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Abstract

We are interested in the climate model introduced by Sellers in 1969 which takes the form of some nonlinear parabolic equation
with a degenerate diffusion coefficient. We investigate here some inverse problem issue that consists in recovering the so-called
insolation function. We not only solve the uniqueness question but also provide some strong stability result, more precisely un-
conditional Lipschitz stability in the spirit of the well-known result by Imanuvilov and Yamamoto (1998) [22]. The main novelties
rely in the fact that the considered model is degenerate and above all nonlinear. Indeed we provide here one of the first result of
Lipschitz stability in a nonlinear case.
© 2012 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

We are interested in a problem arising in climatology, coming more specifically from the classical energy balance
model introduced by Sellers in 1969. This climate model aims at understanding the effects of many parameters (such
as for instance greenhouse gazes, albedo or advection fluxes) on the ice covering of the Earth surface. It takes the form
of some 1-dimensional nonlinear parabolic problem with degenerate diffusion.

The mathematical analysis of energy balance models like the Sellers one is the subject of many recent works.
Questions such as well-posedness, uniqueness, asymptotic behavior, existence of periodic solutions, bifurcations have
been investigated. Many interesting results on the subject have been proved by various authors, among them Diaz,
Hetzer, Tello. For an overview of these studies, we may refer the reader to [16—18,21,5] and the references therein.

In this paper, we investigate some inverse problem issue that consists in recovering the insolation function in the
Sellers model. To our knowledge, this is the first inverse problem result for such model. And with respect to the results
that can be found in the literature concerning inverse problems for parabolic equations, the question we address here
presents several novelties.

* Corresponding author.
E-mail addresses: Jacques.Tort@math.univ-toulouse.fr (J. Tort), Judith. Vancostenoble @ math.univ-toulouse.fr (J. Vancostenoble).

0294-1449/$ — see front matter © 2012 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.anihpc.2012.03.003


http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.anihpc.2012.03.003
http://www.elsevier.com/locate/anihpc
mailto:Jacques.Tort@math.univ-toulouse.fr
mailto:Judith.Vancostenoble@math.univ-toulouse.fr
http://dx.doi.org/10.1016/j.anihpc.2012.03.003

684 J. Tort, J. Vancostenoble / Ann. 1. H. Poincaré — AN 29 (2012) 683-713

Let us recall that one can find many references dealing with uniqueness results for parabolic inverse problems, for
instance the pioneering work of Bukhgeim and Klibanov [6], the books of Isakov [23], Klibanov [24] and Klibanov
and Timonov [26] and the references therein. Let us focus here on a specific result by Imanuvilov and Yamamoto [22]
obtained for some standard inverse source problem for the linear heat equation. Their purpose is to retrieve the source
term of the equation using some partial measurements of the solution. Their method is based on the global Carleman
estimates for the heat equation that were developed by Fursikov and Imanuvilov [20] and used to solve null controlla-
bility issues. The novelty of their work is that they not only solve the uniqueness question but, they also provide some
strong stability result concerning the reconstruction of the source (more precisely they prove unconditional Lipschitz
stability). The idea of using global Carleman estimates to solve inverse problems was first introduced by Puel and
Yamamoto [32] in the context of the wave equation and has proved its efficiency. Indeed it has been adapted to solve
various situations, see for example [1-3,13,33-36,38]. In particular, the recent works [13,33] are devoted to the study
of some inverse source problem for a class of linear degenerate parabolic equations. In this purpose, the authors used
some recent global Carleman estimates specifically derived in [8] to treat controllability issues for such degenerate
equations (see also the papers [9,10,12]).

In the present paper, we aim at obtaining some uniqueness and Lipschitz stability result for the insolation coefficient
in the Sellers model in the spirit of the result by Imanuvilov and Yamamoto [22]. In this purpose, the works [13,33]
may be seen as a very first step in view of solving the present question. However the problem we study here presents
several additional difficulties:

— First of all, the degeneracy occurring in the diffusion coefficient in the Sellers model is more complex than the
one considered in [13,33]. Instead of some power function vanishing at one extremity of the domain, one now has
some more general function vanishing at both extremities of the domain. Therefore we will adapt other Carleman
estimates proved in [31] in order to deal with such degeneracies.

— Next, as mentioned above, the Sellers equation is not linear which obviously constitutes a new and major difficulty.
To our knowledge, the only paper dealing with Lipschitz stability for some inverse coefficient problem in a
semilinear parabolic equation is [ 14]. Here again, we face additional difficulties. First of all, we consider solutions
in Sobolev spaces, which prevents us from using strong maximum principles and requires a careful study of the
regularity of weak solutions. Next, the coefficient that we assume to be unknown is located in front of a nonlinear
term, which triggers some additional technical difficulties. Eventually, this unknown coefficient is assumed to be
a bit more general than in [14] and has some known time dependence.

As a conclusion, let us mention that, although our paper aims at solving some inverse coefficient problem for the
specific nonlinear Sellers model, our method may be successfully adapted in other situations and therefore constitutes
a possible approach to obtain Lipschitz stability results for nonlinear equations.

The paper is organized as follows. In Section 2, we first describe the Sellers model and make precise our assump-
tions. In Section 3, we begin our study of the Sellers model with some preliminary results of well-posedness and
regularity. Next we state our main result of Lipschitz stability for the considered inverse problem in Section 4. We
make some more comments and describe open questions in Section 5. Finally, Sections 6—8 are devoted to the proofs.

2. The Sellers model and assumptions
2.1. Climate modelling

Let us introduce here Budyko—Sellers climate models. Our goal here is to present briefly the model. For more
details, we refer the reader to [17,18] and the references therein. The purpose of climate models is to allow a better
understanding of past and future climates and their evolution and sensitivity to some relevant solar and terrestrial
parameters. Unlike weather prediction models, they involve a long time scale. The first one-dimensional energy bal-
ance climate models were introduced independently in 1969 by Budyko and Sellers. They aim at describing the ice
covering on the Earth and have been used in the study of the Milankovitch theory of ice-ages (see for instance [30]).
In both models, u(x, ) represents the mean annual or seasonal temperature average on the latitude circles around the
Earth (here x = sin @ where ¢ denotes the latitude). Then the two models are stated in the domain 7 = (—1, 1) and
take the form of the reaction—diffusion equation:
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Uy — (,o(x)ux)x=Ra(t,x,u)—7€e(u), xel, t>0,
p(X)uy(t,x) =0, xeadl, t>0, (2.1)
u(0, x) = up(x), xel.
Due to the peculiar expression of the diffusion operator on a meridian circle, the diffusion coefficient p (x) vanishes
at both extremities x = =1 in the following way:
p(x)=po(l — x?)  for some py > 0. (2.2)

The right-hand side of the equation corresponds to the mean radiation flux depending on the solar radiation R,
and the radiation R, emitted by the Earth. The two models differ here since different choices for R, and R., which
are relevant in climatology, have been made by Budyko and Sellers.

The solar radiation R, corresponds to the fraction of the solar energy absorbed by the Earth. It depends on the
incoming solar flux Q(x, ¢) and on the planetary coalbedo S (u):

Ra(t,x,u) = O, x)B(u). (2.3)
Note that the albedo (which is more used than coalbedo in the climatological setting) is actually
1= B(u).

When the time scale is long enough, as for instance in annual models, one may assume that the insolation function
0O = Q(x) is a nonnegative function that does not depend on time ¢. But, when the time scale is smaller, as in seasonal
models, one uses a more realistic description of the incoming solar flux by assuming that Q = Q(¢, x) is a time-
periodic function.

The coalbedo is a function B(u) of the temperature that represents the fraction of the incoming radiation flux
which is absorbed by the surface of the Earth. Over ice-covered zones, reflection is greater than over ice-free regions
like oceans therefore the coalbedo is smaller. One usually considers that 8 is roughly constant for temperatures far
enough from the critical value for which ice becomes white (the snow-line) and that is usually taken as u = u; where
us = —10 °C. Different kind of assumptions can be made on § in a neighborhood of u; to represent the sharp transition
that occurs between zones of low and high coalbedo.

Budyko assumed that § is a discontinuous function taking the value a; for u < uy and the value ay for u > u,
where 0 < a; < ay. Here, for the mathematical analysis of the equation, the nonlinearity R, has to be treated as a
maximal graph in R?. This obviously generates difficulties in the mathematical treatment of the problem as uniqueness
of solutions is not guaranteed (see for instance [17,18,21]).

On the contrary, Sellers assumed that § is a more regular function of u, which is at least Lipschitz continuous. For
example, he considered a continuous linear function § that takes the value a; for u < u; — ¢ and ay for u > us + ¢
for some small ¢ > 0. In the same spirit, it is still relevant to consider a more regular function providing it realizes a
sharp transition near u = u, between the two values a; and a y. For example, one can take (see [16, Section 1]):

Bu) =a; + %(af —a;)(1 +tanh(y (u — uy))) forsome 0 <y < 1. (2.4)

The Earth radiation R, corresponds to the energy emitted by the Earth. It may depend on the amount of greenhouse
gases, clouds and water vapor in the atmosphere and may be affected by anthropo-generated changes. Several empiric
relations are proposed in the literature. Budyko simply assumed that it is linear:

Re(w)=A+ Bu withAeR, B>0. (2.5)
On the other hand, Sellers uses a Stefan—Boltzmann type law to obtain the nonlinear relation
Re() = e(u)|ul>u. (2.6)

Here u is measured in Kelvin degrees. The function ¢ (1) represents the emissivity and is assumed to be regular positive
and bounded. More precisely, one may take (see [17, Section 1]):

19u°
e(u) = o(l — mtanh( 105 )), 2.7

where o > 0 is the emissivity constant and m > 0 the atmospheric opacity. Let us mention that (2.5) corresponds to a
linear approximation of (2.6) near the actual mean temperature of 15 °C.
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2.2. Assumptions for the Sellers model

Let us now turn to the case that we consider in the present work. We study here the Sellers model. Let us make
precise the assumptions under which we consider problem (2.1):

Assumption 1.

