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Abstract

The goal of this article is to study closed connected sets of periodic solutions, of autonomous second order Hamiltonian systems,
emanating from infinity. The main idea is to apply the degree for SO(2)-equivariant gradient operators defined by the second author
in [S. Rybicki, SO(2)-degree for orthogonal maps and its applications to bifurcation theory, Nonlinear Anal. TMA 23 (1) (1994)
83-102]. Using the results due to Rabier [P. Rabier, Symmetries, topological degree and a theorem of Z.Q. Wang, Rocky Mountain
J. Math. 24 (3) (1994) 1087-1115] we show that we cannot apply the Leray—Schauder degree to prove the main results of this
article. It is worth pointing out that since we study connected sets of solutions, we also cannot use the Conley index technique and
the Morse theory.
© 2006 L'Association Publications de 1'Institut Henri Poincaré¢. Published by Elsevier B.V. All rights reserved.

Résumé

Le but de cet article est ’étude des ensembles fermés et connexes de solutions périodiques, émanant de I’infini, des systemes
hamiltoniens autonomes de second ordre. L’idée principale consiste a appliquer le degré aux opérateurs de gradient SO(2)-
équivariants définis par le second auteur dans [S. Rybicki, SO(2)-degree for orthogonal maps and its applications to bifurcation
theory, Nonlinear Anal. TMA 23 (1) (1994) 83—102]. Moyennant un résultat de Rabier [P. Rabier, Symmetries, topological degree
and a theorem of Z.Q. Wang, Rocky Mountain J. Math. 24 (3) (1994) 1087-1115], on démontre que 1’on ne peut pas appli-
quer le degré de Leray—Schauder pour obtenir le résultat principal de ce travail. Il est important de souligner que, vu que I’on
étudie des ensembles connexes de solutions, ni la technique de 1’indice de Conley, ni la théorie de Morse ne peuvent étre appli-
quées ici.
© 2006 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Consider the following family of autonomous second order Hamiltonian systems

(1) ==V, V(u(t), 1),
u(0) =u2m), (1.1)
u(0) =u2m),

where V € C2(R" x R, R) and the gradient V, V (with respect to the first coordinate) is asymptotically linear at in-
finity, i.e. V,V(x, 1) = A(A)x +o(]|x]|) as ||x|| = oo uniformly on bounded A-intervals and A(A) is a real symmetric
matrix for every A € R.

Our purpose is to prove sufficient conditions for the existence of closed connected sets of non-stationary 2 -
periodic solutions of system (1.1) emanating from infinity. Moreover, we describe the possible minimal periods of
solutions bifurcating from infinity and study the symmetry-breaking of solutions.

Bifurcations from infinity of solutions of second order ODEs have been studied among the others in [9,12,14,23,
24]. The authors applied the idea of the Hopf bifurcation from infinity or the Leray—Schauder degree to study solutions
of the Liénard, Rayleigh and Sturm-Liouville equations. The assumptions considered in those articles are of different
nature than these in our article. For example in the case of the Hopf bifurcation they considered asymptotically linear
equation of the form X (t) = A(M)x(¢) + a(x, 1), where the matrix A(}) has a simple eigenvalue iwgy (0 # wg € R) at
A=Aipand a(x, ) — 0as x — 0i.e. the matrix A(Ag) is not symmetric. Moreover, they do not obtain any estimation
of minimal periods of bifurcating solutions and information about the symmetry-breaking phenomenon.

We treat solutions of system (1.1) as critical orbits of an SO(2)-invariant C 2_functional @y :H; - X R — R whose
gradient (with respect to the first coordinate) is an SO(2)-equivariant C'-operator of the form compact perturbation
of the identity.

The basic idea is to apply the degree for SO(2)-equivariant gradient maps defined and discussed in [19-22]. Our
degree is an element of the tom Dieck ring U (SO(2)), see Section 2 for the definition of this ring. The first degree for
SO(2)-equivariant gradient maps, which is a rational number, is due to Dancer [5]. The degree for equivariant gradient
maps in the presence of symmetries of any compact Lie group G, which is an element of the tom Dieck ring U (G), is
due to Geba [8], see [6] for the definition of U (G).

For other applications of the degree for SO(2)-equivariant gradient maps to Hamiltonian systems we refer the
reader to [7,13,17,18].

It is worth in pointing out that application of classical invariants like the Conley index technique and the Morse
theory does not ensure the existence of closed connected sets of critical points of variational problems, see [2,3,10,15,
25] for examples and discussion.

Since the gradient of the functional @y is of the form compact perturbation of the identity, it is natural to try to relate
the degree for SO(2)-equivariant gradient maps to the Leray—Schauder degree. We are aware of theorems similar to
Theorem 3.1 which have been proved for operators of the form compact perturbation of the identity (without gradient
and equivariant structures), see for instance Theorem 2.6 of [11].

However the choice of the degree for SO(2)-equivariant gradient maps seems to be the best adapted to our theory.
The advantage of using the degree for SO(2)-equivariant gradient maps lies in the fact that the index of an isolated
nontrivial SO(2)-orbit can be a nonzero element of the tom Dieck ring U (SO(2)). Whereas the index of this orbit
computed by the Leray—Schauder degree equals 0 € Z, see [16].

After this introduction our article is organized as follows.

In Section 2, for the convenience of the reader, we have summarized without proofs the relevant material on the
degree for SO(2)-equivariant gradient maps, thus making our exposition self-contained.

Section 3 is devoted to the study of closed connected sets of critical SO(2)-orbits of asymptotically linear SO(2)-
equivariant gradient maps of the form compact perturbation of the identity. Using the degree for SO(2)-equivariant
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gradient maps we define a bifurcation index Bif(oco, [A_,A+]) € U(SO(2)), see Definition 3.1. Nontriviality of
the bifurcation index implies the existence of an unbounded closed connected set of critical SO(2)-orbits, see
Theorem 3.1. If the set of stationary solutions of second order Hamiltonian system is bounded then the bifurca-
tion index Bifyg(co, [A—, A+]) € Z computed by the Leray—Schauder degree is trivial. We discuss this situation in
Remarks 3.1, 3.4 and Corollary 3.1. In Theorem 3.2 we indicate points at which an unbounded closed connected
set of critical SO(2)-orbits meets infinity. In Lemmas 3.2, 3.3 we control the isotropy groups of SO(2)-orbits. The
phenomenon of symmetry-breaking of SO(2)-orbits is discussed in Corollaries 3.5, 3.4.

In Section 4 the main results of this article are stated and proved. In this section we study closed connected
sets of periodic solutions of autonomous second order Hamiltonian systems. Theorems 4.1, 4.3 are consequences
of Theorems 3.1, 3.2, respectively. In these theorems we have formulated sufficient conditions for the existence of
unbounded closed connected sets of 2 -periodic solutions of system (1.1). We emphasize that assumptions of these
theorems are expressed directly in terms of the right hand sight of system (1.1) i.e. potential V. In Corollary 4.3 we
have described the minimal periods of solutions of system (1.1) which are sufficiently close to infinity. In Theorem 4.4
we study periodic solutions of a special case of system (1.1) i.e. we assume that V (x, ) = A2V (x). In this theorem we
indicate all the points at which closed connected sets of periodic solutions of system (1.1) meet infinity. The minimal
periods of solutions of system (1.1) are discussed in Corollary 4.5.

In Section 5 we consider three real second order Hamiltonian systems in order to illustrate the main results of this

paper.
2. Preliminaries

In this section, for the convenience of the reader, we remind the main properties of the degree for SO(2)-equivariant
gradient maps defined in [19]. This degree will be denoted briefly by Vso(2)-deg to underline that it is a special degree
theory for SO(2)-equivariant gradient maps.

