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Abstract

In this paper we continue the study in Lewis and Nystrom (2010) [19], concerning the regularity of the free boundary in a general
two-phase free boundary problem for the p-Laplace operator, by proving regularity of the free boundary assuming that the free
boundary is close to a Lipschitz graph.
© 2011 Elsevier Masson SAS. All rights reserved.
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1. Introduction

In [1-3] a theory for general two-phase free boundary problems for the Laplace operator was developed. In partic-
ular, in [1] Lipschitz free boundaries were shown to be C LY smooth for some y € (0, 1) and in [2] it was shown that
free boundaries which are well approximated by Lipschitz graphs are in fact Lipschitz. Finally, in [3] the existence part
of the theory was developed. In [19] we initiated our study of the corresponding problems for the p-Laplace operator
by generalizing the results in [1] to the p-Laplace operator when p # 2, 1 < p < co. In this paper we continue our
study by establishing results similar to [2] for the p-Laplace operator when p #2, 1 < p < 0o. As in [19] we note
that the generalization beyond the harmonic case, which corresponds to p = 2, is non-trivial due to the non-linear and
degenerate character of the p-Laplace operator. In particular, our results and arguments rely heavily on the techniques
developed in [14-20].

To properly state our results we need to introduce some notation. Points in Euclidean n-space R" are denoted
by x = (x1,...,x,) or (x’, x,) where x’ = (x1,...,x,-1) € R"!. Let E, 9E, diam E be the closure, boundary, and
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diameter of E. Let (-,-) denote the standard inner product on R”, |x| = (x, x)!/2, the Euclidean norm of x, and
let dx be Lebesgue n-measure on R”. Given x e R?, r >0 and s > 0, put B(x,r) ={y € R": |x — y| < r} and
OrsX)={y=0"m): |y =x'| <r, |yn — xnl < s}. Incase r = s, we write Q,(x) for Q,,(x). Given E, F C R",
let E + F denote the set {x +y: x € E, y € F} and let d(E, F) be the Euclidean distance from E to F. In case
E ={y}, we write d(y, F). Let

WE,F)= max[ supd(y, F), supd(y, E)}
yeE yeF
be the Hausdorff distance from E to F.
If O C R" is open and 1 < g < oo, then by W!9(0), we denote the space of equivalence classes of functions f
with distributional gradient V f = (fy,, ..., fx,), both of which are g-th power integrable on O. Let

I fllwiacoy = I1f lLacoy + 1V flllLaco)

be the norm in W'4(0) where || - [ a(0) denotes the usual Lebesgue g-norm in O. Next let C5°(O) be the set of
infinitely differentiable functions with compact support in O and let C(E), be the set of continuous functions on E.

Given D C R" a bounded domain (i.e., a connected open set) and 1 < p < oo, we say that u is p-harmonic in D
provided u € W7 (0) whenever O C D and

/|Vu|l’*2<w,ve>dx=o (1.1)

whenever 0 € C8°(D). Observe that if u is smooth enough and Vu # 0 in D, then
V- (IVul”?Vu)=0 inD (1.2)

so u is a classical solution in D to the p-Laplace partial differential equation. Here, as in the sequel, V- is the
divergence operator. u is said to be p-subharmonic (p-superharmonic) in D provided u € W7 (0) whenever O C D
and (1.1) holds with = replaced by < (=) whenever 6 >0 in D. Let u € C(D) and put Dt (1) = {x € D: u(x) > 0},
F(u)=93D%(u) N D. Let D™ (u) be the interior of {x € D: u(x) <0} and set u™ = max{u, 0}, u~ = — min{u, 0}.
Assuming that w € F(u), and that F'(«) is smooth in a neighborhood of w, we let v = v(w) denote the unit normal,
to F(u) at w, pointing into D (u). Moreover, we let u;f (w) and u; (w) denote the normal derivatives of u™ and u~
at w in the direction of v. Note that uj —u,, > 0. In this paper we consider weak solutions, defined and continuous
in D, to the following general two-phase free boundary problem,

() V-(IVulP™2Vu)=0 in DT (u)UD™ (u),
(ii) uj(u}) = G(—u;(w)) whenever w € F (u),
(i) u=keC@D) ondD. (1.3)

In (1.3)(ii) the function G : [0, co) — [0, co) defines the free boundary condition and the interface F(u) is referred
to as the free boundary. If we make no a priori classical regularity assumptions on the interface F(u) then the free
boundary condition in (1.3)(ii) must be interpreted in a weak sense and in particular a notion of weak solutions to
the problem in (1.3) has to be introduced. Let (-,-)" = max{{(-,-), 0}, (-,-)” = —min{(-,-), 0}. We will work with the
following notion of weak solutions to the problem in (1.3).

Definition 1.4. Let D C R” be a bounded domain, u € C(D) and 1 < p < oo, be given. u is said to be a (weak)
solution to the problem in (1.3) if u is p-harmonic in DV (u) U D™ (u), u =k, on 9D and if the free boundary
condition in (1.3)(ii) is satisfied in the following sense. Assume that w € F' (1) and there exists a ball B(w, p), W €
DT (u) U D™ (u) with w € 9B, p). If v = (W — w)/|W — w|, then the following holds, as x — w, for some o,
B € [0, oo] with « = G(B),

(i) if B, p) C DT (), thenu(x) =afx —w,v)" — f{x —w,v)” +o(jx — wl),
(i) if B, p) C D~ (u), then u(x) = a{w —x,v)* — B(w —x,v)” 4+ o(|x — w|).
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Let (v, V) be the angle between v, b 7% 0 in R™. If |v| =1, 6y € (0, /2], set
I'(v,6p):={v: [9] =1and 6 (v, D) < by},
C(v,6y) = {tﬁ: vel(v,0) and0<t<oo}. (1.5)
Given € > 0 we say that u is e-monotone in O C R", with respect to the directions in I"(v, 6p) if

sup  u(y —€'v) <ux) (1.6)
B(x,€’ sinfg)
whenever €’ > € and x € O with B(x — €’v, €’ sinfy) C O. u is said to be monotone in O C R" with respect to the
directions in I"(v, 8p) if whenever y € B(x,r) C O and Ii:il € I'(v, 6p), it is true that u(y) > u(x). Note that if u is
monotone in O and B(x,r) C O, then (1.6) holds whenever 0 < ¢’ < r/4.

Recall that f: E — R is Lipschitz on E provided there exists b, 0 < b < 0o, such that | f(z) — f(w)| < bz — w|
whenever z, w € E. The infimum of all b such that this inequality holds is called the Lipschitz norm of f on E,
denoted by || f|lLip(g)- It is well known that if E = R"~! then f is differentiable almost everywhere on R*~! and
I/ Iipr-1y = IV flll oo (e-1y- In this paper we prove the following theorems.

Theorem 1. Ler D C R" be a bounded domain, assume that u € C(D) and that u is a weak solution in D, for
some 1 < p < oo, to the problem in (1.3) in the sense of Definition 1.4. Assume that the function G > 0 is strictly
increasing and, for some N > 0, that s — sTNG(s) is decreasing on (0, 00). Assume 0 € F(u), Ql(O) C D, and
that 0 € (w/4,7w/2). Then there exists ¢ = €(0, p,n, N) > 0 such that if u is e-monotone on Q1(0) with respect to
the directions in the spherical cap, I (e, ), for some € € (0, €), then u is monotone in Q1,2(0) with respect to the
directions in I' (e, 01) where 61 > m /4. In particular,

D ()N Q1200) = {(x. xx) €R": x, > f(x)} N Q1200),
Fu)N Q1200) ={(x,x,) eR": x, = f(x)} N Q12(0),
where f:R"~! — R is Lipschitz with ||f_‘||Lip(Rn—l) < 1.

Theorem 2. Let D C R" be a bounded domain, assume that u € C ([_)) and that u is a solution in D, for some
1 < p < o0, to the problem in (1.3) in the sense of Definition 1.4. Assume that G > 0 is strictly increasing, Lipschitz
continuous with ||G||Lip(Rn—l) < C, G(0) > 0, and, for some N > 0, that sNG(s) is decreasing on (0,00). If 0 €

F(u) and Ql(O) C D, then there exist € > 0, e (/4,7 /2), both depending on p, n, C, N, G(0), and maxg, )4

such that the following statement is valid. If 0 < € <€, 0<6< /2, and ifu™ is e-monotone in Q1(0) with respect to
the directions in I (ep,, 0), then u™t is monotone in 01/2(0) with respect to the directions in I" (e,, 61) where 61 > 7 /4.

As a corollary to Theorem 2 we also prove the following.

Corollary 1. Let D C R" be a bounded domain, assume that u € C (l_)) and that u is a solution in D, for some
1 < p <00, to the problem in (1.3) in the sense of Definition 1.4. Let G be as in the statement of Theorem 2 and
assume that 0 € F(u) and Q1(0) C D. Assume that there exists n > 1 such that

nfld(x, F(u)) Sulx) < nd(x, F(u)) whenever x € DV (u) N 01(0).
Then there exist € > 0, e (w/4,7/2), both depending on p, n, C, N, G(0), maxg, o) 4~ and n, such that the
following statement is valid. If 0 < € <€, 6<6< /2, and if

h(F)n 01(0), AN 01(0)) <,
where A = {(x, f(x")): x’ e R" '} and ”f”Lip(Rn—l) <tan(w/2 — 0), then u™ is monotone in Q12(0) with respect
to the directions in I (e, él) where él > /4.

As mentioned earlier, Theorems 1, 2, and Corollary 1 are part of the program initiated in [19]. In particular, in [19]
we proved the following theorem.
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Theorem A. Let D C R” be a bounded domain, assume that u € C (D) and that u is a solution in D, for some 1 < p <
00, 10 the problem in (1.3) in the sense of Definition 1.4. Moreover, suppose that G > 0 is strictly increasing on [0, 00)
and, for some N > 0, that s~N G(s) is decreasing on (0, 00). Assume that 0 € F (u), B(0,2) C D, maxp,2) lu| =1
and that,

DY) N B0,2)=2NB(0,2),  F(u)NB(0,2) =32 N B(O,?2),
2={y=0" ) eR" y,>v(y)}.

in an appropriate coordinate system, where \ is Lipschitz on R"~! with M = ¥ lILiprr-1y- Then there exists o =
o(p,n,M,N) € (0,1) such that Vi is Holder continuous of order o on {x’: (x',v¥(x"))} € B(0,1/8). The C°-
Holder norm of Vi depends only on p,n, M, N.

Using Theorem A and invariance of the p-Laplacian under rotations, translations, and dilations, we deduce under
the scenario of either Theorems 1, 2 or Corollary 1, that F(u) N B(0, 1/16) is of class C19  Furthermore, to indicate
earlier work, for p = 2, Theorem A is given in [1] while Theorems 1, 2 and Corollary 1 can be found in [2]. The work
in [1,2] was generalized in [22,23], to solutions of fully non-linear concave PDE of the form F (D2u) =0, where
F is homogeneous. Further analogues of the work in [1] were obtained for a class of nonisotropic operators in [7]
and in [8] the concavity assumption in [22] was removed for viscosity solutions to fully non-linear PDE of the form,
F (D2u, Du) =0, where F is homogeneous in both arguments. Moreover, generalizations of the results in [1] were
made in [9] to fully non-linear PDE of the form F (D?u, x) = 0 which have interior C!-estimates. Generalizations of
the work in [1], to linear divergence form PDE with variable Lipschitz continuous coefficients were obtained in [6,11].
Finally the work in [1,2] was generalized to viscosity solutions of certain linear nondivergence form elliptic PDE with
drift term in [10]. However, Theorems A, 1, 2 and Corollary 1 are the first generalizations of [1,2] to divergence form
operators of p-Laplacian type.

