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Abstract

We study the asymptotic spreading of Kolmogorov—Petrovsky—Piskunov (KPP) fronts in space—time random incompressible
flows in dimension d > 1. We prove that if the flow field is stationary, ergodic, and obeys a suitable moment condition, the large
time front speeds (spreading rates) are deterministic in all directions for compactly supported initial data. The flow field can
become unbounded at large times. The front speeds are characterized by the convex rate function governing large deviations of the
associated diffusion in the random flow. Our proofs are based on the Harnack inequality, an application of the sub-additive ergodic
theorem, and the construction of comparison functions. Using the variational principles for the front speed, we obtain general lower
and upper bounds of front speeds in terms of flow statistics. The bounds show that front speed enhancement in incompressible flows
can grow at most linearly in the root mean square amplitude of the flows, and may have much slower growth due to rapid temporal
decorrelation of the flows.
© 2008 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

On étudie le comportement asymptotique des solutions des équations de réaction—diffusion du type Kolmogorov—Petrovsky—
Piskunov (KPP) avec convection stochastique en dimension d > 1. Dans le cas ol I’écoulement est stationnaire et ergodique, nous
démontrons que la solution forme un front qui se propage avec une vitesse déterministe. Les vitesses de propagation satisfont une
formule variationnelle associée a un principe de grandes déviations pour un processus de diffusion en milieu aléatoire. Avec cette
formule, nous obtenons quelques estimations de la vitesse. Les preuves sont basées sur une inégalité de type Harnack, le principe
de maximum, et le théoreme ergodique sous-additif.
© 2008 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Reaction—diffusion front propagation in incompressible space—time random flows is a fundamental subject in pre-
mixed turbulent combustion [6,34,28,20,32]. One challenging mathematical problem is to establish the propagation
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velocity of the front (large time asymptotic spreading rate) using the governing partial differential equations. An-
other mathematical problem is to characterize the propagation velocity in terms of flow statistics. Such a velocity is
called the turbulent flame speed in combustion [28], and it is an upscaled quantity that depends on statistics of the
random flows in a highly nontrivial manner. Due to the notorious closure problem in turbulence, the turbulent front
speed has been approximated by ad hoc and formal procedures in combustion literature, such as various closures and
renormalization group methods [27,34,7]. However, these methods are difficult to justify mathematically.

A pleasant surprise is that fronts governed by the Kolmogorov—Petrovsky—Piskunov (KPP) nonlinearity are in
some sense solvable, and the front speeds have a well-defined variational characterization in the large time limit. This
important mathematical property of KPP fronts has been analyzed for special temporally random flows (time random
shear flows) [20,24,33] and spatially random environments [12,10,19,29]. There have been several studies of KPP
fronts in periodic flows, for example see [10,4,21,11,8,3,26].

In this paper, we study KPP fronts propagating through space—time random incompressible flows. The flows can
be unbounded in time, as for a Gaussian process. We establish the almost sure existence of propagating fronts which
evolve from compactly supported initial data, and we derive a variational characterization for the front speeds. Using
this characterization, we derive some estimates of the fronts speed. One can also use this characterization to numeri-
cally approximate the front speed, as presented separately in [25].

The governing equation for KPP reactive fronts is the reaction—diffusion—advection equation:

8tu=Au+V(x,t,c?))-Vu+f(u)é£u+f(u), (1.1)

with smooth, compactly supported, nonnegative initial data u(x,0,®) = ug(x), 0 < ug < 1. The reaction func-
tion f(u) is nonlinear and satisfies: f € cl(o, 1), FfO)=f(1)=0, f(u) >0 foru € (0,1), and f(u) < uf’(0).
For example, f(u) = u(1 —u). The value u = 1 corresponds to the hot or burned state in the combustion model, while
u = 0 corresponds to the cold or unburned state, which is unstable.

The vector field V (x, ¢, @) is defined over a probability space (S}, F. P ). We assume that:

(1) V is stationary with respect to shifts in x and ¢: there is a group of measure-preserving transformations t(y ) :
Q2 — 2 such that V(x+ht+ro)=V(x,t, tp o), and T acts ergodically on Q.
(2) V islocally Holder continuous, almost surely, in the sense that for each T > 0 there is « = a(®, T) such that

||V('a'sé\))||ca(Rd><[0’T]) <00 (12)

holds for almost every & € £2. .
(3) V isdivergence free, V - V =0, in the sense of distribution, almost surely with respect to P.
(4) V satisfies the moment condition:

nEE[ sup [Vinnf] < oo (1.3)
tel0,1]
xeR4

The condition (4) means that V (x, ¢, @) is uniformly bounded in x for each fixed ¢ and @. However, we do not
require that V (x,1,-) € L%°(£2), so that V may become unbounded as + — oo. The Holder regularity condition (2) is
satisfied by turbulent flows [20,32] and is a physical assumption for turbulent combustion problems [28,27,32].

For almost every @, there exists a unique classical solution satisfying (1.1). Our main result is the following theorem
regarding the almost-sure asymptotic behavior of the solution u(x, z, ®) as t — oco:

Theorem 1.1. There is a convex open set G c R? and a set of full measure .Qo C .Q 13((}0) =1, such that the
Sollowing limits hold for all ® € §2y:

lim supu(ct,t) =0 (1.4)
l‘—)OOCeF

for any closed set F C R\ G, and
lim inf u(ct,t) =1 (1.5)
>0 ceK

for any compact set K C G.
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Thus, the set {ct € R? | ¢ € G}, which is deterministic, represents the spreading interface in an asymptotic sense,
made precise by (1.4) and (1.5). The set G may be characterized in the following way. Let ¢ (x, 7, @) > 0 solve
the advection—diffusion equation d;¢p = L¢ with initial condition ¢ (x, 0, ®) = ¢g(x) = 0, where ¢g(x) is smooth,
deterministic, and compactly supported.

Theorem 1.2. The limit

. 1 Aex ~ . 1 A-x N
wA) = lim —log | e**¢(x,t,®)dx = lim —logEﬁ[e ¢(x,t,a))] (1.6)
t—00 t t—00 t
R4

exists almost surely with respect to P. Moreover, w()) is a finite, convex function of » € RY.
Now the characterization of G is given by the following theorem:

Theorem 1.3. The set G described in Theorem 1.1 is given by
G=lceR!|H() < f(0)} (1.7)

where H(c) = supycra (A - ¢ — (A)) and (A) is defined as in Theorem 1.2. It follows that the asymptotic front
speed c* in direction e € R? is given by the variational formula:

c*(e) = inf M

1.8
A-e>0 A-e (1.8)

For the KPP model, Theorems 1.1 and 1.3 address two open problems in turbulent combustion [28]: the existence
of a well-defined turbulent flame speed and the precise analytical characterization of the turbulent flame speed. In
Theorem 1.2, one may normalize ¢ so that ¢ is the density for a probability measure on R?, for each fixed &, and the
theorem characterizes the asymptotic behavior of the tails of the distribution (large deviations from the mean behavior)
almost surely with respect to the measure P on the velocity field. The function H in Theorem 1.3 is the rate function
that governs these large deviations.

The quantity ©« (1) has another characterization. Consider the function ¢*(x, ; ¢, ®) which solves the terminal
value problem (t € (0, 1)):

3™+ Ap* — (V(x,7) —21) - Vo' + (I)»|2 —A-V(x,1))p* =0, (1.9)
with linear terminal data ¢*(x,t;t,®) =1, x € R4. We will show that ©*(x,0; t, ®) grows exponentially in # with a
rate equal to w(X):

Theorem 1.4. If ¢*(x, 7; t, ®) solves (1.9) with terminal data ¢*(x, t, ®) = 1, then for any r > 0

1
lim sup [—loge™(x,0;f,®) —u(A)|=0 (1.10)

l—)Ole‘grt

holds almost surely with respect to the measure P.

The function p(A) is related to the effective Hamiltonian that arises from the theory of homogenization of “viscous”
Hamilton—Jacobi equations in stationary ergodic media (see [16,17,19]). For V that depends only on x, Lions and
Souganidis [19] showed that the front is governed by an effective Hamilton—Jacobi equation (see Section 9 of [19]).
It turns out that 1()) in (1.6) is equal to an effective Hamiltonian 7 (A). To see this clearly, define the function
n*(x,T;t,®) = e*Ye*(x, T; t,®) which satisfies 9,7 + L*n* = 0 for 7 < ¢ and terminal data n*(x,; ¢, ®) = 7.
Here £*n* = Ayn™ — V - (Vn*) denotes the adjoint operator. For € > 0 and T > 0, define

(e, 1; T, 0) = elogn*(e_lx, e lre T, é))

Then ¢€ solves the Hamilton—Jacobi equation

3.0+ eALE + \v;f\z — v(f, 3,@) Ve€=0, tel0,7) (1.11)
€ €
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with terminal data ¢€(x, T; T, ®) = A - x. For a velocity field V (x, 7, ®) which is uniformly bounded in t (i.e. V €
L®(82; L®(R%))), the result of Kosygina and Varadhan [17] implies that as € — 0, the function ¢€ converges locally
uniformly to a function Co(x, 7; t) which solves an effective Hamilton—Jacobi equation 9;¢ O, t;0) + ﬁ(V;O) =0
with the same terminal data. The effective Hamiltonian 7 (1) is a deterministic function. In particular, by choosing
T =1, we see that

HO) = 1im ¢€(0,0; 1, &) = lim e logn*(0,0; €', &) = n(n) (1.12)
e—0 e—0

holds almost surely with respect to P. Theorem 1.4 extends this connection to the case of velocity fields V (x, ) which
are not uniformly bounded in ¢, a case not covered by the results in [16,17], and [19].

