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Abstract

Liouville-type theorems are powerful tools in partial differential equations. Boundedness assumptions of solutions are often im-
posed in deriving such Liouville-type theorems. In this paper, we establish some Liouville-type theorems without the boundedness
assumption of nonnegative solutions to certain classes of elliptic equations and systems. Using a rescaling technique and doubling
lemma developed recently in Polacik et al. (2007) [20], we improve several Liouville-type theorems in higher order elliptic equa-
tions, some semilinear equations and elliptic systems. More specifically, we remove the boundedness assumption of the solutions
which is required in the proofs of the corresponding Liouville-type theorems in the recent literature. Moreover, we also investigate
the singularity and decay estimates of higher order elliptic equations.
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1. Introduction

The aim of this paper is to establish some Liouville-type theorems without the boundedness assumption on non-
negative solutions to certain classes of elliptic equations. Liouville-type theorems are powerful tools to prove a priori
bounds for nonnegative solutions in a bounded domain. Using the rescaling method (also called the “blow-up” method)
in the elegant paper [16], an equation in a bounded domain will blow up to become another equation in the whole
Euclidean space or a half space. With the aid of the corresponding Liouville-type theorem in the Euclidean space RY
and half space Rﬁ and a contradiction argument, the a priori bounds could be deduced. Moreover, the existence of
nonnegative solutions to elliptic equations is established by the topological degree method using a priori estimates
(seee.g. [11]).
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In [20], the authors develop a general method for the derivation of universal, pointwise a priori estimates of local
solutions from the Liouville-type theorem. Their results show that the universal bounds theorems for local solutions
and the Liouville-type theorem are essentially equivalent. By further exploring their rescaling method, we also obtain
that the boundedness assumption of solutions in proving the Liouville-type theorem is not essential in many cases.

We denote the Sobolev critical exponent by

s = MmN > 2m,
' if N <2m,

where m € N and N is the dimension of Euclidean space RV or half space Ri’. The Liouville-type theorem for the
subcritical higher order elliptic equations in Euclidean space was established in [25] as follows:

Theorem A. Let 1 < g < ps. If u is a classical nonnegative solution of
(-AN)"u=u? inRV, (1.1)

then u = 0.

For the higher order elliptic equation in half space, generally speaking, two types of boundary conditions, i.e. the
Dirichlet boundary problem and the Navier boundary problem, are considered. The Liouville theorem for the Dirichlet
boundary type of higher order equation in half space has been obtained in [21].

Theorem B. Ler 1 < g < ps. If u is a classical solution of

(—A)"u =u4 in Rﬁ,
u>0 in R-sl\f’
ou =l N "
U= —=...=—— =90 on8R+,
axyN axm—1
N
then u =0.

The Liouville-type theorem for the Navier boundary problem of higher order elliptic equation in half space has
been studied in [3,13], and [23]. The authors consider higher order elliptic equation

(—A)"u =uP in Rﬁ,
uz>0 in Rﬁ, (1.3)
u=Au=---=A"1ly =0 onaRﬁ,

under the following boundedness assumption on the solution:
supu < 09, sup|Aiu|<oo, i=1,2,....m—1. (1.4)

They established that the solutions in (1.3) are trivial if 2m +1 < N and 1 < p < %:}f%ﬁ orif 2m + 12> N and
1 < p < oco. The proof of their results is based on an idea of [9]. The idea is the following: if there exists a solution of
(1.3) and one is able to show that any solution is increasing in the x direction, then passing the limit as xy — 00, one
could get a solution of the same equation in R¥~!, which in turn allows the use of the Liouville-type theorem in the
whole space. (Note that the critical exponent in (1.3) is %jf%j’fl .) We would like to mention that the Liouville-type
theorem for (1.3) in [9] is for the case of m = 1 with the assumption that the solution is bounded. Later on this result
was improved to hold for unbounded solution in [2], among many other results.

We also mention that Liouville-type theorems for differential inequalities and systems involving polyharmonic
operators and related to the Hardy—Littlewood—Sobolev inequalities have also been extensively studied. We refer the
reader to the paper by Caristi, D’ Ambrosio and Mitidieri [5] and references therein (see also [19]).