Put U(SO(2)) =Z @& ;2 | Z and define the actions

+,%:U(SO(2)) x U(SO(2)) = U(SO(2)).
1 Z x U(SO(2)) = U(SO(2)),

as follows
o+ pB=(o+ Bo, 1+ B1,...,k+ Prs--.), 2.1
ax B = (apfo, 2oB1 + Boai, ..., aoPk + Book, .. .), (2.2)
yoo=ag, Yo, ..., YOk, ...), (2.3)

where o = (ag, @1, ..., %,...), B = (Bo,B1s---sBks-..) € USO(2)) and y € Z. It is easy to check that
(U(SO(?2)), +,*) is a commutative ring with the trivial element ® = (0,0,...) € U(SO(2)) and the unit I =
(1,0,...) e U(SO(2)). The ring (U (SO(2)), +, ) is called the tom Dieck ring of the group SO(2). For the definition
of the tom Dieck ring U (G), where G is any compact Lie group, we refer the reader to [6].

If 81,...,84 € U(SO(2)), then we write ]_[‘/1.:1 8; for 81 » - -- x §,. Moreover, it is understood that [ |
U(SO(2)).

A representation of the group SO(2) (an SO(2)-representation) is a pair V = (Vy, p), where V) is a real, linear
space and p:SO(2) — GL(Vy) is a continuous homomorphism into the group of all linear automorphisms of Vj.
Notice that if V = (V, p) is an SO(2)-representation, then letting gv = p(g)(v) we obtain a linear SO(2)-action on
Vo. For simplicity of notation, we do not distinguish between V and V() using the same letter V for a representation
and the corresponding linear space V.

Let V be a real, finite-dimensional and orthogonal SO(2)-representation. If v € V then the subgroup SO(2), =
{g € SO(2): gv = v} is said to be the isotropy group of v € V. Moreover, the set SO(2)v = {gv: g € SO(2)} is called
the SO(2)-orbit of v € V.

Let £2 C 'V be an open, bounded and an SO(2)-invariant subset and let H C SO(2) be a closed subgroup. Then we
define

jeVJ‘SJ' =Ie

e 2 ={ve2: HCSOQ),)={veR: gv=vVgeH},
e 2y ={veR: H=S0(2),}.
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Fix k € N and set CI§0(2) V,R)={f¢€ CK(V,R): f is SO(2)-invariant}.
Let fy € C§0(2) (V,R). Since V is an orthogonal SO(2)-representation, the gradient V fy:V — V is an SO(2)-

equivariant C%-map. If H C SO(2) is a closed subgroup then V¥ is a finite-dimensional SO(2)-representation. If
(V) =V foyn and ff1 = foyn then it is easy to verify that (V o) = V(f{): V¥ — V¥ is well-defined
SO(2)-equivariant gradient map.

Choose an open, bounded and SO(2)-invariant subset £2 C V such that (V f())_1 (0) N 082 = @. Under these as-
sumptions we have defined in [19] the degree for SO(2)-equivariant gradient maps Vso(2)-deg(V fo, §2) € U(SO(2))
with coordinates

Vso@)-deg(V fo. £2) = (Vso@)-degso) (V fo. £2). Vso@)-degz, (V fo. 22). ..., Vsow)-degz, (V fo. ), ...).

Remark 2.1. To define the degree for SO(2)-equivariant gradient maps of V f; we choose (in a homotopy class of

the SO(2)-equivariant gradient map V fj) a “sufficiently good” SO(2)-equivariant gradient map V f1 and define this

degree for V f7. The definition does not depend on the choice of the map V f1. Roughly speaking the main steps of the

definition of the degree for SO(2)-equivariant gradient maps of V fy: (cl(£2), 082) — (V, V \ {0}) are the following:
Step 1. There is a potential f € C§0(2) (V x [0, 1], R) such that

@@l) (Vo )71 0)N @2 x [0,1]) =9,
(@2) Vy f(,0 =V f(),
(a3) Vyfi e CéO(Z) (V,V), where we abbreviate V, (-, 1) to V, f1,
(ad) (Vo )71 0)N 259 ={vy,...,v,} and
(i) detV2, fi(vj) #0,forall j=1,..., p,
VSO(2) VSO(Z)

2 (£SO (..
(ii) vafl(vj)=[vvv(f10 )) 0}: ®

@ forall j=1,...,p,
(VSO(Z))J- (VSO(2))J-
(@5) (Vo f1)710) N (2\ 25°@) = {SOQ)wy, ..., SO2)w,} and

@) dimkervgvfl(wj) =l1,forall j=1,...,q,

0O 0 O
(ii) VEvf1<wj)=[o Q; 0]:

0 0 Id
Tw; (SOQ)w;) Ty, (SOQ)w;)
® ®
T, (VSO(Z)W_,) © Ty, (SOQw,) —— Ty, (VSO(z)wJ_) © Tu, (SOQ)w))
® ®
(Tw; (Vso@, ; ))L (Tw; (Vso@., ))L

forall j=1,...,q.

Step 2. The first coordinate of the degree for SO(2)-equivariant gradient maps is defined by

p
Vso)-degson) (Vfo. 2) =Y _signdet V2, (£7°P) (v)).

=1
In other words since V(f, 15 0@y — (v £1)59? we obtain
Vso@)-deggso2) (V fo, £2) = degg ((Vfl)so(z), 2502, 0),

where degp denotes the Brouwer degree.
Step 3. Fix k € N and define

Vsow)-degz, (V fo, 2) = > signdet 0,
(el SOQ)u; =24}
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Notice that since
degp ((V f1)30@, 2502 0) = degp(V f1,2,0) and degy(V fi, £2,0) = degg(V fo, £2,0)

(see [16]), directly by Step 2. we obtain Vso(2)-deggo) (V fo, £2) = degg(V fo, §2, 0). Moreover, immediately from
Step 3. we obtain that if k € N and SO(2), # Zx for every v € §2, then Vso(2)-degz, (V fo, £2) = 0.

For y > 0 and vy € VSO we put B, (V,v9) ={v € V: |v — vg| < y}. For simplicity of notation, we write B, (V)
instead of B, (V, 0). In the following theorem we formulate the main properties of the degree for SO(2)-equivariant
gradient maps.

Theorem 2.1. [19] Under the above assumptions the degree for SO(2)-equivariant gradient maps has the following
properties

(1) if Vsoy-deg(V £, 2) £ O, then (V )~ (0) N 2 £,
(2) if Vso@)-degy (V f. £2) #0, then (V f)~1(0) N 27 £,
B) if2=20U 82 and 20N 21 =0, then

Vso)-deg(V f, §2) = Vso(2)-deg(V f, £20) + Vso(z)-deg(V f, £21),

(4) if 20 C 82 is an open SO(2)-invariant subset and (V )~1(0) N 2 C 20, then
Vso()-deg(V f, §2) = Vso(z)-deg(V f, £20),

5) if fe cgo(z) (V x [0, 11, R) is such that (V, £)~1(0) N (382 x [0, 1]) = @, then
Vso()-deg(V fo, £2) = Vso)-deg(V f1, £2),

(6) if W is an orthogonal SO(2)-representation, then
Vso)-deg((V f,1d), 2 x B, (W)) = Vso(2)-deg(V f, £2),

N if fe C§O(2) (V,R) is such that V f(0) = 0 and sz(O) is an SO(2)-equivariant self-adjoint isomorphism then
there is y > 0 such that

Vso)-deg(V £, By (V)) = Vso)-deg(VZ £ (0), By (V)).
Below we formulate the product formula for the degree for SO(2)-equivariant gradient maps.

Theorem 2.2. [20] Let £2; C V; be an open, bounded and SO(2)-invariant subset of a finite-dimensional, orthogonal
SO(2)-representation V;, fori = 1,2. Let f; € C§0(2) (Vi,R) be such that (V ;)= (0) N 382; =, fori =1,2. Then

Vso@)-deg((V 1,V f2), 21 x £22) = Vso@)-deg(V f1, £21) * Vso)-deg(V f2, 22).

