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Abstract

In this paper we consider a free boundary problem which describes contact angle dynamics on inhomogeneous surface. We
obtain an estimate on convergence rate of the free boundaries to the homogenization limit in periodic media. The method presented
here also applies to more general class of free boundary problems with oscillating boundary velocities.
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1. Introduction

Consider a bounded domain £2 in R” containing K = B (0). Let 20 = £2 — K and Iy = 952, and let u satisfy

—Aupg=0 1in £, up=1 onkK, and ugp=0 on .

(See Fig. 1.)
Let us define ¢; e R", i =1, ..., n, such that

e1=(1,0,...,0), &2=(0,1,0,...,0),..., and e, = (0,...,0, 1),

and consider a Lipschitz continuous function

g:R'"—>[m,M], gx+e)=gkx) fori=1,...,n

with Lipschitz constant L. For simplicity in the analysis we will work withm =1, M =2 and L = 10, but the method
in this paper applies to general m, M > 0 and L.
In this paper we consider the behavior, as € — 0, of the viscosity solutions u¢ > 0 of the following problem

P —Au¢=0 in {u€ > 0},
®)e {uf = |Du€|(|Duf| — g(x/€)) on d{u¢ > 0}
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Fig. 1. Initial setting of the problem.

in Q = (R" — K) x (0, co) with initial data uo and smooth boundary data f(x,7) > 0 on dK x [0, 00). Here Du
denotes the spatial derivative of u.

We refer to I7(u€) := o{u(-,t) > 0} — 0K as the free boundary of u¢ and to £2,(u¢) := {u€(-,t) > 0} as the
positive phase of u® at time r. Note that if «€ is smooth up to the free boundary, then the free boundary moves with
outward normal velocity V = uj /| Du¢|, and therefore the second equation in (P). implies that

X X
relof2) o)

where v = v( ;) denotes the outward normal vector at x € I';(u) with respect to £2;(u).

A weak notion of solution is necessary since, due to the collision, neck-pinching or shrinking of free boundary
parts, smooth solutions cease to exist in finite time even with smooth initial data and smooth velocity (see Remark 2).
For the definition of viscosity solutions we refer to Section 2.

(P)¢ is a simplified model to describe contact line dynamics of liquid droplets on an irregular surface (see [2]).
Here u(x, t) denotes the height of the droplet. Heterogeneities on the surface, represented by g(7) in (P)e, result in
contact lines with a fine scale structure that may lead to pinning of the interface and hysteresis of the overall fluid
shape.

For literature on homogenization of nonlinear PDEs and free boundary problems, we refer to [1] and [6].

Below we recall the main result obtained in [6].

Theorem 1.1. (Theorem 0.1, [6].) Let u¢ be a viscosity solution of (P)e with initial data uy and boundary data f.
Then there exists a continuous function

r(g) =R" — {0} — [-2,00), rincreasesin|q|,

such that the following holds:

(@) If ue, locally uniformly converges to u as € — 0, then u is a viscosity solution of
@) —Au=0 in {u > 0},
u; = |Du|r(Du) on d{u > 0}
in Q with initial data uy and boundary data f on 0K.
(b) If u is the unique viscosity solution of (P) in Q with initial data uo and boundary data f on 9K, then the whole
sequence {uc} locally uniformly converges to u.

Uniqueness of u holds if the initial data satisfies one of the following (see Theorem 2.8 and the remark below):

(A) £2 =£29U K is star-shaped with respect to a small ball B, (0);
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(B) I islocally Lipschitz and | Dug| > 2 on I;
(C) Iy islocally Lipschitz and | Dug| < 1 on Ip;
where Dug on I is taken as the limit from £2.

(In case of (A), £2;(u) stays star-shaped with respect to B, (0) for ¢ > 0. In case of (B) u strictly increases in time,
and in case of (C) u strictly decreases in time for all times.)

The goal of this paper is to refine the analysis performed in [6] to provide a quantitative estimate on the distance
between £2,(u€) and §2,(u) at each time. The main result (Corollary 4.2) can be summarized as below:

For sufficiently small € > 0, £2,(u€) stays in O(e!/7%)-neighborhood of §2; (u) for 0 <t < e~1/3%
if one of conditions (A)—(C) holds for the initial data. (1.1)

Such estimate is, to the best of author’s knowledge, new for homogenization of free boundary problems. Below we
sketch an outline of the paper. In Section 2 we recall the notion of viscosity solutions and their properties. In particular
comparison principle (Theorem 2.6) is used frequently in the paper. In Section 3 we improve existing results obtained
in [6] to derive Proposition 3.5 and Corollary 3.6. In Section 4 we state the main result (Theorem 4.1) and prove it
with the help of Corollary 3.6 and Proposition 4.3. In Section 5 we prove Proposition 4.3, and thus finishing the proof
of Theorem 4.1. We finish with Section 6, the corresponding result are stated for expanding free boundary problem
(P2)<: for this problem (1.1) holds for general initial data.

Remark 1. The analysis presented here and in [5,6] can be generalized to free boundary problems of the type
(up) —Au=0 in{u > 0},
V=G(Du,7) ondfu>0}
where G(p, y) : R" x R" — R is (i) Lipschitz continuous, (ii) strictly increasing with respect to | p| and (iii) satisfies
G 0G
blpl—— —aG = |—
9| pl dy

for some constants a and b > 0. For example, in (P)¢ we have

Lipg
Gp.y)=Ipl—g(y) and a=b=_——.
infg
In (P2)€ given in Section 6 we have
Lipg
G(p,y)=gWIpl and a=0, b=——.
infg

2. Notations and viscosity solutions

We begin by recalling existence and uniqueness of viscosity solutions obtained in [6] for a general class of free
boundary problem, including both (P) and (P)€.
Let us consider a continuous function
F(g,y): (R"—{0}) x R" = [-2, 00)
such that

(a) Fincreasesin|q|, gl —2<F(q,y,v)<lql—1.
() F(q,y+ex)=F(q,y)fork=1,...,n.
(c) |F(q,y1) — F(q,y2)| < Llyr — y2| for y1, y» e R".

Let ¥ C R" x [0, 00) be a space—time domain with smooth boundary, and consider the free boundary problem
—Auc=0 in {u€ > 0},

ug — |Du¢|F(Du¢, ) =0 on d{uc > 0}

in X with appropriate boundary data.

