and ||u(t)| 2 <871,
(2) oru(r) > 0and E[u()] <81

forall 0 <t <T.Then W[u] e CY'2([0, T1; H*(T%)), i.e.,

|#1l(t) = Wl | o <L| =] forallt, ¢ €10,T1, 61)

where L > 0 depends on 8, but not on u.

Proof. To begin with, we remark that

| F7Ow®)| e <21 and | B ()], < 22 (62)

[

hold for all ¢ € [0, T'], where the positive constants Z; and Z, depend on § > O only. Indeed, if the first set of
assumptions on u is satisfied, then (62) is an immediate consequence of Lemma 16. If instead the second set of
assumptions is satisfied, then Holder’s inequality implies

|E7P @) 12 < 4| IVu@) | 16 (4] V) |10+ 3| V2Vu@) | 2).
| E57 () | 0 <8(|V2Vu@ | 2 + 4] VYu@)]74)*
2 L L L

In view of (10) and Lemma 26 (see Appendix A), these right-hand sides are controlled in terms of E[u(r)] < ™! only.
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Now, let 7, t' € [0, T] be given with T =1’ — ¢t > 0. For a given a € Ng with || = 2, introduce
O%(t; 7) = [D(Wul(t + 1) — W [ul®))] -

By definition of ¥ and a change of variables under the integrals, we find that
1

0°(1:1) < [ (I (66 + 1) = (&) O utt = )
0

+ D02 (G6s + ) = G) » B (ut =) | 12) ds

T

+ /(||D“a§jkG(s) « F{70(u(t + 7 —9)|| 2 + | DU02G(5) % FP (u(t + 7 — )| ) ds.
0

Using (62) and Young’s inequality for convolutions,

g *¥llLr <TlPlall¥llLr

forp € LP(RY), v € L"(RY), and 1 + 1/p =1/g + 1/r, where T > 0, the term under the last integral above can be
estimated for 0 < s < t as follows:

[D%85 G (5)x F7° (ut + 7 = )| 12 < T VOGS s | F1 (et + 7 = 9)) | 2
VAT
, S AT
[D“9%G )« 37 (utt + 7 = )| 2 < T2 VG| 12| Fa(utt + 7 =)
ZyI
sv2
where, according to (50), the exponents are given by

9 =(G+d/6)/6<1 and %= (E+d/2)/6<1.

<

’

We apply the analogous estimate to the expression under the first integral, and estimate further by employing rela-
tion (48). For 0 < s < ¢, we have

S+T
\'a) / A3G(o)do

N

[V (G(x +9) = G(s)) || yoss <

16/5
S+T S+T d ]"’
o _ —
</I\VS(A3G<0>)HL6/sdo<Ff/mw_i(s M),
K

N
In a similar fashion, we obtain

!

I
V(GG +D =G < 2™ = +D7™7).

L)
In summary, this leads to
' t
EVAT N 1»Z,I)
O%; 1) < % /(sil91 —(s+ t)ﬂ?l)ds + 2727 /‘(sfﬁ2 —(s+ t)fﬁz)ds
1 2
0 0
T T
+lelr1/s*ﬁl ds+nzzr2/s*ﬁ‘2 ds
0 0
Nz ry 1—v 1—» 2T, 1 1—v
<<——(t+) M=t ")+ —=—((t+71) 2=t
(1 —191)1‘/‘1( ) (1—15‘2)192( )

PAVAVA R TZZZFZII_ﬁZ
1 — 1—1, '
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To finish the proof, we observe that, since 0 < ©#; < 1, we have (¢ + 1)1_1"‘ <% 2170 and ¥ < 11/12 in
dimensions d < 3. This proves the Holder continuity of ®*(¢; t) with exponent 1/12 for |«| = 2. The cases |a¢| =1
and o =0 are similar. O

Proof of Proposition 15. As indicated above, we are going to show that @, given by (52), is a well-defined contraction
on a suitable subset V7 C C([0, T']; H*(T%)) for some sufficiently small 7' > 0.

Recall the definition of Us from (54). Since ng € H>(T?) is strictly positive by assumption, we can choose § > 0
such that ng € Uss. Accordingly, for a given T > 0, define

Vi = {u e C°([0, T1; H*(T9)): u(t) € Us forall 1 € [0, T]}.