A natural question is then whether the boundedness assumption for the Liouville-type theorem is necessary for
higher order elliptic equation or not. In particular, we are interested in the Liouville-type theorems for solutions to
polyharmonic equations. We show that it is indeed unnecessary for such equations and establish that
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Theorem 1. If u is a classical solution of (1.3) with2m +1 <N and 1 < p < %f% or with 2m + 1 > N and
1< p<oo, thenu=0.

In addition, we consider the a priori estimates of possible singularities for local solutions of higher order elliptic
equation

(=8)"u= f(u) (1.5)
when f satisfies certain conditions. More precisely, we will obtain
Theorem 2. Let | < p < ps and 2 #RY be a domain in RN . Assume that the function f : [0, 00) — R is continuous,
lim u™? f(u) = p € (0, 00). (1.6)
Uu— 00

Then there exists C(N, f,m) > 0 independent of §2 and u such that for any positive solution u of (1.5) in 2, there
holds

2m—1

2m
DD u()| < CN, fom) (1 +dist™ 771 (x,082)), x €, (1.7)
[v|=0
where v={vi,..., vy}, D'u = Dy'u--- DyNu and dist(x, d2) is the distance of x from d52.

In particular, if $2 = Bg \ {0} for some R > 0, then

2m—1
> D u)| < CN. fom)(1+ le_%), 0<|x|<
[v|=0

3

where By is a ball centered at 0 with radius R.
In the special case of f(u) = u”, more precise results can be given in bounded or exterior domains.

Theorem 3. Let 1 < p < ps and 2 # RN be a domain in RN . Then there exists C(N, p, m) > 0 independent of §2
and u such that any nonnegative solution u in (1.5) satisfies

2m—1

2m
Z |D"u(x)| < C(N, p,m)dist” 71 (x,3R2), x€£R. (1.8)
[v|=0

In particular if 2 is an exterior domain, i.e. the set {x € RV; |x| > R} C 2 for some R > 0, then

2m—1
2m
§ |D"u(x)| < C(N, p,m)|x|" 7T, |x| >2R.
[v|=0

The Liouville-type theorems for semilinear elliptic equations in Euclidean space RY and half space Rﬁ are well
known in the literature. Among many results in [15], the Liouville-type theorem for the subcritical elliptic equation is
shown. Namely, there is no nontrivial C? solution of the problem

—Au=uP inRV

) 1.9

{ u=>0 in RV, (1.9)

if N>3and 1 < p < %—f% See also [6] for a simpler proof with the Kelvin transform and moving plane method
of Gidas, Ni and Nirenberg [14]. In [10], the authors consider the following mixed (Dirichlet—-Neumann) boundary

conditions in a half space, i.e. the problem
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—Au=uP inRY,

u>=0 in RY,

u=0 on Iy :={x € 9RY | xy =0, x; > 0}, (1.10)
9

ﬁ:o 0nF1:={xGBRﬁ|xN=O,x1<O},

where N >3 and 1 < p < %—f% Using the idea of the Kelvin transform combined with the moving plane method,
they prove the nonexistence of nontrivial solutions in (1.10) under the assumption that the solution is bounded. In the

next theorem, we are able to remove this boundedness assumption of the solution. In fact, our theorem is stated as:

Theorem 4. If u € C2(RY) N C(RY) is a solution of (1.10) with N >3 and 1 < p < N2 then u =0.
For the semilinear elliptic system, an important model is the Lane-Emden system:

Ayt —uP inRN
{ Auy=u, inRY, (1.11)

—Aup = u(f in RV,
It is conjectured that if
1 1 n—2
+ >
p+1 g+1 n

b

then there are no nontrivial classical solutions of (1.11) in R". The conjecture has been proved to be true for radial
solutions in all dimensions in [18]. The cases of N = 3, 4 for the conjecture in general have been also solved recently
in [20] and [24] respectively. The interested reader can refer to the above papers and references therein for detailed
descriptions (see also the works [4,22], etc.). In [12], the authors study the elliptic system

ap—1
o] alal—l _ . N
Auy+uy' +u, s =0 inR"Y, (1.12)

X2 =1 .
Aur+us?+u, P =0 in RV,

and prove that (1.12) does not have bounded positive classical solutions in RY if
N+2
N-2

We also show that the boundedness assumption of the solution for the elliptic system (1.12) is not necessary.
Indeed, we can establish that

(1.13)

1<Ol1,0l2<

Theorem 5. The classical positive solutions uy and uy in (1.12) are trivial under the assumption of (1.13).

