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Abstract

LetA:={a<|x|<14a}C RV and p = 2. We consider the Neumann problem
E2Au—u+uP =0 inA, dyu=0 onodA.

Let A = 1/e2. When A is large, we prove the existence of a smooth curve {(A, #()))} consisting of radially symmetric and radially
decreasing solutions concentrating on {|x| = a}. Moreover, checking the transversality condition, we show that this curve has
infinitely many symmetry breaking bifurcation points from which continua consisting of nonradially symmetric solutions emanate.
If N =2, then the closure of each bifurcating continuum is locally homeomorphic to a disk. When the domain is a rectangle
0,1) x (0,a) C R2, we show that a curve consisting of one-dimensional solutions concentrating on {0} x [0, a] has infinitely
many symmetry breaking bifurcation points. Extending this solution with even reflection, we obtain a new entire solution.
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1. Introduction and main results

In this paper we are concerned with the Neumann problem
?Au—u—+u’=0 in£2, du=0 onds, u>0 in$2, (1.1)
where 2 c RY is a bounded domain, p =2 and ¢ > 0 is small. Let a > 0. We consider the case §2 = A or R, where
A::{xe]RN; a<|x|<a+1} and R::{(x,y)e]Rz; O<x<I1,0<y<al.

Note that a scaling argument shows that (1.1) with £2 = A (resp. £2 = R) is equivalent to (1.1) for an arbitrary annulus
(resp. rectangle) and that
N+2
N-2

l<p< (1.2)
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is not assumed. Singularly perturbed elliptic equations arise in physical and biological models. In particular, the
Neumann problem (1.1) on a bounded domain appears in the stationary problems of the Keller—Segel model for
chemotaxis aggregation [12] and the shadow system of the Gierer—Meinhardt model for biological pattern forma-
tions [8]. For these two decades the problem (1.1) has considerable attention and solutions with various shapes have
been found. See [30,31] for single-peak solutions, [10] for multi-peak solutions and [1,2] for solutions concentrating
on a sphere of inhomogeneous equations. A boundary concentrating solution is one of the solutions of (1.1). For an
arbitrary planar smooth bounded domain this solution was established by Malchiodi and Montenegro [17]. The aim of
this paper is to study the solution structure of (1.1) from a viewpoint of the bifurcation theory when £2 = A or R. Since
we mainly consider the solution concentrating not on a point but on a boundary, we do not need (1.2). In the proofs
of the main results below we prove the monotonicity of a certain eigenvalue and obtain the asymptotic expansion. In
order to prove these properties we need that f € C?([0, 00)). Thus the assumption p > 2 is needed.
It is convenient for our aim to consider the equation of the form

Au+Af(u)=0 1in$2, dyu=0 onds2, u>0 1inS2. (Ngo)

Throughout the present article we define f (1) :== —u+u? and A := ELZ Then (Ng;)is equivalentto (1.1). When £2 = A
(resp. §2 = R), we show that (Ng) has a smooth curve {(A,u (X))} of radially symmetric (resp. one-dimensional)
solutions. We say that (A, u(A,)) is a symmetry breaking bifurcation point if there is a sequence {( j»ij)}j>0 con-
sisting of nonradially symmetric (resp. non-one-dimensional) solutions and converging to (A, u(Ay)), i.e., (x jalj) —
(A, u(Ay)) as j — oo. The first main result is

Theorem A. Let p > 2. (N4) has a smooth curve C4 := {(A, u(A))}r>x, consisting of radially symmetric and radi-
ally decreasing solutions concentrating on {|x| = a}. C4 has infinitely many symmetry breaking bifurcation points
{(Aks u (M) Yesky» Where A — 00 as k — oo. When N =2, for each k > ko, the closure of the bifurcating solutions
near (A, u(A)) is locally homeomorphic to a disk.

The precise statements of Theorem A are in Lemma 4.1, Theorems 4.6 and 4.12 and Corollary 4.13.
The second main result is about (Ng).

Theorem B. Let p > 2. (NR) has a smooth curve Cg = {(A, u(A))}>», consisting of one-dimensional solutions con-
centrating on {0} x [0, a]. The continuum including Cg bifurcates from the branch of constant solutions {(1, 1)}1>0.
Cr has infinitely many symmetry breaking bifurcation points {(Ag, u(Ai)) ik, Where Ay — 00 as k — oo. The clo-
sure of the bifurcating solutions near (Ag, u(\y)) is locally homeomorphic to a curve.

In particular, if @ > 0 is small, then every symmetry breaking bifurcation point on the continuum including Cg can
be obtained. See Theorem 3.5 and Corollary 3.6 for the precise statement. Extending this solution with even reflection,
we obtain a new entire solution (Corollary 3.7).

Let us explain technical details. Let By, B; be two Banach spaces. We consider the abstract functional equation

E(h,u)=0, (1.3)

where E:R x By — B is a nonlinear smooth mapping. We assume that {(A, 0)},cr are solutions of (1.3). We call
{(x, 0)} the trivial branch. When the linearized eigenvalue problem

E (A, 0)[@] = o (1.4)

has a simple zero eigenvalue, the Crandall-Rabinowitz bifurcation theorem [4] (Proposition 2.1 in the present paper)
guarantees that a curve consisting of nontrivial solutions emanates from (A, 0) provided that

Eju(Ax, 0)[d4] ¢ Ran E, (14, 0), (1.5)

where ¢, is an eigenfunction associated to the simple zero eigenvalue. This condition is called the transversality
condition (or the nondegeneracy condition). See (b) in Proposition 2.1. In the proofs of Theorems A and B we consider
the case where the trivial branch {(X, v(1))} consists of nonconstant solutions. Specifically, we consider the equation
E~(A, u) = 0 in the case where E(k, u) = 0 has a smooth curve of nonconstant solutions {(A, v(1))}. Let E(A, u) :=
E(k, u +v(A)). If E, (A, 0) has a simple zero eigenvalue, then (1.5) becomes

Epu (A, VO[B4 + Eue (A, v00)) [02 (1), 0] & Ran Ey (A, v(0)). (1.6)
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It is well known that (1.6) is equivalent to

du

0, 1.7
|, 7 (L.7)

where p is a unique near-zero eigenvalue of the eigenvalue problem

E,(X,0)[¢] = ne (1.8)

provided that A is near A,. When E, is defined in a Hilbert space with the inner product (-,-) and E, is self-adjoint, we
briefly show this equivalence. We can show that the eigenpair (i, ¢) is continuously differentiable in A. Differentiating
E,(X,0)[¢] = n¢ in A, we have

Ep G, 0)[@] + Eu (1, 0)[3] = pa + iha. (19)
Calculating ((1.9), ¢) — ((1.8), ¢) and evaluating it at A = A,, we have

(B s, 0)[ bl ) = 1 () (s, 1) (1.10)
Since Exy(hs, 0)[ds] = Eny (o, V) [@] + Euse (o, v(1i))[V2 (hi), b5 ], by (1.10) we have

die| (B 00)f] + B s 0O (). Bl 62) (L11)

dh |-, (fs. 5)

which indicates the equivalence between (1.6) and (1.7).

