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Abstract

In this paper, we consider regularity criteria for solutions to the 3D generalized MHD equations with fractional dissipative term
−(−�)αu for the velocity field and −(−�)βb for the magnetic field. For the case α = β, it is proved that if the velocity field
belongs to Lp,q with 2α/p + 3/q � 2α − 1 or the gradient of velocity field belongs to Lp,q with 2α/p + 3/q � 3α − 1 on [0, T ],
then the solution remains smooth on [0, T ]. The significance is that there is no restriction on the magnetic field. Moreover, the
norms ‖u‖Lp,q and ‖Λαu‖Lp,q are scaling dimension zero for 2α/p + 3/q = 2α − 1 and 2α/p + 3/q = 3α − 1 respectively. For
1 � β � α, we find that the minimum sum of α and β to guarantee the global existence of smooth solutions is 5/2. Furthermore,
we show that the weak solution actually is strong if the corresponding vorticity field ω = ∇ × u satisfies certain condition in the
high vorticity region.
© 2006

Résumé

Dans ce papier nous considérons des critères de régularité pour les solutions des équations MHD en 3D généralisées avec un
terme de dissipation fractionnel −(−�)αu pour le champ de vitesse et un terme −(−�)βb pour le champ magnétique. Pour le cas
α = β, il est démontré que si le champ de vitesse est dans Lp,q avec 2α/p + 3/q � 2α − 1 ou le gradient de la vitesse est dans
Lp,q avec 2α/p + 3/q � 3α − 1 sur [0, T ], alors la solution reste régulière sur [0, T ]. Il est important de noter qu’il n’y a pas
de restriction sur le champ magnétique. En plus, les normes ‖u‖Lp,q et ‖Λαu‖Lp,q ont une dimension sous changement d’échelle
égale à zéro pour 2α/p + 3/q = 2α − 1 et pour 2α/p + 3/q = 3α − 1 respectivement. Pour 1 � β � α, nous trouvons que la
somme minimale de α et β qui garantit l’existence globale de solutions régulières est 5/2. En plus nous montrons que les solutions
faibles sont des solutions fortes si le champ de vorticité correspondant ω = ∇ × u satisfait une certaine condition dans la région de
vorticité.
© 2006
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1. Introduction

In this paper, we consider the following 3D generalized viscous MHD equations⎧⎪⎪⎪⎨⎪⎪⎪⎩
∂tu + u · ∇u − b · ∇b + ∇P = −(−�)αu,

∂tb + u · ∇b − b · ∇u = −(−�)βb,

divu = divb = 0,

u(x,0) = u0(x), b(x,0) = b0(x),

(1.1)

where u ∈ R3 is the velocity field, b ∈ R3 is the magnetic field, P(x, t) is a scalar pressure, and u0(x), b0(x) with
divu0 = divb0 = 0 in the sense of distribution are the initial velocity and magnetic fields. α,β � 1 are the parameters,
and the operator (−�)γ (γ > 0) is defined by [13]

̂(−�)γ f (ξ) = |ξ |2γ f̂ ,

where f̂ denotes the Fourier transform of f . As usual, we write (−�)1/2 as Λ.
This system is of interest for various reasons. For example, it includes some known equations, say Navier–Stokes

equation (α = β = 1, b = 0) and standard MHD equations (α = β = 1). Moreover, it has similar scaling properties
and energy estimate as the Navier–Stokes and MHD equations. Heuristically, solutions of (1.1) should converge to
that of Navier–Stokes and MHD equations as α,β → 1. We believe that the regularity studies of system (1.1) can
improve the understanding of the Navier–Stokes and MHD equations.

For this dissipative system, it is easy to prove (see [11] for α = β = 1) that problem (1.1) is local well-posed for any
given initial datum u0, b0 ∈ Hs(R3), s � 3. Moreover, just as what for other mechanical equations, say Navier–Stokes
and MHD equations, it is proved by Wu [15] that Eq. (1.1) has a weak solution for any given u0, b0 ∈ L2(R3) with
divu0 = divb0 = 0. But whether the unique local solution can exist globally or the weak solution is regular and unique
is an outstanding challenge problem, just as the situation for Navier–Stokes and MHD equations. So a lot of literatures
are devoted to find regularity criteria or prove partial regularity for these equations, such as [1–4,7,9,12,14,17–20,22]
for Navier–Stokes equations, and [5,10,16,21] for MHD equations.

The paper is organized as follows. In Section 2, we impose conditions on the velocity field, and consider 2 cases.
One is α = β , the other is α > β . In Section 3, we prove that the weak solution actually is strong if the corresponding
vorticity field ω = ∇ × u somehow is Hölder continuous with exponent 5

2 − 2α.
Before going to next section, we write down the definition of weak solutions to (1.1).

Definition 1.1. A measurable vector pair (u, b) is called a weak solution to generalized MHD equations (1.1), if (u, b)

satisfies the following properties

(i) u ∈ L∞([0, T );L2) ∩ L2([0, T );Hα), b ∈ L∞([0, T );L2) ∩ L2([0, T );Hβ).
(ii) (u, b) verifies (1.1) in the sense of distribution; that is

T∫
0

∫
R3

(
∂φ

∂t
+ (u · ∇)φ

)
udx dt +

∫
R3

u0φ(x,0)dx =
T∫

0

∫
R3

(
uΛ2αφ + b · ∇φ · b)

dx dt,

T∫
0

∫
R3

(
∂φ

∂t
+ (u · ∇)φ

)
b dx dt +

∫
R3

b0φ(x,0)dx =
T∫

0

∫
R3

(
bΛ2βφ + b · ∇φ · u)

dx dt

for all φ ∈ C∞
0 (R3 × [0, T )) with divφ = 0, and

T∫
0

∫
R3

u · ∇φ dx dt = 0,

T∫
0

∫
R3

b · ∇φ dx dt = 0

for every φ ∈ C∞(R3 × [0, T )).
0
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(iii) The energy inequality; that is

∥∥u(t)
∥∥2

L2 + 2

t∫
0

∥∥Λαu(s)
∥∥2

L2 ds � ‖u0‖2
L2 ,

∥∥b(t)
∥∥2

L2 + 2

t∫
0

∥∥Λβb(s)
∥∥2

L2 ds � ‖b0‖2
L2 ,

for 0 � t � T .
Here, the space Hs(R3), s ∈ R, consists of functions f satisfying

‖f ‖2
Hs =

∫
R3

(
1 + |ξ |2)s∣∣f̂ (ξ)

∣∣2 dξ < ∞.

