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Abstract

In this paper we deal with a fluid-structure interaction problem for a compressible fluid and a rigid structure immersed in a
regular bounded domain in dimension 3. The fluid is modelled by the compressible Navier—Stokes system in the barotropic regime
with no-slip boundary conditions and the motion of the structure is described by the usual law of balance of linear and angular
moment.

The main result of the paper states that, for small initial data, we have the existence and uniqueness of global smooth solutions
as long as no collisions occur. This result is proved in two steps; first, we prove the existence and uniqueness of local solution and
then we establish some a priori estimates independently of time.
© 2008 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

Dans cet article, nous considérons un probleme d’interaction fluide-structure entre un fluide compressible et une structure ri-
gide évoluant a I’intérieur d’un domaine borné et régulier en dimension 3. Le fluide est décrit par le systeme de Navier—Stokes
compressible barotrope avec des conditions de non-glissement sur le bord et le mouvement de la structure est régi par les lois de
conservation des moments linéaire et angulaire.

Nous montrons, pour des données initiales petites, 1’existence et 1’unicité de solutions globales régulieres tant qu’il n’y a pas
de chocs. Ce résultat est obtenu en deux temps ; tout d’abord, nous prouvons I’existence et I’unicité de solutions locales puis nous
démontrons des estimations a priori indépendamment du temps.
© 2008 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction
1.1. Statement of problem

We consider a rigid structure immersed in a viscous compressible fluid. At time 7, we denote by £25(¢) the domain
occupied by the structure. The structure and the fluid are contained in a fixed bounded domain £2 C R3. We suppose
that the boundaries of §25(0) and §2 are smooth (C* for instance) and that

d(25(0),352) > 0. ey

For any ¢ > 0, we denote by 27 () = §2 \ §25(¢) the region occupied by the fluid. The time evolution of the Eulerian
velocity u and the density p in the fluid are governed by the compressible Navier—Stokes equations and the continuity
equation: V¢ > 0, Vx € 2r(t)

{(Pt + V- (pu))(t,x) =0,

(pus +p - Vu)(t,x) — V- Quew) + ' (V-u)Id)(t, x) + Vp(t, x) =0, )

where €(u) = %(Vu + Vu') denotes the symmetric part of the gradient. The viscosity coefficients p and ' are real
constants which are supposed to satisfy

n >0, n+u =0. 3)

We suppose that we are in a barotropic regime where a constitutive law gives the relation between the pressure of the
fluid p and the density p. Thus, we suppose that

p=P(p) where P ¢ C°°(R*+), P(p)>0and P'(p) >0, Yp > 0. 4

For instance, P(p) := p¥ with y > 0 is admissible.

Concerning the compressible fluids, a local in time result of existence and uniqueness of a smooth solution was
proved in [21]. In [18], the authors proved the existence and uniqueness of a regular solution for small initial data and
external forces.

Next, for isentropic fluids (P (p) = p?, y > 0), the global existence of a weak solution for small initial data was
proved in [13] (for y = 1) and in [14] (for ¥ > 1). Also for an isentropic fluid, the first global result for large data
was proved in [15] (see also [16]) (with y > 9/5 for dimension N = 3 and with y > N /2 for N > 4). Finally, this last
result was improved in [9] (see also [11]) (with y > N /2 for N > 3).

At time #, the motion of the rigid structure is given by the position a(t) € R? of the center of mass and by a rotation
(orthogonal) matrix Q(t) € M3,3(R). Without loss of generality, we can suppose that

a(0)=0 and Q(0)=1d. &)
At time ¢, the domain occupied by the structure §25(¢) is defined by

25(1) = xs(1, £25(0)), (6)
where xg denotes the flow associated to the motion of the structure:

xst,y)=a@)+ Q()y, Vye2s(0), vt >0. )

We notice that, for each t > 0, xs(¢, -) : £25(0) — $25(¢) is invertible and
X )T =007 (x —a), VxeLs).
Thus, the Eulerian velocity of the structure is given by
(Xs)i(t, ) 0 xs(t,) " @) =a@) + QO™ (x —a(®).  Vx € 2s().

Since Q1) (1)~ is skew-symmetric, for each 7 > 0, we can represent this matrix by a unique vector @ (r) € R3 such
that

00N 'y=w@) Ay, VyeR’.
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Reciprocally, if w belongs to L2(0, T'), then there exists a unique matrix Q € H'(0, T) such that Q(0) = Id and which
satisfies this formula.
Thus, the Eulerian velocity u s of the structure is given by

us(t,x):d(t)—}—a)(t)/\(x—a(t)), Vx € 25(1). ®)

For the equations of the structure, we denote by m > 0 the mass of the rigid structure and J () € M3,3(R) its tensor
of inertia at time ¢. This tensor is given by

JOb-b= / po.s(bAQMY) - (bAQWY)dy, VbbeR, ©)
25(0)
where pg_s > 0 is the initial density of the structure. One can prove that
J(b-b>Cyb>>0 forallbeR*\ {0}, (10

where C; is independent of 1 > 0. The equations of the structure motion are given by the balance of linear and angular

momentum. We have, for all € (0, T')
mii=f395(t)(2,ue(u)+/L’(V~u)Id—pId)ndy, an
Jo={Uw)Aw+ fags(t)(x —a) AM(Quem) + /' (V-u)Ild—pIdn) dy.

In these equations, n is the outward unit normal to d£25(¢). On the boundary of the fluid, the Eulerian velocity has to
satisfy a no-slip boundary condition. Therefore, we have, for all # > 0

u(t,x)=0, Vxeds2, 1
{u(t,x)=El(t)+a)(t)/\(x—a(t)), Vx € 0825(). (12)
The system is completed by the following initial conditions:
u(0,-) =uo in 2r(0), p(0,)=po in£2r(0), a(0)=0, a(0)=ao, (0)=wo, 13)
which satisfy
ag, w0 €R?, po,ug € H(2p(0),  po(x) >0, Vx e 2r(0). (14)
Since we will deal with smooth solutions, we will also need some compatibility conditions to be satisfied:
up=apg+woAx ondf2s(0), up=0 onasf2 (15)
and
1 , 1
—V - (2ueuo) + 1/ (V - ug) 1d) — —V P (pg)
00 00
1
=— / (212€ (o) + 1 (V - u9) Id = P(po) Id)ndy + (J(0) ™' (J (0)wp) A wp) A x
3825(0)
+J(0)! / XA ((ZMG(M()) + w1/ (V- up)Id —P(po) Id)n) dy) AX+wo A (wpAx) onds2s(0),
0£25(0)
V. (Z/LG(MO) + 1 (V- ugp) Id) —VP(pp)=0 onas2. (16)

These two conditions are formally obtained by differentiating system (12) with respect to time and taking t = 0. To
do this, we consider the second equation of (12) on a fix domain by setting x = xs(¢, y), with y € 9£25(0).

Let us now recall some of the most relevant results in problems of fluid—structure interaction. In the below lines,
when we refer to a global result, we mean before collision (in the case of a rigid solid) or before interpenetration of
the structure (in the case of an elastic solid).

e Incompressible fluids:

As long as rigid solids are concerned, a local result was proved in [12], while the existence of global weak solutions
is proved in [5] and [7] (with variable density) and [19] (2D, with variable density); in this last paper, the existence of
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a solution is proved even beyond collisions. Later, the existence and uniqueness of strong global solutions in 2D was
proved in [20] as well as the local in time existence and uniqueness of strong solutions in 3D.

When talking about elastic solids, a first existence result of weak solution was proved in [8], when the elastic
deformation is given by a finite sum of modes. A local existence result of a strong solution for an elastic plate was
proved in [1] (2D). The local existence of a strong solution is proved in [6]. In [4] and [3] (with variable density), the
authors proved the global existence of a weak solution.

e Compressible fluids:

Concerning rigid solids, the global existence of a weak solution was proved in [7] for y > 2 and in [10] for
y > N /2. For elastic solids, in [2] the author proved the global existence of a weak solution in 3D for y > 3/2.

In this paper, we will prove the existence and uniqueness of smooth global solutions for small initial data (Theo-
rem 3). We can also prove the same result for initial data close to a stationary solution (p, u, a, ) = (p., 0, 0, 0) and
for special right-hand sides (see Remark 6 for more details).

We give a lemma which allows to extend the flow xs by a flow x defined on the global domain 2.

Lemma 1. Let T € (0, +00) and (a, w) € (H3(0, TYNW>®(0, T)) x (H*(0, T)NW (0, T)) be given. We suppose
that (a, Q) satisfies (5) where Q € H 3(0, T) is the rotation matrix associated to w. We consider the associated flow xs,
the Eulerian velocity us and the domain defined by (6) to (8). We suppose that there exists o > 0 such that

viel[0,T], d(25(),02) >a >0. (17)
Then, we can extend the flow xs by a flow x € H3(0, T; C*®(82)) such that
e x(t,y)=a(t)+ Q(t)y for every y such that dist(y, 0§25(0)) < /4 and everyt € (0, T).

x(t,y) =y forevery y such that dist(y, 0§2) < a/4 and for every t € (0, T).
Forallt € (0,T), x(t,-) is invertible from §2 onto 2 and from 2 (0) onto 2 (t) and

(t,x) €0, T) x 2 — x(t, )" (x)

belongs to H>(0, T; C®(£2)).
e The Eulerian velocity v € H2(0, T; C*®(£2)) associated to X satisfies

v(t,x) =us(t,x), Vxefs@), Vt€(0,T),
v(t,x) =0, Vx €082, vVt e (0,T).

For p € N there exists a constant C| > 0 just depending on p and 2 such that

|1t ) | ooy < C1{1aO + l0®*) %, vee©. 1), (18)

Proof. We consider a cut-off function which satisfies

EcC®(R), Ey)=1, dist(y,d2)>a/2, &(y)=0, dist(y,d2) <a/4. (19)
Let define the Eulerian velocity in the whole (0, T') x §2 by

v(t,y) =EM(a@®) +w@) A(y—a®)), te€©,T), yes. (20)

Next, we can define the flow x associated to v. For all y € £2, x (-, y) is defined on (0, T') as the solution of the
ordinary differential equation

xie(t, y) =v(r, x (1, ), )1
{X(O,y)=y- 21

In {y: dist(y, 0§2) < «/4}, since v = 0, we have according to the uniqueness of the flow that y (¢, y) = y. Analogously,
if we take a point in the set {y: dist(y, 0§25(0)) < «a/4}, x(t,y) = xs(t,y) = a(t) + Q(t)y. The last point comes
from (19), (20) and (21). O

We define now a flow which transforms the moving domains into the initial one:



M. Boulakia, S. Guerrero /Ann. I. H. Poincaré — AN 26 (2009) 777-813 781

Corollary 2. Under the same hypotheses as in the previous lemma, one can define an inverse flow \ extending
X5 (t.x)=0®) " (x—a(). t€(0.T), x e,

to the whole domain $2 and which satisfies:

Y, x) = Q@) ' (x —a()), Vx € 25(1), Vt € (0, T).

Y, x)=x,Vx€082,Vte(0,T).
The velocity w := ; associated to  belongs to H*(0, T; C*®°(£2)) and satisfies

wt,x)=—-0@)"Nalt) +w A (x —a(t))), VxeRs@t), Vie(0,T),
w(t,x) =0, Vxe€0d82, Vi€ (0, 7).