The rest of the paper is organized in the following way. In Section 2, which partly is of a preliminary nature, we
collect a number of results from [14,15,20,19] concerning p-harmonic functions in Lipschitz domains. In Section 3
we construct appropriate p-subsolutions to the free boundary problem under consideration using results from [2,19,
22]. We also prove that if u is as in Theorem 1, then u satisfies

u(y)

C_l u(y)
d(y,082)

1639 < |Vu(y)| <c

(1.7)
where ¢ = ¢(p, n), at points sufficiently far away from d Q1(0) U F («). Finally, in Section 3 we use (1.7) to show that
u is monotone in the directions I'(e,, ) at points sufficiently far away from dQ1(0) U F(u). In Section 4 we then
prove Theorem 1 leaving the proofs of Theorem 2 and Corollary 1 for Section 5. At the end of Section 5 we mention
possible generalizations of Theorems 1, 2 and Corollary 1.

Concerning our proofs of Theorems 1, 2 and Corollary 1 we note that our argument combines the geometric
approach developed in [1,2,23] with the analytic techniques for p-harmonic functions in Lipschitz domains, and in
domains which are well approximated by Lipschitz graph domains in the Hausdorff distance sense, developed in [14—
16,18,19]. In particular, based on the results in our previous papers, we are able to proceed along the lines of [2] and
[23] to complete the proofs. The most tricky part of the argument, as compared to the harmonic case in [2], is to obtain
a contradiction when the graph of the solution u# and the graph of the carefully constructed subsolution v, touch. In
[19] we obtained a contradiction, and thus proved Theorem A, by using a boundary Harnack inequality — Hopf type
maximum principle (see Theorem 2.9 below) as well as the fact that in [19] u satisfied the fundamental inequality
(1.7) up to F(u). In the proof of Theorem 1, we can no longer assume (1.7) up to F'(u). Instead we have to introduce
several other comparison functions and prove these functions can be used to get the desired contradiction.

We emphasize that on the one hand this paper is not user friendly, as it relies heavily on previous rather technical
work of the authors mentioned above. On the other hand, we state and give references for results which are used in this
paper. In general our strategy in writing this paper has been to refer to previous work whenever possible, as well as,
to provide details whenever our arguments differ from previous arguments. Thus as a minimum the interested reader
should first be familiar with [2,19], and to have these papers at hand.

Finally the authors would like to thank the referee for some helpful comments.
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2. Estimates for p-harmonic functions

We say that £2 C R” is a bounded Lipschitz domain if there exists a finite set of balls {B(x;, r;)}, with x; € 9§2 and
r; > 0, such that { B(x;, r;)} constitutes a covering of an open neighborhood of 952 and such that, for each i,

2N B(x;,4r;) = {x = (x/, x,,) eR": x, > ¢ (x/)} N B(x;,4r;),
082 N B(x;,4r;) = {x = (x/,xn) eR": x, =¢; (x/)} N B(x;, 4r;), 2.1

in an appropriate coordinate system and for a Lipschitz function ¢; on R”~!. The Lipschitz constant of §2 is defined
tobe M = max; ||¢; ||Lip(Rn—l). Ifwed2,0<r <rg,welet A(w,r) =082 N B(w, r) be the naturally defined surface
ball and we let ¢;, 1 < i < n, denote the point in R” with one in the i-th coordinate position and zeroes elsewhere.
Moreover, throughout the paper ¢ will denote, unless otherwise stated, a positive constant > 1, not necessarily the
same at each occurrence, which only depends on p, n, and M. In general, c(ay, ..., a,) denotes a positive constant
> 1, not necessarily the same at each occurrence, which depends on p, n, M and ay,...,a,. If A= B then A/B is
bounded from above and below by constants which, unless otherwise stated, depend on p, n and M at most. Moreover,
we let maxp(; s) i, ming(; s # be the essential supremum and infimum of & on B(z, s) whenever B(z,s) C R" and &
is defined on B(z, s).

We first state a number of basic lemmas in Lipschitz domains. As a general reference for proofs of the following
lemmas we refer to [14]. Lemmas 2.2, 2.3, 2.5, are classical interior type estimates for non-linear partial differential
equations in divergence form. Lemma 2.4 is well known for harmonic functions while Theorems 2.6, 2.7, are recent
results of the authors. Their proofs use deformations of # into v, similar to the one in (2.13), as well as uniform
ellipticity estimates, similar to those in (2.14)—(2.17), and classical boundary Harnack inequalities for nondivergence
uniformly elliptic partial differential equations.

Lemma 2.2. Given p, 1 < p < 00, let it be a positive p-harmonic function in B(w, 2r). Then

(i) max & <c min i.
B(w,r) B(w,r)

Furthermore, there exists « = a(p,n) € (0, 1) such that if x, y € B(w, r), then

o . lx —y[\* .
(>i1) |u(x)—u(y)|<c " max iu.

B(w,2r)

Lemma 2.3. Ler 2 C R" be a bounded Lipschitz domain and p given, 1 < p < o0. Let w € 982, 0 <r < rg, and
suppose that it is a non-negative p-harmonic function in 2 0 B(w, 2r). Assume also that i is continuous on 2 N
B(w, 2r) with u =0 on A(w, 2r). There exist c = c(p,n,M) > 1 and a = a(p,n, M) € (0, 1) such that if x,y €
2N B(w,r), then

]ﬁ(x)—ﬁ(y)‘ée(lx_ﬂ) max_ .

r 2NB(w,2r)

Lemma 2.4. Let £2 C R" be a bounded Lipschitz domain and p given, 1 < p < oco. Let w € 92, 0 <r < ro, and
suppose that il is a non-negative p-harmonic function in 2 N B(w, 2r). Assume also that i is continuous in 2 N
B(w, 2r) with i =0 on A(w, 2r). There exists c = c(p,n, M), 1 < ¢ < 00, such that if F =r/c, then

max _ i < cit(az(w)),
Q0B (w7

where ai(w) is any point in 2 0 B(w, 7) with d(a;(w), d82) >F/c.
Lemma 2.5. Let £2 C R" be a bounded Lipschitz domain and p given, 1 < p < 00. Let w € 082, 0 < r < ro and sup-

pose that i is a non-negative p-harmonic function in 2 N\ B(w, 2r). Assume also that ii is continuous in 2 N B(w, 2r)
with it =0 on A(w,2r). Extend ii to B(w,2r) by defining i =0 on B(w,2r) \ 2. Then it has a representative in
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WLP(B(w, 2r)) with Hélder continuous partial derivatives in §2 N B(w, 2r). In particular, there exists o € (0, 1],
depending only on p and n, such thatif x,y € B(w,r/2), B(w,4r) C 2N B(w, 2r), then
Vi) = Vam| < (x = y1/7)° Max |V < e (lx = y1/F)" a D).
Moreover, if for some B € (1, 00),
iu(y)

10,002 S B|Vi(y)| forall y € B(b,2F),

then it € C*°(B(w, 2F)) and given a positive integer k there exists ¢ > 1, depending only on p, n, B, k, such that

o . d(w R . L ]
max |Dku| < cfi)k where D*ii denotes an arbitrary k-th order derivative of u.
B(ﬁ),%) d(w, 082)

Next we state two theorems proved in [14,15].

Theorem 2.6. Let 2 C R" be a bounded Lipschitz domain with constants M, ry. Given p,1 < p < oo, w € 352,
0 < r < ro, suppose that i and 0 are positive p-harmonic functions in 2 N B(w, 2r). Assume also that i, 0 are
continuous in 2 N B(w,2r) and that i = 0= 0 on A(w,2r). Under these assumptions there exists c1, 1 < c1 <
oo, ¥y > 0, depending only on p, n, and M, such that if x,y € 2 N B(w,r/c1), then

o(55) i) <o ()
ogl —— ) —log| —= )| < .
v(y) v(x) r
Theorem 2.7. Let 2 C R" be a bounded Lipschitz domain with constants M, ry. Let w € 952, 0 < r < rg, and
suppose that (2.1) holds with x;,r;, ¢i, replaced by w, r, ¢. Given p, 1 < p < 00, let i be a positive p-harmonic

function in 2 N B(w, 2r). Assume also that i is continuous in 2 N B(w, 2r) with t =0 on A(w, 2r). Then there
exists Oy € (0, /2] and 1 < ¢y < 00, both depending only on p, n, M, such that

) R iu(y)
(V). ) <|Vay| <egoaa

C_1 ﬁ(y)
2 d(y,00)

whenever y € 2 N B(w,r/c2) and & € I' (e, 0p).

We note that in [14] we proved, under the assumptions stated in Theorem 2.6, that

(i) ()
ogl = —logl ——= )| <c wheneverx,ye 2N B(w,r/c). (2.8)
v(y) v(x)

Here ¢ = c¢(p, n, M). Using (2.8) we then obtained, essentially simultaneously, Theorems 2.6 and 2.7 in [15]. Further-
more, in [19] we also proved the following theorem.

Theorem 2.9. Let 2 C R” be a bounded Lipschitz domain with constants M, ro. Let w € 02,0 <r <rg, 1 < p <00,
and suppose that U, 0 are positive p-harmonic functions in 2 N B(w,2r) with 0 < ii. Assume also that u, U are
continuous in 2 N B(w, 2r) with it =0 =0 on A(w, 2r). Then there exists ¢3, 1 < ¢3 < 00, such that

i) =) _ 6 k)
L))

whenever x,y € £2 N B(w, r/c3).

We note that Theorem 2.9 implies (2.8), as follows easily from the fact that the p-Laplacian is invariant under
multiplication by a constant. Thus replacing 0 by §v in the above display, multiplying both sides by 8, and then letting
8 — 0, we get (2.8). A slightly more involved argument (see Section 6 of [20]) also gives Theorem 2.6. Also for later
use we observe from Theorem 2.6 that v can be replaced by u in the denominator of the display in Theorem 2.9.

Next we state Lemma 2.10 which gives a useful criteria for determining when a positive p-harmonic function
satisfies the last inequality in Theorem 2.7 at a point. Note that Lemma 2.10 is similar to Lemmas 4.3 and 5.4 in [15],
Lemma 3.1 in [18], and Lemma 3.18 in [20]. Hence we do not include a proof of this lemma here.



J.L. Lewis, K. Nystrom / Ann. I. H. Poincaré — AN 29 (2012) 83-108

89

Lemma 2.10. Let O be an open set, and suppose that it, 0 are positive p-harmonic functionsin O. Leta > 1, y € O,

|&| = 1, and assume that

19y . .
;d(y,—80) Q(VU(Y)f) < |VU()’)| <a

0(y)
d(y,90)

Let €1 = (ca)M*9)/?  where o is as in Lemma 2.5 and ¢ = c¢(p, n). Then the following statement is true for ¢ =

c(p, n) suitably large. If

(1-L<-<(+9L

SPY Y

in B(y, %d(y, 00)) for some Z, 0<L < 00, then

1 a(y) . .
am < <V14()7)»‘5> < ‘Vu(y)| <ca

u(y)
d(y,00)

To continue our basic estimates, we list some results for the difference of two p-harmonic functions. To this end,
let i1, U be positive p-harmonic functions in an open set O, satisfying 1 < ii/0 < c4. Suppose also that v satisfies, for

some § > 1, the fundamental inequality

g D)
d(x.90)

where B(w, 2r) C O. Define

0(x)

< | Vi) <6d(x,30),

whenever x € B(w, r),

e(x)=1u(x) —v(x) wheneverx € B(w,r).
and put
u(x,7)=rtu(x)+ (1 —t)v(x) wheneverx € B(w,r), and 7 € [0, 1].