(P)e {
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Let X' (s) := X N {t = s}. For a nonnegative real valued function u(x, ¢) defined for (x, ¢) € X', define

) ={(x,1) e X: ux,1) >0}, 2;(u) ={x: (x,1) € Z: u(x,1)>0};
I'u)=02w)—0%, Ii(u) =082, (u) — 0X(¢).
Below we define viscosity solutions of (13)6.
Definition 2.1. A nonnegative, upper semi-continuous function « defined in X is a viscosity subsolution of (P) if
(a) foreacha < T < b the set 2(u) N{t < T} N X is bounded; and
(b) forevery ¢ € cz! (X)) such that u — ¢ has a local maximum in £2 (1) N {t <t} N X at (xg, ty),
(1) if u(xg, o) > 0, then —A¢ (xg, 19) <O.
(i) if (xo0,10) € I'(w), | D|(x0, 10) # 0 and —Ag (xo, 1p) > 0,

then
<¢t - |D¢|F(D¢, t—‘)))(xo, 10) <0.

Note that, because u is only upper semi-continuous, there may be points of I"(u) at which u is positive.

Definition 2.2. A nonnegative, lower semi-continuous function v defined in X' is a viscosity supersolution of (P). if
for every ¢ € C?%1(X) such that v — ¢ has a local minimum in X N {¢ < 1o} at (xo, fo), then

(1) if v(xg, tp) > 0, then —A¢ (xg, ty) = 0.
(i) if (xo, 70) € I'(v), [D@|(x0, o) # 0 and —A¢ (xo, 19) <O,

then
<¢>t - |D¢|F(D¢, t—‘)))(xo, 10) = 0.

Let K, §20, Iy, f, uo and Q be as given in the introduction.

Definition 2.3. u is a viscosity subsolution of (P). in Q with initial data u¢ and fixed boundary data f > 0 if

(a) u is a viscosity subsolution of _(15)6 in Q,
(b) u is upper semicontinuous in Q, u =ugatt=0and u < f on K.
(¢) $£2(u) N{r =0} = $2(uo).

Definition 2.4. u is a viscosity supersolution o_f (}3)e in Q with initial data u¢ and boundary data f if u is a viscosity
supersolution in Q, lower semicontinuous in Q withu =ugatt =0andu > f on 0K.

For a nonnegative real valued function u(x, ) in ¥ C R” x [0, co) we define

u*(x,t):= limsup u(£,s),
(&,8)eX—(x,1)

and

us(x,t):= liminf u(§,s).
(&,5)eX—(x,1)

Note that u* is upper semicontinuous and u, is lower semicontinuous.
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Definition 2.5. u is a viscosity solution of (f))6 (ir~1 Q with initial data u( and boundary data f) if u is a viscosity
supersolution and u* is a viscosity subsolution of (P), (in Q with initial data u( and boundary data f).

We say that a pair of functions ug, vy : D — [0, 00) are (strictly) separated (denoted by ug < vg) in D C R" if

(i) the support of ug, supp(ug) = _{uo > 0} restricted in D is compact and
(i1) up(x) < vo(x) in supp(ug) N D.

Theorem 2.6 (Comparison principle, Theorem 1.7, [6]). Let h1, hy be respectively viscosity sub- and supersolutions
of (P)€ in X. If h| < hy on the parabolic boundary of X, then hi(-,t) < ha(-,t) in X.

Theorem 2.7. (Theorem 1.8, [6].) Suppose one of the conditions (A)—(C) holds for ugy. Then there exists a unique
solution of (P) in Q with initial data ug and boundary data 1.

Lemma 2.8. (Lemma 1.9, [6].)

(a) Let u be a supersolution of (P) or (P)€ in Q with fixed boundary data 1. Then I' (u) does not “jump inward” in
time: for any point xo € I, (u) with ty > 0 there exists a sequence of points (x,,t,) € {u = 0} such that t, <ty
and (x,, ty) — (xg, tp).

(b) Let u is a subsolution of (P) or (P)€ in Q with fixed boundary data 1. Then I" (u) does not “jump outward” in
time: for any point xo € I, (u) with tg > 0 there exists a sequence of points (xy, t,) € 2, (u) such that t,, < to and
(Xn, ty) = (x0, to)-

Proof. 1. To prove (a), suppose that xo € I, (). If (a) fails for xq, then B, (xo) C §2;(u) for to —r <t < to for some
r > 0. On the other hand there exists yo € B,2(xo) such that u(yo, fo) > 2co > 0 for some ¢y > 0. Since u is lower
semicontinuous, u > c¢o > 0 in Bs(yo) X [ty — 8, tp] for some 0 < § < r/2. Consider a barrier function ¢ (x, ) in

X = (R" — Bs(y0)) x [to — 8/2, 1]

such that
—A¢(-, 1) =0 in B, 2(¢—4+5/2)(x0) — Bs(x0),
é(¢,0)=0 on 8B, _2(t—1y+5/2) (X0)
d(, 1) =co on 3 Bs(xo).
Note that
o
Dol V==-2<|D¢|-2<r(D¢) onlI'(p).

Hence ¢ is a subsolution of both (P) and (P)€ in X'. It follows from Theorem 2.6 that ¢ < u in X, but this means that
u(-, o) > 01in B, /2(x0), contradicting the fact that xo € I, (u).

2. The argument to prove (b) proceeds similarly. Suppose xo € I, (1) and B, (xp) N 2,u)y=0fortg—8 <t <1.
We may choose r < §. Let r(¢) := (tg — t)/(2r2) + r/2. Consider a barrier function ¢ (x, ¢) in

X := By (xg) X [to — r4, to]
such that
—A¢(,1) =0 in By (x0) — Brr)(x0),
$C.)=0  ondB,q)(x).
o, t)=1 on 9 By (xp).
Note that in X' we have |D¢| < C/r with a dimensional constant C. Hence if r is chosen sufficiently small, then

¢ _ (t)_i >|D¢| >r(D¢) onT (),
Dg| r2”
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and thus ¢ is a supersolution of both (P) and (P)€ in X'. Again Theorem 2.6 yields that u < ¢ in X, but this means
that u(-, fo) = 0 in B, /2(xo), contradicting the fact that xo € I7,(1). O

Remark 2. Note that above lemma does not guarantee the continuity of the free boundary in time. In fact free bound-
ary parts may instantly disappear, for example in n = 1 if we superpose two radially symmetric functions (see the
introduction in [4]). For n > 1 discontinuity of the free boundary also happens when the free boundary contains a
slit in the middle of its positive phase: in this case the slit instantly disappears and at this time the discontinuity of
the solution occurs as well. The discontinuity of the free boundary also happens if a portion of the positive phase
gets disconnected by a neck pinching and instantly disappears. Hence the definition of the viscosity solution with
semi-continuous sub and supersolutions are indeed necessary for (P)..