We develop a new Eulerian approach to prove the results. The first step is to use the Harnack-type inequality of
Krylov and Safonov to establish continuity estimates of the solution. One technical difficulty that arises is that the
constants appearing in the Harnack inequality may be arbitrarily bad. However, we show that the constants are well-
behaved “on average”. We use this observation and the subadditive ergodic theorem to establish almost sure behavior
of the tails of the linearized equation. To apply this to the solution of the nonlinear equation, we construct sub- and
super-solutions and use the comparison principle. Our proof uses only the Harnack inequality and the comparison
principle, and so applies readily to a large class of operators L. In fact, one can see that all of the proofs may be
modified slightly to treat the case that the diffusion is also variable. For example, a variant of Theorems 1.1-1.4 hold
in the case that u is governed by an equation of the form

Ju=V-(A(x,1,®)Vu)+ V(x,1,0) Vu+ f(u) (1.13)

where A(x,t,®) = A;j(x, t, ®) is random, positive-definite matrix function and uniformly C1¢. For clarity we con-
centrate on the case that A;; is the identity.

Some previous analysis [12,10,24] of KPP fronts have been based on analysis of the associated Itd diffusion pro-
cesses that play the role of characteristics in the Feynman—Kac formula for solutions of the linearized equation. This
Lagrangian approach is particularly useful when there is either an explicit solution formula [24] or a hitting time
characterization of the It6 paths in one space dimension [12,10]. In the present Eulerian approach, quantities like £ (1)
and H have a similar Lagrangian interpretation, and we utilize both the Eulerian and Lagrangian aspects to prove
bounds on the front speeds.

The paper is organized as follows. In Section 2, we employ the Krylov—Safonov—Harnack inequality and the subad-
ditive ergodic theorem to obtain the large deviation estimates for solutions to the linearized evolution and to identify
the function H(c). In Section 3, we construct sub- and super-solutions to show that the large deviation rate func-
tion H indeed defines the propagating interfaces in the large time limit. The proofs in this section are related to those
in previous works [10,24]; the new twist is to rely on comparison functions instead of the associated Itd paths and the
Feynman—Kac formula. In Section 4, we prove Theorems 1.2—1.4. We study the Lyapunov exponent p, and establish
its connection to the function H. The variational principle for the front speeds is given in terms of x, which is easier
to calculate and estimate than H. In Section 5, we prove upper and lower bounds on the front speeds. A Lagrangian
method and random change of measure are used in a Feynman—Kac representation to deduce an upper bound of p in
terms of second order flows statistics. These bounds extend those on time random shear flows by the authors [24]. The
bounds show that front speed enhancement in incompressible flows can grow at most linearly in the root mean square
amplitude of the flows, and may have much slower growth due to rapid temporal decorrelations of flows. Conclusions
are in Section 6, and acknowledgments are in Section 7.

2. Preliminary estimates
2.1. Harnack inequality

To prove Theorem 1.1, we will make use of the Harnack-type inequality proved by Krylov—Safonov [18]. First,
we define Q(0, R) = {(x,1) € RrH | max; |x;| < R, t € (0, 0R2)}, and we state a well-known result of Krylov and
Safonov:
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Theorem 2.1. (See Krylov—Safonov [18].) Let 0 > 1, R <2, and 0 < &(x,t) < 1. Suppose n € W;fl(Q(Q, R)),n >0,
and o;n— Ln+&x,)n=0in Q(O, R). Suppose |V L= (0,r)) < 1. Then there exists a constant K, > 0 depending
only on 0 and the dimension such that

lxlignlfwzn(x, OR?) > Kon(0, R?).

Remark 2.1. Throughout this paper, the constant 6 from Theorem 2.1 will appear. Our arguments do not depend on
the precise value of 6, and we will assume this constant is always fixed at 6 = 2.

We wish to apply this estimate to the function u(x, ¢, ®) and to the function ¢(x, z, ®) defined by (1.9). As we have
stated the theorem, the drift V and the source function £ must be bounded uniformly in the region of interest. Although
we are working with a drift for which individual realizations are not uniformly bounded for all # > 0, we may obtain
a Harnack-type inequality for u by rescaling the solution and iteratively applying Theorem 2.1. The constants that
appear in the resulting inequality may become arbitrarily large since V may not be uniformly bounded in z. However,
in the next section we will show that the constants are well-behaved on average.

Suppose n(x, t) = 0 solves

n=An+V(x,t) - Vn+&(x,)n
for (x,t) € Q(8, R), while V and £ are not necessarily globally bounded. Then for (x,#) € Q(8, R) and 2 > 0 to be
chosen, the function 7(x, 1) = e " n(M~'x, M~2t) solves

On(x, 1) = An(x, 1) + Vy(x, 1) - Vip(x, 1) + Em (x, )7 (x, 1),
where Vi (x, 1) = M~ 'V(M~'x, M~2t) and Evx,t)=—h+ M_2§(M_1x, M~21). If we choose the constant M to

be
M:max(l, sup  [Vx.n|,  sup ,/2|g(x,t)|) 2.1)

(x,1)€Q(0,R) (x,1)eQ(0,R)

and set h = 1/2, then for any (x,7) € Q(0, R), we also have (M~'x, M~%t) € Q(0, R) and |Vy(x,1)| < 1. Also,
—1 <&y (x,t) <0. Thus, Theorem 2.1 applies to 71:

. _ 2 - 2
|x|1<nlfe/2n(x,9R ) > Kon(O, R )

Therefore, for the original n we have

inf ) LAY K,eR@-D/2(¢ R Kon(0 R? 2.2)
n a0 ] 7 N e s 2 | .
|x|<R/2Mn Ve o¢ U7 o\ a2

We now summarize these observations in a manner that will be convenient for our analysis. For x € RYandt > 1,
let us define the cylinder set

0'(x,1,6,R) = {(y, 0) e R | max|y; —x;| <R, 1 —te(—R% (0 — 1)R2)}
1

and the constant

MG RO =max(1, s Vool s (2feeio)), 2.3)
)

(y,7)€Q’(x,t,0,R) (y,1)eQ’(x,t,0,R
which is a local upper bound on |V| and |&| over the cylinder set Q’. Theorem 2.1 and the above scaling analysis
imply the following:
Corollary 2.1. Let 6 > 1, R < 2. Let M(x,t,R,0) be defined by (2.3). For any M > M(x,t, R, 0), let At =
(0 — 1)R?/M?. Then
nx+ Ax,t+ A1) = Kon(x, 1)

whenever |Ax| < %, where K, = K,(0) is the constant from Theorem 2.1.
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Now we will use this estimate iteratively to relate n(x1, #1) to n(x2, t2) for two points x1, x and two different times
1 <t <t — 1. We will derive a lower bound on infye g, (x,) 7(y, 2) in terms of SUDPye By (x) n(y,t1), where Bs(x)

denotes the ball of radius § > 0 centered at x € R4,
Let ¢ € R? be defined by ¢ = (xo — x1)/(t2 — t1), and let y (x1, t1; x2, t2) denote the set of points in RI*! formed
by the line segment with endpoints at (x1, 1) and (x2, #2). Define T C R4*! (o be the set

T= [J (Bstxi4es)x(ti+9)). (2.4)
s€[0,6—11]
This is a tubular region with the line segment y as the central axis and radius §. Now choose R < 1 small enough so
that

1
20—
e + SRO-D)

Then define the constant

Mxl,tl;x2,12= Sup M(x,t,R,@) (25)
(x,t)eT

with M (x, t, R, 6) given by (2.3). This constant bounds |V (x, ¢, ®)| and 4/|€| over a neighborhood of the tube T .
Next, using M = M, 4,:x, 1, let At be defined as in Corollary 2.1:

(0 —1R?
(Mxl,t1;x2,t2)2 -
Let & be the ratio k = (, — t1)/At. By increasing M slightly, we may assume that k is an integer:

At

k= I —1 _ (12 — tl)(Mxl,n;xwz)z' (2.6)
At ®—1R?

Now suppose that xj € Bs(x1) and x), € Bs(x2). Define y; € R? by

l
Xy — X

nh—n

!

/
yj=x|+ Lanj, j=0,1,2,... k.

The set of points {(y;,# + jAt)}’;=1 is contained in the tube T. Moreover, from our choice of R, we see that
[Vjis1 — yjlI < % for each j. Therefore, we can iteratively apply Corollary 2.1 k times to conclude that

n(vj+1. 00+ G+ DAL) = Kon(yj, i+ jAD,  j=0,....k—1,
and thus

inf n(y,n)>K5 sup n(y,n).
YEB;s(x2) yeBs (x1)

The constant K, is the same constant from Corollary 2.1, depending only on 6. The integer k, however, depends on
X1, X2, 11, and #, through (2.5) and (2.6). By putting together the above analysis, we have the following lemma:

Lemma 2.1. Fix0 > 1. Let § > 0, and x;, x € RY. Let t1, 1 satisfy 1 <ty <tp — 1. Then

inf n(x,n) > K5 sup n(y,n) 2.7)

x€Bs(x2) ? yeBs(x1)

where K, is the constant from Theorem 2.1, depending only on 6, and k is an integer bounded by

|x2 — x1] g
k < 59202 - tl)(MxlvH;sttZ)z(ﬁ +25) .