Clearly, e(x) = u(x, 1) — u(x, 0). Using p-harmonicity of i, 0 and that

1
1E1P~2E — |n|P~2 :/ a{ltg+( —t)77|[;_2[f$ + (1 —1)nl}
t

dt

0
whenever &, n € R" \ {0}, it follows that e is a weak solution to

n

~ J ,~
Le:= Z —(b,'j(y)eyj (y)) =0 whenevery € B(w,r)

Pyt dyi

where
1
l;ij(y)Z/bij(y,r)dr,
0
bij (v, 1) = [Vu(y, 0" ((p = 2y, (0, Dy, (0, 0) + 83 Vaey, 0 ).

Here i, j € {1,...,n} and §;; is the Kronecker 8. If y € B(w, r), then from (2.14) we observe that e = it —

solution in to a symmetric divergence form PDE with ellipticity constants at y estimated by

min{p — 1, IEPA() < Y bij(»&&; <maxip — 1, BIEPA(),
i,j=1

whenever £ € R”, and where

@2.11)

(2.12)

(2.13)

(2.14)

(2.15)

v is the

(2.16)
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1
A :/\Vu(y,r)V"zdr ~ (|Vi(y)| + |Vf)(y)|)p_2% (6(y)/d(y,80))p_2. (2.17)
0

The right-hand side inequality in (2.17) was obtained by using Lemma 2.5 to estimate |Vi(-)| in terms of
u(-)/d(-, 30), the assumption that iz < c40, (2.11), and the fact that
d(x,00)
1/2<———=<2 forx,ze B(w,r)
d(z,00)
since B(w, 2r) C 0. In (2.17) the constants of proportionality depend only on p, n, 8, and c4. In Sections 4 and 5 we
will need the following interior Harnack inequality.

Lemma 2.18. Let i, 0, be positive p-harmonic functions in O with 1 <11/ < c4 and suppose that v satisfies (2.11)
with r =2F, w = w, where B(Ww,47) C O. If e = it — 0, then there exists a constant ¢ = ¢(p, n, 8, c4) > 1 such that

max e < c¢ min e.
B(,F) B(w,F)

Proof. From (2.16), (2.17), and (2.11), we see that Lis uniformly elliptic in B(w, 2r) with bounded measurable co-
efficients. Constants depend only on p, n, 8, c4. The stated Harnack inequality now follows from classical arguments,
see [21]. O

Finally in this section we prove a lemma concerning properties of a positive minimal p-harmonic function in a cone.
More specifically, if 0 < 6y < 7, recall the definition of the cone C(e,, 6y) in (1.5). We write C(8y) for C (e, 6p).
Given p, 1 < p < 0o, we say that & is a minimal positive p-harmonic function in C(6p), relative to oo, provided # is
a positive p-harmonic function in C(6p) with continuous boundary value zero on aC(6p).

Lemma 2.19. Given 0y € (0, ], and 1 < p < 00, there exists a unique minimal positive p-harmonic function, i =
u(-, 00), in C(0p) with ti(e,) = 1. Moreover, if r = |x|, x, =r cos6, 0 < 6 < 0y, are spherical coordinates of x, then
there exist Yy € C*°(cos by, 1) and y > 0 such that

u(x)=u(r,0)=r"vy(cosf), 0<0 <0.

Also, y is a decreasing positive continuous function of 6y € (0, w) with y (w/2) = 1.

Proof. We note that in [12], homogeneous p-harmonic functions of the above form are constructed in cones. To begin
the proof of Lemma 2.19, existence of a minimal positive p-harmonic function # relative to oo in C(6p) is easily
shown. For example one can take i to be the limit of a subsequence of (u,,,){° where u,, is a positive p-harmonic
function in C(6p) N B(0, m) with continuous boundary value 0 on dC(6p) N B(0, m) and u,, (e,) = 1. Existence of u,,,
m=1,2,..., follows from a calculus of variations argument. Applying Lemmas 2.2-2.5 to u,,, m = 1,2, ..., and
using Ascoli’s theorem we get &. To prove uniqueness of i, let U be another minimal positive p-harmonic function
in C(6p) with v(e,) = 1. Using Theorem 2.6 with £2 = C(69) N B(0, 2r), w = 0, we get, upon letting r — oo, that
0 = it. Thus # is the unique minimal positive p-harmonic function in C(6p) with #(e,) = 1. To obtain the desired
form for u we first note that uniqueness of # and invariance of the p-Laplace equation under rotations imply that i is
symmetric about the x, axis. Thus we write #(r, 0) for it(x) when x € C(6p) and r = |x|, x, = rcos, 0 <0 < 6.
Also since the p-Laplacian is invariant under dilations it follows from uniqueness of i that

iu(Ax) =u(rey)ii(x) whenever A > 0and x € C(6p). (2.20)
Differentiating (2.20) with respect to A and evaluating at > = 1 we find that
riiy(r,0) = (x, Vii(x)) = (Vii(en), en)ii (r, 0).

Dividing this equality by ra(r, 6), integrating, and then exponentiating, we get u(r,0) = r¥y(cos) where y =
(en, Vii(ey)). Continuity of y once again follows from uniqueness of #(-, 6y) and Lemmas 2.2-2.5. Also, y (6p) is
decreasing for 6y € (0, ), as follows easily from comparing solutions in different cones and using the maximum
principle for p-harmonic functions. Finally éi(x) = x,, =rcos® when 6y =7/2, so y(7/2)=1. O
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3. Preliminary reductions for Theorem 1

Recall that given a bounded domain D and 1 < p < oo, we say that u is p-subharmonic in D provided u €
WP (§2) whenever £2 is an open set with 2 C D and

f |VulP~2(Vu, Vo) dx <0 (3.1)

whenever 6 € C3°(D) and 0 > 0 on D. We say that u is p-superharmonic provided —u is p-subharmonic. Moreover,
we let C2(D) denote the set of functions which have continuous second partial derivatives in D. For ¢ € C 2(D) we
let V2¢ (x) denote the Hessian matrix of ¢ at x € D.

Let S(n) denote the set of all symmetric n x n matrices and let P be the Pucci type extremal operator (see [4])
defined, for M € S(n), as

n

P(M) = Aigp 'Zl a;jM;;. (3.2)
i,j=

Here A, denotes the set of all symmetric n x n matrices A = {a;;} which satisfy

n
min{p — 1, }I§* < Y a;j&&; <max{p — 1, 1}|5|> whenever & € R". (3.3)
i,j=1

For the proof of the following lemma we refer to [19, Lemma 3.5].
Lemma 3.4. Let ¢ > 0 be in C*(D), IVollLepy <1/2, p fixed, 1 < p < 0o, and suppose that

¢(x)P(V2¢(x)) > 50pn|Vq)(x)|2 whenever x € D.

Let u be continuous in an open set O containing the closure of | J . p B(x, ¢ (x)) and define
v(x)= max u
B(x,¢(x))

whenever x € D. If u is p-harmonic in O \ {u = 0}, then v is continuous and p-subharmonic in {v # 0} N D.

Next we consider the asymptotic development, near F(v), of the p-subharmonic function constructed in
Lemma 3.4.

Lemma 3.5. Let D, u, ¢, O, and v = vy be as in the statement of Lemma 3.4 and let G be as in Theorem 1. Suppose
also that (i), (ii) of Definition 1.4 hold for some a, B, whenever w € O N d{u > 0} and there exists B(w, p) C O \
u > 0y withw € dB(W, p). If w € F(v), then there exist w* € DT (v) and p* > 0 such that B(w*, p*) C D¥(v) and
W € dB(w*, p*). Also, there exist &, B € [0, 00), such that the following hold, as x — W, with ¥ = (w* — ) /|w* — 0|,

@ v zax—w )t —Bx—w,0) +o(lx — ),

() ©__ >G< p__ )
[ vo@) ~ \1+ Ve@)|

Proof. The proof of Lemma 3.5 for p =2 can be found in Lemmas 10, 11 of [1]. The proof is based on a purely
geometric argument using smoothness of ¢, and the asymptotic expansion of u in balls tangent to F(x). Hence it is
also valid here. 0O

We will also use the following lemma.
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Lemma 3.6. Let D, ¢, be as in Lemma 3.4. Assume € > 0 small, p fixed, 1 < p <00, 6y € (w/4,7/2) and let O be
an open set containing

{y: |y — z| < 2¢ for some z in the closure of U

xeD

B(x,¢(x))}.

Assume that u is~ continuous, and €-monotone in O with respect to the directions in I (e, 6p). Agsume also that u is
p-harmonic in O \ d{u > 0} and satisfies (as in Lemma 3.5) (1), (ii) of Definition 1.4 at points of O N d{u > 0}. Let G
be as in Theorem 1 and define v relative to u, ¢ as in Lemma 3.5. If 0 < 6’ < 6y, %e sinfy < ¢ (x) <€, and

sin@’ < n6y —

1
o ——(cosbp)” |V¢|(x))
1+|V¢|(X)( 2¢( )
for all x € D, then v is monotone in D with respect to the directions in I (e,,0’) and F(v) N D is the graph of a
Lipschitz function with constant M', M' < cot’.

Proof. A proof for p =2 is given in [2, Lemma 2]. The proof involves a purely geometric argument so can be
repeated here. However for p # 2, 1 < p < oo, certain issues should be clarified. Indeed, let X € D and suppose
$ € dB(X, (%)) with u(9) = v(£). We consider several cases. If § € O \ d{x: u(x) > 0} and Vu($) # 0, then u is
p-harmonic, consequently infinitely differentiable in a neighborhood of y, so we can argue as in Lemma 2 of [2] to get
that v is increasing at X in the directions given by I'(e,, 68’). If $ € O N 3{x: u(x) > 0} and & # 0 in Lemma 3.5(a),
we can once again use the geometric argument in [2] to conclude that v is increasing at X in the directions given by
I'(e,,0") N {x: |x| = 1}. Hence it remains to consider the cases when (a) y € 0 \ o{x: u(x) > 0}, Vu(y) =0, and
(b)ye 0 Nd{x: u(x) >0}, & =0. In case (a) it follows from the Hopf boundary maximum principle and the fact that
u($) = max{u(z): z € B(X, ¢(%))} that u = u($) in B(X, ¢(%)). In this case we note that

2¢(%) > esinfy > e(1 —sinfp) + (v2 — De.
Thus
B(2+ (¢(X) — €)en, €sinbp) N B(X, (X)) # 0

and so it follows from the definition of e€-monotonicity, that u > u(X) in an open neighborhood of X + ¢ (X)e,.
Since v(x) = u(x + ¢ (x)e,) we conclude that v > v(X) in an open neighborhood of %. In case (b) it follows from
Definition 1.4 applied to u, and the Hopf boundary maximum principle, that u = 0 in B(X, ¢ (X)). Hence, once again
using €-monotonicity we have that v > 0 = v(X) in an open neighborhood of x. Thus v is monotone in D with respect
to the directions in I" (e,,, #”). Lipschitzness of F (v) N D follows from an easy geometric argument using monotonicity
of v and the definition of F (v). The proof of Lemma 3.6 is now complete. O

Finally, we will use the following set of functions {¢;}, 0 < t < 1, to construct appropriate p-subharmonic functions
to be used in the proof of Theorems 1 and 2.