When the trivial solution v(}) depends on A, i.e., v; 0, it is hard to check (1.7), because it is almost impossible
to obtain exact expressions of v, and ¢, and it is difficult to determine the sign of the RHS of (1.11). Shi [24]
studied the same bifurcation problem as (Ng) for a general nonlinear term f. However, he assumed the transversality
condition in [24, Proposition 4.2]. (There are several exceptional cases where the transversality condition can be
checked. Lin [13] considered the Dirichlet problem of the Liouville-Gel’fand equation Au + Ae" = 0 on an annulus.
He showed that there is a radial branch having infinitely many symmetry breaking bifurcation points, checking the
transversality condition. In this problem the radial solutions and eigenfunctions associated to a zero eigenvalue can be
written explicitly, hence the situation seems rare.) In order to avoid checking the transversality condition, topological
methods using the degree theory have been developed [23,26] and applied to many problems. In [9,14,15,22,27,6]
symmetry breaking bifurcations of Dirichlet problems in annuli were studied with topological methods. If topological
methods are used, then we cannot obtain information on the shape of bifurcating solutions. The shape can be used for
the study of the global property of the bifurcating branch. (However, the global property is beyond the scope of this
article. In [18-20] one can prove the existence of unbounded continua of nonradially symmetric solutions, using the
nodal structure of bifurcating solutions.)

In the proofs of Theorems A and B we directly check (1.7) when X is large (asymptotic transversality). In the
case §2 = A the radially symmetric and radially decreasing solution u(r) is close to a decreasing solution in a finite
interval (Lemma 4.1). Using this closeness, we obtain an apriori estimate of a certain eigenfunction (4.25). The
boundedness of the solution (4.3) and this apriori estimate enable us to use the dominated convergence theorem in
Lemmas 4.15 and 4.16. Then we can calculate the RHS of (1.11) and obtain the asymptotic behavior of a certain
eigenvalue (Lemma 4.9) which indicates (1.7). Using the transversality condition, we can make detailed studies on
not only the shape of solutions but also the shape of bifurcating branches. See Corollary 4.13.

This work was motivated by results on symmetry breaking bifurcations of Srikanth [27] and Gladiali et al. [9].
The transversality property has been first proved by Bartsch et al. [3]. The authors of [9] studied symmetry breaking
bifurcations of (N4 ) with fixed A for expanding annuli @ — oco. They showed the monotonicity of a certain eigenvalue,
which is corresponding to Dy in Lemma 4.9. However, the singularly perturbed problem is not considered. In their
problem the term including v, tends to 0 as a — oo, where {(a, v(a))} is a (nonconstant) trivial branch. In our
problem the corresponding term does not tend to 0, hence a detailed analysis is needed. See Lemma 4.16.

This article consists of four sections. In Section 2 we recall known results about a bifurcation theorem and useful
properties of the one-dimensional problem (Nq,1y). In Sections 3 and 4 we prove Theorems B and A, respectively.
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Notations.

N:={1,2,3,...},Ng:={0,1,2,...}and Z := {0, 1, +2, .. .}.

L?(£2) denotes the usual Lebesgue space with the norm || - || .

HF¥(§2) denotes the usual Sobolev space with the norm || - || g«.

H,%, (£2) denotes the Banach space consisting of the functions u € H>(£2) that satisfy the Neumann boundary
condition on 9S2.

e B(Bp,B;) denotes the Banach space of the bounded linear operators from By to B equipped with the operator
norm | - |3, where By and B; are two Banach spaces.

o (fo(x), fi(x)) = [ fo(x)fi(x)dx.

2. Known results
2.1. Bifurcation from a simple eigenvalue

Let By, B be two Banach spaces. We consider the abstract functional equation (1.3), where E:R x By — B is
a nonlinear smooth mapping. We assume that E(1, 0) =0 for A € R. Crandall and Rabinowitz [4] studied nontrivial
solutions near the trivial branch {(A,0)} and gave a sufficient condition for bifurcation. The celebrated Crandall-
Rabinowitz bifurcation theorem [4] is the following:

Proposition 2.1. (See [4, Theorems I and 1.7].) Let E be as defined above. If the following conditions hold:

(a) There are ¢ and Ay such that dimker E, (A«, 0) = codimRan E, (A4, 0) = 1 and ker E,;(1«, 0) = span(¢.),
(b) Enu(As, 0)[p4] ¢ Ran E,, (A4, 0).

Then there are a neighborhood U of (A+,0) € R x By, an interval (—egp, e9) and continuous functions
@ :(—&0,80) > R, ¥:(—&0, c0) = B such that ¢(0) = ry, ¥(0) =0 and

ET'O)NU={(p(), 15 + ¥ (D)); [Tl <0} U{(2,0); (1,0) eU}.
2.2. One-dimensional problem

We consider the problem
uvy + f(u)=0 in (0, 1), uy =0 atx=0,1, (2.1)
where f(u) = —u—+u? and p > 1. Let (&) := u(x) and & := )5—‘ We also consider the stretched problem
uge + f@)=0 in (0,dy), g =0 at&=0,d,, (2.2)
where d, = %

2.2.1. Homoclinic orbit
For p > 1 the system of equations for (it, v) (v :=ii¢) in the phase plane

fis = 1,
i @3

has a saddle point at (0, 0) and a center (1, 0). There is a unique homoclinic solution around the center connecting the
saddle to itself. This homoclinic solution can be written explicitly as

2

_(p+1 = p—1 Tl
w():= (—2 ) (cosh(—2 S)) . 2.4)
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2.2.2. Continuum of monotone solutions

From the phase portrait for (iz, v) it is clear that all the orbits on {zz > 0} satisfying the Neumann boundary condi-
tions are inside of the homoclinic orbit which is tear-shaped and that every orbit in this region is periodic one. Hence
u is a solution of (2.2) if and only if an integral multiple of its half period is equal to the interval length d.. Now we
will find a decreasing solution. Let i(£) be a decreasing solution that has maximum « and minimum S. Then

1 n—1
O<,3<1<a<&:=<%>1 . (2.5)
Multiplying (2.2) by ii¢ and integrating it, we have
2
”S =F®@w) — F(), Fl)=F() and F(@i)=i"— Tft”“. (2.6)
p

The half period is given by the integral

2.7)

du
T = _—
@ ﬁ/ JF@ — F(B)

Thus # is a decreasing solution of (2.2) if and only if 7 (&) = d,. (2.7) was studied by De Groen and Karadzhov [7].
Among other things, they obtained

Proposition 2.2. There is a small ey > 0 such that the problem (2.1) has a smooth curve of decreasing solutions
{t(x; €)}o<e<sy, Which can be described as a graph of s, satisfying the following: For § > 0, there exists &1 > 0 such
that, if 0 < ¢ < €1, then

|i(&;6) —w(&)| <8 fork €[0,de], (2.8)
where u(€;¢) :=u(x;¢e) (6§ = %). Moreover, the first two eigenvalues of the eigenvalue problem
¢ux + f{Wdp=n¢ in©0,1), ¢x=0 arx=0,1 (2.9)
are
—D(p+3
RCE S B
_ _w=DHG=p) -3
m(s){ - 2 2+0(6 ) d=p=<3) (2.10)
S—1+0(¢) G <p.

In particular, if ¢ > 0 is small, then n1(¢) <0 < no(e) and u(x; ¢) is nondegenerate.

Let u(x; ¢) be the decreasing solution obtained in Proposition 2.2. Let L := 820,y + [ u(x;e)) e B(HZ%, O, 1),
L2(0, 1)). In Section 4 we construct a boundary concentrating solution of (N 4), perturbing u(x; €). Hence we need a
property of L.

Proposition 2.3. Let L be as defined above. If € > 0 is small, then there is Co > 0 such that, for u € [—Co, Co],
(L — w7t e B(L?, Hl%,) exists and there is Ci1 > 0 independent of ¢ and u € [—Cy, Col such that

—1
I(L — ) ”B(LZ,H}%]) < (.

This proposition immediately follows from (2.10) in Proposition 2.2, because every eigenvalue of L is uniformly
away from 0 when ¢ > 0 is small.

