Available online at www.sciencedirect.com

ScienceDirect

ANNALES
DE LINSTITUT
HENRI
POINCARE

ANALYSE
NON LINEAIRE

" 3
ELSEVIER Ann. L. H. Poincaré — AN 26 (2009) 1049-1054

www.elsevier.com/locate/anihpc

Erratum

Erratum to: “Multiple critical points of perturbed symmetric strongly
indefinite functionals™
[http://dx.doi.org/10.1016/j.anihpc.2008.06.002]

Denis Bonheure **!, Miguel Ramos *>

& Université libre de Bruxelles, Département de Mathématique, U.L.B., CP214, Boulevard du Triomphe, 1050 Bruxelles, Belgium
b University of Lisbon, CMAF — Faculty of Science, Av. Prof. Gama Pinto 2, 1649-003 Lisboa, Portugal

Received 21 October 2008; accepted 14 January 2009
Available online 17 March 2009

Abstract

We correct the statement and the proof of Proposition 9 in [D. Bonheure, M. Ramos, Multiple critical points of perturbed
symmetric strongly indefinite functionals, http://dx.doi.org/10.1016/j.anihpc.2008.06.002].
© 2008 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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The proof of [1, Proposition 9] is incorrect. We weaken the statement of this proposition and present a proof of
it. The weaker statement however is enough for the purposes of [1]. We use the notation and assumptions introduced
in [1].

Let I* : E — R be the functional associated to the problem

—Au=1v/?%%v ing,

—AU=|M|p_2M in Q, (1 1)
u=20 on ds2,
v=0 on d52.

Consider the associated reduced functional

J*(a)::l*(a+ ;,a—tﬁ;):: max I*(a+ v, a— ). (1.2)
VeH) ()
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Recall that if « is a critical point of J* then

—2Aa = f(u}) + g(v}), (1.3)
where u, ;= a + ¥, v ;= — ¥ and ¥ is the unique solution of the following equation in Hj (£2):
—204 5y =g(vy) — f(u). (1.4)

Denote by m*(«) the augmented Morse index of the critical point & with respect to J*, i.e. the number of non-positive
eigenvalues of the quadratic form (J*)" ().
We will be interested in special critical points constructed via a min-max argument. To that purpose, we introduce
the following notations. Let us write
1 1
H:=Hy(2)=E®E,

where, for each k € Ny, Ej is spanned by the first k£ eigenfunctions of the Laplacian operator in H(} (£2). Arguing as
in [1, Lemma 3], we can provide a large constant R; > 0 such that J*(«) < O for every o € Ej, satisfying ||«| > Ry.
Let

Gy := {0 € C(Bg,(0) N Ex; H) | o(—) = —0 (@) Yo € H, 0}y, 0k, = 1d}

and define the minimax levels

bi:= inf max{J*(c(a)): @ € Bg,(0) N Ex}. (1.5)

oeGy

We next derive a bound on by.

Proposition 9. Assume 2 < p < g < 2*. There exist C > 0 and ko € Ng such that for every k > ko,

(I—5-0%

k<Ch, "7

Proof. For the sake of clarity we divide the proof in several steps.
Step 1. According to (1.3) and (1.4), if « is a critical point of J*, m*(«) is the number of eigenvalues p < 1 of the
problem

2080 =pn(f' (ul)@+¢)+g (Vi) —9), ¢eH2), (1.6)
where ¢ € HO1 (£2) solves
—2A¢p=g'(v2) (@ — ) — f'(u}) (@ + ). (1.7)

By denoting V = (f'(u}) + g'(v2))/2 and W = (f'(u}) — g’ (v}))/2, we can rephrase (1.6)—(1.7) by
—Ap=puVo+W¢) and (—A+V)p=—-Wo.

Hence, m™(«) is the number of eigenvalues u < 1 of the problem
~Ap=uTy, ¢eH (),

where T is the compact operator
T:=V-WE=A+V)'w.

Since the operator W(—A + V)“'W is positive, we have that m™* («) < mf,(oz), where the latter quantity denotes the
number of eigenvalues p < 1 of the problem

—Ap=pV(x)p, ¢€Hy(Q).