(i) The diffusion coefficient p (x) is defined by (2.2).

(ii) The solar radiation R, is given by (2.3) with 8 : R — R satisfying
B eC' (R)NL®R), B e L°(R), pisk-Lipschitz (k > 0), (2.8)
381 >0, Vu e R, Bu) > . (2.9)

Besides we assume that Q takes the form

O, x)=r(t)gx) (2.10)
where

geL>), q=0, (2.11)

reC'®)is T-periodic function (7 > 0), (2.12)

Ar;1 >0, VieR, r@)>n. (2.13)

(iii) Finally, the Earth radiation is given by (2.6) with ¢ : R — R satisfying

e eC'(R)NL®(R), ¢ € L°(R), ¢ is K-Lipschitz (K > 0), (2.14)

de1 >0, VueR, &) >e¢. (2.15)

Let us mention that our assumptions on 8 and ¢ cover a large class of functions that are relevant when considering
the Sellers model, including in particular the choices suggested in (2.4) and in (2.7). On the other hand, as we assume

that O depends periodically on time #, our assumption allows to consider both annual and seasonal models.
In the following sections, we assume Assumption 1 is satisfied and we focus on the following model

ur — (puy)  =rt)qg(x)Bu) — ew)lulPu, xel, t>0,
pX)ux(t, x) =0, xedl, t>0, (2.16)
u(0,x) =up(x), xel.

3. Well-posedness

Existence and uniqueness of a weak solution to problem (2.16) has been proved by Diaz in [16]. However, for
inverse issues, it is well known that solutions must be quite regular. So in the present section, we show existence and
uniqueness of a global regular solution to (2.16). In this purpose, we will write problem (2.16) in terms of a semilinear
evolution equation governed by an analytic semigroup.

3.1. Functional framework

As the diffusion operator is degenerate, the natural energy space is a suitable weighted Sobolev space,

V = {w S LZ(I) ﬁwx S LZ(I)}’

endowed with the following inner product

(u, v)y = (U, v) 2y + (P, / PV 12(1

and the associated norm
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YueV, |ully:=v@,uy.

Notice that V C H, 11) (1). However let us mention that, due to the power of the degeneracy occurring at both extremities
of the domain /, the trace at x = &1 of an element of V does not exist. (We refer the reader to [11] where some similar
situation is studied.)

Let us define the following symmetric continuous bilinear form a on V by

{ VxV—-R,
a .
(U,W)l—)fil ﬁvx\/ﬁwxdx.

We immediately see thata is V — L?(I) coercive, i.e.
>0, BER, VeV, a@v)+ Bk, >alvl}.

Following [4, p. 45], we associate with a the unbounded operator A : D(A) C L2(I) — L*(I) defined by
D(A) := {v eV | w a(v,w)is L2(I) continuous},
Yve D(A), VweV, (Av, w2 =a(v,w).

Theorem 3.1. (A, D(A)) is the infinitesimal generator of an analytic semigroup.

Proof. Use [4, Theorem 2.12, p. 46]. O

Then we prove that the operator (A, D(A)) may equivalently be characterized in another way:

Lemma 3.1. The couple (A, D(A)) satisfies
D(A)={ueV |pu, e H (D},
Yue D(A), Au=—(puy)y.

We prove this lemma later in Section 6.1.
Let us mention that the reader may also refer to [7] for another way of defining (A, D(A)) and its study. See in
particular in [7], Lemma 2.5 and Theorems 2.3 and 2.8.

Remark. The boundary condition appearing in (2.16) is not useful from the mathematical approach. Indeed, the fact
that (puy ), belongs to L*(I) automatically implies that u satisfies (puy)(x) =0, x € 91 (see the proof of Lemma 3.1).

Hence the boundary condition is contained in the definition of the operator.

As in [28, Proposition 2.1, p. 22], we denote by [D(A), L2(I)]% the real interpolation space (D(A), L2(I))1/2,2
constructed by the trace method and we state some interpolation result.

Lemma 3.2. The intermediate space [D(A), LZ(I)]% is the space V.

Proof. Due to the variational context V C L*(I) C V', the proof is immediate using [28, Proposition 2.1, p. 22]. O
3.2. Local existence of regular solutions

Let us now give some results of local existence. We fix here T > t and consider the problem for ¢ € [0, T'] (in
practical situations, 7 >> 7). In order to apply the theory in [29], we first transform (2.16) into an evolution equation
in L%(I). The first difficulty encountered is that R.(u) is not a priori defined if u is living in L%(I). The following

result will be used to overcome it.

Lemma 3.3. For all g € [1,400), V is continuously embedded in L9 (I).
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We refer the reader to [17, Lemma 1(ii)] for the proof of Lemma 3.3. Next we define the L>(/)-valued function G
as

_ {[0, T1x V — L2(I),
(t. 1) > r()gB ) — €()lulu.
Provided that G is well-defined, problem (2.16) on [0, T'] may be recast into the evolution equation:

{uz(t)+Au(t)=G(t,u(t)), 1e[0, 7], 3.0)
u(0) = uyg. ’
First we prove the following properties of G.
Lemma 3.4. G is well-defined on [0, T] x V with values into L2(1). Moreover G satisfies:
e Vt€[0,T], VR >0, 3C >0, Vuy,us € By(0, R),
|G un) = Gt u2)| ;) < Cllur —uallv. (3.2)
e VR>0,30€(0,1),3C >0,Vu e By(0,R), Vs,t €[0,T],
|Gt u) = Gis,w)| 1oy < Cle =517 (3.3)

The proof of Lemma 3.4 is postponed to Section 6.2. We are now able to deduce our first result of local existence:

Theorem 3.2. For all ug € D(A), there exists T*(ug) € (0, +00] such that, for all 0 < T < T*(ug), problem (3.1)
has a unique solution u € C([0, T], D(A)) N cl(o, 11, LZ(I)). Moreover, if T* (ug) < +o0, then ||u(t)||ly — +oo as
t — T*(up).

Proof. The proof relies on the book [29]. Indeed, using Theorem 3.1, Lemmas 3.4, 3.2 and applying [29, Theo-
rem 7.1.2] to the evolution equation (3.1), we prove that there exists a unique mild solution in the sense of [29, Defi-
nition (7.1.1)] up to a maximal time, denoted by 7*(ug). Then, [29, Proposition 7.1.8] implies that, if T*(ug) < 400,
then ||u(r)||y — oo as t — T*(ug). Moreover, since Aug+ G (0, ug) € L*>(I), [29, Proposition 7.1.10] ensures that,
for all compact interval [0, T] with T < T*(ug), u € C([0, T], D(A)) N cl(o, 71, L3(I)). O

3.3. A weak maximum principle
Next we turn to some useful boundedness properties.

Theorem 3.3. Consider ug € D(A) N L®°(I) and 0 < T < T*(ug) where T*(ug) is defined as in Theorem 3.2. Then
denote

||q||Loou>||r||Loo<R>||ﬂ||Loo<R>>”“} 3.4)

M = max{lluolle(m ( 1

Then the solution u of (2.16) satisfies
el Loe 0,7y x 1) < M.
The proof of Theorem 3.3 is given later in Section 6.3. Observe that one may deduce from Theorem 3.3 that, for
any ug in D(A) N L°°(I), the L2-norm of the solution of (2.16) does not blow up at time 7*(ug). Yet, this is not

sufficient to ensure global existence of the regular solution for it may happen that the V-norm of u(¢) blows up at
t — T*(up). In order to get global existence results, it remains to show that this cannot happen.
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3.4. Regularity of the time derivative of the solution of (2.16)

Let us now state some further regularity properties of the solution or more precisely of its time derivative. In this
purpose, we restrict the initial conditions to the following space:

U :={up € D(A)NL>(I): Aug € L*(I)}.
We also recall the following standard notation:
W(0,T;V,V'):={ve L*0,T; V): v, € L*(0, T; V')}.
This allows us to state the following result proved later in Section 6.4.
Theorem 3.4. Let ug € U be given and consider u the corresponding solution of (2.16). Let T be such that 0 <

T < T*(ug) where T*(uo) is defined as in Theorem 3.2. Then the function z := u; belongs to L*>(0, T; V) and is the
solution of the variational problem

zeW(0,T;V, V'),
YweV, (z(@),w)+b(r,z(0), w) = (' OgB(u®), w) ) (3.5
z2(0) = —Auo + G(0, up),

where b : [0, T] x V x V — R is a weakly coercive time-dependent bilinear form defined by

b(t,v,w):/ﬁvxﬁwxdx+/n(t,x)vwdx
1

I

with (¢, x) =R, u(t, x)) —r(t)q(x)B (u(t, x)).

Observe that b is well-defined. Indeed, R, € C!'(R) and for all s € R, R,(s) = &'(s)s|s|*> + 4e(s)s sign(s)|s|?.
Hence, m € L*°((0, T) x I), thanks to Theorem 3.3. As a consequence of Theorem 3.4, we may state the following
corollary:

Corollary 3.1. Let ug € U and 0 < T < T*(ug) where T*(ug) is defined as in Theorem 3.2. Then the solution z of (3.5)
satisfies
||Z||L°°((0,T)><1) < e(H””LOO((O‘T)xI)"'l)TN’

where

N = max{ “ —AM() + G(O, MO) HLOO(I)’

r’||LOO(R)||61||L°°(1)||/3||L°°(R)}- (3.6)
The proofs of Theorem 3.4 and Corollary 3.1 are given later in Sections 6.4 and 6.5.
3.5. Global existence of regular solutions
The last result of this section devoted to well-posedness is a global existence property, proved later in Section 6.6.
Theorem 3.5. Let ug € U. Then the solution u of (2.16) is defined on [0, +00), that is to say T*(ug) = +00.

