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Abstract

We study the eigenvalue problem for positively homogeneous, of degree one, elliptic ODE on finite intervals and PDE on
balls. We establish the existence and completeness results for principal and higher eigenpairs, i.e., pairs of an eigenvalue and its
corresponding eigenfunction.
© 2012 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

1. Introduction

We consider the eigenvalue problem for fully nonlinear elliptic PDE

{ F(D2u, Du,u,x) 4+ pu=0 in 2,

1.1
u=>0 on 452, (1.1

where £2 is a bounded domain in RY, u:£2 — R and u € R represent the unknown function (eigenfunction) and
constant (eigenvalue), respectively, and F:SV x RY x R x £ — R is a given function, where SV denotes the space
of real symmetric N x N matrices.

Recently there has been much interest in eigenvalue problems for fully nonlinear PDE since the work of P.-L. Li-
ons [15]. See [3,13,4,18,1,17] for these developments. See also [2,8,12] for some earlier related works. In this regard,
most of work has been devoted to the questions concerning principal eigenvalues, while recent work by Esteban,
Felmer and Quaas [10] (see also [4]) has established the existence of other eigenvalues beyond the principal eigen-
values and of the corresponding eigenfunctions in the one-dimensional or the radially symmetric problem. In this
paper we extend the scope of the work of Esteban, Felmer and Quaas [10] to the eigenvalue problem set in the L?
framework.
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We thus study (1.1) in the one-dimensional or radially symmetric domains. That is, in what follows, we are con-
cerned with the case where £2 is an open interval (a, b), with —00 < a < b < 00, or an open ball Bg = Br(0) in RN
of radius R € (0, oo) with center at the origin.

We now introduce our basic assumptions (F1)—(F3) on the function F. Given constants A € (0, oo) and A € [X, oo],
P* denote the Pucci operators defined as the functions on SV given, respectively, by PY(M) = PT(M; 1, A) =
sup{tr AM: A e SN, My <A< Aly} and P~ (M) = —P*(—M), where Iy denotes the N x N identity matrix
and the relation, X < Y, is the standard order relation between X, Y € SV. Note that if N = 1 and A = oo, then
Pt (m)=Am form <0and P*(m) = oo for m > 0.

(F1) The function F': SN xRN xRx 2 —>Risa Carathéodory function, i.e., the function x — F(M, p,u, x) is
measurable for any (M, p,u) € SN x R¥*1 and the function (M, p,u)— F(M, p,u, x) is continuous for a.a.
x e S.

(F2) There exist constants A € (0, 00), A € [A, 00], g € [1, 0o] and functions 8, y € L9(§2) such that

F(My, pr,ui,x) — F(My, pa,uz, x) < PT(My — Ma) + B(x)|p1 — pa| + y (x)lus — uz]
for all (M1, p1,u1), (M2, pa,uz) € SN x RVt and a.a. x € 2.
(F3) F(tM,tp,tu,x)=tF(M, p,u,x) forallt >0, all (M, p,u) e SY¥ x R¥*! and a.a. x € 2.

Of course, if A =00 and M| £ M, then the inequality in condition (F2) is trivially satisfied.
We make an additional assumption in the multi-dimensional case.
(F4) The function F is radially symmetric in the sense that for any (m, [, q,u) € R* and a.a. r € (0, R), the function
w F(mw®a)+l(IN —w®a)),qw,u,ra))
is constant on the unit sphere SV 1 c RV Here and henceforth x ® x denotes the matrix in SV with the (i, j)

entry given by x;x; if x € RV,

We study the eigenvalue problem (1.1) in the Sobolev space w24 (£2). For any pair (i, ¢) € R x w21 (£2) which
satisfies the PDE in the almost everywhere sense and the boundary condition of (1.1) in the pointwise sense, we call
u and ¢ an eigenvalue and eigenfunction of (1.1), respectively, provided ¢ (x) s 0. We call such a pair an eigenpair
of (1.1).

We state our main results in this paper.