For p € N there exists a constant Co > 0 just depending on p and S2 such that
N 2\1/2
192 oy < C2(|a + |0@]*)72, vee©,1). (22)

1.2. Main result
Let us now introduce some notation which we will employ all along the paper. Let & € (0, +00] and (a, w) €
(H?(0, h) N W1-2°(0, h))? be given. First we define
Zp={(s,x): s €(0,h), x € 2p(s)}, Zp={(s,x): s €(0,h), x €0825(s)}. (23)

Then, for r, p > 0 natural numbers, we introduce

h
Li(Lz) =L%(Zy) = {u measurable : / / lul?dx ds < —i—oo},

082F(s)
h

Li(H?):= {u e L;(L?): / Il rr 2p sy 45 < +oo},
0

h r
Hj(H?) = {ueL,%(Lz); /Z\;afu]ﬁ{,,(m(x))ds<+oo},
o A=0

with associated norms given by the definition. On the other hand, we define
Cp(L?) == {u such that ii(s, x) 1= u(s, x) Lo, (5) € CO([0, h]; L*(£2))}
and
Cp(HP) = {u: 8f8%u e CY(L?), VO B <r, VO< || < p)
with associated norms given by

lelico 2 = tgggg)Hu(f) |22y = R Ja®] L2

and

r

lullcymry = ZE}S‘%” 0 u(o) |-
p=0"""

It is clear that for regular functions, the norm || - ”CZ( Hry coincides with the norm || - || WIS (Hp)- In the sequel, we will
always use the second notation.
The main goal of our paper is to prove the following theorem:
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Theorem 3. Let p be the mean-value of pg in $2r(0). We suppose that (1), (3) and (4) are satisfied. We suppose that
the initial conditions satisfy (5), (14) and the compatibility conditions (15)—(16). Then there exists a constant § > 0
such that, if

oo — Pl a3 (2r0)) + 10l 532 0)) T laol + lwol < 8, (24)
the system of Egs. (2), (11), (12) and (13) admits a unique solution (p, u, a, w) defined on (0, T) for all T such that
(17) is satisfied. Moreover; this solution belongs to the following space

p e L3 (1) N C (1) 1 H(H?) N Ch(H?) N B3 (L2),

ue L3 (HY)YNCY(HY)nCp(H YN HF(L?), aeH*0,T)NC'((0,T]). e H*0,T)NC'([0,T])

and there exists a positive constant C| independent of T such that

o = Pll2 ) + 10 = Bllussqarsy + 10 = Bll s gzy + 10 = Bl gz 2y + 10 = Bll gy )
o el 2 gty + 1l ey + Dl gy + 10 2 g2y + 1l oo+ 1l g2+ ol + ol 2

< Ci(llpo = ol g3 ap ) + 140l 13270y + laol + lwol). (25)

Remark 4. In Theorem 3, we prove that for § > 0 small enough depending on the initial distance d(§25(0), 052),
there exists a unique regular global in time solution of the system of Egs. (2), (11), (12) and (13) provided that the
structure does not touch 92 (see (17)). Observe that this condition will always be satisfied on an interval (0, Tiin),
where Tiin > 0 only depends on Cq, 6 and d(9£2, 25(0)), as easily seen from estimate (25).

Remark 5. This condition on 7 is natural for fluid-structure interaction problems (see, for instance, [7], [5] and [20]).
For results concerning the existence of weak solutions of this type of systems after a collision has occurred, we refer
to [19] and [10].

Remark 6. As proved in [18], there exists a unique stationary solution (p.(x), 0, 0, 0) of (2), (12), where, on the fluid,
the compressible Navier—Stokes equation is completed with a right-hand side of the form f;(x) = 9;¢(x) (i =1,2,3)
satisfying (24) for the H3-norm. Then, we can prove that Theorem 3 also holds with / replaced by p, and for a
right-hand side of the above kind.

2. Intermediate results

Let us recall that p is the mean-value of pg:

1
p=— 26
o V(2P 0) / £0, (26)

2r(0)

where V (£2£(0)) stands for the volume of £27(0).
Now, for 0 < 7 < +o00, we define the space

X(0,h) ={(p.u,a,w): (p,u) e CH(H*)NL;(H*) N Cp(H?) N H, (H?) N H (L?)
x (L (HY) N C(H®) N H (HY) N CL(H") 0 H] (L)), (@.w) € (G} N Hf))
endowed with the following norm:

_ 2 2 2
NO,h(P, u,a, CL)) - (||'0||LZO(H3) + ”p”L%(HE) + ”IO”

2 2 2

2
HI(H?)

)72, @7)

2

2 2 <112 <112
+ IIMIILZO(H3) + lfull + ”u”Whl,oc - ||M||th(Lz) + ”a”Whl,oo + IIGIIth

(H!
2 2
+ IIwIIWhl,oo +llely,

By abuse of notation, we will denote for each 0 < 7 < 400
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X (h, k) = {(on. wn. an, op): pn € H> (2 (), up € H>(2F (1)),
x (L3 (HY) N CR(H?) N HY (HY) N Ch(H') N H(LY)), (@, @) € (Ch N HP)).

The proof of Theorem 3 is divided in two steps: first, a local existence result and next a priori estimates for the
system. A suitable combination of both will yield the desired global result.
Thus, we first formulate a local existence and uniqueness result for small initial data.

Proposition 7. Let (1) be satisfied and let h > 0:

e For h =0, let (pg, ug, ao, wo) satisfy (14)—(16).

e For h > 0, we suppose that (2), (11), (12) and (13) admits a unique solution (p,u,a,w) in X (0, h) satisfying
(17) for some o > O independent of h and for T replaced by h.

Then, there exist constants 8y, T > 0 and C > 0 independent of h (for h = 0, we mean independently of the initial
condition) such that, if N, ,(p — p, u, a, ) < 8o, problem (61) has a unique solution (p, u, a, ) defined on (h, h+t)
satisfying

(o u,a,w) € X(h,h+71), Nppio(p—p,u,a,0)<CoNpp(p—p,u,a,w).
We present now the a priori estimates:

Proposition 8. We suppose that there exists T > 0 such that the problem (2), (11), (12) and (13) admits a so-
lution (p,u,a,w) in X(0,T). Then there exist constants 0 < 61 < g and Cz > 0 independent of T such that if
No,7(p — p,u,a,w) <81 then

Nor(p—p,u,a,w) < C3Noo(p — p,u,a,w).
These two propositions will be proved in the next sections. They allow to prove Theorem 3 in the following way:

Proof of Theorem 3. We will apply iteratively Propositions 7 and 8. We suppose that

_ . 81 31
Noo(p — p,u,a,w) <min| dy, —, ——— ).
@ o1+
According to Proposition 7 for 4 = 0, one can define on (0, t) a solution (p*, u, a, w) € X (0, t) such that
No:(p—p,u,a,w) < CaNool(p—p,u,a, w) <8 <.

Since Ny (p — p,u,a,w) < No-(p — p,u,a, ), we can apply again Proposition 7. Our solution can be extended
on (Is 27:) and N'L',2T(p - 153 u,a, C()) < C2N0,T(10 - ﬁs u,a, CL)) Thus

Ngar(p = pou,a,0) = (Ng o+ Niop)(p = pru,a,0) < (14 C3)NG (p = p, u, a, ).
Thanks to Proposition 8 for T = t and the choice of Ny o(p — p, u, a, ), we deduce

N0,2'L'(10 - ,(_),u,a,a)) < C3\/ 1 + CgNO,O(IO - 165 M,Cl,w) g 81

This allows to repeat this process and obtain the existence of a regular solution as long as (17) is satisfied. O
Now, we state a result which will be useful in our analysis:

Lemma 9. Let t > 0. There exists C > 0 independent of t such that for all u with €(u) € L*(2¢(t)) and
u e L?(2r (1)), we have that u € H' (2 (1)) and

lullgnzran < Cle@ 2, + 1el2i@ran)- (28)
Consequently, if ujyo =0, we have that

Il 1 2oy < Cle@) ||L2(.Q,.-(t))’ (29)
for C > 0 independent of t.
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Proof. All along this proof, C will stand for a positive constant independent of ¢. For the first inequality, we use that
1

2(3x,6(u)ik + Oy €(u)ij — 3x,-6(u)jk).

axjxku(t, x)=
First, observe that

Ill2(2p 1)) < CIVUIE-1 (24 1))

where C only depends on the size of 2r(¢) C §2. We apply this inequality for v := Vu and so we deduce that
Vu e L?(£2r(t)) and

IVull L2(2p ) < Cne(”) ||L2(.(2p(z))'

Then, inequality (28) readily follows. In order to prove (29) we observe that, thanks to u5 = 0, we have that
lll 22wy < CIVUll 22 0y

Here, C depends on the regularity of §2r(¢) (which is that of £27(0)) and the size of £2. O

3. A local existence result: proof of Proposition 7

This section is devoted to the proof of Proposition 7. We only consider the case & = 0; the case i > 0 follows
directly from the arguments below.

3.1. Statement of the problem in a fixed domain

The system of equations can be written on the reference domains $25(0) and §2r(0) with the help of the flow
defined by Lemma 1. We consider (p, u, a, w) which satisfies the system (2)-(11)-(12) with the hypothesis (3)—(4).
We suppose that (17) is satisfied for some o > 0 and that the functions p, u, a and w are regular enough. Let us define
the functions i, p and p on V7 := (0, T) x £2r(0) by

i, y)=u(t,xt,y), pt,y)=p(t.xt.y))—p, p.y)=P(pE y)+p), V(. y) eVr. (30)
We have the following formulas, V(¢, y) € Vr,

pr(t.y) = pi(t. x (& 0)) + (V)" xe) - VB) @, y),
Thus we get, for the first equation of system (2),

e+ (V)@ = x0)) - Vo + (p+ o) e(Va(Vx) ™) =0, in V. 31
Next, the second equation of (2) becomes, Vi =1,2,3,in V7

B+ P) @) + (5 + p) (@ — 2. (Va(V ) ™), = udy, (B (Vi ) (V0!

— (A4 1)y (3381, (VX)) (V05 + (VO 9y D =0. (32)

In this equation and in what follows, we implicitly sum over repeated indexes. Egs. (11) become:

{ mi = [0 0 WVIEQ" + Q(Vi)") + p tr(ViQ") Ild—pId) Ondy, (33)
Jo=Jo) Ao+ [3000/ (O A (w(ViEQ" + Q(ViD)') + /' tr(Vii Q") Id — p1d) Qn) dy,
where we have denoted A~ = (A?)~! At last, the boundary conditions (12) become
{Lz(t,y)z(_), Yy €982, (34)
ut,y)=a@)+w()A(Qy), Vyedf2s(0).
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We denote (m, J, ., u') instead of (m/p, J/p, u/p, ' /p) and we rewrite the resulting system as follows:

i+ (V)i — x)) - Vo +pV it =go(p.it.a,w) inVr,
ﬁl_v'o(ﬁ’ﬁ)=g1(57ﬁ5a9w) in VT»
ma:fi)gs(())o.(ﬂ7 ﬁ)ndy +g2(153 ft,a,a)) in (Os T)9

Jo= [y0.0(OV) A (0@, pn)dy +g3(p,i,a,0)  in(0,T),

=0 on (0,T) x 082,
i=a+wA(Qy) on (0, T) x 0825(0),
15(09):100_157 ﬁ(ov )ZMO IH.QF(O),

a0) =0, a0)=ay, (0)=wo,

with
g0, ii,a,w) = ptr(Va(ld—(Vx) ")) = pr(Via(vy) ™),

(015, i a, ) = —(@ij — x;,)(Va(V) ™), + u(p%p - 1)ay, (3,1 (V05 ) (V305

+ [0y (Bwti (Vo0 = 8)) (VO + 95,4 (V0 = 81))]

+(u+ u’)(# - 1)8y, (B (V0 ) (V05"
+ (A 1) [By (Bt (V0 = 817)) (Vo0 + 05,00 (V05 = 81)]
P'(5+p)dup (P/(/3+/3) B P’(ﬁ)>8 i
p+p 5 )

(vl =50
(( X)kz kl) i+ 5 F;

g2(p,u,a,w) = / [(Q—1d)(Vi)' Q + (Vi)' (Q — 1d) [ndy
0£25(0)

+u / [tr(Vii(Q" —1d))Q + (V- #)(Q —1d) [ndy
3925(0)
B P(p+p)— P(p)

9825(0) 3825(0)

and

g3(p. i a,w) =p / (Oy) A (@ =1)(V)' Q + (Vi)' (Q —1d) [ndy

3825(0)
+u / (O A [r(Va(Q' —1d)) Q + r(Va)(Q — 1d) |ndy
9025(0)
4 / [(0y) A (P51d—Q)n)] dy
0825(0)
+ f (P(5)+ P'(5)p — P(5+ 5)(Qy) A Q%dy +(Jo) Aw.
0825(0)

(Q—Id)ndy — f (P(,5+/3)—P(,6)—P/(,5)ﬁ)%dy

785

(35)

(36)

(37

(38)

(39)

Here, we have used (64). Observe that the functions g; are (at least) quadratic functions of the quantities p, i,

(Vx)"'—=1d, Q —1d, x;.
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3.2. Definition of the fixed point mapping

LetO <R <1land0<s < 1 be small enough. We define the space 17((0, $); Ié):
Y((0,5); R) = {(p,iir,a,w) € X(0,5): iir =00nd2r(0), a(0) =0, Q(0) =1d, No,(p,iir,a,w) < R},
where
X(0,5)={(p.i.a,0): peCH(2r(0))) N C}(H*(2F(0))) N HZ(L*(2F(0))),
i e L2(H*(2r(0)) N HX(L*(2F(0)), a € H}, w e H}}

and No,s (p,ur,a,w) is given by the corresponding norm. In this definition, Q is the rotation matrix associated to w.

