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Abstract

The Cauchy problem for the Kadomtsev—Petviashvili-II equation (u; + uxxx + uux)x + uyy = 0 is considered. A small data

. 1
global well-posedness and scattering result in the scale invariant, non-isotropic, homogeneous Sobolev space H _Z’O(Rz) is de-
rived. Additionally, it is proved that for arbitrarily large initial data the Cauchy problem is locally well-posed in the homogeneous

.1 1
space H™ 2 ’O(Rz) and in the inhomogeneous space H ™ 2 0 (R, respectively.
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1. Introduction and main results

The Kadomtsev—Petviashvili-II (KP-II) equation
3y (9w + 03u + udu) +3;u =0 in (0, 00) x R?,
u(0,x,y) =uo(x,y) (x,y)eR? (1)

has been introduced by B.B. Kadomtsev and V.I. Petviashvili [9] to describe weakly transverse water waves in the
long wave regime with small surface tension. It generalizes the Korteweg—de Vries equation, which is spatially one
dimensional and thus neglects transversal effects. The KP-II equation has a remarkably rich structure. Let us begin
with its symmetries and assume that u is a solution of (1).

(1) Translation: Translates of u in x, y and ¢ are solutions.
(i1) Scaling: If . > 0 then also

ux(t,x,y)=A2u()»3l,)»x,k2y) 2)
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is a solution.
(iii) Galilean invariance: For all ¢ € R the function

uc(t,x,y)zu(t,x —cy—czt,y+2c‘t) 3)
satisfies Eq. (1).

The KP-II equation is integrable in the sense that there exists a Lax pair. Formally, there exists an infinite sequence of
conserved quantities [18], the two most important being

I—I/de
0= [ u”dxdy

and
! 2 13 -1 2
Il:i (Byu) - 3u — (97 '0yu) " dx dy.

The conserved quantities besides Iy seem to be useless for proofs of well-posedness, because of the difficulty to define
;! and because the quadratic term is indefinite.

There are many explicit formulas for solutions, see [4]. Particular solutions are the line solitons coming from soli-
tons of the Korteweg—de Vries equation, their Galilei transforms, and multiple line soliton solutions with an intricate
structure, see [1].

It may be possible to apply the machinery of inverse scattering to solve the initial value problem and to obtain
asymptotics for solutions, see [11] for some results in that direction. It is however not clear which classes of initial
data can be treated.

The line solitons are among the simplest solutions. An analysis of the spectrum of the linearization and inverse
scattering indicate that the line soliton is stable [9,16]. A satisfactory non-linear stability result for the line soliton is
an outstanding problem.

In this paper we want to make a modest step towards this challenging question: We prove well-posedness and
scattering in a critical space. These results are in remarkable contrast to the situation for the Korteweg—de Vries

. . .3 . . . .
equation where the critical space is H ™ 2 (R) and iteration techniques, as employed in the present work, are known [3]

to fail for initial data below H~1 (R). Stability of solitons has been proved by inverse scattering techniques and by
convexity arguments using conserved quantities [14] which has no chance to carry over to KP-II because the quadratic
part of ; is not convex.

We study the Cauchy problem (1) for initial data ug in the non-isotropic Sobolev space H ’%’O(Rz) and in the
homogeneous variant H _%'O(Rz), respectively, which are defined as spaces of distributions with —% generalized x-
derivatives in L2(R2), see (4) and (5) at the end of this section. These spaces are natural for KP-II equation because

of the following considerations: The homogeneous space H ’%’O(Rz) is invariant under the scaling symmetry (2)
of solutions of the KP-II equation as well as under the action of the Galilei transform (3) for fixed ¢. Any Fourier
multiplier m invariant under scaling and reflection satisfies m (&, n) = |& |~V 2m(l, n/|& |2). Galilean invariance now
implies that m is independent of 7.

While in the super-critical range, i.e. s < —%, the scaling symmetry suggests ill-posedness of the Cauchy problem
1

(cp. also [10] Theorem 4.2), we will prove global well-posedness and scattering in H~2%(R?) for small initial data,
see Theorem 1.1 and Corollary 1.7, and local well-posedness in H _%’O(Rz) and H _%’O(Rz) for arbitrarily large initial
data, see Theorem 1.2.

The well-posedness of (1) has been thoroughly studied in the last two decades. After a first well-posedness result by
S. Ukai [23] in more regular spaces, J. Bourgain established global well-posedness in L?(T?; R) and L?(R?; R) in his
seminal paper [2] by combining the Fourier restriction norm method with the L? conservation law. N. Tzvetkov [22]
improved the local theory within the scale of non-isotropic Sobolev spaces. Local well-posedness in the full sub-
critical range s > —% was obtained by H. Takaoka [19] in the homogeneous spaces and by the first author [7] in
the inhomogeneous spaces. Global well-posedness for large, real valued data in H*°(R?) has been pushed down to
s > —11—4 by Pedro Isaza J. and Jorge Mejia L. [8]. For a more complete account on previous work, we would like to
refer the interested reader to the aforementioned papers and references therein.
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The first main result of this paper is concerned with small data global well-posedness in H ’%’O(Rz). For § > 0 we
define

Bs :={uo € H2O(®) | Juoll_y, <35},

and obtain the following:

Theorem 1.1. There exists § > 0, such that for all initial data ug € B,s there exists a solution
u e Z73([0,00)) € C(10, 00); H™20(R?))

of the KP-II equation (1) on (0, 00). If for some T > 0 a solution v € Z_% ([0, T]) on (0, T) satisfies v(0) = u(0),
then v =u|[o,7]. Moreover, the flow map

F.:Bs— Z'_%([O, 00)), ugr>u

is analytic.

In order to state the second main result of this paper let us define

Bs g := {u() € Hﬁé’O(Rz) | ug =vo +wo, llvoll ._

<4, ||lw <Ry,
30 <8 llwoll2 < R}

for § > 0, R > 0. We establish local well-posedness for arbitrarily large initial data, both in H %’0(R2) and H %’O(Rz):

Theorem 1.2.

(1) There exists 6 > 0 such that for all R > § and ug € Bs, g there exists a solution
wez72([0,T1)  C([0, T1; H™2(R?))

forT = §OR—6 of the KP-II equation (1) on (0, T). If a solution v € Z_% ([0, T]) on (0, T) satisfies v(0) = u(0),
then v = ul[o,71. Moreover, the flow map

Bs g 3o u ez 2([0,T])

is analytic.
1

(i) The statement in part (i) remains valid if we replace the space H*%’O(Rz) by H*Z’O(Rz) as well as Z*% (0, TDH
by Z72([0, TY).

Remark 1.3. For the definition of the spaces Z _%(1 ) and Z _%(1 ) we refer the reader to Definition 2.22 and the

subsequent Remark 2.23. In particular, we have the embedding 7% (Hhcz -3 (I). Moreover, a solution of the KP-II
equation (1) is understood to be a solution of the corresponding operator equation (53), compare Section 4.

Remark 1.4. Due to the time reversibility of the KP-II equation, the above theorems also hold in corresponding
intervals (7', 0), —oo < T < 0. We denote the flow map with respect to (—o0, 0) by F_.
Remark 1.5. For each ug € H_%’O(Rz) and § > 0 there exists N > 0 such that ”P>NM0”H‘%'° < §. We obviously

have the representation 1o = P> yuo + P<yug, thus ug € Bs g for some R > 0. However, the time of local existence
provided by Theorem 1.2 for large data may depend on the profile of the Fourier transform of u, not only on its norm.

Remark 1.6. The well-posedness results above are presented purely at the critical level of regularity s = —% as this is

the most challenging case. As the reader will easily verify by the standard modification of our arguments, the estimates
also imply persistence of higher initial regularity.