For k € N define a map ,ok :SO(2) — GL(2, R) as follows

k/.i0 cos(kf) —sin(k6)
= < .
P(E) [sin(k@) cosky | 0SO<27
For j,k € N we denote by R[j, k] the direct sum of j copies of (R2, ,ok), we also denote by R[j, 0] the trivial
Jj-dimensional SO(2)-representation. We say that two SO(2)-representations V and W are equivalent if there exists an
SO(2)-equivariant, linear isomorphism 7 : V — W. The following classic result gives complete classification (up to
equivalence) of finite-dimensional representations of the group SO(2) (see [1]).

Theorem 2.3. [1] If V is a finite-dimensional SO(2)-representation, then there exist finite sequences {j;}, {k;} satis-
fying:
kie {OJUN, jieN, 1<i<n ki<kr<---<k;, (%)

such that V is equivalent to @;:1 R[ji, ki]. Moreover; the equivalence class of V (V =~ @;:1 R[ji, ki]) is uniquely
determined by {k;}, {ji} satisfying (x).
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We will denote by m™ (L) the Morse index of a symmetric matrix L i.e. the sum of algebraic multiplicities of
negative eigenvalues of L.

To apply successfully any degree theory we need computational formulas for this invariant. Below we show how
to compute the degree for SO(2)-equivariant gradient maps of a linear, self-adjoint, SO(2)-equivariant isomorphism.

Lemma 2.1. [19] If V&~ R[jo, 0] ®R[j1, k11D --- ®R[j,, k-], L:V — V is a self-adjoint, SO(2)-equivariant, linear
isomorphism and y > 0 then

(1) L = dlag(L()v Ll LI L}")’
(—m Lo, for H=S0(2),
- —(L;
2) Vso)-degy (L, B, (V)) =1 (- Lo, M’ for H=17,,
0, for H ¢ {SO2), Z,, ..., Zx,},

(3) in particular, if L = —1d, then

(_1)]:01 fOrH :SO(Z)s
Vso@)-degy (—1d, B, (V)) = { (=)0 - ji, for H=17Zy,
0, for H ¢ {SOQ), Z, ..., T, }.

Let (H, (-, -)i) be an infinite-dimensional, separable Hilbert space which is an orthogonal SO(2)-representation
and let C§0(2) (H, R) denote the set of SO(2)-invariant C¥-functionals. Fix @ € CéO(Z) (H, R) such that V@ (u) =
u—Vn(u), where Vi : H — H is an SO(2)-equivariant compact operator. Let I/ C H be an open, bounded and SO(2)-
invariant set such that (V®)~1(0) N 81/ = . In this situation Vso)-deg(dd — Vn,U) € U(SO(2)) is well-defined,
see [19] for details and basic properties of this degree.

Remark 2.2. We would like to underline that the infinite-dimensional version of the degree for SO(2)-equivariant
gradient maps has the following two important properties

(1) Vso@)-degson)(V@,U) =deg; s(V®, U, 0), where deg| g denotes the Leray—Schauder degree,

2) ifde CéO(Z) Hx [A-,2+],R), 0 C H x [A_, A4+] is an open bounded SO(2)-invariant subset and there is y > 0
such that
(@ ONMH x {A—, A+ }) = By (H) x {A—, A4},
() (V,®)"1(0)N3dQ C B, (H) x {A_, A4}, then

Vso@)-deg(Vu® (-, A1), 01,) = Vso@)-deg(Vu@ (-, A-), @), where 05, = {(u, A+) € 0}.

The second property is a slight generalization of the homotopy invariance of the degree for SO(2)-equivariant gradient
maps and is called the generalized homotopy invariance.

Let L:H — H be a linear, bounded, self-adjoint, SO(2)-equivariant operator with spectrum o (L) = {A;}. By
Vi (A;) we will denote the eigenspace of L corresponding to the eigenvalue A; and we put py(X;) = dimVp (4;).
In other words pr (A;) is the multiplicity of the eigenvalue A;. Since operator L is linear, bounded, self-adjoint, and
SO(2)-equivariant, V (4;) is a finite-dimensional, orthogonal SO(2)-representation. For y > 0 and vy € HSO@ get
B, (H, ug) = {u e H: |lu — up|l < y}. For abbreviation, let B, () stand for B, (H, 0). Note that B, (I, u) is open
and SO(2)-invariant for every ug € HSO@),

Combining Theorem 4.5 in [19] with Theorem 2.2 we obtain the following theorem.

Theorem 2.4. Under the above assumptions if 1 ¢ o (L), then
Vso@)-deg(ld—L. B, (H)) = [ | Vso@)-deg(—1d. B, (V. (1)) € U(SO(2)).
)»,' >1
It is understood that if o (L) N [1, +00) = 0, then
Vso(z)—deg(ld -L,B, (H)) =Ile U(SO(2)).
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3. Abstract results

In this section we study global bifurcation from infinity of critical orbits of SO(2)-invariant functionals.

Let (H, (-, -)g) be as in the previous section. We consider H x R as an SO(2)-representation with SO(2)-action
given by g(u, A) = (gu, 1), where (u,A) e H x R and g € SO(2).

Put c’gom (HxR,R) ={® e C*(H x R, R): & is SO(2)-invariant}. It is clear that if ® € c’go(z) (H x R, R), then

the gradient V,,® : H x R — H is an SO(2)-equivariant C¥~!-operator.
Consider a potential @ € C %O(z) (H x R, R) such that:

(cl) D,r)= %(u, u)g — g(u, ), where V,g:H x R — H is compact.
From now on we study solutions of the following system
Vi@ (u,r)=0. (3.1)
The set (V,,®)~1(0) N (HSO®@ x R) is called the set of trivial solutions of Eq. (3.1). Put
NV, @) = {2 e (H\H?) x R: V,®(u, 1) =0}.
Assume that there exist A_, A4 > 0 and y > 0 such that
(Vu® (-, Ai))_l(O) N ((H\ By (H)) x {A+}) = 0. (3.2)

Definition 3.1. An element Bif(co, [A_, A+]) € U(SO(2)) defined as follows
Bif(00, [.—, 4+1) = Vso@)-deg(Vy® (-, A+), By (H)) — Vso@)-deg(Vy® (-, 1), By (H))

is called the bifurcation index at (oo, [A_, A+]).
The following lemma will be extremely useful in the proof of the next theorem.

Lemma 3.1. [4] Let A and B be disjoint closed subsets of a compact space K. If there is no closed connected subset of
K that intersects both A and B, then there exist disjoint closed subsets K o and Kp of K such that AC K4, B C Kp
and K = K4, U Kp.

The following theorem is the most general result of this section. Namely, we prove the sufficient condition for the
existence of an unbounded closed connected set of critical orbits of SO(2)-invariant functionals. In the proof of this
theorem we combine Lemma 3.1 with the degree for SO(2)-equivariant gradient maps.

Theorem 3.1. Let @ € C§O(2) (H x R, R) satisfy condition (c1) and let .+ € R, y > 0 be such that (3.2) holds. If

Bif(oo, [A—, A4]) # © € U(SO(2)), then there exists an unbounded closed connected component C of(VM(I))_l 0N
(H x [A—, A4 ]) such that C N (B, (H) x {A_, A4 }) # 0.

Proof. First of all we claim that for every £ > y there exists a closed connected component Cg of vV, ®~10) N
(H x [A—, A+]) such that

Ce N (B, (H) x {A_,A1}) #0 and C¢ N (3B (H) x [h_, hy]) # 0.

Suppose, contrary to our claim, that there exists & > y such that at least one of the following conditions is fulfilled

(i) €N (By(H) x (., iy )) =0,
(i) CN (@B (H) x [A—, A4]) =1,

for every closed connected component C of V,, @~ 1(0) N (H x [A_, A4 ]).
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Put in Lemma 3.1

(i) K =V, @7 1(0) N (cl(Bg (H)) x [A—, A+]),
(i) A=V, @7"(0) N (cl(Bg(H)) X {A, 1+}),
(iii) B =V, ®~'(0) N (3B (H) x [A_, A1]).