Remark 10. The definition of the space )7((0, s); R) coincides with
Y((O, s); R) = {(,5 ox 'iro X’l,a,a)) € X(0,s)/a(0) =0, Q0)=1d,
No,s(ﬁ ox Liarox7l a, a)) < R}.
This comes from the identities, for all (¢, y) € (0,s) x 27 (0),if x = x (¢, y),
dua(t, y) = du(t, x) + (x:(t,y) - V)u(t, x)
and
Vi(t,y) = Vu(t,x)Vx(t, y).

In order to prove Proposition 7, we will perform a fixed point argument in the space Y((0,s); R). Indeed, we
consider the mapping

A:Y((0,5); R) — Y((0,); R),
(Ias le,&, é\)) g (157 IZF,CI, CL)),

with ip = & — x;, where (p, i, a, ) is the solution of

P+ (V)N — %)) - Vo= go(p,l,a,d) — pV - it in Vr,

iy — V- Que@@) + W/ (V-i)1d) = g1(p. 4, a,») — p°Vp in Vr,

mé:fz)gs(o)o—(’;a pndy +g2(i5a n,a,d) in (0, T),

jd)=fms(0)(Qy)/\(a(zz,ﬁ)n)dy +g3(p, 0,4, d) in (0,7), (40)
u=0 . on (0,7) x 052,

u=a+wn(Qy) on (0, T) x 0825(0),

00, )=po—p, u0,)=up in 27 (0),

a(0)=0, a0)=ag, »(0) =uwp.

Here, ii = iy + %; and J is defined by (9) where we replace Q by Q.
Thanks to Remark 10, if we prove the existence of a fixed point of A, the proof of Proposition 7 will be achieved.

3.3. Ais well defined

Let (0, u,a, ) be given in Y((0, 5); R). Our goal is to prove that the solution of (40) (p, i, a, w) belongs to
Y ((0,s); R). In order to prove this, we will establish some estimates for p regarded as the solution of a transport
equation (with right-hand side go — p(V - 1)) and for # as solution of a heat equation (with right-hand side g; — POV ).
In the sequel, we will use the following estimates, coming from Lemma 1:

” (/6’ 127 &7 d)) ”5((0,S) + ” (V)?)_l - Id” Hf(C”(m)) + ” Q —1d ”Hg’ + ”)%t ||Hg(cw(m)) < CR.

Taking R > 0 small enough, we can suppose that | 6| < p/2 and so every single term of the expression of g; (see (37))
makes sense. Then, one can prove that
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HHA (2 O)NH] (H! HH(QFO)NH (L2 (2F(0)))
+ 8205, 1.4, )| 1 + | 83(5. 1. a. D) 1 < CRZ. @1

Estimates for . Using standard arguments (observe that iz — x; has null trace), we can prove using (41) that

151l e (32 0y < C (80D 1. @ D) 124130 0yy) + 100 = Bll 3oy + Nl L2142 01))
<C(R*+ 10 — Al i3y + Nos (0., 0,0)). (42)

Moreover, using the equation of p and (42), we obtain
”15 ” WSI‘OO(HZ(QF(O))) + ”15” HSZ(Lz(QF(O)))

C( @ronna 22ron T Lo @ronna (1 @r o)

< C(R*+ 1100 = pll 3 (20 + Nos(0,,0,0)).

Combining both, we deduce
No.s(5.0.0,0) < C(R*+ ll00 — Al 32y 0y + No.s (0. 2. 0, 0)). (43)

Estimates for it, a and w. In the rest of this subsection, we denote g; instead of g; (0, 4, a, ®) fori =1,2, 3.
e First, we multiply the equation of & by u, we integrate on V, for all r € (0, s) and we integrate by parts. Taking
the supremum in r, this gives

1
= sup <|a'|2(r>+|w|2<r)+ / it (r)dy) // Qule@|* + WV - @l?) dydr

2 re0,
re(0,s) 200
(f/w dydr+f|w| dr+f lg11* +V51*) dydr + f luol* dx + laol? + |wol?
2r(0)
+ sup |d| (/|g2|dr+ff Iﬁldydr> sup o (f|g3|dr+f f Iﬁldydr>).(44)
re(0,s) re(0,s)
09825(0) 0 9£25(0)

Here, we have used that J is coercive (see 10) and satisfies ||f L= < C.
Thus, using Lemma 9, estimate (43) on p and (41), we deduce that there exists C > 0 such that
Il oo (2202 0 T 1l 21 (21 0))) T 1]l 100 + Nl L5
S C(R? 4 1lp0 = Al i p oy + 5"/ Nos (0,8, 0,0) + llug 12 + lao| + o). (45)
e Let us multiply the equation of & by ii;. Arguing as before, this yields
1 ~\ 12 -
S sup ( f @ule@|[ ) + w1V -al*(r) dy)

2 c0,5)
F(0)

+f[|ﬁ,|2dydr+/ / 2/Le(12)+,u/(V~ﬁ)Id)n)-ﬂ,dydr

0 0825(0)
(/ lg1l* +1V51*) dydr + / |Vuo|2dy). (46)
2r(0)

Using the boundary condition of & on d£25(0), we obtain the following for the boundary term:
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/ / ((2pe@) + /' (V- w)1d)n) - i, dy dr

0 9825(0)

=/ / ((2ue(ﬁ)+u’(v-ﬁ)ld)n)-(a'+cb/\(Qy)+wA(éy))dydr.
0 0825(0)

For the two first terms we use the equations of a and w in (40). This produces the norms ||£i||i2 and ||a')||iz. For the
third term, we have » A

N
[ [ (e +17 1) @ o)y dr| < CRI@I 31302 2o
0 0825(0)

Using (45) to estimate ||a)||iz, (41) and (43), we obtain from (46)

Nl ape2c2p ) T Nl Lot 2p ) + lallz + @l gy < ié”ﬁ”L?(Hz(.Qp(O)))
+C(R*+ 100 — pll a3poy) + 5 Nos (0, i, 0,0) + lluoll g1 2,0y + a0l + lewol).- (47)

Now, we regard the equation of & as a stationary system:
—p A — (4 V(Y i) = g1 — pOVp —ii; in 2r(0), 48)
ﬂz(il-l—a)/\(Qy))lg_Qs(o) on 0827 (0).

The solution of this system belongs to H> and we have

Nl 22,0 < C(llg lz22p0) T 121 @p ) T 1Eell 22 (2p 0)) + @l + |o]).
Taking here the L% norm and using (45) to estimate ||c'z||L% + ||w||L% and (42) to estimate ||:5||L§(H‘(.QF(0)))’ we obtain
from (47) ‘ ‘ ’
il a1 2c2r ) T Nl 22020y T N8l Lo (1 (2p ) T @l 2 + @l g
< C(R*+11po = All g ap o + 5> Nos (0, ,0,0) + luoll g1 2,0y + a0l + lwol) (49)

(recall that R > 0 is small enough).
o If we differentiate with respect to time the system satisfied by (i, a, w), we obtain

figs =21V - (€(@n) = W'V - (V- i) 1d) = g1, — p°V in Vr,

ma = [y 0 Cue) + 1/ (V-i)1d—p°p Idndy + g2, in (0, 7),

Jir=—Ji+ [y00)(0x) A (Que@n) + 'V -ity = p°) 1d)n) dy 50)
+ 050 (%) A (Que@@) + 1/ (V- i) 1d = p°51dn) dy + g3, in (0, T),

u; =0 on (0,7) x 082,

r=d+aA0y) +wA(0y) on (0, T) x 3£25(0).

Let us multiply the first equation by i; and integrate in space and in time as before. Doing similar computations to
those of the previous case, we obtain

sup (|a'|2(r>+|cb|2(r)+ / Iﬂzlz(r)dy>+//(2M|6(ﬁz)|2+u’lv-ﬁzlz)dydr
Os

re(0,s) 20
F

<C(//(|gl,t|2+|L~t;|2+|vlat|2)dydr+ / Iﬁt(0)|2dy+\d(0)|2+|d)(0)|2
O 2r ()
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s

+/(|a)|2+|w|2)dr+ ||u||iZ(H2(QF(0)))+ sup |Cl| (/|g2t|d7+/ / |p[|d0'd}">
’ re(0,s)

0 0 0£25(0)

+( sup |C()| </|g3t|dr+/ / |,O|+|,0,|)d6dr>) +R ”u’”LZ(HZ(QF(O)))
re(0,s)

0 0825(0)
The last term can be bounded by 152]\7& ;(0,12,0,0). Using (41), (43) and (49), this implies that
ity o 2oy F 1l o) + lally2e0 +ll@lly 00
< C(R? + [d(O)] + [@(0)| + [ (0) ”LZ(QF(O)) +llpo — ol a3 2p ) + (s'2+ R)No,s(0,i,0,0)
+ luoll g1 (2p0)) + laol + |aol). (51)
e Next, if we multiply the first equation of (50) by i;,, we obtain that

~ 2 ~

/ liie | dydr+5 sup / Qule)|"(r) + 11V it |*(r)) dy
rE(OA)

Vs 2r(0)

0 9£25(0)

- 1 -2 - -
=//gl,,-u,,dydr+E / (2p|e )| (0)+/L/|V-u,lz(O))dy—//pOth~u,tdydr.
Vs 2r(0) Vs
On (0, T) x 0825(0) we have

U =G+ A OY) + 20 A (Oy) +w A Q). (52)

Thus, we deduce

//((ZMG(ﬁt)wLu’(V-ﬁ,)Id)n)-ﬁt,dydr

0 0825(0)
s s )
=/Zz'-(m'a"—g2,t)dr+/'0'[~ / poﬁtndydr+féé~(JAc'(}+JAd)—g3’t)dr
0 0 0825(0) 0
s s
o [ @nnGranyarar=[o- [ &na(@ne@ w7 D= 51 dydr
0 0825(0) 0 0825(0)

+f / ((2;1,6(12,) +u/ (V- ﬁt)Id)l’l) . (2cb A (Qy) +wA (éy))dy dr.
0 0£25(0)

Then, proceeding as before and using (51), (49) and (43), we obtain that there exists C such that

liteell 222 ) + el Lo 2p ) + 1@ N2 + @12
+ (s'2 4+ R)No5(0, i, 0,0) + |ao| + |wol)- (53)

According to the elliptic equation satisfied by i; (see (48)), we have

”ﬁt“L%(HZ(.QF(O))) < C(”gl,t”Lg(LZ(QF(o))) + 0o 221 (2r0)) + ||ﬂtt||L§(L2(_QF(0))) + ||5||L§ + ”w”HQ)' (54)
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At last, if we consider system (48) satisfied by &, since the right-hand side g — p°Vp — @i; is estimated
in the L2(H*(2r(0))) N L (H'(2F(0)))-norm (see (53)—(54)) and the boundary condition is estimated in
L®(C®(382(0))), i is estimated in L2(H*(£2£(0))) N L (H3(2£(0))) by

R*+11p0 = Al g3y oy + (s + R)No,s(0. 12, 0,0) + l[uoll 32,0y + laol + lvol.
Thus, we deduce that

Nos(0,i,a,w) < C(R* + (s'/* + R)No; (0, i, 0,0) + Noo (5, it, a, w)).

Using that 1\70,X(0, i,0,0) < 1\70,s(,5, i,a,w) and since s and R are sufficiently small, we have
Nos(0, i, a, ) < C(R*+ Noo(p, it, a, w)).

Combining with (43) and taking into account that &t = u — x;, we finally get
Nos(p.iiF,a, @) < CNos(p. @i, a,®) < C(R* + Noo(p. ii, a, w)).

This allows to assert that, if ]\70,0(,5, i, a,w) satisfies
No,o(B, @i, a, w) ~ R (55)

(which implies that ]\70,0(/5, i, a, w) is small enough), then (o, it r, a, w) belongs to Y ((0, s); R).
3.4. Fixed point argument

Let us fix R such that (55) is satisfied. We will prove that A is a continuous mapping in Y ((0, s); R) for the norm
| - || defined by

” (p,ur,a, w) ” = llellLemi@roy) T 1urli2@m2@r oy + el g2 + ol (56)

Once this is done, we apply the Schauder’s fixed point theorem (see, for instance, [23]) and we obtain the existence of
a fixed point of A which solves system (35); then, using the inverse of the flow x, we obtain a solution of our original
system (61), which satisfies the properties of Proposition 7.

In order to prove the continuity, let us consider (pk, i F k, dk, @) a sequence converging for the previous norm to
some element (P, iif, d, ®) of Y((0, s); R). We define

(Ok» UF &, ak, k) = APk, UF i, Gr, @) and (0, UF,a,w) = A(p,iF,a,d).