According to a well-known estimate obtained in [2,3,5] (see e.g. [6] for a proof), we have that

m (@) gc/v(x)’\’/2 (1.8)



D. Bonheure, M. Ramos / Ann. I. H. Poincaré — AN 26 (2009) 1049-1054 1051

for some universal constant C > 0. Going back to the original system —Au = |v|9™2v, —Av = |u|P~2u, we observe
that [ |uf|P = [|v}| and

ra =)= (50 [l + (5= 0) [l
~(1=5-7) [l
P q
_ (1_1_1>/|v;|q.
P q

By using this and by applying Holder inequality in (1.8) we get that
m* (@) < C(J*(@)P=2N/2P 4 j*(@)4=DN/9), (1.9)

We will next refine this estimate by introducing a free parameter.
Step 2. For any A > 0, define

*
T3 (@) = I*(Aa+1ﬁ;_)\,a— ;A> 1={hn€a§1*<)»a+1ﬁ,a— %)

so that J{"(a) = J*(a). Arguing as in step 1, we can check that if « is a critical point of J;* then the corresponding
Morse index m} () is given by the number of eigenvalues u < 1 of the problem

—Ap=puThp, ¢€Hy(R),
where T), is the compact operator

Ty = Vi — Wa(=A + V)" Wy,

with V; = %(Af/(uz) +g'(v)/1) and Wy, = %(f/(u;’j) —g'(v%)/A?). Here, of course, u’ := Ay vg = — WK’A .
Then, similarly to (1.8)—(1.9), we get that
J*()@=D/a\N/2
m} (@) < c((u;(oz)@2>/1’)’V/2 + <%) ) (1.10)
Step 3. As a further preliminary step in our proof, we introduce the map
A1 r—1

Q)L(O() = TOC + Tlﬁ;*”
We claim that 6, : H — H is an odd homeomorphism such that

J30; @) < (@), YaeH. (1.11)

We can already assume that A # 1, otherwise our statement is obvious. Observe that given § € H it is possible to find
an unique « € H such that

2A AL+ 1)
* p— J—
Vor=57F =51
Indeed, using the definition of w; 5.» this means that we must solve the equation in H:
2Ak+1A . —4AAﬂ 2A 2 8) + s —2A n 2A 5
1T A S P 10T

and, clearly, this problem has a unique solution o € H for any given 8 € H. As for (1.11), given « € H, let 8 =
6, ' (@). Then @ = 65 (8) and

(B = 1*(/\ﬂ+¢ﬂ,x, - %) =I"(a+g,a—¢) <J (),

where ¢ := A8 + g 5 — o and we have used the definition of J" in the last inequality.
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Step 4. We now describe the following min-max construction. By using Fatou’s lemma, we easily see that for any
finite dimensional subspace Y of H, J;f () — —oo as ||a|| — oo, @ € Y. From now on, we denote by Q% a large ball
Q= Bgr(0) N Ex and

00} ={acEx llall =R},  S={aecHL,: o] =p}.

The constant p = pi is defined in the following way: from now on we restrict ourselves to a fixed interval A €
[A*, +oo[ with 0 < A* < 1; then it is possible to fix p € ]0, Ry[ in such a way that

. «f 2 2
inf{ I ——a, ——a ): eSSt >0. (1.12)
A+l A+1

We stress that p does not depend on A. The positive constant R,i‘ is taken large enough so that J;*(a) < 0 for every
a € E such that ||« > R£ and we choose R,l = Ry. By possibly taking a larger R,é, we also require that

||6’;1(a)H>,0, VaeE)Q,}(‘. (1.13)
Finally, we require that R,? > R,l for every A € [A*, +00].

Given A C H, we say that A and S link if:

(i) A is compact and symmetric;
(i) A contains a subset B which is odd homeomorphic to 9 Q% and supp J; <0;
>iii) y(A) NS # @ for every odd and continuous map y : A — H such that y|g = Id. Accordingly, we denote

Ay :={A C H: A and S link}
and

* . *
c; ;= inf supJ,.
)L Ac Ay Ap >
The class A; contains the set Qz, since p < R,)(‘. ‘We also observe that ci > 0. Indeed, by definition, we have
c; > infg J;* while, using the very definition of J * foreveryw € H,

© 2 2
ey > ratoa—2) = 2o 22 y).
(@) <“+‘”“ ,\> (x+1“ 1

_a(1=n)

where ¢ := Ed and our claim follows from (1.12).