2.2.3. Limit problem

Proposition 2.2 shows that u(€) —O> w(£) in the sense of (2.8). In this subsection we recall some known result
of the “limiting” operator L:= Ot + f'(w) € B(H ]%, (0, 00), L%(0, 00)). The operator L has a continuous spectrum
(—o00, —1] and may have discrete eigenvalues outside (—oo, —1] [11, p. 140]. In our study the first eigenpair is
important.
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Proposition 2.4. The eigenvalue problem
Lo=7¢p in(0,00),  ¢:(0)=0, ¢>0,$eL*0,00)
has a unique (up to multiples) solution

q;:cprH (CGR), f]:w

4
We set
1 2(p+ll
-0
@ = (i> p. @2.11)
2
p+1
Then ||w 2 ||co = ®p.
~ 3— p+1
By direct calculation we see that ¢ ;= w 2" — %Z—_ﬁw 7 and i1 = W satisfy

Léi =1 in(0,00),  3p1(0)=0, ¢ eL>*0,00).

It is known that if 1 < p <3, then 7; is the second eigenvalue and that if p > 3, then L has only one eigenvalue
above —1. In particular, O is not an eigenvalue and L is invertible.

In the proofs of Theorems A and B we use (2.12) below. The validity of the transversality condition follows
from (2.12).

Proposition 2.5. Let w be as defined by (2.4). Then

(0.¢] [e¢)
1 -1 3
/ (f’(w) n Ef”<w>e§ws)wf’“ dg = LRI [uriag, 2.12)
0 0
We briefly prove this equality. We have
1 -1

(f/(w) N Ef”(w)§ws)wp+l S R P(P2 )gwngP—l.
By integration by parts we have

(0,¢] 1 (0,¢]

/éw;wzp*l dé = ——/szds.

2p

0 0

Therefore,
-1 3 1

LHS of (2.12) =/(—w!’+1 + pw? — PTw2p> dg = /(—w”+1 + %uﬂ/’) dE. (2.13)
Since w is the homoclinic orbit, w satisfies wg —w? 4+ %w”“ =0, hence

/(wzw”_l —wPtl 4 szp) dé =0. (2.14)

: p+1
Multiplying wgg — w + w?” =0 by wa and integrating it, we have
! LY TS 2 p1 Lo 1o
0= —weggw? — —wPT 4+ —wP ) dE = —wew? ™ — —wPT + —w P ) dE. (2.15)
p p p ) p p

Adding (2.14) and (2.15), we have

/[—(l—i-l)w’”’l + <l+i)w2”:| dg =0,
p p ptl
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which indicates
3 1 -1 3
/(_wp.H + P:‘ w2p> dE = (p )4(P+ )/wp-i-l dt. (2.16)
Substituting (2.16) into (2.13), we obtain (2.12).

Remark 2.6. We can prove (2.12) by direct calculation. The integral fooo w? d& can be written in terms of the Gamma
function I'(+),

[e¢]

[ (5 Thricas
/ GLr+3)
We have
a2t
T4
<p+1>"' ﬁ<(3p+1)(p+1) A= A= ) 2.17)
2 —1 8 N +3) e+

It follows from a property of the Gamma function that

2 1 1 2 1 1 1 1 1
r(Z2 =2 p(PE0) (22 D) (2 (24 D).
p—1 p—1 p—1 p—1 2 p—1 2 p—1 2

Using these equalities, we have

ptl p+l
(p=Dp+3) (p+1\rT 1 VTG (p— 1)(p+3) o
RHS of (2.17) = 2 ( > > o / PTdE.
L=+ 2)
Thus (2.12) follows from this equality and (2.13).
In Sections 3 and 4 we need a solution of
Lop=—f(w) in(0,00), $:(0)=0, ¢eL*0,00). (2.18)

Proposition 2.7. There is a unique solution ¢ (&) := %Swg &) of (2.18).

A direct calculation shows that %Ewg is a solution of (2.18). Since Lis invertible, the uniqueness follows from this
invertibility.

2.3. Apriori estimate
We use the following apriori estimate in order to use the dominated convergence theorem.

Proposition 2.8. Let 2 be a bounded domain. Let ¢ be a C? function satisfying the equation
e (a()prr +b()s) — c(x)p =0 in 2,

where the coefficients a(x) and b(x) are bounded and c(x) = co > 0 for all x € §2. Then there is a constant Cy > 0
depending only on a(x), b(x), co such that

Coé(x)
€

’

lp(x)| < 2(sup|¢>(x>|)exp<—

where §(x) is the distance from x to 052.
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See [21, p. 840] for details of this proposition.
Using this proposition, we have

Lemma 2.9. Let u(x) be a decreasing solution of (2.1). Then there are Coy > 0, C1 > 0 such that
Cox
|u(x)| < 2lulloweCre™ ¢ forx € (Cie, 1). (2.19)

Proof. By (2.8) we see that there are a small §o > 0 and C; > 0 such that for ¢ > 0, |u(x)| < o (C1e <x < 1).
Because —1 +u?~! < —1 + 5(’; o 0, Proposition 2.8 is applicable. We extends u(x) with even reflection at x = 1.
We define 2 = (C1¢e,2 — Ci¢e). Then we see that §(x) =x — C1e (C1e < x < 1), where §(x) is a function defined in
Proposition 2.8. Since u is a solution on £2, we apply Proposition 2.8 and obtain

Co(x — Cr¢)
)

|u(x)] <2||u||ooexp<— =RHS of (2.19). O

3. 2=R
3.1. Preliminaries

We consider (Ng). An immediate extension of a solution of the one-dimensional problem (2.1) is a solution of
(Ng). We identify the decreasing solution on [0, 1] with the solution of (Nr) and denote them by the same u. By
Proposition 2.2 we obtain a smooth curve of solutions of (Ng), Cg := {(A, u(1))}.>1,, concentrating on {0} x [0, a]
which can be described as a smooth graph of X. First we obtain degenerate solutions on Cgr. Here a degenerate solution
is a solution having a zero eigenvalue. Let L := A + Af'(u) € B(H If,(R), L?(R)). The linearized eigenvalue problem
is

L®=ud inR, 9,&=0 ondR. (3.1)
Now u is a solution of
uxxy +Af(w)=0 1in (0, 1), u,=0 atx=0,1. (3.2)

LetL := Ovx +Af'(u) € B(HI%,(O, 1), L%(0, 1)) and let dyy € B(HI%,(O, a), L?(0,a)). Let {ﬁj(k)}j>0 denote the eigen-
values of L . In this section we mainly study the first eigenvalue of L. Multiplying (2.9) by A, we obtain the relation

1
A= — ). 33
1;(%) ”1<ﬁ> (3.3)
In particular,
o) = @_1)4&)\ + 0 (he 2R,
— _(=DG=-p -GB=p)Wi
ey 4 A}OW ) (I<p<3), (3.4)
<—A+ O0(he 2V 3 <p).

Let ¢ := (”a# (k € Ng). Let o () denote the spectrum of a linear operator. Then it is clear that o (3yy) = {—&k}x>0-

The next proposition shows that every eigenvalue of L can be described by eigenvalues of L and Dyy.

Proposition 3.1. The following holds:
o(Ly=0(L)+0(dy).
Moreover, each eigenfunction of (3.1) can be written as

k
B (x,y) = (x) cos(?> (j,k eNo), (3.5)

where ¢ (x) is an eigenfunction of L.



Y. Miyamoto / Ann. I. H. Poincaré — AN 29 (2012) 59-81 67

Using this proposition, we obtain a degenerate solution on Cg which is a candidate of a bifurcation point.
Lemma 3.2. Let ¢ > 0 be small. (3.1) has a zero eigenvalue if and only if there exists k > 1 such that fo(A) — ¢ = 0.