Fix a curve u € Vr. In view of Lemma 16, Fl(” P ) and Fz(” )(u) are continuous curves on [0, T'] with values in
L3/2(T9y and L' (T?), respectively.

Since @[u](0) = ng for every u € Vr, the H 2_distance of @[u](t) to ng becomes small as ¢ | 0, uniformly in
u € Vr. Moreover, since the infimum of @[u](¢) is controlled in terms of this distance, one may choose 7 > 0
sufficiently small to achieve @[u](¢) € Us for all t € [0, T] and u € V7. Hence, @ : V7 — Vr is well-defined.

Next, we verify the contraction property of @. The calculations follow the same pattern as above, now using the
Lipschitz estimates in (55) and (56). Let u1, up € Vr be given. Then, for |a| =2,

|D* (®[u11() — @[u2) ()],

t

< [(9°6 =)+ (F (016) = FEP (1260)
0

+ V46 @ = )% (B2 (1) = B (1w2(9))) | 12) ds

t t
<TiMs / (t =)™ |ur(s) — uz(s) | 2 ds + Y2 M5~ / (¢ =) ur(s) — ua(s) | 2 ds
0 0

TV sup |ui(s') — uz(s')] 1o

( T1M, 1o M> )
<
0<s'<T

$H1—=01) 851 =)

Similar estimates are obtained for |¢| < 1. Diminishing 7" further if necessary, it follows that @ is contractive on V7.
The claim about the Holder continuity is a consequence of (61) in combination with (48). O

6.3. Bootstrapping
We prove that the very mild solution to (4) is actually smooth for 7 > 0. To this end, we need the following lemma.

Lemma 18. Let § > 0 be given. For each m > 1, there exist continuous and increasing functions Q(lm), ng):
Ry — Ry such that

ijk ijk
| E0 ) = FP @) ||y < O (et gmsr + Nzl gt Vg — wall gmsa, (63)
| E5 1) = F57 @) | ymse < O (et ggmer + Nzl s ) ey — all s (64)

hold (componentwise) for all u € Us N\ H"T2(T9).

Observe that this lemma does not apply for m = 0, in which case one has to resort to the estimates provided in
Lemma 16.

Proof. Basically, we follow the ideas of the proof of Lemma 16, namely we apply several times the triangle inequality,
the Holder inequality, and continuous Sobolev embeddings. However, due to the higher-order derivatives, the proof is
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technically more involved. Representations (59) and (60) show that F l(ij b and Fz(ij ) are sums of products of derivatives

of u divided by a power of u, i.e. sums of monomials of the form

1 k
D*¥ u...D*u
uk—1 ’ (65)
where of € Ng, =1,...,k, 1< |oc€| < 2, and Zlgzl |al| = K equals 3 and 4 for Fl(ijk) and Fz(ij), respectively.

A partial derivative of such a monomial is again a sum of monomials of the form (65):

o D"‘lu...D"‘ku Dﬂlu Dﬂzu...Dﬂru
D uk—1 :Z

]

ur—1

foro € Ng, la| <m, 1 <|BY <m+2,k<r<k+|«|,and Yoo |8%| = K + |a|. In view of the continuous Sobolev
embeddings H"2(T9) — wm+Lo(Tdy and H™+2(T?) — C™(T), it follows from the above representation of
D F% (u) and D*F{Y) (u) that for every u € H™2(T9), it holds that D*F{/* (u) € L2(T?) and D* F\" (u) €
L3/2(T9) for each |a| < m and m > 1. Then, by the repeated application of the triangle and Holder inequalities, we

obtain functions Q%'") and Qém) as well as the estimates (63) and (64). O

Proposition 19. The very mild solution from Proposition 15 is a continuously differentiable curve from (0, T] to
C>®(T%).