A consequence of Theorem 1.1 is scattering for small data in H _%’O(Rz).
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Corollary 1.7. Let 6 > 0 be as in Theorem 1.1. For every ug € B,g there exists uy € H*%’O(Rz) such that
Fi(uo)(®) —eSuy — 0 in I-'If%’o(Rz) ast — +oo.
The maps
Vi:Bs — I-'I_%’O(Rz), uo > Ut
are analytic, respectively. For ug € L>(R?; R) N Bs we have
|V @o) | ;2 = lluoll 2
Moreover, the local inverses, the wave operators
Wa:Bs— H 20(R2),  uy > u(0)
exist and are analytic, respectively. For ux € L>(R*; R) N Bs we have

[We(us) 2 = lluoll 2

Remark 1.8. The proofs of the global well-posedness and scattering results for small data in Theorem 1.1 and Corol-
lary 1.7 do not rely on the sum structure of the resolution spaces used in [7]. The proof of Theorem 1.2, however, is
based on a similar construction adapted to the endpoint case s = — %, see (33).

1.1. Organization of the paper

At the end of this section we introduce some notation. In Section 2 we review function spaces related to the well-
posedness theory for non-linear dispersive PDE’s, with a focus on the recently introduced U” space in this context
due to D. Tataru and one of the authors, cp. [12,13] and references therein, as well as the closely related V? space due
to N. Wiener [24]. We believe that the techniques are useful and of independent interest. For that reason we devoted
a considerable effort to the presentation of the methods even though most of the details are implicitly contained in
[12,13]. Proposition 2.20 however seems to be new. In Section 3 we prove bilinear estimates related to the KP-II
equation. These are the main ingredients for the proofs of our main results, which are finally presented in Section 4.

1.2. Notation

The non-isotropic Sobolev spaces H*!*2(R2) and H*!-2(RR?) are spaces of complex valued temperate distributions,
defined via the norms

1

2
laal g1 52 :=( f <$)2""<n>2”|ﬁ($,n)!zdédn) : (4)
RZ
%
el .52 :=(f|é|2“|n|2”|ﬁ<s,n>|2dsdn> : (5)
RZ

respectively, where (& )2 =14|& |2. The n-dimensional Fourier transform is defined as

i) = Fuu) = @)~} f IR u(r) dx
Rn
foru e LI(R”), and extended to §'(R") by duality. For 1 < p < oo we define the dual exponent 1 < p’ < oo by
1 1

—+—=1
PP
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2. Function spaces and dispersive estimates

In this section we discuss properties of function spaces of U” and V? type [12,13,24]. In particular, we present
embedding results and a rigorous duality statement as well as interpolation properties and an extension lemma for
dispersive estimates. Though many aspects of these spaces are well known, the interpolation result of Proposition 2.20
seems to be new.

Let Z be the set of finite partitions —oco =1y < ] < --- < tx = o0 and let Zy be the set of finite partitions
—00 <fg <t <---<tg < oo.In the following, we consider functions taking values in L?:= L%(R?; C), but in the
general part of this section L? may be replaced by an arbitrary Hilbert space.

Definition 2.1. Let 1 < p < o0. For {tk},f:() € Z and {¢k}f:‘01 C L? with Z/f:_ol ||q>k||’L’2 =1 and ¢g = 0 we call the
function a : R — L? given by

K
a= Ly -1
k=1

a U?-atom. Furthermore, we define the atomic space

o0 o
U? .= {u:ZAjaj ’ajUp-atom, A j € C such that Z|Aj| <oo}
j=l j=1
with norm

o]

o0
lullyr :=inf{Z|Aj| u=ZAjaj, A €C, a; Up-atom}. (6)

j=1 j=1

Proposition 2.2. Let 1 < p < g < oo.

(1) U? is a Banach space.
(ii) The embeddings UP C U9 C L®(R; L?) are continuous.
(i) Foru € UP it holds limy 4, |lu(t) —u(to)ll;2 =0, i.e. every u € U? is right-continuous.
(1v) u(—o0) :=1lim;— o u(t) =0, u(oo) :=lim,_, o, u(t) exists.
(V) The closed subspace U of all continuous functions in UP is a Banach space.

Proof. Part (i) is straightforward. The embedding U? C U? follows immediately from ¢7(N) C ¢9(N). U? C
L®(R; L?) (including the norm estimate) is obvious for atoms, hence also for general u € U?, and part (ii) follows.
This also proves that convergence in U4 implies uniform convergence, hence part (v). The right-continuity of part (iii)
now follows from the definition of atoms. It remains to prove (iv): Let u = Zn May and € > 0. There is ng € N such
that Zn>n0+1 |[An| < &. On the one hand, there exists 7 < 0 such that a,(t) =0 forallt <T_,n=1,...,ng, which
shows |lu(#)||;2 < & for t < T_. On the other hand, there exists 7} > O such that a,(¢) = a,(¢') for all ¢t,¢' > T,
n=1,...,n9, which implies [u() —u(t)||;2 <2¢ for¢,#' > Ty. O

The following spaces were introduced by N. Wiener [24].

Definition 2.3. Let 1 < p < oo. We define V7 as the normed space of all functions v:R — L? such that v(c0) :=
lim;_, o v(¢) = 0 and v(—o0) exists and for which the norm
1

K v
lullve:= sup (va(rk) - v(rk_1)||iz) (7)

0K geZ \ k=1

is finite. Likewise, let V* denote the normed space of all functions v:R — L? such that v(—o0) = 0, v(c0) exists,
and ||v|yr < 00, endowed with the norm (7).
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Proposition 2.4. Let 1 < p < g < oo.

(i) Let v:R — L? be such that

1

K 12
Ilvllyp = sup (Z”U(tk) - v(tk1)||lzz)
()20 \ k=1

is finite. Then, it follows that v(t ) = limy 4 v(2) exists for all ty € [—00, 00) and v(t, ) = limg 44, v(F) exists
for all ty € (—oo, 0o] and moreover,

vllve = lvllyp-

(i) We define the closed subspace Ve (v? rC ) of all right-continuous VP functions ( v? Sfunctions). The spaces V7,
Vrc, v? and v’ rc are Banach spaces.
(iii) The embedding UP Cc VP re IS continuous.

(iv) The embeddings VP C V4 and V' c V¥ are continuous.

Proof. Part (i) essentially can be found in [24], §1. Part (ii) is straightforward, the closedness follows from the fact
that V? convergence implies uniform convergence. Now, let us prove part (iii): Due to Proposition 2.2, parts (iii)
and (iv) it remains to show the norm estimate and it suffices to do so for a U”-atom a = Z,le Ly ) Pr—1. Let
{sj}f:1 € Z.Then, a(sj) —a(sj—1) = ¢>kj,1 — ¢kj—1*1’ which is zero if k; = k;_y. It follows

J K
> latsp —atsi—0] 7. <27 ligeall?, <27,
j=1 k=1
which implies |la||y» < 2. Part (iv) is implied by £ (N) C £9(N). O
Proposition 2.5. Let v € Vf’,c such that ||v||yr = 1. For any n € Ny

(i) there exists t, € Z such that ty C t; C - - - and #t, < 21177,

ii) there exists a right-continuous step-function u, subordinate to , such that sup, ||lu, ()||;2 < 217",
8 P Pt L

(iii) there exists a v, € V* e such that sup, [|v, ()| 2 < 27

(iv) it holds vy, = up41 + vp41, uo =0, vo = v.

Proof. We proceed by induction: For n = 0 we define t,, := {—o00, 00}, ug = 0 and vy = v, hence all the claims are
immediate. For n € N let ¢, := {—o00 = tn 0 < <tyk,} and u,, v, be given with the requested properties. Let
ke{0,..., K, —1}. For j —Owe define 1° nlk = Ink- For j > 1 we define

tn+1 y =inf{r | 1 tj Lk <SStk o) - (n+l k)HL2 >27"" }

if this set is non-empty and tn k=

Now, we relabel all these points (t/ el o))k as

tn k+1 otherwise.