For (x,t) € R" x R, let us denote the space and space—time balls by
By (x):={yeR": |y —x| <r}
and
BV, 1) i={(r,5) eR" x R: |(y,5) — (x, )| <r}.

The following lemma will be used frequently in our analysis. The proof is parallel to that of Lemma 3.5 in [3].
Lemma 2.9.

(@) If u is a viscosity subsolution of (P) in Q, then the sup-convolution

u(x,t):= sup u(y,t)
yEBmefér(x)

is a viscosity subsolution of (P). in

Q5= |J (R"—+me=-s0)K)xt)
{0t <me/8}
with F(Du, 7) replaced by F(Du, 7) + Lm — 8.
(b) If u is a supersolution of (f’)€ in Q then the inf-convolution

u(x,t) = inf  u(y,t)
YEBme—s:(x)

is a viscosity supersolution of (13)E in Qc,s with F(Du, )G—C) replaced by F(Du, ’G—C) — Lm +6.

(a), (b) also holds with By,_s;(x) replaced with space—time balls Br(: :;18)1 (x).

3. Properties of free boundaries in obstacle problems
3.1. Introduction of the obstacle problem and statement of previous results

First we recall some of the results obtained in [6]. These results address solutions of “obstacle problems” which
we introduce below. For given nonzero vector ¢ € R" and r € [—2, 00), we denote v = IZ_I and define

Pyr(x,1):=1q|(rt —x -v)y, lygr)={xeR" rt=x-v}.

Note that the free boundary of P, ,, I (P, ) := 1,4, (¢), propagates with normal velocity r with its outward normal
direction v.

Next we construct a domain with which the obstacle problems will be defined. In e; — e, plane, consider a vector
i = e, +~/3e1. Let [ to be the line which is parallel to z and passes through 3e;. Rotate / with respect to e,-axis and
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Fig. 2. The spatial domain for test functions.

define D to be the region bounded by the rotated image and {x: —1 < x - e, < r} (see Fig. 2). For any nonzero vector
q € R", let us define D(q) := ¥ (D), where ¥ is a rotation in R” which maps e, to ¢/|q|. Let us define

0= J (1+30)D(g) x {1}).

0<r<1

Let us define the space—time domain Q :=D(gq) x [0, 1] forr >0, and Q1 := O forr <O0.
Next we define the maximal subsolution below P, , and minimal supersolution above P, , in Q1:
ile.q, := (sup{u: a subsolution of (P)€ in Q@ withu < Py, })",

Ueig,r = (inf{v: a supersolution of (P)€ in Q1 with u > Pq,,})*.

Remark 3. Note that then it (-, ) and ue.4 (-, t) are both harmonic in their positive phases. The main reason for
defining a rather complicated domain Q) is to guarantee that the free boundary of w4 » and i, , does not detach
too fast from P, , as it gets away from the lateral boundary of Q (see Lemma 2.4 in [6]).

Below we recall properties of i¢. 4 » and ue,q,, which we need later in the paper.
Lemma 3.1. (Lemma 2.5, [6].)

(@) te,q,r is a subsolution of (P)¢ in O withtle.q , < Py, in 0, and le,q,r = Py r onthe parabolic boundary of Q1.
Moreover (ihe.q,r )« is a solution of (P)e away from I' (ue,q,,) ﬂgq,r.

(b) Ue.q.r is a supersolution of (P)e in Q1 with uc.q,, = Py, in Q1 and uc.q» = Py, on the parabolic boundary
of Q1. Moreover u¢.4 , is a solution of (P)e away from I' (ue,q,r) Nig .

(C) Ue,q,r decreases in time if r < 0. ue,q,, increases in time if r > 0.

Lemma 3.2. (Corollary 2.6, [6].) For any given nonzero vector g € R", v = |Z—| and for any a € [0, 1], there is n € R"
such thatav+ne€eZ, n-v > %|17| and € < |n| < 3e. For this n the following holds:

(a) Forr >0
Uegr(X+av+n,1+7T) Sleq,r(x,1) 3.1
for0<t érfl(a+n -v) and
Uegr(X+av+n,1+7) Zucq,(x, 1) in Q) (3.2)

fort>=r"Ya+n-v).
(b) Forr <0 the above inequalities are true with v, n and r replaced by —v, —n and |r|, and the range of T for ¢4 r
and Ue. 4, interchanged.

For a nonzero vector g € R"” we set v = ‘Z—‘ and define the contact sets

1
Acqr = (F(Ze;q,r) mlq,r) N (B]/2<§r‘)> x [1/2, 1])
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and

) 1
Acigr = (T (ie.g.r) Nlgr) N <Bl/2<§rv) x [1/2, 1]).

As the speed r of the obstacle P, , increases, the contact set from above (Ac.,,r) increases, and the contact set from
below (A¢,q,r) decreases. The free boundary speed r(g) in the homogenization limit turns out to be the unique speed
with which both contact sets are (in the limiting sense) nonempty:

Lemma 3.3. (Lemma 3.12, [6].)

r(q) =inf{r: Ac.q, # ¥ for € < €o with some €y > 0}

= sup{r: Ae;q,r + () for € < €9 with some €y > 0}.

Moreover Ac.q ,(q) and Ae;q,r(q) are both nonempty for any 0 < € < 1/10.
Remark 4. From scaling arguments it follows thatif A, (Aeo;q,r) is nonempty, then so is Ae;q,r(Ag;q,r) for € > €.
3.2. Improved estimates

For A, B C Q1, let us define
d(A, B) =inf{d(x, y):x€A, ye B}.