Let us prove that (Rg, Uy, Ak, $2x) := (px — P, g — U, ax — a, wy — w) converges to zero for the norm (56). This
readily implies that (o, ik, ax, wx) = (0, i, a, ).
Estimates for Ri. The equation fulfilled by Ry is the following one:

Res + (V30 ™" Gk — fa.)) - VR = Lok,
Ri(0,x) =0,

with

ok = g0(Px. ik, Gk, &) — go(p. i1, @, &) — pV - Uk + (V) '@ — %) — (VX ™ (lik — R.0)) - V5.
We directly get that

IRkl Lo 111 2p 00 < CllCokll 211 (27 01

Now, we use the expression of gg (see (36)) and we deduce

A1 Av—1 N ~
1R Lo a1 2p 00 < C Ukl 220200 + [(VRO T = (VO™ 21 @0y T ik = il 220220 01y

+ Xk = Xell 21 201y + 1P — /3||L§(H1(Qp(0))))- (57)
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Estimates for (Uy, Ak, §2r). We have the equation:

Uk = V- QueUn) + 'V - U Id) = £1 1 in (0, T) x £2r(0),

mAg = [y0.0 QueUn) + W'V - U ldndy + ok in (0, 7),

TS = fms(o)(éy) A QueU) +p'V - Uldn)dy + €3, in (0, 7), (58)
Uk:()_ . . . on (0,T) x 952,

Ur = A+ &2k N (Qy) + o A (G — Q)y) on (0, T) x 9£25(0),

Ur0,)=0, Ar(0)=0, Ax(0)=0, £2(0)=0,

with
€1k = g1(Prs ik, ax, wx) — g1(p, it a, ) — p°V Ry,
ok = g2(Pr, i, ax, ) — g2(p, i, a, w) — p° / Rindy,
0825(0)

G0 = &3Pk, g, ax, wx) — g3(p, i, a, @) — p° / (Qy) A (Rgn)dy
9825(0)
+ / (O — 0)) A (oG fom) dy + (F — o).
0825(0)

We multiply the equation of Uy by Uy ;, we integrate in (0,7) x 27 (0) and we take the supremum of r € (0, 5).
Arguing as for the proof of (47) and using

U = Ak + 2 A (QY) + Loy
with
Ly =82k A (éy) + o A ((Qk - Q)y) + wp A ((ék - é)y),
we obtain
Akl 2 + 182k 5 + WUkl g1 2@ 0y)) + 10kl (1 (27 0)))
<Nkl 220y + CUCLEN 202220 0y + €2,k 22+ 113 k1 2 + 1a il 2220 250))))

for § > 0 small enough. Regarding now the equation of Uy as an elliptic equation, we deduce that Ui €
L}(H*(£2r(0))) and

Ukl 22025 01 < € (1014 = Ukl 2c2¢2p 0 + 1Ak N2 + 19260122 + 11Ok — Oll2).-
Thus,

Akl g2 + 182 1 + MUk L2227 0)))
SOkl 2ac@poyy + 1€2kll2 + 183 kll 2 + 1akll 2200200 + 10k — Q||Lg)~ (59)

Observe that, for the right-hand side terms, we have the following estimates:

101kl 22c2r ) < CURKN 2car @) + 1k = @ll 222 0 + 186 = Bll 21 @2 o))

A v—1 ~Av—1 A A
V0™ = VO 2oy T 1Rk = Rell 2@ 0)-
||E2,k||L§ < C(”Rk”Lg(Hl(QF(o))) + iy — ﬁ”Lg(HZ(_QF(o))) + | ox — /3||Lg(Hl(_QF(o))) + 110k — Q||Lg),

1€3,kll 22 < CIREN 211 (2, 01y + ik — @l 21220 0y + 1k = Pl 201 (20 01
+ 10k — Ollg2 + o — @l 2 + 1k — Tl 2)
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and

leall2azpas0m < CUI2el 2 + 10k = Oll).

Combining the estimates of £; (1 < j < 4) with (59), we get

IAN g2 + 1820 gy + Ukl L2122 0)))
< CIRk N 2c1 pp F ik = il 2220 + 18k = Al @p o)
H[ VR = VO 2 ro + 1Kk = Zillzaz o) + ok = @l
+ 11k = Jll2 + 110k = Ol 2)-

To conclude, we plug this inequality into (57) and use that || Ry ||L%(H1(Qp(0))) < CsV2|| Ry ||L?O(H1(_QF(0))):

Akl g2 + 1821 1 + Ukl L2225 0))) T I RK Lo 11 (21 0)))
< C(lix — @l 2reopon + (VRO = (V™! |2 e+ 1Rke = Zell 2 2r )
+ 1k = Al r2cmn pony + 10k — Bl g2 + 10k = Tllg2 + 110k — Ol 12).- (60)
Thanks to the estimate
(Va0 ™ = 07 e = ) 2 @pony + 16k =2 Ck = O 15 < C(ldk = @ll 2 + llax — all ).

we find that (Ry, Uy, Ay, §2¢) — 0 for the norm (56).
3.5. Uniqueness

Let us consider two solutions (01, i1, ay, wy) and (02, it2, az, y) of system (35) such that
NO,S(ﬁjaﬁjvajawj)gRﬁv j=1’2~

Then, we look at the system fulfilled by the difference, we multiply the equation of p; — oo by p; — 2, the equation
of iy — uy by i1 — up, the equation of a; — az by a; — a; and the equation of w; — wy by w1 — w».
Integrating by parts in the second order term of the equation of i — ii» and using classical arguments, we obtain

d

E( f (|,51—,52|2+|ft1—ft2|2)dX+Id1—d2|2+|w1—w2|2>+ f \Vity — Viip|? dx

2£(0) 2r0)
< C( / (161 = pal* + lity — i2]?) dx + a1 — ol + |y — w2|2>-
2r(0)

Finally, using Gronwall’s Lemma we deduce that p| = po, it] = i3, a1 = ap and w| = w;.
4. A priori estimates: proof of Proposition 8

The proof of this result is inspired by the works [17] and [18], where the authors dealt with the compressible
Navier—Stokes equations.
Let us define p° by
P'(p)
po .

= 3

o

where p is the mean-value of pg (see (26))
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Now, we define p* (¢, x) := p(t, x) — p, we change m/p into m, J/p into J, i/ p into w and u’/p into ' and we
find that the system of Eqs. (2), (11), (12) and (13) can be written as follows:

pf+u-Vo*+pV-u= fo(p*,u,a,w) inZr,
uy = Vo, p*)= fi(p*, u,a,w) in Z7,
mi= [y0 0w pIndy + fr(p* u,a,w) in (0, 7),
Jd)zfags(t)('x —(1)/\(0(1/[, P*)”)dV +f3(,0*,u,a,a)) in (07 T)a (61)
u=0 on (0,7) x 852,
u=a+ownx—a) on X7,
,0*(0, ):PO_ﬁsu(O, ):MO in .QF(O),
a(0)=0, a()=ap, (0)=wy,
where
o, p)=2pme@) + 1 (V-u)ld—p°pld (62)
and
fO(p*s”’avw):_P*(V'u),
* P/ *_,r_ -
filo* ua,w) =~ - Vyu— 2 _V-(ZMe(u>+u/(V-u)Id)+(pO—M>Vp*,
p*+p pr+p
P(p* + D)
fz(p*,”,a,w)z / <p010*_T nd]/, (63)
0825(1)
Po*+p
[ u,a,0)=(Jw) Ao+ / (x—a)A((p%o*—M)n)dy.
0
0825(t)
For the integrals in the expressions of f> and f3, we use that
P(p P(p
ﬁ / (x—a)Andy =0 and @ f ndy =0 (64)
o o
0025(0) 0125(0)

and so f» and f3 — (Jw) A w are quadratic terms of p*.

For the sake of simplicity, in this paragraph we will denote our solution by (p, u, a, ®) instead of (p*, u, a, w).

In the following lines, we will give several lemmas where we will present a priori estimates of different nature:

e An estimate of the solid motion in terms of the fluid velocity (Lemma 11).

e Global estimates associated to an elliptic operator (Lemma 12) and energy-type estimates associated to the
compressible Stokes system (Lemmas 13 and 14).

e Interior estimates for the compressible Stokes system (Lemma 15).

o Estimates close to the boundary 952 (0). First, we will estimate the tangential derivatives (Lemma 16) and then
the normal ones (Lemma 17).

o Global estimates for the Stokes operator (Lemma 18).

In the above lines, the term ‘Global’ refers to estimates on the whole domain 27 (z).

All this will be proved under the hypothesis that (p, u, a, w) € X(0, T'). The conclusion of all these lemmas will
be the following inequality:

NO,T(,O’ u,a,w) < C(”fO”H}(LZ) + ||f0||LfT>°(H2) + ||f0||L2T(H3) + I1f1 ”L%(Hz) + 111 ”H}(Lz) + 11 f1 ||L;C(H1)
T2l + 150+ 10:(0, ) || ;1 4 lluoll g3 + (9000, ) || ;2 + llpoll g3 + | (0)
. 3/2
+ lao| + |@(0)| + lwo| + N7 (p. u, a, @) + NG 1(p. u,a, w)) (65)
(recall that No,1(p, u, a, w) was defined in (27)). Next, using the equations of u, p, a and w, we see that
|9:1(0, )| ;1 < C (ol g3 + ool g2 + L fill Lo ity
: (0, ')HLz < C(lluoll g1 + I foll oo (22) + N&T(P, u,a,w)),
i@ (0)] < C(luoll g2 + lpoll g1 + ||f2||L‘}°)
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and

|&(0)] < C(lluoll g2 + ool g1 + 131 L50)-

Then, from the expression of f; (0 <i < 3), we have

Ifoll g z2) + W follLseuzy + W foll 2 sy + WAl 2 g2y + WAl g2 ) + il gy + 120 g1 + 1750
< N(%)T(pv u,a, CO)

Finally, using the assumption Ny 7(p, u,a, w) < 81 with §; small enough, we conclude the proof of Proposition 8.
Consequently, from now on we concentrate in the proof of inequality (65).

4.1. Technical results

All along the proof of these lemmas and for the sake of simplicity we will adopt the notation N (0, T') instead of
No.7(p.u,a, ).

Furthermore, C will stand for generic positive constants which do not depend on ¢ but which may depend on
25(0), 2r(0) and £2.

The first result is the following one:

Lemma 11. There exists a positive constant C > 0 such that

. _ '
el 2 + ol 2 < Cllul 2 ) (66)

Proof. The value of the velocity vector field on the boundary of the solid is given by (see (61))
u,x)=a@)+w@) N (x — a(t)) =ugs(t,x), te€(0,T), x€cdfs(t). 67)
Taking the scalar product of this by (x — a(¢)) and taking the square, we have
lu(t,x) - (x —a) ] = |a)*|x — a@)|* cos>(@(r), x —a(®)), 1€ (0,T), x €dRsq).
Then,
SN2 2 . 2 NT 2 . 2
la@)|"|x —a(®)|"|cos(a @), x —a@))|"dx = |a(t)| / ly[*|cos(a(r), Q(1)y)|" dy. (68)
9825(1) 9£25(0)

First, we observe that |y| > dist(0, §25(0)). Thanks to the fact that d£25(0) is a regular closed curve, we have that for
any b e R3

|cos(b, y)|2 >C >0.
3825(0)

Using this in (68), we have (66) for ||a|| 2 Finally, from (67) and similar arguments, we also deduce this inequality
for ||a)||LzT. a

The next result concerns a classical elliptic estimate for u:

Lemma 12. Let k =2, 3. Then, we have

ol e ety < € (lll oo g2y + ol gqainy + il + ol + 1Ll g i)- (69)

Lemma 13. Let k =0, 1. Then, for every § > 0, there exists a constant C > 0 such that
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il o 2y + 12Ny toe g2y + el gt gy + lalyoe + ool oo
<8Pl g a2y + el g + Nl i) + C (UL foll sz + 1Fil g r2) + NP2 g+ 1F5 0 g + Nl 2
+ llpoll 22 + laol + lax] + [85u(0. )| 2 + [ 9f 00, )| 12 + |9F T a(O)| + [8f 0 (0)]
+ N32(0, T) + N*(0, T)). (70)

Proof. 1) k = 0. We multiply the equation of p by p®p/4 and the equation of u by u. Integrating in Z; for s € (0, T)
and adding up both expressions, we obtain:

0
% sup <|a|2(s>+|w|2<s>+ / (p—_|,0|2+|14|2)(5)dx>+f/(2u|e(u)|2+u/lv-u|2)dxdt
5€(0,T) 2 1Y yot

<Ol z 2y + 1PN75 12y + Nl + lll7,) +C< ff(|V-u||p|2+ V- (lul*u)|) dx dt
Zr

T

/ (|u0|2+|po|2)dX+Iao|2+|w0|2+/(|f2|2+|f3|2)df>- (71)

2r(0) 0

+Z//(|fo|2+|f1|2)dxdt+

Here, we have put together the integrals coming from the third term in the equation of p and the third term in the
expression of o (u, p) (see (62)) and we have integrated by parts. We have also used the fact that according to the
definition (9) of J, we have (Jo) - w = 0.