— 0=l << Int1,K,pg =0
which defines the partition t, 4| € Z. We define

Knt1

Up+] ‘= Z ]]'[fnJrl,k—l‘anrl.k)vn(tn'f']yk—l)
k=1

Up+1 :=VUp — Up41.
For t € R there exists k such that t € [f,41 k-1, Zn+1.x) and it holds
1
lons 1@ ] 12 < [oa(®) = valngrx=1) | 2 <277

Moreover, 1 = v, > (#t,11 — #2,)2~"TDP and therefore #,,4 < 2! +Dr g
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Corollary 2.6. Let | < p < g < 0o. The embedding V' re C U1 is continuous.

Proof. Let v € nyrc with [[v|ly» = 1. Then, by Proposition 2.5 there exist t, € Z with #t, < 2!*"7 and associated

p_
step-functions u,, with sup; |lu, (¢)]l;2 < 217 such that v(r) = Z;io u,(t). Moreover, ||u,|lys <4 - 2" 1), hence
p_ . . .
Do lunllye <41 —24 1)_1. The claim follows since U7 is a Banach space. 0O

Proposition 2.7. Foru e U? and v € v? and a partition t := {tk}fzo € Z we define

K

Bi(u,v) ==Y (u(te—1), v(t) — v(t-1)).

k=1

Here, (-,-) denotes the L? inner product. There is a unique number B(u, v) with the property that for all € > 0 there
exists t € Z such that for every t' D t it holds

|By(u,v)—B(u,v)| <e, ®)
and the associated bilinear form

B: UP x VP :(u,v) — B(u,v)
satisfies the estimate

| B, v)| < llullurlvlly, . ©9)

Proof. First of all, we note the following: Let t = {¢, }fl\;o € Z and let u be a step function u = Z/f: 1 Lspep,s0) Pr—1
subordinate to a partition s € Z (not necessarily an atom), with ¢g = 0. For each ¢, € t, n < N, there exists k, < K
such that s, <1, < sk,+1. Then,

N

Bi(u,v) =Y (ft, - 0(tn) — v(ta1)). (10)

n=1

Now, if for some » it is k,,_1 =k, then

(Bkyr - V() = V(1)) + Pk, - V(Eng1) — V() = (D, > V(Eng1) — V(ta1))
which shows that we may remove such #, from the partition t which gives rise to a partition t* C t. In summary, we
may write

N*
B(u,v) =Y (e, v(t) —v(tr_)) (1)

n=1

where now 0 <kj < --- <kj._; <K.
Let t € Z be given. Assume a is a U”-atom. Obviously, (11) and Holder’s inequality imply

|Bi(a, v)| < vy,
forallve VP Hence,
| Be(u, v)| < llullur vl

forallu e UP andve VP

Now, letu € UP and v e V” and & > 0. Let u = Y2 Ay be an atomic decomposition such that Y )2, . 1A <
e/2||vlly,). We define the approximating step function u, = Y /—i Ma; and let t € Z be the subordinate partition.
Then, for all t' € Z with t C t’ it follows as in (11) that
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| By (u, v) — Be(u, v)| < |By(u,v) — By (un, v)| + | Be(un, v) — B(u, v)|
<2lu —unllvelivlly
o0
<2 ) ulllvllyy <e.
I=n+1
Therefore, for a given j € N there exists t() ¢ Z such that for all t € Z with t¥) c ¢
|By(u,v) — By (u,v)| <277,
and with ¢/ = V) U tU+D it follows
|Byjon (u, v) — By (u, v)| < 2!,

Hence, lim;_, oo By(j) (4, v) =: B(u, v) exists and (8) and (9) are satisfied. Property (8) also implies the uniqueness. O

Theorem 2.8. Let 1 < p < 00.We have

(ry =v”
in the sense that

T:VP — (UP)*, T®):=B(-,v) (12)
is an isometric isomorphism.
Proof. In view of (9) it suffices to show that for each L € (UP”)* there is v € VP such that T()(u) = L(u)
and |lv|l,, < |[L]l. To this end, let 0 # L € (UP)*. For ¢ fixed we have ¢ = —L(1|;x)¢) € (L?)*, hence
there exists (¢) € L? such that L1 0009) = —(¢,v(t)) for all ¢ € L?. Fix a partition {tk},f:() € Zy and define
U= Z/f:l Ly, ) Pr—1 with
~ ~ ~ ~ =2
(@) = Dt )10 () — - 17

(Ch L 150 — 3D

Then, |lullyr <1 and

Pr—1:=

K
D L c0$k-1) — L 00$r-1)

K
LI = | Y Ly apdi-1)| =
k=1 k=1
K K N
= | D (e, Be0) — B(tx1) =(Z|}ﬁ(tk>—ﬁ<tk—1>||’£z> :
k=1 k=1

which shows that || D|| v < ||L|| and that limg_, 4+, 0(s) exists due to Proposition 2.4, part (i). For v(z) := v(t) — v(c0)
0
it follows v € V? and
lvlly, <L

It remains to show that T'(v)(#) = L(u) for all u € U?: For a step function u = Z,le Lt y.00)Pr—1 With underlying
partition t we have

K
T()(u) = B(u,v) =Y (-1, v(t) — v(t—1))
k=1

K
= Z L(Lyy_y,0)Pr—1) = L(u)
k=1

and the claim follows by density and (9). O
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Proposition 2.9. For 1 < p < oo let u € U? be continuous and v, v* € VP such that v(s) = v*(s) except for at most
countably many points. Then,

B(u,v) = B(u, v*).

Proof. For w := v — v* it holds that w(s) = 0 except for at most countably many points. We have to show that

B(u, w) = 0. We may assume |[lu|yr = ||wl|,,,» = 1. For & > 0 there exists t = {tk},fzo € Z such that for every t' D t:
|By(u, w) — B(u, w)| <e.

Since u is continuous, there exists § > 0 such that for all k € {1,..., K — 1} and s € (ty — &, tr) it holds |lu(s) —

u(ty)llp2 < . Forallk e {1,..., K — 1} we choose | € (tx — 8, 1) such that #;f > 1,1 and w(#}) =0 and set
t=tu{rf,....rx_,}.

Summation by parts yields

K-1

Bu(u, w) =Y (u(tf) — u(tr), w(t)).

k=1
Hence, |B(u, w)| < |By(u, w)|+¢e <2e. O

Proposition 2.10. Let | < p < 0o, u € V! be absolutely continuous on compact intervals and v € VP Then,

e ¢]

Bu,v) = — /(u/(t),v(t))dt. (13)
—00
Proof. Without loss of generality we may assume ||u||1 = [|v||\,,» = 1. By Corollary 2.6 we have u € U”, so that the

left-hand side of (13) makes sense. From our assumptions on u it follows that u’ € L' (R; L?) with [Ju|| ;1 < [lu]y1 =
1 and that the Fundamental Theorem of Calculus is valid (cf. for example [5], Corollaries 2.9.20 and 2.9.22). Because
u is continuous and v is left-continuous except for at most countably many points, it suffices by Proposition 2.9 to
consider left-continuous v € V?'. For & > 0 there exists t = {t,,}’/;’:O € Z such that for every t' D t the estimate (8) is
satisfied. Furthermore, there exists 771 < #; and T > txy_1 such that ||v(¢) —v(T1)||;2 < e fort < T1 and |[v(?)|[;2 <€
for t > T». Since v is a left-continuous, regulated function on [Ty, T»], there exists t' = {t,’l},iv_/o D t such that ti =T
and ¢y, _, =T and