Let us mention that, as a consequence, Theorem 3.3 and Corollary 3.1 hold true for 7* (ug) = +o0.
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4. A Lipschitz stability result
4.1. Statement of the result

In this part, our goal is to determine the coefficient g(x) in problem (2.16) assuming that it satisfies some bound-
edness condition. In this purpose, we introduce the set of admissible coefficients: for all D > 0, we define the set Qp
as

Qp = {g € L*(D): llqli=u) < D}.

The main result of this section is the following theorem supplying with not only a uniqueness result but also some
Lipschitz stability estimates.

Theorem 4.1. Let ty € (0, T) be given and consider
T +1
7

Let w:= (L1, Ly) where —1 < L < Ly < 1 and take ug € U. Then, for all D > 0, there exists a constant C > 0 such
that, for all g1 and q3 in Qp, the associated solutions u| and uy of problem (2.16) satisfy

T =

g1 = g2l gy < C(l @t = un) (T, ) [ Dy + 110 = 12,0022 0 7y xen)- (4.1)

The proof of Theorem 4.1 is given later in Section 7.1. We follow the method introduced by Imanuvilov and Ya-
mamoto in [22] to get Lipschitz stability results for inverse problems. This method is based on the use of global
Carleman estimates for parabolic problems (see Fursikov and Imanuvilov [20]). Here we use specific Carleman esti-
mates for degenerate parabolic equations (inspired by [9,31]). Thus, we first recall this fundamental tool in Section 4.2
before proving Theorem 4.1.

4.2. Main tool: a global Carleman estimate for degenerate parabolic equations with locally distributed observation

We recall here a fundamental result from [31]. Let us mention that, in [31], the space domain of the considered
functions is (0, 1) whereas it is (—1, 1) in the present case. So in this section, we slightly modify the definitions and
the statement of the result of [31] to adapt them to our situation.

As usual, the derivation of global Carleman estimates relies on the introduction of some suitable weight function
of the form

V(t,x)e(tg, T) x I, o(t,x)=0()p(x)

where the functions 6 and p have to be specified.
As in [8,31], we introduce the following time weight function 6(¢):

1 4
Vte (b, T), 0():= [—} .
(t —10)(T —1)
Then we introduce a space weight function p(x) specifically adapted to locally distributed observations in the case of
a degenerate problem like (2.16), see [31]:

X

Vxel=(-1,1), p(x)=Go— 9- ((s)) S@+(6D? g, (4.2)
-1
where G, S are positive constants (to be fixed later) and ¢— and ¢ are the two functions defined below. Let @ :
(L1 Lz) be suchthat —1 < L < L1 < L2 < Ly < 1 and let ¢p; and ¢» be two smooth cut-off functions such that
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Vre[-1,1], 0<pi()<1,  0<dhr(x) <1

Vxel[-1,L1], ¢10)=1,  ¢(x)=

Vx e[l 1], ¢1(x)=0,  ¢o(x)=1,

Vxel[—1,1], ¢1(x)+ p2(x) > 0. 4.3)
Next ¢4 and ¢_ are defined by

veel-L i, et = g0+ U Do),
Veel-1 1], ¢ ()= o “)as -4 x)¢2(X)- Y
Observe that there exists some constant C > 0 such that
vxel, |¢p-(x)] <C(1+x)(1—x)=%,0(x). 4.5)

Then we state the following result from [31, Lemma 5.4]:
Lemma 4.1. If Go and S are large enough, then p is a well-defined and strictly positive function on I =[—1, 1].

For the proof, we refer the reader to [31, Lemma 5.4] which is similar (except the fact that the space domain in [31]
is (0, 1) whereas it is (—1, 1) in the present case). In the following, we choose G( and S large enough so that the
statement of Lemma 4.1 holds true.

Eventually, we define as in [13] the second time weight function:

Vte(ty, T), y@):=T+1ty—2t. (4.6)
Let us now turn to the following linear initial-boundary value problem:

{Zl_(pzx))(:hv (ta-x)e(to»T)le

p(x)zx(t,x) =0, (t,x)e(to,T) xal, @D

where h € L%(19, T: L*(I)). In the following, we denote

Q[}’ = (tp,T) x I and a) =(ty, T) X w.

Now we are ready to state global Carleman estimates for locally distributed observation for system (4.7):

Theorem 4.2. Let w := (L1, Ly) where 0 < L1 < Ly < 1. There exist two constants Ry = Ro(T, to, w) > 0 and
C1=C(T, ty, w) > 0 such that: VR > Ry,

1
// <R393(1 — )2+ ROy |p2® + RO(1 — x2)2 + Ez?)e‘“" dxdt
oy
T

< Cl(// h26—2RU dxdt+// R393Z2€—2RU dxdt), (48)

oY oy
for all solutions z € L%(ty, T; D(A)) N H(1p, T; L2(1)) of (4.7).

Part of these estimates were obtained in [31, Theorem 3.3] (in the case of a space domain (0, 1) instead of (—1, 1)):
the first estimate of z and the estimate of z, (that were sufficient for control purposes). In view of obtaining inverse
problem results, one also needs some other estimate of z and some estimate of z; that we added here in the statement
of Theorem 4.2. The proof, based on the methods developed in [20,31,13], is given later in Section 8.
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5. Open questions

In this paper, we use and extend the approach by [22] in order to get an unconditional global Lipschitz stability
of an unknown coefficient in a nonlinear term in the 1D Sellers climate model. Our method is not specific to such
a model and may be successfully used for similar inverse coefficient problems in other kinds of nonlinear parabolic
equations (even non-degenerate ones). A first additional question in the field of inverse problems for climate models
is to study the two-dimensional Sellers model on the Earth surface. It comes to solve an inverse coefficient problem
for a nonlinear heat equation posed on a Riemannian manifold. This is the subject of a forthcoming paper.

As we mentioned in the introduction of this paper, the albedo is a quite badly known function. Therefore it would
be very interesting to solve the inverse problem of determining the albedo from measurements of the temperature. Yet
this question leads to two main difficulties. Even if one assumes the coalbedo is smooth, the question of unconditional
global stability results for a nonlinear smooth term in a parabolic equation is not well-understood (see [19] for a
partial answer). If one considers the Budyko model (the coalbedo is seen as a maximal monotone graph), there are
well-posedness problems such as non-uniqueness of solutions [16—18].

Moreover, the Sellers model described in Section 2 is a simplified version of some more complicated Budyko—
Sellers climate models. For instance, one can consider a p-Laplace operator instead of a linear operator [18,17,16].
Very few results are known in the fields of controllability and inverse problems for equations involving the p-Laplace
operator. The question of Lipschitz stability is completely open in this case.

6. Proofs related to well-posedness
6.1. Proof of Lemma 3.1

Let us denote D :={u eV | puy, € H'(I)}. First we prove that D(A) C D. Let v € D(A) and w € D(I). Then
Av e L*(I) and

(Av, w)p p = (Av, W) 2y = a(v, w)

:/ﬁvxﬁwxdxzfpvxwxdx
1

1
= (pVx, Wx)p' D= _<(:0Ux))n w)'D’,D'

Then Av = —(pv,), in D'. Since Av € L?(I), (pvy)x € L*>(I) and v € D. This proves that D(A) C D. Moreover we
have shown that Av = —(pv, ), forall v e D(A).
It now remains to show that D C D(A). Let ve D and w € V. Then

a(v,w) =/,0vxwx dx.
I
We wish to integrate the above expression by parts. Therefore we need to know the boundary values of pv,w at
x=—land x =1.
Let us first prove that (pv,)(1) = (pv,)(—1) =0. Since pv, € H'(I), we have pv, € C°([—1, 1]). Therefore the

quantity |pvy| has alimit as x — 1 denoted by L > 0. We argue by contraction assuming that L > 0. Then, for x close
to 1, [pvy| > L/2. Hence | /pvy| > ﬁ which contradicts the fact that /pvy € L*(I) since 1/,/p ¢ L*(I). Finally

L = 0. We prove the same way that (pv,)(—1) =0.
Next we prove that

Vel [(pvo)@] < [[(ovo)x o)V —x. (6.1)
Indeed, using (pvy)(1) =0, it suffices to write for all x € (0, 1),
1/2

1 1/2 1
<<f|(pvx>x(s)|2ds> (fds) :

[(pu)(0)| =

1
/(va)x(s) ds
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Let us finally deduce that

(pvyw)(x) >0 asx — landx — —1.
Let x1, x3 € (0, 1). Since v € D, we have
X X2
/ Vove/pwedx =— | (pvo)cwdx + [pv,w]?,
—X1 —X1

Moreover the quantities

X2 X2
lim1 A Puxa/pwydx and liml— /(pvx)xwdx
Xp—>

Xo—>
—X1 X1

are finite. Therefore the limit

lim (pvyw)(x2)
x—1

693

exists and we denote it by L. We assume that L # 0. Then for x; close to 1, we get |(pvyw)(x2)| > |L|/2. Moreover,

using (6.1), we have

[ (ovew) ()| < [ (o) ]| 2y v/ 1 = 22| w(x2)]-

Hence |w(x2)| > C/+/T — x; for some C > 0. This contradicts the fact that w € L?(I). Therefore L = 0. We prove

the same way that (pv,yw)(x) — O alsoas x — —1.
We conclude that

a(v,w) = —/(,ovx)xwdx.
I

Then w — a(v, w) is L>(I)-continuous so that v € D(A). This ends the proof of Lemma 3.1. O