We end our introduction by mentioning that nonexistence results of nonnegative solutions have been recently
established by the first and third authors [17] for certain classes of integral equations which are closely related to
polyharmonic equations in half spaces by a completely different method from that used in the current paper, namely,
the method of moving planes in integral form developed in [7].

The outline of the paper is as follows. Section 2 is devoted to obtaining the Liouville-type theorem, then singularity
and decay estimates for higher order elliptic equations. In Section 3, the Liouville-type theorem with mixed boundary
condition for semilinear elliptic equation is shown. The Liouville-type theorem for the elliptic systems is considered
in Section 4. Throughout the paper, C and ¢ denote generic positive constants, which are independent of # and may
vary from line to line.

2. Higher order elliptic equations

We state the following technical lemma used frequently in this paper.



G. Luetal /Ann. I. H. Poincaré — AN 29 (2012) 653-665 657

Lemma 1 (Doubling lemma). Let (X, d) be a complete metric space and ¥ # D C X C X, with X closed. Define
M : D — (0, 00) to be bounded on compact subsets of D and fix a positive number k. If y € D is such that

M) dist(y, I') > 2k,
where I' = X \ D, then there exists x € D such that
M (x)dist(x, I") > 2k, M(x) > M(y)
and

M(z) <2M(x), Vze DN B(x.kM~'(x)).
Remark 1. If I" = ¢, then dist(x, I') := o0.

The proof of the above lemma is given in [20]. Based on the doubling property, we can start the rescaling process to
prove local estimates of solutions of superlinear problems. The idea is by a contradiction argument. One can argue that
the local estimates of solutions are violated. By an appropriate rescaling, the blow-up sequence of solutions converges
to a bounded solution of a limiting equation in RY . Then from the nonexistence of solutions in the limiting equation,
we could infer that the local estimates exist. In this spirit, we conclude the proof of Theorem 1. We first state the
lemma about the local a priori estimates for higher order elliptic equation (see [1] or [21]). Let u satisfy the following
equation

(—A)"u=g(x) in£. 2.1)

Then we have

Lemma 2. Let 2 be a ball {x € RV: |x| < R}. Suppose u € W?™4 satisfies (2.1). Then there exits a constant C > 0
depending only on §2, N, m and R such that for any o € (0, 1)

C
lullwoma (20, ) < m(llgllm(m + llullza(2))- (2.2)

The following lemma is the Liouville-type theorem for higher order elliptic equations with boundedness assump-
tion in [23].

Lemma 3. The higher order elliptic equation (1.3) does not have positive solutions under assumption of (1.4) provided
p < N=lE2 4gom 41 < N (or N > 2m + 1 and p < 00).

Proof of Theorem 1. Suppose that a solution u to Eq. (1.3) is unbounded in the sense that (1.4) is violated. Namely,
the following boundedness is not true

supu < 0o, sup|Aiu|<oo, i=1,2,....m—1.

Then, there exists a sequence of (y;) € R¥ such that

m—1
Z|Aiu(yk)| — 00
i=0
as k — oo. Set
p—1

m—1 om
M(y) = (Z|A"u(y)|> :RY > R.

i=0

Then M (yy) - ccask — oco.Bytaking D =Y =X = ]R_ﬁ in the doubling lemma and Remark 1 (see also, e.g. [21]),
there exists another sequence of (xi) such that
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M (xi) = M (i)

and

M(2) <2M(x), Yz € Bi/my) () NRY.
Define

di = xk, N M (xi)
and

Hy = {E eRN | En > —dk}.

We introduce a new function

vk (§) = ——r
M =T (xg)
Then, vi () is the nonnegative solution of
{ (=A™ = v,f in Hg, 2.3)
Uk=AUk=~-~=Am7]Uk=O on d Hy,
satisfying
m—1 ' oot
D | Al (0) | = (2.4)
i=0
and
m—1 . i
S ATw®)| T <2, VE € Hi N By(O). 25)
i=0

Two cases may occur as k — 00, either case (1)
X, NM (x) — 00
for a subsequence still denoted as before, or case (2)
Xk NM(xy) — d

for a subsequence still denoted as before, here d > 0. If case (1) occurs, i.e. H; N Bx(0) — RY as k — oo, then for any
smooth compact D in RY, there exists ko large enough such that D C (Hy N By (0)) as k > ko. By the classical W24
estimates for higher order elliptic equation in Lemma 2.2 and (2.5), we have lvellwamapy < € forany 1 < g < oo.