Theorem 1.1. Let N = 1 and §2 = (a, b), and assume that (F1), (F2), with A = oo, and (F3) hold. Then:

(i) For any n € N, there exist eigenpairs (W), o), (1, ,¢,) € R x W24(a,b) of (1.1) and finite sequences

+ —
(xnﬁj 7:0, (xn’j);f:O C [a, b] such that
—xt o< xt + < x -
a=x,g<X, < <X, =b a=x,,<x<<x,,=b,
i1 T + :
(=)ot (x) >0 m(xn’j_l,xn’j)forj=1,...,n,

(—1)j<p;(x) >0 in (xn_)jf],xn_’j)forjz 1,...,n.

(ii) The eigenpairs (w5, ;) and (1, , ¢, ) are complete in the sense that for any eigenpair (1, ¢) € R x W24 (a, b)
of (1.1), there exist n € N and 6 > 0 such that either (w, 9) = (w,}, 0@;") or (u, 9) = (w,, , 0@, ) holds.

For g € [1, o0], let Wr2 Y (Bg) denote the space of those functions ¢ € W>4(Bg) which are radially symmetric. We
may identify any function f in Wr2’q(BR) with a function g on [0, R] such that f(x) = g(|x]|) for a.a. x € Bg and we
employ the standard abuse of notation: f(x) = f(|x|) for x € Bg. We set A, =A/A and g, = N/(AN + 1 — X,) if
A < o0.Note that 0 < A, < 1 and g« € [1, N).

Theorem 1.2. Let N > 2 and §2 = Bg, and assume that (F1), (F2) with A < oo, (F3) and (F4) hold. Assume that
g > max{N/2, g} and that B € LN (BR) if ¢ < N. Then:
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@) For each n € N, there exist eigenpairs (,un , (pn) (1, 07) € R x W “9(Bp) of (1.1) and finite sequences
(r,. ,)'; _o C [0, R] such that

0=rJn<rII<-~ <r,fn=R, O:ro_n<r_l<---<rf =R,
(—l)j’lgon*(r)>0 (rn+ ,”/)for]—l
(=g, (r)>0 in(n’j_l, nﬁj)forjzl,...,n,
F(0) > 0> ¢, (0).

(ii) The eigenpairs (W}, ;F) and (i, ¢;F) are complete in the sense that for any eigenpair (i, ) € R x W2 “1(Bg)
of (1.1), there exist n € N and 6 > 0 such that either (w, 9) = (w,}, 0@,") or (u, 9) = (w,, , 0@, ) is valid.

A comparison of these results with those of [10] might be in order. The results above treat the same eigenvalue
problems as in [10]. The main differences are twofold: one is our weaker regularity assumptions on F' and the other is
in the method of proof. In the above results the regularity of F is imposed through (F1) and (F2), where the functions
B and y are assumed to be in some L9 space. We use here fairly elementary arguments to prove the existence of the
principal eigenvalues and the higher eigenvalues based, respectively, on the so-called inverse power method and on
the monotonicity on the domains of the eigenvalues.

Another feature of this article is this. Regarding the regularity hypotheses (F1) and (F2) on F in case N > 2, our
requirement on 8 in Theorem 1.2 is only that 8 € L9 (Bg)N LY (Bg). From the viewpoint of the existence of a solution,
this requirement seems relatively sharp in comparison with the known results [11,14,19,9,5,6]. See Theorem 7.5 in
this connection. We refer also to [16] for some recent results concerning regularity of axially symmetric solutions of
uniformly elliptic Hessian equations.

In general, condition (F4) on F is different from Eq. (1.1) being Hessian. Let N > 2. For simplicity of the argument,
we assume that F' depends only on M € SV . According to [20], the uniformly elliptic equation (1.1) is called Hessian
(cf. [7]) if the function F:SY — R is invariant under conjugation of the orthogonal matrices, i.e., F (0~'MQ) =
F(M) for all M € S¥ and Q € O(N), where O(N) denotes the group of orthogonal matrices of order N. This
condition is stated as F'(M) being a symmetric function of the eigenvalues of M.

Note that the eigenvalues of the matrix M = mo @ w + [(Iy — w @ w), with w €
If F(M) is a symmetric function of the eigenvalues of M, then

SN-Tand m,l € R, are m and [.

Fmo®o+I1(Iy —w®w), withoe SN andm,l R,

is a function of m, . That is, if (1.1) is Hessian, then F satisfies (F4).