Since V, @ is of the form compact perturbation of the identity and cl(Bg (H)) x [A_, A4 ] is closed and bounded,
K is compact. Recall that V,, @ ~1(0)N (cl(Bs (H)) x {A_,A}) C By (H) x {A_, Ay}. Thus AN B = . By assumption,
there is no closed connected subset of K that intersects both A and B. Applying Lemma 3.1, we obtain compact sets
K 4, K p with desired properties.

Choose o > 0 such that K4 («), Kp (o) are disjoint «-neighborhoods of the sets K4, Kp. Define

Q =SOQ)((Bg (H) x [A—, 2+]) \ cl(Kp()))
={(gv. 2): v e (Be(H) x [A_, 24]) \ cl(K () and g € SO(2)}.

We claim that Q is open, SO(2)-invariant and (V, )10y n 00 C B:(H) x {A_,Ay}. Since B¢ (H) x [A_, Ay]is
open in H x [A_, A], it is clear that Q is open. Moreover, since Q is a sum of SO(2)-orbits, it is SO(2)-invariant.
What is left is to show that (V,®)~1(0)Nd Q C Bg (H) x {A_, A4 }. Suppose, contrary to our claim that, (V, &)~ Lo)n
(00 \ (Bs(H) x {A_, A4+})) # ¥ and fix (ug, Ag) € 90 \ (Bg (H) x {A_, A4 }) such that V, @ (ug, Lo) = 0. Hence there
are (up, Ag) € (B (H) x [A_, AL]) \ cl(Kp())) and g € SO(2) such that (giig, Ag) = (1o, Ao). Since V@ is SO(2)-
equivariant, we obtain

0=V, (up, ko) =V, P (gilo, o) = gVuP (itg, o)

and consequently V, @ (itg, Ag) = 0, which contradicts the definition of Kp ().

Put Q) ={(u, 1) € Q} forevery A € [A_, A4].

Since (V,®)~1(0)NdQ C B, (H) x {A_, A4}, from the generalized homotopy invariance of the degree for SO(2)-
equivariant gradient maps (see Remark 2.2), we obtain that:

O = Vso(2)-deg(Vu@ (-, 14), Ox,) — Vso)-deg(Vu @ (-, 1-), Qs_)
= Vso)-deg(Vu @ (-, A1), Be (H)) — Vso)-deg(V, @ (-, 1), Bg (H))
= Vso@)-deg(Vu @ (-, A1), By (H)) — Vso)-deg(Vy @ (-, A_), By, (H))
= Bif(o0, [A_, A1]) # O,

a contradiction.

Suppose, contrary to our claim that, the theorem is false i.e. every closed connected component C of (V,,@)~1(0) N
(H x [A—, Ay]) such that C N (B, (H) x {A_,A;}) # ¥ is bounded. Choose an increasing sequence {y;} C N such
that y,, > y for every n € N. From the first part of the proof it is known that for every n € N there exists a bounded
closed connected component C,, of (V,®)~10) N (H x [A_, A;]) such that Cy, N (B, (M) x {A_,11}) # @ and
Cy, N 0By, (H) x [A_, Ay]) #@. Choose (u,, A,) € Cyy, N (B, (H) x {A_, A1 }) for every n € N. Without loosing of
generality, one can assume that A, = A4 for every n € N. Note that c¢/{(u,, A+)} is compact, as a closed subset of
the compact set (V,, ®) LN (cl(By, (H)) x {A4}). Thus, there exists convergent subsequence (i, Ay) —> (1o, Ay).
Denote by C a closed connected component of (V,, &) LO)NMHx [A_, A+]) containing (ug, A ). Since C is bounded,
there is £ > y such that C C Bg (H) x [A_, A, ].

Put in Lemma 3.1

(i) K=V, ®71(0) N (cl(B: () x [A, A1),
(i) A=C,
(iii) B =V,®71(0) N (dBs(H) x [A, A1]).

Applying Lemma 3.1, we obtain compact subsets K4, Kp C K such that A C K4, BC Kp, Ko N Kp = and
K4 UKp = K. Note that almost all (u,, A+) € K. Indeed, (u,,, A+) € Cynk and Cynk N (8B)/nk (H) x [A—, A4]) # 0.
Hence (u,,, , A+) € Kp for all k € N such that y,,, > &. Thus (1o, A4 ), as the limit of elements from the closed set K g,
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belongs to K g. On the other hand, (#g,A4+) € A C K4 and dist(K 4, Kp) > 0, a contradiction. We have just proved
that C N (H x [A_, A4]) is unbounded. O

Remark 3.1. Since V, @ (-, A1) is of the form compact perturbation of the identity, one can define a bifurcation index
Bifys(oo, [A—, A4]) € Z as follows

Bif s(00, [A—, A4]) =deg (Vi P (-, A4), By (H),0) — deg; s(Vu@ (-, A-), B, (H), 0).

We realize that theorems similar to Theorem 3.1 has been proved for operators of the form compact perturbation of
the identity (without gradient and equivariant structures), see for instance Theorem 2.6 of [11].

However directly from the definition of the degree for SO(2)-equivariant gradient maps it follows that if
Bifys(co, [A—,A+]) # 0 € Z then Bif(oco, [A_,A1]) # ® € U(SO(2)). On the other hand it can happen that
Bify s (0o, [A—, A4]) = 0 and Bif(co, [A—, A1]) # O.

Definition 3.2. Let C C H x R be closed and connected. We say that a symmetry breaking phenomenon for C occurs
if there are (1o, Ag) € C and sequence {(u,, A,)} C C converging to (ug, Ag) such that SO(2),, # SO(2),, for every
neN.

Corollary 3.1. Let assumptions of Theorem 3.1 be satisfied. Moreover, suppose that (V,®)~1(0) N
(HSOD x [A_, AL]) is bounded. Then, there exists an unbounded closed connected component C of (V,®)~1(0) N
(H x [A—, A4]) such that the symmetry breaking phenomenon for C occurs or there exists at least one nontrivial
solution of Eq. (3.1) such that (u, A) € (B, (H) x {A_, 1} NC.

Proof. By Theorem 3.1 we obtain an unbounded component C of (VMCD)’I(O) N (H x [A—, 24]) such that C N
(By (H) x {A_,Ay}) # . Since (HSOD x [A_, A+]) N (V, @)~ 1(0) is bounded, without loss of generality, one can
assume that

(V@)1 (0) N (H°P x [A_, Ay]) C By (H) x [A_, Ayl (3.3)

Therefore the isotropy group of every element u € C N ((H\ B, (H)) x [A_, A4]) is different from SO(2). Thus, if
C N MO x [A_, A4]) # 0, then the symmetry breaking phenomenon for C occurs. Otherwise C C N (V, ®) and
CN(By(H) x {A_, A4}) # @, which completes the proof. O

Remark 3.2. Notice that if in Corollary 3.1 we have

(Vu®) "' (0) N (B, (H) x {A+}) CHO® x {11},

then the symmetry breaking phenomenon for C occurs.

Remark 3.3. Notice that if in Corollary 3.1 we have
(Vu®) 71 (0) N (HSOD x [A_, g ]) = {ur, ... ug) X [hey Ag]
and Vf@(ui, A) is an isomorphism for every A € [A_, A, ],i=1,...,q, then C C N (V,®D).

Remark 3.4. Under the assumptions of Corollary 3.1. Since
(V@)1 (0) N (H°D x [A_, Ay])
is bounded, there is y > 0 such that
(V@)1 (0) N (H°P x [A_, Ay]) C By (H) x [A_, Ayl
Therefore we obtain
degy s((Vu@ (-, 22))*°?, B, )°?, 0) = deg; s (V@ (-, 1)) °°?, B, ()@ 0).
As a direct consequence of results due to Rabier [16] we obtain
degy (Vu®@ (-, 1), By (H), 0) = degy s (V@ (-, 1)) >°?, B, (H)3°? 0). (3.4)

Summing up, we have obtained Bif; g(co, [A_,A+]) =0€ Z.
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The following lemma is a parameterized extension of Corollary 3.1 of [7].