Thanks to Lemma 9, we get the LZT(H 1) norm of u in the left-hand side of (71). Moreover, we can estimate the
nonlinear term in (71) in the following way:

J[ 09t 419 (uPu)]) e < Cllal ooy (W o, + 1012, ) < CN Q..
Zr

The definition of N (0, T') was given in (27). Thus, we deduce (70) for k =0
2) k = 1. First, we differentiate (61) with respect to # and we find:

(o)t + - V)pr + p(V - ur) = Go inZr,

(W) —V-o(u, pr) =G inZr,

m'd'zfaﬂs(t)a(ut,pt)ndy+G2 in (0,7), 72)
Ji=G3 +f895(t)(x —a) A (o @y, p))ndy in (0, 7T),

uy=d+wonx—a)+Gy in X7,

u; =0 in (0, T) x 052,

with

Go= for—(ui-VIp. Gi=fie Go= fost / us - V(o (. p)n)dy,

0825(t)
G3s=f3,+ / us - V((x —a) A (a(u, p)n))dy —Jo— / an (a(u, p))ndy,
982s(t) a825(1)
G4:a)/\(a)/\(x—a)) —(us - V)u.
Recall that

us(t,x) =a(t)+w() A (x — a(t))

is the velocity of the solid.
Now, we multiply the equation of p, by (p°/5)p; and the equation of u; by u,. Let us see that the boundary terms
provide estimates for w and ¢ and the remaining terms are bounded by C (N 3(0, T) + N*(0, T)) and the data:
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N

//(a(u[, p,)n) cupdy dt = %(\d(rﬂ2 — |d(0)|2) — /&szt + //w ((x —a)A (a(u,, p[)n))dy dt
po) 0 pol

+ [[ 65+ (otupom)ay ar 73)

5

In order to develop the third term in the right-hand side of this identity, we use that

- / (x—a)/\(a(u,,p,)n)dy=(Jc}))-cb—G3-d). (74)
3825(1)
Observe that we have
(J&) o= li((Ja')) o) — 1(jcz)) -0
2dt 2

Now, we integrate between ¢t = 0 and ¢ = s in (74) and we use that J is a definite positive matrix (see (10)). We find

/fa) ((x —a) A (U(ut, ,o,)n))dy dt
s

T
> (Cr /)]s — Clao)]* - Slléllz, C/ G3|*dr — CN*(0, T), (75)
0

for § > 0 small enough. Thanks to the estimate
IGall 25,y < CN*(0,T)

we have that the last term in identity (73) is bounded by N3(0, T').
For the term in G we act as follows:

2 4 2
[ Goprdxar < Uil oy + N4 O.T) 480012, oy
Zr

for § > 0 small enough. The same can be done for the term in G.
Similarly as before, we find

1 . . 0 2
= sup (|a|2(s)+|w|2(s>+ / <pf|p,|2+|u,|2)(s)dx>+f/(2u|e<u,>| + WV - ul?) dx dr
2 5e(0.7) o

F(s) Zr

<O(lual7z o)+ Mrll 2 2y + 1N + N0l ) +C</f(|vu||pt|2+ |V - (|usPu)|) dx dt
Zr

+ / (8. [+ [0 ©.)7) dx + [ 4 O + 11 forll 3 2y + 1112 2
2r(0)

T T
+/|f2,t|2dt+/|f3,t|2d1+N3(0, T) + N*(0, T)>,
0 0

for 6 > 0 small enough. In order to prove this last inequality, we have used that
1G2 = f24ll2 + 1G53 = faull 2 <CN?(0,T).
Thus, we deduce (70) fork=1. O
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Lemma 14. Let k =0, 1. Then, there exists a constant C > 0 such that
oz 10 02y + Nl gy + 1l g+ o g
< C(”u”[-[;(Hl) + ”:OHW?OO(LZ) + ”fO”H;(LZ) + 11/ ||H/T€(L2) + ||f2||H; + ||f3||[-[;
+ lluoll g1 + |8f (0, || 1 + N30, T) + N*(0, T)). (76)

Proof. 1) k = 0. We multiply the equation of p by p; and the equation of u by u,. Integrating in Z; for s € (0, T') and
adding up both expressions, we obtain:

1
5 / (ZMIE(M)(S)|2+M/|V'M(S)|2)dx4r/ (loe? + lus ) dx dt
2F(s)

//u (o, pn dydr+f/ (V- w)pr = p(V - u)p) dx di

(/f‘v (il + w1V - uP)u)| dxdr + f |Vuol? dx

2r(0)

+f (Ifol> + 1112+ 8(10e1* + lus|?)) dx dt + N3 (0, T)), (77)

for § > 0 small enough. Using the fifth equation in (72), the boundary term in (77) yields

//u,~(a(u,,o)n)dydt:m/|d|2dt—/&i~f2dt+/((]cb)-d)—f3~cb)dt+/./G4-(a(u,p)n)dydt
hol 0 0 %,

0

N s

> f ((m/2)ldl* + (Cy/2)lol*) di — C ( / (1P +15P)di + N, T)).
0 0
The last integral in the left-hand side of (77) can be estimated as follows:

/ / (B(V - wpr = p*(V - up)p)dx dt

//|,0,| dxdt+C/f|Vu| dxa’t—i—//p (V-w)prdxdt — f ((V-u)p) ()], 2y dx

2F (1)

// OV . (p(V - uyu)dxdt. (78)

Taking the supremum in s in (77), one can readily deduce (76) for k = 0.
2) k = 1. As in the proof of Lemma 13, we consider system (72). Let us multiply the equation of p; by p;; and the
equation of u; by u,,. This provides:

1
3 f (2u|e(u,>(s>|2+/t|V~ut<s>|2)dx+f (I + luse|?) dx de
-QF([) Zy

// U(”hpt)”)d)’dt+f/ PV -u)py —p (V Mtt)Pt)dth

c(/ |V-((2u|e(u,)|2+u/|v-u,|2)u)|dxdt+/ Los |||V p;| dx dt
Zs Zy
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f 19,V (0, )| dx+/ (1GOP + 1G112 + 8(1pue > + e ))dxdz) (79)
2r(0)

for § > 0 small enough. Let us now compute the boundary terms. On X7, we have:
Uy =d+dAx—a)+Gs,
with
G5=2d)/\(a)/\(x—a))—i—a)/\[(cb/\(x—a))—i-a)/\(a)/\(x—a))] —(us; - Vu
— (us - V)[2u; + (us - Vyu].
Thus,

//un-(U(u,,p,)n)dydt:m/Il'l'lzdt—/.’él'-szt—i—//(}}'((x—a)/\(a(u,,pt))n)dydt
X 0 0

ES
+ // Gs - (o (us, p)n)dy dt. (80)
Xy

In order to develop the third term in the right-hand side of (80) we use that

/ (x —a) A (o (s, pon)dy = (J&) - & — Gy - &. (81)
925(1)

Now, we integrate between t =0 and ¢ = s in (81); we find

// x—a)/\(a(u[,p,)n))dydt (CJ/2)/|6()| dt —C (/|f3,| dr + N*(0, T)) (82)

where C; is such that (10) is satisfied. The last term in the right-hand side of (80) is also bounded by N 30,7) +
N4, T).

Finally, the last term in the left-hand side of (79) is estimated as the corresponding term in the previous case
(see (78)). Taking the supremum in s in (79), we conclude inequality (76) fork =1. O

Interior estimates. Before giving the results, we introduce the total time derivative of p:
dp
dt

Let £,0 € C3°($2F(0)) and

Got, x) :==C00(¥(1,x)), VxeRr@), 1€(0,T),

=p 4+ Ww-V)p inZr. (83)

where v is the flow (extending x ¢ 1) defined in Corollary 2.

Lemma 15. For 1 <k <3, we have

dp

V—
%o 7

160V ol Lgo i1y + 180V PNl 12 g1y + 180 Vull oo gpity + 180 Vll 12 gy +

L2 HI‘ I)

C (el e arey + Nl 2 gaty + 120l e+ Naeoll g + 1L foll 2.ty + 1 Fill 2. sy + N30, 7). (84)

Proof. In this proof, we denote by D all possible derivatives in x of order £. We divide the proof in two steps:
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o First, we apply the operator g“o 0x Dk ! to the equation of p, we multiply it by 3, Dk Ip,wesumupin j=1,2,3
and we integrate in Zj:

Z//coax,Dk oo+ @-V)p + 5(V - u) — fo)dy, D' pdxdr = (85)
J= lz

The first term of this expression coincides with

( /dt / &, D" p|* dx dr - / 50(Vao.0(¥) - ¥1) s, D' o ? dxdr) (86)
2r @)
Here, we have used the fact that ¢y is compactly supported, so
ffV-(§§|8ijk_l,o|2u)dxdt=0. (87)
Zs

Thanks to (22), we have that the second integral in (86) is estimated by CN 30, 7).
As long as the nonlinear term in (85) is concerned, using (87) we have

Z//zo 3y, D" [(u - V)pax, D¥ ' pdx dt

le

< CN3(0, T)+Z//;0 (u - V)dx, DX 1 p]a,, D pdx dt
J= lz

=CN3(0, T)——Z//V (ggu)|dx, D*~ 1p| dxdt < CN3(0,T). (88)
J= lz

Putting all this together with (85), we find

180V 21 s gty + B / G V(D (V-w) - V(D p)dxdr

Zs
<800 pll72 12, + ool + 101175 ey + N(O.7)). (89)

with § > 0 small enough. .
Next, we apply the operator 5 uﬁ- 7
j =1,2,3 and we integrate in Z:

§02Dk_1 to the j-th equation of u, we multiply it by dy; DF=1p, we sum up in

Zf/;oz)k‘ = Vo(u,p)— f1) 3y, D" 'pdxdt =0. (90)

2,u+,u s

We integrate by parts in ¢ in the term concerning u;:

// ;ng_luj,ax,Dk_lpdxdt
// (20 D" ujor, D' p)u )d“”—2//§O(V§0,0(¢)'lﬁz)Dk_]ujaijk_lpdxdl
Zs

— / g@D"*lu,ax}. Dkil,o, dxdt.

A
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The first term in the right-hand side is zero thanks to (87) while the second one can be estimated by CN 3(0, T) due
to (22). As long as the third term is concerned, we use the equation of p in (61); arguing as in (88), we obtain

2 yk—1 k—1 2 2 2 2 3
ff 6 D uj e, DX p e dt < 81200 e gty + C(1L0l3 gty + 1133 gy + Il sy + N0, 7).
Zs
As long as the elliptic term —2uV - (e(u)) — 'V - ((V - u) Id) is concerned, we rewrite it as
—2uV - (e)) = W'V - ((V-w)ld) = —pAu — (w4 ©)V(V - u)

and we integrate by parts twice (with respect to x) in the Laplacian term. Observe that there is no boundary term when
we integrate in x since o has a compact support. Then, from (90) we deduce that

= 0
rp k|12 = 2 k-1 k-1
T l¢oD ,o||L2T(L2) —pf/ V(DN -w) - V(D p)dx dr
Zs
2
<[00 P13 g2y + 120P W0 sty + C (el oo iy + 172 gy + N0l 7y + 1f0 T2
2 3
+ 1AL ey + N0, 1)
This, together with (89) and taking the supremum in s, yields
||§()V,0||L;°(Hk—l) + ”é‘OVp”LZT(Hk*l)
< Cllull ety + Null 2 cgzey + poll gt + 10l 3 gy + 1l 2. iy + N20, 7). 1)
e Let us now apply the operator (p°/ ,5)§ng to the equation of p, we multiply it by D¥*p and we integrate in Z;:

0
] @040+ G- V104507 1) = o) D p i 0.
V4

s

Similarly as before (using (22) and (87)), this gives

I60V0 iy + 2 [[ GDHT DA pdxdn
Z

s

<800 o[ 12 2, + CllpolGe + 101135 e, + N3O, 7). (92)

Next, we apply the operator {02 DF to the j-th equation of u, we multiply it by D¥u j»wesumupin j=1,2,3 and
we integrate in Z;:

Z//Q?Dk(”t—V'U(M,P)—f1)jDkujdxdt=O.

We integrate by parts in x in the second and third terms of the last integral. We deduce that

0t NZ oo gty + 160172 g, = P° / 5D (V- u)D*pdxde
Zs

2 2 2 2 3
for § > 0 small enough. This, together with (92), yields
IS0~ Nl Lgo arty + 80wl Loty + Soull 12 (i1
< 81602112 ¢ty + C (Il 2 gty + 10l g + ool g+ 1L foll 2 sy + 1L fill 2 ey + NP/20, ).

