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Abstract

‘We prove an isoperimetric inequality of the Rayleigh—Faber—Krahn type for a nonlinear generalization of the first twisted Dirich-
let eigenvalue, defined by
IVullLr(2)

AP9(2) = inf{
lvllLa ()

 v£0, ve Wy (9), /|u|‘1—2udx=o}.
2

More precisely, we show that the minimizer among sets of given volume is the union of two equal balls.
© 2011 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

On montre une inégalité isopérimétrique du type Rayleigh—Faber—Krahn pour une généralisation non-linéaire de la premiere
valeur propre de Dirichlet torsadée, définie par
IVvllLr(2)

AP4(2) = inf{
lvllLe(2)

0, ve Wy P (92), /|v|q_2vdx=0}.
2

Plus précisément, on montre que le minimum parmi les ensembles de volume donné est I’'union de deux boules égales.
© 2011 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In this note we study a generalized version of the so-called twisted Dirichlet eigenvalue problem. More precisely,
for £2 an open bounded subset of RY we set

IVllLr(2)

AP9(Q) = inf{
vl La(s2)

L v£0, ve WP (), /|v|q_2vdx=0}. (1.1)
2
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Among the sets 2 with fixed volume, we are interested in characterizing those which minimize A”-4($2). In other
words we look for an isoperimetric inequality of Rayleigh—Faber—Krahn type. This kind of inequality is related to
the optimization of the first eigenvalue for the Dirichlet problem associated to nonlinear operators in divergence form
and has been widely studied for functionals that do not involve mean constraints. In such cases a rearrangement
technique proves that the minimizing set is a ball and several results concerning its stability are also available (see
for instance [23,21,15]). When mean type constraints are considered together with the Dirichlet boundary condition
in an eigenvalue problem, the optimization problem becomes more difficult, since one is lead to deal with non-local
problems. Due to the fact that an eigenfunction for A”-7(£2) is forced to change sign inside §2, and hence has at least
two nodal domains, one cannot expect in general to have a radial optimizer.

The adjective twisted was introduced by Barbosa and Bérard in [1], in the study of spectral properties of the second
variation of a constant mean curvature immersion of a Riemannian manifold. In that framework a Dirichlet eigenvalue
problem arose naturally with a vanishing mean constraint. The condition on the mean value comes from the fact that
the variations under consideration preserve some balance of volume.

Further results in this direction can be found in the paper of Freitas and Henrot [14], where, dealing with the linear
case, the authors solved the shape optimization problem for the first twisted Dirichlet eigenvalue. In particular they
considered A>2(£2), and they proved that the only optimal shape is given by a pair of balls of equal measure. The
one-dimensional case has also attracted much interest. In [6], Dacorogna, Gangbo and Subia studied the following
generalization of the Wirtinger inequality

el La—1,1))

1
/
inf{w, we Wy (—1,1)\ {0}, f|u|q_2udx=0} (1.2)
1

for p, g > 1 proving that the optimizer is an odd function. Moreover they explained the connection between the value
of AP-P'((—1, 1)), where p = %, and an isoperimetric inequality. Indeed, let A C R? whose boundary is a simple

closed curve t € [—1, 1] — (x(2), y(t)) withx, y € W(}’p((—l, 1)). Let
1

L(3A) = / (X’ O + |y ®]")

-1

<=

dt

and

1

1
M(4) =3 / Y ®x @) — y(0)x'(1)]dr.

-1

Then L?(3A) — 4)»””/((—1, 1))M(A) > 0. The case of equality holds if and only if A = {(x,y) € R*: |x|”, +
| ylp/ = 1}, up to a translation and a dilation.

Several other results are available in the one-dimensional case, see for instance [5,4,2,19,11] and the references
therein for further details.

Our aim here, as in [14], is to prove that the optimal shape for A”*7(£2) is a pair of equal balls. The main result can
be stated as follows.

Theorem 1. Let 2 be an open bounded subset of RN . Then, for

l<g< s b ifl<p<N
l<p<oo and 1=P =N_p p=

1 <qg < oo, ifp>=N

(1.3)

we have
APA(2) =2 AP 9 (B U By),

where By and Bj are disjoint balls of measure |§2|/2.
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The rest of the paper is devoted to the proof of Theorem 1 and it is divided into two steps. In the first one, using
the symmetrization technique, we show that it is enough to minimize the functional 1”9 on sets given by the union
of two disjoint balls By and B> (not necessarily equal) and to identify the minimizing pairs. Moreover we write the
Euler equation for a minimizer u of A?9(B1 U B,), proving that the Lagrange multiplier associated to the constraint

f el =
2

is zero (cf. Theorem 6).