6.2. Proof of Lemma 3.4

Let us first prove that G is well-defined on [0, T] x V with values in L2(I). We denote Q = rg and Q| =

1Ol Lo ®x1). Next we consider ¢ € [0, T] and u € V and we write

|G w32, =/\Ra(t,u) — Re(w)|* dx gz/ Q(t,x)z,B(u)zdx+2/8(u)2u8dx
1 1 I

<407IBI o) + 2l T oo, / u¥dx <407 Bl wom) + Clull}.
1

according to Lemma 3.3.
Now, let us prove that (3.2) holds. Fix ¢ € [0, T] and R > 0 and consider u1, u3 in By (0, R). Then

|Gt u) = Gt u2)| 72y, = f|Q<t,x>(/3(u1> — B(2) + Re(ur) — Re(u)| dx
1
<208 | ey / Jur —uz|? dx +2/|Re<u1) — Re(uz)[* dx
1 1

2
< Cllur — uall3 + 2/|Re(u1> ~ Re(un)dx.
1

To conclude the proof of (3.2), it remains to show that

(6.2)
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f|Re<u1>—Re(uz)|2dx<C||u1 — P, 63)
1

for some C > 0. In this purpose, some standard computations lead to

/!Rew])—ne(uz)\zdx <3/}e<u1>—s(uz)|2|u1|8dx
1 1

+3/s(u2>2|u1 —uz|2|u1|6dx+3/S<u2>2|u2|2(|u1|3 — Juz ) dx. (6.4)
1 1

So it remains to estimate the three above right-hand side terms. Using the properties of ¢ set in Assumption 1, we
have:

2 8 2 2 8
/|e<u1) — o)1 dx < [|&'|[ oo gy lur — w2l lutlig 6
1
2 2 6 2 2 6
fs(uz) lut — ualuy |° dx < el ooy llur — w2l Nt 1a
1

and

2 2 2
/8(u2)2|b¢2|2(|u1|3—|u2|3) dx < ||e||%w(R)f|uz|2(|u1|—|uz|) (lux * + i [Juz| + |ual?)” dx
1 1

1/2
4
<||a||ioo(R)||u1—uz||i4(,><f|uz|“(|u1|2+|u1||uz|+|uz|2) dx) :
1

Using Lemma 3.3 and that u; and u; belong to By (0, R), we achieve the proof of (3.2).
To end the proof of Lemma 3.4, we finally show that (3.3) holds. For all ¢, s € [0, T'], we write

|G@.w)~ GG}z, :/|r(,) ) Pa@?Bluo) dx
1
<2| ||i°<>(]1{<)”‘1||ioc(1) ||ﬁ||%oo(R)|t — sl

This obviously implies the required inequality (3.3). O
6.3. Proof of Theorem 3.3
In order to prove Theorem 3.3, we first state a preliminary result.

Lemma 6.1. Let u € V. Then, for all M >0, (u — M)* :=sup(u — M,0) € V and (u + M)~ := sup(—(u +
M), 0) € V. Moreover

ux(x) if (u—M)(x) >0,

—_— + -
forae xel, ((u—M) )x(x)_{o if (u— M)(x) <0, (6.5)

and

_ _ 0 if (u+M)(x) >0,
fora.e. xel, ((u + M) )x(x) = { Cue@) i M) <O, (6.6)

Proof. Let us consider u € V. Forall n >0, u € Hl(—l +n,1 —mn). By [15, Proposition 6, p. 934], it follows that
(u—M)re H' (=14+n,1—n) and
uy(x) if (u —M)(x) >0,

— —_— —_ + =
forae.xe(=1+n1—-n, (@w—-M7) (x) {o if (4t — M) <0, 6.7
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Then

1—n

2
/ p|((u —M)+)x| dx :/,ou)% dx,
—1+4n An
where A, :={x € (=1 + 75,1 —n): (u — M)(x) > 0}. Since the quantity fAn ,ou% dx is bounded from above by
f[ pu% dx which does not depend on 7, we get (passing to the limit as n — 0):

/p|((u—M)+)x|2dx</pu§dx<+oo.
I I

Hence, (u — M) € V. Moreover, (6.5) follows from (6.7). Similar arguments apply to treat the case of (u+M)~. O
Now we are ready to proceed with the proof of Theorem 3.3. We consider ug € D(A) N L*°(I) and M defined

by (3.4). Let t € [0, T] be fixed. Multiplying the equation satisfied by u by (u — M)™, we get thanks to Lemma 6.1
and to the boundary condition satisfied by u,

/u,(u—M)+dx+/p|((u—M)+)x|2dx=/[Q,8(u)—s(u)u|u|3](u—M)+dx.
1 1 1

Moreover denoting A :={x € I: u(¢,x) > M}, one has

/[Qﬂ(u) —e@ululP)w—M)"dx = f[Qﬁ(a) — e(ulul*](u — M)dx.
1 A
Forx € A,

0B u) — e)ulul® < 1Ol Loe@®x I Bl L ®) — etM* <0,
thanks to our choice of M. As a consequence, for all ¢ € [0, T], we get

1d
EE/!(M—M)+|2dx=/u,(u—M)+dx<O.
1 1

Thus ¢ — ||(u — M)+(t)||iz(1) is decreasing on [0, T]. Since (ug — M)T = 0, we deduce that, for all ¢ € [0, T] and

forae. xel,u(t,x) <M.
In the same way, we multiply the equation satisfied by u by (u + M)~ and we obtain

%/’(n—l—M)_\zdx <0.
1

Since (ug+ M)~ =0, we conclude that forall r € [0, T] and a.e. x € I, u(¢, x) > —M. Thus, the proof of Theorem 3.3
is achieved. 0O

6.4. Proof of Theorem 3.4

Let us consider ug € U. Introducing z := u;, we observe that the following equation holds in the sense of distribu-
tions:

2 = (pz)x = 2[r(NgB (W) — R, )] +r'(1)gB ().

Thus, in order to check that z satisfies (3.5), it remains to prove that z belongs to L2(0, T; V). In this purpose, we use
the method of differential quotients (see [27] for instance).
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Let us consider 0 < 6 < %, te (8, T —48)and —§ < s < §. Observe that

it +5) = (pux)x(t +5) = Qt +9)B(u(t +5)) = Re(ut +3)),
{ (1) = (puy)x (1) = QOB (1)) = Re(u()).

Let us define forallt € (5, T — §),

u(t+s)—u(t)

s
Then, for all r € (5§, T — 8), u®(t) € V and we deduce from (6.8) that

u'(t) =

o Pox
Multiplying (6.9) by u*(¢) and integrating by parts with respect to x, one gets, forall € (§, T — §),

ou’ s ou’ 2
( 0. (z)) +/p( . (z)) dx
L2(1) ’ X

N N

Z/[Q(t +5)Bu(t+s)) — Q()Bu(r)) " Re(t)) — Re(u(t +S))}us(t)dx.
s s
7
Integrating over (8, T — &), this leads to
| T—8 - )
EHMS(T—(S)”iz(I)'i‘ / /p(%(ﬁ) dxdt
s 1
1 S
= 5“” (S)Hiz(l)
T—8
n / f[Q(l +5)Bu(t +:)) — 0()Bu()) " Re(u(t)) —Zze(u(f +S))]us(t)dxdt.
s 1

Yet,
-8
u®(t)dx dt

N

>

/ QU +s5)Bu(r+s)) — Q@)Bu))
1

8

T—
_ / /[(Q(t +5) = 0@)Bu +5)) + QO (Bul +5)) — Bu)))
s 1

N

]us(t)dxdt
i F(t +5) = r(0)]
rt+s)—r(t
<l [ [ a0 ) dxa
S 1
T+ ) —uo)]
ult+s)—u(t
Q. rxn B[ o) / [fhf(t)\dxdt
5 1
T-6 ] |
2 2
Wl [ [ (100w I iy + 0 OF ) avar
S 1

T-6§
QI zo@x D[] o ) / /|MS(;)|2dxdt
§ 1

ou’ ") — %( 3us>(t) _ Q@ +s)pu +5) — QWBu@) n Re(u(t)) — Re(u(t +S)).

(6.8)

(6.9)

(6.10)
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<TIB L@ 19y | e
-

1
+ (Ellﬂlle(R) + 1@l @®x ) ||/3’||LOO(R))

or,"\“ﬂ

/|uS(t)|2dxdt. 6.11)
1

On the other hand, we have

Re(u(t, x)) — Re(u(t +s,x))
= [e@ulul?](t, x) — [e@ulul*](t + 5, x)
= [8(u)|u|3](t,x)(u(t,x) —u(t +s,x)) + (e(u)(t,x) —e()(t + s,x))|u|3(t,x)u(t + 5, x)
+e@)(t + 5, ) ([lul]t, x) = [|ul*]t +5,2))ut +5,x)
= —[e@ul?](t, x) (ut +5,x) — ut, x)) = (@) (t + 5, x) — @) (t, %)) |ul* (t, X)u(t + s, x)
—e(u)(t +s,x)(|u|(t +5,x) — |u|(t,x))(|u|2(t + 5, %)+ |ul(t + s, x)|ul(t, x) + |u|2(t, x))u(t + 5, x).