If N =2, then any symmetric matrix M € SV can be represented as M = Ao @ w + Ay (I — w ® w), where Aq
and A, are the eigenvalues of M and w € S! is an eigenvector corresponding to A1, and therefore, we see that (1.1) is
Hessian if and only if F satisfies (F4).

However, if N > 3, then there are functions F' which satisfy (F4) but are not invariant under conjugation of the
matrices Q € O(N). For such an example see Appendix A.

The rest of this article is organized as follows. Section 2 is devoted to the study of the solvability of the Dirichlet
problem for fully nonlinear ODE on a finite interval as well as some estimates of solutions of fully nonlinear ODE. In
Section 3 we establish the existence of principal eigenpairs of fully nonlinear (homogeneous) ODE, and in Section 4
we present basic properties of eigenpairs of fully nonlinear ODE. Section 5 is devoted to completing the proof of one
of the main results, Theorem 1.1. In Section 6, we turn the multi-dimensional radially symmetric problem (1.1) into
one-dimensional problem. Section 7 collects several estimates on radial functions including the W>9 estimates of
radial solutions of fully nonlinear PDE. Section 8 is devoted to the proof of Theorem 1.2. In Appendix A, we give an
example of F' which satisfies (F1)—(F4) but is not invariant under conjugation of the orthogonal matrices when N > 3
(i.e., (1.1) is not a Hessian equation).

2. Solvability of the Dirichlet problem in one dimension

In this section we deal with the one-dimensional case and study the solvability of the Dirichlet problem
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F(u”,u',u,x):O in (a, b), 2.1
u(a) =u(b) =0, 2.2)

where «’ = du/dx and u” = d?u/dx?.

We assume throughout this section that (F1) and (F2), with ¢ = 1 and A = oo, hold. We thus use P*(m) to denote
Pi(m; A, 00) in this section.

In what follows, we use the following notation. For any function u € W>!(a, b), Ful(x) :== F (" (x),u’(x),
u(x),x) and P*[u](x) = PT (" (x)). In particular, we have F[0](x) = F(0,0,0, x). A function u € W>!(a, b) is
said to be a subsolution (resp., supersolution) of (2.1) if F[u](x) > 0 (resp., F[u](x) <0) a.e. in (a, b).

The following lemma is an adaptation of [10, Lemma 2.1].

Lemma 2.1. There is a function gr ‘R? x (a,b) > R such that for a.a. x € (a,b) and all (m, p,u) € R3, we have m =
gr(p,u,x) (resp., m < gr(p,u,x) orm > gr(p,u,x)) ifand only if F(m, p,u,x) =0 (resp., F(m, p,u,x) <0 or
F(m, p,u,x) > 0). The function gr satisfies

|gr(p1,u1, x) = gr(p2, uz, )| < A7H(B@)p1 — pal + v (0)|ur — ual)
forall (p1,u1), (p2,uz) € R2anda.a. x € (a, b). Moreover, we have

|gr(0,0,x)| <AT'|F(0,0,0,x)| foraa. x € (a,b).
Proof. Observe by (F1) and (F2) that for a.a. x € (a,b) and any (p,u) € RR?, the function m +— F(m, p,u, x) is
continuous on R and, if m, my € R and m| < m, then we have

F(mi, p,u,x) — F(ma, p,u, x) < A(my —my),
which implies that the function m +— F(m, p,u, x) is (strictly) increasing on R and has the range R. Hence, for
a.a. x € (a,b) and any (p,u) € R2, there exists a unique gr = gr(p,u, x) such that m = gr(p, u, x) (resp., m >
gr(p,u,x)orm < gr(p,u,x))if and only if F(m, p,u,x) =0 (resp., F(m, p,u,x) > 0or F(m, p,u,x) <0).

Next we check the Lipschitz property of the function gr :R? x (a,b) — R. Let (p1,u1), (p2, ur) € R? and set

gi=gr(pi,ui,x),withi =1,2.If g1 < g3, then, by (F2), we have

0= F(g1, p1,u1,x) — F(g2, p2, U2, x)

SAg1 — &)+ BX)Ip1 — pal +y (O)|uy —uz| foraa. x € (a,b),

which ensures the required Lipschitz property of gr. Moreover, for a.a. x € (a, b), we get similarly to the above,

F(0,0,0,x) <—Agr(0,0,x) if gr(0,0,x) >0,
and

—F(0,0,0,x) <Agr(0,0,x) otherwise,
and we have |gr (0,0, x)| < A_IIF(O, 0,0,x)| fora.a. x € (a,b). O

Let gr be the function from Lemma 2.1. It is clear that (2.1) is equivalent to the ordinary differential equation
(ODE for short) of the normal form

u"(x)=gr (u/(x), u(x), x) in (a, b). (2.3)

Together with this observation and Lemma 2.1, the standard theory of ODE guarantees the existence of a solution to
the Cauchy problem for (2.1) as stated in the following.