Remark. The definition of weak solution for (1.1) is similar to that for the Navier–Stokes equations. In [15], Wu de-
fined the weak solutions without (iii), the energy inequality. However, from the existence proof (by Galerkin method),
we can find the existence of weak solutions possessing the energy inequality.

2. Regularity criteria in terms of the velocity field

The first result is a regularity criterion similar to Serrin’s [12] regularity class for the Navier–Stokes equations. To
this end, we introduce the space Lα,γ

‖u‖Lp,q =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

( t∫
0

∥∥u(·, τ )
∥∥p

Lq dτ

)1/p

if 1 � p < ∞,

ess sup
0<τ<t

∥∥u(·, τ )‖Lq if p = ∞,

where

∥∥u(·, τ )
∥∥

Lq =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(∫

R3

∣∣u(x, τ )
∣∣q dx

)1/q

if 1 � q < ∞,

ess sup
x∈R3

∣∣u(x, τ )
∣∣ if q = ∞.

We say v ∈ Lp,q if ‖v‖Lp,q < ∞.
Note that if α = β and (u(x, t), b(x, t)) is a solution to (1.1), then (uλ, bλ) with any λ > 0 is also a solution,

where uλ(x, t) = λ2α−1u(λx,λ2αt) and bλ(x, t) = λ2α−1b(λx,λ2αt). Motivated by the work of Caffarelli, Kohn and
Nirenberg [4] for the Navier–Stokes equations, we say that the norm ‖u‖Lp,q is scaling dimension zero for 2α/p +
3/q = 2α − 1 in the sense that ‖uλ‖Lp,q = ‖u‖Lp,q holds for all λ > 0 if and only if 2α/p + 3/q = 2α − 1.

The first regularity criterion reads

Theorem 2.1. Let 1 � α = β � 3
2 . Assume that the initial velocity and magnetic fields u0, b0 ∈ H 3(R3). If

u(x, t) ∈ Lp,q, with
2α

p
+ 3

q
� 2α − 1,

3

2α − 1
< q � ∞, (2.1)

then the solution remains smooth on (0, T ].

Assume that Theorem 2.1 is true for a moment, just from the energy inequality for the weak solutions, then we
have a corollary as follows.

Corollary 2.2. Assume that the initial velocity and magnetic fields u0, b0 ∈ H 3(R3). If α = β � 5
4 , then all the global

weak solutions to (1.1) are actually strong and unique.
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Proof. Due to the Gagliardo–Nirenberg inequality, for any weak solution defined by Definition 1.1, we have

‖u‖L4α,3 � C‖u‖1−1/(2α)

L∞,2 ‖Λαu‖1/(2α)

L2,2 .

On the other hand,

2α

4α
+ 3

3
= 3

2
� 2α − 1

is true, provided that α � 5
4 . Hence Corollary 2.2 follows from the result of Theorem 2.1 directly. �

Remark 2.1. The result of Corollary 2.2 was also showed by Wu [15] via a different approach.

Now we go to the proof of Theorem 2.1. Suppose f ∈ H 2, due to the fact that

∂2f

∂xi∂xj

= ∂i∂jf = −RiRj�f,

where Ri is the Riesz transform, R̂ig(ξ) = −i(ξi/|ξ |)ĝ(ξ) [13], and the boundedness of the operator Ri :Lp → Lp ,
1 < p < ∞, we have

‖∂i∂jf ‖Lp � C‖�f ‖Lp , 1 < p < ∞. (2.2)

In order to prove Theorem 2.1, first we show

u,b ∈ L∞(
0, T ;H 1) ∩ L2(0, T ;Hα+1), (2.3)

if (2.1) holds.
Multiplying the first equation of (1.1) by �u, after integration by parts and by taking the divergence free property

into account, we have

1

2

d

dt
‖∇u‖2

L2 + ‖Λα+1u‖2
L2 = −

∫
R3

∂iuk · ∂kuj · ∂iuj dx +
∫
R3

∂ibk · ∂kbj · ∂iuj dx

−
∫
R3

bk · ∂i∂kuj · ∂ibj dx. (2.4)

Similarly, multiplying the second one by �b, we obtain

1

2

d

dt
‖∇b‖2

L2 + ‖Λα+1b‖2
L2 = −

∫
R3

∂iuk · ∂kbj · ∂ibj dx +
∫
R3

∂ibk · ∂kuj · ∂ibj dx

+
∫
R3

bk · ∂k∂iuj · ∂ibj dx. (2.5)

Combining (2.4) and (2.5) yields

1

2

d

dt

(‖∇u‖2
L2 + ‖∇b‖2

L2

) + ∥∥Λα+1u
∥∥2

L2 + ∥∥Λα+1b
∥∥2

L2 = −
∫
R3

∂iuk · ∂kuj · ∂iuj dx +
∫
R3

∂ibk · ∂kbj · ∂iuj dx

−
∫
R3

∂iuk · ∂kbj · ∂ibj dx +
∫
R3

∂ibk · ∂kuj · ∂ibj dx

= I + II + III + IV. (2.6)

Then we estimate the above terms one by one. First we do the estimates for q < ∞.
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|I | =
∣∣∣∣∫
R3

uk(∂ikuj · ∂iuj + ∂kuj · ∂iiuj )

∣∣∣∣
� C‖u‖Lq ‖∇u‖Ls ‖�u‖Lγ

� C‖u‖Lq ‖∇u‖θ
L2

∥∥Λα+1u
∥∥1−θ

L2 ‖∇u‖δ
L2

∥∥Λα+1u
∥∥1−δ

L2

� 1

2

∥∥Λα+1u
∥∥2

L2 + C‖u‖2/(θ+δ)
Lq ‖∇u‖2

L2 (2.7)

where we used the Hölder inequality, Young inequality and Gagliardo–Nirenberg inequality (a combination of the
interpolation and Sobolev inequalities) for the fractional Sobolev spaces [13] (see also [8], p. 89). The constants
1 < s,γ < ∞ and 0 � θ, δ � 1 satisfy⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

1

s
+ 1

γ
+ 1

q
= 1,

1

s
− 1

3
= θ

(
1

2
− 1

3

)
+ (1 − θ)

(
1

2
− α + 1

3

)
,

1

γ
− 2

3
= δ

(
1

2
− 1

3

)
+ (1 − δ)

(
1

2
− α + 1

3

)
.

(2.8)

System (2.8) has 4 unknowns but 3 equations, so there are infinite many solutions. Note that α � 3
2 implies q > 3

2 ,
then one solution to (2.8) can be written as

s = 6q

2q − 3
, γ = 6q

4q − 3
, θ = δ = 1

2

(
1

α
+ 3

αq

)
< 1. (2.9)

Moreover for any solution to (2.8), we have

2

θ + δ
= 2α

2α − 1 − 3/q
� p.