N'—1
. ’
lv—wl|re <eg, forw:= Z U(tn)]l(t’/l—]’t;l].

n=1

Now, estimate (8) and summation by parts yield

N'—1
— Z (u(ty) —u(t,_y).v(t,))) — Bu,v)| <e.
n=1
By the Fundamental Theorem of Calculus and the definition of w we have forn € {1,..., N’ —1}:

iy

(1) = (e, v(5)) = [ ') wis)as.
o
Altogether, we obtain

o0

‘— / (' (s), v(s))ds — B(u, v)

—00

<l'ligrllv —wllze + e < 2e,

which finishes the proof. O
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Remark 2.11. For u € UP? it is clear that

lullyr = sup |B(u,v)|

/
.
veV .||v|\Vp/=1

by Theorem 2.8. Although we will not use it in the sequel, let us remark that for u € V! which is absolutely continuous
on compact intervals it holds

lullyr = sup  |B(u,v)

/
veVe |

)

vr =

where V' is the set of all continuous functions in V' (which is obviously not dense). This may be seen as follows:
By Proposition 2.10 we may restrict the supremum to V,%. . Then, we may restrict this further to the dense subset of the

right-continuous step-functions 7,.. Finally, we may replace 7,. by V,/ / by substituting jumps in a piecewise linear
and continuous way with the help of (13).

Remark 2.12. For v € V? Theorem 2.8 also implies
lvllyve = sup |B(u,v)|
u UP -atom

for 1 < p < o0.

We will use the convention that capital letters denote dyadic numbers, e.g. N = 2" for n € Z and for a dyadic
summation we write Yy an =Y,z ax and Yy~ AN 1= Y, czons y aze for brevity. Let x € C5°((—2,2)) be
an even, non-negative function such that x () = 1 for |¢| < 1. We define ¥ (¢) := x(t) — x(2¢) and ¢y := W(N_l-).
Then, ), ¥ (r) =1 for t # 0. We define

—

ONu:=Yni
and Q/o\u =x24, Q>um :ZN>M Oyaswellas Qcy=1—0x>pm.

Definition 2.13. Let s e R and 1 < p, ¢ < 0o. We define the semi-norms

1

q
lull g = (ZN‘”H QNun‘;p(R;Lz)) (q < 0),
N
||u||3i;.oc = Sll\l/p NS”QN““LP(]R;LZ) (14)

for all u € S’(R; L?) for which these numbers are finite.

Proposition 2.14. Let 1 < p < oo. For any v € VP, the estimate

vl 1 Slivllve (15)
Bp
holds true. Moreover; for any u € S'(R; L?) such that the semi-norm ||u|| . is finite there exists u(+00) € L%. Then,
u —u(—o0) € UP and the estimate o
lu —u(=00)|,p < lluell L (16)

p.1
holds true.

Proof. Concerning (15), see e.g. Example 9 in [15], pp. 167-168. Now, the second part follows by duality: Let

u € S'(R; L?) such that |u] 1 < oo and we consider Qyu € LP(R; L?), which is smooth. Hence, Qnu € UP.
BP

p.1

Then,
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o
IOnullyr = sup |L(Qnu)|= sup |B(Qnu,v)|= sup /(QNM/(I),U(I))dt
Ll ypyx=1 lvll, =1 lvlly, =1 s
1
< sup 1Qwull 1 vl o SNPIQnullre,
ol pr =1 By Bl

and it follows that iz := ) 5, Qyu converges in U? and ||i||yr < |lull 1 .Itis [lu — | 1 =0, hence u =i + const
Bl 87
p.1 p.l
and the claim follows. O

Now, we focus on the spatial dimension d = 2 (i.e. L? = L2(R2; C)) and consider S := —83 — 0 1 83. We define
the associated unitary operator ¢S : L> — L? to be the Fourier multiplier

— 2
eSup(§,n) =eXp<it<$3 - %))fo(s, ).

Definition 2.15. We define
(i) U? =eSUP with norm lullyp = le=Sullyr,
(ii) V¢ =eSV? with norm Ivllyy = le=Sullye,

and similarly the closed subspaces U, V? ¢,

p p
V_’S and V_’rC’S.

Let us note that for S defined above these spaces are invariant under complex conjugation, because the symbol of
S is an odd function.
We define the smooth projections

Pyu(z,&,m) =Yy (©)a(z,§, 1),
QY. &.m) =y (t =& + 1’ i & m),
as well as Pou(t, €, 1) := x 2€)ii(z, £, 1), Q;M = ZN>M QISV, and Q‘iM =1 - QS>M. Note that we have

oy =eS0ye™s (17)

and similarly for Q‘;M and Q‘iM =1 Q‘;M.

Definition 2.16. Let s, b € R and 1 < g < co. We define the semi-norms

1

2
el 56,0 = (ZN%‘ ||e'SPNu||§,2bq) (18)

N

for all u € S’(R; L?) for which these numbers are finite.

Remark 2.17. Roughly speaking, the spaces U§ and V_21 g serve as substitutes for the corresponding Bourgain spaces

X%%1 and X%2°° _ which shall be defined for the purpose of this remark by the above semi-norms with the
normalization #(—o00) = 0 — in the sense that the embeddings

. 1 . 1
X0zl cuicv?gcxtae

are continuous, cp. [13, Eq. (2.5)]. This is an immediate consequence of Proposition 2.14 and part (iii) of Proposi-
tion 2.4.
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We may identify u € S’(R; L?) with a subset of S’(R?) and

2 1
7\ 2
s = (0 (S ey 0l ) )

N M

with the obvious modification in the case g = oo.

Corollary 2.18. We have

|03l 2y S M2 lully2, 19
|02 ] 2y S M_fllullvz, 20)
|QZmullyy Shullyy. @ yulyy < lullye, on
|QZmullyy Slullyp. Q2 pulyp < llullyy- @)

Proof. By (17) and Definition 2.15, we see that (19) follows from

_1
IOmvll 2@y S M 2llv]ly2 (23)

and similarly for (20)—(22). Now, (23) is just a reformulation of the Besov embedding (15). Furthermore, (23) implies
that

_1
10>mvllL2@sy S lvllva N2
(R”)
N>M

and (20) follows from ) nsu N -3 <M ~2. We only need to prove the left inequalities of (21) and (22) because of
O>m =1 — Q-pm. By scaling it suffices to show (21) and (22) for M =1 only. We have Q.jv = ¢ * v for some
Schwartz function ¢. Due to the Riemann-Lebesgue Lemma, Q 1 (f00) = 0. For {#} 15:0 € Zy we apply Minkowski’s
inequality

K ’ K P\ 7
(Z\}Q<1v<rk)—Q<lv(rkoHiz) < (Z(/Ws)wv(rk—s)—v(rk1 —s>Udes> )
k=1 "}

k=1

1

K P
</|¢(s>|<Z||v<rk—s)—v<rk_1 —s>||’;2> ds <ol 1wy llvllve
R k=1

which implies (21). Let us finally prove (22):

IQ<iullur=sup |L(@xu)|= sup |B(¢x*u,v)
1Ll wpyx=1 IIUHW =1

with ¢ as above. For given t = {1 }X_ € Z we obtain

Z u(te—1 — 5), v(te) — v(tx—1))| ds

k=1

/|¢(s)|

R

K—
| Bi(¢*u,v)| < Z (¢ u) (tk—1), V() — V(1))
k=1

< lellipigllullurllvily, -

Since this bound is independent of t, (22) follows. O

Similarly to [13], Corollary 3.3 or [21], Lemma 4.1 we have the following general extension result, which is well
known at least for Bourgain type spaces (cp. [6], Lemma 2.3):
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Proposition 2.19. Let
To:L* x - x L* — L}, .(R* C)

be a n-linear operator.