In [6] we showed that I'(it¢,q ) and I"(ue,q,r), With r =r(q) given in (2.1), are at most Me-away from I, ,(¢)
where M depends on several parameters, including the size of g (see Propositions 2.8 and 2.9, [6]). This flatness
constant M 1is then used in the main proposition (Propositions 3.8 and 3.11 in [6]) to measure the free boundary
detachment from the obstacle, when the speed of the obstacle is not the correct one for the homogenization limit. For
the purpose of our investigation, it is necessary to refine the estimate on M such that the size of M it only depends on
one perturbation parameter y. This is what we will carry out below:

Lemma 3.4. Let g € R" — {0} and r = r(q). Then there exist dimensional constants 0 < y(n) < 1 < C(n) such that
for 0 <y < y(n) the following is true:

@ Ifri=(—y)randqy = (1 —y)q, then

C(n)e
d(r(’ie;qhn)’l%,rl) < y :

) If =0+ y)rand g =1+ y)q, then

_ C(n)e
d(r(“e:qz,rz)vlqz,fz)< y

Proof. The general idea for the proof of, for example (a), is the following: since Ac.q,, is nonempty and the free
boundary velocity of I"(ue.q, ) is increasing with respect to |Due. 4 /|, the size of uc,4  near I, , should stay small:
otherwise I" (¢4, ) Will completely detach from [, .. Now suppose part of I" (ie.4,,) is trying to get away from [, ,.
Since u is already small near /; , and is harmonic in its positive set, |Due.q | is very small near the far away part
of I"(e;q,r). This and the free boundary motion law forces I"(ue.4,,) Tecede, putting it closer to /4, . This heuristic
argument suggests that I" (.4 ) cannot be too far away from [, , to begin with. Unfortunately the rigorous proof of
above reasoning is rather complicated, and we will divide the proof into several steps. Observe that by scaling law

r((l=y)g) <A =p)r(g) and r((1+y)q) =1 +y)r(q),

and thus both A4, », and Ag; ¢2.1» are nonempty for 0 < € < 1/2. Also observe that it is enough to prove the lemma
forrle<r <.
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—
1.Letv:= T

Ueigr (1) <Ce onD:={x: 0<x v>rt—2e} (3.3)

We first prove (a) in the case r < 0. We begin by claiming that

Suppose our claim fails with r < 0. Then uc.q,,,, (x0,t) > Ce for some xo € D. By lower semicontinuity, we then
have ue. 4, r, (-, 1) = Ce in a small ball Bs(xo), § > 0.
Choose a lattice vector & € € Z" such that |€ — (€ - v)v| <2¢€ and & - v = —10¢. Due to Lemma 3.2, we have
Uerg),r (X +&,1) Z Ueyq,r(x,00) in Byya(0) X [to, fo + Se].

Hence

Uerg,ry = Ce in Bs(yo) X [fo, fo + S€l, yo =xo0+5§.

Next let r(t) := 4@ — ty) + /2 , C1 := c(n)C where c(n) is a small dimensional constant to be determined, and
construct a barrier function ¢ (x, t) solving

=A@ (-, 1) =0 in By r)(yo) — Brry(Yo),
¢ =Cie in B, (yo) X [to, to + S€l,
#(¢,1)=0 in R" — By (1) (Y0)-
If C is sufficiently large such that | D¢| > 6 on I'(¢) for 1y <t < fg + 5S¢, then

P ()=4<|Dg| 2.
|Dg|
Hence ¢ is a subsolution of (P). in
s= J ®"=Bu»oo)xt.

to<t<to+Se
2. In the following paragraph we show that
¢ <ucgr inZ. (3.4)

Proof of (3.4). By construction ¢ < ue,q,,r, in ¥ N{t = 19}. Next observe that, if u,4, -, (-, t) is positive in B%r(t) (yo),
by interior Harnack inequality for harmonic functions applied to ue,4 (-, t) in B 3r() (yo) yields that

Ueig,r (1) 2 Cre =¢ in By (Yo), (3.5)

where C; = ¢(n)C with ¢(n) a dimensional constant.
On the other hand, suppose that (3.5) holds for 79 < < s for some 7y < s < 79 + S¢. Then we claim that

Ue.g)r, >0 in U Bary(yo) x {t}.
IS

To see this, begin by applying Theorem 2.6 to ¢ and ue,q,,/, in X' to yield ¢ < ue;q,r in X N{tog <t <s}. Asa
consequence By, (1) (o) C §2;(Ue;q,,r,) for t < s. Now Lemma 2.8 and the continuity of »(¢) yields that

B%r(t)(yo) C 2t (Uerq,,ry) Tors <t <t+ 8o for some 5 > 0.

Thus (3.5) holds for 7y < ¢t < s 4 8o. This argument states that (3.5) holds for all times 7y < ¢ < 9 + 5S¢, and as a
consequence ¢ K ite.q , in X. O

(3.4) states, in particular,
Ueiqy,r (X, 70 +5€) >0 in Boe (Y0) D Bge (x0)-

Observe that, by definition of ue. 4,

1 1
F4eqrn (2x,2t) S uejiq (X —1m,t+17) in 3 01+, —1) (3.6)
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when t > 0 and n € €Z" satisfies |n| < % and n - v > |r1|t. In particular it follows that

é€/2;q1,r1 = @,

contradicting the fact that r1 > r(q1). We have shown (3.3).

3. So far we have shown that u is small near [, .. The next step is to show that | Du| is small on free boundary parts
far away from /; ;. To do this we need to regularize the free boundary in some sense: this is done via sup-convolution
as follows. Define

_ V43 _
v(x,t):= sup (1—vy) 12262{]1’” (y—i—z—ov,(l—y) 1;).
YEBye/30(x)
We claim that
V(. 1) < i (x/2,1/2). 3.7)

Thanks to Lemma 2.9, v is a subsolution of (P)¢ away from [, , with v < P, ,. From these facts (3.7) seem plausible.
However we need to go around the technical difficulty arising at [, ,, so a slightly different route is taken.
Let us choose y € Bye/g0(0) and let§ =y — %v. Then

x+8 d —V)t>
2 2

w(x, 1) :=2(1— V)L‘e;q,r(

is a supersolution of (P),.. This is because w is harmonic in its positive set and w satisfies the free boundary motion

law
w; (x+8) (—yx x+§
Vx,tzm(x,t)>(1_V)<|Dlie;q,r|< > T 2 -8 c
by 5
Z|Dwl(x,n) =(L=y){ g\ 52 ) T 37
2e 8
X
Z [Dw]|(x, 1) —g<—)-
2e
(Here the second inequality is due to the fact that Lip g < 10and g > 1.)
Moreover

wir, 1) > 2(1 — y)Pq,r<("—+§),

- V)(t)> Z Py, in Q.