Proof. Because of Proposition 3.1, each eigenvalue can be written 7; — & (j, k € No). When &€ > 0is small, 71 (1) <0
(3.4).Since g >0 (k> 0),n; — g =0ifandonly if j =0. O

From Lemma 3.2 it is important to study the behavior of 7y(A) as A — oo. In the next lemma we show that

flo(A) € C'. In general it is difficult to determine the sign of %. However, the following lemma, which is the main
technical result of this section, shows that this sign is positive when A is large.

Lemma 3.3. Let p > 2. 1o(A) is continuously differentiable in A and the following holds:

dio(x) _(p—D(p+3)
dr 4

+o(l) (A= 00). (3.6)

We postpone the proof of Lemma 3.3. We prove this lemma in Section 3.2 below.
Remark 3.4. (3.6) follows from a formal differentiation of 7o() in (3.4).
Assuming Lemma 3.3, we obtain

Theorem 3.5. Let p > 2. On the continuum Cr = {(A, u(X))}s>2, there are infinitely many symmetry breaking bi-
furcation points {(Ax, u(Ai))}ik>ky Where Ay — 00 as k — 00. Specifically, the closure of the non-one-dimensional
solutions near (A, u(A)) is a curve, namely,

there are continuous functions A(t) : (—&g, &9) — R and

Y (t):(—e0, &) — L? such that A(0) = Ak, ¥ (0) =0 and the curve can be written as

{(A(r), u(k(r)) + 1Py + rlI/(r)); A0) = A, |T]is small}.

Here @ is the eigenfunction defined by (3.5). 3.7
Proof. Because of Lemma 3.3(i), there is a large X(> Ag) such that % > Co > 0 for A > A. Because of this mono-
tonicity of 7y and Lemma 3.2, there are infinitely many degenerate solutions on Cg. We show that these degenerate
solutions are symmetry breaking bifurcation points. Suppose that (3.1) has a zero eigenvalue at A > A. By Lemma 3.2
we can assume that 7o (Ar) — ¢ = 0. From the expression of each eigenfunction (3.5) it is clear that the zero eigenvalue
is simple. There is a simple near-zero eigenvalue, which is 7jo(X) — &k, if A is close to Ag. The transversality condition
(1.7) holds, since

d(fo(L) — &)

dxr

_ dio®)
A=Ak dx

> 0.
A=Ak

Itis clear that Ay — 0o as k — 00. Let E(A, v) := A(v+u(A)) +Af (v+u(1)) be the mapping from H3 (R) to L*(R).
We can apply the Crandall-Rabinowitz bifurcation theorem (Proposition 2.1) to E(A, v) =0 and obtain (3.7). O

Let us consider the curve of decreasing solutions of (3.2). By a phase plane analysis we see that this continuum is
a curve and it emanates from the branch of constant solutions {(A, 1)}. This curve may have a turning point. However
another continuum does not bifurcate from the curve. It connects to the curve obtained in Proposition 2.2 and it can be
described as a graph of A provided that A is large. If @ > 0 is small, then ¢; is large, hence 7 iM) =& (j=0,1,..., jo)
does not become 0 on a bounded portion of the curve. Therefore all the bifurcation points are on an unbounded portion
which can be described by Proposition 2.2. Thus we have

Corollary 3.6. Let a > 0 be small. Then every bifurcation point on the curve including Cg is on Cr. Moreover, for
each k > 1, there is a unique symmetry breaking bifurcation point (A, u(Mx)) € Cr and at each bifurcation point
Mk, u(Xg)), (3.7) holds.
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Let a > 0 be small. Extending the bifurcating solution from (A1, #(A1)) with even reflection, we obtain an entire
solution.

Corollary 3.7. Let a > 0 be small and p > 2. Then (Ng2) has a positive entire solution u(x, y) such that u is periodic
in x (resp. y) with period 2 (resp. 2a) and u concentrates on {x =2n; n € Z}.

By (3.4) we obtain the Morse index of the concentrating solution on Cg.

Corollary 3.8. Let {(A, u(X))}rs1, :=Cr and let M (u(X)) denote the Morse index of u(i). Then

iy M@O)? _ (p = D(p +3)a?
m = .
A—>00 A 472

In particular, M (u(L)) diverges as . — o0.

Let D € RV~! be a bounded domain and let £2 := D x (0, 1). By Ap we denote the Neumann Laplacian on D.
(Ng) has a branch Cg; consisting of one-dimensional solutions. If Ap has infinitely many simple eigenvalues, then
by the same way we can show that C; has infinitely many symmetry breaking bifurcation points. For example, we let
D :=(0,Ry) x (0, R3) x --- x (0, Ry), where Rz_z, R3_2, cee R;,z are independent over Q. Then every eigenvalue
of Ap is simple. Moreover, extending this solution with even reflection, we obtain an entire solution on RY that
concentrates on {x; = 2n; n € Z} and that is periodic in x; (j € {2,3,..., N}) with period 2R, respectively when
one of Ry, ..., Ry is small.

Remark 3.9. In our study the monotonicity of the eigenvalue 7jp() plays a crucial rule. However, it seems that this
monotonicity can be obtained in few cases. Wakasa [28] obtained this monotonicity for the decreasing solution of
3.2) for f(u) =u — u3. Moreover, Wakasa and Yotsutani [29] obtained an exact expression of all eigenvalues of all
solutions to (3.2) for f(u) = sinu.

3.2. Proof of Lemma 3.3
We need two lemmas to prove Lemma 3.3.

Lemma 3.10. Let ¢ (||¢|lco = g, ¢ > 0) be the first eigenfunction on. Then

1 o)
é f #2dx — f WP E)dE (e 1 0). (3.8)
0 0

Proof. First we see that ¢ is also a first eigenfunction of (2.9). Because of (2.8) in Proposition 2.2, for an arbitrary
small ¢ > 0, there are Cp > 0 and a small §y > O independent of ¢ such that 0 < u(x) < dg (Cpe < x < 1). Since
no(e) — (1’_1)4& (¢ 4 0) and f' < 01in (0, &), there is §; > 0 independent of & such that f/(u(x)) — no < —8;
(Coe < x < 1). Since ¢ satisfies £2¢,, + (f'(u) — n0)¢ =0 and 0 < ¢ < a, we can apply Proposition 2.8 to ¢ on
(Coe, 1]. Then

o (0 <x < Cpe),
Cie % (Coe <x<1).

0<opx) < {
Let ¢(&) :=p(x) (£ = ). There is C3 > 0 such that

0<p(E) <Cie @ (0<E<d,) and Cze % € L*(0,00). (3.9)
Let i(£) := u(x). Since ¢ satisfies

bse + (@) =nop in(0,ds), =0 atx=0,ds, >0, l|$llcc =0,
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there is C4 > 0 such that
de de de
[#as= [(r@-m)ias <ci [ §ae.
0 0 0

Combining the above inequality and (3.9), we see that there is C5 > 0 independent of ¢ such that loll 1.4, < Cs.