Lemma 3.7. Let A = {(x’, x,) € R": x, = A(x")} where A:R"~! = R, 1(0) =0, and 2 Lipr-1y < M < o0 for
some M > 1. Given h, 0 < h < 1073, let A(h) = (X, x0): |xn — A(X)| < A} N Qz,gM(()). If B € (0, 1), then there
exists a family of functions {¢;}, 0 <t < 1, C2-regular in ACh), and c =c(p,n,M,B) > 1, ho =ho(p,n, M, B) >0,
such that the following holds. There exists u = u(p,n), 0 < u < 2, such that for x € A(h),t € [0, 1], and h € (0, ho],
we have

1) 1<ee(x) <1+ put,
(i) [V (x)| <cthP,
(i) ¢ (x)P (V2 (x)) >
(iv) ¢:;(x)=1 wheneverx € A(h)\ Q1_2h175’4M(0),

V) T4+ ut—¢i(x) < <cth?  whenever x € A(h) N Q11090018 ap (0).




J.L. Lewis, K. Nystrom / Ann. I. H. Poincaré — AN 29 (2012) 83-108 93

Proof. We could prove Lemma 3.7 by arguing as in [10] however we prefer to use a covering argument and the
construction in [19]. This construction in turn was based on a construction in [22] (the constructlon in [23] appears
incorrect). To begin the argument let {a;;} € A, and let L be the operator Zl j=I Bx (aij 3x ). Given x e R", p €

(0, 1072), we claim there exists 0 < f € C2(R" \ B(%, p/2)) satisfying
Lf>0 inR'"\B&,p) and f=0 inR"\ B, 10). (3.8)
Also, for some k+ =k (p, p,n) > 1, we have

(i) k3'<min(f,Lf) on B(%,6)\B(,p),

(i) IV/ISLf <k inR"\B@& p). (3.9)
For example, let N be a non-negative integer and let
fx)=1% —x|7*M whenever x e R"\ B(%, p/2).

It is easily checked that f satisfies (3.8), (3.9) on B(x, 10) \ B(x, p),for N =N(p, p,n) >0 large enough, except that
f does not have support in B(£, 10). To remedy this let f =[max(f — 1072V 0)]*. Then f is C2 on R" \ B(%, p/2)
and f 0in R" \ B(x, 10). From the definition of L and (3.9) (ii) we find that

Lf>4fLf>4f3Vf|=|Vf| wheneverp<|x —%| < 10.

Thus (3.8), (3.9) are valid.
Next we choose p = (100M)~! and use a well-known covering lemma to get {B(w;, ph)} with {B(w;, ph/10)}
pairwise disjoint, and

(@ w;€ABh)\ AQh), i=12,....
UB(wi,ph) NA(h) =0
© AN Q1 _sop-p,4n(0) C | B(wi, 6h).
@ (AN Qg5 4y (@) N Bwi. 10n) = . (3.10)

Existence of {w;} satisfying (a), (c), (d) is easily seen. Note that (b) follows frorp (a) our choice of p, and the fact that
A has Lipschitz norm < M. Next given w; we take X = w; in the definition of f and set

ﬁ(x)=f(w,- + x_h

wj " .
), x e R"\ B(w;, ph), i=1,2,....

Let
Yx)=h">" fi(x), whenxeR"\| JBw;, ph).
Observe from (3.8) that fl has support in B(w;, 10h). Using this fact, as well as the disjointness of {B(w;, ph/10)},

we deduce that if x € R" \ | B(w;, ph), then {i: fi(x) # 0} has cardinality at most ¢ where ¢ = ¢(p,n, M) > 1.
Using these facts (3.8)—(3.10) we see for some c_ =c_(p,n, M, B) > 1 that

(@ Ly(x)=c2'hP whenx e A(h) N Q) _sopi-s 421 (0),

(B) Ly =h7'[Vy| on A(h),

(r)  max(¥, h|Vy|) <c-hP on A(h),

¢é) v=0 onA(h)\Ql_ZhlngM(O). (3.11)
Let 0 € CP(R"™!) with 0 <6 < 1 and

(@ 6=1 on{x'eR" " |x'|<1-100n'"F},
(B) 6=0 on{x'eR"" |x|> —50n'#},
n—1 2
3%0 30
1-B B—1 n—1
h Z FRrr ;8)@- <ch onR"!, (3.12)
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where ¢ = c(p, n, M, B). Finally put
or(x)=1+1[0(x)+¢¥(x)], whenx=(x",x,) € A(h).

Then (i), (v) of Lemma 3.7 are easily deduced from (3.11)(y) and (3.12)(«), (B). (ii) of Lemma 3.7 is implied
by (3.11)(y) and (3.12)(y) while (iv) of this lemma is a consequence of (3.11)(5), (3.12)(8). (iii) for x € A(h) N
Q1_s0n1-(0) with P replaced by L follows from (3.11)(cr), (3.12)(y), and Lemma 3.7(ii). (iii) for x € A(h) \
Q1 _5051-8(0) with P replaced by L follows for hg = ho(p,n, M, B) > 0 small enough from (3.11)(8), (y) and
(3.12)(B). Taking the infimum over all {a;;} € A, we get (iii) for P. The proof of Lemma 3.7 is now complete. O

Next we prove

Lemma 3.13. Let u, D, G, 0, be as in Theorem 1. Assume % € F(u) and Qr (X) C D. Then there exist €, = €,(p, n) >
0, cx = cx(p,n) > 1, and 6* = 0*(p, n) € (0, w/2), such that if 0 < € < €, then
i Mul(x)/d(x, Fw) < (Vu(x), &) < | Vu )| < culul(x)/d (x, F(w))

whenever r > cie, X € Qe (X), E €I (e,,0%), and cre < d(x, F(u)).

Proof. To begin the proof of Lemma 3.13 assume r > 100, and let 0 = 0r_100e.r—50e (X), z € F(u) N Q We first
show that

(i) 0=u(z) <u(w) whenever w € Q,() N B(z + pe,, psind), € < p, and d(w, BQr()?)) > 20e,
(i)  Either u(w) =0 or u(w) < 0 for all w € Q,(X) N B(z — pe,, psinh)
with € < p and d(w, 0Q, (%)) = 20e. (3.14)

Indeed first assume € < p < 20e. Then replacing < in (i), (ii) by <, we deduce easily that the amended (i), (ii), follow
from e-monotonicity of u in the directions given by I"(e,, 6). Moreover if u(w) = 0 for some w as in (3.14) (i), then
u < 0 in an open neighborhood of z which contradicts z € F(u). Also, if u(w) = 0 for some w as in (3.14) (ii), then
u=0in Q,(x) N B(z — pey, psind) follows from the maximum principle for p-harmonic functions. If p > 20e,
then to prove (i), we can use convexity of Q,(X) and choose successive points w;, 1 < j <k, on the ray from z to w
with wy =z, wx =w, and € < w11 —w;| <S¢, 1 < j <k — 1. Using ‘e-monotonicity’ once again it follows that
u(w;) < u(w;41) and thereupon from the case p < 20e that u(w) > u(z). Hence (i) is true. (ii) is proved similarly
when p > 20e, we omit the details.
Let C(e,, 0) be the cone with axis parallel to e, and of angle opening 6 (as in (1.5)). Put

Z(x)=x+C(en.0) ={x+¢: £ € Clen.0)},
Q= U X (x).

xeFw)NO

If y/ e R" Vet T(y') = inf{y,: (y', yn) € £2}. Then 7 is Lipschitz with

ITllipge—1y <tan(r/2—60) <1 and {(y'.7(y)): y eR"'} =0%2. (3.15)
We claim that
h(Fu)yn Q0,32 Q) <e. (3.16)

To prove claim (3.16) note from (3.14) with z = % that for given y’ with |y’ — X’| < r — 100¢, we have E(y') =
Fw)N{(y,t): |t —x,| <r—50e} #P. If y=(y, y») € E(y’), then from the definition of 7, (3.14), and (3.15) we
see that 7(y') < y, < r — 100€ + %,. Next from a compactness argument we find that (y’, 7(y")) is in X (z) for some
ze F(u)nN Q Now y, — t(y") < € since otherwise y € Q N X'(z), and y, — z,, > € which violates (3.14)(i). Since
y € E(Y’) is arbitrary we conclude the validity of (3.16) from this contradiction.

Let

21={ye 0: yp>1())+2€},
2 ={ye Q: yp>1())—2€}.
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Then from (3.15), (3.16) we get

2, CcDTw)NQ C 2. (3.17)
Let u; be the p-harmonic function in £2; which is continuous in §2; with boundary values

(@ wur=0 onad21NQ,

(®)  ui(y)=u(y) whenyed2yNdQ andy, >1(y)+ 3,

n—2€ — ' / /
(©) ul(y)=(y+r(y))u(y,f(y)+3e) when y €922, N 90

and 7(y') +2€ < yu < 7()') + 3e. (3.18)

Let u; be the p-harmonic function in £2, which is continuous in £, with boundary values uy = u™ on 9£2;. From the
maximum principle for p-harmonic functions and (3.17) we deduce that

uy <u<wuy 1in 2. (3.19)

Let us(x) = uz(x’, x, — 4¢) whenever x € £21. Observe that u3 > 0 is p-harmonic in £2; with u3 =0 on 92| N Q.
We claim that

Uz < uj. (3.20)

The claim in (3.20) follows from the boundary maximum principle once we show that u3 < u; on 952;. In fact, if
y€d21NdQ and y, > t(y') + 3e€, then

us(y) =ut(y', yo —4€) <u(y',yn) =ur(y', yn)-

Ifyecd2,NdQ and t(y") +2e <y, <t(y)+3€ or y €982, N Q, then u3(y) =0 < uy(y) as we see from e-
monotonicity of u and the fact that F () is contained in the closure of 2. Hence (3.20) is valid. From (3.19), (3.20),
we have

I <u/uy <up/usz. (3.21)
Next we note from Lemma 2.2 that if x € £21 N Q,/2(X) and d(x, F (1)) > Ae, for some A > 100, then

0 <up(x) —uz(x) =uz(x’, x,) —ua(x’, xp — 4€) <cA™%uz(x) (3.22)
where ¢ > 1 and @ > 0 depend only on p, n. Putting (3.21), (3.22) together we have

I<u/u; <1+cA™%. (3.23)
Finally we observe from Theorem 2.7 that there exist ¢ = c¢(p,n) > 1 and 8’ = 6'(p, n) € (0, 7/2) such that

¢ lur () /d(x, 921) < (Vui(x), §) < [Vur ()] < cur(x)/d (x, 8821) (3.24)

whenever x € £21 N Q/c(X) and & € I'(e,, 0'). From (3.23), (3.24), we see that Lemma 2.10 can be applied for
A = A(p, n) large enough with ¥ = u, it = u. Doing this we get Lemma 3.13 when u(x) > 0.
Similarly, to prove Lemma 3.13 when u(x) <0, let

S (w)=w+ C(—ey, 0),
Q= U > (w)
weONF (u)

and for y' € R”‘f let T(y") = sup{yn: (', yu) € £2}. Then (3.15) holds with T replaced by 7. Also (3.16) is true with
£2 replaced by £2, as follows from an argument similar to the one used earlier for (3.16). Let

Q= {ye 0 yu<7(y)+2e}
={ye 0y, <7(y)—2¢}.
Then from the new versions of (3.15), (3.16), we see that

2, c 0\ D () c 2.
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From this relationship and (3.14) we see that either u = 0 on f}z or u(x) < 0 whenever x € S~22 Ifu=0on fzz,
then Lemma 3.13 is trivially true. Otherwise we can repeat the argument following (3.17) to (3.24) with u, §21, §22,
replaced by —u, 25, 21, respectively. The proof of Lemma 3.13 is now complete. O

Finally in this section we prove the following lemma.