Since u2¢;q,,r, is the smallest supersolution of (P)2e which stays above Py, ,,, it follows that u¢,4, ,, < w and thus
(3.7) is proved.
4. Pick 79 > 0. Let xq be the furthest point of I}, (v) from I, ,, (fo) in Q1 N {t = fo}. We may assume that

C
do :=d(xo,1q,r(10)) > )(/n) ,

where C(n) is a large dimensional constant, to be determined. Due to the barrier argument in the proof of Lemma 2.4
in [6], if y < (10C (n))~L, then (x, o) is more than 10e away from the lateral boundary of Q1.
Due to (3.7), (3.6) and due to the fact that A.., , # ¥ for 0 < € < 1/2, for any € neighborhood of a point in
S= {x: do —20e < d(x, Ly r(to— IOe)) < do}

there exists zq in the zero set of uc,4 (-, fo), and therefore in the zero set of v (-, #p). Choose z such that d(zo, xo) €
(4e, 6¢).
By definition of v,

e g (- (1= )"t — 10€)) =0 in Byes0(Z0), (3.9)

where Zg :=zo — L5v.
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On the other hand, recall that u. a1 is a subsolution of (P)¢, and in particular a subharmonic function in x-

variable, away from [y, , (¢). Moreover uc.q, -, (-, fo) vanishes in {x: x - v > do + ritp}, and g;“_ql . (-, 19) < Ce on
lgq1,r (1) by (3.3). Consequently in the domain Q1 N {x: x -v = rit} N {t =19}

Ce

Ue;q1,r (x, (1- )/)71!0) < d_()(do - d(x,lql,rl (ZO)))+-

Thanks to Lemma 3.2, in the domain Q1 N{x: x - v > rit + 3e} N{t < 1p}.

_ Ce
e (x. (1=y)7'1) < d—o(do +3e —d(x,1g,.,)(1)), -

In particular
24Cy
C(n)

Note that Bige(Zo) is a subset of S. Now let us consider a barrier ¢ (x, t) defined in X' := Bjoc(Z0) X [t1, 0], 1 :=
(1 —y)~ (g — 10€) such that

Ueigrrm (1) < € in S x [ty — 2e, to]. (3.9)

—A¢(,0)=0 in Bioc(Zo — Br1)(0), (1) = {5 + (t —11),

24C .
¢(. 1) =ohe ondBioe(Zo),

¢, 1)=0 on 3By (1) (o).

If C(n) is chosen sufficiently large, then ¢ is a subsolution of (P). in X'. Egs. (3.8) and (3.9) would then yield
that uc. 4, r, (-, ) = 0 in Bge(Zp). But this is a contradiction to the fact that xo € I'; (v), since from our choice of Zj it
follows that v(-, #y) = 0 in By (xp). We have thus shown that (a) holds for r < 0.

6. Next we prove (a) for r > 0. If 0 < r < 2 then parallel argument as above applies to yield (a), thus let us consider
the case r > 2. Here arguing as in the proof of (3.3) yields that

Uegrrn (1) < Cre on{x: 0<d(x,ly (1)) <2e}, (3.10)

where C is the same dimensional constant as in (3.3).
Let xo be the furthest point in I"(ue;q,,r,) from Iy, - (t9), with

€
do =d(x0, g, r, (t0)) = "
Equipped with (3.10), we can argue as in step 5 to yield
Cre .
Ueigr (X, 1) < d—o(do +3e —d(x,lgy (1)), in{x:x-v=r}x{r<n)

We are now ready to yield a contradiction. Our barrier this time is

10e 10e
h(x,t):=Cry\do+3e—d(x,ly r) tO_T +C(r+2)y t—to—i—T .
+

h(x,t) is then a planar supersolution of (P)€ in

10e
Z‘::Qlﬁ{x:x~v>r1t}ﬂ{to——gtgto}.
r

Hence Theorem 2.6 applied to u¢. 4,/ and h yields that ue,q, ,, <hin X.
If y < (4C)~!, then the positive set of 4 does not reach x( by time #y: precisely

24 (h) C {x: d(x,lg, ) (t0) < do — 2€}.

Hence we reach a contradiction.
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7. As for the proof of (b), the case for r < 0 is shown in the proof of Proposition 2.9 (a) in [6]: the argument is indeed
similar to the proof of (a) for r < 0, with simplifications due to the fact that the corresponding sub-convolution v is
also a subsolution of (P)€ in Q1. For 0 < r < 2 a stronger version of (b) is Proposition 2.8(b) in [6]. Thus it remains
to consider the case r > 2. First observe that, if xo € I3 (U2¢;q,,r,) With d(x9,1y, r,(t)) > € then for a dimensional
constant C

Ude;qy,r, (-, 1) < Cre  in By (xp — 3ev). 3.11)

If not a barrier argument as in step 2 using Lemma 3.2(a) yields that xo € £2;(i2¢,g,,,), @ contradiction.
Pick o > 0. Suppose yq is the furthest point of I3, (#42¢,g,,r,) from I, (fp) in Q1 with

do = d(x0,lg,.r, (f0)) =

XR|m

As in (3.6) we have

1._ _ !
S22 (26, 20) 2 fleigrry (6 0,0 +T)in 501+ (=) (3.12)

when t > 0 and n € €Z" satisfies || < % and n - v > rt. It then follows from (3.11) and (3.12) that

Ue,gy,r, (-, 10) < Cre  on Bija(tov) N (lq,r(to) — (do + 36)1)). (3.13)
(3.13) and the fact that ut¢,g, r, (-, fo) is subharmonic yields that

Ue,gr,rn (- 10) < Crye in Bp3(tov) N{x: x - v =1ty — S€}.
Above equation and Lemma 3.2 says that for > #y

Ueqr(,10) < Crye in Byy7(tov) N{x: x - v = rat — 3€}. (3.14)

Now a barrier argument similar to that in step 6 would yield that

_ 1 1
Ueq,r (., o+ ;e) =0 only,, (fo + E€>

contradicting the fact that ¢, , # @ for0 <e < 4. O

€

Replacing the flatness constant M in Propositions 2.8 and 2.9 in [6] with ”

and 3.11 in [6] now reads as below.

in Lemma 3.4, Propositions 3.8

Proposition 3.5. (Propositions 3.8 and 3.11 in [6].) There exists dimensional constant C1 > 0 such that for any

nonzero vector g € R* and for r =r(q) # 0 the following is true:
Letusfix0 <y <land0<e <=

_I’l'

(a) Forri =2 (1 —y)randq <(1—y)q,

_ C1€
d(rt(“e;ql,rl)alql,n ®n Bl/4(0)) > _)/
C|E
fort > s

(b) Forr, < (1+y)randqx > (1+y)q,

C1€
d(n‘(ﬂe;qz,rz)a lqz,rz(t) N Bl/4(0)) > 7

fort >

Cie
Irly3

Remark 5. Note that by scaling argument it follows that (1 — a)r((1 4+ a)q) increases in a.
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Proposition 3.5 states that if the obstacle speed r; (r2) is too fast (slow) compared to the size of g1 (g2), then
the maximal subsolution (minimal supersolution) of (P). stays away from the obstacle. We will use the following
variation of Proposition 3.5 in our analysis in Section 4 (see Proposition 4.3).