Theorem 2.2. Let o1,a2 € R and ¢ € [a, b]. Assume that the function F[0] € L'(a, b). Then there exists a unique
solution u € W2 (a, b) of (2.1) satisfying u(c) = ay and u'(c) = ao.
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We remark that the mapping (o1, @2) — u from R2 to C([a, b)) is continuous, where u is the solution of (2.1)
given by the above theorem. We omit here giving the proof of the above theorem and this remark on the continuous
dependence of the solution of (2.1).

In what follows, given a function f on [a, b], we denote by f4 and f_ the functions x — max{f(x), 0} and
x — max{— f (x), 0}, respectively.

Lemma 2.3. Let c € [a,b], f € L! (a,b) and u € w21 (a, b). Assume that
' (x) + B )|+ f(x) =0 aa x€(a,b).

Then we have

X

(u')_(x) < (1) _(0) exp( /A‘lﬁ(r) dr)

c
X X

+fr1f+(r)exp< /A_lﬂ(t)dt) dr forall x €[c,b], (2.4)

() () < (), (c) exp< /rlﬁ(r) dr)

X
c r

+/A‘f+(r)exp< /A',B(t)dt) dr forall x €a,c], (2.5)
and, ifu(a) <0and u(b) <0,
r[zl%’]"" S - a)exp(H)”_IﬁHLl(a,b)) ”)‘_1f+ ”Ll(a,b)' (2.6)

To see the role of the above lemma in the context of (2.1), it is worth noting that, if f(x) > 0, the inequality
'’ (x) + Bx)|u' (x)] + f(x) = 0is equivalent to the inequality P [u](x) + Blu’(x)| + f(x) > 0.

The assertion (2.6) can be regarded as a weak version of the Aleksandrov—Bakelman—Pucci maximum principle.

In the following arguments, we use the fact that if f is absolutely continuous on [a, b], then f, and f_ are
absolutely continuous on [a, b] and, for a.a. x € (a, b),

(fP'()=f'(x) and (f2)(x)=0 if f(x)>0,
(fP'(0)=0 and (f2)')=—f"(x) if f(x) <0,
(fP' ) =()(x)=0 if f£(x)=0.

Proof of Lemma 2.3. We write ,3 and f for A=!4 and A~ f, respectively. Setting v = (u')_ and w = ('), we
observe that v’ < ﬂv + f+ and w' > ,Bw — f+ a.e.in (a, b). Hence, (2.4) and (2.5) are consequences of Gronwall’s
inequality.

For the proof of (2.6), we may assume that maxy, ;) # > 0. We may moreover assume by replacing the interval
[a, b] by a smaller interval that u(x) > 0 for all x € (a, b). We choose a point c in (a, b) so that u(c) = maxq p)u,
and apply (2.5), to obtain
mav]c(u/)Jr <exp(I1B121 @) 1+ L1 @0

la,c

and moreover

Cc c

u(e) <u(e) — ula) —/u/(r)dr < /(u’)+<r>dr <& —a)exp(1B1 L1 am) I 110

which completes the proof. O
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Letu,v e W! (a, b), and observe that for a.a. x € (a, b),
Flul(x) = F[u](x) < PFu = v](x) + )|’ (x) = v/ ()| +y () |ux) — v (). @7
Henceforth we fix any « > 0, and define the function F, on R3 x (a,b) by
Fe(m,p,u,x)=F(m, p,u,x)—Ku.
As above, for any u, v € w2l (a,b) and a.a. x € (a, b), we have
Felul(x) = Fe[v]() < PFu = v](x) + B0)[u’ () — v/ ()]
+ (y(x) — K)+(u(x) — v(x)) if u(x) > v(x). (2.8)
We set
o =0 = (b—a)exp(h Bl am) 27 @ = O L1 (2.9)
and note that lim,_, 5, 0 = 0.
The following comparison principle holds for (2.1).
Theorem 2.4. Let f, g € LYa,b) and u,v e W*(a, b). Assume that o, < 1, u(x) < v(x) forx =a, b, and
Fe[vl(x) + g(x) < Felul(x) + f(x) fora.a. x € (a,b).
Then