The second step, which consists in showing that the two optimal balls have to be equal, is more subtle. In the case
p = g =2 solved in [14], the proof is based on the explicit formula for the (radial) solutions to the Euler equation
of the functional and on fine properties of the zeroes of Bessel functions. Here we use a more geometric argument
obtaining as a byproduct a simpler proof of the results of Freitas and Henrot. More precisely A79 (B U B,) is attained
at a function u = uy xp, — u2xB,, with u1 and u» radial positive functions. If we look at A7 (B| U B,) as a function
of sets we obtain the following optimality condition from the domain derivative (cf. Theorem 8):

duy

vy |

duq

81)1

On the other hand, the divergence theorem applied to the Euler equation gives that

p—1

9
2 9Bl

vy

This, combined with the previous condition, implies that B and B> have the same measure.

duy |7

0B| =
o, [0B]|

2. The first generalized twisted eigenvalue

We start our study proving that the value 179 (£2) is attained for any choice of a bounded open set 2 C RV

Lemma 2. Assume (1.3). Then AP4(82) > 0 and there exists a bounded function u € WO1 P (§2) such that

Vv
)\p,q(g)_ ” M“LI’(Q) f|u|q Zudx_
el La (52

Proof. Let

1
Hi () = [ Vll} ) - ([W(fz)]” + ;) 10174 a2

with n € N, and

G(U)=/|v|‘7_2vdx
2

By definition of infimum, for every n there exists u,, such that

/|un|q—2u,, dx =0, Hi (up) <O.

Without loss of generality we can assume that ||Vuy,|| Lr(2) = 1. By Poincaré inequality, [|u, || y1.»(g) is uniformly

bounded. Since p > 1, up to a subsequence, u, converges weakly to some u € Wé "P(£2). By hypotheses (1.3) on p
and g, u, — v in L7(£2) and then

/ lulf2udx =0
2
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This implies that

||Vu||ip(g) - [)Lp,q(g)] ||u||Lq(Q) 0.

By definition of A”4(£2), necessarily we have

IVull? oy — [A24 )] ull? 4 o) = O.
(£2) (£2)

To prove that u 7% 0 and A”-9($2) > 0, it is sufficient to pass to the limit in H), (u,) < 0 to get

LS AP ] 1l g )
We are now going to prove that u is bounded. For ¢, 6 € C§°(£2), let

P

<D(e,t):/|Vudx+5V¢+tV0|pdx—[A”’q(Q)]p[/|u+£go+t0|qu:|q

Let 0 be such that

(g — 1)/ ul920dx =1,

if such 6 does not exist one would have |u|?~ —2 = 0 which is a contradiction. Then, set

Y(e, 1) = / lu~+e@+10|197%(u +ep +10) dx.

The hypotheses on 6 imply that ¥, (0, 0) = 1. By the implicit function theorem applied to i, there exists a function t
such that ¥ (g, 7(¢)) = 0 and 7/(0) = —,(0, 0). Since (0, 0) is a minimizer for @, we deduce that

@:(0,0) + @,(0,0)7'(0) = @,(0,0) — @,(0,0)1(0,0) =0. (2.1)

By explicit calculations we have

®.(0,0) = /|Vu|p 2Vu - V(pdx—[kpq(ﬂ) p||u||Lq(_Q)/|u|q updx;

@, (0, 0):pf|w|/’ 2Vu - Vodx — [3P1(2)]" p||u||Lq(Q)/|u|q_2u9dx;
2 2

V0.0 =g =1 [ " Zpax
Q
Eq. (2.1) is indeed equivalent to
/|Vu|p *Vu-Vodx — [)‘pq(‘Q)] lJul Lq(Q)/|u|q_2mpdx=y,o(q - 1)/ lul? 2@ dx
2

with

MO:/|Vu|P*2w-vedx—[/\P»q(sz)]*”||u||§;(qm/|u|q*2u9dx.
2 2

By standard regularity results on elliptic equations (see §5 of Chapter 2 in [22]) we deduce that u is bounded. O
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Let now u € Wl’p(.Q) be such that

Vu
() = Vel /W 2, dx —
lullLe(2)

and set

.Q+={xe.{2: u(x)>0}, .Q_z{xe.Q: u(x)<0}.