Corollary 3.6. Let 0 < € < c(n) and C1 be the constant given in Proposition 3.5. Let u® solve (P)€ in X' :=2B_12(0) x
[—ae, 0], where

O :=m1n[ 3/5:|.
Irl’

@) If w)* < Pyyryin X and if

ro > (1 1/25) (( +61/25)q0)+26]/25

then

d(Lo((u%)™). Lg.re (0) N Beij24(0)) > C1e*¥/.
(b) Ifu¢ > Py, in X and if
ro < (1 +€1/25)r((1 . 61/25)610) —2el/%5,
then

d(Io(u), lgy.re (0) N B€1/2/4(O)) > C1e24/%,

Proof. We only prove (a), since parallel arguments hold for (b).
Choose & € €Z" such that |§ — racv| < 2¢, (§E —rae) - v <0.v=gqo/|qol. Define

i€ (x, 1) = e 2u (€2 (x — £), €2t — o).

Then (u€)* is a subsolution of (P)¢ Pin 5= B10(0) x [0, ace Y2 with (a€)* < Pyy.ro- Note that ON{0 <t < o}
is contained in X. Hence by definition of i as the maximal subsolution above P, , in O we obtain
(ﬁe)* SQ7RYR -40:70 in X.
Therefore if | ((14€'/%)go)| > €'/%, then (a) follows from Proposition 3.5 with € replaced by € 172 and y = €V/%.

If |r((1 + €/ )q0)| < €!/25 then by our hypothesis in (a) it follows that |rg| > €Y% and one can apply Proposi-
tion 3.5 with gg replaced by g = ago with which

ro = (1 — EI/ZS)F((I +61/25) )

Since r(q) increases in |g|, we have « > 1. It follows that u€ < P;

.ro in 2. Thus one can apply Proposition 3.2 with
e replaced by €!/2 and y = €'/ and use the fact that

(@) <igpz, inX

to derive the conclusion. O

Below we sketch a formal argument to prove (1.1). Suppose u€ and u respectively solve (P)¢ and (P) with same
initial data u¢. Suppose we can perturb u to construct a new function w; which satisfies the following:

(i) d(I;(w), I;(u)) < €'/70 for 1 >0.
(i1) wq satisfies (P) with r(Du) replaced by
(1—€"2)r((1 +€'2)Dwy) + /7. (3.15)

(i) u€(-,0) < w;(-,0) and u® < w; for x € K.
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Now assume that I" (u€) touches I" (wq) for the first time at Py = (x, tp). Then g > 0 and u€ < wy in Q N{t < 1p}.
Let

(wy)
a=Duwi(P),  r= D;}] (Py). (3.16)
Note that, due to (3.15),
ro = (1—€/®)r((1+€"%)qo) +€"/%. 3.17)

Let £ be a space-time translate of Py ,, such that Iy, ,, + & touches Py. If one can show that u€ < Py, , + & in €!/2-

neighborhood of Py, then a contradiction would follow due to Corollary 3.6, yielding u€ < w;. A parallel argument
applies to constructing a perturbation function wy which will bound u€ from below. Once we obtain wy < u€ < wy
with

d(Ii(wi), T (u€)) <€V fort >0, k=1,2,

(1.1) follows.

In Sections 4, 5 we show a rigorous version of above formal argument to prove (1.1). The challenge is to find correct
perturbations wy, wy of u and to find g and rg for which (3.17) is satisfied and u€ < Py, ,, + & in el/ 2-neighborhood
of Pp. (Note that (3.16) would not apply to nonsmooth wy.)

4. Statement of main result

1/30

Let u be a solution of (P) in Q with initial data uq, and fix 7y > € and € > 0. In the domain

Q= (R" — K.) x [61/30,6_1/300], Ke:= (1 +61/70+261/30)K
we define

(e, 1) = u((14+ €70 7, (14 €70 71 (1= €/ 419), 4.1)
and the inf-convolutions

vi(x,t) = inf u1(y, 1), 4.2)

YEB 1/30_,1/27,(x)
and

wi(x, 1) = inf v1(y,s). 4.3)
(y,s)egi’;/*}{; (1)

Then w is a viscosity supersolution of
—Aw; =0 in {w; > 0},
V=(1—€eVr 1+ YDw) + €27 on I'(w)
in Q.

The convoluted functions vy and w; is introduced to improve the free boundary regularity of u;: any free boundary
point (xg, fo) € I"(w1) has both an exterior space—time ball and an exterior space ball, lying in the zero set of w; and
touching (xg, #9) (or xo) on their boundaries.

Similarly in the domain

Qe — (Rn_K)X[61/30’671/300], k€:(1+261/30)K
we define
ur (e, 1) = u((1—€/79) i, (1= €/70) 7 (1 4 €/90)s 1)), (4.4)

and
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v(x,t) = sup uz(y, ),
y€B,1/30_1/27,(x)
wa(x, 1) = sup v2(y, s).

1
9B (.0

Then w is a viscosity subsolution of

{—Aw2=0 in 2 (wy),
V=>14e0r((1=€e"Dwy) —€'/27 on I'(wy)

in Q., with interior ball properties at the free boundary.
Suppose that there exist constants €30 Lo, 11 < 00, respectively given in (4.1) and (4.4), and T > 0 such that the
corresponding w» and w; satisfy

(H1) wa(x,0) <u(x,17) <wi(x,0).
and forallt >0
H2) u¢(x,t+71) <wi(x,t) forx € Ko, wp(x, 1) <u€(x,t+71)forx e K.