Since for any boundeq interval I, HY(I) c Cv(I) (0 < y < 1/2) is a continuous inclusion, thgre iSNCﬁ > 0 indepen-
dent of & such that ||¢||cr(;) < Cs. By the Ascoli-Arzeld’s theorem we have that as ¢ | 0, ¢ — ¢y in Cﬁ)C[O, 00),

where ¢, is an eigenfunction of

e + ' (W)hs =msps in (0,00),  %i(0) =0, ¢y >0, llpslloo = 0. (3.10)
Here n, = w , because of (2.10). By Proposition 2.4 we have that (&) = w” (é ). Thus
¢>(§) ﬂ) w B (S) pointwisely in [0, 00). 3.11)

Here we need not choose a subsequence in using Ascoli-Arzeld’s theorem, because ¢, is uniquely determined
by (3.10). Because of (3.9) and (3.11), the dominated convergence theorem tells us that

1 dg o9
é/qbzdx:f«t?@ds—>/w”“@>ds (0. D
0 0 0

du(A)

Since Cr = {(A, u(A))}a>2, is a smooth curve, u (1) is differentiable for A > Ag. Let uy (1) := . Differentiating

(3.2) in A, we have Lu; = — f(u). Since L is invertible, u; = L™ [— f(u)]. In general it is dlfﬁcult to estimate the
term including u,. However, using Proposition 2.7, we can integrate that term for a small ¢ > 0 in the following
lemma:

Lemma 3.11. Let ¢ (||¢|lcc = @0, @ > 0) be the first eigenfunction on. Then

1 [e’s)
1 1
g / (f'@) + f")ruy)¢? dx — / (f’(w) + Ef”(w)sws)w“l de (e 10). (3.12)
0 0

Proof. Let ¢~>(f§) = (x), u(€) :=ux), u; (&) :=up(x) (€ = f). In the proof of Lemma 3.10 we already see that
(3.11) holds. It follows from Proposition 2.2 that there is Cp > 0 independent of ¢ such that

0<ii(e) <Cy and % w(&) pointwisely in [0, 00). (3.13)
Therefore there is C; > 0 independent of ¢ such that

|f'@)|<Ci and |f"@)]<C. (3.14)
Moreover,

f(i (g)) 40, f'(w(§)) pointwisely in [0, 00),

£(@@) 25 £(w(&)  pointwisely in [0, 00). (3.15)
We will show that Au, is bounded and that

Aty (8) 25 gwg () pointwisely in [0, 00). (3.16)
Differentiating (3.2) in A, we easily see that Au) satisfies

(200 + /)] =—f ) in(0,1),  8:(u)=0 atx=0,1.
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Since L~! exists and ||L ™! ||B(L2,H,%,) < Cy (Proposition 2.3),

It lloo < Callhunll gz < G| L7 [F @] | o < G| L7 gl F @], < C2C3] @) .-
It is clear that || f (#)]|2 is bounded uniformly in &, hence

IAuplloo and |[Aiip]leoc are bounded uniformly in €. (3.17)
It follows from Proposition 2.9 that there are C4 > 0, C5 > 0 such that

0<ii(e) <CseC% (0<E<o0) and ii(€) % w(&) pointwisely in [0, 00). (3.18)
Now Au; (§) satisfies

(0ge + /() [Mitz] = — f(@) in (0,dy), de(Aity) =0 at&=0,d;.

Multiplying the equation by Air; and integrating it, we have

de de
/ (0 i) ) + (hitz)?) dE = / (F)iin + pa? (hiin)?) dé.
0 0

Since ||1iy || oo is bounded, by (3.18) we see that f(u)Au, + pi?~1(1ii;)? is dominated by some integrable function
independent of ¢. The dominated convergence theorem tells us that there is C¢ > 0 independent of ¢ such that

dg
/ (F iy + pia?" (i)?) di

0

< Cg.

Using the continuous inclusion H hcera o< y < 1/2), we see that for an arbitrary interval I C [0, 00), there
is C7 > 0 independent of & such that ||Auy|lcr ) < C7. By Ascoli-Arzeld’s theorem we have that Auy, &) Uy in
Cl%c [0, 00), where u, satisfies

(9 + f'(w))[ux] = —f(w) in(0,00),  deus(0) =0.

By Proposition 2.7 we see that u,(§) = %Ewg. By (3.9), (3.11), (3.13), (3.14) and (3.17) we see that |(f'(&) +

f"(@)Aii;)¢?| is dominated by some integrable function independent of &. Using the dominated convergence theorem
with (3.11), (3.15) and (3.16), we have

1
1
- / (F/@) + £ @) dx
0
de 00 |
- / (F@) + [ @) d& — / (f’(w) + 5f”<w>sws)wf’+‘ e (e 1 0).
0 0

The limits of & and Ai; are uniquely determined, respectively. We need not choose a subsequence. O

Proof of Lemma 3.3. Let ¢g = ¢9(X) (|[¢oll2 = 1) be an eigenfunction associated to 7jg(A). First we show that 79(1)
and ¢ (1) are continuously differentiable in A. We define a mapping G : H 1%, xRxR— L? x R by

Lo —ii¢ ) _
(¢, 0)—1
Differentiating G in (¢, 77), we have

G(g.1n,2) I=<

Dys.5,G (0, 0, 1o) = ( 2L<¢:on.0> —6150) .
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For arbitrary (¥, 1) € L? x R, we consider

(2w 0)(2)=(7)
2(¢0,-) O P )’
Then we can easily check that (y, p) = ((f — ﬁo)_l [V — (¥, do)dpo]l + 1o /2, — (¥, ¢o)) is the unique solution, using
the fact that 7)o is a simple eigenvalue. Hence D, 3G (do, 70, Mo) is invertible. By the implicit function theorem we
see that 79 and ¢ are continuously differentiable in A.

Second, we prove (3.6). Hereafter by (1, ¢) we denote the first eigenpair of L. Differentiating ¢y + Af' (u)¢ = ne
in A, we have

Gxxn + £ @@ + 1" Wusd +1f' W = i + 1. (3.19)
Multiplying (3.19) by ¢ and integrating it over [0, 1], we have

f (Pprxs + [/ @)P* + A" Wusd? + Af W)y ) dx = / (M9 + npy) dx.

By integration by parts we have

f (Gextr + /@ +2f" Wus$? + 1f" W) dx = / (1:.6° + ndr) dx. (3.20)
Multiplying ¢y + Af'(u)¢ = n¢ by ¢; and integrating it, we have
/(¢>xx¢x +Aaf (W) dx = / ng¢dx. (3.21)
Subtracting (3.21) from (3.20) and dividing it by &, we have
1
% / ¢ dx = . /(f/(u) + " yruy)p* dx. (3.22)
Because of Lemma 3.10, we have
1 00
%/q&z dx = / wPtldg +0(1) (g1 0). (3.23)
0 0
By Lemma 3.11 we have
1 00
1 1
" f (f') + f"@)huy)¢* dx = f (f/(w) + 5f”<w)sws)w”“ & +o(1) (s 0). (3.24)
0 0
Combining (3.24) and Proposition 2.5, we have
1 o0
1 -1
- f (/') + £ @)z )¢ dx = w / wPtlde +o(1) (] 0). (3.25)
0 0
Substituting (3.23) and (3.25) into (3.22), we have
m( / wht! dg —i—o(l)) _ (1’_1)4& / wPt dE +o(1) (e 0). (3.26)
0 0

For any sequence {A,} (A, — 00), (3.26) holds, because we need not choose a subsequence in the proofs of Lem-
mas 3.10 and 3.11. Thus (3.6) holds. The proof is complete. 0O

The proof of Theorem 3.5 completes. O
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4. 2 =A

In Section 4 we consider (N4). By G : R x H/%/ (a,a+1)— L%*(a,a+ 1) we define
N -1

G(e,u) := 82<u,, + u,) + f ).

Then a radially symmetric solution to (N4) is given by a solution to
G(e,u)=0. 4.1)
Let U (r; ¢) denote the decreasing solution to
2U,, —U+UP =0 in(a,a+1), U =0 atr=a,a+1, U>0,U,<0 in(ag,a+1). 4.2)

Since the interval length is 1, (4.2) is equivalent to (2.1). The existence of U (r; €) is studied in Proposition 2.3 when
e > 0 is small. In Section 4.1 we will find a solution to (4.1) near U(r; ¢), using the contraction mapping theorem
with properties studied in Section 2.2.