Since ug € U, Theorem 3.3 implies that for a.e. (¢, x) € (0, T) x (0, 1), |u(¢, x)| < M, where M is defined by (3.4).
Using also the fact that ¢ is ||&’|| o (r)-Lipschitz, we deduce

|Rg(u(t,x)) — Re(u(t +s,x))| < C|u(t +s5,x) — u(t,x)},

for some C > 0. It follows that

~

-
uw@)dxdt <C

/|us(t,x)|2dx dr. (6.12)

I

N

T-6
//Re(u(t,x))—Re(u(t+s,x))
s 1

%\

Hence, thanks to (6.11) and (6.12), (6.10) turns into

8

T7
ou’ 2 Lyogoop2 3 2
/P(a(l)) dx<§||“5(5)“m(1)+c+c / /|“é(t’x)| dxdt.
1 5T

As u € C1([0, T1; L3(I)), we deduce

f (M(t))Qd <X up s, +CHCT sup ful?
ol X< = sup |juy sup ||Uy .
/ 0x 2 t€[0,T] L2 te[0,T] LA

Therefore the quantity | ST_‘S f ] p(%i;(t)ﬂ dx dt is bounded by a positive constant which does not depend on s. So

there exists a subsequence u* that weakly converges to some v € L>(8, T — 8; V) as s — 0. Yet, u* converges to z in
the distribution sense. Therefore z =v € L2(5 ,T —46;,V),and

2 . 2 1 5
1201725, 7—s;v) < ?Lnjgfﬂus li26.7—8,v) <C+ (5 + CT> tes[ng] luellza gy
Since the above right-hand side does not depend on §, z € L%(0, T; V) and z is the solution of (3.5). O
6.5. Proof of Corollary 3.1
The main difficulty of the proof relies in the lack of coercivity of the bilinear form b. Therefore we first introduce
some perturbed variational problem that is coercive:
yeWw(0,T; Vv, V'),

YweV, (@), w)+bi(t, yt), w) = (r' ()~ IThen=ntDigp(u(r)), w)Lz(I)y (6.13)
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where by : [0, T] x V x V — R is the coercive time-dependent bilinear form defined by: V(¢, v, w) € [0, T] x V x V,

bl(r,v,w)=b(r,v,w)+/(||n||m<o,mz) + 1)vwds.
1

Note that for a.a. r € (0, T), y(¢) € V. Consider N defined by (3.6). According to Lemma 6.1, for a.a. t € (0, T),
(y(t) — N)T € V, so that we can write

d
(0. (YO = N)) 2y + 01 (30, (y0) = N)T)

— (r’(t)e—(\lﬂ|\L°0((0,T)xl)+l)tq’3(u(t))’ (y(t) _ N)+)L2(I)'

One can easily check that
bi(t,y (@), (v(0) = N)") = (' e~ Iml=n Vg (u@)), (y(t) = N)¥) 12,

:/p\((y(z) —N)+)x‘2dx+/(||n||Lw((0,T)X,) T, 0) | (v0) = N) P
! 1
+ [ (0 et gg(u)) (v - M) dx >0
1
sinee ¥ = r/(t)E%HN”LOO((O'T)X”H)Iqﬂ(”) > 0 when y(t) > N. Therefore

d
Z®. (00 = N)T) o <O.

As a consequence, the function # — ||(y(f) — N)+||L2(,) is decreasing on [0, T']. Since ||(y(0) — N)+||L2(1) =0, we
get ||(y(t) — N)+||L2(1) =0 fora.a.r € (0,T). Then for a.a. (¢,x) € (0,T) x I, y(t,x) < N. For the same reasons,
fora.a. (t,x) € (0,T) x I, —y(t,x) < N. Finally ||yl 1o (0,7)x1) < N. As the solution z of problem (3.5) satisfies,
forallt € (0,T), z(t) = e(”””L"°<<0«T>X’)+1)’y(t), we immediately have

Izl Lo 0.7y x 1y <e(\lﬂl\LOO((o,T)xl)+1)TN_ O

6.6. Proof of Theorem 3.5

Let us assume that 7*(ug) < +00. According to the remark after Theorem 3.3, it only remains to prove that the V-
norm of the local solution u(¢) does not blow up at time 7*(ug). For a.e. 0 <t < T*(ugp), let us multiply the equation
satisfied by u at time ¢ by —(pu, ). (). We get:

- / e (1) (it ) (1) dx + / |(pu)s (O dx = / [0B) — eGuulul*] (1) (puux)+ (1) dx.
1 1 1

Since ug € U, Theorem 3.3 implies ||u || oo, x 1) < M where M is defined by (3.4). Therefore,
1
2

—/[Qﬁ(u) — e(ulul’] (1) (pur) (1) dx <

I

M

1
/[Qﬂ(u) — e@ulul]’ @) dx + 5/|<pux>x(r>|2dx
1 1

2 2 2 g, 1 2
<l Q”LOO(RX[)”ﬁ”LOO(R) + ||5||L00(]R)M + E |()0Mx)x(t)| dx.
1

Thus, we get
- dx 4+ 2dx <0} 2 2 8 = 6.14
ur () (pu)s (0 dx 4 3 [ (o) ] dx < IQIG ey 1Bl oay + llel ey M = C. (6.14)
1 1

Moreover, according to Theorem 3.4, u; € L2(O, T;V)forall0 <T < T*(ugp), so that for a.e. s
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1d 2
- / ur(s)(pux)x(s)dx = / VU (8)/puy(s)dx = 2ar plux(s)| dx. (6.15)
I ! I
Therefore, integrating over (0, t),
1 2 1 2 * 1 2
5 p|ux(®)] dX<Ct+§ plugx|"dx < CT (Mo)+§||uollv- (6.16)
I I

According to Theorem 3.3, we also have [lu(#) |l 2y < V2M where M is given by (3.4). Therefore, (6.16) leads to

1
e[}, < V2M +CT* @) + 5 ol

which ensures that ||u(¢) ||y does not blow up at time T*(ug). O
7. Proofs related to Lipschitz stability
7.1. Proof of Theorem 4.1

For reader’s convenience, the proof is divided in several steps and the technical points are postponed to the end of
the proof (see Sections 7.2-7.5).

Step 1: reduction to some linear inverse problem. Let T > 0 and u; and up belonging to C([0, T]; D(A)) N
CL([0, T1; L3(1)) be the solutions of (2.16) respectively associated to g1 and ¢;. Let us define w :=u; — up. Then
w € C([0, T]; D(A)) NC'([0, T]; L*(I)) and the calculations below are justified:
Wy =Urr — U2t
= (pu1x)x — (pu2,x)x +rq1Bur) — rqafua) + e)ualuz® — e(up)uy|u
= (owy)x +7(q1 — q) 1) + ra2(Bur) — B(u2)) + ea)uz|ua|* — e (ur)uy |uy |
= (pwx)x +h1 +ho + h3,

where

hy:=r(q1 —q2)Bu1),
hy = rqx(B(ur) — B(uz)),
ha = e(uualual® — &(up)uus |,
It follows that w € C([0, T]: D(A)) NC'([0, T1; L(I)) is the solution of

wt_(pwx)x=hl+h2+h3, (t’x)e(O’T)XI’
lo(x)wx(tv-x) :07 (tv-x) € (Oa T) X 813 (71)
w(0,x) =0, xel.

Since the functions r and § are bounded from below (see Assumption 1), estimating /1 will be sufficient to estimate
the quantity g; — ¢g2. So we have reduced our inverse problem into the determination of % in the linear initial—
boundary value problem (7.1). In [13], the authors treated the problem of the determination of a source term in
degenerate equations similar to (7.1). However we cannot directly apply the result of [13] here for several reasons:

— First, the degenerate diffusion coefficient p(x) is more complicated than the one studied in [13]. The diffusion
coefficient in [13] takes the form x* for x € (0, 1) and « € [0, 2). In particular it vanishes only at one extremity
of the domain (0, 1) and has the form of a power function. Here the diffusion coefficient p is more general and
vanishes at both extremities of the domain. However this difficulty can be overcome using the Carleman estimates
stated in Theorem 4.2.
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— Next the source term /1 + h2 + h3 does not necessarily satisfy the standard assumption that is generally required
on source terms, see for example in [22,13]. However we will see in Step 2 that the part /21 that we need to recover
satisfies such assumption and this point will be essential to adapt the proofs in [22,13] to the present case.

— Finally and above all, we need here to recover the quantity /21 which is only a part of the source term h + hy + h3.
In Step 3, we will show that in some way we can get rid of 4y + k3 in (7.1) so that our inverse problem is
transformed into a problem that is more similar to the one studied in [22,13]. To do that, we will use the Carleman
estimates of Theorem 4.2.

Step 2: condition satisfied by h1. Let us recall that in inverse source problems, the source term has to satisfy some

condition otherwise uniqueness may be false. Let Cy > 0 be given. In [22,13], the authors make the assumption that
source terms 4 satisfy the condition

oh . x)
—(t, x
ot

< Co|h(T’,x)| foralmostall (a.a.) (t,x) € (0, T) x I. (7.2)
Therefore they define the set G(Cop) of admissible source terms as

G(Co):={h e H'(0,T; L*(1)) | h satisfies (7.2)}.

Coming back to (7.1), we prove that the part /2 of the source term &1 + hy + h3 (which is the part that we wish to
identify) satisfies the above essential condition:

Lemma 7.1. The quantity hy =r(q1 — q2)B(u1) belongs to G(Cy) for Cy > 0 defined by

A e @) lIBllLo@) + 117 [l Lo w) 181l ooy eI leoeco.ryn DT

Bir(T") '

Co:
where N is defined by (3.6).
The proof of Lemma 7.1 is given later in Section 7.2.