Similarly, one can obtain

|II| + |III| + |IV| � C‖u‖Lq ‖∇b‖Ls ‖�b‖Lγ

� C‖u‖Lq ‖∇b‖θ
L2

∥∥Λα+1b
∥∥1−θ

L2 ‖∇b‖δ
L2

∥∥Λα+1b
∥∥1−δ

L2

� 1

2

∥∥Λα+1b
∥∥2

L2 + C‖u‖2α/(2α−1−3/q)
Lq ‖∇b‖2

L2, (2.10)

where s, γ, θ and δ are constants given by (2.9).
Putting (2.7) and (2.10) into (2.6), we obtain

d

dt

(‖∇u‖2
L2 + ‖∇b‖2

L2

) + ∥∥Λα+1u
∥∥2

L2 + ∥∥Λα+1b
∥∥2

L2 � C‖u‖2α/(2α−1−3/q)
Lq

(‖∇u‖2
L2 + ‖∇b‖2

L2

)
. (2.11)

Therefore, by applying the standard Gronwall inequality on (2.11), one has

sup
0�t�T

(∥∥∇u(·, t)∥∥2
L2 + ∥∥∇b(·, t)∥∥2

L2

) +
T∫

0

(∥∥Λα+1u(·, t)∥∥2
L2 + ∥∥Λα+1b(·, t)∥∥2

L2

)
dt

�
(‖∇u0‖2

L2 + ‖∇b0‖2
L2

)
exp

( T∫
0

C
∥∥u(·, t)∥∥2α/(2α−1−3/q)

Lq dt

)
.

Thanks to the boundedness of u in Lp,q -norm, the above inequality implies (2.3) for p < ∞.
If q = ∞, we can use the Hölder, Gagliardo–Nirenberg and Young inequalities to obtain



496 Y. Zhou / Ann. I. H. Poincaré – AN 24 (2007) 491–505
|I | + |II| + |III| + |IV| � C‖u‖L∞
(‖∇u‖L2‖�u‖L2 + ‖∇b‖L2‖�b‖L2

)
� C‖u‖L∞

(‖∇u‖(2α−1)/α

L2

∥∥Λα+1u
∥∥1/α

L2 + ‖∇b‖(2α−1)/α

L2

∥∥Λα+1b
∥∥1/α

L2

)
� 1

2

(∥∥Λα+1u
∥∥2

L2 + ∥∥Λα+1b
∥∥2

L2

) + C‖u‖2α/(2α−1)
L∞

(‖∇u‖2
L2 + ‖∇u‖2

L2

)
. (2.12)

In this case, it is obvious that 2α
2α−1 � p. Finally, by combining (2.6) and (2.12), then we get (2.3).

After we have (2.3), the estimates for higher order derivatives can be obtained by an inductive procedure.
This completes the proof of Theorem 2.1.
Under the above scaling, it is easy to check that ‖Λαu‖Lp,q is scaling dimension zero; that is ‖Λαu‖Lp,q =

‖Λαuλ‖Lp,q , if and only if 2α
p

+ 3
q

= 3α − 1. The second regularity criterion concerned with Λαu reads

Theorem 2.3. Let 1 � α = β � 5
4 and assume that the initial velocity and magnetic fields u0, b0 ∈ H 3(R3). If on

[0, T ], Λαu satisfies

Λαu ∈ Lp,q, with
2α

p
+ 3

q
� 3α − 1, 1 � p < ∞,

3

3α − 1
< q <

3

α − 1
, (2.13)

then the solution remains smooth on [0, T ].

Remark 2.2. When α = β = 5
4 , a direct consequence of Theorem 2.3 is Corollary 2.2. In this case, the weak solution

defined by Definition 1.1 satisfies (2.13) with p = q = 2.

Proof. We begin our proof from (2.6).

|I | � ‖∇u‖3
L3 � C‖∇u‖3θ1

L2

∥∥Λαu
∥∥3θ2

Lq

∥∥Λα+1u
∥∥3θ3

L2

� 1

2

∥∥Λα+1u
∥∥2

L2 + C
∥∥Λαu

∥∥2θ2/θ1
Lq ‖∇u‖2

L2, (2.14)

where we used the Gagliardo–Nirenberg and Young inequalities. The constants satisfy⎧⎪⎪⎨⎪⎪⎩
θ1 + θ2 + θ3 = 1,

0 = θ1

(
1

2
− 1

3

)
+ θ2

(
1

q
− α

3

)
+ θ3

(
1

2
− α + 1

3

)
,

3θ1 = 2 − 3θ3.

(2.15)

System (2.15) can be solved uniquely as

θ1 = 1 − 1

3α

(
1 + 3

q

)
, θ2 = 1

3
, θ3 = 1

3α

(
1 − α + 3

q

)
.

Consequently, we have

2θ2

θ1
= 2α

3α − 1 − 3/q
� p.

On the other hand, by the Hölder, Gagliardo–Nirenberg and Young inequalities, we obtain

|II | + |III| + |IV| � C‖∇u‖Lγ ‖∇b‖2
L2γ /(γ−1)

� C‖u‖1−θ

L2

∥∥Λαu
∥∥θ

Lq ‖∇b‖2−2δ

L2

∥∥Λα+1b
∥∥2δ

L2

� 1

2

∥∥Λα+1b
∥∥2

L2 + C‖u‖(1−θ)/(1−δ)

L2

∥∥Λαu
∥∥θ/(1−δ)

Lq ‖∇b‖2
L2

= 1

2

∥∥Λα+1b
∥∥2

L2 + C‖u‖(1−θ)/(1−δ)

L2

∥∥Λαu
∥∥2α/(3α−1−3/q)

Lq ‖∇b‖2
L2 . (2.16)

The constants γ, θ and δ satisfy
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⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

1

γ
− 1

3
= (1 − θ)

1

2
+ θ

(
1

q
− α

3

)
,

γ − 1

2γ
− 1

3
= (1 − δ)

(
1

2
− 1

3

)
+ δ

(
1

2
− α + 1

3

)
,

θ

1 − δ
= 2α

3α − 1 − 3/q
.

(2.17)

First, formally system (2.17) can be solved with

γ = (5 − 4α)3q

(5 − 4α)(q(1 − α) + 3)
, δ = 3

2αγ
, θ = 5/6 − 1/γ

1/2 + α/3 − 1/q
.