Theorem 4.1. Suppose u and u€ satisfies (H1), (H2) with some ty, t; and t. Then
wa(x, ) <u(x,t+1)<wilx,t) in Q..
Suppose £2(ug) C Br(0). From a barrier argument with radially symmetric solutions of (P), using the fact that
r(|Dul) € [|Du| — 2, |Du| — 1], it follows that
Bpg,(0) C $2;(u) C Bg,(0) fort >0, (4.5)
where R; depends on n and ug. In particular R; is given as the maximum of a dimensional constant and R.
Corollary 4.2. Suppose u solves (P) and u€ solves (P)€, with initial data ug. Also suppose §2(ug) C Br(0) and one of

the conditions (A)—(C) holds. Then for any T > 0, there exist positive constants €y = €(n, ug, T) and Co = C(n, R)
such that for 0 < € < €

d((x, 1), ' (u)) < Coe'™  for (x,1) € ['(u) N[O, T1. (4.6)

Proof. 1. First suppose that (A) holds. Since §2 is star-shaped with respect to B,-(0), it follows that for 0 < ¢ < ¢y =
eo(r) and fortg =7 =1, = €1/30

R0(wy) € 2, (u€) € 2o(w). 4.7
Due to (4.5) and barrier arguments with radially symmetric harmonic functions it follows that
|Du|(-,t) ~C(n,ug) forxeK. 4.8)

Therefore, for sufficiently small € depending on n and ug, (H2) holds. In particular maximum principle for harmonic
functions yield (H1) due to (4.7) and (H2). Hence if € is chosen sufficiently small that 7 < ¢ ~1/3% then Theorem 4.1
yields (4.6) with

Co=C(n) sup |x|.
(x,1)e2(u)

Due (4.5), Co = C(n, R).
2. Next suppose that (B) holds. Then the free boundary velocity is strictly positive at ¢+ = 0. Since I is locally
Lipschitz, by a barrier argument one can check that there exists €'/30 =7y < 7, 1; = O(¢!/70) satisfying

£2o(wz) C £2¢(u) C L2o(wy)
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Fig. 3.

if € > 0 is sufficiently small depending on ug. The rest of argument is the same as in the case of (A). Parallel argument
applies to the case (C), for which the free boundary velocity is strictly negative at t =0. O
e)*

Proof of Theorem 4.1. Suppose our theorem is false. Then either (1€)* crosses w; from below or u€ crosses w; from

above in finite time. Suppose the former, that is

0 <o =sup{r: 2,((u)") < 2:(w1)} < o0.

For simplicity we denote (u€)* by u€ in the rest of the proof.

Suppose 5_2,0 (u€) is a compact subset of £2(w;) — K. Since u¢ < w; on K, and (u€ — wy)(:, tp) is subharmonic in
£24, () — K¢, it follows from the maximum principle for harmonic functions that u€(-, 1) < wy(-, ¢) in £2;,(u€), and
thus u€ (-, o) < w1 (-, fp). Due to the lower semicontinuity of w; — u€, then for a small time period after #y the supports
of u€ and w stays strictly ordered and thus u€ (-, t) < wy (-, t), contradicting the definition of 7.

On the other hand suppose u€(xo, fo) > 0 at some xg € I, (w). By construction, there exists a space—time ball
B of radius €'/39 such that

&= {x,0: |x —y| < €' for some (y,1) € BTV}

lies in the zero set of w; and touches (xp, #p) on its boundary (see Fig. 3). A barrier argument based on this set, similar
to the one given in the proof of Lemma 2.8(b), leads to a contradiction.

From above discussion we conclude that at r = 79 we have §2;, (u¢) C $2;,(w1), u¢ =0 on I, (w1), and there exists
Py := (po, to) such that po = I, (u®) N I';,(w1). In particular due to (H2) u€ < wy for ¢ < 1.

Next we investigate the geometry of I"(w) at the contact point Py. By definition of wy, the set £2(w) lies outside

1 1
Bl(n+ ) . BE(’I’l/‘;‘O)(Pl) 4.9)

with Py = (py1,t1) € I'(vy), touching I'(w;) at Py (see Fig. 2). On the other hand £2(u) has an interior space ball
By := Bej30_c1/6,, (P1) touching I"(u1) at P = (p2, t1). We rotate the coordinates such that

Py— P =(die1,—dr) e R" xR, whered; >0ande; =(1,0,...,0).

P1 — P; is then also parallel to e;. Observe that, if I"(w;) were smooth, d»/d; equals the (outward) normal velocity

of I'(wy) at Py. Barrier arguments with radially symmetric barrier in 231("+1) — Bf"'H), as in the proof of Theorem
2.2 in [4], yields that

d
di#0 and —>-2.
d
(Formally speaking d; # 0 since otherwise I"(w;) would have infinite normal velocity at Py: but this is impossible
because | Dw| stays finite on I"(w1) due to the exterior ball property.)
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Fig. 4.

Let us define

ro = d—2 €[—-2,00) and ¢qo=mey,
d
where
m—  min uy(x + p2, tr)
xeW, x;=el/10 €l/10
and

W= {x: x1:=x-e1 20, |[x —x1e1] < (1 —61/70)|)C|}

(see Fig. 4).
We will prove, in the next section, the following proposition:

Proposition 4.3. For 0 <€ < c(n) let g1 = (1 + el/SO)qo. Then
(us)* < Pyrg+ Po+ 629/3061 in B.12(x0) X (ty — o, to),
where ¢ is as given in Corollary 3.6 and

ro > (1 _61/6O)r((1 +€1/60)Q1) +2€1/25'

If above proposition is true, then due to Corollary 3.6 and Remark 5
d(ﬂo((ue)*), xo) > Ce24/25 _ 29130,
where C| is a dimensional constant. Hence for 0 < € < c¢(n),
C
AT () ) x0) = S,

which contradicts the fact that xo € I, ((u€)*).
Parallel argument holds for the case u€ crossing w; from above. 0O

5. Proof of Proposition 4.3
It remains to show Proposition 4.3. We begin with the following lemma.

Lemma 5.1.
ro > (1 —61/60)1’((1 +€1/65)Q()) +€1/27
for0<e<cn).