Therefore, we can extract a convergent subsequence vy — v in D, where v € C?"*~1'7 for some 7 > 0. Furthermore,

using a diagonal line argument, vy — v in Clzo"g_l’r(RN ) and v solves

(=A)"v=0v" inRV.
From Theorem A, u is trivial. However, (2.4) implies that

m—1

Z|Aiu(0)

i=0

p—1
2m+2(p—1)i — 1
9

which indicates that u is nontrivial. Obviously a contradiction is arrived.
If case (2) occurs, we make a further translation. Set

B (€) = (€ — dgey) for € € RY.

Then vy, satisfies
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~ ~p . N
(~—A)mt~1k=vk L in R+,N 2.6)
Uy =Alg=---=A"""0, =0 onoRY.
While
m—1 ' ol
Z|A’ Ui (dyen) | 7F20-D7 = | (2.7)
i=0
and
m—1 ' ool
S| 5 ©) [T <2, Ve € RY N Bldien). 28)
i=0
Observe that (2.6) could also be reduced to a system of elliptic equations. Let
- 1~ 0 _
(vk, o (=) 1vk) = (w,i ), e, w,(cm 1)).
Then, (w,ﬁo), e, wlgm_l)) solves
—Aw" " =w)?  inRY,
_Awlil):wlil-i-l) in Rﬁ, i=0,...,m—2, (2.9)
wlio) == w/ﬁm—l) =0 on BRﬁ.
Furthermore,
m—1
3 Juf? T —
wy (dren) p =1
i=0

and

p—1
W0 <2, V& € RY N By(dien).

m—1
> w @)

i=0

For any smooth compact D in ]@, there exists ko large enough such that D C (R_ﬁ N By (dreyn)) for any k > k.
By the classical elliptic estimates,

m—1
i=0

for some 7 > (0. Thanks to the Arzela—Ascoli Theorer_n, there exists a function (v(o), e v(’”_l)) such that
(w,(f)), ety w,((m_l)) converges to WO, ..., v"=Dyin C%(D). Through a diagonal line argument, (w,(co), ey w,ﬁm_l))
converges in Clzoc(Rﬁ) to (v(o), e v(m’l)), which solves

A = ()P inRY,

—Av® = p+Dh inRﬁ, i=0,...,m—2, (2.10)

V@ =... =™ D=0 ondRY,

and satisfies

m—1 el
Z|v(i)(deN)|m =1 2.11)
i=0
and
m—1 o1
Z|v(i)(§)|m <2, Vee Rﬁ. (2.12)

i=0
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From (2.10), @ actually solves

0 0)\P -
(=AY = (v( )) inRY, 2.13)
U(O) — AU(O) — .= Am—lv(O) =0 on 8R—/\|{ :
Hence v® = 0 by Lemma 3. Note that §=F2% > N1 Thep y(D) = ... = p™=D =0, which contradicts (2.11).

Therefore, the proof is completed. O

Next, we consider the singularity and decay estimates of the higher order elliptic equation. The main idea is the
same as the case of the semilinear elliptic equation in [20].

Proof of Theorem 2. Suppose (1.7) is not true. Then there exist sequences of £k, ug, yx € §2x such that uy solves (1.5)
on £2; and the function

2m—1 o1
My = Z |Dvuki_2m+(p—l—)\v|
[v|=0

satisfies
My(yk) = 2k(1 +dist™" (yk, 382)) > 2k dist™" (yx, 382).

Adapting from the doubling lemma, there exists x; € §2; such that

My (xr) =2 Mi(yi),

Mi(xx) > 2k dist™" (xx, 952)
and

Mi(z) < 2Mp(xp),  if |z — xel < kM (xp).
We introduce a new function

£
ur(xk + 3755
V() 1= g T | <k,

2m
M (xx)
Then, the function vy solves
= =
(=AD" 0r(€) = fi(we®) =M, () f (M (ei)v). (2.14)
Also,
2m—1 ol
> DV | (0) = 1 (2.15)
[v|=0
and
2m—1 ol
D DVu| T () <2, VIE| <k (2.16)
[v|=0

By (1.6) and the continuity of f, we have
—c< f(s)<C(sP+1), fors>0.