Lemma 3.25. Let u, D, G, 0, be as in Theorem 1. Assume % € F(u) and Q, () C D. Then there exist € = é(p,_n) >0
and ¢ =&(p,n) > 1, such that if 0 < € <&, then (Vu(x), £) > 0 whenever r > &€, x € Q,e(X), & € I'(ey,0), and
ce <d(x, F(u)).

Proof. Fix & € I'(e,,0), suppose r > cie, and w € Qr/cf()z) with cﬁe < d(w, F(u)) where c, is the constant in
Lemma 3.13. Put d(w, F(u)) = 5A€¢ and note from Lemma 3.13, as well as Harnack’s inequality for p-harmonic
functions, that

(cAe)™ 1u(w) c|Vu(y)‘ c? uy, (y) <c (Ae) 1u(w) (3.26)
for some ¢ = ¢(p, n) whenever y € B(w,4A¢€). If n € [1, A) is fixed and & € I"(e,, 9), set

en(x) =u(x +ne§ +w) —u(x +w) whenever x € B(0,3A¢).
From (3.26), (2.11)—(2.15), as well as Lemma 2.5, we see that

n

A 0
0=Le(y) = Z B_y(bij (y)(en)yj (y)) =0 whenever y € B(0,3A¢), 3.27)
ij=1 """
where, if u(y, ) = tu(y + ne§ +w) + (1 — r)u(y + w), for r € [0, 1] and y € B(0, 3A¢€), then
1
l;ij(y)sz,-j(y,r)dr, where
0

bij(y, 1) = |Vu(y, " ((p = Dy, (v, Dy, (v, ) + 8| Vu (v, ). (3.28)

Let Ei = (Ae/u(w))? _213,- j- Then as in (2.16), (2.17), we see from (3.26) that (15i ;) are uniformly elliptic and bounded
with constants depending only on p, n. Also from Lemma 2.5 and (3.26) we see, for a given positive integer k, that

|D blj(y)|<c(Ae) —k for y € B(0,2A¢), 1 <1i,j<n, (3.29)

where ¢ = c(p, n, k) and D* denotes an arbitrary k-th order derivative. Next observe from ‘e-monotonicity’ that
ey 2 01in B(0,3Ae€). To continue, using (3.26)—(3.29), the above observations, basic Schauder type estimates, and
Harnack’s inequality for uniformly elliptic PDE in divergence form we get, for some ¢ = c(p,n) > 1 and n € [2, 3],
that

Ve, (0)] < cey (0)/(Ae) < c?e1(0)/(Ae). (3.30)
Moreover,
3
c_lel(O) <e1(eéE) =uBeé +w) —uReé +w)=¢ /(Vu(neé + w), é)dn. (3.31)
2

(3.31) can be rewritten using that (Ve,(0), &) = (Vu(neé +w), §) — (Vu(w), §). Doing this we find that

3
& le1(0) < e/(Ven(O),f;‘)dn +(Vu(w), &), (3.32)
2

where ¢ > 1 depends only on p, n. Using (3.30) to make simple estimates in (3.32) we can conclude that
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c2
cle1(0) < —81(0)+<Vu(w) £). (3.33)

In particular, if A = A(p,n) is large enough, and 0 < € < € small enough, then (Vu(w), &) > 0 whenever & €
I"(ep, 6). This completes the proof of Lemma 3.25. O

4. Proof of Theorem 1

In this section we prove Theorem 1. To begin the proof, recall that u is p-harmonic, for some fixed p, 1 < p < o0,
and that u is e-monotone in D O Q1(0), in the spherical cap of directions, I'(e,,, 0), for some fixed 6 € (/4,7 /2).
Also u is a weak solution to the free boundary problem in (1.3), as defined in Definition 1.4. In view of Lemmas 3.13,
3.25, we may assume, without loss of generality, that for some constants A > 1000, 8’ € (0, 7/2), €y > 0, depending
only on p, n, that

“Hul()/d(x, Fw) < |[Vu)| < A(Vu(x), §) < A%|ul(x)/d(x, F(u)) (4.1)
whenever x € 01(0),& € I'(e,,,0'), and d(x, F(u)) > Ae, 0 < € < €. Also,
(Vu(x),&) >0 whenever& € I'(e,,0) and x € Q1(0) withd(x, F(u)) > Ae. 4.2)

Indeed otherwise we consider u*(x) = u(X + x/c), x € Q1(0), for fixed X € F(u) N Q1,2(0) and ¢ > 1 large. Then

*is p-harmonic in Q1(0) \ F(u*) as we see from translation and dilation invariance of the p-Laplacian. Also for
¢ = c(p, n) large enough, u* satisfies (4.1), (4.2) with u replaced by u* thanks to Lemmas 3.13, 3.25 (provided €¢, 1/A
are sufficiently small). Finally u* is a weak solution to the free boundary problem in (1.3), as stated in Definition 1.4,
with G replaced by G* where G*(s) = ¢! G(cs), s € [0, 00). Proving Theorem 1 for #* and translating back we get
that F(u) N Q1/(¢)(X) is the graph of a Lipschitz function. Using this result and covering Q1 ,2(0) by cylinders of
the form Q1/¢2¢) (X),x € F(u) N O /2(0) we get Theorem 1. Hence throughout the proof of Theorem 1 we assume
that (4.1), (4.2) hold. Let O = O4 = {x € Q1(0): d(x, F(u)) > 2A€} for A large and note that (4.2) implies, for
A = A(p, n) large enough, that

u is monotone in O = 04 in the spherical cap of directions I” (e, 0). 4.3)

Thus we may also assume that (4.3) holds. From (3.15), (3.16) with O = Q1-100¢,1—50¢ (0), we see that there exists a
Lipschitz function 7 : R"~! — R with

Iellpipge-1) <1 and E(F(u) no, {(V.7(): v eR"7INQ) <e

Convoluting 7 with a suitable approximate identity on R*~! we get T € C*°(R"~!) with

MFwNnQ,  {(V.2()): ¥y eR"™' N Q) <2 while
1T lipme-1y <1 and [ DT a1y < (c)' ™ fork >2. (4.4)

Here ¢ = ¢(p, n, k) and D* denotes an arbitrary k-th order derivative of 7. As in Lemma 3.7 set
A(h)y ={(x", xn) €R™: |x, — T(x')| < h} N 02,3(0).

Using Lemma 3.7 with A =7, M =1, 8 =1/2, and h = 100A¢, we get {¢;(x), x € A(h), 0 <t < 1} satisfying
(1)—(v) of this lemma. Next let u© = u(p, n) > 0 be the constant in Lemma 3.7(i) and let y € [7/8, 1) be the smallest
number such that

k(y) = ﬁ <lip (4.5)
Since k is decreasing on [7/8, 1] with k(1) =1 it is easily seen that 1 < k(y) = min(k(7/8),1 + ). Also using
0 € (w/4,7/2), one deduces

1/2<sinf4+y—1<1. (4.6)
Let € € (¢, 2¢) and put o = €'(sinf + y — 1). Observe from (4.6) that o € (€' /2, €'). Also set

vr(x) = max u(y - ye’en) whenever E(x, oo, (x)) C Q01(0), t€[0,1].
YEB(x,0¢:(x))
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From (i)—(iii) of Lemma 3.7 and Lemma 3.4 we deduce that v; is p-subharmonic in (A(2/2) N Q1-8c(0)) \ F (vy) for
0 <t < 1. Also note from Lemma 3.7, with 8 = 1/2, h = 100Ae¢, and the above observation, that

€/2<o¢; <ce and o|Ve,|<ce'/? on Ah), 4.7)

for some ¢ = c(p, n) > 1. Using (4.7) we first see that

>
72
1+0|V¢,|(x) <S 2 ¢t( )(COSB) —0|V¢t|(x))

1 TSR (sind — (cos0)? — ce'/?) > 0, (4.8)
ce

for €q sufficiently small, 0 < € < €, whgnever x € A(h) N Q2.3(0). Hence, using Lemma 3.6 with € replaced by €,
we deduce the existence of 87, 0 < 8’ < 8, such that

v; is monotone in A(h/2) N Q1_g(0) in the set of directions I"(e,,, 8’) while
F() N A(h/2) N Q1_g¢(0) is the graph of a Lipschitz function with norm < ccotf’. 4.9)

Let 2 = A(h/2) N Q1-4(0) where once again &7 = 100A¢. From Lemmas 3.4 and 3.7 we see that v; is p-subharmonic
in £2 \ F(v;). Next we prove the following lemma.

Lemma 4.10. If ¢g > 0 is small enough, then there exists ¢’ > 1, depending only on p,n,0, such that if
14 puf = —”(fin_é —cel’

sinf — 14y
thent € (0, 1), and for t € [0, 1],

(+) vy <u onds2 and U;<(1—61/4)u on 2\ A(h/16),
(++) u>0 onFu)NR\ Q_2(0)=F(p) N2\ Q_2(0).

Proof. From basic geometry and the definition of o we note that
B(x —y€'ey, e (sind+y —1)) =B(x — y€e'ey,0) C B(x — €'ey, € sind). 4.11)

From (4.11), Lemma 3.7(i), (iv), and €-monotonicity of u in the spherical cap of directions I” (e, ) we have vy < u in
2 and v; = vgin 2\ Q1_p1,2(0). Also u(x) > 0 whenever x € F(vg) N 2, since otherwise we could use €’ € (¢, 2¢)
and argue as in the proof of (3.14)(i) to get a contradiction. Using these facts it is easily seen that (++) of Lemma 4.10
is valid and v; <u on 2\ Q;_;1,2(0). To complete the proof of Lemma 4.10 suppose x € 2 \ A(h/16). Then from
(4.3) we see that

a= _max _u(y—yee) <ux). 4.12)
YEB(x,y€’ sinh)

From (4.12), Lemma 3.7(i), and our choice of ¢, we deduce that

v(x) <vp(x) < max u(y —ye'ey)= _  max u(y —y€e'en) =b. (4.13)
yeB(x,0 (1+4puf)) yeB(x,y€ (sinf—c'el/4))

Finally from (4.12), (4.13), and (4.1) we get, for some ¢ = c(p, n), that

b<a—cestt) (1 —€/"u(x) wheneverx € 2\ A(h/16),
ce

provided ¢’ is large enough. The proof of Lemma 4.10 is now complete. 0O

To complete the proof of Theorem 1 we use, as in [1,2], a method of continuity type argument. In particular, let

@:{t: t €[0,1], v,éuon!)}
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where 7 is as stated in Lemma 4.10. We will prove that
® =10, 1]. (4.14)

To proceed we first note that 0 € ® as we pointed out after (4.11). Moreover, the continuity of # and v, implies that
O is closed. Thus to prove (4.14) it suffices to prove that @ is relatively open. Note that if r € @, then D" (v,) =
{x € £2: v(x) > 0} € DT (u). Also from Lemma 4.10(++) we see, for 0 < 7 <7, that F(v;) N 82\ Q;_,12(0) lies
strictly above F(u) N £2 \ Q;_;1,2(0) and hence the two sets have an empty intersection. Also v; < u on 92 and
F(vo) N F(u) = 9. Since v, is p-subharmonic in §2 \ F(v;) it follows that either (4.14) is true or there exists r € ®
with

Fu)NFu)N20Q_12(0) #0. (4.15)

To get a contradiction to (4.15) suppose w € F(u) N F(v;) N Q17h| 2(0). From Lemma 3.5 we see that there exists
w* e DY (v;), and p* > 0 such that B(w*, p*) C D7 (v,) with W € dB(w*, p*). Moreover if b = (w* —w)/|w* — W],
then there exist &, 8 € [0, 00), such that

v(x) Zalx —w, 0t —Blx—b,0)” +o(lx —d), (4.16)

near w. Furthermore,

ot ) o
1 — o[V (w)] 1+ 0V (w)]
Since DV (v,) N 2 C DT (u) N 2, we see that B(w*, p*) is also a tangent ball for D (). Using the fact that u is a
weak solution to the free boundary problem in (1.3), as defined in Definition 1.4, we obtain

u(x) =alx —w, 0" — Bx —w, 9~ +o(lx — ), (4.18)
as x — w, for some «, B € [0, c0) with « = G(B).