Although the constant K, is universal, the integer k and the constant My, ;,.x, », depend on the x, 11, x2, #> and on
the realization of V. Where V is large, these constants also become large. However, when applying Lemma 2.1 we
will use the stationarity and ergodicity of V to show that, on the average, the constants are not too bad.
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2.2. Continuity estimates

In this section we derive a continuity estimate on the function logu(x, r) that holds asymptotically as t — co. By
the maximum principle, u > 0 for all (x, ¢), and we define &(x, ¢, ®) = f(u(x,t,®))/u(x, t, ®). Therefore, Eq. (1.1)
may be written as

u=Au+V(x,t,0) - Vu+E&(x,t,0)u (2.8)

where £(x,1,-) € L®(£2; L®(RI*1)) and &(x,1,®) € [0, f/(0)], almost surely with respect to P. In fact, the regu-
larity of u implies that &(x, ¢, ®) is locally C 1 almost surely. For the following estimates, however, we assume only
that £(-, -, @) is almost surely continuous and that

g 1) <C(1+ |Vx,1,d)]) (2.9)

for some deterministic constant C, P-almost surely, for all (x, 7).

Proposition 2’11 Let u(x, t,®) > 0 solve (2.8) such that &(x,t,®) satisfies (2.9). There is a set of full mea-
sure §20 C 2, P(8§20) = 1, such that the following holds: if y(t) > 0 is any nondecreasing function satisfying
limsup,_, o, ¥ (t)/t <€, then for any c € R4

hmmf (log inf wu(ct +z,1) —log sup u(y,r— y(t))) >—C(1+|cl +8)26(1 +Vh)
lzZI<y @) YEBs(c(t—y (1))

and

1 -
lim sup —(10g sup u(ct+z,t) —log inf u(y, t+ y(;))) <C(1+el+ 8)26(1 )
=00 lzI<y () YEBs (c(t+y (1))

forall w € !}0. Here, V> is defined by (1.3) and C = C(0) is a constant.

To prove this continuity estimate we will make use of the following estimates on the growth of the vector field V
as t — 0o:

Lemma 2.2. Almost surely with respect to P,

1 n—1 _
im -Y sup [Vr,d) = Eﬁ[ sup |V (x, r,@|2] — V) < 0. (2.10)
n—oon =0 1€l ;+1] 1€l0,1]
xeR4 xeRY

Proof. Due to the moment bound (1.3), this follows from the ergodic theorem and the assumption that V is stationary
and ergodic with respect to shiftsinx and r. O

Corollary 2.2. There is a set of full measure .Qo C Q ﬁ(.@o) =1, such that

n—1
lim sup — Z sup VI <eVs (2.11)
n—oo M 2 relj- L)

xeR?

whenever € € [0, 1) and {k,}; | is a nondecreasing sequence of positive integers satisfying k, < n for all n and
liminf, 0o ky/n = (1 — €).

Proof. This follows from Lemma 2.2 and the fact that the number of terms in the sum grows more slowly than O(en).
Specifically,

kn—1

, 1 s (k-1 1 )
—Z sup [VP==-)" sup [V]P— — Z sup  |V|
jkte[11/] "]1t€[1111 n n = =1 reli—LJ]
xeR4 xeR4 xeR4
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Now the result follows from Lemma 2.2 and the fact that liminf, o (k, — 1)/n > (1 —€). O

Proof of Proposition 2.1. We first prove the lower bound by a chaining argument. Let 20 C £2 be the set described
in Corollary 2.2 with P(£20) = 1. Fix ¢ € R and suppose that limsup, , o ¥ (1)/t < € < 1. Let z; € R? satisfy
|z¢] < y (). Without loss of generality, we assume that y (¢) takes values in Z. For ¢ sufficiently large, t — y (t) > 1.
Lettyy =t —y(t),and x; =cty =ct —cy(t). For j =2,..., N, = y () define the points (x;, ;) € R4+ by

ti=ti+j

and

(I J
x]_<1 J/(t)>x1+y(t)(z;—l—ct).

Notice that for N, = y (¢), xy = z; +ct, and that (x}, ¢;) is a sequence of equally spaced points in R4+ along the line
segment connecting (cty, t1) to (z; + ct, t). Now we apply Lemma 2.1 for each pair of points (x;,#;), (X;y1,tj+1).
Notice that

XAl =4 <le|+ 1. (2.12)

lj+1=1j
By applying Lemma 2.1 iteratively, we find that

inf  u(y,0) > KD sup u(y,n) (2.13)
yEBs(z+ct) yeBs(x1)

where k(t) = Z;V;] k; and the numbers k; are random variables bounded by

Xj4l X

2
+25> <562(M)2(Icl + 1 428)° (2.14)
lji+1 =1

kj <592(Mj)2<

and the numbers M (also depending on ®) are

M; =M, (2.15)

T X 41

Although the choice of points (x;, #;) depends on z;, the term k = k() can be bounded, independently of the choice
of z; since

AN |2
(ijvtj$xj+l>fj+l)2 < C<1 + sup V(x.1,0)| ) (2.16)
te[tj—a,tj+1+a]
xeR4

for some integer a < 502 (since R < 1). The right-hand side of (2.16) is now independent of the choice of z;, and we
can bound log(Kg) by

N
log(K5®) > —[10g(Ko)|C1 Y (M, 1::x;11071) (2.17)
Jj=1
n—1
> —|log(K,)|C1C2 2(1 + s [Veano)l)
j=kn telj—1,j1
xeR4
where n <t +a + 1 and k, y(t) —a — 1 are integers satisfying liminf,_, o k,/n > 1 — € and k,, < n. The

constant C1 may be bounded umformly by C1 < (592(|c| +1+ 28)2), and the constant C, depends only on the
integer a (which depends only on ). The right-hand side of (2.17) is independent of the choice of z;, as long as
lz:| < v (D).

Inequalities (2.13) and (2.17) now imply that
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1
- (log inf u(ct+z,t)—log sup u(y, tl)) (2.18)
t lzI<y (©) yeBs(ct1)

n—1

1 A
> —|log(K,)|C1Cr— Z(l+ sup |V(x,t,w)|2).
n j=kn telj—1,j1
xeR?
Now we apply Corollary 2.2 to the sum on the right-hand side to conclude that

1 -
—(log inf u(ct+z,t)—log sup u(y, tl)) 2 Cze(14+ V)
t |Z|<}’(f) )7635((‘[1)

holds for any & € [}0, where £2¢ has full measure. The constant C3 now satisfies C3 < C4(|c| + 1+ 8)? for some other
constant C4 depending only on 6. This proves the lower bound.

The upper bound can be proved by following the same argument, except that Lemma 2.1 is applied forward in time
along points (x;, ;) € R¥*! defined by

J J .
xi=(l——=— )@z +ct)+ —=—(ct+cy@®)), ti=t+j (2.19)

/ ( y(r)) ’ > )
for j=1,..., Ny =y(t). Thus, (x1,#1) = (2 +ct,t) and (xy,ty) = (c(t + y(¢)),t + y(¢)). The remaining details
are the same as in the case of the lower bound. 0O

2.3. Large deviation estimates

Ford>0,x € R4, andt >s >0, let oy, t;x,8) =¢(y,1; x, 5, ®) satisfy the advection—diffusion equation
hp=A0M,p+V Vo (2.20)
for t > s with the initial condition

1 yeBsx),

2.21
0 otherwise ( )

d(y,s:x,5,0)= {

at time t = s, where § > 0 is a fixed parameter. In this section we will derive tail estimates on ¢ that we will later use
to bound the solution u(x, ¢, ®). The main result of this section is the following:

Theorem 2.2. There is a set of full measure Qo C Q f’((}o) =1, and a convex function H(c) : R — [0, 00) such
that the following holds. For any open set G C R,

1
liminf —log inf ¢(z,¢;0,0,®) > — inf H(c) (2.22)
t—>oo f zetG ceG?
and for any closed set F C R4,

1
limsup — log sup ¢(z,%; 0,0, ®) < — inf H(c) (2.23)

t—>o0 I zetF ceF

for all & € £2.

The function H appearing here is the same H described in Theorem 1.3. Later in Section 4 we will show that this
function H is characterized as in Theorems 1.2 and 1.3.

Remark 2.2. The function ¢ (x, ¢; 0, 0) depends on the parameter §. However, using the stationarity of the field V (x, )
and the linearity of the equation for ¢ (x, ¢; 0, 0), one can show that the function H (c) is actually independent of § and

that Theorem 2.2 holds for any such ¢ with nonnegative, compactly supported initial data.

The proof of Theorem 2.2 will rely on the following lemma:
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Lemma 2.3. There is a set of full measure S?o C Q IA)(.(AZO) =1, and a convex function H(c) : R4 — [0, 00) such that
the following holds: If y (t) > 0 is any nondecreasing function satisfying limsup,_, ., v (t)/t < €, then for any c € Q

limsup —log sup ¢(ct+2,1;0,0) < C(1+|c|+ 5)26(1 + Vo) — H(c), (2.24)
t—oo L i<y )
1 -
liminf—log inf ¢(ct+2z,¢;0,0) > (1 + |c] + 8)26(1 + V) — H(c) (2.25)
1—>00 f lz|<y ()

forall & € 5}0- Here, V is defined by (1.3) and C = C(0) is a constant.