Combining this with (91) we obtain the conclusion (84). O
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Boundary estimates. Let us now do some estimates close to the boundary. For this, we consider a finite covering
{Oi}iK:1 of 082F(0) included in the set {y: dist(y, 0§2r(0)) < «/4}. For each 1 <i < K, we consider a C* function

0': (=M, Mi) x (—M5, M}) — 327 (0) N O;,

. (93)
(@1, ¢2) — 0" (d1, ¢2)

satisfying
39, 0" - 35,0 =0, [34,0'| =1,

3p,0'| > C > 0.
Then, we define the mapping
0'(t. 1. ¢2) = x(1.6" (1. 62)).  V(t.¢1.¢2) € (0, T) x (—M}, M}) x (=M}, M)

which sends (0, T) x (=M!, M) x (=M}, M}) in the set 327 () N O;, where O; := x(t, O;). Recall that the flow
x was defined in Lemma 1.
Furthermore, we perform the change of variables

{x(r, b1, o, 1) =riit, d1. ¢2) + 0" (1. p1. $2)) € Oi N 2p(D), 04)
re0.ry). ($1.¢2) € (=M}, M}) x (—M}, M),

where n(¢1, ¢2) (resp. ii(t, 1, ¢2) == Vx(t, 0 (¢1,$2))n(¢1, o)) denotes the inward unit normal vector to 3527 (0)
(resp. 082F(1)).

In what follows, we will establish some estimates of u and p in 27 () N @i foreach 1 <i < K (see Lemmas 16, 17
and 18 below). For the sake of simplicity, we drop the index i from now on. In the new variables, we define

. 9,0
e1(t, @1, ¢2) = 04,0(t, 1. ¢2) and  ex(t, ¢, ) = | ¢’2~|<t,¢1,¢2),
(03}

V(t, ¢1,¢2) € (0, T) x (=M1, M) x (=M2, M>).

_ 3¢29 _ ~ _ ~ 3¢20 _ .
Observe that ey - ez = 94,0 - o, =0,e1-n=046-n=0andey - 11 = 3,01 -n =0 and so we can write

dp, 1 =ae; + Ber and g, =ae; + fea, 95)

for some a, B, ', B’ € H3(O, T; C3([—M1, Mi] x [—M>, M>])). Let us compute the Jacobian of this change of vari-
ables:

dpx = (1L +ar)e; + prea, dpox =a'rer + (B +13p,0])e2 and  dx =1, (96)
that is to say,

0p, x 1+oar Br 0\ /el
(8¢2x>=( o'r B'r 104,06 O) (ez).
0rx 0 0 1 n

Inversely, we have

W1\ (Br+l1dgdl  —pr 0\ se
0y | == —a'r l+ar 0 e |,
dyr J 0 o J/\a

where J := (1 +ar)(B'r +134,0]) — o' Br? is the Jacobian.
Consequently, we have

Vi =0y = %(Alel + Azer)dy, + %(A3el + A4ep)dy, + 110, o7
where
Ar=Br+ |3¢2§|, Ay=—Br, As=—or and As=1+ar
Now, if we denote

o, ¢,r) ::p(t,x(t,¢,r)), u(t,¢,r) ::u(t,x(t,¢,r)) (98)
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and

fow.¢.r) = fo(t.x(t.¢.).  filt.¢.r):= fi(t.x(t.$.1)).

we can rewrite the equations of (61) in the new variables (¢1, ¢2, r) as follows:

- - 1 .1 e~
o t+u- (7(14161 + Azez)0dy, 0 + 7(A3€1 + Age2)0p,p —i—narp)
1 .1 I
— ((rVX, o)n+ x; 09)<7(A1€1 + Azez)dg, p + 7(A3el + Ager)0y, 0 +n8r,0> 99)
(1 o1 L B -
+ ,0(7(1416‘1 + Azep) - 0p, U + 7(143@1 + Ager) - 0yt + 11 - aru> = fo,
(&, ¢1,¢2,r) €(0,T) x (=M1, My) x (—M3, M2) x (0, ro)
and
- i - - N -
ii; — ﬁ((A% + A3)05 4,1+ 2(A1 A3 + AgAg)D5 i + (A3 + A3) 05,1 + T 207 01) + Py (D)il
1 .1 [
_ ((rVX, oO)n+ x; o@)(—_(Alel + Azer)dp, u + —_(A3e1 + Age)0p,u —i—n&ru)
1 n+u dp m+u'dp (100)
—=0, A A 0, A A
+J¢1( F; ar +PP)( 1e1 + 262)+J¢2< Fi m -l-p,O (Azer 4+ Ager)
M+M dp ,U«+,u
+3< P p>n—f1+ Vi fo,
@, ¢1,¢2,r)€(0,T) x (=M1, My) x (—M>, M2) x (0, r9),

where P;(D) is a first order differential operator in the x variables. In order to obtain this last equation, observe that
we have used that

+
R W

d
(d—’; - fo) +p°Vo =i

and then we have rewritten this in the new variables. In the new variables %, which is given by the two first lines
in (99), satisfies

(t ¢, r)= (t x(t, ¢, r)) Y, ¢,r) €0, T) x (=M1, My) X (—M>, M>) x (0, rg), (101)

where x(t, ¢, r) is given by (94).
Let {1’,1 € C°(O;) and

tqax)=t¢ (v, x), VxeOb; 1e(0,T),

where v is the flow (extending x ¢ 1) defined in Corollary 2. We will also drop here the index i.
We first estimate the tangential derivatives:

Lemma 16. Let k = 1,2, 3. For any § > 0, there exists a positive constant C such that

dp
||§1Dl¢(>p||L;°(L2) + ”QDZ;J”“L%’(LZ) + ”QDg”HLZT(H') + | c1D—

LZ(L?)
<8([c1Dgol 2 2 + Il 2 2y + 10l 2 arry) + C (el 2 ity + ol 2 + ool

+lluoll g+ 1Lfoll 2 gty + 111l 2 (gyiry + N30, 7). (102)
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Proof. The proof of this lemma is very similar to that of the second part of Lemma 15. In fact, we first apply the
0
operator %{12 D{; to the equation of p in (61) and multiply it by D(’; 0

0
% // EEDE (pr + - V)p + p(Vi - u) — fo) Db pdxdr =0. (103)
Zs

We recall now that (see (97))
Vi = B0y, + B20y, + B30y,
where B; (j =1, 2, 3) belongs to H3(O, T; C3([—M1, M) x [—M3, M>])). Then, we notice that

k
k _ _ _
DyVih =V, Dyh + Z (£> 29:7 D{; 9y, + Dj;;BzD{; ‘9, + DyB3 Dy~ 0, )h (104)

(the same can be done for Df V,h). Using this expression, we have the following for the nonlinear term:

// (i Dy - Vip)Dfpdxdr 2// ¢f(u-ViDjp)Dypdxdr — CN(0,T). (105)

As long as the time derivative is concerned, we get

|[ @vsonipardr=3(laDola0 - [a@Diml}) // c1610| Do P dx de

Zs
__//{lu Vi ( |D¢p| dxdr——// |D¢,0| dxdr.

Observe that the last terms in the first and second lines can be estimated by N 3(0, T) and that the first term in the
second line simplifies with the first term in the right-hand side of (105). Combining with (103), this implies that

lerkola0)+ p° [[ (v, wDSpdrar
Zs

<8105z g2y + C (Mool + ol e, + N0, 7). (106)

Then, we apply the operator ;12D§) to the jth equation of u in (61), multiply it by Dgu j and sumup in j:
Z// (7D (u; — 21V - €(u) — 'V (V- u) + pOVip — fl) Djyujdxdt =0. (107)

Observe that, since ¢ has compact support, we have

—// (i DYV, .e(u),Dj;u,-dxdr=(—1)"+1// V- €(); Dy (¢t Diuj) dx dr. (108)
Z, Z

Integrating by parts on the x variable, we deduce:

—//;%ngx-e(u)ngujdxdr
7.
=(—1)k//e(u)j -prg(gﬁDguj)dxdr+(—1)’<//(e(u)j -n) D} (¢} Dfuj)do dr
Zs X

2(—1)k//e(u), VD (e2 D) dxdr = C (81l o) + ol (109)
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where we have used that |D£u| < Clw| forall [£] > 1
Let us take h = {fDé‘bu ;j in (104). For each term of the sum, we have

‘//e(u)j . (Dg3105—53¢, (¢fDKuj) + L)ng/)g“fad)2 ({12[)(];14.,') + D§B3D§—fa,(§120§uj))dx dt

< ‘// Dy (DyBre() )34, (¢7 D) + Dy~ (Df Bae () ), (¢7 Dfu j) dx dr

Dy~ (D Bse ) )y (¢ Dfuj) dx d| < C (I} +6]¢1D5u 72 1))

This implies that

(—D"//e(u)j -, DY (e2Dku;) dx
> (—1f // () - DyV. (¢t Dhuj)dxdr — C(”“"i;(m) +38||¢1 Dgu”izr(m))

2 ko2
// Dje(); - Vi (¢} Dyuj)dxdr — (||u||L%(H,()—|—8“§1D¢u||L%(H1)).
Analogously, we can prove that

/ D¢e(u)j {1 D¢u )dxdr

2//6((1D§u)j-Vx(ngguj)dxdr (IIuIILz(Hk)+8||§1D§)u||i%(H1)).

Z,

So, from (108)—(112), we have for the second term in (107):

_/f §12D(];Vx.e(u)jD(];ujdxdr2f €(c1Dyu) ;- Ve (61 Djuj) dx de
A

= C el gy 8161 D5l 2, + 81 oy + Nl ).

The same can also be done for the third term in (107):

—Z//gl DYdy; (Vs - u)Dfu; dx dz

le

> [[19: @ 0gu) P dxdr = i, e, + 016t Dbuly g, + 01012y oy + 1012, )

Zs

Egs. (113) and (114) provide the estimate of ||§1D u||L2 (HY in (102).

Then, using the same arguments, one can prove that

3
pOZ// §12D§8ijD§)uj dxdt > —pO/ §12D(’;(Vx .u)D(’;pdxdr
j=1 Z,

81123 gy + 161052 72 12)) + CUI@IT + 1l ).

(110)

(111)

(112)

(113)

(114)

(115)
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Then, inequality (102) is obtained by reassembling (106) (for ||¢; Dé,oHLzT(Lz)), (107) (for || &y D(’;u ||L°°(L2))’ (113)-
(114) (for &1 DGl

Let us now take the derivative with respect to r of Eq. (99), multiply it by /6 and sum it with Eq. (100) multiplied
by n (which we can symbolically write as (i/0)(99), + 7 - (100)):

and, consequently, ||§1D¢ o ||L§(L2)) and (115).

0 dt
+ (A% + Ai)fl . ﬁ¢2¢2 — J_(Alel + Ajer) - ’qulr — J_(A3e1 + Ager) - ﬂ¢2r]

2u+u (dp . 1 - - .-
—— () +r%= —ﬁ[(f‘% + AZ)ii - lig g, +2(A1A3 + A2 AW - g g,
,

o 1 .1 S (116)
— -y — ((rVXt o)n+ x; 09)<7(A1e1 + Ager) g, it + 7(1436‘1 + Age) 0, —i—naru) -n
s s 2uHu
—PiDyu-n+ fi-n+———for, ¢€(=Mi, M) x (=M, M), re(0,ro).
Recall that the third line in this expression corresponds to —u,(t, x) -n. 0O
Lemma 17. For 0 <k + £ <2, we have
dp
k rye+1 k ryt+1 041
161060 o e 2y + 1610607 0] 2 12y + | €1 DG D7 = .
C(|lciDET Dl 2 g1y + Nuell 2 ggrsey + Nl 2 ggesessy + 1100l gricre
¢ 7(HY) 7( ) 7 ( )
1 foll 2 greseeny + 1fll 2 ey + NY20,T) + N*(0, 7). (117)

Proof. We take the operator Df;) Df in Eq. (116), multiply this by ¢; and square the whole expression. Using the
definition (98) and (101), the left-hand side term is

2+ [ dp|* 2 2 Au+2) dp
2 k yl+1 0 k ne+1 0k nt+1 €+1
//51( ~ DyD; = +(P°)| Dy D p| "D DD, = —-DjDf dxdt
Z,
2+ z+1dl0 g 0 yk ne+1 |12
=& ; D¢>D dt sz)+”§1p DyD, p”Lg(m)

dp+2u dp
+ —p ClD(];DfHd—,ClD(];DfHP .
p ! L3(L?)