Now, it is standard that there exists a critical point e of J;* at level ¢} satisfying m (a;) > k.
It then follows from (1.9) that

#)(g=2/g\ N/2
k<c<(x(c;)(”‘2)/”)N/2+ (W) ) (1.14)

This estimate holds uniformly in A and in k, provided A is bounded away from zero. In our final step below we prove
that, for every A,

< by (1.15)

1_1
By inserting (1.15) in the inequality (1.14) with A := b/ “ completes then the proof of Proposition 9. We stress that

indeed by > 1 for every large k € N.
Step 5. In order to prove (1.15), given ¢ > 0, let o € Gy be such that supU(Q}c) Jl* < by + €; we recall that Qi =

Bpi (0) N Ex = Bg, (0) N Ex. Since R} < R}, we can extend o to O} by setting

5@ = [ 7@ ifa € 0},
7T e ifae 0l 0L
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Let A :=6; '(5(Q})). We claim that A € A;. Indeed, by letting B :=6; '(5(30})) = 6, (90}), thanks to (1.11)
we see that

supJy < sup J{=supJ] <0
B 500} 30}

since R,ﬁ > R,l. On the other hand, let y : A — H be any odd and continuous map such that y («) = « for all o €
6,1 (30}). Define

U:={ac i |y (G@))] <p}-

This is a bounded, symmetric neighborhood of the origin in E}. According to the Borsuk—Ulam theorem, there exists
o € oU such that y (B) € E,ﬁ;l, with 8 := ;1(6(01)). Of course we have ||y (B)] < p. Now, if o € BQI)(‘ then y (B8) =

9;1(05) and so ||y (B)Il > p, see (1.13). Thus « ¢ 8Q2 and therefore ||y (8)|| = p. In conclusion, y(B8) € y(A) N S.
This proves the required linking property and shows that A € A, . As a consequence,

* *
¢y < sgp Jy.

But, again by (1.11) and the fact that R,}C‘ > R,i we have that

supJy = sup JF< sup JJ= sup Ji= sup JJ.
A NG 50} (@N\0HUs (0) o(0h)

In conclusion,
i <br+e, Vex>0,

and this establishes (1.15). O

The proof of [1, Theorem 1] follows easily from Proposition 9. [1, Claim 2 of Theorem 1] has to be adapted to the
new statement of Proposition 9. We include the details for completeness.
We denote again by Ej the eigenspace associated to the first k eigenfunctions of the Laplacian operator in HOl (£2)

and we fix a large constant ﬁk > 0 such that J (o) < O for every @ € Ej satisfying ||| > Iék. Let
Gy = {o € C(Bﬁk(O) N Ey; Hol(fz)) | o(—a)=—0o(a), a|aB,§k(0) NE, = Id},
and define the minimax levels

by = in(lg max{f(cr(oz)): o€ Bkk(O)ﬂEk}. (1.16)
k

(XS

Proof of [1, Theorem 1]. Assume by contradiction that J does not admit an unbounded sequence of critical values.
Let (by )« be the sequence of minimax levels of J defined by (1.16).

Claim 1. There exist C, ko > 0 such that for all k > k,

by < CkP/(P=D, (1.17)
The claim follows exactly as in [4, Prop. 10.46].

Claim 2. There exist C' > 0 and k, > 0 such that for all k > k;,

l;k > C'k2P4/N(pg—p—q) (1.18)
Let us fix a small ¢ > 0 in such a way that the functional

I(u,v)= /((w, Vv) —cF(u) — cG(v))
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is such that 7 — I is bounded from below in HOl (£2) x HOl (£2). We also consider the associated reduced functional J
defined by

J(@) =T+, a— )= max [(a+y,a—1)
VeH;(2)

and the corresponding minimax numbers

l;k := inf max{f(o(ot)): o€ Bﬁk(O)ﬂEk},

oeGy

where taking Rk = Rk larger if necessary, we can assume that J () <0 for every @ € Ej satisfying ||| > Ry. Clearly,
the sequence by — by is bounded from below. According to Proposition 9, we have that k2P4/N(Pa=p=4) < Chy, so
that the claim follows.

The conclusion easily follows. O
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