Proof of Lemma 2.3. Define the family of functions

¢ (y.t:x,8) = lnf( )¢(y 13 X,5). (2.26)
y'€Bs(y

(For clarity we will suppress the dependence of ¢ and ¢~ on @.) By the maximum principle, it is easy to see that for
anyx,y,zeRd andr <s <t,

O (z,t;x,r) 2 ¢ (y,8:x,1)9 (2,1, y,9). (2.27)

For ¢ € R? fixed, define the random process g n (®) =log¢~ (cm, m; cn, n, ®) indexed by m,n € Z,0 < m < n. We
observe that g, , is stationary and superadditive:

qm,n >Qm,k+q1¢,n, Vm <k <n,
dm-+r.n+r (C:)) =dqm,n (T(cr,r)é)) . (228)

We will show in Lemma 2.4,

E[lq0.nl] <00 (2.29)
for all n. Therefore, from the ergodic theorem (e.g. [1]) it now follows that the limit
1 1
—H(c) = hm qo n=sup—qon, <0 (2.30)

n>0

exists almost surely and is nonrandom. The convexity of H follows from the subadditivity relationship (2.27), as
in [24].

Lemma 2.4. For any ¢ € R, § > 0, and any integer n > 1, Ellgo.nll < o00.

Proof of Lemma 2.4. We will iteratively apply Lemma 2.1 to the function ¢ (y, ¢; 0, 0). First, we claim that

E[[tog_inf 90.1:0.0, &)|] < oo 2.31)

yeB;(c

(Here t = 1.) To prove this, consider the function p (%, f, @) defined by

t

p(k,t,c?))ztlk|2+/ sup [A-V(x,s,®)|ds. (2.32)

xeRd
0

It is easy to verify that the function n = e™**+P*1) gatisfies ;7 < Ln for all ¢ > 0. So, for any x, A € R?, the
maximum principle implies that ¢ (x, 7; 0, 0) < el*ée=2*+P%0D For r = 1, we may construct an upper bound on
¢ (x,t;0,0) using multiple such A with |1| = 1. This implies that

$(x,1/2;0,0)dx < KeP1/P e RRI—1

[x[=R
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where p(1/2) =1/2 + fl/z sup, |V (x,s)|ds. Therefore, there is a constant K such that for R > K + 4p(1/2),
the right-hand side is bounded by 1/2 f ¢o(x)dx > 0, where ¢o(x) = ¢(x,0;0,0). From the incompressibility of
V(x,t,®), we see that the integral of ¢ is preserved for all ¢ > 0. Thus

/ ¢(x,1/2;0,0)dx > %/qﬁo(x)dx
IXISR

and therefore, SUP|x|<R ¢(x,1/2;0,0) > CR~™ —dl fqbo(x) dx.Lemma 2.1 now implies that

1
|1|nf $(x,1;0,0) > K§CR—d5/¢o(x) (2.33)
where k is bounded by
2
k<c2(1+ sup |V(x,t)|> . (2.34)
xeR4
t€[0,3]

Since the right-hand side of (2.34) is integrable with respect to P, by assumption (1.3), the lower bound (2.33)
implies (2.31).
Next, for any integer j > 1, define x; =c¢j and t; = j, and let

Mj =M, (2.35)

XL
where My, 1 x] +1.tj41 1s given by (2.5). Now if we apply Lemma 2.1 iteratively, once at each of the n — 1 intervals
[j,j+11,j=1,...,n—1, we see that

log inf ¢(y,n;0,0)>log sup ¢(y,1;0, O)—i—log(Ko)Zk (2.36)
yeBs(em) YeBs(c(1) iz

where the numbers k; are bounded by

2
R
kj <592(tj+1—tj)(M,/)2< AR +25> =502 (M;)(lel +28) (141 — 17).

lji+1=1j
The k; are the exponents from estimate (2.7) when we replace (xy, f1; X2, 1) by (x;,#;; Xj11,tj+1)-

Since each M is square integrable by assumption (1.3), it follows that the sum Z;f:l k;j is integrable. This implies
that

E[lgonl] = E[[log _inf ¢(y,n:0,0)[] < o0
YEBs(cn)
if (2.31) holds. This proves Lemma 2.4. 0O
So far we have shown that for a given ¢ € R?,

1
lim —qgo,=—H(c) (2.37)

n—-oon

holds almost surely with respect to P, as n runs through the integers. Using (2.7), we see that for any ¢ > 1

inf ¢y, +7r:0,00> KO sup ¢(y,1:0,0) (2.38)
)’Gljse([cl(lz-%-r)) yeBs(ct)

for some number k() that can be bounded by k(¢) < 10(92)(Mct,,;c(ﬂrz),(t+2))2(|c| + 8)2. However, this bound and
(2.37) imply that both

1
lim —log 1n£ )¢>(y,t;0, 0)=—H(c), (2.39)
Bs(ct

t—>o0 t ye
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and
1
lim —log sup ¢(y,#0,0)=—H(c), (2.40)
o0 veBs(er)
holds along continuous time provided that limsup,_, o, @ = 0. Since the random variable M; = M 1.c(:+2),1+2) 15

square integrable and stationary with respect to shifts in ¢, the ergodic theorem implies that

N
N 2 2
Jim > (M)* = E[(M1)?] < oo
n=1
Therefore,
k(t M,)?
]imsupﬁz lim (Mr) =0
t—00 t t—00 t

almost surely.

This proves Lemma 2.3 for y(¢) = 8 and ¢ € RY fixed. For the general case with lim SUp; o V(t)/t < € and
|z:] < y(t), we may prove (2.24) and (2.25) by applying the continuity estimates in Proposition 2.1 to the function
¢(v,1;0,0) (in this case, £(x, t, ®) = 0). From the lower bound in Proposition 2.1, we see that there is a set .QO of
full measure such that

1
liminf—<log inf ¢(ct+2z,1;0,0) —log sup q)(y,t —y();0, 0))
oo B sy ® YeBs(ct—y (1)

> —C(1+Ic|+8) e(1 4+ V) (2.41)
holds for all ¢ € R?. From (2.40) and (2.41), it now follows that for any fixed c € R4

1
liminf —log inf )dz(ct +2z,1;0,0)

I—oo f lzl<y (@

(t—y@) 1
I R ;0,0
) e R P TV 0:0.0)

> —C(1+c| +8)’e(1 + V) + liminf
=00

> —C(1+1c|+8)’e(1 + Va) — H(c) (2.42)

holds almost surely with respect to P. (Note that since H (c) > 0, we have discarded the extra € H (¢) term that comes
from the factor y (¢)/¢.) Similarly, the upper bound in Proposition 2.1 and (2.39) imply that for any fixed ¢ € R¢

1
limsup—log sup ¢(ct+z,t;0,0)

t—oo I Ty
2 - . (t+v(@) 1 )
<C(l+|c|+38) el + Vp)+limsu lo inf ,t—v();0,0
(14 lel +8) e ) t—>o<>p t t+y@®) gyeBa<c<r+y(t)>¢(y y @) )
<C(1+ el +8)2e(l + Vo) — H(c). (2.43)

The subset of £2 on which this convergence holds depends on c. However, by taking the countable union of all
such §ubsets for c e (@d, we obtain a set £2¢, P(£2¢) = 1, such that both (2.42) and (2.43) hold for all ¢ € Qd and all
@ € §2¢. This completes the proof of Lemma 2.3. O

Proof of Theorem 2.2. We first prove the upper bound (2.23). Suppose that F is compact. For any € > 0, there is a
finite set {c j}?’:] C Q4, such that F C U;VZ] Be(cj). Therefore,

sup ¢(z,¢;0,0) < sup  sup ¢(cjt+2z,¢0,0).
Z€tF j=1,...N |z|<et

Since N is finite, and F is compact, (2.24) now implies that
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1 1
lim sup —log sup ¢(z,¢;0,0) <limsup—log sup sup ¢(c;t+z,¢;0,0)

t—oo 1 Z€tF t—oo [ j=1,...N |z|<et

=—H(c) + O(e).

So, for compact F', we obtain the upper bound (2.23) by letting ¢ — 0. The case of general closed F follows from
Lemma4.1.

The proof of the lower bound (2.22) is similar to the preceding argument, except that we invoke (2.25) instead
of (2.24). This completes the proof of Theorem 2.2. O

3. Proof of Theorem 1.1
3.1. The upper bound (1.4)

The upper bound (1.4) of Theorem 1.1 follows easily form Theorem 2.2. Let § > 0 be large enough so that the
support of uq is contained in the ball Bs(0). Then by the maximum principle,

u(y, 1) < Op(y,1:0,0) = e /' O+7 10gd(.1:0.0) 3.1
Let F be a closed set satisfying F ¢ R? \ G where G is the bounded, convex set

G={ceR!|H(c) < f O}
Now, by Theorem 2.2,

tlngo ; logfggdwct, £;0,0) < —f(0). (3.2)
Combining this with (3.1), we have lim;_, oo SUp,c p u(ct, t) = 0, which proves (1.4). O

3.2. The lower bound (1.5)

To prove the lower bound (1.5) we will use the following lower bound on the decay rate of the solution u(x, t, ®)
beyond the front interface. This bound is modeled after a similar estimate of Freidlin in the case of steady, spatially
periodic drift (see Lemma 3.3 of [10]), and it relies on the assumption that f/(0) > 0, which holds for the KPP-type
nonlinearity.