Our aim is to prove that we can reduce to the case of two balls. We will use a technique used in [14] based on the
Schwarz rearrangement. Here we recall just the definition and the properties that we will need in the proof. For more
details on rearrangement techniques we refer to [16] and [18].

Definition 3. For a measurable set @ C RY, we denote by »* the ball of same measure as w. If u is a non-negative
measurable function defined on a measurable set £2 and u =0 on 942, let

()= {x €2 ulx)> c}.
The Schwarz rearrangement of u is the function u* defined on £2* by

u* =sup{c: x € 2(0)*}.
The next theorem summarizes some of the main properties of the Schwarz symmetrization.
Theorem 4. Let u be a non-negative measurable function defined on a measurable set $2 with u =0 on 052. Then

(1) u* is a radially symmetric non-increasing function of |x|;
(2) for any measurable function ¥ : Rt — R

!w(u)dx =Q/*w(u*)dx;

() ifu e Wy (82), then u* € W, (2%) and
/|Vu|pdx > /|Vu*|pdx.
2 2%

Using the Schwarz symmetrization and suitable constrained variations we are now able to reduce our problem to
the “radial” one. Indeed we have the following theorem.

Theorem 5. Let By be a ball of same measure as |§2+|. Then AP-1(§2) > AP9(B+ U B_).

Proof. Let uy =u|p, and u_ = —u|go_. By symmetrizing u and u_ respectively, by the properties of Schwarz
rearrangement (cf. Theorem 4) we can write

IVu Iy gy + IVUENT
[AP,Q(Q)]P> +LP(By) LP(B,).

P
Ul 1T g,y + 1070 51

Moreover, by equimeasurability ensured by Theorem 4(2), using the volume constraint, we deduce that

-2 -2 q—2 q—2
=/|u+|q u+dx—f|u_|q u_dx=/|uj_| uidx—/|ut| u*d
24 2 B, B

If we set
||Vf|| LP(By) + ”Vg”ip(g )

10, + 1800 s )17
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where A is defined by

A:{(f’g)EWOI’P(B”XWol”’<3—): /lflq‘2f=/|g|q—28},
B, B_

we clearly have
[A71(2)] = 2% (2.2)

It is easily seen that A* is attained in (f5, f_), with f, f— > 0. Without loss of generality we can moreover assume
that

/|f+lqu+/ ol dx=1. 2.3)
B B_

For ¢, 61 € C3°(By), define

<D(8,t)=/|Vf+dx+£V(p++tV9+|pdx+/|Vf_dx+8V<p_+tV0_|pdx
By B_

r

q

—A*|:f|f++8§0++t9+|qu+[|f_+8§0_+t9_|qui| .
By B_

Let (64, 6—) be such that

- 1)/ £419720, dx — (g — 1)[ 1920 dx =1,
B, B_

Such choice of (6, 6_) is possible, since, if not, one would have | f |4 2= | f_|22 =0, that contradicts (2.3). If we
define the functional

Ye,n) = / fio + 65 + 1041772 f1 + ey +104)dx
By

- f o+ e +16_1972(f_ +ep_ +160_)dx,
B_

the hypotheses on (04, 6_) imply that ¥,(0,0) = 1. By the implicit function theorem applied to , there exists a
function T such that ¥ (¢, T(¢)) = 0 and t’(0) = —,(0, 0). Since (0, 0) is a minimizer for @,

@:(0,0) + @,(0,0)7'(0) = P£(0,0) — P:(0,0)y-(0,0) =0,

that is,

Mo(q—l)[ / | fl9 204 dx — / If—quw—dX}
By B_

- / V£ 172V £ Vs dx
By

-+ IVf—I”‘ZVf—Vrp—dx—k*[ | 1972 froy dx + If—l"‘zf—so—dx]
/ / /
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with