If 1 � α < 5
4 , it is obvious that the above solution can be reduced to

γ = 3q

q(1 − α) + 3
, δ = 3

2αγ
= q(1 − α) + 3

2αq
, θ = 5/6 − 1/γ

1/2 + α/3 − 1/q
= 1. (2.18)

When α = 5
4 , we can define

γ = lim
α→5/4

(5 − 4α)3q

(5 − 4α)(q(1 − α) + 3)
= 3q

q(1 − α) + 3

to get the same solution as (2.18).
Hence in (2.16), the following inequality was used

‖∇u‖Lγ � C
∥∥Λα−1∇u

∥∥
Lq � C

∥∥Λαu
∥∥

Lq .

Thanks to the energy inequality, we have

|II| + |III| + |IV| � 1

2

∥∥Λα+1b
∥∥2

L2 + C
∥∥Λαu

∥∥2α/(3α−1−3/q)

Lq ‖∇b‖2
L2 . (2.19)

Combining (2.6), (2.14) and (2.19), we obtain

d

dt

(‖∇u‖2
L2 + ‖∇b‖2

L2

) + ∥∥Λα+1u
∥∥2

L2 + ∥∥Λα+1b
∥∥2

L2 � C
∥∥Λαu

∥∥2α/(3α−1−3/q)

Lq

(‖∇u‖2
L2 + ‖∇b‖2

L2

)
. (2.20)

Note that

2α

3α − 1 − 3/q
� p, if

2α

p
+ 3

q
� 3α − 1,

then the bounds of ‖u,b‖L∞(0,T ;H 1) and ‖u,b‖L2(0,T ;Hα+1) follow from (2.20) and the Gronwall inequality.
The proof is finished. �

Remark 2.3. When α = β = 1, Theorem 2.3 still holds under the condition that ∇u ∈ L1,∞ (see [21]). In fact, in this
case, (2.16) simply reduced to

|II| + |III| + |IV| � C‖∇u‖L∞‖∇b‖2
L2 .

Remark 2.4. The regularity can be proved under the condition that the velocity field u belongs to L∞,3/(2α−1) or Λαu

belongs to L∞,3/(3α−1), provided that ‖u‖L∞,3/(2α−1) or ‖Λα‖L∞,3/(3α−1) is sufficient small. The proof can be given by
the similar argument used in [21].

Theorems 2.1 and 2.3 establish regularity criteria in terms of the velocity field (see also the corresponding results for
MHD in [21]). It seems that the velocity field contributes more than the magnetic field for the effects of regularization.
Now we want to investigate the regularity criterion on the parameter α and β for α �= β . Our theorem reads
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Theorem 2.4. Let 1 � β � 5
4 � α < 5

2 . Assume that the initial velocity and magnetic field u0, b0 ∈ H 3(R3). If

α � 5

2
− β, (2.21)

then the global weak solutions are actually strong and unique.

Proof. We only need to prove (2.3) under the condition (2.21).
From (2.6) with α �= β , we do the following estimates. Taking q = 2 in (2.14), the first term I can be bounded as

|I | � 1

2

∥∥Λα+1u
∥∥2

L2 + C
∥∥Λαu

∥∥4α/(6α−5)

L2 ‖∇u‖2
L2 . (2.22)

By the Hölder, Gagliardo–Nirenberg and Young inequalities as well as the energy inequality for the weak solution,
we have

|II| + |III| + |IV| � C‖∇u‖La1 ‖∇b‖2
La2

� C‖u‖1−θ1
L2

∥∥Λαu
∥∥θ1

L2

∥∥Λβ+1b
∥∥2θ2

L2 ‖∇b‖2(1−θ2)

L2

� 1

2

∥∥Λβ+1b
∥∥2

L2 + C‖u‖(1−θ1)/(1−θ2)

L2

∥∥Λαu
∥∥θ1/(1−θ2)

L2 ‖∇b‖2
L2

� 1

2

∥∥Λβ+1b
∥∥2

L2 + C
∥∥Λαu

∥∥θ1/1−θ2
L2 ‖∇b‖2

L2 . (2.23)

The constants satisfy⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

1

a1
+ 2

a2
= 1,

1

a1
− 1

3
= (1 − θ1)

1

2
+ θ1

(
1

2
− α

3

)
,

1

a2
− 1

3
= (1 − θ2)

(
1

2
− 1

3

)
+ θ2

(
1

2
− β + 1

3

)
,

(2.24)

where 0 � θ1, θ2 � 1. If (2.24) is solvable with

θ1

1 − θ2
� 2,

by putting (2.22) and (2.23) into (2.6), and due to the energy inequality, we get the a priori estimate (2.3). The higher
derivative estimates can be obtained similarly. Consequently, the weak solution actually is smooth.

The problem is to solve (2.24) under the condition (2.21). Letting 1/a1 = b1, then (2.24) can be solved as

θ1 =
(

5

6
− b1

)
3

α
, θ2 = 3b1

2β
. (2.25)

Then due to the condition θ1/(1 − θ2) � 2, we have

(5/6 − b1)3β/α

2β − 3b1
� 1.

Hence the restriction for α is

α � (5 − 6b1)β

4β − 6b1
. (2.26)

Now, let

f (x) = (5 − 6x)β

4β − 6x
,

then f ′(x) � 0 for 1 � β � 5 .
4
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From the condition 0 � θ1, θ2 � 1, thanks to (2.25), we get

5

6
− α

3
� b1 � 5

6
.

Therefore from (2.26), one obtains

α � f

(
5

6
− α

3

)
.

Direct computation yields

α � 5

2
− β.

Actually, in this case, (2.24) can be solved as

θ1 = 1, a1 = 6

5 − 2α
, θ2 = 5 − 2α

4β
, a2 = 12

1 + 2α
.

Hence in (2.23), the following Sobolev inequality is used

‖∇u‖La1 � C
∥∥Λα−1∇u

∥∥
L2 = C

∥∥Λαu
∥∥

L2 .

The proof is complete. �
Remark 2.5. Corollary 2.2 and Theorem 2.4 show that if the indexes α and β satisfy 1 � β � α and α + β � 5

2 , then
the weak solution to (1.1) is regular and unique. It should be very interesting if one can prove the global existence of
smooth solutions when α + β < 5

2 .

3. Regularity criterion in terms of the vorticity field

In the study of fluid mechanics, the vorticity field is always an important and interesting issue. For example,
for 3-D Navier–Stokes equations, Constantin and Fefferman [7] proved that if the direction of the vorticity field
is somehow Lipschitz continuous in the high vorticity region, then the weak solution actually is a (unique) strong
solution. Recently, there are several interesting results [2,3,19] which improved the result of Constantin and Fefferman
by relaxing the condition on the vorticity field or by combining the regularity conditions on the direction of vorticity
field and the vorticity field itself.