Lemma 3.1. For any compact set K C {c € R | H(c) — f(0) >0},
1
liminf — log inf u(ct,t) > — H(c)— f'(0 33
iminf —log inf u(ct, 1) > —max(H(c) - f'(0) (3.3)
holds almost surely with respect to the measure P.
We will postpone the proof of Lemma 3.1 and conclude the proof of the lower bound (1.5). In the following step,

we construct subsolutions and use a comparison argument to show that # ' 1 behind the interface. For each s > 0,
define the bounded convex set Iy C R? by

Iy={ceR!|H() <) (3.4)
Lete; > 0 and set s1 = f/(0) — €. For h € (0, 1), we will show that

lim inf u(ct,t) >h (3.5)

t%oocefsl

since €1 and h are arbitrarily chosen, this implies the lower bound (1.5).
Now we construct a subsolution to (2.8) to which we will compare u# and obtain (3.5). Let & € (0, 1) be fixed. Let
us define the set

I ={x e R | u(x, 1) <h) (3.6)
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for each ¢ > (. The boundary of Jj, (¢) (if there is a boundary) is the level set defined by u(-, #) = h, and this level set
must be bounded, by the established upper bound on u. For €3 > 0, let s = f'(0) + €;. Let J I(¢) and J?(¢) denote
the sets

JYOy =@ nely,  JXH0) = Jp@) Nily,.

Notice that these sets are bounded at each ¢, and that J!(r) C J2(¢) for all r whenever the sets are nonempty, since
Iy, C I'y,. Lemma 3.1 and the maximum principle imply that we can take e, sufficiently small and #y > O sufficiently
large so that
inf u(ct, 1) >e 1% (3.7)
cely,
for all ¢ > to. Thus, inf,. ¢ 2,y u(x, 1) > e~'2€2 150 holds for ¢ > .

Let us define the positive number &, = inf, ¢ n) f (#)/u. Thus, & — f’(0) as h — 0. For given h € (0, 1), #o, and
a parameter « € (0, 1) to be chosen, we will compare the solution u(x, t) with a function ¥ (x, ¢; #p) of the form

W(x,t;10) = h (x, 1 19) — goe "~ u(x, 1). (3.8)

We will compare u(x, ¢t) and ¥ (x, t; tp) for x € J%(r) and 1 € [19, (1 4+ «)tp]. The family of functions ¢ (x, ¢; fy) will
be chosen to satisfy the following properties:

(i) 8¢ < L¢ forall x € R and 1 > 1.
(i) ¢ (x,t;19) <1, forall (x,1).
(iii) @ (x,t;%0) <Oforall x €3Iy, and ¢ € [19, (1 + «)to].
(iv) lim inf ¢(c(1+ K)o, (1 4 K)to; 10) = 1. (3.9
l‘()—)OOce[“Sl

The constant gg will be positive. We choose the constant €, (appearing in (3.7)) sufficiently small so that 2€; < &,k.
Thus, € and Iy, depend on the choice of x and /. Then we set go = he?e2to,
A straightforward calculation using property (i) shows that 1 (x, t; #p) satisfies
W < LY + &y — Ehg + Epgoe” 710
=LY +EV —hp & —&) — &Y (3.10)

for t > to. For any x € J;,(¢), £(x,t) = &, > 0, by definition of &,. Also, since u > 0 and go > 0, (3.8) implies that
¢ (x,1t) > 0 wherever ¥ (x,1) > 0. So, if x € J,(¢) and ¥ (x, ¢) > 0, (3.10) implies that i must satisfy the inequality

Yy < LYy +Ey (3.11)

at the point (x, t). So, the function i is a subsolution to the equation solved by u in the region of interest.

The function i also takes values less than u(x,?) on the parabolic boundary of the region of interest. If the
boundary 9J;,(¢) is nonempty and x € 8J;(¢), then u(x,t) =h > h¢(x,t) = ¥ (x,t). Since go > 0, ¥ (x,1; 1) <0 <
u(x,t) forall x e taly, and ¢ > ty. Moreover, by the choice of go and ¢ (x, t; 1) < 1, ¥ satisfies

W(x, t0:10) <ulx,t0), Yx € J (), (3.12)

since u satisfies the lower bound (3.7).

Inequality (3.11) holds if x € J2(t) and ¥ (x,1) > 0. Since u > 0 and d;u = Lu + £u, the maximum principle
implies that u(x,t) > ¥ (x,t;1y) for all x € Jz(t) and t € [ty, (1 + «)1p]. From (3.9) and the definition of i we see
that

lim inf 1/f(x (1+/<)to,to) h. (3.13)

to—)ooxejl ()
Here we have used the fact that 2¢, < &,k. Since u(x,t) > h for all x € (Jp, ()€, the limit (3.13) now implies that

lim inf u(c(1+ )10, (1 +K)tg) > (3.14)

tp—> 00 ceT 5

This is equivalent to the desired bound (3.5).
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Fig. 1. The convex sets 81’}1, 81}2, and 81’f,~3. The points represent Cj» j=1..., N¢, and the lines represent the sets {c | Aj <(c— cj-) =0}. The
region bounded by these line segments represents [ i {clrj-(c—cj)>0}

Therefore, to complete the proof, we must construct the function ¢ (x, t; fo) satisfying the desired properties. Set
€3 =(€1)/2 and s3 = f/(0) — €3, so that Iy, C Iy, C I,. Since I, I, and I, are convex, we can choose finite sets

{c;)¥, C I, and 2; C RY such that both

Ne
Iy c(eeR? |2 (c—c¢j)>0} (3.15)
j=1
and
dist(BFsz,ﬂ{CGRd|Aj~(c—cj)>0}) >0 (3.16)

J
are satisfied. Notice that properties (3.15) and (3.16) depend on the orientation of the A; but not on the magnitude
of the A;. Also, notice that the sets 01, and d[y, are both bounded away from the set dI, by a distance that is
independent of k. The sets I'y; and I'y; (and the vectors {c;}, {A;}) do not depend on «. The sets I, I,, and I, are
depicted in Fig. 1.
Now for fixed #9, let x; = ¢y, and consider the function ¢ (x, ¢; 7o) defined by

Ne
d(x,t;10)=1— Ze—)»j-(X—Xj)—ﬁ()»j)l0+ﬁ)()»j,f) (3.17)
j=1
where the function p (X, f, @) is defined by (2.32), and
A0 = A+ E[sup ;- V(x,0,6))|]. (3.18)
xeRd

It is easy to verify that d9;¢p < L¢ for all # > t9. Thus, property (i) holds. Clearly property (ii) is satisfied, as well.

Now we verify properties (iii) and (iv) for ¢ (x, ¢; fp). Since the sets 91, and 917, are both bounded away from the
set 01, by a distance that is independence of «, it follows from (3.15) and (3.16) that for « sufficiently small there
exists §; > 0 such that

() - @19
is satisfied and such that

. Cj

Cg}{z je{ls,l.l.l.),NC} —Aj- (c — i /c)) > 81 (3.20)

is also satisfied.
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From the ergodic theorem, we see that
.1 _
lim ~p(hj.1) = ()
t—oo t

holds almost surely with respect to P. Define RO, t)y=|pO) — %p(k, t)|, so that |[R(A,t)| —> 0 ast — oo, P-almost
surely.
Now by (3.19), we find that foreach j =1, ..., N,

Jog e~ 4 (€1H0=¢)io=00 iortn (hj (144)10)

csel}% I+t
<< - )p(/\ ;) + sup < (C— o >>+‘R'((1+K)to)’
1+x cely, (1+) !

K Cj )
<l+ )p(k )— 1nf < (c— (1+K)>>+‘RJ((1+K)Z‘())’

<<le >p(,\) 814 |Rj((1+1)10) |- (3.21)

Thus, by taking « smaller, the right-hand side of (3.21) can be made negative, for all j, for #y sufficiently large.
Therefore, returning to (3.17) we see that

lim inf ¢(c(1+ )0, (1+)10; 19) = 1.

tg—)oocel“sl

This establishes (3.9).
Similarly, using (3.20) one can establish property (iii), as follows. We now find that
inf inf sup———— ! log =i €U+ =¢)to=pGo+p Gy (1+H)0)
pelOxlcely, 1+ B)toy
¢j B

> inf inf su A ce— +o(A )< >>— sup sup [R;((1+ B)ro (3.22)
pelb.cieer, ,p< ( (1+ﬁ)> P0\Tp )~ psup, e IR (0 + Do)

Using (3.20) and the fact that
lim sup sup |R(A 1+ ,8)to)|

to—)OOﬂEOK j

we may take « sufficiently small and #¢ sufficiently large to make the right-hand side of (3.22) strictly positive. Then,
returning to (3.17) we see that

limsup sup sup ¢(c(1 + B)to, (1 + B)io; fo) = —oo. (3.23)

tp—>00 Be[0,k] cel’}1

This establishes property (iii). Having verified all the necessary properties for the family of functions ¢ (x, #; 7o), this
completes the proof of the lower bound (1.5). O