Proof. Let v € (0, T') be fixed. We are going to prove, inductively on m, that

neCt V2 ([r, T1; H™2(T)) (66)

for every integer m € Ny. For m = 0, the claim (66) is part of the conclusion of Proposition 15 above. The
compositions of the Holder continuous curve n with the locally Lipschitz continuous nonlinearities Fl(ij D and
Fz(ij ) (see Lemma 16) are Holder continuous with the same exponent, F](ij %) (n) € CY12([r, T1; L3*(T9)) and
F{P ) e C''2([z, T1; LY(T?)). For %7 and ", defined in (53), the second part of Lemma 13 implies that
v O] e M2z, T, WO3/2(T)) and ¢\ [n] € C1V12([x, T1; WO1(T?)). In combination with (48), it thus
follows directly from (51) thatn € C 1/ 12([1, T1; w33/ 2(’]I‘d)). An iteration leads, via (57), to the improved regularity
F% () e CV12([x, T1; L2(T9)), and thus to {/F[n] € C11/12([z, T]; HS(T)). Furthermore, by (58), we infer
that Fz(ij)(n) e CY"2([r, T1; L3/2(T9)) and hence, wém[n] e CHV12([r, T]; Ww83/2(T9)). By the continuity of the
embedding W&3/2(T9¢) — H3(T?), it follows that 1//2('7)[11] e CL112([¢, T1; H>(T4)). Then the representation (51)
proves (66) with m = 1.

Assuming (66) for some m > 1, it follows from Lemma 18 that F\/* (n) € C'/'2([z, T1; H™(T4)) and Fy¥ (n) €
CY2([z, T1; Wm3/2(T9)y). By property (49) of the kernel G and since the Sobolev embedding wmt6.3/2(dy s
H™13(T9) is continuous, we infer that I/II(ijk) e CLV12([z, T1; H™HO(T9)) and 1//2(ij) e CY12([z, T]; H™3(TY)).
Using this inside the representation (51) and combining it with the smoothness property (48), we arrive at n €
CHY2([¢, T1; H™H3(T?)), which implies (66) with m replacedby m +1. O

Proof of Theorem 3. First, we extend the local solution n € C([0, T]; H 2(?1“1)) obtained from Proposition 15 to the
respective maximal solution nygy by the usual procedure: Provided that n(T) € H>(T?) is strictly positive, we can
invoke Proposition 15 with the new initial datum 7o := n(T), thus obtaining another very mild solution 7 : [0, T] —
H2(T?) to (4). Using the semigroup property G(t) * G(o) = G(t + o) for arbitrary o, T > 0, it can be easily checked
that the concatenation ny : [0, T + T] — H2(T%), given by

no(t) = n(t) for0<r<T, y
VA -T) forT<t<T+T,

is another continuous curve satisfying (51).

The maximal solution ny,y : [0, Ty) — H 2(']I‘d ) is the uniquely determined curve that satisfies (51) on every subin-
terval [0, T] C [0, Ty), but it cannot be extended to a solution on [0, 7]. In view of our solution concept, this means
that
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(1) either T, = +00, i.e., the solution is global,
(2) or nypax(t) > ny in H 2(Td ) as t 1 Ty, but the limiting profile n, is not strictly positive,
(3) or npmax(t) does not converge in H*(T%) as t P T

We are going to exclude the last option. First notice that Proposition 19 guarantees that n is a classical and positive
solution on every subinterval (0, T] C (0, Ty), SO npmax € C*°((0, Ty); C OO(T" )), as desired. This means that, in turn,
the formal calculation (17) is rigorous. Combining this with the continuity of nm,x(¢) in H 2(T9) at r = 0, it follows
that E[nmax(t)] < E[no] < oo is uniformly bounded on [0, T). If T, < 0o, then ny,y satisfies hypothesis (2) of
Lemma 17. Since npax (f) = G(t) xng + ¥ [nmax](¢) by definition, it is a Holder continuous curve with exponent 1/12
in H 2(']I‘d) on, say, [T/2, T,) with a uniform Holder constant L. This implies, in particular, that np.x (f) converges in
H%(T9) to alimit n,. O

7. From weak to classical solutions

In this brief last section, we prove Theorem 4 about the passage from weak to classical solutions. In preparation of
the proof of Theorem 4, we first show that any weak solution satisfies the very mild formulation (51), but in a weaker
sense.