Lemma3.2. Let @ € C§0(2) (H x R, R) satisfy assumption (c1). Then for every (ug, o) € (V, @)~ 1(0) N (HSP? x R)

there exist y > 0 such that if (u,A) € (Vu®)~1(0) N (By (H, up)) x (A — ¥, A + y)), then there exists v €
ker qu)(uo, Ao) such that SO(2),, = SO(2),.

Proof. Since Vﬁ@ (ug, Ao) : H — H is a self-adjoint Fredholm operator of index 0, we obtain H = ker Vﬁ@(uo, )
im V,fdﬁ(uo, o). Let 7 : H — ker Vfcp (1o, Ao) and Id —7r : H — im V,fqﬁ(uo, Ap) stand for SO(2)-equivariant orthog-
onal projections. Obviously

Vi@, 2)=0 & (710V,®)(u,r)=0and ((Id—7m)o V,P)(u,r)=0.
By the SO(2)-equivariant version of the implicit function theorem, we obtain that solutions of
(dd=7) 0V, @) (u, 1) =0

are of the form (v, w (v, A), 1), where v € By, (ker VL%q)(uo, Xo),up), A € (Ao — ¥, Ao + ) for sufficiently small y > 0
and (v, A) — w(v, A) is an SO(2)-equivariant Cl-mapping.

Let (u, A) € (V,®)~L0) N (By, (H, ug)) x (Ao — ¥, Ao + ). Therefore (u, ) = (v, w(v, A), A). Since w is SO(2)-
equivariant, SO(2) 1) C SO(2)4(v,1) and consequently

SO(2)u =SO2) 1) =SO2) w,w(v,1),2) =SO2)w,2) NSOR)ww,1) =SO2)w,n) =SO2),. O
As a direct consequence of Lemma 3.2 we obtain the following corollary.

Corollary 3.2. Let assumptions of Theorem 3.1 be satisfied. Additionally, suppose that ker V,fq?(u, 1) € HSOD for
every u € HSO@ ) e[a_, Ay]. Then,

either C C HS°® x [A_, A, ] 0or C C N(V,®).

If moreover (V,®)~1(0) N B, (M) x {A_, Ay} C HSO® x {A_, A4}, then the symmetry breaking phenomenon for C
does not occur.

Proof. First of all notice that the set C obtained by Theorem 3.1 is closed and connected. Suppose, contrary to our
claim, that C N (HSC® x [A_, A;]) # @ and C NN (V, @) # @. Then there exists (g, Ag) € C N (HOP x [A_, A,])
such that in its any neighborhood there exists an element (u, A) € C N N (V, ®@). Taking into account that SO(2),, #
SO(2),, = SO(2), the assumption and Lemma 3.2 we obtain a contradiction. O

Let us put some additional assumptions on behaviour of the functional @ at infinity. We would like to say something
more about behaviour of closed connected components of (V,,®)~!(0) at infinity. Suppose that the functional @
C§O(2) (H x R, R) satisfies assumption (c1) and the following assumption:

(€2) D(u, 1) = 5w, u)m — 3 (Koo(W)u, u)m — noo(u, 1), where
(i) Koo(A):H — H is a linear, SO(2)-equivariant, self-adjoint, operator for every A € R,
(i1) the mapping H x R > (u, 1) = Ko (XM)u € H is compact,
(1il) Vyneo :H xR — His a SO(2)-equivariant, compact operator such that V, noo (1, A) = o(||u||), as |Ju|| - oo
uniformly on bounded A-intervals.

For A € R define Vgcb(oo, A) =1d — K (). Fix arbitrary 1¢ € R and assume that ker V3d5(oo, Ao) # {0}. Choose
& > 0, define A+ = A & ¢ and assume that the following condition is fulfilled

{A e[r_, Aq]: Vf(b(oo, )) is not an isomorphism} = {}o}. 3.5)

It is easy to see that under the above assumptions there exists y > 0 such that condition (3.2) is satisfied.
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Definition 3.3. We say that an unbounded closed connected set C meets (o0, Ag), if for every §,y > 0
CN{(H\ B, (H)) x [xo — 8, 2o + 81} # 9. (3.6)

In the following theorem we localize points at which closed connected sets of solutions of Eq. (3.1) meet infinity.

Theorem 3.2. Let potential @ € C§O(2) (H x R, R) satisfy assumption (c2). Choose ¢,y > 0, ,o, A+ € R such that
(3.2) and (3.5) hold true. If Bif(co, [A—, A+]) # © € U(SO(2)), then the statement of Theorem 3.1 holds true. More-
over, C meets (00, Ag).

Proof. The existence of an unbounded closed connected component C of V, @~ 1(0) N (H x [A_, A4]) satisfying
CN(By (M) x {A_, Ay}) #¥,is a direct consequence of Theorem 3.1. It remains to prove that C meets (00, Ag). Note
that it is sufficient to show, that condition (3.6) holds true just for large ¢ > 0 and small § > 0. Choose any § > 0 such
that § < ¢. By assumption, for A € [Ag — &, A0 —8) U (Ao + 6, 2o + €], V2P (00, ) is an isomorphism. Moreover, by
(c2) we obtain V, @ (u, L) = Vf(b(oo, Mu + Vyneo(u, A), where V,neo(u, A) = o(|lul]), as ||u|| — oo uniformly on
bounded A-intervals i.e.

Ves0 IR.>0 Vaclabicr Yuerllull > Re = [ Vunoo(u, 1) | < ellull.
Put € = ||V2® (00, 1)~ !||~! /4. Hence, for ||u|| > R., we obtain

[Vu@ . 1) = | Vid (00, M+ Vuneo (e, V)| = | Vid (00, M| — | Vinoo (u, 1)

o I /IGO0 i
=
2 4
IVa® (oo 1)~
> lull > 0.

Hence, for every o > Rq,
CN((H\ By(H, 00)) x [ho — &, A0 — 8) U (Ao + 8, Ao + £]) = 0.
Since C is unbounded, C N (H\ B, (I, 00)) x [Ao — &, Ag + 8] # ¥, which completes the proof. O

The principal significance of the lemma below is that it allows one to control the isotropy groups of solutions of
Eq. (3.1) sufficiently close to infinity.

Lemma 3.3. Let @ € C§0(2) (H x R, R) satisfy assumption (c2). Then for every Ay € R there exist y > 0,5 > 0
such that if (u, 1) € (V,®)~10)N (H\ B, () x [Ao — 8, Ao + 8], then there exists v € ker(Id — Koo (Ao)) such that
SO2), =S0O2),.

Proof. Fix Ao € R. By the SO(2)-equivariant version of the implicit function theorem at infinity (see Theorem 3.2
of [7]), we obtain that solutions of V, @ (u,A) = 0 in a neighborhood of (0o, Ag) are of the form (v, w (v, A), 1),
where v € kerV3<D(oo,Ao) \ cl(By(kerVL%@(oo,ko))), A€ [ro — 8,20 + 8] for some y,5 > 0 and the map
(v,A) = w(v,A) € im V,%db(oo, Ap) is an SO(2)-equivariant Cl—mapping. The rest of the proof is the same as the
proof of Lemma 3.2. O

Remark 3.5. If moreover, assumptions of Theorem 3.2 are satisfied, then without loss of generality one can assume
that § < &.

Below we present some useful corollaries of Theorem 3.2. First of them is a counterpart of Corollary 3.1 at infinity,
also based on Corollary 3.1 of [7].

Corollary 3.3. Let assumptions of Theorem 3.2 be satisfied. Additionally suppose that ker((V,f@ (00, A0))) NHSO? =
{0}. Then the statement of Theorem 3.2 holds true. Moreover, for closed connected set C either phenomenon

of symmetry breaking occurs or there exists at least one nontrivial solution of Eq. (3.1) such that (u,A) € C N
(By (H) x [, s }).
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Proof. Note that by assumption and Lemma 3.3, the isotropy group of any solution of Eq. (3.1) close to (0o, A¢) is
different from SO(2). Thus (HS°® x [A_, A1) N (V,®)~1(0) is bounded and by Theorem 3.2 and Corollary 3.1 the
proof is completed. O

Definition 3.4. Let V and W be SO(2)-representations. We say that SO(2)-representation V is not consistent with
SO(2)-representation W, if SO(2),, # SO(2),, for every v € V \ {0}, w € W\ {0}.