1o = / IVFLIP2V fy - VO dx + [ IVf_|P72V f- - VO_dx
By B_

—x*[ / o172 f16 dx + / o2 fb dx].
By B_

It follows that w = f1 xp, — f— xp_ satisfies on By U B_ the equation
—div(|Vw|? "> Vw) = A w|? 2w + polg — DIw]? 7. 2.4)

Now we observe that multiplying (2.4) by w, one has

A > inf{ / |Vl dx, v: / |7 2vdx =0, |vllLep,up ) = 1}
BLUB_ BiUB_
=[a4(B; U B)]".
The above inequality and (2.2) imply that A7-9(£2) > AP9(BL UB_). O

We are now going to write the Euler equation for A”-7(£2) in the case where £2 is the union of two disjoint balls.
We will make use of a technique introduced in [6] to carefully choose the variations.

Theorem 6. Let 2 = By U By where B and B are two disjoint balls. Let u € W(}’p(ﬂ) be a bounded function such
that [ [ul92udx =0 and AP9(2) = Welio@)

lullLg (2)

—div(|VulP 72 Vu) = [)»P’q(Q)]pHuHZ;(qQ)|u|‘172u. (2.5)

Proof. We set
r/q
G(v)=/|v|q_2vdx, F(v)=/|Vv|”dx— [k”'q(ﬂ)]p[/|v|qui| .
Q Q Q

Let g € C3°($2) and ¢ € (0, 1). Let

Y:R—>R
B—=>Gu+tp+p).

Then ¥ is continuous, ¥ (—1 — |lu + t¢|lL~2)) <0 and ¥ (1 + |lu + t¢|L~(2)) > 0. By continuity there exists
Br € Rsuchthat ¥ (8,) =G +tp + B;) =0.

Lett € (0, 1) fixed. We set ¢; = % We are going to prove the existence of a sequence #, — 0 such that ¢;, has a
finite limit as 7 — oo (up to a subsequence). If there exists a sequence t, — 0 and x;, € £2 such that ¢ (x;,) +¢;, =0,
then we have the result, since ¢ is bounded. If there exists § > 0 such that, for every 0 < ¢ < 6, ¢(x) 4 ¢; # 0 for every
x € £2, let us show that ¢(x) + ¢; must change sign in £2. Otherwise, by the strict convexity of s — |s|? (and then by
the strict monotonicity of s — |s|¢~2s) we should have

/|u+t<p+ﬂ,|q_2(u+tg0~l—,3,)dx > / |u|q_2udx
Q Q

or

/|u+t<p+ﬂ,|q_2(u+tg0+,3t)dx < / lulf%udx,
2 2



28 G. Croce et al. / Ann. I. H. Poincaré — AN 29 (2012) 21-34

that is,
O=/|u+t<p+ﬁ;|q_2(u+t(p+/3,)dx>/|u|"_2udx=0

or

= / lu+ 19+ B 972 (u+ 19 + B;) dx < / lul?2udx =0
Q Q
which is a contradiction.
Then, for 0 <t < §, on a subset of £2 one has ¢(x) + ¢; > 0 and on its complement ¢(x) + ¢; < 0. This implies

that |c;| < [l¢ll L (). Therefore there exists 0 < ¢, < § such that #, — 0 and ¢;, — ¢ as n — +o0.
We have

(F'(), ¢) = f|w|" 2Vu - Vodx — p[A"(2)] ||u||Lq(m/|u|q updx.

On the other hand,
. Flu+t(p+c,))— Fu)
Ognli)ngo " :(F/(u)v 90>—CP[)»p’q(~Q) ”M”Lq(g) |”|q

=(F'(u), p).

The previous inequality implies that

/|Vu|p_2Vu -Vodx = [)J”q(SZ)] ||u||Lq(9)f|u|q_2u¢dx
2 2
forevery p € Cj°(£2). O

3. The shape optimization problem

In this section we are going to find a geometrical necessary condition for a set §2 to be a minimizer of A”°9(S2),
where £2 is the union of two disjoint balls. We will exploit the derivative with respect to the domain of the set functional
AP 4(£2) and investigate an optimality condition, i.e. we will identify the domains with vanishing domain derivative.
Here we briefly recall, for the reader’s convenience, the ideas underlying the concept of domain derivative and we
refer for instance to [17] and [25] for a detailed description of the theory and for further details on its applicability.