Lemma 20. Any weak solution n in the sense of Theorem 1 is a Holder continuous curve in H=3(T%), satisfying, for
t>0,

t t
n(t) = G(t) xno + 8, / G(t —s)* F{"9 (n(s)) ds + 93 / G(t —s) % Fy (n(s)) ds. (67)

0 0
Proof. By our definition of a weak solution, n lies in WIL’CM 3
continuous curve with exponent 1/3 in H —3(T9) and, in particular, n is absolutely continuous in H —3(T9). Hence,
its time derivative d,n(¢) is defined in H~3(T¢) for almost every t > 0. Moreover, n € Lﬁf (0, 0o; H3(T9)), thus,

n(t) € H3(T?) for almost every t > 0 and Ane L3 (0, 0o; H=3(T9)). 1t follows that

loc

(0, 00; H3(T%)). As a consequence, n is a Holder

g:=an— AneL2(0, 00 H(T)).

loc
For fixed ¢ > 0, consider the continuous curve u : (0, ) — C>(T%), defined by u(s) = G(t — s) xn(s). Recalling (48),
it follows for arbitrary 0 < s < ¢ that
osu(s) = —A3G(t —85)*xn(s)+ Gt —s)xdn(s) =Gt —s)* (an(s) — A3n(s)) =Gt —s)*g(s).

1,4/3
ocC

Therefore, u € W,."” (0, co; H=3(T)), and

t
lirTnu(t’) =u(0) +/G(r —5) > g(s)ds.
't
0

Since u(0) = G (t) *ng and u(t') — n(t) in H=3(T¢) as ¢’ 4 ¢, formula (67) follows. O

Lemma 21. Let n be a weak solution to (51) whose energy is uniformly bounded on (T, T>). Then Fl(ijk) (n(t)) is
bounded in L3/2(T9) and Fz(”)(n (1)) is bounded in L' (T9), uniformly in (T, T»).

Proof. By the Holder and the Sobolev inequalities and Lemma 26 (see Appendix A), it follows that

|70 (10) [ a2 < 4| V0@ 16 (4] VY@ | 76 + 3| V2 V@) | 12)
SAC| V)| 2 (A4CE [V | 2 +3) [V (@) ] 12
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|57 ()] 1 <8(IVVr® | 2 +4[ VD ] 2)°
<8(1+4CH V)] 2)* [V -

The last terms are uniformly controlled in terms of £[n(¢)] which concludes the proof. O

In the following, let n be a weak solution satisfying the hypotheses of Theorem 4. Without loss of generality we
may take fo = 0. Then ng € H 2(’]I‘d) and minng(x) > 0. Since we are working with a solution of uniformly bounded
energy, it is a priori clear that n(r) is bounded in H>(T¢). Actually, more is true.

Lemma 22. A weak solution n is a Holder continuous curve in H*(T?) on any time interval on which its energy is
uniformly bounded.

Proof. Let 1 > 0 and 7 > 0 be fixed. Since G(t — ) € C*(T9) and £ (n(5)) = 87, F{"* (n(s)) +32 F37 (n(s)) €
H~3(T9) for all s € (0, 1), we have G(r — ) * f(n(s)) € C®°(T4). It follows that

V2G (1 —5) » f(n(5)) = V203, G(t — 5) x F{70 (n(9)) + V202Gt — 5) x Fy 7 (n(s)).

By Young’s inequality, it follows further that

[V26 =% £ (1) 12 < C(IVIG@ =9 s | F{7 (00 |2 + [ V4G = 9)] 12 | B37 (09) ] 1)
<c(- §)~+d/6/6 4 (4 _ S)—(4+d/2)/6)
<C(t —s)~ 1112,
where C > 0 is a generic constant and recalling that d < 3. This implies that, for all # € (0, 7)) and t > 0,
e
v? / Gt +7—s)* f(n(s))ds

t

<C(t+0)2—12) < o2,

12
Similarly, we find that
|V2(G(t + 7 —5) = Gt =) % f(n()) ] 2
<C(|V2 (Gt +7 =)= Gt =) yoss | 77 (0)) [ 2
+[VH(G i+ 7 =9~ Gt =) 2| B ()] 1)-
By relation (48), form =4, 5,

t+r—sdG

v —(0)do
| G
t—s

t+Tt—s5

<r / ﬂ_l_(m+d(l_1/p))/6dl9.

t+1—5

< / V" AP G@)],, do

Lr 4

V" (G +1—5)—Gt—s)|,, <

t—s

As in the proof of Lemma 17, this proves the continuity with the Holder exponent 1/12. O
The above results, together with Theorem 3, provide the proof of Theorem 4.

Appendix A
We provide a collection of functional inequalities used throughout the calculations.