Remark 3.6. SO(2)-representation V = @;.":] R[k;, m;] is not consistent with SO(2)-representation W =
3‘:1 R[k},m/j], if ng(m;w'"’m:}) + gcd(m/jl,...,m/js), for every {i1,....i;} C {l,...,p}, {j1,...,Jjs} C

{1,...,49}.
Corollary 3.4. Let assumptions of Theorem 3.2 be satisfied. Additionally, suppose that

() (Vu@)~10) N HD x [, Ay ]) = {ur, ..o ug) X [y Ag],

(i) (Vu®)7'0) N (By (H) x {A+}) ={u1, ..., uqg} x {As},
(i) {(u,A) €{ur,...,ug} x[A_, A4l Vf@(u, A) is not an isomorphism} = {(u;,, Aiy), ..., Wiy, Liy)},
@iv) ker(V,fCD(uik, Aiy)) is not consistent with ker(V,%CD(oo, M) foreveryk=1,...,d.

Then the statement of Theorem 3.2 holds true. Moreover, for C phenomenon of symmetry breaking occurs.

Proof. By Theorem 3.2 we obtain an unbounded closed connected component C of (V®)~1(0) N (H x [A_, A,])
such that C N (B, (H) x {A+}) # @. From assumption (ii) it follows that C N ({u1, ..., ux} x [A—, A4 ]) # ¥. Moreover,
by assumption (iii) we obtain C N ({1, ..., ug} X [A—, A4 1) C {(uiy, Aiy)s - .., (iy, Aiy)}. The rest of the proof is a
direct consequence of assumption (iv) and Lemmas 3.2, 3.3. O

One can also proof the following slight generalization of Corollary 3.4. Since the proof of the following corollary
is similar to the proof of Corollary 3.4 we omit it.

Corollary 3.5. Let assumptions of Theorem 3.1 be satisfied. Additionally, suppose that

@) (Vu®)71(0) N EPO x [, ay D) = U g} x [he, 24,
(i) (Vu@)'(0) N (By (H) x {A+h) = Ui {u)) x (ha),
(ifi) {(u, 2) € {ur, ..., ug} x [h, Ayl: ker V2O (u, 1) # {0}} =Uj?:1{(uij,xi_/)},
(iv) {€[r, Ay]: ker V2 (00, A) # {0}} = le{xjo}c()\_,er),
W) ker(V,f(D(uik, Aiy)) is not consistent with ker(V,f@D(oo, A?O))for everyk=1,...,dand j=1,..., p.

Then the statement of Theorem 3.2 holds true. Moreover,

(a) thereis jo €{1,..., p} such that C meets (00, X j,),
(b) for C the phenomenon of symmetry breaking occurs.

4. Connected sets of periodic solutions bifurcating from infinity
In this section we study continuation of 277 -periodic solutions of family of autonomous second order Hamiltonian
systems of the form

ii(1) ==V, V(u(t), 1),
(E>) u(0) =um), 4.1
i(0) = i (27),

where
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(al) Ve C*(R" x R, R),

(@2) Vix,r) = %(A()»)x, x) 4+ n(x, X), where (-, -) is the usual scalar product in R".
(a3) A(X) is real symmetric matrix for every A € R,

(a4) Vin(x,A) =o(||x|), as ||x|| = oo uniformly on bounded A-intervals.

Define a separable Hilbert space
H), = {u:[0,27]— R": u is abs. cont., u(0) = u(2x), i € L*([0,27],R")}

with a scalar product given by the formula (u, U)Hé = f02” (@ (1), v(t)) + (u(t), v(r))dt. The space (Hén, (-, ')Héﬂ) is
an orthogonal SO(2)-representation with the SO(2§-acti0n given by shift in time.

It is well known that solutions of system (4.1) are in one to one correspondence with critical points of an SO(2)-
invariant C?-functional @y :Héﬂ x R — R given by the formula

2 2
(Pv(u,k):%/|Li(t)|2dt—/V(u(z),k)dt. (4.2)
0 0

Moreover, it is known that V,fcbv(oo, A) =1d—L @), where L4, :H%n — Hén is a linear, self-adjoint, SO(2)-
equivariant and compact operator defined by the formula (L 4(x) (1), ”)Hé = fozn u()+AM)u(t), v(t))dr. By Corol-
lary 5.1.1. of [7], V2®y (00, A) is an isomorphism iff o (A(A)) N {k?: k € NU{0}} = . Note that @y :H} x R — R
satisfies assumptions (c1), (c2) of the previous section.

Let us put two additional assumptions:

(a5) assume that there exist A_, A4 > 0 such that the set of solutions of (E;_) is bounded in H%n, i.e. there exists
y > 0 such that

Vu®y (-, 20) 7 0) N ((H, \ By (HL,)) x {r4}) =1, (4.3)

(a6) assume that
e s(AG) NIk ke Ny ={(k;)?, ..., ()%},
o 0(A)) NIk ke Ny = {2, ... (D2}

Put
K= U {gcd(ki_l,...,k;)}u U {gcd(k;lr,...,k:n)}.
{i1,...i}efl,....r} {i1,.nim}e{l,...,s}

If o (A(A+))N{k%: k € N} = ¢, then it is understood that K = . For & € R we will denote by 14 () the multiplicity
of « considered as an eigenvalue of matrix A. If @ ¢ o (A) then it is understood that 4 (o) = 0. For every k € NU {0}
define

(1) ox(A,27) =0 (A) N (k2, +00),
(2) k(A 27) = Xy (4,20 KA @)

Putind(—V,V (-, A1), 00) = limy—, o0 degg (— Vi V (-, A1), By (R", 0), 0), where degy denotes the Brouwer degree.
Theorem 4.1. Let assumptions (al)—(a6) be satisfied. Additionally, suppose that one of the following conditions holds:
() ind(VyV (-, A4),00) #ind(V, V (-, A-), 00),
(1) ind(VyV (-, Ay),00) = ind(V,V (-, A_),00) # 0 and there exists k € N\ K such that ji(A(Ay),2mw) #
Jk(A(A-), 27).

Then there exists an unbounded closed connected component C C H; - X [A—, Ay] of solutions of system (4.1) such
that C N (By (HL ) x {A_, A4 }) # 0.
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Proof. First of all notice that @y :Héﬂ x R — R given by formula (4.2) satisfies condition (c1).

(i) By Lemma 5.2.3. of [7],

Vso@)-degso) (Vu®v (-, 1), By (Hy, ) = ind(= Vi V (-, A1), 00).
That is why we obtain

Bifso() (00, [A—, A+])
= VSO(z)'degSO(Z)(qu)V(" At), By (Hén)) — Vso@)-degso(2) (qu)V('v A-), By (H%n))
=ind(—VyV (-, A4),00) —ind(—=V, V (-, 1_), 00) #0.
(i) By Lemma 5.2.3. of [7],
Vso-degy, (Vu®v (-, A1), By (Hi,)) = ind(= ViV (-, Ax), 00) - ji(A(As), 27).
Therefore we have
Bifz, (00, [A—, A4])

= Vso@-degz, (Vu®v (-, A+), By (Hy,)) = Vso)-degz, (Vu®v (- A=), By (Hy,))
=ind(—VyV (-, A4),00) - jik(A(Ay), 2m) —ind(=V, V (-, A2), 00) - jk(A(A=), 27) #0.

Since Bif(oo, [A_, A+]) # ® € U(SO(2)), the rest of the proof is a direct consequence of Theorem 3.1. O

Theorem 4.2. Theorem 4.1 remains true if the assumption (a5) is replaced by

(a) K=4¢,
(b) (VaV(, )71 (0) N (R"\ B, (R") x {A+}) = 9.