Let us see that the last term readily provides the L°°(L2) norm of ¢| D(]; Df“p in terms of || po || gx+e+1 and N320,T).
First, thanks to the definition of (see (83)), we have

/ 01Dy DI (or + (u - V)p) o1 Dy DI pdx dr. (118)
Z,

As long as the first term is concerned, we use (96) and the fact that |r,| + 16;] + l¢1, t”LOC(Loc) CN(0,T) (see (22))
and we obtain

(61 DS DI o) (1. x) = (61 DS DI p), (2. ) + (2, x),

where ||h||Lz 2 S < CN?(0, T). Consequently, the first term in (118) is given by

f |21 D¢D@+1p| (s)dx — = / |;1(0)D¢Df+1p0| dx+f/h§ DyD M pdxdt
.QF(S) 9F<0)

——// ([6105 D7 ol w) dxd > |61 DD o] 2 (5) = 610 D5 DI o2
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1
= 8]61Dg DI o1 1) — EN O, T)—5//V-(|§1D§,Df+1p|2u)dxdr, (119)
Zy

s

for 6 > 0 small enough. Using (104), the second term in (118) is estimated from below by

%// V- (|1 DEDE pPu) dx d — CN3(0, T).
Zs

Putting this together with (119), we obtain (117). O

Lemma 18. For 0 <k + £ <2, we have

[61D5u 2 grzvey + (6105 ] 12 10y

dp
k .
< C( §1D¢E P + ”"ttllL%(HkH) + ||u||L2T(Hk+l+l) + ||IO||LZT(H"+‘3) + ”a”L% + ”a)”L%
T
+ ||f0||L2T(H1+k+Z) + 11/ ||L2T(Hk+l))~ (120)

Proof. We regard the equation of the fluid in (61) as a stationary Stokes system for each s € (0, T):
—2uV () — 'V - (V-w)1d) + p'Vp = fi —u; in O; N Q2F(1),
Veu=5(fo— %) in O; N 2r(0),
u=@+wnx-—a)lyom on O; NIL2E(1).
Recall that ’fi—‘t’ was given in (83). Now, we differentiate the equation of u with respect to ¢ = (¢1, ¢2) k times and we

multiply by 1. Denoting (ux, px) := 1 Dj (u, p), we have

—2uV - (@) = WV - (V- u) 1d) + pOV(or) = fix  in O N Qr(1),

V- w = (DX fo — DEE) + Pu(D)u in O; N 2F (),
up = Q1D+ oA (x —a))lgage on O; NILE (1),

where
fie=8D8 fi — e DEuy + Py (Dyu + Pu(D)p,

with P;(D) a differential operator in the x variable of order j. Observe that the L% (H*(O; N 2 (1)) norm of the
boundary condition can be estimated by C(||al|| L2 + [|o]| L2 ). Finally, we use the following classical regularity result

for the stationary Stokes problem (see, for instance, [22]):
Let U be a C"™*? domain, m > 0, a > 0, f € H"(U), go € H"'(U) and g, € H"3/2(dU). Then, the solution
(h, ) of

—aAh+Vro=f inU,
Vh:g() an,
h=g on U

belongs to H"2(U) x H™TY(U) and there exists a constant C > 0 such that

H (ha T[) ” H"’+2(U)XH'”+1(U) g C(”f”Hm(U) + ”gO”H"H’l(U) + ”gl ”H’”+3/2(8U))‘ O
4.2. Combination of lemmas and conclusion

In this paragraph we will gather all the technical results previously stated and conclude the proof of Proposition 8.
1) We apply Lemma 13 for k = 0:
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||M||L30(L2) + ||/0||LC;°(L2) + ||”||L2T(H') + llallLge + llwll s
<5(|IPIILZT(L2) +llaliz2 + IIwIIL;) +C(||fo||LzT(Lz) Tl 2 2y + 1202 + 1302
+ lluoll 2 + llpoll 2 + laol + lwol + N*/2(0, T) + N*(0, 7).
2) We apply Lemma 14 for k = 0:
ot 222 + ol i) + el ey + il 2 + ol 2
< C(IIMIILZT(HI) ol +ollpz 2y + 1Al 2 2y + 1202 + 15502
+ luoll g + N¥%(0, T) + N2(0, 7).
3) We apply Lemma 13 for k = 1:

el oo 2y + 10l yroo sy + 1l g sy + 1l + @l

<810l s 2+ Nl gy + 1ol gy) + COL oty + 1Al gy + 120y + 130 + Nl 2

+llpoll 2+ |a(©)] + ol + |30, )| > + 300, )| ;> +[82a ()] + |3, (0)]
+N¥%(0,T) + N30, T)).
4) We apply Lemma 11:
lallzz +llwll2 < Cllullzz gy

Putting together estimates (121)—(123) and (124) and taking 6 > O sufficiently small, we have:

”ullw}OC(LZ) + ”u”L%o(Hl) + ”u”HTl(Hl) + ||,0||WT1»0<>(L2) + ||101‘||L%(L2)

+ Nallyroo + 1l g + Il oo + ool gy <8Pl 52 12y + C (1 ollgp 2y + 1 fill ey + 1 fall gy

13l p + 800, )| 2 + ol g + 2620, )| 12 + llpoll 2 +[87a(0)] + lao]
+ 80 (0)] + lwol + N¥2(0, T) + N*(0, 7).

5) We apply Lemma 15 for k = 1:

dp
V_
o o

160V Pl Lz + 160V 012 12y + 160 Varll ez, + 160Vl 2 1) + s
T

< C(lll o2y + el 3. gy + eoll g + luoll g1+ 1L foll 2. gy + 11112, 12y + NY20.T)).

6) We apply Lemma 16 for k = 1:

dp
D R,
& ¢dt

161Dy pll oo 12y + 161 Dl o r.2) + ||§1D¢14||L2T(H1) + 2
T

< 8(||§1D¢P”L2T(L2) + ||M||L%(H2) + ”p”L%(Hl)) + C(”””L%(Hl) + ”(U”L% + llooll g1 + lluoll g
3/2
+ 1 foll 2.y + 1fll 2,12 + N30, 7).

7) We apply Lemma 17 for k =£¢ =0:

dp
;lDr_

||§1Drp||L;°(L2) + ||§lDrP”L%(L2) + dt

L7(L?)
< C(”{quS””L%(Hl) + ”“t”L%(LZ) + ”u”L%(Hl) + ”:00”111 + ||f0||L%}(H1) + 11 f1 ”L%(LZ)
+N*2(0,T)+ N*(0, 7).

807

(121)

(122)

(123)

(124)

(125)

(126)

(127)

(128)
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From (126), (127) and (128), we deduce in particular that we can estimate u in LZT(H 2) in the interior and p in
L‘;"(H1 ). This last fact comes from the estimate || || ;1 < C||Vpll;2, which holds thanks to

d
7 / p(t,x)dx =0.
F (1)
Precisely, we have

dp
dt

HeoVul 2 ary + ol + 160V Rllz 12 + HV 12
T

<8(I61Dgpll 2 12+ Null 2. crr2y + 121 22 rmy) € (Nl e a2y + el 2 gy + Nl g 12,
+lol gz + luoll g+ ool g+ 1foll 2 1y + 11l 2 12 + N2, T) + N*(0.T)). (129)
8) We apply Lemma 12 for k = 2:
Nl zge 2y < C (Il oo oy + 10Ny + Mallge + llollge + 1A llge22)). (130)
9) We apply Lemma 18 for k =£¢ =0:

dp )
”Qu”LZT(HZ) + “{1/)”L2T(Hl) < C( Elz L2 + ”ut”LzT(LZ) + ”M”LZT(HI) + ||p||L2T(L2) + ”a”LZT
T
o2+ 1ol 2 gy + 1 ||L2T<Lz)). (131)

Using (129) in (130) and (131), we obtain estimates for u in L‘%O(HZ) N L2T (H?) and for p in L2T (HY:

dp
dt

el pge a2y + el 22 g2y Mol e ety + 1Rl 2 g1y + HV s
T

dp
S C(”””W}W(U) el 2.y + el g 2y + H =

+ llallpee + llall;2 + ol L + llwll; 2
2an lallzge +llall 2 +llellrg + llwll 2

+lluoll g+ llpoll g + 11 foll 2 sy + 1 fitll ey + 1l 3 g2y + NP20, T) + N2(0, T)). (132)
Therefore, putting this together with (125), we get

ey oe gy + Dl ) + el 2 gy + 1l gy + 12l oo 2y + Dol ey

dp
dt

+ 12l gy oy + H o Nll e + Nl gy + ool e + ool

L7(HY)
< C(IIfoIIHTl(Lz) I foll 2 ary + 1Al gL 2y + 1l ) + 120l
+ 5l + [:4(0, )| ;2 + lluoll g1 + [[3: 00, )| 12 + looll 1
+[87a(0)| + laol + |3:@(0)| + lwo| + N¥*(0, T) + N*(0, T)). (133)
Observe that we have added the term || o || L2(HY) in the left-hand side of this inequality. This term comes from the

estimate of z—’; in L2T(H 1) since the nonlinear term goes to N 20, 7).
10) We apply Lemma 15 for k =2

dp
IS0V ol sty + 160V ol L2 a1y + S0Vl Lo () + 150 VUl 12 2y + Covd—
t L%(Hl)
< C (Il oty + el 3 gy + leoll 2 + ol g2 + 1L foll 3 gy + 1112 a1y + N30, T)). (134)

11) We apply Lemma 16 for k = 2:



M. Boulakia, S. Guerrero /Ann. I. H. Poincaré — AN 26 (2009) 777-813 809

Dd
Cl(pdt

2 2 2
[ é-lDt/)'O”L;O(LZ) + ”ngrI)””L;O(LZ) + ||§1Dq>”HL2T(H1 s

S([e1D3 ]l 12 12y + 10112 arty) + C Ul 2 2y + Il 2 + 10l g2 + N0l 2
+ 1ol 3 a2y + L1l 2 a1y + NV20.T)). (135)
12) We apply Lemma 17 fork =1, £ =0:

¢t D¢Dr,0||L%°(L2) + ¢ D¢DVIO||L2T(L2) 9! D¢>

"dt

L7 (LY
C(” g Déu”LZT(Hl) + ”“l‘”L%(Hl) + ”u”LZT(Hz) + ”:OOHH2 + ||f0”L2T(H2) + ”fl “LZT(HI)
+NY2(0,T) 4+ N*(0,T)). (136)

Observe that the first term in the right-hand side in (136) can be estimated by the third term in the left-hand side
of (135).
13) We apply Lemma 18 fork =1, £ =0:

dp
§1D¢d

||C1D¢M||L2(H2)+||§'1D¢,0||L2(H1 < +”Ml”L%(Hl)—i_”M”LZT(HZ)J’_||p||L2T(H1)+||d||L2T

LZ(H"Y)
+ ol + 11 foll 3 g2 + 1L ”L%w‘))- (137)

The term ||¢; VD{;—"; I L2.(12) which is contained in the first norm of the right-hand side of (137), can be estimated

with the help of the third term in the left-hand side of (136) and the fourth term in the left-hand side of (135).
14) We apply Lemma 17 for k =0, £ = 1:

dp
D2
&1 Y

2 2
||§]Drp||Lc7>_0(L2)+ ||§1Dr10||L%~(L2) L%(Lz)

C(”{lD(pDru”L%(Hl) + ”uf”Lzr(Hl) + ”u”L%(HZ) + ool g2 + ”fO”L%(HZ) + ”fl”L%(Hl)
+N320,T) + N*0,T)). (138)

The norm ||§1 Dy D, u| L2(HY) will be bounded thanks to the first term in the left-hand side of (137).
15) We apply Lemma 18 for k =0, £ = 1:

dp .
”CIVHLZT(H.?) + ||§1/0||L2T(H2) < C( g E L2 + ”ut”LZT(Hl) + ||u||L2T(H2) + ”p”L%(Hl) + ”a”L%
0l + 1ol + 1Al 2 (H1)>. (139)

The term ||¢; D? ‘;—’; | 1212 which is contained in the first norm of the right-hand side of (139), can be estimated with
the help of third term in the right-hand side of (138), the third in the left of (136) and the fourth in the left of (135).
Collecting expressions (134)—(139), we deduce

I 0+ 190 + Mol + |
T T T dt L%—(Hz)
dp .
C ”u”L;C(Hl) + ||u||L2T(H2) + ”u”HTl(H]) + ”/OHLZT(HI) + E ) + ”aHLZT + ”wHLZT
T
+ lluoll 2 + lleoll gz + 1 foll 2 g2y + 1fill 3 gy + N*20, T) + N2(0, T)). (140)

Using (133), for the moment we have
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el e gz, + Dl ey + 12y 1l gty + 12l e gy + Dol ey

a a ol 1, w
o + | IIW;.oo+|| g1+ IIW;,oo+|| Il 1

dp
+”'0||H1(H2)+ -
! L}(H?)