In this section, we want to find some sufficient condition imposed on the vorticity field to guarantee the regularity
of weak solutions.

Taking curl operator on the system (1.1), one has⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂tω + u · ∇ω − ω · ∇u − b · ∇j + j · ∇b = −(−�)αω,

∂t j + u · ∇j − j · ∇u − b · ∇ω + ω · ∇b = −(−�)βj + 2F(b,u),

ω = ∇ × u, j = ∇ × b,

divu = divb = 0,

ω(x, t = 0) = ω0(x), j (x, t = 0) = j0(x),

(3.1)

where

F(b,u) =
⎛⎝ ∂2b · ∂3u − ∂3b · ∂2u

∂3b · ∂1u − ∂1b · ∂3u

∂1b · ∂2u − ∂2b · ∂1u

⎞⎠ .

Our main theorem in this section reads

Theorem 3.1. Let 1 � α = β < 5
4 and assume that the initial velocity and magnetic fields u0, b0 ∈ H 3(R3). There

exist constants C,ρ and K independent of t , such that the vorticity field ω = ∇ × u satisfies∣∣ω(x + y, t) − ω(x, t)
∣∣ � C

∣∣w(x + y, t)
∣∣|y|δ, for |y| � ρ and

∣∣ω(x, t)
∣∣ � K, (3.2)

on [0, T ], with δ = 5 − 2α. Then the corresponding weak solution (u, b) to (1.1) is strong and hence smooth.
2
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Remark 3.1. For α = β = 1, we recover the result of He and Xin [10]. Even though, the detailed and crucial estimates
established here are different from theirs.

Proof. First let us recall some basic facts as used by Constantin and Fefferman. Thanks to Biot–Savart law (see [6] for
example), the velocity and magnetic fields can be expressed in terms of the vorticity and electrical fields respectively,

u(x, t) = − 1

4π

∫
R3

∇
(

1

|y|
)

× ω(x + y, t)dy,

b(x, t) = − 1

4π

∫
R3

∇
(

1

|y|
)

× j (x + y, t)dy.

The strain matrix S(x, t) in terms of ω(x, t) is given by

S(x, t) = S[ω](x, t) ≡ 1

2

(∇u(x, t) + (∇u(x, t)
)T)

= 3

4π
P.V .

∫
R3

M
(
ŷ,ω(x + y, t)

) dy

|y|3 ,

where

ŷ = y

|y| , M(ŷ,ω) = 1

2

[
ŷ ⊗ (ŷ × ω) + (ŷ × ω) ⊗ ŷ

]
,

with (a ⊗ b)ij = aibj . Moreover, we have

w(x, t) = 1

4π
P.V .

∫
R3

σ(ŷ)w(x + y, t)
dy

|y|3 ,

where σ(ŷ) = 3ŷ ⊗ ŷ − I , with I denoting the identity matrix.
From Calderón–Zygmund inequality [13], we have∥∥S(x, t)

∥∥
Lp � C

∥∥ω(x, t)
∥∥

Lp ,
∥∥T (x, t)

∥∥
Lp � C

∥∥j (x, t)
∥∥

Lp , (3.3)

for any 1 < p < ∞, where C is a constant depending only on p.
Now we need to establish a priori estimates. To this end, multiply the first equation of (3.1) by ω(x, t) and the

second by j (x, t) respectively, and take integral on the whole space, then we have

1

2

d

dt

(∥∥ω(t)
∥∥2

L2 + ∥∥j (t)
∥∥2

L2

) + ∥∥Λαω(t)
∥∥2

L2 + ∥∥Λαj (t)
∥∥2

L2

=
∫
R3

(
ω(x, t) · ∇u(x, t) · ω(x, t) + j (x, t) · ∇u(x, t) · j (x, t)

− j (x, t) · ∇b(x, t) · ω(x, t) − ω(x, t) · ∇b(x, t) · j (x, t)

+ 2F(b,u)(x, t) · j (x, t)
)

dx ≡ I1 + I2 + I3 + I4 + I5. (3.4)

We do estimates one by one as follows.
Let K be the number in Theorem 3.1. We split ω(x, t) as

ω(x, t) = χ

( |ω(x, t)|
K

)
ω(x, t) +

(
1 − χ

( |ω(x, t)|
K

))
ω(x, t) = ω1(x, t) + ω2(x, t),

and split S(x, t) as

S(x, t) = χ

( |ω(x, t)|)
S(x, t) +

(
1 − χ

( |ω(x, t)|))
S(x, t) = S1(x, t) + S2(x, t),
K K
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where the smooth bump function χ(λ) ∈ [0,1], is identically equal to one for 0 � λ � 1 and identically equal to zero
for λ � 2 or λ � −1. Hence it is obvious that∥∥ωi(x, t)

∥∥
Lp �

∥∥ω(x, t)
∥∥

Lp ,
∥∥Si(x, t)

∥∥
Lp �

∥∥S(x, t)
∥∥

Lp , (3.5)

for any i = 1,2 and 1 < p < ∞.
Now, I1 is decomposed into

I1 =
∫
R3

ω(x, t) · ∇u(x, t) · ω(x, t)dx =
∫
R3

(
S(x, t)ω(x, t)

) · ω(x, t)dx

=
2∑

i=1

∫
R3

(
2∑

k=1

(
Si(x, t)ω1(x, t)

) · ωk(x, t) + (
Si(x, t)ω2(x, t)

) · ω1(x, t)

)
dx

+
∫
R3

(
S1(x, t)ω2(x, t)

) · ω2(x, t)dx +
∫
R3

(
S2(x, t)ω2(x, t)

) · ω2(x, t)dx

≡ I
(1)
1 + I

(2)
1 + I

(3)
1 .

Now we do the estimates one by one.