(i) Assume that for some 1 < p,q < 00

n
[To(e 1. e ) | Lrrs gy ST 1101122
’ i=1
Then, there exists T : Ué’ X oo X Ué’ — LI (R; Lz,y (R?)) satisfying

n
”T(ul yeeay M”)”Lf’(R;Lﬁ{,y(Rz)) SJ 1_[ ”Ml “Ugy
i=1

such that T (uy, ..., up)(@)(x,y) =To(u1(t),...,u,(t))(x,y) a.e.
(i1) Assume that for some 1 < p,q < 00

HTo(e'qul, .. .,e'5¢,,)|

n
Ly, @y S | L1902
i=1
Forr :==min(p, q) there exists T :Ug x --- x Ug — LI(R; Lﬁy(Rz)) satisfying

”T(ul,...,un)|

n
LIR; LY (R?)) S l_[ lluilluz,

i=1

such that T (uy, ..., un,)(x)(t,y) =To(u1(t), ..., u(2))(x,y) a.e.
Proof. Concerning part (i), we define
T(ui,...,un)(0)(x,y) =To(u1(0), ..., un (1)) (x, ).
Letay, ..., a, be Uf-atoms given as
K
a; = Z ]l[tkl._1,,,zki,[)e‘s¢k,-—1,i
ki=1

such that 215;1 |k —1.i ||‘Z2 =1 and ¢ ; = 0. Then, we use Holder’s inequality

n
|T@r,....an) ||L{’<R;L.‘£,y<R2)> <| 20 T mo [ To(€ dr—11. - b, —1.0) ”Li’.y(RZ)
Kty i=1 LY (R)
1
P
g ( Z || T()(ets(pkl—l,l’ U] et5¢kn_17”) ||IZ;7(R;L?V(R2))>
kiyooikn ’

1
n »
5( > ]"[||¢k,_1,,-||§2(R2)) =1
ki

ek i=1
and the claim follows. Now, we turn to the proof of part (ii): We define
T(ui,...,un)@x) (@, y)=To(ur(®), ..., un(0))(x, ).

Letag,...,a, be Ug-atoms for r = min(p, q). Then, by Holder’s and Minkowski’s inequality (here we use r < p, ¢q)
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IT@r,....an)| LIRLY @) S H( Z |To(e’s¢k11,1,...,e’S¢k,,1,n)‘r)r
’ Kt vk

LI®R:L],(R?))

1

< ( Z ” To(etS(Pkl—l,l’ e gts(j)kn_],n) ||rLZ(R;L{’_y(R2))) r
kiy...okn

1

n r
5( > ]"[||¢k,-_1,i||gz(R2)) =1
k

T

and the claim follows. O

Proposition 2.20. Let g > 1, E be a Banach space and T : U;I — E be a bounded, linear operator with ||Tullg <
Cyllu ||Ug forallu € Ug. In addition, assume that for some 1 < p < q there exists Cp, € (0, C;] such that the estimate

ITullg < Cp ||u||U§7 holds true for all u € Ué’. Then, T satisfies the estimate

4C[7 Cq p
||TM||E<E lnC—p +201P,q+1 ||M||V§7’ MGV—,rC,S

where ap g = (1 — 5) In(2).

Proof. Let v e V’ +c.g e such that ||v||VSp = 1. Due to Proposition 2.5 there exists u, € U” for all » > 1 such that
v=Y"72 Uy in U9 and ||uylly; < 42" For N € N it follows || Y0, tnllyr <AN and || 350y unllys <

4. 2_N(1_§). We obtain the estimate
ITvllg <4C,N +4C, 2~ N0,

Minimizing with respect to N € N gives the desired upper bound. O

Corollary 2.21. We have

el pamay S ||M||U§, (24)

el pamay S ||M||nys I<p<4), (25)

I10xtell oo ;12 , 2 S llully2, (26)
N\ ?

| Pnyut Pyyunll sy S <F2) IPny w2 | Pyl (27)

Moreover, for No > N1 and uy, u; € V_2 g it holds

1 2
< Ni\?2 No
| Pnyut Pnyuzll p2msy S N In N + 1) IPnutlly2 I Pruzllye. (28)

Proof. Proposition 2.3 of [17] and Lemma 3.2 of [10] show that the estimates (24) and (26) hold true for free solutions.
Thus, the claims (24) and (26) follow from Proposition 2.19. Then, (25) follows from Corollary 2.6 and the observation
that v e V7 s coincides a.e. with its right-continuous variant. In order to prove (27), let u; = e'S¢; (i =1, 2) be free

solutions, ¢; € L?(R?). With the smooth cutoff in time x we obtain

1
2
) PNy P11l 21| Py #2ll L2

N

| Pnyui PN2M2||L2([_1,1]X]R2) < ||XPN1M1XPN2L¢2||L2(]R3) S (N2
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which is an immediate consequence of [7], Theorem 3.3 (this is implicitly contained in the earlier work [20]). By
rescaling it follows

1
Ni\2
| Pnyut Pyyunll g3y S i | Py @il 2| Py pall 12

and we may apply Proposition 2.19.

Now, the estimate (28) follovys frorg interpolation~ between (24) and (27) via Propositi~on 2.20. Indeed, we first
consider the operator T :uz — Py u1 Py,uz, where Py, = Py,/2 + Pn; + Pay;, such that Py, Py, = Py;, and obtain
the bounds

1
Ni\2
ITilygie Shollgze WTilze () W,

by (24) combined with U3 C Uy and (27). Proposition 2.20 implies

|
- . N1\2 Ny
| Pnvyut Pryunll e S (E) (1‘1(?1)+1)””1”U§””2”V§' (29)

Second, we consider the operator 75 : uj — 1’3/\/l ui ﬁNzug. Then, using (24) and (29) we obtain

1
Ni\?2 Ny
ITallys g2 S sl ||Tz||U§%2§(E> (ln<ﬁl)+1)nuznvsz,

where we also used the embedding VE’ res CU g‘. Now, we apply Proposition 2.20 again to deduce

1 2
1B Prsiallr < () (0 22) 1) Hrly2 izl
1 2 Le ~ Nz N1 Vs Vs

for all uy,up € V2 Finally, we apply this estimate to Py, u; instead of u; and observe that both sides do not

,re,S:
change if we replace u; € VE’ ¢ by its right-continuous variant and (28) follows. O

Definition 2.22. Let s < 0.

(i) Define Y* as the closure of all u € C(R; H'"'(R%)) N V_Z’m  such that

1

2
lullys := (ZN%”PNMHZVSZ) < 00, (30)

N

in the space C(R; H*°(R?)) with respect to the || - [|ys-norm.
(ii) Define Z* as the closure of all u € C(R; H"1(R?)) N U_% such that

1

2
llall s :=<ZN2S||PNM||%]§> < 00, (31)
N

in the space C (R; H5O(R?)) with respect to the || - || ;s-norm.
(iii) Define X as the closure of all u € C(R; H1(R2)) n U§ such that

llllx := llull 7o + lluel 0.1 < 00, (32
in the space C (R; L2(R?)) with respect to the || - || x-norm. Define Z° := 7% + X, with norm
lullzs = inf{llurll 5 + lualx |u=ur +uz}. (33)
Remark 2.23. Let E be a Banach space of continuous functions f:R — H, for some Hilbert space H. We also
consider the corresponding restriction space to the interval / C R by
E(N={ueCU,H)|3iecE: i(t)=u(), tel}

endowed with the norm |||l gy = inf{||i|| g | & : u(t) = u(t),t € I}. Obviously, E(I) is also a Banach space.
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Proposition 2.24.
() Let T > 0andu € Y* ([0, T), u(0) = 0. Then, for every & > 0 there exists 0 < T' < T such that ||u|| ys (0,777 < &
(ii) Let T > 0and u € Z*([0, T1), u(0) = 0. Then, for every & > 0 there exists 0 < T’ < T such that Nl s o.777) < €-