< C(Ifoll g2 + 1ol 2 a2y + 1l 2.y + 1Al gy + W Allse ey + 12l + 1550y
+ 10:(0, )| 2 + llwoll g2 + 320, )| .2 + lleoll g2 + |@(0)] + laol + |@(0) | + |a
+N3/2(0,T) + N0, T)). (141)

In order to estimate the norm ||p|| 1,00 we have used the equation of p and ||f()||Lc;C(H1) < C(||f0”L2T(H2) +
T

(HY
I fol gy 22
16) We apply Lemma 14 for k = 1:
ol 2+ 1000 02y + Dtlgoo gy + 1l g + 1ol
<C(ull gy ca, + 10l s g2y + L foll oy + 1My ez + 1 f2ll gy + 11 f3ll
+ |90, )| ;1 + N30, T) + N*(0, T)). (142)

Now, we regard the equation satisfied by u; as a stationary elliptic equation (see system (72)):

—2uV - (eu) — W'V - (V- u)1d) = —uy — p°Vo, + fi in (0, 7) x 2p(1),
w=@d+onx—a)+on(@Ax—a))—(us Vu)lyosn 1n(0,T) x 082 ().

Then, we have
”u”H}(HZ) < C(”M”H%(LZ) + ”p”H}(Hl) + 1/ ”H%(Lz) + ”a”]-]; + ”w”H% + NZ(O, T)) (143)
17) We apply Lemma 12 for k = 3:
el zgeqarsy < C(lullynoe gy + 10l + el + ol + il can)- (144)
Combining the three estimates (142)—(144), we get
i lyoo eyl sy + el gz 2y + Nl gy + oy 2y + Nl gy + ol gy
< C(”“”HT‘(HI) + ”’OHWTI’OO(LZ) + ”p”L?O(HZ) + ”'OHH}(H') + ”a”L(;O + ”a”H}
el + ol + 1 foll gz + 1Al gz + 1 il
2l gy + 130 gy + [0, )| o + NP20, T) + N2(0, 7). (145)
18) We apply Lemma 15 for k = 3:

dp
oV—

||§OVP||L;°(H2) + ||§OV,0||L2T(H2) + ||§OVM||L;°(H2) + ||§OVM||L2T(H3) + ar

L2(H?)
< C (Ml ey + el 3 gy + leoll s + ol g3 + 1L foll 2 gy + 1112 g2y + N30, T)). (146)
19) We apply Lemma 16 for k = 3:

dp
D=t
gl ¢dl‘

3 3 3
” §1D¢>'O||L‘}°(L2) + “ng(iJu“L‘;’(LZ) + ”§1D¢”HL%(H1) + 2

<8(lerDgol 2.2y + 1olz ) + C (el 2.3y + Il 2+ looll s + ol
1 foll 2 a3y + 11l 2 a2y + N30, 7). (147)
20) We apply Lemma 17 for k =2, £ =0:
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dp

D2D, =
g-l ¢ rdl‘

2 2
[6105Dr ]| i) + 16105 Do 13 1) + 131

CllerDgul 12 g1y + laeell 2 a2y + el 2 g3y + poll s + 1oll 2. gy + 1l 12 a2y
+ N32(0, T) + N*(0, T)). (148)

Observe that the norm ||¢; Dgu | L2(HY) is estimated with the third term in the left of (147).
21) We apply Lemma 18 for k =2, £ =0:

2 dp
§1D¢d

|€1D3ul 12 42, + 61050 12 a1, ( Hlluell 2 gy + ull 2 ) + ol 2 )+l 2

L7(HY
Hllwlzz + 1ol 23 + 1L IIL;<H2>>- (149)

As for (139), the term ||§‘1VD¢ vl L2.(12) (which is contained in the first norm of the right-hand side of (149)) is

bounded by the third term in the left of (148) and the fourth term in the left of (147).
22) We apply Lemma 17 fork=1, £ =1:

dp
D, D>
61Dy " dt

5 2
[61Ds D7 | o1z + €106 D7 15 12 + L2312

2
C(” {1 D¢,Dr“”L%(H1) + ”“t”L’é}(HZ) + ”u”L%(HS) + ||pO||H3 + ”fO”L%([-ﬁ) + 1/ ”L%([-ﬂ)
+N320,T) + N0, T)). (150)

The first term in the left of (149) will serve to absorb the first in the right of (150).
23) We apply Lemma 18 for k=1, £ =1:

dp .
161 Dgtll 2 43y + 161 Dol 2 a2 <c< o I e e L PR P
T
+lloll2 + 1 foll 2 sy + 112 (Hz))- (151)

Observe that ||} D2D¢ ‘Zl—f | L2(12) is estimated with the help of the third term in the left of (150), the third in the left

of (148) and the fourth in the left of (147).
24) We apply Lemma 17 for k =0, £ =2:

dp
p3er
1 F

3 3
||§1Drp||L%0(L2)+ ||§1Drlo||L%~(L2) L%-(Lz)

2
<C(|eDg D7u 2 gy + el 2 a2y + el 2 a3y + o0l s + 1 foll 2 oy + 11l 22
+N320,T) + N*(0,7)). (152)

The term ||£1 Dy Drzu ||L2T(H1) is estimated with the help of the first term in the left of (151).
25) We apply Lemma 18 for k=0, £ =2

dp

CIE

||§1M|IL2T(H4) + ||§1/0||L2T(H3) < C( + ||u’||L2T(H2) + ||u||L2T(H3) + ”P”L%(HZ) + ”a”L2T

L7 (H3)
+llwlzz + 1ol 2 g3 + ||f1||LzT(Hz)>- (153)

The term ||; D3 ‘é—f I L2(12) (contained in the first norm of the right-hand side of (153)) is estimated with the third terms

in the left-hand sides of (152), (150) and (148) and the fourth term in the left of (147).
Combining estimates (146)—(153), we get:
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12 gy + 1012 gy + [ D20 ey + | DL
L. T IPILE (3 PliLgw? dt |22
L3.(L?)
_ dp .
S O Nullz2 g3y + Nl ooy + Nl g1 2y + ol 2 a2y + dr| 2 ) +llall.z
T
+ ||a)||LzT + ||M0||H3 + ”:00”[13 + ||f0||L2T(H3) + ”fl”L%(HZ) -+ N3/2(0, T)+ NZ(O, T)) (154)

Together with (145), this estimate yields

”u”W#OO(HI) + ||u||L§°(H3) + ||u||L2T(H4) + ”M”H%(LZ) + ”u”H}(I-ﬂ)

dp

3 3 . .

+ ”'OHL%(H3) + “D P“Lg}o(Lz) + ”p”]-]%(]}) + HD E L%(Lz) + ”a”H} + ||a)”HTl

< dp

S UMl 22 a3y + Wallgy any + 00 oy 1PN 2 a2y F Ny oo 2y F PN g a2y + | )
T

+ ”a”L‘;C + ”a”HTI + ”CU”H} + ”w”L?o + ”fO”L%(HB) + ”fO”H}(LZ) + 15 ||L2T(H2) + /i ”H}(Lz)
A fillzsecaty + 1202 + 1504 + ol g + ool s + 10:10, )| 11

+ N32(0, T) + N0, T)). (155)

Finally, we combine this estimate with (141) and we conclude inequality (65). Similarly as we did for || p¢ || oo (1)
(Just after (141)), the norm || o¢[| ;0 (y2) is estimated using the equation of p and thanks to fj € L‘;O(Hz).

References

[1] H. Beirdo da Veiga, On the existence of strong solutions to a coupled fluid—structure evolution problem, J. Math. Fluid Mech. 6 (1) (2004)
21-52.
[2] M. Boulakia, Existence of weak solutions for an interaction problem between an elastic structure and a compressible viscous fluid, J. Math.
Pures Appl. 84 (11) (2005) 1515-1554.
[3] M. Boulakia, Existence of weak solutions for the three dimensional motion of an elastic structure in an incompressible fluid, J. Math. Fluid
Mech. 9 (2) (2007) 262-294.
[4] A. Chambolle, B. Desjardins, M.J. Esteban, C. Grandmont, Existence of weak solutions for the unsteady interaction of a viscous fluid with an
elastic plate, J. Math. Fluid Mech. 7 (3) (2005) 368-404.
[5] C. Conca, J. San Martin, M. Tucsnak, Existence of solutions for the equations modelling the motion of a rigid body in a viscous fluid, Comm.
Partial Differential Equations 25 (5-6) (2000) 1019-1042.
[6] D. Coutand, S. Shkoller, Motion of an elastic solid inside an incompressible viscous fluid, Arch. Ration. Mech. Anal. 176 (1) (2005) 25-102.
[7] B. Desjardins, M.J. Esteban, On weak solutions for fluid—rigid structure interaction: compressible and incompressible models, Comm. Partial
Differential Equations 25 (7-8) (2000) 1399-1413.
[8] B. Desjardins, M.J. Esteban, C. Grandmont, P. Le Tallec, Weak solutions for a fluid—elastic structure interaction model, Rev. Mat. Com-
plut. 14 (2) (2001) 523-538.
[9] E. Feireisl, A. Novotny, H. Petzeltovd, On the existence of globally defined weak solutions to the Navier—Stokes equations, J. Math. Fluid
Mech. 3 (4) (2001) 358-392.
[10] E. Feireisl, On the motion of rigid bodies in a viscous compressible fluid, Arch. Ration. Mech. Anal. 167 (4) (2003) 281-308.
[11] E. Feireisl, Dynamics of Viscous Compressible Fluids, Oxford Science Publications, Oxford, 2004.
[12] C. Grandmont, Y. Maday, Existence for an unsteady fluid—structure interaction problem, M2AN Math. Model. Numer. Anal. 34 (3) (2000)
609-636.
[13] D. Hoff, Global solutions of the Navier—Stokes equations for multidimensional compressible flow with discontinuous initial data, J. Differential
Equations 120 (1) (1995) 215-254.
[14] D. Hoff, Strong convergence to global solutions for multidimensional flows of compressible, viscous fluids with polytropic equations of state
and discontinuous initial data, Arch. Ration. Mech. Anal. 132 (1) (1995) 1-14.
[15] P-L. Lions, Existence globale de solutions pour les équations de Navier—Stokes compressibles isentropiques, C. R. Acad. Sci. Paris Sér. I
Math. 316 (12) (1993) 1335-1340.
[16] P.L. Lions, Mathematical Topics in Fluid Mechanics, Oxford Science Publications, Oxford, 1996.
[17] A. Matsumura, T. Nishida, The initial value problem for the equations of motion of viscous and heat-conductive gases, J. Math. Kyoto
Univ. 20 (1) (1980) 67-104.



M. Boulakia, S. Guerrero /Ann. I. H. Poincaré — AN 26 (2009) 777-813 813

[18] A. Matsumura, T. Nishida, Initial-boundary value problems for the equations of motion of general fluids, in: Computing Methods in Applied
Sciences and Engineering, V, Versailles, 1981, North-Holland, Amsterdam, 1982, pp. 389-406.

[19] J. San Martin, V. Starovoitov, M. Tucsnak, Global weak solutions for the two dimensional motion of several rigid bodies in an incompressible
viscous fluid, Arch. Ration. Mech. Anal. 161 (2) (2002) 93-112.

[20] T. Takahashi, Analysis of strong solutions for the equations modeling the motion of a rigid-fluid system in a bounded domain, Adv. Differential
Equations 8 (12) (2003) 1499-1532.

[21] A. Tani, On the first initial-boundary value problem of compressible viscous fluid motion, Publ. RIMS, Kyoto Univ. 13 (1977) 193-253.

[22] R. Temam, Navier—Stokes Equations. Theory and Numerical Analysis, Studies in Mathematics and its Applications, vol. 2, North-Holland
Publishing Co., Amsterdam, 1977.

[23] E. Zeidler, Nonlinear Functional Analysis and its Applications. I. Fixed-Point Theorems, Translated from the German by Peter R. Wadsack,
Springer-Verlag, New York, 1986.



	A regularity result for a solid-fluid system associated  to the compressible Navier-Stokes equations
	Introduction
	Statement of problem
	Main result

	Intermediate results
	A local existence result: proof of Proposition 7
	Statement of the problem in a fixed domain
	Definition of the fixed point mapping
	Lambda is well defined
	Fixed point argument
	Uniqueness

	A priori estimates: proof of Proposition 8
	Technical results
	Combination of lemmas and conclusion

	References