Roughly speaking the domain derivative can be understood in the following way. Let §2 be a bounded smooth
domain in R”, V : R” — R” be a sufficiently smooth vector field, # > 0 and denote by £2; the image of £2 under the
map I + ¢V, where I stands for the identity. Let us consider the boundary value problem

A(t,u)=0 in £2;,
u=0 on 052;

and an integral functional given by

(3.1)

J (@)= / C(uydx,
2
with A and C are differential operators acting on a space of functions defined in £2,. Under suitable regularity hy-

potheses, the function ¢ — u;, that associates to ¢ the solution of problem (3.1), is differentiable and its derivative in
zero, denoted by i := u}(0), satisfies the following conditions

{ 0r A0, ug) + 0; A0, ug)u =0 in £2,

0 .
u:-ﬂv-v on 052 (3.2)
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where v is the outward unit normal to 0£2. Moreover, we can calculate the domain derivative for ¢t = 0 of the functional
J in the direction V as

J'(0) =/aucadx + / C(ug) V -vdHNL, (3.3)
Q FYe;

The results of the previous section ensure us that we can restrict our study to the sets £2 = B; U B where By and
By are two disjoint balls of radius R; and R, respectively such that |B; U Bz| = wy, where wy is the measure of
the unit ball in RV . Let u be the minimizer function realizing the value 1”9 (£2). Using the Schwarz rearrangement
as in Theorem 5 we can assume that A”9(B U B») is attained at a function u = u1xp, — u2xB,, with u1 and u»
non-negative radial functions on B and B, respectively.

For this kind of domains, by Theorem 6, u satisfies (2.5). By scaling invariance, it is not restrictive to deal with
solutions that satisfy the condition

/|u|q dx =1. (3.4)
2
Thus we are lead to consider u satisfying (3.4), the constraint
/ lulf>vdx =0
Q2

and the Dirichlet eigenvalue problem

{ —div(|VulP7*Vu) = [AP9(2)] |ul"u in 2,
u=0 on df2.

Observe that in dimension 1, the minimizer of A”'7((a, b)) is an anti-symmetric function with respect to (#, 0),
as proved in [6]. Therefore in the sequel we will assume that N > 2.

Clearly an optimal set, i.e. a set that minimizes 1”9 (£2), will be a critical set with respect to the domain variations.
If we prove that the eigenvalue has a domain derivative A”-4(£2), which will be true if A4 (£2) is a simple eigenvalue,
then AP4(£2) = 0 (see for example [17] for further details and proof of the differentiability of a simple eigenvalue).
This motivates the next theorem.

Theorem 7. Let 2 = By U By, where By and By are two disjoint balls. Then MP-4(82) is a simple eigenvalue, i.e. there
exists a unique function u =u X, — U2 XB,, modulo a multiplicative constant, that realizes

Vu
iy = VullLre) /|u|‘1*2udx =0.
lullLa(s2) J

Proof. Letu =u;xp, —u2xp, and i = i1 xp, —U2x B, be two functions at which 179 (£2) is attained. We can assume
that u; and ;, for i = 1, 2, are radial by Theorem 12 in Appendix A. Moreover u, uy, i1, ity are non-negative and

/u‘f_ldx:/ug_ldx, /ﬁ{f_ldx:/ﬁg_ldx. (3.5)
B By By By

Without loss of generality we can assume that ||u||zq(2) = il Le(2) = [)J"q(.Q)]#. Therefore
/u‘{dx+/ugdx=/ﬁ§dx+/ﬁgdx. (3.6)
B By B B

We remark that, by Theorem 6, letting » = |x|, we have that u; = u(r) and i1 = 1) (r) satisfy on [0, R], the Cauchy
problem
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PO =c, ¢(0)=0

with possibly different constants ¢ for u1(0) and i (0), and a similar result holds for uy = uy(r) and ity = ii5(r) on
[0, R2].

Assume, without loss of generality, that 11 (0) > u;(0). By Lemma 13 in Appendix A, u(r) > #1(r) on [0, R;].
Therefore

/u‘f_ldx>fﬁ'f_1dx, /u‘fdx>/12(fdx.