1015
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Proof. Recall that u| satisfies the free boundary motion law
V> (1—€e/)r((1+€/°)Duy) on I'(uy)

in the viscosity sense. As mentioned in the previous section, §2;, (11) has an interior space ball B, 130_e1/274 (Py)

touching p> € Iy, (u1). Therefore one can also find a space ball B of radius €!/13 in £24 (u1) touching p». In fact from
4.2), (4.3)

O C 2(uy),
where O is a “flat” space—time ball-like set given by
0= {(x, 0 x —y| <e'P%— €27t for some y € B]("'H)},

where Bl(”H) is as given in (4.9) (see Fig. 5).
Let

C(t)=a(r)B,

where a(t) = sup{s: sB x {r} C O} and

1
= | (cm — 5cm) x {t},

H—0<t<y

where § is small and to be determined. We now construct ¢ (x, t) in X as follows:

—A¢(-,1)=0 inC@t) — (1—e1%¢),
oG, 1)=(1—eme/1 >0 on (1 —e/193C@),
$C¢,1)=0 on aC(¢).
Then we have
IDBI(P2) = (1 — Ce/ 1071/, Ig;&l (P) =ro— €'/,

Note that

S={(x+p2.1): x1 =e]/10} NB

is a set of width /10

in eq-direction and of width
Cel/2041/26 < 6/10 for0 <€ < c(n)
in other directions, and S C W + p,. Hence

b 0)=1—eme' <ui(,t) onSx [t —8, 1,
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Fig. 6.

if § is chosen sufficiently small, first at # = #; by definition of m, and then for other times by lower semi-continuity
of u. Moreover X' is a subset of £2(u1) by construction. Therefore by maximum principle of harmonic functions

¢ <up in{x+ po: xléél/lo}ﬂgx[fl—&ll],

and in particular u; — ¢ has a local minimum zero at P,.
Using the definition of viscosity supersolution, if € is sufficiently small,

_ &
D9

o (P2) + €27 > (1= €/)r((14€"/7°) D@ () + €'/

(1- 61/60)},((1 +€1/70)(1 _ 63/130)410) Ll

=
> (1—61/60)}"((1+€1/65)6]0)+61/27. O

Our next goal is to construct a barrier which bounds w; from above and lies below (a perturbation of) Py, ,, + Po.
Such barrier will be constructed by small increments, starting from investigation of u; at p;.
By definition of m, there exists yo € W N {x: x; = 61/]0} + p» such that

u1(yo, 11) = me'/19,

By definition of v; we then have
viGe, 1) <me''% in Dy =B, (30)- (5.1)

Recall that 2, (vi) has an exterior ball Beio_giy21y (p2) touching py € Iy (vi). Thus £2; (vy) also has an exterior
spatial ball D = B.1/304(X) touching pi.

Since yo —x2 =€/ + o with - e1 =0, || <€¥70,a straightforward calculation yields that
3Dy is outside (1 + 4€'/1> —€*/15)D. (5.2)
(See Fig. 6.)

Let A (x) be the harmonic function in the ring domain
I1 = (1 +4e!/15 62/15)5 -D
with boundary data
h=me'/1% on (1+461/15—62/15)8ﬁ, h=0 ondD.

Then |Dh| = m(1 4+ Ce'/13) on 3 D: in fact from the explicit formula for radially symmetric harmonic functions it
follows that |Dh| < m(1 + Ce'/15) in IT.
Due to (5.1) and (5.2), for 0 < € < ¢(n) vi (-, ;) < me'/1% < h on the outer boundary of I7, and thus

vi(-,11) <h onll (5.3)
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Fig. 7.

Next we construct a barrier for wi, using the information gathered from above. Let us construct the space—time
ring domain

c= |J (@+awer)x {1}
to—ae <t

where

a(t) > 0,7 (1) = (a(er.t —11) € 1B (0).
In particular a(t) € Cc?, a(tp) =dy and @’ (ty) = —ro (see Fig. 7).

Now define ¢(x, t) = h(x — a(t)e,) in C. Then by definition of w; and (5.3)

wi(x, ) <vi(x —a(e,, 1) <elx, 1) inC. (5.4)

Finally we bound ¢ from above by Py, ,,(x,?) + Py. Note that I5(¢) is a sphere of radius €!/39 /4. This fact and

the twice differentiability of a(z) yields that, in B,1/2(xo) x [to — €'/2,10], I} (¢) is in €' ~1/30-neighborhood of its
space—time tangent plane at (xo, o), which is I, , () + Py. Since |Dh| < m(1 + Cel/3) in I, so is |Dg| in C.
Therefore

o < (1 + GI/SO)P,IOJO + Py + 629/3061 in B.12(xp) X [t() — 61/2, t()]. (5.5)

Recall that we have (1€)* < wy for f < #. This and (5.4), (5.5) proves our proposition.

6. Remarks on an expanding free boundary problem

As stated in Corollary 3.6, for problem (P)€ and (P) our error estimate is only obtained for the class of initial data
(A)—(C). This is because uniqueness does not hold for solutions of (P) with general initial data.

Below we show that stronger result holds for problems with expanding free boundaries.

Let ug, 2, K, g and I the same as in the introduction, and let u(x, ¢) solve

—Au(,t)=0 in2;,(u) — K,
(P2)* V =g(£)|Du¢| on I (u),
u¢ =1 on K,

in Q = (R" — K) x (0, oo) with initial data u(. The following result was recently shown in [5] and [7]:

Theorem 6.1. (See [5,7].) Let u¢ be a viscosity solution of (P2). with initial data ug. In addition suppose that I
is C1. Then u¢ locally uniformly converges to the unique viscosity solution of

—Au(-,t)=0 in $2;(u) — K,
(P2) V=)' 1Dul on T (w),
u=1 on K

in Q with initial data ugy. Here (h) denotes the average of h, i.e., f[o 1 h(x)dx.

Parallel analysis as in Sections 3-5, yields the following:
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Proposition 6.2. Proposition 3.5 holds for u and u€, respectively solving (P2) and (P2)€.

Corollary 6.3. If I is C', then for sufficiently small € > 0 depending on I
d((x, 1), T ) <€ for (x,1) e I'(u).

Proof. Since I is C' and ug is harmonic in £29 with ug = 1 on K, one can conclude that
u(—dep,0) c
d
Hence by a barrier argument, one can check that for sufficiently small # > O the set I}(u) lies outside /8-
neighborhood and inside 77/8-neighborhood of £2¢(x).

It follows that for sufficiently small € > 0, (H1) and (H2) in Proposition 3.5 is satisfied with 7y = el/30 7 =¢l/30
andp =2¢/80,

[a'/®,a='/®] for smalld > 0.
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