Proof. Notice that (H} )S°® =R[n, 0] and that V,, @y (-, 14)5°® = -V, V (-, A1). From Lemma 3.3 it follows that
for every (u, A) € (V,®y)~1(0) close to (o0, A+), there exists v € ker V,fd)v(oo, A+) such that SO(2),5) = SO(2),.
Combining the assumptions with Lemma 5.1.1 and Corollary 5.1.1. of [7] we obtain that ker VL%CDV (00, A1) C R[n, 0].
Therefore SO(2)(,,3) =SO(2) and V, @y (u, A) =0iff V,V(u,A) =0. O

Definition 4.1. We say that 27 > T > 0 is a period of function u € Héﬂ ifu(t4+T)=u(t) forevery t € [0, 27 ]. We
say that Tryin > 0 is a minimal period of function u € Héﬂ if Tipin =1nf{7T > 0: u(t+T) = u(t) for every ¢ € [0, 21 ]}.

Remark 4.1. Notice that if u € (H;n)so(z), i.e. u = const, Tin = 0 and therefore T, is not a period of function u.
Nevertheless, we call Trpin, = 0 the minimal period of a constant function u.

Corollary 4.1. Let assumptions of Theorem 4.1 be satisfied. If additionally (V. V)~1(0) N (R" x [A_, A]) is bounded,
then conclusion of Theorem 4.1 holds true. Moreover, continuum C emanates from the set of stationary solutions and
contains solutions with different minimal periods or there exists at least one non-stationary solution (u, L) of system
(4.1) such that (u, 1) € (B, (Héﬂ) x {A_, 24} NC.

Proof. Note that (Hén)SO(Z) = R[n, 0]. It is clear that solutions with different isotropy group have different minimal
periods. Since all the assumptions of Corollary 3.1 are satisfied, we obtain our assertion. O

Remark 4.2. Under assumptions of Corollary 4.1, if moreover equations (E; ) possesses only stationary periodic
solutions then continuum C contains solutions with different minimal periods.

Corollary 4.2. Let assumptions of Theorem 4.1 be satisfied. Additionally, suppose that ker V,f(DV (u, 1) C (Hé . )S0Q) —
R[n, 0] for every u € (Hén)soa) and A € [A_, Ay], then conclusion of Theorem 4.1 holds true. Moreover, either
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CcC (Hén)SO(Z) X [A—, A4] or C contains only non-stationary solutions. If additionally equations (E)_) possesses
only stationary periodic solutions then C consists of stationary solutions of system (4.1).

Proof. Immediate consequence of Corollary 3.2. O
Let us put the following assumption

(a7) fix Ao € R and choose A_ < A such that
(Aelho, aql: o (A) N {k%: k e NU{0}) # 0} = {r0). (4.4)

Combining assumption (4.4) with Corollary 5.1.1 of [7] we obtain that V2® (oo, A+) : H) — H} is a linear
isomorphism. Therefore assumption (a5) is satisfied.

Theorem 4.3. Let assumptions (al)—(a4d), (a7) be satisfied. Additionally, suppose that at least one of the following
conditions holds:

(1) (—1)J0ACG+)27) £ (_1)Jo(AG-).27)
(i1) there exists k € N such that jr(A(Ay),27w) # jr(A(A-), 2m).

Then there exists an unbounded closed connected component C C Hén X [A—, Ay] of solutions of system (4.1) such
that C N (B, (H%n) X {A_, Ay}) # 0. Moreover, C meets (00, Ag).

Proof. Note that @y :Hé - X R— R given by formula (4.2) satisfies (c2).

(i) By Lemma 5.2.2. and Remark 5.2.2. of [7],
VSO(z)-degso(z)(Vu¢v(w A1), By (Héﬁ)) — (_l)j()(A()»j:),ZJT).
Therefore we obtain

Bifso(2) (OO, [A—, )\.+])

= Vso@)-degsom) (Vu®v (. A1), By (Hén)) — Vso@-degso) (VuPv (-, 1-), By, (Hén))
— (_1)]0(A()L+)»271) _ (_1)1'0(/\(1—),271) #£0.

(i) By Lemma 5.2.2. and Remark 5.2.2. of [7],
Vso)-degy, (Vu®y (-, Ax), By (H,)) = (=1)PACL2D i (AGs), 27r).
That is why we have

Bifz, (00, [A—, A+]) = Vso@)-degz, (Vu®v (. 24), By (H),)) — Vso@)-degz, (Vu®v (-, A-), By (H).,))
= (—1)/0A0G+),2m) jk(A()u,.), 27.[) — (=1)H0AG=),2m) jk(A()»_), 27.[)‘

Summing up, Bif(oco, [A_, A4+]) # @. The rest of the proof is a direct consequence of Theorem 3.2. O

Recall that by Corollary 5.1.2. of [7]

o
ker V2@y (00, Ag) = ker(Id —L 4 1,)) & @R[umo) (K?), k].
k=0

Note that for almost every k € N U {0}, k% ¢ o(A(rp)) and hence /LA(AO)(kZ) = 0. Since RO, k] = {0},
dimkervgqﬁv(oo, Ao) < o0.
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Corollary 4.3. Let assumptions of Theorem 4.3 be satisfied. Suppose that
o(A(0) N k% ke NU{0Y) = {k§. kT, ... k7).

where 0 < kg <k --- <k;.

(1) If det A(Ag) = O, then for every solution (u, A) of system (4.1) in Hén X [A—, A4] sufficiently close to (00, Ag) its

minimal period Ty, is equal to zero (u = const) or to 2 [/ ged(k;y, ..., ki) for some {k;, ..., ki;} C{ky, ..., k).
(i1) If det A(Ag) # O, then for every solution (u, A) of system (4.1) in H;n X [A—, A4] sufficiently close to (00, Lg) its
minimal period Tmin is equal to 2m / ged(k;,, ..., ki) for some {k;,, ... ki;} C{ko,..., k}.

Proof. By assumption and Corollary 5.1.2. of [7] we have

,
ker V2@y (00, Ag) = ker(Id —L 4 x)) & @R[MA(AO) (k?), ki]-
i=0
By Lemma 3.3 any solution (u, A) of system (4.1) sufficiently close to (0o, A¢) has the same isotropy group as some
element of ker VZ@DV (00, Xg). Therefore if det A(Lp) = 0, then the possible isotropy group of any solution is equal to
SO(2) or Zng(kn ...k;,) for some {k;,, ... ki .} C {k1, ..., kr}, which completes the proof of (i). Otherwise, it is equal
to Zng(kil sonkyy) Tor some {k;,, ..., ki } C {ko, ..., kr}, which completes the proof of (ii). O

Corollary 4.4. Let assumptions of Theorem 4.3 be satisfied. If additionally det A(Lg) # O then conclusion of
Theorem 4.3 holds true. Moreover, continuum C emanates from the set of stationary solutions and contains

solutions with different minimal periods or there exists at least one non-stationary solution such that (u,\) €
1
(By (H),) x {A_, AN C.

Proof. By Lemma 5.1.1 and Corollary 5.1.1 we obtain ker V2®y (co, A) N (H}, )SO® = {0} iff det A(%o) # 0. The
rest of the proof is a direct consequence of Lemma 3.3. 0O

From now on we consider special case of system (4.1). Namely, we consider system
ii(t) = —22VV (u()),
u(0) =u2m), (4.5)
u(0) =u2m),

where

(bl) V e C3(R",R),

(b2) V(x) = $(Ax,x) +n(x),

(b3) A is areal symmetric matrix,
(b4) Vn(x) =o(|lx]]), as [[x]| — oo,
(b5) (VV)~1(0) is bounded,

(b6) ind(VV, 00) # 0.

It is easy to show that Vuzq)v (00, A) is not an isomorphism if and only if

k
A€ {ﬁ: keN, aea+(A)} or detA #0.