Proof. It is enough to consider s = 0. Assume u € Y2([0, T1) with u(0) = 0 and let ii € Y9 be an extension. There
exists a decomposition &t = i1y, + i1, with

in= Y Pyi. il <e. (34)
Mo<N<M,

Due to the right-continuity of iy, there exists 0 < Ty < T such that

il Lo g0, 715 22) < €-
Moreover, there exists t = {tk}fzo € Z such that 0 € t and

K
7S~ 1S~ 2 ~
(Z“e WSy (1) — e k1 Mh([k—1)||L2> > ”uh”VSZ_S-
k=1

We define T’ := min{#; | #; > 0} and the continuous extension
i, =110, ryin + L7 o) itn(T"). (35)
Then, ||L7h’T/||VS2 < ¢. Finally,

1

2
. S0
lunllyoqo, 7y < lin, 7 llyo < ( Z ||PNuh,T’||VS2> Se.
Mo/2<N<2M,

In order to prove part (ii) let us assume that u € Z9([0, T1) with u(0) = 0 and let ii € Z° be an extension. We perform
a similar decomposition as in (34). Since i), € U521, we have an atomic decomposition

00 o
iy = Zkke‘sak such that Z [Akl <e.
k=1 k=ko+1

There exists 0 < T/ < T, such that all a; (k=1, ..., k) are constant on [0, T']. Define Ao = || 21120:1 Akag(0)|| ;2 and
¢ = )»61 ZIZOZI Liai (0) as well as the atom ap = 1[0, o0)¢. Then,

oo oo
ho=u@— Y ma@| < Y Iul<e
k=ko+1 L2 k=ko+l1

For f(t) := roe'Sao(t) + Zlfikoﬂ AxetSay (1), we define the continuous function frr = Lio,ry f + 117,00y f(T'—). Tt
holds uj, () = iy (t) = f7/(¢) for ¢ € [0, T'] and therefore ||uy, I z0q0.77) < I fll 70 <e. O

3. Bilinear estimates

Let T € (0, oo]. In the following, we will give estimates on the Duhamel term
1
)@ = [ Go.ne o) ) dr. (36)
0

which is initially defined on C(R; H ! (R?)), and the estimates will eventually allow us to extend this bilinear operator
to larger function spaces.
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3.1. The homogeneous case
We start with an estimate on dyadic pieces. For a dyadic number N let Ay :={(7,&,n) | %N < &l <2N}.

Proposition 3.1. There exists C > 0, such that for all T > 0 and functions uy,, vn,, Wy, € VE, ¢ satisfying supp iy, C
An,, suppUn, C An,, suppwn, C Ap; for dyadic numbers N1, N2, N3 the following holds true:
If N> ~ N3, then

T

Z UN VN, WN; dx dy dt
NiSM o p2

and if N1 ~ Na, then

( > N3 sup

N3<N, lwn, ”Vs2:1

1
2 1 1
-1 2 —2 —2
<c< > Nlnumn%> Ny P llowy lly2 Ny 2w llyz. (37)
N[SNz

2\ 3
_1 _1
) <CN; *lun, ||V52N2 2||UN2||V52‘ (38)

T
f/ UN VN, WN; dx dy dt
0 R2

Proof. We define iy, = 1j0,1)un,, VN, = L{0,7)UN,, WN; = Ljo,7)Wn;. Then, we decompose Id = Qy + O>m,
where M will be chosen later, and we divide the integrals on the left-hand side of (37) into eight pieces of the form

/ Qfiin, Q5 N, 03, dx dydt
R3

with Ql.S € {Qi M Qi )i =1,2,3. These are well-defined because of the L* Strichartz estimate (25) and (21).
Let us first consider the case Qf = Q‘i y Tor 1 <i < 3. By using Plancherel’s Theorem we see

03 i, 0% 3w, O3 b, dx dy di = c(Q3 ity + Q5 i, # 03 1y by ) (0). (39)
R3

-

Now, if we let u; = (7, &, n;), i = 1,2,3, be the Fourier variables corresponding to QiMﬂNI, QiMﬁNP and

—

Qi 1 Wn; respectively, then the only frequencies which contribute to (39) are those for which we have p1 + 2 +

2
u3=0.Forx; =1 — Ef + Z—’ i =1,2,3,wehave that |A;| < M within the domain of integration because of the cutoff
operator Qi - We also have [§;] > N; /2 due to the cut off operators Py,. By the well-known resonance identity

_ 2
M A+ hy = 3 oy 4 2 T2ED 40)
§16263
we get
1
gMiN2Ns < [&llgall6s] < max (|A1], [A2l, [A3]) < M (41)

within the domain of integration. Therefore, if we set M = 8! N1 N, N3 (our notation suppresses the dependence on
N1, N3, N3), it follows that
S i, 03 40N, 05 4 i, dx dydt =0
Q<MuNl Q<MUN2 Q<MwN3 xayat=0.
R3
So, let us now consider the case that Qf = Q“;M for some 1 < i < 3 and start with the case i = 1. Using the L*
Strichartz estimate (25) we obtain for Qg, Qg € {Q;M’ Q‘iM}

N S~ S ~
> /Q>MuNlevN2Q3wN3dxdydt
NiSNop3
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Z Q>M’4N1

N1<N

- 039, | oy | Q3 0 [ s,

1
1 N 2 B .
S C( Z NiN2N3 ”uNl ”%/3) || ngNZ “ VS2 “ ngNS “ VSZ’ (42)

leNz
where we used the L2-0rth0g0nality and (20) on the first factor. Now, we exploit (21) and
IL0.7) fllyz 20Nz, feVE

and the claim is proved.
We turn to the case i = 2. Using the interpolated bilinear Strichartz estimate (28) and Corollary 2.18, we find for

07, 05 (0%, 02y}

‘/Q1”N1Q>M”N2Q3WN3 dxdydt| < “Q>M”Nz||L2(R* < ) |otin, ||V52HQ§17)N3||V52

C N1 4
<——lvw, ||V2 llen, Iz lwws 2
(N1N2N3)2 N3 s s

which is easily summed up with respect to N; < Np, because Ny ~ N3.

Finally, the case i = 3 is proved in exactly the same way as i = 2 and the proof of (37) is complete.

In order to prove (38), we use the same decomposition as above. The case i = 1, 2, i.e. if the modulation on the
first or second factor is high, we use the bilinear Strichartz estimate (28) and the claim follows similar to the case
i = 2,3 above. It remains to consider the case i = 3, where the modulation on the third factor is high. Let Py, be the
projection operator onto the set A y,, which is symmetric. Therefore, using L?-orthogonality and (21) we obtain

2);
2
(X Ira (@i @33 s Nl oSy in]:)
N3<N, lwn, IIV§=

< NN 2| QSiin, Q5w |- 3)

The claim now follows from the standard L* Strichartz estimate (24) and Corollary 2.18. O

( > N3 sup '/QfﬂNngﬁNzQ‘;MuUdedydt
N3<N, llwn, HVS2=1 e

1

Theorem 3.2. There exists C > 0, such that for all 0 < T < oo and for all uy,u; € Z 1N C(R; H“1(R?)) it holds
2
”IT(MI,MZ)”Z.,% <CH||M/'||Y,%, (44)
and It continuously extends to a bilinear operator
IT:Y_% X Y_% —~ 772

Proof. Letuy n, := Py u1, u2, n, := Py,u>. By symmetry, it is enough to consider the two terms

Z Z IT(u1, Ny, u2,N,)
z

Ny NN,

Z Z IT (w1 Ny, u2, Ng)

Ny Ni~N>
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We start with J; and fix N. We may assume N ~ N and by Theorem 2.8 and Proposition 2.10

—.5
B(e > PyIr(ui Ny, u2,n,), v)
N1<N;

_.S
e PNE IT(ui, Ny s u2,N,)
NN,

= sup
U Jllye=l

= Sup
=1
”UHV52 N1 N> 0R2

ui, N U2, N,0x Pynvdx dy dt

We apply (37) and obtain

b

Z Py IT (U1, Ny u2,N,)
NI<Ny

e o)
S(E Ny ||’41,N1||V2> Ny “luz, my llyz-
U2 s B
N N1

We easily sum up the squares with respect to Ny ~ N.