∣∣I (1)
1

∣∣ �
∣∣∣∣∣

2∑
i=1

∫
R3

2∑
k=1

(
Si(x, t)ω1(x, t)

) · ωk(x, t)dx

∣∣∣∣∣ +
∣∣∣∣∣

2∑
i=1

∫
R3

(
Si(x, t)ω2(x, t)

) · ω1(x, t)dx

∣∣∣∣∣
� K

2∑
i=1

2∑
k=1

∥∥Si(t)
∥∥

L2

∥∥ωk(t)
∥∥

L2 + K

2∑
i=1

∥∥Si(t)
∥∥

L2

∥∥ω2(t)
∥∥

L2

� C
∥∥ω(t)

∥∥2
L2, (3.6)

where we used (3.3) and (3.5).
By using the Hölder, Gagliardo–Nirenberg and Young inequalities and taking the boundedness of ω1 into account,

we have∣∣I (2)
1

∣∣ �
∥∥ω1(t)

∥∥
L4

∥∥ω(t)
∥∥

L4

∥∥ω(t)
∥∥

L2

� C
∥∥ω1(t)

∥∥
L4

∥∥ω(t)
∥∥(4α−3)/(4α)

L2

∥∥Λαω(t)
∥∥3/(4α)

L2

∥∥ω(t)
∥∥

L2

� 1

12

∥∥Λαω(t)
∥∥2

L2 + C
∥∥ω1(t)

∥∥8α/(8α−3)

L4

∥∥ω(t)
∥∥2

L2

� 1

12

∥∥Λαω(t)
∥∥2

L2 + C
∥∥ω(t)

∥∥4α/(8α−3)

L2

∥∥ω(t)
∥∥2

L2 , (3.7)

where we used the following inequality∥∥ω1(t)
∥∥

L4 �
∥∥ω1(t)

∥∥1/2
L∞

∥∥ω1(t)
∥∥1/2

L2 � K1/2
∥∥ω1(t)

∥∥1/2
L2 .

Therefore the constant C only depends on the given number K .
It follows from the definition of S(x) that∣∣S2(x, t)

∣∣ = 3

4π

(
1 − χ

( |ω(x, t)|
K

))
P.V .

∫
R3

M
(
ŷ,ω(x + y, t)

) dy

|y|3

�
∣∣∣∣ 3

4π

(
1 − χ

( |ω(x, t)|
K

))
P.V .

∫
|y|�ρ

M
(
ŷ,ω(x + y, t)

) dy

|y|3
∣∣∣∣

+
∣∣∣∣ 3

4π

(
1 − χ

( |ω(x, t)|
K

))
P.V .

∫
M

(
ŷ,ω(x + y, t)

) dy

|y|3
∣∣∣∣
|y|�ρ
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=
∣∣∣∣ 3

4π

(
1 − χ

( |ω(x, t)|
K

))
P.V .

∫
|y|�ρ

M
(
ŷ,ω(x + y, t)

) dy

|y|3
∣∣∣∣

+
∣∣∣∣ 3

4π
P.V .

∫
|y|�ρ

(
1 − χ

( |ω(x, t)|
K

))
M

(
ŷ,ω(x + y, t) − ω(x, t)

) dy

|y|3
∣∣∣∣

� C
(
ρ−δ + K

) ∫
R3

∣∣ω(x + y, t)
∣∣ dy

|y|3−δ
,

since the mean on the unit sphere of M(ŷ, ·) is zero.
Therefore I

(3)
1 can be estimated as∣∣I (3)

1

∣∣ �
∥∥ω(t)

∥∥
L2

∥∥ω(t)
∥∥

La

∥∥S2(t)
∥∥

Lγ

� C
(
ρ−δ + K

)∥∥ω(t)
∥∥

L2

∥∥ω(t)
∥∥

La

∥∥ω(t)
∥∥

Lp

� C
(
ρ−δ + K

)∥∥ω(t)
∥∥

L2

∥∥ω(t)
∥∥2−θ1−θ2

L2

∥∥Λαω(t)
∥∥θ1+θ2

L2

� 1

12

∥∥Λαω(t)
∥∥2

L2 + C
(
ρ−δ + K

)2/(2−θ1−θ2)
∥∥ω(t)

∥∥2/(2−θ1−θ2)

L2

∥∥ω(t)
∥∥2

L2 , (3.8)

where we used the Hölder, Hardy–Littlewood–Sobolev, Gagliardo–Nirenberg and Young inequalities, where the pa-
rameters a, γ,p, θ1 and θ2 satisfy⎧⎪⎪⎨⎪⎪⎩

1

2
+ 1

a
+ 1

γ
= 1,

1

γ
= 1

p
− δ

3
,

1

a
= (1 − θ1)

1

2
+ θ1

(
1

2
− α

3

)
,

1

p
= (1 − θ2)

1

2
+ θ2

(
1

2
− α

3

)
.

(3.9)

For any solution to the system (3.9), we have

2

2 − θ1 − θ2
= 2α,

provided that δ = 5
2 − 2α.

So consequently, it follows from (3.8) that∣∣I (3)
1

∣∣ � 1

12

∥∥Λαω(t)
∥∥2

L2 + C
(
ρ−δ + K

)2α∥∥ω(t)
∥∥2α

L2

∥∥ω(t)
∥∥2

L2 . (3.10)

The question is that whether (3.9) can be solved. Since there are 5 unknowns and 4 equations, actually there are infinite
many solutions. For example, we have the following solutions

θ1 = θ2 = 2α − 1

2α
, a = p = 3

2 − α
, γ = 6

2α − 1
. (3.11)

Similarly, we split I2 as

I2 =
∫
R3

S(x, t)j (x, t) · j (x, t)dx

=
∫
R3

S1(x, t)j (x, t) · j (x, t)dx +
∫
R3

S2(x, t)j (x, t) · j (x, t)dx = I
(1)
2 + I

(2)
2 .

Just as I
(2), we have
1
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∣∣I (1)
2

∣∣ �
∥∥S1(t)

∥∥
L4

∥∥j (t)
∥∥

L4

∥∥j (t)
∥∥

L2

� C
∥∥ω1(t)

∥∥
L4

∥∥j (t)
∥∥

L4

∥∥j (t)
∥∥

L2

� 1

12

∥∥Λαj (t)
∥∥2

L2 + C
∥∥ω1(t)

∥∥8α/(8α−3)

L4

∥∥j (t)
∥∥2

L2

� 1

12

∥∥Λαj (t)
∥∥2

L2 + C
∥∥ω(t)

∥∥4α/(8α−3)

L2

∥∥j (t)
∥∥2

L2 . (3.12)

Similar to the estimates for I
(3)
1 ,∣∣I (2)

2

∣∣ �
∥∥j (t)

∥∥
L2

∥∥j (t)
∥∥

La

∥∥S2(t)
∥∥

Lγ

� C
(
ρ−δ + K

)∥∥j (t)
∥∥

L2

∥∥j (t)
∥∥

La

∥∥ω(t)
∥∥

Lp

� C
(
ρ−δ + K

)∥∥j (t)
∥∥

L2

∥∥j (t)
∥∥2

La + C
(
ρ−δ + K

)∥∥j (t)
∥∥

L2

∥∥ω(t)
∥∥2

Lp

� C
(
ρ−δ + K

)∥∥j (t)
∥∥

L2

∥∥j (t)
∥∥2−2θ1

L2

∥∥Λαj (t)
∥∥2θ1

L2 + C
(
ρ−δ + K

)∥∥j (t)
∥∥

L2

∥∥ω(t)
∥∥2−2θ1

L2

∥∥Λαω(t)
∥∥2θ1

L2

� 1

12

(∥∥Λαj (t)
∥∥2

L2 + ∥∥Λαω(t)
∥∥2

L2

) + C
(
ρ−δ + K

)2α∥∥j (t)
∥∥2α

L2

(∥∥j (t)
∥∥2

L2 + ∥∥ω(t)
∥∥2

L2

)
, (3.13)

where a, γ,p and θ1 are given by (3.11).