—a
max(u —v) <
S (1—0y)

exp(”kilﬂ HL] (a,b)) ||)L71 (f - g)+ ||L'(u,b)'

Proof. Set w =u — v. As in the proof of Lemma 2.3, we may assume that maxj, ) w > 0 and w(x) > 0 in (a, b).
By (2.8), we get for a.a. x € (a, b),

PT[w](x) + BO0)|w' ()] + (¥ (x) = k) ,w(x) + (f — )+ (x) >0.
Applying Lemma 2.3 yields

maxw < (b =) exp(IBllL10.n) [+ (7 =040+ (F = ©)+) | 1101y

where /§ = A~!B. Hence, we get

maxw < o maxw + (b —a) exp(BI L1 am) 127 = @+l 110y

from which we easily obtain the desired bound on max, pyw. O
A simple consequence of the above theorem is the following.

Corollary 2.5. Let u € w21 (a,b) and v € w1 (a, b) be, respectively, a subsolution and a supersolution of (2.1),
with F replaced by Fy. Assume o, < 1. Ifu(x) < v(x) forx =a,b, then u(x) < v(x) forall x € [a, b].

Next, we state and prove a strong comparison principle for (2.1).

Theorem 2.6. Let u, v € Wz’l(a, b) satisfy
Flv](x) < Flul(x) fora.a.x € (a,b)

and u(x) < v(x) in [a, b]. Then either u(x) = v(x) or u(x) < v(x) holds in (a, b). Furthermore if u(x) < v(x) in
(a,b), then

max{(v —u)(a), (v —u)(a)} >0 and max{(v —u)(b), —(v—uw)(b)} > 0.
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Proof. Set w = v — u and observe that
P [w]— ﬂ|w’| —yw<0 ae.in(a,b).

It is enough to show that if either max{w(a), w’(a)} < 0, or max{w(b), —w’(h)} < 0, or w(c) = 0 for some
¢ € (a,b), then w(x) =0 in [a,b]. Moreover, it is enough to show that if either max{w(a), w'(a)} < 0 or
max{w(b), —w'(b)} < 0, then w(x) =0 in [a, b]. Indeed, observing that if w(c) = 0 for some ¢ € (a, b), then
w(c) = w'(c) = 0 and applying the above assertion in the intervals [a, ¢] and [c, b], we deduce that w(x) =0 in
both of two intervals [a, ¢] and [c, b].

We consider the case where w(a) < 0 and w’(a) < 0. Since w > 0 in [a, b], we have indeed w(a) = w'(a) =
Since z := —w satisfies PT[z] + B|z/| + yw > 0 a.e. in [a, b], we deduce from Lemma 2.3 that for all r € [a, b],

r

(wl)+(i’) < exp(”:é”Ll(a,b)) / y@®w(t)dr,

a

where /§ = A_I,B and y = A_ly. Integrating this over [a, x], we get for x € [a, b],

X

X r
we) <exp(1Bli0) [ o [POWOE < G- Dexp(1Blp) [ FOuw
a a a
From this, using Gronwall’s inequality, we see that w(x) =0 in [a, b].
An argument parallel to the above ensures that if max{w(b), —w’(b)} =0, then w(x) =01in [a,b]. O

Theorem 2.7. Let k € [0, 00). Assume that F[0] € L' (a, b) and o, < 1, where o, is the constant defined by (2.9). Then
there is a unique solution u € W2l(a, b) of the Dirichlet problem (2.1) and (2.2), with Fy in place of F. Moreover; if
B,y, F[0] € L1(a, b) for some q € (1, 00], then u € W24 (a, b).

Proof. The uniqueness assertion is a direct consequence of Corollary 2.5. It is thus enough to show the existence of a
solution in W2!(a, b) of (2.1) and (2.2), with F, in place of F.