Lemma 23. Let m € N be given. Then there exists a constant C > 0 such that for all u € H™ (T¢),
el g < C(| V0] 2 + el 12).
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Lemma 24. Let m,n € N and 1 < p,r < 00 be given and assume that n —d/r <m — d/p. Then the Sobolev space
WP (T9) embeds compactly into W' (T?). In the borderline case, if n —d/r =m — d/p is not an integer, the
embedding is still continuous.

The following result is from [23, p. 1034].

Lemma 25 (Gagliardo—Nirenberg inequality). Let m, n € No withm > n and let 1 < p, q,r < 00. Assume that there
exists 0 € (0, 1) such that

d ( d) d
n—=—=0(m—=)—-1-06)-.
p q

r

There exists a constant B > 0 such that for all u € WP (T4),

[ V"

Lr(2) B”“”W’"I’”u” . (68)

Estimates on square roots play a key role in the proofs of our results. The following result is a consequence of
Théoréme 1(ii) in [17].
Lemma 26. Let 1 < p < 00. Then there exists a constant Cry > O such that for all nonnegative functions u €
W2,p(']rd)
||\/_||W1 2p(Tdy S < Covllullwe, P(Td)- (69)

Proof. Let ¢ € CZ(R) be a nonnegative cut-off function satisfying ¢(x) =1 for 0 <x < 1, and ¢(x) =0 for x > 2
and for x < —1. Define accordingly ¢4 € C*(R?) by

Ga(x1, %2, ..., Xa) = ¢(x1)P (x2) - - - P (xa). (70)

Given u € W2P(T%), consider w € WP (R?) with w(x) = ¢4 (x)Eu(x); recall that Eu is the periodic extension of u
to RY. By definition of ¢4, we have w(x) = Eu(x) for x € [0, 174 and suppw C [—1, 2]¢. On one hand,

d

2

[N A Z f |8;v/Eu ()P dx < 3 /|a,vw(x)| ? dx = IDVWII 75, (71)
I=o J=Ra

On the other hand, with constants A, By > 0,

D20y = 3 /|8]2kw(x)|1’dx
1< <k<d

]Rd
— Z |07 @aBut + 0 a0k Eu + Ok pad;Eu + g7, Eu|” dx
1< <k<d g
< Ap||¢d||fc’2(Rd) Z (IEu|” +18;Eu|” +10;Eul” + |07 Eu|") dx
ISj<ksd 1o
A Bd||¢d||C2(Rd)”u”W2 p('ﬂ‘d) (72)
By Théoreme 1(ii) in [17],
IDVw|? < K|D*w]|? (73)
LZp(Rd) LP(Rd)’

where K > 0 only depends on d and p. Then, combining (71) with (72) via (73), it follows that

1DV, ) < Ap Ba K 1l g N1y -



364 M. Bukal et al. / Ann. 1. H. Poincaré — AN 30 (2013) 337-365

Finally, observe that, trivially,
2
”\/E”Lgp(']rd) = ||u||€p(’]rd) g ||u||1‘,7v2,p(11"d)'
Hence, (69) holds with the constant
1
CLV = (1 + AdeK||¢d||£~2(Rd)) /[7’

ending the proof. O

The following result is proved in [14, Appendix]. It is needed to obtain strong convergence of the sequences (/u, )
or (Yuy ), given strong convergence of the sequence (u,) and a uniform bound on (¥/u, ) or (Yu, ), respectively.

Proposition 27. Let 0 < B <y <a <00, 1 < p,q,r < oo be given, where ap = Bq = yr. Assume that (uy) is a
sequence of strictly positive functions on T¢ with the following properties:

(1) u? converges strongly to u® in wbr(T9), and
2) uf is bounded in W4 (T4).

Then u);, converges strongly to u? in W' (T%).
The respective result holds for sequences of nonnegative functions u, : (0, T) x T¢ — R upon replacing W'* (T¢)
by L°(0,T; Wl’s(’I[‘d)) for, respectively, s = p,q,r.

Finally, we recall a particular variant of the Leray—Schauder theorem that has been proven in [20].

Theorem 28 (Leray—Schauder). Let X be a Banach space and let B C X be a closed and convex set such that the zero
element of X is contained in the interior of B. Furthermore, let S: B x [0, 1] — X be a continuous map such that
its range S(B x [0, 1]) is relatively compact in X. Assume that S(x,0) # x for all x € B and o € [0, 1] and that
S(@B x {0}) C B. Then there exists xo € B such that S(xg, 1) = xo.
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