I3 =
∫
R3

j (x, t) · ∇b(x, t) · ω(x, t)dx

=
∫
R3

j (x, t) · ∇b(x, t) · ω1(x, t)dx +
∫
R3

j (x, t) · ∇b(x, t) · ω2(x, t)dx = I
(1)
3 + I

(2)
3 .

I
(1)
3 is trivial,∣∣I (1)

3

∣∣ �
∥∥j (t)

∥∥
L2

∥∥∇b(t)
∥∥

L4

∥∥ω1(t)
∥∥

L4

� C
∥∥j (t)

∥∥
L2

∥∥j (t)
∥∥

L4

∥∥ω1(t)
∥∥

L4

� 1

12

∥∥Λαj (t)
∥∥2

L2 + C
∥∥ω(t)

∥∥4α/(8α−3)

L2

∥∥j (t)
∥∥2

L2, (3.14)

where we used the following inequality
‖∇f ‖Lp � C‖∇ × f ‖Lp , for any f ∈ W 1,p with divf = 0.

From the expression of ω(x, t), we obtain that∣∣ω2(x, t)
∣∣ =

∣∣∣∣ 1

4π

(
1 − χ

( |ω(x, t)|
K

))
P.V .

∫
R3

σ(ŷ)ω(x + y, t)
dy

|y|3
∣∣∣∣

�
∣∣∣∣ 1

4π

(
1 − χ

( |ω(x, t)|
K

))
P.V .

∫
|y|�ρ

σ (ŷ)ω(x + y, t)
dy

|y|3
∣∣∣∣

+
∣∣∣∣ 1

4π

(
1 − χ

( |ω(x, t)|
K

))
P.V .

∫
|y|�ρ

σ (ŷ)ω(x + y, t)
dy

|y|3
∣∣∣∣

=
∣∣∣∣ 1

4π

(
1 − χ

( |ω(x, t)|
K

))
P.V .

∫
|y|�ρ

σ (ŷ)ω(x + y, t)
dy

|y|3
∣∣∣∣

+
∣∣∣∣ 1

4π
P.V .

∫
|y|�ρ

(
1 − χ

( |ω(x, t)|
K

))
σ(ŷ)

(
ω(x + y, t) − ω(x, t)

) dy

|y|3
∣∣∣∣

� C
(
ρ−δ + K

) ∫
3

∣∣ω(x + y, t)
∣∣ dy

|y|3−δ
,

R
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since the mean on the unit sphere of σ(ŷ) is zero.
Similar to I

(2)
2 , I

(2)
3 can be estimated as∣∣I (2)

3

∣∣ �
∥∥j (t)

∥∥
L2

∥∥j (t)
∥∥

La

∥∥ω2(t)
∥∥

Lγ

� C
(
ρ−δ + K

)∥∥j (t)
∥∥

L2

∥∥j (t)
∥∥

La

∥∥ω(t)
∥∥

Lp

� 1

12

(∥∥Λαj (t)
∥∥2

L2 + ∥∥Λαω(t)
∥∥2

L2

) + C
(
ρ−δ + K

)2α∥∥j (t)
∥∥2α

L2

(∥∥j (t)
∥∥2

L2 + ∥∥ω(t)
∥∥2

L2

)
, (3.15)

where a, γ and p are given by (3.11). I4 can be estimated exactly as I3,∣∣I4
∣∣ � 1

12

(∥∥Λαj (t)
∥∥2

L2 + ∥∥Λαω(t)
∥∥2

L2

) + C
∥∥ω(t)

∥∥(4α)/(8α−3)

L2

∥∥j (t)
∥∥2

L2

+ C
(
ρ−δ + K

)2α∥∥j (t)
∥∥2α

L2

(∥∥j (t)
∥∥2

L2 + ∥∥ω(t)
∥∥2

L2

)
. (3.16)

Now we pay our attention to the last term I5. First∣∣I5
∣∣ � C

∥∥j (t)
∥∥

L2

∥∥j (t)
∥∥

La

∥∥ω(t)
∥∥

Lγ

� C
∥∥j (t)

∥∥
L2

∥∥j (t)
∥∥

La

∥∥ω1(t)
∥∥

Lγ + ∥∥j (t)
∥∥

L2

∥∥j (t)
∥∥

La

∥∥ω2(t)
∥∥

Lγ

= I
(1)
5 + I

(2)
5 , (3.17)

where the constants a and γ are given by (3.11).
The estimate of I

(2)
5 is similar to that of I

(2)
3 .

I
(2)
5 � 1

24

(∥∥Λαj (t)
∥∥2

L2 + ∥∥Λαω(t)
∥∥2

L2

) + C
(
ρ−δ + K

)2α∥∥j (t)
∥∥2α

L2

(∥∥j (t)
∥∥2

L2 + ∥∥ω(t)
∥∥2

L2

)
. (3.18)

I
(1)
5 is the crucial term, but can be treated as

I
(1)
5 � C

∥∥j (t)
∥∥

L2

∥∥j (t)
∥∥2

L3/(2−α) + C
∥∥j (t)

∥∥
L2

∥∥ω1(t)
∥∥2

L6/(2α−1)

� C
∥∥j (t)

∥∥
L2

∥∥j (t)
∥∥1/α

L2

∥∥Λαj (t)
∥∥(2α−1)/α

L2 + C
∥∥j (t)

∥∥
L2

∥∥ω1(t)
∥∥(6α−2)/3

L(6α−2)/(2α−1)

� 1

24

∥∥Λαj (t)
∥∥2

L2 + C
∥∥j (t)

∥∥2α

L2

∥∥j (t)
∥∥2

L2 + C
∥∥j (t)

∥∥
L2

∥∥ω1(t)
∥∥(6α−5)/3

L2

∥∥Λαω1(t)
∥∥

L2

� 1

24

(∥∥Λαj (t)
∥∥2

L2 + ∥∥Λαω(t)
∥∥2

L2

) + C
∥∥j (t)