4.1. Construction of Ca

Lemma 4.1. Let p > 2. There is &g > 0 such that (4.1) has a family of solutions {z(r; €)}o<e<s, consisting of solutions
concentrating at r = a. Specifically, when 0 < ¢ < gy, z(r; €) satisfies (4.1) and
|zC¢.e) —UC. &), <e. (4.3)

Proof. Let ¢ > 0 be small. Let G be as defined above. We will find a unique decreasing solution in a neighborhood
of U(r; ). Specifically, we solve the equations G(¢, U +v) =0, i.e.,

> N-1
100, (U +0) + ——0,(U +v) | = (U +0) + (U +0)" =0,

Then we have
N-—1
r

(e*vpr — v+ pUP™10) + {(U +v)P —UP — pUP "'} + 7 3-(U 4+ v) =0. (4.4)

Let L:=¢%3,, — 1+ pUP~le B(HI%, (a,a+1),L%*@a,a+1)). By Proposition 2.3 we see that L has the inverse and
that || L~! ||B(L2,H,%,) is uniformly bounded for & > 0 small. Thus we set

N —1

r

Fle,v) = —L]|:(U+v)p —UP — pUP v 4 &2 8,(U+v)}.

Solving (4.4) is equivalent to finding the solutions of v = F(¢g, v). We will solve this equation with the contraction
mapping theorem. We let
B.:={veHy(a,a+1); v, =0ata,a+1, vl <e}. (4.5)

Note that for v € Bg, ||v||co < Coé, because of the continuous inclusion H%*@a,a+ 1)< L®@a,a+1).
First, we show that if ¢ > 0 is small, then

F(e,-): B — Be. (4.6)
Since ||v||eo < Cog and p > 2, for |v| small,
(U +v)? —UP — puP~"v| < Ci|vf*.
Using this inequality, we have that if v € B, then
[L7' [ + o) = 0P = puP™ ]| o < L7 g W + 0" = UP = pUPTo]
C|(U +v)? —UP — pUP 0|

o]

Callvll3». 4.7)
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Since U ﬂo—) 0 pointwisely on (a, a + 1] (Proposition 2.2) and ||v|sc < Coe, the dominated convergence theorem
says

a+1

/ (UPT — U dr =o(1) (¢4 0).

a
Since &2 [UZdr = [(UP! = U?)dr = o(1),

2Nyl <csellet = o) (e L 0). 4.8)

2
Using (4.5), (4.7) and (4.8), we have that, for v € B,,

U,

FeE |0 <|-L7[WU +v)? —U? — puP~W]| . + | -L~ 2ua (U +v)
H H )
H
N
<Callze + L7 5 e 2—a,(U +v)
2
) -1 SN —1
< Callvlly +Cs e Ur| +Cs|e vy
2 r 2
< Cue? +o0(e) + Coe?l|v]l o
< (Cae +0(1) +C682)8.
Thus if ¢ > 0 is small, then (4.6) holds.
Second, we show that there is K € (—1, 1) such that for vy, v; € B,
|7 (&, v0) = Fe, v || 2 < Kllvo — vl 2. 4.9)
For vg, v| € B,
HW +vo)? —U? — pUuP~'uo} = {(U +v))? = UP — pUP~ o}
<P +vD)?~ (wo — v1) + 0(vo — v1) — pUP (o — v1) |
<|p{@ +v)P ' = U + oD llvo — villso- (4.10)
Since p > 2,
Ip{@W +v)?~ ' —UP T +o()]| =0 (e10). (4.11)

Using (4.10) and (4.11), we have

| F (e v0) = F(e,vn) | 12
S R e T e (U T e e L B

—1
0, (U +vy)

_ g2

+ L7 g e
2

<G {WU +v0)? = UP = pUP~ oo} = {(U +v1)? = UP = pUP~ o} + Cr||e? (vo — v1)

2

<o(M)lvo = villoo + Cs&llvo — vill 2

< o(Dlvo — vill g2

Thus if € > 0 is small, (4.9) holds for vy, v; € B. By (4.6) and (4.9) we see that F is a contraction mapping on B;.
The contraction mapping theorem tells us that there is g9 > O such that if 0 < & < &g, then F has a unique fixed
point in B;. By v(r; ¢) we denote this solution of F(e; U + v) = 0. We define z(r; ¢) := U (r; ) + v(r; €). Then
{z(r; €)}o<e<s, 1s a desired family of solutions concentrating at r = a. Since v € B, (4.3) holds. O
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Let z, be a concentrating solution of (4.2) obtained in Lemma 4.1. By L € B(HI%, (a,a+1), L%(a,a+1)) we define
N—1
L:= ez(arr'i‘Tar) +f/(Zs)- 4.12)
In the next lemma we show that z, is nondegenerate in the space of radial functions, studying eigenvalues of L.

Lemma 4.2. There is Co > 0 such that the eigenvalue problem
Lo=k¢ in(a,a+1), ¢, =0 atr=a,a+1

does not have an eigenvalue in [—Cy, Co].

Proof. Let Cy > 0 be small and let x € [—Cy, Co]. Let L := €29, — 1+ pUp_l. We set
N—1

A:=¢’ 9 — p(z2~ ' —urh.

The spectrum of the operator £ = L + A € B(H?, L?) consists only of eigenvalues. We prove the lemma by contra-
diction. Let ¢ € H (ll¢ll ;2 = 1) be an eigenfunction. Since (L + A — k)¢ = 0, we have ¢ = (L — k)~ [~ Ag]. Since
(L — k)~ "5 is bounded (Proposition 2.3), we have

1612 = [ (L =)~ =401 1o < L =) [ g2 g2, 1 AdI2 >0 (24 0).

This convergence is uniform in ¥ € [—Cp, Co]. We obtain a contradiction. O
By u(r; A) we define

w(ri 1) i=2:(r) (A - iz) 4.13)
)

Then there is a large A¢ > 0 such tEat {u(r; M}rsy, are concgptrating solutions to (4.1).
Let £ be defined in (4.12). By L € B(H?, L?) we define £ := AL, i.e.,

~ N -1
L:=0,+ Tar +)\f/(u)~

Then « is an eigenvalue of £ if and only if 8"—2 is an eigenvalue of L. Therefore £ does not have an eigenvalue in

—C—S, C—?], because of Lemma 4.2. u(r; X) is nondegenerate. Since u is unique in B, which is defined by (4.5), there
& &

is X9 > O such that {(X, u(r; 1))},>2, is a smooth curve. We have
Corollary 4.3. Let p > 2. There is a large Ao > 0 such that {(A, u(r; A))}r>x, is a smooth curve.
Lemma 4.4. Let u(r; ) be a concentrating solution obtained in Lemma 4.1. Then u(r; )) is decreasing in r.

Proof. First we show that u, 20 on {u = 1}. If u, =0 at some r € (a,a + 1), then u = 1 on [a, a + 1], because of
the uniqueness of the solution to the ODE. It is a contradiction.

We see that if u has a critical point on {# > 1} (resp. {u < 1}), then that point is a local maximum (resp. minimum)
point of u, because %u,, = u —u? < 0 (resp. > 0). Therefore the critical points are only on the boundary r = a, a + 1.
If there is a critical point at an interior point, then since u satisfies the Neumann boundary condition, {u > 1} or {u < 1}
has at least two connected components, which contradicts to (4.3). O

Let z be a solution obtained in Lemma 4.1 and let u be as defined by (4.13). Let £ be as defined in (4.12). By
{kj(&)}j>0 we denote the eigenvalues of L.
We show that the Morse index of z is one in the space of radial functions.