Furthermore, it follows that

—2mp

=M () < fiu(®) <C, VIE[ <k
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For any smooth compact D in RY there exists ko large enough such that D C By (0) if k > k. Using the classical
estimate of the higher order elliptic equation in (2.2) and (2.16), v (£) € Wli':’q (RN) for any 1 < ¢ < oo and

llvg |l W2m.q (D) <C.

2m—1,1

o T(RN) to a function v €

By the Sobolev imbedding and a diagonal line argument, vi(£§) converges in C
Clzor:_l’r(]RN) for some 7 > 0. Since vi (£) is positive for £ € RV, then

fr(vp) = pv?  ask — oo.
Consequently, v is a nonnegative solution of

(—A)"v(E) =pvP ). &R,

By an appropriate rescaling, v is trivial from Theorem A, which contradicts (2.15). Hence, the conclusion holds. O
Next, we turn to the special case of f(u) =u”.

Proof of Theorem 3. Suppose (1.8) fails, then, there exist sequences of §2k, ux, yr € §2 such that u; solves (1.5)
in £2; and the function

2m—1 et
Mk = Z |Dvuk|2m+(p*1)\v|
[v|=0
satisfies

My (vi) > 2k dist™ (v, 082¢).

By the doubling lemma, it follows that there exists x; € §2; such that

M (xi) = My (i),

M (xx) > 2k dist™ " (xg, 952)
and
Mi(z) <2Mi(xp),  if |z — x| < kM (xp).

As before, we introduce a new function

£
ug(xr + 5—)
() 1= —— ML g <k,

2m

M ()
Then, the function vy satisfies
(—A)"vr(§) =v((€), VIEI<K (2.17)
with
2m—1

Z |DVUI<

[v|=0

—1
T (0) = 1 2.18)

and
2m—1 p—1
3D | TEETE (E) <2, Vg < k.
[v]=0

For any smooth compact D in RY, there exists ko large enough such that D C By (0) if k > ko. By the classical
W2m4 estimates for higher order elliptic equation in Lemma 2.2, we have lvell wamq )y < € for any 1 < g < oo.
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Furthermore, using the Sobolev imbedding theorem and a diagonal line argument, vy — v in Clzongfl’r(RN ) and v
solves

(=A™ =vP.

With the aid of Theorem A, u is trivial. Nevertheless, from (2.18), it is impossible to be trivial. Hence, a contradiction
is arrived. Then the theorem is verified. O

3. Elliptic equation with mixed boundary condition

In this section, we consider the Liouville-type theorem with mixed boundary condition.

Lemma 4. Let u € Wl’z(Rﬁ) N CO(R__IX) be a weak solution of (1.10). Then the only bounded solution is u = 0.

loc
The lemma above is the Liouville-type theorem with boundedness assumptions of solutions in [10].
Proof of Theorem 4. Suppose that there exists an unbounded solution u. Then, there exits a sequence (yx) € Rﬁ

such that u(yx) — oo as k — oo. Let M := upTil :Rﬁ — R, then M (yx) — oo as k — oo since p > 1. Following

from the doubling lemma by taking D =¥ =X = R_ﬁ and Remark 1, there exists another sequence of (x;) such that

M (xr) = M (yk)

and

M(z) <2M(x), Yz € By (xi) NRY.
Define

di = xk, N M (xi)
and

Hi =& eRY | &y > —di}.

As in Theorem 1, we introduce a new function

u(x —I—Lx)
() = —
MP=T (xg)

Then, vi () is the nonnegative solution of

—Ave=v/ in Hy,

v =0 in Hg,
=0 on I} := € € Hy | &y = —di, & >0}, 3.1)
av
%—;zo on If:={£ € H | ey = —di, & <0}
satisfying
(O =1 3.2)
and
p=1
v (§) <2, V& e HpN Br(0). (3.3)

As before, two cases may occur as k — 00, either case (1)