∥∥2α

L2

∥∥j (t)
∥∥2

L2 + C
∥∥ω(t)

∥∥(2(6α−5))/3
L2

∥∥j (t)
∥∥2

L2, (3.19)

where we used the L∞-bounds of ω1(t).
Combining (3.4), (3.6), (3.7), (3.10) and (3.12)–(3.19), we have

d

dt

(∥∥ω(t)
∥∥2

L2 + ∥∥j (t)
∥∥2

L2

) + ∥∥Λαω(t)
∥∥2

L2 + ∥∥Λαj (t)
∥∥2

L2

�
(
ρ−δ + K

)2α(∥∥ω(t)
∥∥2α

L2 + ∥∥j (t)
∥∥2α

L2

)(∥∥j (t)
∥∥2

L2 + ∥∥ω(t)
∥∥2

L2

)
+ C

∥∥ω(t)
∥∥4α/(8α−3)

L2

∥∥j (t)
∥∥2

L2 + C
∥∥ω(t)

∥∥(2(6α−5))/3
L2

∥∥j (t)
∥∥2

L2 . (3.20)

Thanks to the Gagliardo–Nirenberg inequality, we have∥∥ω(t)
∥∥

L2 � C
∥∥∇u(t)

∥∥
L2 � C

∥∥u(t)
∥∥(α−1)/α

L2

∥∥Λαu(t)
∥∥1/(α)

L2 ,

where C is an absolute constant independent of u and t . Similar inequality holds for j (x, t).
By using the interpolation inequality

‖Λu‖L2 � C‖u‖1−1/α

L2 ‖Λαu‖1/α

L2 ,

then energy inequality tells us that
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T∫
0

(∥∥ω(t)
∥∥2α

L2 + ∥∥j (t)
∥∥2α

L2

)
dt � C

T∫
0

(∥∥Λu(t)
∥∥2α

L2 + ∥∥Λb(t)
∥∥2α

L2

)
dt

� C
(‖u‖2α−2

L∞,2

∥∥Λαu
∥∥2

L2,2 + ‖b‖2α−2
L∞,2

∥∥Λαb
∥∥2

L2,2

)
� C

(‖u0‖2
L2 + ∥∥b0(x)

∥∥2
L2

)α
. (3.21)

Finally, by (3.21) and noting that

4α

8α − 3
,

2(6α − 5)

3
< 2α,

(2.3) is a straight consequence by applying the Gronwall inequality on (3.20).
This finishes the proof. �

Acknowledgements

The author thanks Professor Sverak and the referee for their interest, helpful comments and constructive sugges-
tions. Thanks also to Peter Wittwer for the French translation. This work is partially supported by Shanghai Rising-Star
Program 05QMX1417, NSFC under Grant no. 10501012, Shanghai Leading Academic Discipline and 111 project.

References

[1] H. Beirão da Veiga, A new regularity class for the Navier–Stokes equations in Rn, Chinese Ann. Math. 16 (1995) 407–412.
[2] H. Beirão da Veiga, Vorticity and smoothness in viscous flows, in: Nonlinear Problems in Mathematical Physics and Related Topics, II, in:

Int. Math. Ser. (N.Y.), vol. 2, Kluwer/Plenum, New York, 2002, pp. 61–67.
[3] H. Beirão da Veiga, L.C. Berselli, On the regularizing effect of the vorticity direction in incompressible viscous flows, Differential Integral

Equations 15 (3) (2002) 345–356.
[4] L. Caffarelli, R. Kohn, L. Nirenberg, Partial regularity of suitable weak solutions of the Navier–Stokes equations, Comm. Pure Appl. Math. 35

(1982) 771–831.
[5] R. Caflisch, I. Klapper, G. Steele, Remarks on singularities, dimension and energy dissipation for ideal hydrodynamics and MHD, Comm.

Math. Phys. 184 (2) (1997) 443–455.
[6] J.Y. Chemin, Perfect Incompressible Fluids, Oxford Lecture Series in Mathematics and its Applications, vol. 14, The Clarendon Press, Oxford

University Press, New York, 1998.
[7] P. Constantin, C. Fefferman, Direction of vorticity and the problem of global regularity for the Navier–Stokes equations, Indiana Univ.

Math. J. 42 (1993) 775–789.
[8] J. Duoandikoetxea, Fourier Analysis, Graduate Studies in Mathematics, vol. 29, American Mathematical Society, Providence, RI, 2001.

Translated and revised from the 1995 Spanish original by David Cruz-Uribe.
[9] C. He, On partial regularity for weak solutions to the Navier–Stokes equations, J. Funct. Anal. 211 (1) (2004) 153–162.

[10] C. He, Z. Xin, On the regularity of solutions to the magnetohydrodynamic equations, J. Differential Equations 213 (2) (2005) 235–254.
[11] M. Sermange, R. Temam, Some mathematical questions related to the MHD equations, Comm. Pure Appl. Math. 36 (5) (1983) 635–664.
[12] J. Serrin, On the interior regularity of weak solutions of the Navier–Stokes equations, Arch. Rational Mech. Anal. 9 (1962) 187–195.
[13] E.M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton Mathematical Series, vol. 30, Princeton University

Press, Princeton, NJ, 1970.
[14] G. Tian, Z. Xin, Gradient estimation on Navier–Stokes equations, Comm. Anal. Geom. 7 (1999) 221–257.
[15] J. Wu, Generalized MHD equations, J. Differential Equations 195 (2003) 284–312.
[16] J. Wu, Bounds and new approaches for the 3D MHD equations, J. Nonlinear Sci. 12 (4) (2002) 395–413.
[17] Y. Zhou, A new regularity criterion for the Navier–Stokes equations in terms of the gradient of one velocity component, Method Appl.

Anal. 9 (4) (2002) 563–578.
[18] Y. Zhou, Regularity criteria in terms of pressure for the 3-D Navier–Stokes equations in a generic domain, Math. Ann. 328 (1–2) (2004)

173–192.
[19] Y. Zhou, A new regularity criterion for the Navier–Stokes equations in terms of the direction of vorticity, Monatsh. Math. 144 (2005) 251–257.
[20] Y. Zhou, A new regularity criterion for weak solutions to the Navier–Stokes equations, J. Math. Pures Appl. (9) 84 (11) (2005) 1496–1514.
[21] Y. Zhou, Remarks on regularities for the 3D MHD equations, Discrete Contin. Dynam. Syst. 12 (5) (2005) 881–886.
[22] Y. Zhou, On a regularity criterion in terms of the gradient of pressure for the Navier–Stokes equations in RN , Z. Angew. Math. Phys. 57

(2006) 384–392.