Step 3: application of global Carleman estimates and link with some more standard inverse source problem. In
the following computations, C stands for a generic constant depending on T, #9, D, w and the parameters set in
Assumption 1. Let us now introduce z := w; = u1; — u2,; where w is the solution of (7.1). Then, using standard
regularization results for linear parabolic equations (see [13, Lemma 2.2]), z € L3(t9, T; D(A)) N H'(to, T; L*(I))
and satisfies

{Zl‘_(pZX)X:hl,t+h2,t+h3,l’ (t’x)e(t()vT) le (7 3)

p(x)zx(t,x) =0, (t,x) e (to, T) x 1.
Applying the Carleman estimate of Theorem 4.2 to problem (7.3), we get:

1
Io:= /f <R393(1 —x3)22 + ROy p + RO(1 — x*) 22 + Ezf)e_m" dx dt

o
Or

< c( / / hi,e R dxdt + / / (h3, +h3,)e 2R dxdt + / / R3§37%e 2R dxdt). (7.4)
oy o

0
or

Inequality (7.4) is the first step when dealing with standard inverse source problems, see [22,13]. Here our problem
consists in retrieving only the part /4 of the source term sy + hy + h3. Hence our goal is now to absorb the term
f f 00 (h%t + h% t)e_ZR" dx dt into the left-hand side of (7.4). In that purpose, we state the following fundamental

23", ,

lemma:
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Lemma 7.2. There exists a positive constant C > 0 such that

// (h3, +h3,)e R dxdt < c(// Ze R dxdr + / w(T’,x)2dx). (7.5)

1 1
0% 0y 4

The proof of Lemma 7.2 is given later in Section 7.3.
We also need to estimate the term [ 0 z2e72R9 dx dr. In this purpose, we apply some Hardy-type inequalities to
T
prove:

Lemma 7.3.
f/ 22e 2R gx dr < C<//(1 — xz) (zi + R29222)e_2R‘r dxdt + // 22e 2R gy dt).
o7 o7 wf

The proof of Lemma 7.3 is given later in Section 7.4. Let us mention that Hardy inequalities have been largely
used when dealing with degenerate parabolic equations not only for controllability matters [9,31] but also for inverse
problems [13]. Here again, Hardy-type inequalities appear to be an essential tool to solve our problem.

From Lemmas 7.2 and 7.3, we deduce

// (h%t + h%’t)esza dxdt < C(//[(l — xz)z)zc + R292(l — xz)zz]esz“ dx dt
o7

oy
—i—/wz(T’,x)dx—i—//zze*zR” dxdt).
1 o0

Coming back to (7.4), we get:

I < C(// h%’te*m‘7 dxdt—i—//(] —x?)z2e R dx dt —i—// R*0*(1 — x?)z%e R dx dt

oY o o)
—i—/w(T’,x)zdx—i—// R309372¢7 %R0 dxdt—i—// 2e 2R dxdt). (7.6)
' g 2

Forall € (19, T), 1 < CO(r) and 2(r) < CH3(1), so that, for R large,
C//(l —xz)ziesz“ dxdt < %// RO(1— xz)z)zce*m” dxdt,
oy o
and
c// R20%(1 — x?) e R gy dr < %ff R0 (1 — x?)z%e R dx d1.
o o

As a conclusion, one can absorb these two right-hand side terms into Iy and there exist R; > 0 and C > 0, such that
VR > Ry, the following estimate holds:

Io gc(/f hi e ke dxdt+fw(T/,x)2dx+// R0 2e72R0 dxdt). (1.7)

0] 1 )
Or @r

=1
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Let us note that, without the term f / w(T', x)%dx, the inequality (7.7) would be the kind of estimate that one would
obtain when dealing with the more standard inverse problem that consists in retrieving the source term %1 in the
equation w; — (pwy)y = hy. Let us also observe that this extra term satisfies

[l ar = = (1) g, < o =1 ) [

I

Therefore it can easily be estimated by the right-hand side of (4.1). Hence the next step mainly consists in adapting the
reasoning of [13] to the present case, taking into account this extra term and the fact that the considered degeneracy is
not the same.

Step 4: estimate from above of I1. In this step, our purpose is to show that there exists some constant C > 0 such
that

2 _ 2
[ffhl (T', x)%e 2R T, ")dx+||wt||2 )+||w(T/, .)||L2(,)}. (7.8)

Let us recall that, by Lemma 4.1, there exists some constant p; > 0 such that p(x) > p; for all x € I. Therefore we
have

R30(1)3e 2R < R30(1)3e 2R 0 ast—rpor T.

As a consequence, setting C = supp{y y3e 2RP1Y} 5 0, we have

393,2,—2Ro _ 2
//R 0372 dxdt < C||z|| )—C||w,||L2(w,p). (7.9)
’0
or
In order to complete the proof of (7.8), it remains to prove the following lemma:
Lemma 7.4. There exists some constant C > 0 such that
1 2 ,
// h3 e R dx dr < C—/m (77, x) e 2RT9 gy, (7.10)
’ VR
1

o
07

We omit the proof of Lemma 7.4 which is classical and we refer the reader to [22]. Using (7.9) and (7.10), we
obtain (7.8).

Step 5: estimate from below of Iy. The purpose of the step is to provide the following estimate: there exists a constant
C = C(T, ty) > 0 such that

/z(T’, )2 —2Ro(T".%) gy < Clo—l—C//z e 2R gx dt. (7.11)

1 0
@r

Since z(t, x)2e_2R”(”x) — Qast — ty fora.a. x € I, we can write

T/
, 0
/Z(T/,x)zesza(T ,X) dx = / a_t(/z(t,x)zezRo(t,x) dx) dt
1 to 1
= / / [2z2; — 2Roy2%)e 2R dx dt. (7.12)
o 1

First we estimate
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T’ T
1
277,62k dxdz‘://Z«/ROze_R‘r ze RO dx dt
/ / ' VRO
o 1 o I
T/
z 2R
g//(RGZZe_ZR”—i—R—'@e_ ") dxdt
o I
T/

g/RG(/(ze_R”)zdx> dt + Cly.
1

fo

With a proof similar to the proof of Lemma 7.3, we get

T’ T’
/ / 2zze 2R dx dr < C( / / RO(1 = x?) (22 + R?0%2%)e 2R dx dr + / / 2e 2R dx dr + 10>,

o 1 o 1 10

@r
so that,
-
f / 2720 2R dx dr < c<10 + / / e 2R gx dt>. (7.13)
o 1 wt]()

Next we estimate

T’ T’
/ / 2R|o;|22e R dx dr = / / 2R|6;| pze R dx di

o 1 1
T/
gc//R93/2|y|z2e—2R”dxdr<CIO, (7.14)

o I

where we used the fact that |6, (£)| = |[—40(t)*y (1)| < CO(1)>/2.
Eventually, (7.12) associated to (7.13) and (7.14) gives (7.11).

Step 6: conclusion. Using (7.11), (7.7) and next (7.8), there exists some constant C > 0 such that

/ 1 !’
/Z(T’,x)ze*””” ) dx < Cﬁ/hl(T’,x)zeZR”(T D+ Cllwl, o, +Clw(T". ) Fagy (15
1 1

On the other hand, let us recall that
z(T’, x) = w,(T’, x) = (pWy)yx (T’, x) + hl(T/, x) + hz(T’, x)+ hg(T’, x).
Therefore,

/hl(T/’x)Ze—ZRU(T’,x) dx < C(/Z(T/’x)Ze—ZRo(T’,x) dx +/|(,owx)x(T',x)|2e_2R"(T/’x) dx
1

1 I

+/h2(T/,_X)2€_2RU(T/’x)dx+fh3(T/,X)2e_2RJ(T/’X)dx)'
1 1
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Applying (7.15) to estimate the term [, z(T", x)2e 2RI gy we get

/ 1 /
/ (T, x) e dx < C(Tﬁ f (1) 000 d el o)+ (T ) [
1

+/h2(T/,x)2672R0(T/*x) dx+/h3(T/’x)2eszcr(T’,x) dx).
1 I
Choosing R large enough such that C/+/R = 1/2, we get

1 2 _ / 2
E/hl(TCx) o2Ro(T2) g <C(||w,||iz(w;0)+ Jw (T, ) [ Deay
I
—|—/h2(T/,x)ze—2R"(T/’x) dx+/h3(T’,x)ze_2R”(T/’x) dx). (7.16)
I I

Let us now estimate the two last terms of the right-hand side of (7.16). First we recall that |hs| = [rq2(B(u1) —
Bu2)| < [IrllLe®) DB IlL=r)lu1 — uzl. Therefore

/hz(T’, x)ze_ZRg(T,’x) dx<C / w(T’, x)ze_ZR“(T/’x) dx < C||w(T’, ) Hi2(1)' (7.17)
1 1
Next we write
|h3| = |eua)ualuz® — eu)uy |uy |
= |(e(u2) — e@u))ualuzl® + e (1) wa — un)lual® + e@ur (ual® — [ur )|
< &) oo gy 12 = wnllual* + llell ooyl — urlluaf?
+ llellzoeylun|lual — lur]|(jual® + lusur| + lui|?).
Recall that, thanks to Theorem 3.3, fori = 1,2, ||u; || L0, 1)x1) < C. Hence,
|h3] < Cluz — uy| + C|luz| — |ui|| < Cluz — uy].
We deduce
/hg(T’, x)%e 2R T gy < Clw (T, ) [F2. (7.18)
1

Finally, putting (7.17) and (7.18) into (7.16), we get
2 _ / 2
fhl(T/vx) e 2RI dx < C[”wf”iz(w’})) +[w(7"..) ”D(A)]'
1

On the other hand, R being now fixed, there exists some constant C; > 0 such that e~ 2Ra(T".x) > Cq > 0. So we can
write

fhl(T/, x)7e 2RI gy = / F(02]q1(x) — 2|2 Bur (T, x)) e 28T g
1 1
> CiriBilar — a2l
Hence

2
191 = 4217200, < ClIwAI, g0, + [(7" ) o)

which concludes the proof. O
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7.2. Proof of Lemma 7.1

Fora.a. (f,x) € (0, T) x I, we can write

ah . )
—(t, x
ot

< O(g1(x0) = q2(0) B(ur (1, 0)) |+ |r () (g1 () = q2(0)) B (w1 (1, ) )ur 1 (1, %)

< ooy 1) = 2@ 1Bl @y + 17l oy |01 () = @2 || B[] oo ey 11,6 2. ) .
Since ug € U, Corollary 3.1 implies that for a.a. (t,x) € (0, T) x I,
|M1,t(l,x)| < el nxn+hT nr
where N is defined by (3.6). Therefore
ohi ,
- (60| < Gola1 ) — @20,
for Cf:= I/ | Lo I Bll o) + 117l Lo @) 1B Il Lo ye I I @ 0+ DT N Since B satisfies B(-) > i, we get

oh C/
a—;(r,x) < ﬁ—f|q1<x) — 20| B (T, x)).