{ _(rN—l |¢/|p—2¢/)/ = Nl

B By By By

By (3.5)
/u;’*‘dx >fﬁ§*1dx; 3.7)
By By

using (3.6) we deduce that

/ugdx </123dx. (3.8)

By B>

If u2(0) > 41(0), by Lemma 13, we have us(r) > ti2(r) on [0, R] and this is in contradiction with (3.8). If, on the
other hand, u»(0) < 4,(0), again using Lemma 13 we have u3(r) < i2(r) on [0, R»] and this contradicts (3.7). Then
u1(0) = u1(0). Finally, another application of Lemma 13 gives us that u; = 1| and by (3.6) we get also up =up. O

Now, by (3.2) (cf. [9,3]) we have that it| and i, solve, in B; and B; respectively, the equation

Vu-Vu

[Vul?

—div((p —2)|Vu|P~! Vu + |Vu|1’—2w> = pAP ™ (g — DAPuI 20 (3.9)

where we use the notation X instead of A”*9(By U B,). We are in position to prove the optimality condition for the
radial problem associated to A”*9(B; U By).

Theorem 8. Consider the following minimization problem
inf{kp’q(Bl U By): (By, By) disjoint balls, |B1 U By| = a)N}. (3.10)

Let the pair (B, By) be critical for (3.10). Then, denoted by u = ULX, —U2Xj, the function at which A?*4(By U By)
is attained, we have

uy

31)2

uq

81)1

Proof. We will denote By U By by £2. We recall that #; and u, satisfy (3.9). Multiplying by u and integrating we
obtain

(p— 1)/|W|1’—2w.wdxzp/\f"‘li/|u|’1dx+(q— 1)M’/|u|‘1—2uudx. (3.11)
2 2 2

Since we are working with normalized functions, the domain derivative of ||u ||(£q @) has to be zero, i.e. by (3.4), using
(3.3), we deduce that

/|u|quub'tdx=—/|u|qV~vdHN71.
2 e
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As u vanishes on 052,

/|u|q*2mzdx =0. (3.12)
2

Moreover, by Theorem 6, u satisfies

—div(|VulP2Vu) = AP u|12u;

f i
082
Combining (3.12) and (3.13), (3.11) reduces to

)\L)\P*:/u
p—1

082
We recall that on 952, by (3.2), we have

this implies that

P=2 9y

9
" —dHN“+,\P/|u|4—2uudx. (.13)
2

ov

/|Vu|p_2Vu -Vidx =
av
2

ou

=24y
= 3

dHN1.
v

u=——V-vy;
av

as a consequence we obtain the Hadamard formula

p

3
v vaHN (3.14)

;\LMH:_/
p—1 av

a2

It follows that

P
dHN"1 =0.

MWI2)=0 < /V-v
082

Since §£2 = B1 U B, and since u is radial on By and on By, this is equivalent to

p p
/V-udHN_1+ /V~vdHN_1=O.
31)2

By 0B

duy duy

81)1

For variations V preserving the volume, we must choose V such that [ o div(V)dx = 0. We deduce

p

duy

vy

ouy

vy

p

MAUR2)=0 — =0,

that implies the claim. O

Using the previous analysis and the Pohozaev type identity (A.3) in Appendix A, we will uniquely identify the
critical domain for A9 (£2).

Theorem 9. The only critical domain among union of balls of given volume for MP-1(82) is the union of two balls of
same measure.

Proof. Let u = u1xp, —u2xp, be the function at which A7°9(B; U B) is realized, satisfying (3.9). By the divergence
theorem applied to (2.5) one has

p p

duq

31)1

uz

—1 5 —1
[0B1| = ’— [0B].
vy
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By the above equality and Theorem 8 we easily deduce that

8u1

9
) o982l (3.15)

8u1
——|0B 1|—

avy

duy |?

81)1

We are going to show, arguing by contradiction, that 6”1 # 0 on 0£2. Indeed, if this is not true, thanks to the regularity
given by Theorem 12, we can use (A.3) to infer that

— — p
[A”’q(ﬂ)]”<—N L E) S Ak [f(x-u)dHN—l + /(x.v)dHN—l] =0
dB B>

4 q p
which gives in turns that Nop _ N — ). The last equality contradicts hypotheses (1.3) on p, g, N.
Therefore (3.15) is equivalent to |0 B1| = |0 B2| and so the two balls B; and B, have the same radius. O

uy

81)1

We are now in position to prove Theorem 1.