X, NM (x) — 00
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for a subsequence still denoted as before, or case (2)
Xk NM(xp) — d

for a subsequence still denoted as before, here d > 0. If case (1) occurs, i.e. Hy N B;(0) — RY as k — oo, then for any
smooth compact D in RV, there exists ko large enough such that D C (Hy N B (0)) as k > kg. By the classical elliptic
equation estimates and (3.3), we have lvellwzapy < C for any 1 < g < oo. Therefore, from the Sobolev imbedding

theorem, we can extract a convergent subsequence vy that converges to v in D, where v € C'*(D). Furthermore,
using a diagonalization argument, vy — v in CIIO’Cr (R™) and v solves
—Av=v” inRV,
By the classical Liouville theorem of semilinear elliptic equation in Euclidean space, u is trivial, which contra-
dicts (3.2).
If case (2) occurs, we make a further translation. Define
U (§) == ve(5 — dien) for§ eRY.
Then vy satisfies

~ _~p . N
—Avy=v; inRY,

U =0 inRY,
Uk =0 on I} :={6eRY |&y =0, & >0}, (3.4)
A 3
— =0 rk=leeRY |&y =0, 0}.
AEN on 1y {é + |$N &1 < }
While,
p=1
3,2 (dren) =1 3.5)
and
p=1
97 (§)<2, V& eRY N Bi(diew). (3.6)

For any smooth compact neighborhood D of the origin in RY, we have {vx} is uniformly bounded in C 2T(K)NC*(D)
for some 0 < 7 < %, where K is a compact set of Rﬁf with dist(K, f) > 0 (the a priori estimates could be done in
Section 6 in [8]) and where I := {¢ € Rﬁ | &y =0, & = 0}. By the Arzela—Ascoli Theorem, vy converges to v in
C%(K)NC (D). In addition, by a diagonalization argument, vy converges locally in R_ﬁ tov e C? (Rﬁ) nC (R_f) such
that v satisfies

—Ab=9" inRY,

0(€) <277 inRY,

=0 onp={&eRY |&y =0, & >0}, (3.7
oD

— =0 onl={&eRY |&y =0, & <0}.

&N

Deduced from Lemma 4, we have v = 0. However, from (3.5), v(dey) = 1. Clearly, a contradiction is achieved.
Therefore, the proof of Theorem 4 is complete. O

4. Elliptic systems

In the last section, we consider the elliptic systems. We could show that boundedness is removable in the Liouville
theorem of (1.12). The following lemma is established in [12].

Lemma 5. The system (1.12) does not have a bounded positive solution in R, provided
N +2
N-2

1<Ol1,0l2<
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Proof of Theorem 5. Suppose by contradiction that there exists a sequence of (yx) such that u;(yx) — oo or
uz(yr) — oo as k — oo. Let

ap—1 ap—1

M©y):=u, > () +u,”> .

Then, M (yx) — oo as k — oo. From the doubling lemma by letting D = ¥ = X = R¥ and Remark 1, there exists a
sequence of (x) such that

M (xx) = M (yr)
and

M) <2M(xp),  if |z — x| <kM ™ (xp).

Leto = —2— and B= 2 We rescale (u1,u3) by

a—1 ar—1"
. u(xg + ﬁ)
v x(§) = W
and
§
_ u2(xXg + 3765)
vk (§) 1= M~

MPB (xi)

Then, (V1 k, U2,k) satisfies

a ay—1
~ ~ ~ —1
Abp+07L +0,,7 =0
> Lk TV ;
e 4.1
~ ~ ~ —1
Aty + 055 + 0,7 =0.

Moreover
1

1 1
ﬁﬁk(O) + 62’,{(0) =1
and
1

U () + 07, (6) <2, VIE| <k,

For any smooth compact D in RY, there exists ko large enough such that D C By (0) if k > ko. Using the classical
W24 estimates for elliptic equation, we have

2
> bikllwzapy < C
i=1

for 1 < g < oo. By the standard Sobolev imbedding theorem, there exists a sequence of (U1 x, U2 &) that converges to
(31, B2) in CL-7(D) for some 7 > 0. Employing a diagonal line argument, we readily deduce that (01 x, U2 x) converges

in C llocr (RM) to a solution (71, 92) in RY which satisfies
ar—1
~ - 3 e
AV + 0 +0, YT =0,
! (2120(171 (42)
Ay 4357 +9, 27 =0.
Furthermore,

1 1
57 (0) + 3y (0) = 1.

So (v1, v72) is nontrivial. This contradicts Lemma 5. Therefore, we then complete the proof of the theorem. O
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