We claim that
0<a<a(l—e’e) (4.19)

for some ¢ = c¢(p, n, 9_)_ > 1. (4.16)—(4.19) easily lead to a contradiction. In fact, from (4.16), (4.18), and t € ® we see
tllat o < o while 8 < 8. Using the assumptions on G in Theorem 1, (4.17), (4.19), and Lemma 3.7(ii) we find that if
B # 0, then

- —N a
(B s
GB <GB KB <1+a|V¢,(ﬁ))|) G(1+0|V¢z(u7)|>

1 Vo, (DN 1 1/2\N
< AHalVe@DT o A teelHY . (4.20)
1 — 0|V ()| 1—cel/?

provided €g is small enough, thanks to (4.19). If 5 = 0, we can omit the second inequality in (4.20) and still get
G(0) =G(P) < . Since o = G(B), we have reached a contradiction in either case. Thus (4.14) follows from (4.19).

As for claim (4.19) we first observe from (4.9) that there exists »: R*~! — R, with ||)L||Lip(Rn71) <tan(w/2 —6"),
such that

Fo) N2 ={(x",x): xp =21(x")}. (4.21)
Also, from the definition of v;, and e-monotonicity of u in the cap of directions I (e, 0_), we deduce that

h(F(v) N $2, F(u) N $2) <8¢ andhence F(v,) N2 C A(h/100). 4.22)
Let U = £ N D™ (v,) and let f; be the p-harmonic function in U with continuous boundary values

(@ fi(x",2(x"))=0 whenx=(x",x,) € F(v,) N3U.

()  fik)=v(x) forx €dUNIQ1—4(0) N {x=(x',x,): x, <A(x)) +h/8}.
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(©  fi(x) =min{max(v;(x), 21 (x)), (1 — € u(x)} forx=(x",x,) €U N3Q1-4(0) and
h/8 < xn — A(x") <h/4, where
ar(x, xp) = v (x', A (x) 4+ 1 /8)

n 8(xn — /\(})lc/) —h/8)

@ fi(x',x0)=(1—€"*)u(x',x,) whenx €U and x, > A(x') + h/4. (4.23)

[(1—€"u(x', 2(x") +h/4) — v (x', A(x") + 1/8)].

Next let f> be the p-harmonic function in U with continuous boundary values,

(@ fo(x",A(x"))=0 whenx = (x",x,) € F(v,) NU.

b) fr(x)=v(x) forxedUNaQ_0O)N {x = (x’,xn): X, < A(x’) +h/8}.

(©)  f2(x) =min{max (v, (x), @2 (x)), u(x)} forx = (x',x,) €U N3Q_,(0) and
h/8 < x, — A(x/) <h/4, where

(on — MZ VR 0 A() 4 h4) — v (L A() + Ry8)].

(@ fo(x'.xn) =u(x’,x,) whenxe€dU andx, > A(x") +h/4. (4.24)

wa(xxn) = vr (X A(x) + /8) +

From (4.22), (4.23) and (+) of Lemma 4.10 we see that v; < f1 < fo <u on dU. Since v; is p-subharmonic it follows
from the boundary maximum principle for p-harmonic functions that

< fi<fhr<u inU. (4.25)
From Theorem 2.6 we see that
2= tim 29 cits. (4.26)
x—w J2(X
xeU

Using (4.25), (4.26), (4.16), and (4.18) we deduce that

a <liminfr = v, (W + D) <liminfr~' f1 (b + 19) < x liminft = o (@ + 1) < xe. 4.27)
t—0 t—0 t—0

From (4.27) we conclude that in order to prove (4.19), and thus complete the proof of (4.14), we only need to prove
that
x <1—elltye (4.28)

for some ¢ = ¢(p, n, 9_). To prove (4.28) we note from Theorem 2.9, with r = Ae, it = f», 0 = f1, and the observation
following that theorem, that we have
S2(x) = f1(x) S o fa(w + Aeey/c) — f1(w + A€ey/c) &
hHx) 7 fo(w+ Aeey/c) '

whenever x € B(W, Aee, /c?). Letting x —  in the last display it follows that 1 — y > C. Thus to get (4.28) it
suffices to show that

C>c e/t (4.29)

for some ¢ having the same dependence as ¢ in (4.28). To prove (4.29) we would like to use the fact that f, — f| =
€'/*u on U N 3 A(h/2) as well as an iterative argument using a Harnack inequality for f» — fi. Unfortunately
however we do not know if the left-hand inequality in (2.11) holds for either © = f} or v = f, in a Harnack chain of
balls connecting points in U near dU N dA(h/2) to w + A€e, /c. Thus for some balls in our Harnack chain we are
not able to control the ellipticity in the PDE satisfied by f> — fi (see (2.14)—(2.16)). To overcome this difficulty we
introduce another p-harmonic function f which is continuous in U and satisfies
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(@ f(x" A(x"))=0 whenx=(x",x,) € F(v,) NaU.
(b)) f)=0 forxedUNaQi_4(0)N{x=(x",x4): x, <A(x)+h/8}.

© f(x/,x,,) :min{(l _ 61/4)1/!()6/,)«:"), 8(xp — )»(;lc/) —h/8) [(1 _ 61/4)14()6/, A(x/) I h/4)]}

when x € 0U N9Q1-;(0) and h/8 < x, — A(x") < h/4.

@  f(x x)=(1—-€e"u(x',x,) whenxedU and x, > Ar(x") + h/4. (4.30)
Observe from (4.30) that
nggmin{(l—el/4)u,f1} (4.31)

on dU. Hence, by the maximum principle for p-harmonic functions (4.31) also holds in U. To prove (4.29), and thus
finally get (4.19), we prove that

fo(w + Aee,/c) — f(w + Aeen/c) Si(w + Aee,/c) — f(w + Aeen/c) <

- >e/*/c and - S€ (4.32)
fa(w + Aeey, /c) fa(w + Aeey, /c)
for some ¢ =c(p, n, 9_) > 1. To do this we first assert that
el
VF@)| > af (x)=c ' f(x)/h  whenever x € U (4.33)
Xn

for some ¢ = c(p,n) > 1 is large enough. Indeed, for given 0 < § < 10734, let

(x +dey) — f(x)
Dyf) =1 5 /
To prove (4.33) we start by comparing the values of Ds f and f on dUs. Note from (4.31) that Ds f > 0= f on
F(v:) N Q1-1(0). We observe from (4.22) and & = 100Ae, that (4.1) holds at points x € dU N 9 Q15 (0) with x;,, >
A(x") 4+ h/16. Using this observation and (4.31) we see that if x € 3Us N d A(—8 + h/2), then

Dy fx) = L= 6”4>u<x5+ Se) = f() (1= 61/4)[u(x8+ Sen) — u(x)]

>c lu@)/h = f(x)/h.

Moreover, if x € 3Us N dQ_;(0) and A(x") + h/8 < x,, then we deduce from (4.1) and the definition of f that
X, — f(x', x,) is an increasing Lipschitz function, hence absolutely continuous, and
af

g( Lxn) =T u)/h =T F 0O/ hy

and Us={xeU: x+de, € U}.

almost everywhere with respect to one-dimensional Lebesgue measure. Integrating this inequality and using Harnack’s
inequality we deduce that

Dsf(x)=c f(x)/h (4.34)

whenever x = (x/, x,,) € 3Us N9 Q1—1,(0) and x, > A(x") + h/8. Finally, if x € 9Us N dQ1_;(0), and x, < A(x) +
h/8, then f(x) =0, Dsf > 0. We now conclude that (4.34) holds on dUs and thereupon, by the maximum principle
for p-harmonic functions, that (4.34) holds in Us. Letting § — 0 we obtain from (4.34) that assertion (4.33) is true.

To continue our proof of (4.32) recall that 30U N9 A(h/2) = {x: x, = T(x’) + h/2} and that T satisfies (4.4). Given
XedUNaAh/2)NQi—anput G={y € B0, 1): x+(h/4)yc UNBQX,h/H}and ' ={y € B(0,1): x+(h/d)y €
AU N B, h/M}.IE f e {f, f1, fo}, set f"(y)= f'(x+ (h/4)y) and u'(y) = u(x + (h/4)y), y € G. From (4.4) we
see that " N B(0, 1) is C? with C*-constants depending only on p, n. Also, from (4.1) and Lemma 2.5 we see for k a
positive integer that 1’ has continuous k-th order derivatives in G, with L>°-norm bounded by cu (%) where ¢ depends
only on p, n, k. Using these facts we deduce that Theorem 1 in [13] can be applied to conclude that f” has a Holder
continuous extension to G N B(0, 1/2). In particular, |V f”| < cu(x) in G N B(0, 1/2). Transferring this inequality to
f’ we conclude that

|Vf'| <cu(®)/h inUNB(&, h/8) whenever f' €{f, fi, f2}. (4.35)
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We observe from the boundary values of f, (4.35), and the mean value theorem from elementary calculus that, for
some ¢ = ¢(p, n),

u(y)/¢ <u(x) <cf(y) wheneverye UN B(x,h/C). (4.36)
Let x € F(v;) with X" = x’. Then from Theorem 2.6, (4.25), and (4.31) we see, for some ¢ = ¢(p, n), that
< S < Cu()i+enh/6)
f f(x+euh/c)
Also from Harnack’s inequality and (4.36) we find that

u(x + hey/c) <t
S+ hep/c)

where ¢ = ¢t (p, n). Combining the above inequalities and using arbitrariness of £, it follows that

on B(x,h/c).