Proof of Lemma 3.1. Force R4, t — 1> 5> 0 given, and b > 0 to be chosen, we define an auxiliary quantity
¢, (t; 5, c) as follows. First, let zo = c(t — 5)/2. Now, we will fix b > ¢/2 sufficiently large so that the ball By —s)(z0)
contains both Bs(cs) and Bs(ct). For z € Bp(;—)(z0) and T € (s, 7], let gﬂ(z, T; 8,1, c) satisfy

Qp=0:0+V( 1)V (3.24)
with the initial condition
z € Bs(cs),
3.25
¢(Z 53 8:1,0) = {0 otherwise ( )

at time 7 = s, and Dirichlet boundary condition QE(Z, 7;5,t,¢) =0 for z € dBp—s)(z0). Now define ¢y, (t;5,¢) by
“(t;5,¢)= inf @(y,t;s,1,0). 3.26
By W5, 0= il Gy 1551, (3.26)
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Notice that the only difference between ¢, (¢; s, ¢) and ¢~ (ct, t; cs, s) (defined by (2.26)) is the Dirichlet boundary
condition used in the definition of ¢, (¢; s, ).
We will now make use of the following fact, which we prove later:

Theorem 3.1. There is a set of full measure 20 C 2, P(820) = 1, such that the following holds. For any ¢ € Q? there
is b > 0 sufficiently large so that for any « € (0, 1],

1
liminf —log ¢, (t; (1 —«)t, c) =H(c) (3.27)
t—o0 Kt
forall » € 20. The Sfunction H(c) is the same as in Theorem 2.2 and Lemma 2.3.
Now we finish the proof Lemma 3.1. Pick ¢ € K N Q¢. Thus, H(c) > f’(0). Now take b > 1 + |c| sufficiently

large, as required by Theorem 3.1. The upper bound (1.4) on u(x, t) implies that we may take « € (0, 1) sufficiently
small and ¢ sufficiently large so that

E(x,s) > &, Vxe B;,K,(<l - §>ct), sel[d =1, (3.28)
The maximum principle implies that

inf 1) > (g (1 (1 — i)t inf , (1= x0)1). 3.29

zeg;(ct)u(z )2 (¢ (10— 1) C))yEBg(lcrzl—K)t)u(y( ©1) (3.29)

We already know that

1
11m1nf log inf u(z,t) > liminf-log inf ¢(z,t;0,0),
t—00 t z€Bs(ct)

z€B;s(ct)

which is finite since it is bounded below by — H (¢). Therefore, (3.29) and Theorem 3.1 imply that

1
li fl f t liminf —log ¢, (¢; (1 — )¢,
ity log il (@0 > & gty loedy (1= 0n )
=& — H(c).

Since the left-hand side is independent of &, we now let A — 0 so that &, — f'(0). Therefore,
1
liminf ~log inf wu(z,t) > f'(0) — H(c). (3.30)
z€Bs(ct)

t—o0

To finish the proof, we apply the continuity estimate of Proposition 2.1. For y (t) = €t, the lower bound of Propo-
sition 2.1 implies that

1 1 2 -
liminf — 1 f t 1) =1 f—1 inf ,(1—et)-C(1 8 1 V.
iminf - log inf u(ct+2,7) > iminf - ogyeBstrcl(]_e)tu(y (1—=e)1) = C(1+1cl+8) €e(1+ [Ello + V2)
= f'(0) — H(c) — O(e). (3.31)
The last equality follows from (3.30).

Now we proceed as in the proof of Theorem 2.2. Since K is compact, we can pick € > 0 and a finite set
{c]} ., C Q4, such that

N
KcK'@©=2]Be(e))
j=1

while € is small enough so that H(c) < f/(0) — €/2 for all ¢ € K'(¢). Therefore,

inf u(z,t) > inf 1nf u(c t+2z,1).
zetK j=1,...,N|z|<e

Since N is finite, and K is compact, (3.31) now implies the result (3.3). O
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Proof of Theorem 3.1. The only difference betheen 43(z, T;8,t,c¢) and ¢(z, T;cs,s) (defined by (2.20)) is the
Dirichlet boundary condition in the definition of ¢. Therefore, the maximum principle implies that for t € [s, 7]
and z € By(z0) ¢(z,1;5,t,¢) < Pp(z,T;cs,s). For given s < t,let w(z, T; 5, t, ¢) be defined by

(2, T58,1,0) = (2, T;05,5) — $(2, T3 8,1, 0) (3.32)
for T € (s, t] and z € By(20), zo = c(t —s)/2. Then 7 (z, T; s, t, ¢) satisfies d; 7w = Lz with

w(z,8;8,t,¢) =0, Vze By(z0),

O<m(z,t5s8,t,c) <1, VzedBp(zo), T€(s,1t]. (3.33)
Now we choose s = (1 — k)¢, and we claim that
1
lim limsup —log sup 7 (z,; (1 — )1, 1,c) =—00. (3.34)
b= t—oo KI  zeBy(cr)

However, we already know that

1
liminf —log inf ¢(z, t;c(1—w)t, (1 — K)t) =—H(c) > —o0. (3.35)
t—o0 Kt z€B;s(ct)
Since 7 (z, t; (1 —x)t, t, c) > 0 for all 7, the combination of (3.34), (3.35) and the definition of 7 imply Theorem 3.1.
We prove the claim (3.34) for « = 1. The proof in the case k < 1 is similar. We compare 7 (z, 7;0, ¢, c) with a
function 7n(z, ) of the form

N
n(z.T)=Y e Heetrtsn (3.36)

j=1
where p(A;, 7) is defined by (3.17) (here, 1) = (1 — «)t = 0). The function 5(z, t) satisfies d;n > Ln. Next, we
choose b, x; and A; and use the maximum principle to show that n(z, t) > n(z, 7; 0, ¢, ¢) for all T > 0 whenever ¢
and b are sufficiently large. The constructed function n(z, 7) depends on ¢, ¢, and b, but for clarity we suppress this

dependence in the notation.
We choose b > 10(1 + |c[). By choosing z; in the set 9 By, /2(z0), we have Bs(ct) C Bp/4(z0) so that

lz —zjl

inf inf

> b/4. (3.37)
J z€Bs(ct) t

We choose the A € R? independently of 7 so that | jl=1and

inf inf ;- @=2) ey (3.38)
J 2€Bp/a(20) |z —zjl
and
inf inf—, - S < cp (3.39)

€Buzo) J 0 lz—zjl

hold for all ¢+ > 1, for some constant C > 0.
Clearly n(z,t) >0 forall z € Rd, T > 0. Moreover, for b sufficiently large and ¢ sufficiently large, n(z, t) > 1 for
all z € 8 Bp;(z0). This follows from (3.39) since
inf infe—kj'(Z—Z_/)+p()»j,T) 2 ert'hO()L,‘[) 2 ert. (340)
2€0Bp (z0) J
So, we can take ¢ sufficiently large so that the right-hand side of (3.40) is greater than 1 for all t € [0, 7].
For any z € Bs(ct) C Bp/4(20), (3.38) implies that

1 (z—1zj) pQkj,0)
—1lo 1) <N max —A;-
t gnz. 1) j=t,..N 7 t + f

pAj, 1)
—

.....
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Since lim; oo (A, 1)/t = p(A}) is finite, this implies that

1
limsuplimsup —log sup 7(z,t) = —00.
b—oo t—oo I z€Bj(ct)

This implies the claim (3.34) since 7 (z, t) < 1(z, t) for z € Bs(ct). This completes the proof of Theorem 3.1. O
4. The Lyapunov exponent

In this section we prove Theorems 1.2, 1.3, and 1.4. For A € R4, let @ = @, be defined by (1.9) with ¢, (x,0) = 1.

If n;.(x, 1) = e g, (x, 1) , then 1, solves
O (m)=An +V -V, 4.1)
with initial data n; = e~**. When the dependence of 7, and ¢, on A is clear from the context, we will just write 7

and ¢ respectively.

Lemma 4.1. For any c € R4,

. Vi (&) — 8/1)?
b(ct, 30,0, ) <exp<—r( H(®) LCH /1) ) 4.2)
forallt >0, where V,(®) = %fé supyera |V (¥, s, ®)|ds and lim,_, o, V, = E[sup, |V (x, 0, ®)|] almost surely.
Proof. By the maximum principle, ¢ (x, ¢; 0, 0) < nx (x, t)ew‘s. Therefore,
¢ (ct,1;0,0) < (palct, r)e T, (4.3)
By Grownwall’s inequality, it is easy to see that
t
sup @y (x,1) <exp A%t —l—/ sup |k . V(y,s,c?))|ds 4.4)
xeR4 yeRd
0
so that by choosing A = rﬁ, we have
b(ct.1:0,0) < e—k-ct+|k\2t+f(; SUp, pd AV (y,s,0)| ds+]|r|8
< ol P (Vi=lel+6/1) (4.5)

The result follows by optimizing (4.5) over r. O

Proof of Theorem 1.3. We have already established that (1.7) holds. It remains to prove that H is characterized by

H(c) = sup (c- 1 —u(})). (4.6)
reRd

Let ¢ (x,1) = ¢(x,t;0,0), and consider the family of probability measures P; on R4 (for fixed @) defined by

Pi(A) = Ziffﬁ(ct,t)dc, (4.7)
t
A

where Z; is the normalizing constant Z, = fRd ¢(ct,t)dc = ,id fRd ¢ (x,0)dx. Using Theorem 2.2, one can show that

(almost surely with respect to P) the family of measures P; satisfy a large deviation principle with rate function H (c).
Let F(c) = A - c. Then using Lemma 4.1, one can show that

: . 1 th-c
lim limsup - log e P(dc) = —o0.
L—>00 (00

F(c)>L
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Now, by Varadhan’s Theorem (see [30], Section 3) the limit

lim — log Ep[e ’F(")] = sup (F(c) — H(c)) 4.8)

t—o00 t
ceRd

holds. Hence,
: 1 th-c . 1 A-X
lim —log | ¢*“¢p(ct,t)dc= lim —log | e* " ¢p(x,t)dx
—00 t —0o0 t
R4 R4
= sup (A -c— H(c)). 4.9)

ceRd

The convexity and super-linearity of H (c¢) now imply that

H(c) = sup (c A= M(A)) 4.10)
reRd

where () is defined by the almost sure limit
.1 Aox
wA) = lim —log | e"*¢(x,t)dx. O
—0o0 t
R4

Proof of Theorem 1.4. Observe that the function ¢, = 1; (x, 1)e’* and the function ¢ (x, f)e** solve the same
equation (1.9) with different initial data, since 1, and ¢ solve the same equation.