Proof of Theorem 1. We recall that by Theorem 5 we have
AP9(2) = AP9(By UB_).

Moreover, using Theorem 9, we infer that
AP (B, UB_) > AP9(B] U Bj)

where B| and B} are disjoint balls such that |B{| = |B}| = %

We now observe that, if, £2, and £2; are two sets, with £2| C §2,, then AP:9(§21) > AP-9(£2,). Indeed, it suffices to
consider a function u in which A?-9(£21) is attained and defining O in £2, \ §2;. Therefore

AP9(By U By) = AP9(B1 U By),
where B and B; are disjoint balls of measure =5+ Combmmg the previous inequalities we end up with
AP (§2) = AP9(B; U By).

This proves the claim. O

Remark 10. As pointed out by the referee, an alternative proof of Theorem 9 can be obtained reasoning as follows:
AP 4(B4 U B_) is the first Dirichlet eigenvalue for the Rayleigh quotient
IVvllLrss)
llvllza By

on each separate ball By, and it coincides on both balls. By the Hadamard formula (3.14), this first eigenvalue is
strictly monotone decreasing with respect to the radius of the ball. Therefore the balls B and B_ must have identical
radius.

Remark 11. One could ask about the limit as p — 1 of AP*9(§2). Observe that the limit, as p — 1, of

IVvllLr )
lvllLe(2)

ap(R2) :inf{ L U#£0, ve W(}"’(Q)}

is the Cheeger constant, defined by
. HN"1(OD)
inf ———
DCQ |D|

with D varying on all smooth subdomains of £2 whose boundary does not touch 9£2, as proved by Kawohl and
Fridman [20]. The limit of A”-9(§2) as p — 1 seems to be much more difficult, due to the presence of the parameter
g not necessarily equal to p and the non-local constraint | o lul9=2g = 0.
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Appendix A

We recall here some results about quasilinear elliptic equations. The first (see [7] and the references therein) gives
the radial symmetry of positive solutions to p-laplacian equations.

Theorem 12. Let u € Wol’p(B) be a positive solution to —div(|Vu|P~2Vu) = A|lu|92u, where B is a ball. Then
ue Cl""(1§)f0r some o > 0 and u is radial.

The next result is a useful comparison lemma for solutions of an initial value problem for the ordinary differential
equation arising when one writes in radial coordinates the Euler—Lagrange equation of A7-9(£2). This result is widely
discussed for example in [12] and [10] and used in this form in [13].

Lemma 13. Under hypotheses (1.3) and N > 1, the Cauchy problem

—(M ) =N el (A1)
p0)=c, ¢'(0)=0

has at most a positive solution on [0, R] of class c! ([0, RN C2((O, R)). Moreover, let ¢1, ¢ be two positive solutions
with ¢ = c1 and c; respectively; if c1 < c2, then ¢1 < ¢ on [0, R].

The proof of the previous lemma goes exactly as the one of Lemmata 3.1 and 3.3 of [10]. The only comment to
make concerns the slightly restrictive hypotheses on the values of p and g that we find in [10]. We observe that we
need to check that setting u#(0) = «, we can invert the unique solution of (A.1) u = u(¢, @) and this is ensured by
Propositions 1.2.6 and A2 in [12]. Once we have this, the only hypothesis that has to be satisfied for the applicability
of the results in [10] is the following inequality

N
[(N = p)Isl9™%s + (N — p)s(g — DIs|972 = Npls|72s]Is19 s < (g — 1>|s|q—2[<N —plsld — 7’%@
that is,

(N —p)g < Np. (A.2)

If N — p <0, clearly we have (A.2) for any g. If on the contrary we have N — p > 0, then (A.2) is satisfied exactly
for ¢ < p* as in our hypotheses.
We finally recall the following generalization of the Pohozaev identity, established in [24] and [8].

Theorem 14. Let G(u) = fou g(s)ds where g : R — R is a continuous function. Let 2 C RN, N > 2, be an open
bounded set of class Cl. Letu e W2P(2)N Wé’p(ﬂ) be a solution to
{ —div(|VulP 72 Vu) = g(u) in 2,
u=20 onds2.
Then

—pT_l/|Vu|P(x~v)dHNl =f[¥|W|P—NG(u)} dx. (A3)
982 2
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