< f2(x) o

< < ¢ wheneverx € U N Q1-2,(0). (4.37)
fx)
Again ¢’ = ¢/(p, n). Similarly from (4.33), (4.35), (4.36), and Theorem 2.7 we deduce that
L f® f
—— |V <e——— h U N Q1-2,(0). 4.38
TG Py S VOIS Ty Wheneverr €UN 01 ©) (339
Now
fa(x)
\Y% <e———~— h UNQ1-2,(0 4.39
|V fo(x)] I Py Wheneverxe Q1-2,(0) (4.39)

as follows from (4.35) and Lemma 2.5. Let e = f, — f. From (4.37)—(4.39) and (2.12)-2.17) with it = f>, b= f
we see that e satisfies a locally uniformly elliptic divergence form PDE in U for which solutions satisfy a Harnack
inequality as in Lemma 2.18. Moreover, this PDE is uniformly elliptic in U N B(X, h/8) whenever x € dU N3 A(h/2).
Using results for such solutions similar to those in Lemma 2.3 (see [5]), and examining the boundary values of e, we
deduce that ce > €'/4u(%) on U N B(%, h/8). Let £ € dU N dA(h/2), with ¥’ = @', where @ is as in (4.32). Then
from the above deduction, Harnack’s inequality for e, (4.36), and (4.37), we get for A, ¢ as in (4.32) that

e(W + Aee, /) ) fr(0 + Aee, Jc) = ¢ e/t (4.40)

which is the left-hand inequality in (4.32).
To prove the right-hand inequality in (4.32), let i be a positive integer and let M; denote the maximum of e = f1 — f
inUNQi_in0) for1 <i < h~ Y2, We next prove, for some n =n(p,n), 0 <n < 1, that

My <cu(e,/2) and M. <nM; whenever2 <i+1<h /2 (4.41)

The left-hand inequality in (4.41) follows from (4.25), (4.31), and e-monotonicity of  in the directions I"(e,, ). To
prove the right-hand inequality in (4.41) we note from (4.25) that (4.37) holds with f> replaced by f;. Also (4.39)
is valid with f> replaced by fi. Arguing as below (4.39) we see that e satisfies a locally uniformly elliptic PDE for
which positive solutions satisfy a Harnack inequality as in Lemma 2.18. Moreover, if X € Ql—(i+1)h O)YNoAh/2),
then this PDE is uniformly elliptic in U N B(x, h/8) and e =0 on dU N B(x, h/8). We can now conclude, arguing as
in [5], that e is Holder continuous in a neighborhood of x. In particular, there exists ¢ = ¢(p, n) > 1 such that

e(x) < M;/2 wheneverx € UNB(X,h/c). (4.42)
Let x € F(v;) with X" = x’. Then from Theorem 2.9 applied to e, f| we have
_1 e(x) < e(x + hep/c) < cM;
fix) T AiGE +hepfe) T fi(X +hey/c)

for some ¢ = c¢(p,n) and x € B(x, h/c). From this display, and Lemmas 2.3 and 2.4 for f|, we deduce, for some
¢ =c(p,n) > 1, that

e(x) < M;/2 wheneverx e UN B()E, h/c/). 4.43)
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Let E = M; — e. Using (4.42), (4.43), and Harnack’s inequality for £ we conclude that £ > M;/c on U N
00Q1-i+1)n(0) for some c =c(p,n) > 1. Thus e < (1 — 1/c)M; holds on U N9 Q1—(i+1)»(0). Since e = 0 on the rest
of the boundary of U N Q1—_(;+1),(0) it follows once again from the boundary maximum principle for p-harmonic
functions that the right-hand inequality in (4.41) is true. Finally we use (4.41) to prove the right-hand inequality in
(4.32). Recall that w € U N Q_p12(0). Using this fact and iterating (4.41) we see for some c* = ¢*(p, n) > 1 that

e( + Aeen/c) = (fo — f1)(@ + Aeen/c) < exp[—1/(c*h'/?)]u(en/2) (4.44)
where c is the constant in (4.32). From Harnack’s inequality we deduce, for some ¢ = ¢(p, n), that
u(e,/2) < e Cu( + Aeey/c). (4.45)

Combining (4.44), (4.45) we get for €( sufficiently small that
(i + Acen/c) < € u( + Acey /0) < efo(iD + Acey /),

where the last inequality follows from the display above (4.37). Thus the right-hand inequality in (4.32) is valid for
sufficiently small € > 0. From earlier work we can now conclude first the validity of (4.32) and then that (4.19) is
valid. Finally, we get (4.14) from (4.19) as we proved after that display.

Proof of Theorem 1. The rest of the proof of Theorem 1 follows as in [2, Section 7]. More specifically, from (4.14)
we have v; < u whenever x € U. In view of the definition of 7, y, and Lemma 3.7(v), we deduce the existence of 6*,
cx =cx(p,n,0) > 1, such that 0 < 0 — 0* < cxe!/* and

max  u(y—ye'ey) <u(x) wheneverx € UN Q_g12(0) and €’ € (¢, 2¢). (4.46)

B(x,y€’ sin6*)

Clearly (4.46) and (4.2) imply, for €y = €o(p, n, 0) > 0 sufficiently small, that u is (y€)-monotone in Q1(0) in the
directions I"(e,, 6*). We can now proceed by an iterative argument to obtain Theorem 1. That is, we repeat the
argument in Section 4 with € replaced by ye and Q1(0) replaced by Q;_g;1,2(0) to get that u is (y2€)-monotone,
in a certain cap of directions in Q,(0) where p =1 — 8h1/2 — 8(yh)!/%, etc. On the surface each iteration may
yield constants which depend on the angle opening of the cap yielding the directions of monotonicity. However these
constants can also be chosen to depend only on 6 as we could have chosen the constants in each iteration to depend
only on 0 = § +Z (since I'(e,, 61) C I'(ey. §)) provided we first choose €g so small that for the new c above (4.46)
we have

> 6 =
1/4 m/4 vo_r
CxE E y"t < N

m=0
Since 6 = 0} (0) it follows that we can choose all constants to depend only on #. Continuing the induction or iterative

process we eventually conclude that u is 7 monotone in the cap I (e;, 1) in 01/2(0) whenever > 0. Clearly this
conclusion implies that u is monotone in Q1,2(0). The proof of Theorem 1 is now complete. O

5. Proof of Theorem 2 and Corollary 1

To begin the proof of Theorem 2 we remark that much of the proof of Theorem 1 remains valid (with modest
changes) under the weaker assumption that u™ is e-monotone in D. More specifically Lemma 3.13 remains valid
under the additional assumption that u(x) > 0. In fact, arguing as in (3.14)—(3.16) we get 7 : R*~! — R such that if

2 ={(x', xp): x, > t(x")}, then
+)  h(Fu)nQ,32n Q) <e,
(++) T lipre-1) <tan(r/2—0) < 1, (5.1)

where Q = Q1-100¢,1—50¢ (0). Using this fact and repeating the argument from (3.17) to (3.24) we get Lemma 3.13
when u(x) > 0. Also, Lemma 3.25 holds (under the assumptions of Theorem 2) with 0 replaced by 6 when u(x) > 0.
Using the amended form of these lemmas we can now assume, as in Section 4 (see the remark after (4.2)), that for
some A > 1000, 6’ € (0, /2), € > 0 that

A7 u(x)/d(x, Fw) < [Vu(x)| < A(Vu(x), &) < A%u(x)/d(x, F(u)) (5.2)
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whenever x € DT (1) N Q1(0), £ € I'(ey,0'), and d(x, F(u)) > Ae, 0 < € < €. Furthermore,
<Vu(x), S) >0 whenever £ € I' (e, é), and x € DY ()N Q1(0) with d(x, F(u)) > Ae. (5.3)

We can now repeat, essentially verbatim, the argument leading to (4.19). Unfortunately however, in this case, we
cannot use (4.19) to obtain the contradiction in (4.20). In fact we only have v;" < u™t so we do not know that 8 < B.
To overcome this obstacle we follow closely the proof scheme in [2,23]. Indeed, if M = maxg )4 s then we first
prove the following.

Lemma 5.4. Under the assumptions in Theorem 2, there exist € > 0, 6eBr/8,7/2),a>0,c>1,all depending only
on p,n, suchthatif0 <e <€,60 <0 <m/2,andu™(—ey/2) > Mel2 ) then u is €*-monotone in 03/40)N{y: yn 2
—1/c} in the cap of directions I (e, 57 /16).

Proof. Let 7 be as in (5.1) and for z = (z/, 7(2') 4+ 2¢) € D" (u) N Q7/3(0) let K (z) be the set of all points in Q1(0)
that are not in the closure of the cone z + C(e,, 6). Observe from (5.1) that D~ («) N Q1(0) C K (z). Let h be the
p-harmonic function in K (z) with continuous boundary values u~ on K (z). If y =z —tee, € D™ (u) N Q7,58(0),
where —3 <t < 3, then from Lemma 2.19 and Theorem 2.6 we see, for some ¢ = c(p, n), b =b(p,n, é) > 1, that

u”(y) <cMe® whereb— 1as6 — /2. (5.5)
Let 2" = {w € Q7/8(0): w, < t(w’) —2¢}. Then from (5.1) we find that
Q' C D™ ()N Q7/5(0). (5.6)

Let it be the p-harmonic function in £2’ which is continuous in £2” with boundary values
(@ =0 ondR' N Q7;3(0).
(b) @(y)=u"(y) whenyed2’NdQ73(0)andy, <t(y)—3e.
(=yn+70) —2¢) _
u(

(©) ua(y) =min{u(y),

and 7(y") — 3€ < y, < 1()') —2e. 5.7

vy, 1) — 36)} when y € 922" N3 Q7/3(0)

From the maximum principle for p-harmonic functions and (5.5) we deduce that
i<u” <i+cMe® ing. (5.8)

Next let o € I'(e,, 57/16), w = x — so, where €% <5 < c1,0<e<é, and set ¢ (x) = u(x) — u(w) whenever
x € 03 /4(0). We show for c large enough that there exists a = a(p, n) > 0 with ¢ (x) > 0 whenever x € 03,4(0) with
xp, = —c~ !, provided 6 = 6(p, n) is near enough 7/2 and € = &(p, n) is small enough. From e-monotonicity of "
it is easily seen that we only need to consider the case when x, w are in D™ (u) N Q3/4(0). From (5.1), (5.5), we see
that if —2¢ + t(x’) < x,,, then

(x) > —u(w) —Me® > ii(w) — ' MéeP. (5.9

Using Lemma 2.19 applied to cones within £2’, and arguing as in the proof of (5.5), we deduce, for small € > 0, that
there exists d = d(p,n) > 1 with

u(w) > e“du_(—en/Z) where d — 1 as 6 — /2. (5.10)
Combining (5.9), (5.10), and using the hypotheses in Lemma 5.4 we find that

P(x) = (12— e\ M > 0 (5.11)
for small € > 0 provided ad + 1/2 < b. If x;, < —2¢ + t(x') then x, w € £2’ and we find from (5.8) that

¢ >h(w) —i(x) —cMeb. (5.12)

We note that Theorem 2.7 is valid for the current # with 6y = 57 /16. From this note we deduce that if x,, > —c 1,

then i is increasing on the line segment from x to w. Let y be the point on this line segment with |w — y| = %e“. Then
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from Theorem 2.7, the mean value theorem from calculus, Harnack’s inequality, and the same estimate as in (5.10),
we find that

A(w) — 4(x) = dw) —i(y) > & 'e“a(w)/d(w, 32') = €*u (—en/2). (5.13)
Using (5.13) in (5.12) we see that (5.11) is valid.