Let n*(y, s; 1) solve the adjoint equation d;7* 4+ L*n* = 0 for s € (0, t) with terminal data n*(y, t; 1) = *. Let
Oy, 851) = e’)"yn;(y, s; ). The function ¢*(y, t; t) solves

30" + Ayp* — (V(y,8) =24) - Vyo* + (A2 = A - V(3,5) = V- V)g* =0 4.11)

for s € (0, ¢) with terminal data ¢*(y, t; t) = 1. Using the fact that n*(x, ;) = eM* the equations satisfied by ¢ and
n*, and integration by parts, we see that for each ¢t > 0,

/¢(x,t)e“dx=/¢(x,t)n;(x,z;t)dx
d d
=/¢(y,0)ni(y,0; 1 dy

= / b0 (V@ (v, 0; e dy. (4.12)

Since ¢ (y) is compactly supported,

Ki inf ¢i(3.0:0) < / 000" (3.0: N dy < Kz sup @ (y. 0 1)
y€B5(0) y€B;s(0)

for some constants K1, K». Thls implies that

1
11msup—10g 1nf <p *(y,0; 1) < () <11m1nf log sup ¢*(y,0;1). 4.13)

1—00 t }EBB(O)

Then by applying Harnack estimates to the function (p;, as in Proposition 2.1, we can use (4.13) to show that

1
hmsup—log 1nf <p *(y,0;1) = () —hmlnf log sup ¢*(y,0;1).
t—oo I ! y€B;s(0)

This and the stationarity of V with respect to x implies that, for any x € R?,

1
lim sup ?loggo*(y,O; H—u)|=0 (4.14)

=00 yeBs(x)
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holds almost surely with respect to P. Finally, the convergence stated in Theorem 1.4 follows from (4.14) by applying
Harnack type estimates (as in the proof of Lemma 2.3) to the function ¢* and proceeding just as in the proof of
Theorem 2.2. O

5. Bounds on front speeds

In this section, we prove lower and upper bounds of ¢* in terms of statistics of V and the front speed cg in the
absence of advection. We define ¢ to be the front speed corresponding to V = 0.

Proposition 5.1. Suppose V is divergence free and mean zero: E[VU =0 for j =1,...,d. The front speed c*
satisfies the upper bound:

(1) ¢*(e) <co+ EplllVILel, implying at most linear growth in § 3> 1 if V is scaled according to V + §V.
If V(x, t) is uniformly bounded, then c* also satisfies the lower bound
(2) c*(e) = co.

Proof. Consider the function ¢*(x, t; ¢, ®) which solves the terminal value problem (1.9). The maximum principle
implies that the function ¢* is bounded by

0*(x,0:1,d) < oPE1®) et\x|2+,/g sup, [2-V (x.s)|ds (5.1)

Therefore,
1 1 ;
w(d) = lim —loge*(x,0;1) < |A|2+ lim —/sup|A.V(x,s)|ds
t—>00 t t—oo t x
0

= [A]* + E[sup|r- V(x,0)|]
<A+ A E[sup| - V(x,0)[]. (5.2)

Letting 1, = A - e, we have:

A2+ F1(0) + Ao E 5[V | oo
c*(e)g)\info eSO /\e ol ”LX]=c0+E13[||V||L§o]. (5.3)
e> e

For (2), consider the function ¢ (x, t) =log¢*(x, 1) — |A|2(t — 1) which satisfies
3¢ +ACHIVEPP = (V(x,T) —2)) - V¢ — A~ V(x,7) =0, (5.4)

with terminal data {(x,¢) = 0. For R > 0, let g(x) be a smooth cutoff function satisfying 0 < g(x) < 1 for all x,
gx)=0for |x| >R, g(x)=1for |x| <R —1,and ||Vg|leo + [|Agllco < K. Multiplying by g and integrating over
R4 and [0, 7] we have

0< m//{Agdxdt—i——//;(V 2)) - Vgdxdt

0Bgr 0Bgr

//A ngxdt—i——/;(x 0)gdx. (5.5)

0Bgr

f|BR|
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Since V is uniformly bounded, it is easy to see that 0 < | (x, T; )| < K3(t — t) for some constant K3 sufficiently
large. This and the fact that Ag is supported in the set R — 1 < |x| < R imply that

Ki7|BR \ Br-1| th
[C1|Agldx dt < < . (5.6)

1B |f/ ¢ | Bl R

0Br
Similarly,
K3t|Br \ Br—1| _ Kyt

V-2M)||Vgldxdt { ———— < —. 5.7
t|B| /I§||( )|IVg] 21Brl R (5.7

0Bgr

For € > 0, let R = R(t) = 2K4t /e, so that the right hand sides of (5.6) and (5.7) are bounded by O(¢) for ¢
sufficiently large. By Theorem 1.4,

Jm | /é“(x 0)gdx — p(r) + 2% =0. (5.8)

1| BR]

Moreover, the ergodlc theorem implies that

t
lim //A~ngxdt=E[A'V]=O. (5.9)
=0 1| BR|

0Bg

Therefore (5.5)—(5.8) and our choice of R imply that p(X) > |)L|2 — O(e). Letting € — 0 we have u(r) > |)\|2 and

f PP+ FO
e>0 A-e
This proves (2). O

c*(e) =

The above proposition extends similar bounds in the time random shear flows [24] as well as bounds for determin-
istic, periodic flows. For example, if the velocity field is periodic, mean-zero, and divergence-free, then it is known
that the KPP front speed can only be enhanced by the flow and that the enhancement can be at most linear with respect
to ||V |leo (see Refs. [4,8]). Numerical computation of ¢* in randomly perturbed cellular flows by the authors [25] sug-
gest that ¢* ~ O(8?) at large § may occur for any exponent p € (0, 1), when V is scaled according to V + §V. So the
above bounds are optimal in time random incompressible flows. The other type of bound on ¢* for §V with Gaussian
statistics in time is obtained in Theorem 5 of [24], namely ¢* < co+/1 + 82 p1, where p; is the integral of correlation
function. We give an extension of such bound for nonshear space time random flows next.

Remark 5.1. The following computation is formal, but illustrative. A velocity field that is white-noise in time, could
be incorporated rigorously through a term of the form V - Vu o dW in the original equation (1.1), where o denotes
the Stratonovich integral. Although this scenario does not fall within our assumptions on V given in the introduction,
the following computation illustrates the difficulty in estimating ¢* when the velocity V is correlated in time.

Proposition 5.2. Suppose in that V has the form
Vx,1,0) =Y Xp(0) Fi(t, d) (5.10)

where { Xy (x)} are periodic or almost-periodic, divergence free fields and { Fi} are white-noise processes in time, so
that the covariance matrix function is:

Ij=T;j(x1,x, 1 — ) = Eﬁ[V(i)(xl, 1)V (xa, n)] < pido(t1 — ) Aij(x1, x2),

where 8 is the standard delta function centered at zero, pj is a constant. Then c¢* < co/1 + Cp p1, where Cy depends
only on the dimension d and f'(0).
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Proof. The Feynman—Kac formula for ¢* of Eq. (1.9) gives:
¢*(x,0) = E[e**'fé V(Z)‘,s)ds]e\)\lzt7

where Z* is the diffusion process obeying the It equation:
dZ*(s) = (V(Z",s) = 2))ds +v2dW(s), s€[0,1],

ZM0) =z, W(s) = {W! (s)}d | a d-dimensional Wiener process. Changing measure by the Girsanov Theorem ([14],
Theorem 5.1) yields the following representation of ¢*:

t
[exp{ -2 W(t)—l—«/_Z/V(’) (W.(r),r)d W(i)(r)—%[|\V(Wz(s),s)||2ds}:|, (5.11)
0

i=1 0
where W, (s) =z + W(s), E is expectation with respect to W. It follows that:

|:exp{ —a2- W(r)+f2fv<l> W (r), )dW(’)(r)”

i= 10
and

d t
Epp* < E|:e)‘“/§'w(t)E13 [exp[ﬁz'/ VO(W,(r), r)dW(i)(r)]:|:|. (5.12)
i=1 0
Notice that inside the inner expectation (with W, (r) fixed), the sum of stochastic integrals is a linear combination
of Gaussian variables. In other words, the inner expectation is over a log-normal variable, and so:

tt
Ep¢* < E|:exp{—)m/§ W) + / / > L (Wis), WD), s, ﬂdW““@)dW‘”(r)” (5.13)
00 U

As V is white in time, e.g. I;; = A;;j(x1,x2)p18o(t1 — t2), the integral in (5.13) is bounded from above by
p1C1 fot ldW (s)||>. The right-hand side expectation of (5.13) is bounded from above by:

! N d
E[exp{/maHdW(s)Hz—ﬁx~dW(s)” 1‘[1‘[ exp|p1C1 (WO ()} — V2L D aw D], (5.14)
4 J=1i=1

where d W is the Wiener increment over interval of length #/N. We have used independence of Wiener increments
in each component and among components. The last expression of (5.14) can be calculated explicitly, and equals upon
taking the limit N — oo:

exp{|)»|2t + pldClt}.
It follows that:

1
p= lim —Esloggp*

Z—)OO
1
< lim ~log Ep¢* < AP + Cidp) (5.15)
I—oo t
or
c* <2/ f(0) + Cidp; = co/1+ Cap1. O (5.16)

Remark 5.2. If V is Gaussian but nonwhite in time, the p;§g in the upper bound of the covariance matrix function
is replaced by a nonnegative L' function with integral equal to p;. The estimate of the right-hand side expectation
of (5.13) will be more complicated. One may write the double integral into discrete sums, and carry out a direct
evaluation. It is interesting to establish a similar result. Inequality (5.16) implies that rapid temporal decorrelation can
reduce speed enhancement, as known for temporally random shear flows [24] among other time dependent flows in
the literature [2,5,9,15,22].



838 J. Nolen, J. Xin/Ann. 1. H. Poincaré — AN 26 (2009) 815-839

6. Conclusions

A new Eulerian method is developed to prove the large time asymptotic spreading of KPP reactive fronts in incom-
pressible space—time random flows in several space dimensions. The random flows are mean zero, stationary, ergodic,
and can be unbounded in time as long as the moment condition (1.3) is satisfied. The flow field is locally Holder con-
tinuous, which is the case for turbulent flow fields [20,32]. The large time front speed is almost surely deterministic
and obeys a variational principle in terms of the Legendre dual of the large deviation rate function. This addresses the
existence of a turbulent flame speed for KPP fronts, a long standing open problem in turbulent combustion [28].

A variational principle for the front speeds lead to analytical bounds that reveal upper and lower limits of speed
enhancement in incompressible flows. In future work, it will be interesting to further relax the moment condition (1.3),
so the flow field can be unbounded in space as well. Another open question is to study non-KPP reactive fronts
in random flows [23], and to show that KPP front speeds qualitatively agree with non-KPP ones as seen in many
deterministic front problems [3,4,8,13,22,31,35].

Acknowledgements

The work of J.N. was supported by a postdoctoral research fellowship from the National Science Foundation. J.X.
was partially supported by NSF grant DMS-0549215. The authors would like to thank Prof. M. Cranston for helpful
conversations.

References

[1] M.A. Akcoglu, U. Krengel, Ergodic theorems for superadditive processes, J. Reine Angew. Math. 323 (1981) 53-67.
[2] W. Ashurst, Flow-frequency effect upon Huygens front propagation, Combust. Theory Model. 4 (2000) 99-105.
[3] H. Berestycki, F. Hamel, Front propagation in periodic excitable media, Comm. Pure Appl. Math. 60 (2002) 949-1032.
[4] H. Berestycki, L. Nirenberg, Travelling fronts in cylinders, Ann. Inst. H. Poincaré Anal. Non Linéaire 9 (1992) 497-572.
[5] M. Cencini, A. Torcini, D. Vergni, A. Vulpiani, Thin front propagation in steady and unsteady cellular flows, Phys. Fluids 15 (3) (2003)
679-688.
[6] P. Clavin, F.A. Williams, Theory of premixed-flame propagation in large-scale turbulence, J. Fluid Mech. 90 (1979) 598-604.
[7] M. Chertkov, V. Yakhot, Hyugens front propagation in turbulent fluids, Phys. Rev. Lett. 80 (1998) 2837.
[8] P. Constantin, A. Kiselev, A. Oberman, L. Ryzhik, Bulk burning rate in passive-reactive diffusion, Arch. Rat. Mech. Anal. 154 (2000) 53-91.
[9] B. Denet, Possible role of temporal correlations in the bending of turbulent flame velocity, Combust. Theory Model. 3 (1999) 585-589.
[10] M. Freidlin, Functional Integration and Partial Differential Equations, Ann. of Math. Stud., vol. 109, Princeton University Press, Princeton,
NJ, 1985.
[11] M. Freidlin, R. Sowers, A comparison of homogenization and large deviations, with applications to wavefront propagation, Stochastic Proc-
sess. Appl. 82 (1999) 23-52.
[12] J. Girtner, MLI. Freidlin, The propagation of concentration waves in periodic and random media, Dokl. Acad. Nauk SSSR 249 (1979) 521-525.
[13] S. Heinze, G. Papanicolaou, A. Stevens, Variational principles for propagation speeds in inhomogeneous media, SIAM J. Appl. Math 62 (1)
(2001) 129-148.
[14] 1. Karatzas, S. Shreve, Brownian Motion and Stochastic Calculus, Springer-Verlag, New York, 1991.
[15] B. Khouider, A. Bourlioux, A. Majda, Parameterizing turbulent flame speed — Part I: unsteady shears, flame residence time and bending,
Combust. Theory Model. 5 (2001) 295-318.
[16] E. Kosygina, F. Rezakhanlou, S.R.S. Varadhan, Stochastic homogenization of Hamilton—Jacobi—Bellman equations, Comm. Pure Appl.
Math. 59 (10) (2006) 1489-1521.
[17] E. Kosygina, S.R.S. Varadhan, Homogenization of Hamilton—Jacobi—Bellman equations with respect to time—space shifts in a stationary
ergodic medium, Preprint, 2006.
[18] N.V. Krylov, M. V. Safonov, A property of the solutions of parabolic equations with measurable coefficients, Izv. Akad. Nauk SSSR Ser.
Mat. 16 (1) (1981) 151-164 (English translation).
[19] P-L. Lions, P.E. Souganidis, Homogenization of viscous Hamilton—Jacobi equations in stationary ergodic media, Comm. Partial Differential
Equations 30 (2005) 335-375.
[20] A. Majda, P.E. Souganidis, Flame fronts in a turbulent combustion model with fractal velocity fields, Comm. Pure Appl. Math. LI (1998)
1337-1348.
[21] A.Majda, P.E. Souganidis, Large scale front dynamics for turbulent reaction—diffusion equations with separated velocity scales, Nonlinearity 7
(1994) 1-30.
[22] J. Nolen, J. Xin, Reaction diffusion front speeds in spatially-temporally periodic shear flows, SIAM J. Multiscale Modeling and Simula-
tion 1 (4) (2003) 554-570.
[23] J. Nolen, J. Xin, Min-max variational principle and front speeds in random shear flows, Methods Appl. Anal. 11 (4) (2004) 635-644.



J. Nolen, J. Xin/Ann. 1. H. Poincaré — AN 26 (2009) 815-839 839

[24] J. Nolen, J. Xin, Variational principle of KPP front speeds in temporally random shear flows with applications, Commun. Math. Phys. 269
(2007) 493-532.

[25] J. Nolen, J. Xin, Computing front speeds in randomly perturbed cellular flows by variational principle, Physica D (2008), in press.

[26] A. Novikov, L. Ryzhik, Bounds on the speed of propagation of the KPP fronts in a cellular flow, Arch. Rat. Mech. Anal. 184 (2007) 23-48.

[27] N. Peters, Turbulent Combustion, Cambridge University Press, 2000.

[28] P. Ronney, Some open issues in premixed turbulent combustion, in: J.D. Buckmaster, T. Takeno (Eds.), Modeling in Combustion Science, in:
Lecture Notes in Physics, vol. 449, Springer-Verlag, Berlin, 1995, pp. 3-22.

[29] P.E. Souganidis, Stochastic homogenization of Hamilton—Jacobi equations and some applications, Asymptotic Anal. 20 (1) (1999) 1-11.

[30] S.R.S. Varadhan, Asymptotic probabilities and differential equations, Comm. Pure Appl. Math. 19 (1966) 261-286.

[31] N. Vladimirova, P. Constantin, A. Kiselev, O. Ruchayskiy, L. Ryzhik, Flame enhancement and quenching in fluid flows, Combust. Theory
Model. 7 (2003) 487-508.

[32] J. Xin, Front propagation in heterogeneous media, SIAM Rev. 42 (2) (June 2000) 161-230.

[33] J. Xin, KPP front speeds in random shears and the parabolic Anderson problem, Methods Appl. Anal. 10 (2) (2003) 191-198.

[34] V. Yakhot, Propagation velocity of premixed turbulent flames, Combust. Sci. Tech. 60 (1988) 191.

[35] A. Zlatos, Pulsating front speed-up and quenching of reaction by fast advection, Preprint, 2007.



	Asymptotic spreading of KPP reactive fronts in incompressible space-time random flows
	Introduction
	Preliminary estimates
	Harnack inequality
	Continuity estimates
	Large deviation estimates

	Proof of Theorem 1.1
	The upper bound (1.4)
	The lower bound (1.5)

	The Lyapunov exponent
	Bounds on front speeds
	Conclusions
	Acknowledgements
	References