Lemma 4.5. Let ¢ > 0 be small. Let ky(¢), k1(€) denote the first and second eigenvalues of L, respectively. If ¢ > 0 is
small, then k1 () < 0 < ko(e).
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Proof. Let L5 :=&23,, — 1 + pUP™! + §{e2 219, + p(zP~! — UP~1)} (0< 8§ < 1). Note that Lo = L(= &23,, —
1+ pUP~1y and £ = L. We consider the eigenvalue problem

Ls¢p=(¢ in(a,a+1), ¢r=0 atr=a,a+1. (4.14)
First we show that

each eigenvalue continuously depends on 4. (4.15)

By ¢(r; 8, ¢) we denote the solution of

Ls¢p=(¢ in(a,a+1), $p@)=1, ¢r(a)=0.
In particular, ¢,;(a;8,¢) = 0. It is clear that ¢ is an eigenvalue if and only if ¢,(a + 1;46,¢) = 0. We show by
contradiction that d; ¢, (a +1; 8, ) # 0. Suppose that 9; ¢, (a + 1; 8, ¢) = 0. Differentiating the equation in ¢, we have

¢ = Ls¢p — ¢ ¢r. Since d¢pr (a3 8,8) = depr(a+158,8) =0 and [ Lslgolprr* NV dr = [ yoLs[¢11r*N =D dr for
b0, P1 € H]%,, we have

a+1 a+1

(0#) / 2N gy — /(ﬁé—i)[cb;]qﬁraw*])dr

a
a+1

= f bc(Ls — OIpIr* N Ddx =0,

which is a contradiction. Hence 9d; ¢, (a + 1; 8, {) # 0. The implicit function theorem tells us that { = ¢ () continu-
ously depends on §. Since ¢, (a + 1; 8, £ (§)) = 0, we have proven (4.15).
Second, we show that

0 is not an eigenvalue of (4.14) for every § € [0, 1]. (4.16)

Let A5 := —5{82NT_13r + p(zP~! —UP~1)}. We can show by the same argument used in the proof of Lemma 4.2 that
L + Aj does not have an eigenvalue near zero. Thus L is invertible for every § € [0, 1]. Therefore (4.16) holds.

Third, we prove the conclusion of the lemma. Let £y(8), £1(8) denote the first and second eigenvalues of (4.14),
respectively. Note that every eigenvalue is simple, because of the one-dimensional problem. Since Lo = L, we see
by Proposition 2.3 that £1(0) = n1(¢) <0 < no(e) = ¢o(0). Because of (4.15) and (4.16), ¢1(8) < 0 < ¢p(8) for every
sel0,1]. O

Combining Corollary 4.3 and Lemmas 4.4 and 4.5, we obtain

Theorem 4.6. There is a large Ao > 0 such that (N 4) has a smooth curve C4 := {(A, u(X))},>1, consisting of radially
symmetric and radially decreasing solutions concentrating on the boundary {|x| = a}. Moreover, in the space of radial
functions each solution u is nondegenerate and it has the Morse index 1.

4.2. Symmetry breaking bifurcation

Let C4 be a smooth curve obtained in Theorem 4.6 and let (1, u(A)) € C4. We consider the eigenvalue problem
AD +Af' W)@ =pud inA, 0, =0 onodA. 4.17)

We find a degenerate solution on C4. In order to study the zero eigenvalue, we introduce the operator L e
B(HZ (A), L*(A)), L:=r*(A +Af'(w), ie.,

= N —1 Agn-
£:=r2<arr+ o + ig : +)Lf/(lfi)>,

r

and £ € B(H/%,(a, a—+1), Lz(a, a—+1)), L= a2l ie.,

~ N-—1
L :=r2<a,, +—0, +Af’(u)>.
r
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Here Agv-1 denotes the Laplace-Beltrami operator on the unit sphere S N=1_We study the eigenvalues of £. The
eigenvalues of £ can be described by the eigenvalues of £ and A GN—1.
Proposition 4.7. The following holds:
o(L)=0(L)+0(Agn-1).
This proposition was observed by [9]. See also [16].
Let {pk}x>0 denote the eigenvalues of —Agv-1. Itis well known that oy =k(k + N —2).
Let {V;} ;>0 denote the eigenvalues of £. Then we have
Proposition 4.8. (4.17) has a zero eigenvalue if and only if there exists k > 1 such that
B0 — pp = 0. (4.18)

Moreover, the solution @ can be written as

Q(x) = ¢o(IXI)Hk<| |>

where ¢y is the first positive eigenfunction of L and Hi(0) (0 € SN71Y is the eigenfunction of A sN-1 associated to
the eigenvalue — p.

Proof. We easily see that (4.17) has a zero eigenvalue if and only if £ has a zero eigenvalue. It follows from Propo-
sition 4.7 that £ has a zero eigenvalue if and only if 7; = =0 for some j > 0.

When ¢ > 0 is small, the second eigenvalue of L is negatwe (Lemma 4.5), since L=A\L. Comparing second
eigenfunctions of £ and L with Sturm’s comparison theorem, we see that the second eigenvalue of L is negative,
hence, for every j > 1, V; < 0. Since p; > 0, (4.18) holds. We omit the proof of the rest of the statements. O

The next lemma is the main technical lemma of this article.

Lemma 4.9. Let vo(A) be the first eigenvalue of L. Then To(A) € C! and

dvo(r) 22 (p—D(p+3)
drn 4

+o(l) (A — 00). 4.19)

We postpone the proof of Lemma 4.9.

Because of (4.19), vg(A) diverges as . — +00. By (4.18) we see that eigenvalues pass 0 infinitely many times as
A — +o0. If we assume that Lemma 4.9 holds, then we can show that the transversality condition holds, using the
Sturm’s comparison theorem.

Lemma 4.10. There is a large Ly > 0 such that the following holds: If there is Ay > Ly such that vo(ry) — pr = 0 for
some k > 0, then when A is near A, the eigenvalue problem

(Z—p—];)qﬁzﬂqb in(a,a+1), ¢r=0 atr=a,a+1
,

has a simple near-zero eigenvalue, f1()), such that i(A) € C' and fu(ry) = 0. Moreover;

dji

0. 4.20
il (4.20)

Proof. By ¢(r A) (faJrl #2rV=Vdr =1, ¢(a; 1) > 0) we denote the eigenfunction associated to fL(1). When A = A,
both £ — £ and L— Pk have a simple zero eigenvalue, hence [1(14) = 0. By the same argument as in the proof of

Lemma 3.3 we easily see that (L) and ¢(r, A) are continuously differentiable in A. Thus if X is close to XA, then
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¢3(r; A) is positive and [i(A) is a simple near-zero eigenvalue. Next, we consider the first eigenvalue fig(A) of the
problem

L—p)p=p¢ in(a,a+1), ¢ =0 atr=a,a+1. 421

It is clear that fig(A4) = 0. Since X is near A, (4.21) has a simple near-zero eigenvalue which is fto(A) = V(L) — pr.
By a standard argument using Sturm’s comparison theorem we have, for A > A,

o (d) ch) < fo(L)

Therefore, for A > A,

1 \70(?»)—;0/{< ) <L§O()\)_Pk
@+1D2 A—ie A=Ay d> A—iy

Since /1(1) and 7(1) are of class C!, taking the limit A | 0 yields
1 dvy _di 1 dvy
(@+D2dr ~ di|,_,, a®dr’
We obtain (4.20). O

(4.22)

Remark 4.11. Let (A, u(Ay)) € C4 be a degenerate solution. If zero is a simple eigenvalue, then there is a near-zero
eigenvalue, (i(1), when X is near A,. By (4.22) and (4.19) we obtain the bound

( a )2(p—1)(p+3> =D +3)

di
D<—— <
a+1 4 o)< 73 s 4

+o0(1).