Finally, as for a.a. x € I, h{ (T', x) = r(T")(q1(x) — g2(x))Bu1(T’, x)), Lemma 7.1 is proved. O

7.3. Proof of Lemma 7.2

Let us first mention that the proof will require the following technical lemma, which is classical in the theory of
inverse problems (see [37]):

Lemma 7.5. There exists a positive constant C > 0 such that, for all z € LZ(QtTO),

T/
// /Z(r,x)dr

19 t
o7

2
e 2R gy dr < C//z(t,x)zesz“(t’x) dxdt.
0%

For the reader convenience, we give a short proof of this lemma later in Section 7.5. Now we are ready to proceed
with the proof of (7.5). Let us first estimate the term ff 0 h% le_ZR" dx dt. We recall that hy =rg2(B(u1) — B(uz)).
272,

Therefore

hay =r'qa(Bu1) — Bu2)) + rqaf (ui)ur, — rqap uz)uz,
=r'g(Bu1) — Bu2)) +rqaf (w)lur, —uz ]+ rq2(B (1) — B (u2))uz,
=r'g(Bu) — Bw2)) +rgaf )z + rqx (B (ur) — B (u2))uz,;.
Then,

/f h3 e 2R dx dt <3// r2g2(Buy) — Buz)) e 2R dx dr
o 0%
+3// r2q3 B (u1)*z2e R dx dt
o7
+3 / / a3 (B 1) — B ) u3 e 2R dx .
o
T
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Hence, using the fact that g, belongs to Qp and the assumptions on » and S (Assumption 1), we get

2 —2R 12 20 712 2 _—2R
//hz),e " dxdt <3| |y DB ||Lw(R)f/w 2R g iy
Qt}) Q’;)

2 _
+ 30717 D[ B | oo iy //zze 2Ro gy dt
of
30712 e gy D2 / / whid 2R dx dr.
of

Now, applying Corollary 3.1 to u3;, we have |uz ;| < C for some C > 0. Therefore, we obtain:

/ / h} e R dxdr < C( / / e R dxdr + / / wre ke dxdt), (7.19)

o o o
for some other constant C > 0.
Let us now estimate the second term fozo h% te’ZR” dxdt. We recall that h3 = e(up)uz|uz|® — e(uy)uylupl’.
073,
Therefore one has
3
h3 = uz, € W)uzluz|® — uy &' p)urlur P+ de(up)ua s |ua|> — e r)uy 4 luy |
3 3
= (uz, — u1,)€ wuzluzl® 4+ uy (' (u2) — &' (ur))uzluz|
3
Fup e @) o — uD)|ual + ur &’ @ur (Juzl® = fur )
3 3 3
+de(ua) (ua,e — ur uzl® +4(ewa) — e @) )ur luzl® + deur, (Jual® — |ur ).
Using the assumptions on ¢ and 8 (Assumption 1), we deduce
4 4
30l < luze = el |6 ooy 2l 1,1 K |z — | lu|
/ 3
+ |ul,l|H8 HLOO(R)|M2 - u1||u2|
2 2
4-|M1J|H8'”LmGRﬂM1|“u2|-|M1||0u2| + lua|fur| + u1]?)
3 3
+Mbhw®WnJ—MuHMI+4%WUWMW2—MMMHWN
2 2
+ 4lell ooyl o || luzl — [wr ]| (Jual? + luallur| + |uz2]?).

From Theorem 3.3 and Corollary 3.1, we know that the quantities |u1], |u2]|, |u1,| and |uz | are bounded. Therefore,
recalling that w =uy —up and z =u1, —u2,,

|h3,4] < Clzl + Clw| + C|lua| = |us || < Clz] + Clwl.

We finally get
/ / h} e R dxdt < C ( / / e R dxdr + / / wre 2R dx dt). (7.20)
0% oy o

Both in (7.19) and (7.20), we need to estimate the last term f f 0" w?e~2R? dx dt in order to conclude. In this purpose,
we write for a.a. (¢,x) € (tp, T) x I,
t t
w(t,x)=w(T' x)+ / wi(t,x)dt =w(T’, x) —i—/z(r,x) dr.
T’ T’

Then, applying Lemma 7.5 and coming back to (7.19) and (7.20), one achieves the proof of the expected esti-
mate (7.5). O
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7.4. Proof of Lemma 7.3
Let us recall the Hardy inequalities stated in [31, Theorem 3.10] that will be used here:

Theorem 7.1. Let a : [ =[—1, 1] — R be such that a € C'(I), a(—1) =0, a(1) = 0 and assume there exist a1, as €
(1, 2) such that
1 ! 1— !
+new -, U=ndx (721)
a(x) x—>—1,x>—1 a(x) x—>1,x<1
Let L1, Ly be given such that —1 < L1 < Ly < 1. Then there exists some constant C = C(a1, a2, L1, Ly) > 0 such
that, for all Z € L*>(I) satisfying \JaZ, € L>(I),

Ly

a(x) 2 2 / 2
/(1+x)2 1—x)2Z deC/a(x)Zxdx+C Z%dx. (7.22)
I Ly

Let us mention that the statement of Theorem 7.1 slightly differs from [31, Theorem 3.10] since it has been adapted
to the case of functions a(x) defined on [—1, 1] instead of [0, 1]. Typically Theorem 7.1 applies to functions a(x)
taking the form a(x) = (1 — x)*'(1 + x)*? with a1, oy € (1, 2). It cannot directly be applied to the present weight
function 1 — x2 = (1 — x)(1 — x) since the critical exponents o] = | and oy = 1 are not covered by Theorem 7.1.
Therefore we introduce some 71 € (1, 2) and we define a(x) = (1 — x)"(1 4+ x)" = (1 — x2)" for all x € [—1, 1]. This
function satisfies the assumptions required by Theorem 7.1. Besides we observe that any function z € V satisfies the
assumption y/azy € L2(I) since a(x) < (1 —x2) for all x € I (because 5 € (1, 2)). Therefore (7.22) leads to

Ly
a(x) 2 / 2 / 2
VZeV, ———  7°dx<C Z5d C | Zdx.
) (n2—mp s SC Jamzdet !
1 1 Ly

Since a(x) <1 —=x2and a(x)/(1 —x*)?=1/(1 —x?)?>7" > 1forall x € I, we finally obtain

VZeV, fzzdxgcfa —xz)zﬁdx+cfzzdx. (7.23)
I I 1)

Now we will apply (7.23) to Z(¢, -) = z(t, )~Re) fora.a. t € (0, T). First we check that, for a.a. r € (0, T), Z(z, )
belongs to V. Clearly we have Z(¢, -) € L2(I). Moreover one computes

Zy =2z R — Royze R =z.e7R7 — ROp ze RO, (7.24)

with

px(x) =—

P (X) 564 ()2
1—x2 '

We recall that p(x) = po(1 — x?) and |¢_(x)| < Cp(x). Thus there exists some constant C > 0 such that |p, (x)| <
CeS@+@)’ Since ¢, is bounded and S is fixed, it follows that |py(x)| < C for some other constant C > 0. As-
sociated to (7.24), we deduce that Z(t,) € V for a.a. t € (0,T). As a consequence, (7.23) can be applied to
Z(t,-) = z(t, )~ R and leads to

// e R dx dr < C/f(l —x?) (22 + R*0%piz?)e ke dxdt+C//z e 2R dx dr. (1.25)
07 07 op

Finally, since pf is bounded, we obtain the result claimed in Lemma 7.3. O
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7.5. Proof of Lemma 7.5
The idea is to split the domain of integration QtTO into (t9, T') x I and (T, T) x I so that the quantity 7’ — ¢ keeps

being positive or negative on each sub-domain.
First, we carry out the integration over (fp, T") x I. By a standard Cauchy—Schwarz argument, we write

// /z(f x)dt e—”““ Ddtdx < //(/ dr) (/Z(T,x)zdr>e_2R"(”x) dt dx
t

I 1 I 1o
T T
< (T—to)///z(r,x)ze_ZR”(”x)dtdtdx.
I to t
Using the Fubini—Tonelli Theorem, we also can write:
T T
(T — to)///z(r x)%e 2RO e dr dx = (T — to)//z(t x)2</ ~2Ro(t.x) dz) drdx.
I 1o t I 1o

Since the function 6 is decreasing on the interval (¢, T'), we get

T’ T T’
(T—to)/fz(r,x)2</e_2Ro(”x) dt) dtvdx <(T —t0)2//z(t,x)2e_2RU(”‘) dtdx.
1 1 fo

I 1

Eventually, we have shown that

f]

I 1

T’ ’

2
/Z(‘L’ x)dt

t

e 2R gp dx (T — 1)? / / 2(t, x)2e R o gx. (7.26)
I 1t
Next, we carry out the integration over (7', T) x I in a similar way and we get

T

/]

I 1

T/

/z(r x)dt

t

e—2R°<’ Vdtdx < (T — to) / / 2(t, x)%e R dr gy, (7.27)
1T
Finally, using (7.26) and (7.27), the proof of Lemma 7.5 is complete. O

Let us mention that Lemma 7.5 is a variant of standard lemmas used in inverse issues such as for example in [25]
with the difference that the present specific weight functions do not satisfy the same monotony hypotheses.