Lemma 4.1. Fix kg € N, «g € 04 (A) and choose ,_ < A such that

k k
[, as]n {ﬁ: keN, ozeo+(A)} = {J—Z_o}

Then Bif(oo, [A—, A+]) € U(SO(2)) is well-defined. Moreover,
Bifz, (00 [1—. A+]) = ind(=VV, 00) - sa(@0).
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Proof. Since (V,®(-,2+))~'(0) C H} is bounded, Bif(co,[A_,14]) € U(SO(2)) is well-defined. Applying
Lemma 5.2.2 of [7], we obtain:
Bifz, (00, [ 3.+]) = Vso)-degz, (1d—Ly2 4. By (Hi,)) — Vso@-degz, (Id—L,z 4. By (H,))
=ind(—A3VV,00) - ji, (A1 A, 27) —ind(=22 V'V, 00) - ji, (A2 A, 277)
=ind(—VV, 00) - (jie, (M1 A, 27) — jiky (A2 A, 277))
=ind(-VV,00) - ( Z M()&_A) (@) — Z K2 ) (Ol))
acoyy (A} A, 2m) acoy, (A2 A, 2m)

=ind(—=VV,00) - ualag). O
The following theorem is a consequence of Theorem 4.3.
Theorem 4.4. Let assumptions (b1)—(b6) be fulfilled. Then for every
k
Ao € {ﬁ: keN, o EU+(A)}

there exists an unbounded closed connected component C(Ag) C Héﬂ X [A—, Ay] of solutions of system (4.5) such
that C (ro) N (B, (). ) x {A_, Ay}) # 0, where _ < Ay satisfy

[)\,_,)\,J,.]m {L k GN, o €U+(A)} = {)\,0}

Ja

Moreover, C(Lg) meets (00, Ag).

Fix Ao = j—g_o for some ko € N, ag € o (A).

Corollary 4.5. Let assumptions of Theorem 4.4 be satisfied. Assume additionally that

O (VV)7HO0) = {ur, ... ug),

@ii) the only periodic solutions of (E %] ) are the critical points of V,
(i) {(u, 1) € {ur, ... ugy X [, Ay): o WEV2V () Nk k € NU{OY) # 0} = {(iy, Aiy)s - (igs hig)}
@iv) ker(Vbev(uik, Aiy)) is not consistent with ker(Vf@v(oo, M) forallk=1,...,d.

Then there exists an unbounded closed connected component C(1g) C Héﬂ X [A—, A4] of solutions of system (4.5)
such that C(Lp) N (By (Hén) x {A_, )\.+}) # 0 and C(rg) meets (00, Ly). Moreover, C(Ag) contains solutions with
different minimal periods.

Proof. Note that U(A2V2V(u,-k)) N {k*: k e NU {0}} = @ implies thatvgtbv(uik, M) is an isomorphism for every
k=1,...,d. Therefore applying Corollary 3.4 we complete the proof. O

5. Examples

In this section we discuss three examples of potentials in order to illustrate results proved in the previous section.
We consider system (4.1) with simple potential V and show that assumptions of our theorems are satisfied.

Example 5.1. Define potential V : R" x R — R as follows
—)\2

VIxIZ+a’

Vx,A) = %(A(A)x,x)—l—W(x,A): %(A()\)x,x)—i— 5.1
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where a > 0 and A(}) is a real symmetric (n x n)-matrix for every A € R. Consider system (4.1) with potential (5.1).
Putn=4,a=1, A4+ = =+1 and define

A2 —1 0 0 0
| 0 V2+r 0 0
AW =1 0 A—~2 0
0 0 0 V5+ A
Systems (E 1) are resonant at infinity because
a(A(:I:l)) N {kzz keNU {O}} ={0}. 5.2)

Notice that assumptions (al)—(a4), (a6) of Theorem 4.1 are satisfied. Moreover,

(1) (V,V (-, £1))~1(0) is bounded because #(V, V (-, £1))~1(0) < oo (consequence of Lemma 6.2 of [7]),
(2) K =0 (consequence of (5.2)).

Applying Theorem 4.2 we show that assumption (a5) of Theorem 4.1 is fulfilled.
Moreover,

(1) ind(=V,V (-, £1), 00) = (= 1)~ AED) = (1)1 = —1 (consequence of Lemma 6.4 of [7]),
2) ji(A(+D),2m) =2# 1= ji(A(-1),2n).

Applying Theorem 4.1 we obtain an unbounded closed connected component C C Hé » < [=1, +1] of solutions of
system (4.1) such that C N (B, (H), ) x {—1,+1}) # .
Additionally, taking into consideration that

(1) (V,V(, £1))~1(0) is bounded,
Q) re(=1,+D: c (AW N{kE: ke NU{O})} #0) ={ho=1—+2},
(3) o(A(l —~2)) ={1},

and Corollary 4.3 we obtain that the continuum meets (oo, 1 — \/i) and that any solution (u, 1) € C of system (4.1)
sufficiently close to (00, 1 — +/2) has minimal period equal to 27.

Example 5.2. Define potential V : R” x R — R as follows

1 1 -1
V(x,A)= E(A(A)x,x) + W(x, 1) = E(A()\)x,x) + N (5.3)
where a > 0 and A(A) is a real symmetric (n x n)-matrix for every A € R.
Consider system (4.1) with potential (5.3). Put n =4, a = 1 and define
442 0 0 O
0 2 00
AW=1 "9 0 2 0
0 0 0 2
System (Ey) is resonant at infinity because
o (A) N {k*: ke NU{0}} = {4). (5.4)
Moreover, put A+ = +(1/2) and notice that
o(AW) N {k*: ke NU{0}} =0 (5.5)

for every A € [—1/2,+1/2]\ {0}.

Since jz(A(%)) =1#0= jz(A(—%)), all the assumptions of Theorem 4.3 are fulfilled. Therefore there exists
an unbounded closed connected component C C H%n x [—1/2,41/2] of solutions of system (4.1) such that C N
(By(H;n) x {—1/2,41/2}) # ¥ and that C meets (0o, 0).
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Properties of potential V have been precisely studied in [7]. Stationary solutions of system (4.1) have the following
properties:

1) (VeV)7HO) N (R* x [—1/2,4+1/2]) = {0} x [—1/2,+1/2] (consequence of Lemma 6.2 of [7]),
2) V%x V(0,A) =A) +1d, for every A € [—1/2, +1/2] (consequence of Lemma 6.1 of [7]),
3 G(V)%XV(O, M) N{k2: ke NU{0}} = @ for every A € [—1/2, +1/2] (consequence of (2)).

Moreover, by (5.4), (5.5) and Corollary 4.3 we obtain that any solution (u, 1) € C of system (4.1) sufficiently close
to (0o, 0) has minimal period equal to 7. Additionally, from (3) and Remark 3.3 it follows that continuum C consist

of non-stationary solutions.

Example 5.3. Consider system (4.1) with potential (5.3). Putn =5, a =1, A+ = =1 and define

S 0 0 0
0 »M¥-V10 0 0
A= o 0 9+E 0 0
0 0 0 A¥+J10 0
0 0 0 0 25+4%

It is easy to see that

(1) 6(AQ)) N{k%: ke NU{0}} = @ for every A € [—1, 1]\ {0},
(2) o(A0)) N{k2: ke NU{0}) = {4,9,25).

Hence assumptions (al)—(a4), (a7) of Theorem 4.3 are fulfilled.
Since jo(A(1),27) =4 # 3 = jo(A(—1),2m), all the assumption of Theorem 4.3 are satisfied. Therefore there
exists an unbounded closed connected component C of solutions of system (4.1) in Hé > X [—=1,1] such that

cn (By (H%n) x {—1, 1}) # () and C meets (00, 0). Moreover, by (2) and Corollary 4.3(ii) any solution (u, ) € C

sufficiently close to (0o, 0) possesses the minimal period T, € {27, 7, 27”, 2?”}.
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