935

Next, we turn to J> and fix N;. We may assume N < N, and by Theorem 2.8 and Proposition 2.10

Z N7} ||e*'SPNIT(u1,N1,uz,Nz)H?]z= Z N~ sup |B(e*'SPNIT(uu\/1,uz,Nz),v)|2

N<N, N<N, HU”VZ:l
T
= Z N~' sup //uLNluz‘NzPNaxvdxdydt
N<N, L

We apply (38) and obtain

Z Z IT (Ui, Ny, U2,N,)

Ny N1~N

SY D sy ua )| 44

_1
. Ny Ni~N;

_1
S Y N 2 urwllyz ezl

Ny Ni~N

and the proof is complete. O

2

Corollary 3.3. There exists C > 0, such that for all 0 < T < oo and for all uy,u; € Z'*% NC(R; HU! (Rz)) it holds

2
| 17 (ur, uz)”Z.,% <C 1_[1 IIMjllz.,%,
]:

and It continuously extends to a bilinear operator

IT:Z_% X Z'_% — Z_%.

A similar statement holds true with Z° replaced by Y*.

Proof. This is due to the continuous embedding Z* C Y* and Theorem 3.2. O

Corollary 3.4. Assume that uy,u; € f”%. Then, Ioo(uy,uy) € Z"% and

|17 (s ua) — oo(ul,uz)HZ.,% =0 (T — 00).

. o1, .
In particular, for any u € Y 2 it exists

lim ¢S 1o (u, u)(0) € H™1O(R2).

(45)

(40)
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Proof. Without loss of generality we may assume ug, uy € C(R; HU1(R2)) such that ||u1||Y7% = HMZHY’% = 1.
Estimate (44) implies

SN e P lso(ur )|y, < €
N

and due to Proposition 2.4, part (iv), for all the dyadic pieces the limits at co exist and we have Py I (11, u2) € V2
along with

DONT Pl un)| <€
N

re,S

which yields I, (11, u2) € Y_% and in particular the convergence (46).
The limits e *Su; (t) — ¢; € I-.I_%’O(Rz) for t — oo exist. Let a7 : R — R be
0 (t<T-—-1),
ar)=3t+1 (T—-1<t<T), @7
1 (t=T).
We define u1; = u; — age’ ¢i, i =1,2. Let ¢ > 0. There exists T > 0, such that ||a7u; ”Y’% < ¢, which follows by a
similar argument as in the proof of Proposition 2.24, part (i). Let 7, > T1 > T. Then,

Ity (y, u) — I, (1, up) = I (aq iy, uz) — Iy (g iy, u2)
andfori=1,2

| 17; (eery i1, u2) ||Z._% <e.

By a similar argument,

|17, (20e 1. i12) — I, (e0e 1 i) Hz* Se.

1
2

On the other hand, by the L* Strichartz estimate (25) there exists 7’ > 0 such that ||eve”S Py || LAw3y) < €PNl 2.
ForT, >T, > T’

|17, (20e 31, e > pa) — Ity (@oe > 1. o™ 2) | P
= HITl (OlTle d)l ar e S¢2) - ITz(aTle ¢1 ar e S¢2) “ -3 58

by the same proof as of Theorem 3.2, using again Proposition 3.1 where now the factor ¢ comes from (42) and (43).
Hence, the family (I7(u1, u2))7 satisfies a Cauchy condition in Z _%, which is a complete space. Therefore, it con-
verges in Z._% to Ino(u1,u2). 0O

3.2. The inhomogeneous case

Pr0p0s1tlon 3.5. Let € > 0. There exists C > 0 such that for all 0 < T < 1anduy, € X, vy, € US, Wy, € V2 s with
supp uN] C Ap,, supp vN2 C AN,, supp wN2 C A, for dyadic numbers Ny, N2, N3 where Ny <1< Ny it holds

// UN VN, Wy dxdydt| <

0 R2

C(N )“‘s

——— lumlixlivr gz llwas llyz- (48)

(N2N3)?
Proof. We use the same notation as in the proof of Proposition 3.1 and again the left-hand side is well defined. In
particular we denote the time truncation of a function u by u. Note that obviously

I20.ryullyz < lullyz.  u € US.

In any case we may assume that N3 < N,, because otherwise the left-hand side vanishes. In the first case we assume
Ni N32 <717 Using the bilinear Strichartz estimate (27), we obtain
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1

- - - - 1(N1\?
‘ f un, BNy B dx dy di 5||uN1vN2||Lz(R3)||wN3||Lz(R3>STz(E) s gz llows 2 lwns lyz
R3

1 1 1
and the claim follows from ||u y, ”U§ < luy, llx and N14 <T74N, 2,

Now, assume that N; N32 > T-! and we fix M =8~ !N 1 N2 N3. Recall from the proof of Proposition 3.1 that we
have

s - s = s =~
/ Q<M’4N1 Q<MU]\]2Q<MU)1\]3 dxdydt=0.
R3
Therefore we can always assume to have high modulation on one of the three factors.

If 0, Qg € {Q‘; M 03 ,,} and the modulation on the first factor is high, we apply the bilinear estimate (27) and
Corollary 2.18 and obtain

1
Ni\? 7
5 (Vﬁ) R P R P L

‘ / Q;MMNI 05N, Q3 N, dx dy dt
R3

. . . ~ 1
Now, we combine this with || Q5wn;llp2 < T2 [|wy; ”Vs2 and
[0 w2 S 1QEwum [ o3 S VIN2ND ™, lgou
>M*N Uz~ >M" N %031~ 3 Ny Il xo.1,

1 1 _1
and (48) follows, because N; 2 Ni > T_%N1 I 03, Q§ € {Q‘;M, Q‘iM} and the modulation on the second
factor is high, an application of the interpolated estimate (28) yields

l1—¢

2
< () 7w e lwnsllyz | QS ama | 2
S\ W Hv2Ilwnsliv2 | @5 VN | 2 w3

‘ / Qtun, 0% )N, 030N, dx dy dt
R3

e (V1 [ LU P LA %
Ny N5 Ny
le 1,¢
which shows the claim in this case, because N, 2 >(TNy)~3tz.
Finally, if QS , Qg € {Q‘; M Q‘i ) and the modulation on the third factor is high, we invoke estimate (27) and
obtain

1
N1\ 2 . P
<(3) 128m bz l0 il il QS wiom e

R3

Ny
< 1
S T lun g2 llvm 2w vz
N2N32

1 1
which completes the proof, because N; 2 Ni > (TN 1)’%. a
Theorem 3.6. There exists C > 0, such that for all functions uy, us € zZ 1N CR; HLYR?)) it holds
2
|ner )|,y <C[Tlusl s, (49)
j=I

and I continuously extends to a bilinear operator

1

L:Z3xZ25>71Cz%
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.1
Proof. We decompose u; =v; +w;,v; € Z 2 and w; € X, j =1,2. Due to ||P>1u||27% S IIP>1u| x and Corol-
lary 3.3, it remains to prove

||11(P<1w1,v2)HZ.,% < Cllwilix vl (50)
|11 (Paywn, Payw)|| g < Cllwillxllwallx. (51