Smoller and Wasserman [25] showed that for arbitrary k£ > O the eigenspace of —A¢v-1 associated to px has a
unique (up to multiples) eigenfunction that is O (N — 1) invariant. Thus each zero eigenvalue of (4.17) is simple in
the space of O(N — 1) invariant functions. Using this simplicity, Lemma 4.10 and the same argument as in the proof
of Theorem 3.5, we obtain

Theorem 4.12. Let p > 2. On the continuum Cq = {(A,u(X))}y>», there are infinitely many symmetry breaking
bifurcation points {(Ag, u(Ak)}y>n, from which continua consisting of nonradially symmetric solutions emanate.

We restrict the functional space. Let

Gr=0Mh)x ON—-h), 1<h< [%}
Here [%] is the largest integer that is not greater than % In [26] it was shown that if k is even then the eigenspace
associated to px in the space of Gy invariant functions is one-dimensional. Moreover, the G, invariant function and
the Gy, invariant function are distinct if 41 # hy and if two functions are nonradially symmetric. Thus a continuum
obtained in Theorem 4.12 has [%] distinct solutions provided that & is even.
It seems difficult to obtain all the nonradially symmetric solutions even locally. However, if N = 2, we can obtain
more information of the continuum.

Corollary 4.13. Let p > 2 and N = 2. Let (Mg, u(Ay)) be a symmetry breaking bifurcation point obtained in Theo-
rem 4.12. The closure of the nonradially symmetric solution near (Ag, u(\y)) is locally homeomorphic to a disk and
it can be described as

CGoo=|J {(nRow): (. u)eCrel, (4.23)
0eR/27Z

where Rg(u) is a counter-clockwise rotation of u by 6 and Cy , is a curve of nonradially symmetric solutions in the
space of even functions with respect to x.
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This is an immediate consequence of an abstract result [5]. However, we give an alternative proof, because results
of [5] needs definitions and notations of Lie groups and manifolds.

Proof. We work on the space X := {u € L% (u, $O(|x|) sin(kl“;—l)) = 0}. Then every eigenvalue of —A¢1 does not
vanish and it becomes simple. Hence we can construct a curve Cy ., using Proposition 2.1. We can easily see that
each solution in Cy . is even in x, because Cy . is the same curve obtained in the space of even functions with respect
to x. The set C is in the solution set. We show that all nonradially symmetric solutions near (A, u(Ag)) are in Ck.
Suppose the contrary, there is a sequence of nonradially symmetric solutions {(A j»ij)}j>0 ¢ Ci such that (A jaij) —
(Ak, u(Ax)) (j — 00). Then for each j > 0 there is 6; such that Ry, () € X. The local uniqueness of Ck.. indicates
that (X, ii ;) € Cy. if j is large. This contradicts that (A}, ii;) ¢ Cx. It is clear from the shape of u that Cx is locally
homeomorphic to a disk. O

Remark 4.14. When N = 2, we easily see that the bifurcating solution u(r, 6) near the bifurcation point (Mg, u(Ag))
is periodic in 6 with period 2.

4.3. Proof of Lemma 4.9
We need two lemmas to prove Lemma 4.9.

Lemma 4.15. Let ¢ (||¢]loo = 0, ¢ > 0) be the first eigenfunction of L. Then

) a+1 00
- / ¢2rN*3dr—>aN*3/wP+‘dg (e | 0). (4.24)
&

0

Proof. The proof is almost the same as one of Lemma 3.10. We briefly prove (4.24). ¢ is also a first eigenfunction of
2L, ie.,

r2£¢>=x¢ in (a,a+1), ¢,=0 atr=a,a+1, ¢ >0.
Because of (4.3) and the positivity of « (Lemma 4.5), there is §; > 0 such that f/(u(r)) — rK_2 <81 (a+ Coe <r <
a + 1). Applying Proposition 2.8, we have
(a <r<a+ Cpe),

@0
0 < r—a
<¢ { ~C (a4 Coe<r<a+l).

Cie
Let (&) :=p(r) (& := ~=%). Then there is C3 > 0 such that

0<@E) <C3e % (0<E<d,) and Cze % € L0, 00). (4.25)
Let 4(£) := u(r). Since ¢ (&) satisfies
Bes e — Sde+ ff= b IO, G0 aE=0.di §>0. [dllx =0,

Multiplying the equation by ¢ - (a + £&)V~! and integrating it, we have

dE dE
aN—lfégdg <f¢3§(a+sg)N—1ds
0 0

dg
=O/(f’(ﬁ>—m>¢ (a+ee)Vde < C4f¢ dt.

Since ||q~5||Lz(0 d) S IC3e™ Caf l22(0,00) < 00, by the above inequality we have that ||¢||H1(0 d.) < Cs. By the same

argument as in the proof of Lemma 3.10 we see that as ¢ |, 0, é — ¢ in CP [0, 00), where ¢, satisfies

loc

aggé*+f’<w)q3*=a—2¢* in(0,00), %@ (0)=0, >0, [¢lloc=0.



Y. Miyamoto / Ann. I. H. Poincaré — AN 29 (2012) 59-81 79

The rest of the proof is similar to Lemma 3.10. We omit the details. O

du(\)
dr

Since Ca = {(A, u(X))}1>), is a smooth curve, u(}) is differentiable for A > Aq. Let u), :=

Lemma 4.16. Let ¢ (||¢|loo = @0, ¢ > 0) be the first eigenfunction on. Then
a+1

% / (f' @) + rf" @uy)g*r¥ " dr — a™ ™! / <f’(w)+%f”(w)$wg>w”+]d$ (e 1 0).
0

a

Modifying the argument used in the proof of Lemma 3.11, we can show that the above limit is valid. We omit the
proof.

Proof of Lemma 4.9. Let ¢ ( ff“ ¢ng “lar =1, ¢o > 0) be the eigenfunction associated to vy. By the same
method used in Lemma 3.3 we can show that ¢y and vy are continuously differentiable in A. _

We prove (4.19). Hereafter by (¢, v) we denote the first eigenpair for ease of notation. Differentiating L¢$ = v¢
in A, we have

N -1
r? <¢rm + T«m + 1w +rf" (wyup + /\f/(u)q)x) =020 + vy,

where we use the fact that u is differentiable in A. Multiplying both sides by ¢r" ~3 and integrating it over [a, a + 1],
we have

N -1
/ (¢m¢> +—— ¢+ W A (Wurg® + xf/(uwm)r“ dr
- / (v2.0* +veps)rN 3 dr. (4.26)
Multiplying qu = v¢ by ¢,V 73 and integrating it over [a, b], we have

N-—1
/ (qbrrqu R +kf/(u)¢¢x>rN_1dr = / vodrN 3 dr.

By integration by parts we have

N—1 / N—l g _ N3
Drra® + - Grad + A (WP |r™ " dr = | vogr” " dr. (4.27)
Subtracting (4.27) from (4.26) and dividing it by &, we have
1
ﬁ/qszr’“3 dr =~ /(f/(uyp2 +f" Wurg®)rN " ar, (4.28)
£ £
Because of Lemma 4.15, it follows from the dominated convergence theorem that
! a+1 00
- / d*rV3dr=aV 3 / wPtldg +o(1) (e10). (4.29)
£
a 0

Because of Lemma 4.16, we have

a+1

é / (f' ) + rf" Wuy)g*rV L dr

a

=aN! /(f’(w) + %f”(w)éw;)w”“ dé +o(1) (e{0). (4.30)
0
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Using Proposition 2.5, we have

a+1 00
s [ (s ar )N ar = PEDLEIGN [rtag o) 40 (431)
a 0
Substituting (4.29) and (4.31) into (4.16), we have

(¥ [wrttas +o)) = P=EPER [urtlde o) e o (432)

0 0

For any sequence {A,} (A, — 0), (4.32) holds, because we need not choose a subsequence in the proof of Lemmas 4.15
and 4.16. Thus (4.19) holds. The proof is complete. O
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