From arbitrariness of x, o, s, in (5.11), we now conclude Lemma 5.4. 0O

From Lemma 5.4 we see that if u~(—e,/2) > €'/>M, then u is ¢“-monotone in Q374 N{w: y, = —1/c}. Hence
we can essentially repeat the proof of Theorem 1 with € replaced by € and Q1(0) by 03,4(0) N {w: y, > —1/c} to
prove Theorem 2. Thus throughout the rest of the proof of Theorem 2 we assume that

U (—ep/2) <e'’M. (5.14)

From (5.14) and Harnack’s inequality applied to u~ we see, for € sufficiently small, that there exists k = k(p, 1),
0 <k < 1/100, such that

u=(x) <e”'®M  whenx = (x'.xn) € Q1—ex(0) and x,, < T(x') — €. (5.15)

Next suppose that w € F(u) N Q_./2(0) and that there exists a ball B(w, p), w € Dt (u) with w € dB(, p) and
€/100 < p < 100€. From Definition 1.4 we obtain for v = (0 — w)/|w — w|, and some «, B € [0, co] with @ = G(B),
that

ulx) =alx —w,v)T — B{x —w,v)” +o(|x — wl)
as x — w. To proceed we prove the following lemma.

Lemma 5.16. With the above notation and under the assumptions in Theorem 2, (5.14), there exist 04 =60, (p,n) €
(57/8,7/2) and € = e, (p,n, M) >0, such that if 0, <0 <7/2, 0 <€ < €, then B < e/8.

Proof. Let ¥ be the p-harmonic function in B(w, 4p) \ B(w, p) with continuous boundary values 1 on d B(w, 4p)
and 0 on dB(w, p). We note that ¥ (x) = ay|x — 12)|(”_”)/(”_1) + ap for properly chosen aj, a; when p # n, and
¥ (x) =aj log|x — w| + ap for p = n. From the maximum principle for p-harmonic functions it follows that

t_lu_(w—tv)gt_lllf(w—tv) max u- .
w,

B(w,4p)
Letting t — 0 we get, for some ¢ = c¢(p, n), that
B < ce”! max u”. 5.17)
B(,4p)

Let 0 < H < 1 be p-harmonic in G = B(w, 2¢*) \ {x: x, < t(x) + 2¢} with continuous boundary values and with
H=10ndGNIB(w,2€) while H=0o0n dG N B(w, €). We claim, for € > 0 sufficiently small, that
max u~ <ce/'"MHw — 4eey) (5.18)
B(i,4p)
whenever 0 < € < €4, where ¢ = ¢(p, n). Once (5.18) is proved we get Lemma 5.16 from the following argument.
Using Lemma 2.19 for H, as in the proof of (5.5), we have,

H(w —4ee,) < ce?™  where b — 1 as 0y — /2. (5.19)
Combining (5.17)—( 5.19) we get B < €3/8 by first choosing 6. near enough 7 /2, so that b(1 — k) > 15/16, and then
€4+ > 0 small enough (depending on p, n, M).

To prove (5.18) we let
2" = Q01— ) N {x = (x, x): T(x') — 26" < xp < 7(x') +2¢}.

Let F,0 < F < M, be the p-harmonic function in £2* with continuous boundary values, F =0 on 322* N Q1_¢« (0)
and F=u~ond2*N3Q _e (0) N {x: x, > 7(x") — €¥}. Existence of F follows easily from (5.1). Put u* = (—u —
€71 p1)* and note from (5.15), as well as the definition of F, that u* is p-subharmonic in £2* with u* < F on 9£2*.
Thus by the boundary maximum principle for these functions, u* < F in £2*. Using this fact, w € Q_,.«2(0), as well
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as Lemmas 2.2-2.4 for F, we can now argue as in the proofs of (4.41), (4.44), to obtain, for some ¢ = c(p,n) > 1,
that

u*(x) < F(x) < Mexp[—1/(ce*/?)] whenever x € Qy_.«2(0).

From this inequality, the maximum principle for p-harmonic functions, and Lemma 2.4 applied to H we first conclude
(5.18) and then Lemma 5.16. O

Next we prove the following lemma.

Lemma 5.20. Under the assumptions of Theorem 2 and (5.14) there exist y € [1/8, 1) and ¢ > 1, both depending only
on p,n, such that u™ is (ye€)-monotone in Q_.«/2(0) in the cap of directions I (ey, 6 — cel/%y.

Proof. Armed with Lemma 5.16 we are now in a position to prove this lemma by following closely the proof of
Theorem 1 in Section 4. Let T be as in (5.1), let 7 = 100A¢, and let A(h) be as defined in Section 4 relative to 7. Let
¢, t €10, 1], be the family of functions defined in Lemma 3.7 with § = 1 — k/2. As pointed out at the beginning of
Section 5, (4.1)—(4.4) remain valid with 6 replaced by 6 and for x € D™ (u). We also define y as in (4.5) to be the
smallest number in [7/8, 1) such that

y sinf
————<l+u
sinf — 14y
where w is as in Lemma 3.7. Put o = e’(siné +y — 1) whenever €’ € (¢, 2¢). From Lemma 3.7 we see that

€/2<o¢; <ce and o|Ve| <ce ™% on A(h)N Q25(0), (5.21)
some ¢ = c(p,n) > 1. Next set

vy(x)= max ut(y—ye'e,) whenever B(x, o (x)) C 01(0), t €[0,1].
YEB(x,0¢:(x))

From (i)—(iii) of Lemmas 3.7 and 3.4 we deduce that v; is p-subharmonic in A(h/2)N Q1-8¢(0) \ F(v;) for0 < < 1.
Using (5.21) we can also argue as in (4.7) and (4.8) to get monotonicity of v; in a cap of directions (see (4.9)). Let
2 = A(h/2) N Q1_1(0). Then as in Lemma 4.10 we define 7 by

4 puie y(sinAé — el
sinf — 14y

and we observe, for € > 0 sufficiently small, that 7 € (0, 1), and, for 7 € [0, 7],

* v <u" ond2 and v <(1-€"Hut on2\ Ah/16),

(k) u>0 on F(v)\ Q_ps2(0) = F(vo) \ Q_pe2(0). (5.22)
(5.22) follows from the argument after Lemma 4.10 (see (4.11)—(4.15)).
Next let

O ={t: 1 €[0,7], v, <uon D*(u) N2}

Once again we use a contradiction argument to prove that ® = [0, 7]. If not, then repeating the argument after (4.14)
we see that there exists, for some 7 € [0,7), W € F(u) N F(v;) N Q_;e2(0) and w* € D (vy), ,o_* > 0, such that
B(w*, p*) C DT (vy), w € dB(w*, p*). Moreover if b = (w* — w)/|w* — w/|, then there exist, @, B, € [0, co), such
that

v (x) = a(x —w, 0) " = Blx —w, D) +o(jx — wl),

near w. Here,

@ >G( p )
=0V ()|~  \1+0|Ve )|/
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Also,
u(x) =a(x —w, 0" — Bx —w, 9~ +o(lx — ),
as x — w, for some «, 8 € [0, 00) with o = G(B).
As in (4.19) we claim that
0<a<a(l—e’e), (5.23)

for some ¢ = ¢(p, n) > 1. To obtain a contradiction from (5.23), we first note that € /100 < p* < 100¢, as shown in
[23, p. 1511]. Thus the hypotheses of Lemma 5.16 are satisfied so that 8 < €3/8. Using this note and the assumptions
on G in Theorem 2 it follows that

a=G(B)<G(e®) <+ G) <P+ G(B)

e (b))
1 40|V ()] 1+ 0|V ()]

( +0|V¢z(ﬁ)~)|)No_l cceany U +ce! N
1 -0V (w)] 1 —cel=«/2
thanks to (5.23), provided € is small enough (depending on p,n, M, G(0)). Here we have used the fact that
a > G(0) > 0 and that k < 1/100. From this contradiction we first get that ® = [0, 7] and then Lemma 5.20 as

in the discussion after (4.46). The proof of (5.23) is exactly the same as the proof of (4.19). Therefore, we omit the
details. O

<CNB + a<a, (5.24)

Proof of Theorem 2. As mentioned earlier, Theorem 2 is true if (5.14) is false. If (5.14) is true, we can apply
Lemma 5.20 to get that ™ is (y €)-monotone in Q1 _,ex2(0) in the cap of directions I (e,, 6 — cel/Y. If now (5.14)
is false with € replaced by ye, we get Theorem 2 from Lemma 5.4 and the argument in Theorem 1. Otherwise we
repeat the argument leading to Lemma 5.20 in order to get that u™ is (y%¢)-monotone in the directions I(en, 0 —
cel/* — c(ye)l/ 4. Continuing in this manner, we obtain Theorem 2. 0O

Proof of Corollary 1. To avoid confusion we write €, 6 for €, 6 in Theorem 2. To prove Corollary 1 we show, that ut
is (ce)-monotone in Q3,4(0) N {y: y, < 1/c} for some ¢ =c(p,n, n, 6) providedé 6/2+m/4and 0 < € « €. The
proof is essentially the same as in [23], thanks to Theorem 2.7. For the readers convenience we include the details. Let
f 6,¢ be as in Corollary 1 and suppose that 6 is near enough 7/2 so that if 2 = {x: x, > f (x") +2€} N 03/4(0),
then 2, C DT (u) N Q3 /4(0). Let v be the p-harmonic function in £2 with continuous boundary values,

(@) v=0 ondf2L N Q3/4(0).
(®) v =u"(y) whenyed2.NQ3/4(0)andy, > f(y')+3e.

2
© vy = mm{u*(y) f(y) E)u+(y/,l'(y/) —|—3e)} when y € 82, N 9Q3/4(0)

and f(y') +2€ <y, < f(y)+3e.
From the maximum principle for p-harmonic functions and the assumptions on u™ in Corollary 1 we deduce that
v<ut <v+8ple (5.25)

provided 0 is near enough /2. From Theorem 2.7, (5.25), and our choice of 0 , we deduce for all & € ' (e, 5) and
some ¢ =c¢(p,n,0,n),cy =cy(p,n) > 1 that

&Vu(y). €)1 in{yeR4: de <d(y,324) < 100c;1} =K. (5.26)
Let ¢* 3> ¢ and for given £ € I' (e, §), consider e(x) = u™ (x) —u* (x — s&), when x € Q5/3(0) and c*e < s < 2c__|r].
If u™(x — s&) =0, then trivially e(x) > 0. Also, if d(x — s&, 0§2,) < 4Ce we can suppose c* large enough so that

e(x) > 0 as we see from the assumptions on « in Corollary 1 and a geometric argument using Lipschitzness of f.
Otherwise if x, x — s& € K, we can use (5.25), (5.26) to conclude that

e(x) 2 v(x) —v(x —c*e§) — 8en !> lc*e —8en ! >0 (5.27)
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provided ¢* = c*(p, n, g, n) is large enough. It follows that u™ is (c*€)-monotone in F (1) N Os800)N{y: yp < cjrl }.
We can now repeat the argument in Theorem 2 with Q1(0) replaced by Qs,8(0) N {y: y, < 0;1} or essentially just
apply Theorem 2 in order to conclude Corollary 1. 0O

Closing remarks. Theorem 2 remains valid when G in Theorem 2 is allowed to depend Lipschitz continuously on
x, v uniformly on bounded subsets of u, and causes no new problems. Also, one can state a version of Theorem 1 in
[19], and Theorems 1 and 2 in the present paper, when u is p-harmonic in D (1) and ¢g-harmonic in D~ (1) where
1 < p,q < oco. These more general theorems also appear likely to be true with minor changes in the proofs of the
corresponding theorems.
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