We start with a proof of (51). By Theorem 2.8 and Proposition 2.10,
1 1
N™2| PyIi(P<iwi, Poywn)|| 2 S NI PaywiPaywzllpigo.1y:L2)

1
SN2 Poywill poll P<iwzll zo (52)

due to the L* estimate (24). We may sum up all dyadic pieces for N < 1.
Let us turn to the proof of (50). The estimate for I;(P-jw;, P<1v2) is already covered by (52). Assume
N1 <1< Ny. By Theorem 2.8 and Proposition 2.10, we obtain

N™ ZHPNll(PMwl PN2U2)||U2—N > sup
||f||V2 |

// Py, w1 PN,v20x Py fdxdydt
0 R2
1, _1
SN IPywillx N, : 1Pny 02112
where we applied (48) in the last step. Now, we sum up with respect to Ny < 1. Finally, we perform the summation of
the squared dyadic pieces with respectto N ~ N,. O

4. Proof of the main results

In this section we present the proofs of the main results stated in Section 1. We follow the general approach via the
contraction mapping principle, which is well known.
For regular functions, the Cauchy problem (1) on the time interval (0, T') for 0 < T < oo is equivalent to

u(t) =eSug — %IT(u, u)(t), te(0,T). (53)

This allows for a generalization to rough functions: Whenever we refer to a solution of (1) on (0, T'), the operator
equation (53) is assumed to be satisfied.

Proof of Theorem 1.1. Let o be as in (47). We then have apeSug € Z_%, which implies that eSug € Z_% (10, 00))
for ug € H’%’O(Rz) and

Suo S lluoll -1

”e Z72([0,00)) 2:0

Let
. .1
Bs:={uoe H 2°(R?) | luoll .y o <}
for § = (4C + 4)~2, with the constant C > 0 from (45). Define
D, = 771 ([0, <rl,
ri={ue (L oo))lllullz,i( o r}
with r = (4C +4)~!. Then, for ug € Bs and u € D,,

.S 1 2
e uo—iloo(u,u) <5+Cr-<r,

272 (10,00))

due to (45) and Corollary 3.4. Similarly,
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<C( ))+||M2||,_1 My —uall, s

Z 2(10,00)) Z 2([0,00))

Uil ._1
1 el 1o

Z72([0,00))

1 1
H EIOO(uls l/l]) - EIOO(M2, M2)

1
< = |lup —uz|l. s
< 2|| 1 2”2*%([0,00))

hence @ : Dy — Dy, u+> eSug — %Ioo (u, u) is a strict contraction. It therefore has a unique fixed point in D,, which

solves (53). By the implicit function theorem the map F, : Bs — D,, ug — u is analytic because the map (uo, u) —
eSug— %Ioo (u, u) is analytic. Due to the embedding Z"% ([0, >0)) C C([0, 00), I-'I’% (R?)) the regularity of the initial
data persists under the time evolution. Concerning the results with respect to the negative time axis, we reverse the
time t — —t and apply the same arguments. O

Remark 4.1. Up to now, we only know that the solution u is unique in the subset D, C Z -3 ([0, 00)). The proof of
the uniqueness assertion in the larger space Z -3 ([0, T]) will follow from the results in the subsequent subsection.

. -1 . .
Proof of Corollary 1.7. For initial data ug € H™ 2 O(R2), ||uo||H_ 19 < §, the solution u which was constructed above
satisfies

u()=e" <uo - e_‘séloo(u, u)> (), t€(0,00).

The existence of the limit ug — e”%loo (u,u)(t) - u4 in H’%’O(Rz) as t — oo follows from Corollary 3.4. The
analyticity of the map V4 : ug — u4 follows from the analyticity of F shown above.

An obvious modification of the above proof also yields persistence of higher initial regularity, in particular
if ugp € L>(R%; R), then u(t) € L>(R%; R) for all . It remains to show that ||V, (uo)|l;2 = |luoll;2. By approxi-
mation and a direct calculation for smooth, real valued solutions, we easily see that the L2%-norm is conserved.

R | .
Due to the strong convergence in H Z‘O(RZ) we have weak convergence e Su(r) —~ U4 in LZ(RZ) for t — oo,
hence |[uyll;2 < |luoll 2. Let F_ be the flow map with respect to (—oo, 0) according to Theorem 1.1, which is

. . . . | . .
Lipschitz continuous. Because hm,_moe’SuJr —u(t)=0in H Z’O(Rz), it follows lim;_, oo F_(—t, e’Su+) = uo
. o1 .
in H~2"9(R?). Moreover, due to the L? conservation luyll 2 = |1 F-(—t, e’Su+)||Lz we have weak convergence
F_(—t,eSui) — ug in L?(R?). Altogether,

. 1S _
luoll 2 < lim [ F_(=t, e up)| 2 = llull 2.
The existence and analyticity of the local inverse W_. follows from the inverse function theorem, because V, (0) =0

and by (45) and Corollary 3.4 we observe DV, (0) =1d. O

Proof of Theorem 1.2. For some § > 0 and R > § we define

Bs g := {uo IS H_%’O(]R2) | uo = vo + wo, ||v0||h,r%0 <34, llwollz2 < R}.

Let ug € Bs, g with ug = vo + wo. We have Xe'Swo € X and Xe'Svo € Z._%’O, which implies that eSup e Z_%([O, 1]
and

||e-su0||zf%([07”) <8+R.

We start with the case R =8 = (4C +4)~2, with the constant C > 0 from (49). Define

Dy i={uez 2 (0. 1) | lul__y = <r},

([0,1]
with r = (4C + 4)~!. As above, we use (49) to verify that

N

1
®:D,— D,, urse uo—EI](u,u)
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is a strict contraction, for ug € B(;, g. It therefore has a unique fixed point in D,., which solves (53) on the interval (0, 1).
By the implicit function theorem the map Bs g — D;, uo — u is analytic. We also have the embedding Z -3 ([0,1]) C
C ([0, 1]: H~2(R2)). Now, we assume that ug € Bs.g for R > 8 = (4C + 4)~2. We define ug j = A%ug(r-, A%-). For
A = R™282 we observe uo,). € Bss. Therefore we find a solution u) € Z_%’O([O, 1]) on (0, 1) with u, (0) = up ;. By
rescaling (2) we find a solution u € Z~2:9([0, 8R—]) on (0, 5°R~6) with u(0) = uo. We notice that in (49), the left
hand side is in the homogeneous space Z _%’0, hence all of the above remains valid (or even becomes easier) if we
exchange Z~2:0([0, 1]) by the smaller space Z~2-°([0, 1]).

It remains to show the uniqueness claim. Assume that u1, us € Z’%'O([O, T1]) are two solutions such that u;(0) =
u7(0). Moreover, we assume that

T = sup{Ogtg T | ui(t) =u2(t)} <T.

By a translation in ¢ it is enough to consider 7’ = 0. A combination of (45) and (48) yields the following: Decompose

uj=v;+w;j, where v; € X([0,T]), w; € Z_%*O([O, T]) and w;(0) = 0. Then, there exists C > 0, such that for all
small 0 <7 < T’/

1 1
_Ir(ul»ul)_ilr(u2»u2)

uy—u =
flui 2”2*50([0,r1) HZ

27290.7])

1
< Cta*(Jluillxqo,en + lv2llxqo,ep) lur — uzllz,l

2%0,7)
C(llw]l. wall . uy—u .
+C(I lllz‘%v‘)([o,r])Jr” 2”2‘%-0([0,r]))” 1 2”Z—%’0([0,r])
We apply Proposition 2.24, part (ii) and obtain
1
Uy —u < =|lug —u s
lluey 2”2‘%’0([011) 2|| 1 2”2_%’0([0,‘[])

which contradicts the definition of 7/. O
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