8. Proof related to Carleman estimates

In this section, our goal is to prove Theorem 4.2. Some part of the estimate (4.8) is already proved in [31] and, even
if we refer to [31] a few times, our proof is quite self-contained. In [31], the authors prove a Carleman inequality that
estimates the integrals of R33(1 —x2)z? and RO(1 —x?)z2. Let z € L% (1o, T; D(A))N H ' (to, T; L*>(I)) be a solution
of problem (4.7) and R > 0 be a positive number. As in [31], define w(z, x) := e R (¢, x) for a.a. (f, x) € Q[}).

First of all, observe that w satisfies P;'w +Prw= he R where

P;w = Royw + Rzpafw + (pwy )y,
Ppw=w; + R(pox)xw + 2Rpoxwy.

In [31], the authors prove that there exist two positive constants C; = C1 (7T, tp, ) and R} = R (T, tp, w) such that,
forall R > Ry,
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| PR wlyagn, + ||Pgw||iz(Q?)+f/ R393(1—x2)w2dxdt+// RO(1 — x*)wldxdr
o o
T T

< C1( / / h2e 2R dx dr + / / R30372¢72R0 dxdt). (8.1)
o7

10
@r

From this estimate, we aim at proving estimate (4.8) that concerns the variable z.

Step 1: Estimate offorO R3603(1 —xH)z2e 2R dx dt and foto RO(1 —x%)z2e™2R9 dx dt. Replacing w by ze K7,
T T
we immediately get from (8.1)

f/ R} (1 —x?)2e R dxdt < €y (// h*e R dx dt + f/ R0 dx dt). (8.2)

o7 o7 o

Moreover wy = —Royze R 4+ 7,7 R Therefore,
// RO(1—x?)zie 2R dxdt < 2// R*0*(1 — x?)p2z?e R dx dt + 2/[ RO(1—x*)widxdt.  (8.3)
oy oy o

Yet, for all x € 1, px(x) = —%es(q’*("))z. Using (4.5) and the fact that e5@+() i a bounded function on 7, there
exists C = C(T, ty, w) > 0 such that

// R262(1 — xz)pfzze_ZR" dxdt<C // R292(1 — xz)zze_ZR” dxdt.
o o
As there exists C = C(T, to) > 0 such that % < C63, we get
/ / R*0*(1—x*)piz*e R dxdt < C / f R0>(1 - x?)2e R dx dt, (8.4)
o o
choosing R large enough. As a conclusion, thanks to (8.1), (8.2), (8.3), (8.4) we have:
// RO(1 —x?)z2e 2R dx dr + // R0 (1 —x?)?e 2R dxat
o oy

< C( f / h2e 2R gx dt + / / R3937%2e2Re dxdt). (8.5)

07 wp
Step 2: Estimate of foro RO? ly|pz2e 2R dx dt. First, observe that:
T

Pjw=—4Ry07 pw + R%pow + (pwy)sx. (8.6)
We recall that

y@) =20 ifteftn,T'] and y@) <0 ifre[T,T].
As a consequence, we define:

¢:[to, T]— R
1 ift €[t, T,
t> ,
-1 ifre[T,T].
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Then, for all t € [tg, T], ¢(t)y (¢) = |y (¢)| and [¢(¢)| < 1. Multiplying (8.6) by g“@iw, we obtain
1oy 3002, p2pk. 209 i
04 Prww = —4R|y|02 pw” + R0 po;w” + (0% (pwy)xw.

Then, taking the integral over QtT0 and integrating by parts with respect to x in the last right-hand term,

3 2 1 +.0% ! 20450 2.2 1 )
ROZ|y|pw dxdt:—z ¢ Py w94wdxdt+1 R°03tpo;w dxdt—z 0% pwidxdt.
oy o oy

o7
Since |¢| < 1, it follows that
1 1 1
//R9%|y|pw2dxdt<2/ |P§Lw9%w|dxdt+Z//Rzékpaxzwzdxdt—i—Z//‘Q%pw}%dxdt.
oy o oy o

First, we have:

1 1 1 2 1 1
Z//’P;{wéﬂw dxdtggﬂP;wHLz(Q;)) + §//02w2dxdt.
—_—

o7 M o7
D
Moreover,
1 1
1// Rze%pafwzdxdtz Z/f RZQ%,O()(I —xz)pfwzdxdt
o 0%
2
[ Rt (0 o) e
4 po(1 —x2)
o7
C
<Z//R29§(1—x2)w2dxdz
of

using (4.5) and the fact that eS (@+()? is bounded on I. Therefore,

//R62|y|pw dxdt < 11+J2+—//R 07 (1 —x)?wdxds + — //Q%pwﬁdxdt.

1
o7

(8.7)

The term J; is estimated thanks to (8.1). As for J>, we need in a way, to make the weight 1 — x? appear. In this
purpose, we use the Hardy inequality (7.22) choosing a(x) = (1 — x2)*" with 1 < o* < 2. In this case, (7.22) becomes

L
1 2 2\ 52 2
/mz dxéC/(l—x) Zxdx—i-C de
I 1 Ly
Since (1 —x2)*" < (1 —x%) and 1/(1 —x2)>~%" > 1, it implies
Ly

/szx<C/(l—xz)Zfdx—i-C/szx.

I I L,

Therefore

1
JQ:Z//Q%wzdxdth//Q%(l —xz)widxdt—i—C//Q%wzdxdt.

) ) U
Or Or “’TO

(8.8)

(8.9)
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Then, using the definition of  and large parameter R, one can estimate the terms f f 00 9%(1 — xz)w% dxdt and
T

I g0 R203(1 — x)*wldxdi + 1 [f 00 ? i pw? dx dt of the right-hand side of (8.7) by the left-hand side of (8.1).
T T
To sum up, we have shown that

// R9%|y|pw2dx dt < (// h?e 2R dx dr —i—// R30372e 2R gx dt).
07 o7 op
Finally, coming back to z, we get:
/ / RO |y|pe RO dx dr < c( / / R2e™2R9 gy dr + / f R36372¢72R 4x dt). (8.10)
07 07 of
Step 3: Estimate of || f 0" %wtz dxdt. First of all, coming back to the definition of Pp w, we have:
Ppw=w; + R(pox)xw + 2Rpoxwy
=w; + R@(po(l — xz)px)xw + 2R0,00(1 — xz)pxwx.
Let us set, for all x € T, k(x) := po(1 — x2) pc(x). Then

Prw=w; + ROk, w +2R9,00(1 _xz)pxwx~

Therefore
Lw,——\/RQK w—2vR9p0(1—x2)p w Prw
- X x Wx .
v RO v RO

Note that «, and p, are bounded functions on I and ﬁ is bounded on [#g, T']. Hence, there exists C = C(T, tg, w)
such that, for R large enough

/ —wt dxdt < <//R9w dxdt+/fR0 (1—x2)*w?dxdi + | P w||L2(Q,0)>
<//R9w dxdt+//R9 (1—x*)widxdt + | Py wHLz(QfO)> (8.11)
since 0 < (1 —x2) <1

We then estimate [} 0" ROw? dx dt thanks to Hardy inequality (7.22), as we have done in the previous step in (8.8).
T
We have

//Rewzdxdt<C<// RO(1 —xz)widxdur//}eewzdxdt).
07 07 op

Finally, using (8.11) and (8.1), and taking R large, one has

1
f/ R—ewtzdxdt < C(T, to,ot)<f/ hre2Ro dxdt+// R3037%e2Re dxdt). (8.12)

07 07 of
At this step of the proof, we do not get the estimate of z; directly from (8.12) and we have to use the estimate of
Step 2.
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Step 4: Estimate offoto %z%e‘m" dx dt. Wehave: w; = z,e 89 — Ro,w. Then:
T

1 1 R%*0}
// — e R dxdr <2 // —w,zdxdt—i—// %
RO RO RO
0 00
T

0% o

w? dx dt). (8.13)

Since we have already estimated the term [} 00 Rigw,2 dx dt in (8.12), we just need to bound the second term in the
T

above right-hand side. For a.a. (t, x) € Q'TO, we have:

Roy(t, x) = RO (1) p(x) = —41?)/(t)9‘ST Hpx).
Then

RO
o o
where C = 16sup(t’x)€[to’T]X; |y ()| p(x). Hence, using (8.13), (8.12), (8.14) and (8.10), we get

1
/ f R—sze*m" dxdt < c< / / h2e™2R% dx dr + / / R3037%¢2R0 dxdt). (8.15)
o7

1 U
o7 op

R’0/ , 32292 3 2
//—’w dxdt:l6f/R97y p w dxdtéCf/R97|y|pw dxdt, (8.14)
07

Conclusion: 'We immediately deduce the expected Carleman estimate (4.8) from (8.2), (8.5), (8.10) and (8.15). O
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