For any d € R, we denote by u(x; a, d) the unique solution in W2(a, b) of the Cauchy problem for (2.1), with F
in place of F, satisfying the initial condition (u(a; a,d), u'(a; a,d)) = (0,d), where u'(x; a,d) := du(x;a,d)/dx.
As we have remarked after Theorem 2.2, we know that the function d — u(b; a, d) is continuous from R to R.

Let di, d> € R be such that d; > dj. Set w(x) =u(x;a,d;) —u(x;a,dy) for x € [a, b]. Since w € C!([a, b]) and
w'(a) =dy — dy > 0, there is a point ¢ € (a, b] such that w’(x) > 0 for all (a, c].

Fix such a point ¢ € (a, b]. Noting that w’(x) > 0 and w(x) > 0 for all x € (a,c] and P*[w] + Blw'| + (y —
k)+w =0 a.e.in (a, ¢), we find by Lemma 2.3 that for all x € [a, c],

di —dy = (w') (a) < (w (x)+w(x)f NIGETIN t) (2.10)

Where é = ||)‘71:3”L1(a,b)'
We show that w’(x) > 0 for all x € [a, b]. Indeed, if this is not the case, there is a point e € (a, b] such that
w’(e) =0 and w'(x) > 0 for all x € [a, ¢). Using Lemma 2.3 again, we get for all x € [a, e],

w'(x) <e w(e)/ (y() —«) di=e Buey|a "y — O+ 11 (2.11)

Integrating (2.11) over (a, e), we get w(e) < o, w(e), which yields w(e) < 0. This is a contradiction, and we conclude
that w’(x) > O for all x € [a, b], which shows that (2.10) holds with ¢ = b. Integrating (2.10) over (a, b), we get
(b—a)di —d>) <Pw®) (1 4+ G =) |2 & =) | 110 p)-
That is,
(b—a)(d) — do)

u(b;a,dy) —u(b;a,dy) > — .
B+ -a) A1y —)tllLi@p)
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This strict monotonicity and the continuity of the function d +— u(b; a, d) guarantee that there is a unique d, € R such
that u(b; a, d) = 0. The function u(x; a, dy) of x is a solution of (2.1) and (2.2), with F in place of F.

Now, we assume that 8, y, F[0] € L9(a, b) for some g € (1, oo]. Observe by (F2) that both ¢ = u and ¢ = —u
satisfy

A" (x) + B¢ )|+ (¥ (x) + k) |e)| + |FI0](x)| >0 fora.a.x € (a,b).
Hence,
|u” )| < AHBE|u' )|+ (y ) + 1) [u)| + | FIOI(x)|)  foraa. x € (a, b).

Noting that u € C'([a, b]), we conclude that u” € L9 (a, b) and, accordingly, u € W>4(a,b). O

Remark 2.8. The same assertion as Theorem 2.7 concerning the existence, uniqueness and regularity of solutions u €
W21(a, b) of the Dirichlet problem for (2.1) is valid under the general boundary condition u(a) = d; and u(b) = d»,
where dj, d» € R are any given constants. Indeed, one can prove this assertion in the same fashion as in the proof
above.

3. Principal eigenvalues in one dimension

This section is devoted to the existence of principal eigenpairs of (1.1) in one dimension under hypotheses (F1)-
(F3).

Throughout this section we assume that N = 1, £2 = (a, b), where —oo < a < b < 00, and (F1), (F2) with A = co
and (F3) hold. We remark that, by assumption (F3), we have F[0] = 0.

We fix a constant « > 0 so that

o=o,:=(b —a)exp(||)fl,6||L1(a’b))||)f](y —I()+||L|(a’b) <1, (3.1)

and, as before, set Fi.(m, p,u, x) := F(m, p,u, x) — «ku. We consider the eigenvalue problem

{FK(u”,u’,u,x)—{—vu:O in (a, b), 3.2)

u(a) = u(b) =0.

We prove here the following proposition, which is obviously a special case (i.e., the case n = 1) of Theorem 1.1.

Theorem 3.1. There exist eigenpairs (v, o1), W™, 97) € R x W>9(a,b) of (3.2) such that ¢*(x) > 0 and
¢~ (x) <0in (a,b).

The constants v and v~ in the above theorem are called, respectively, the positive and negative principal eigenval-
ues of (3.2). The functions ¢+ and ¢~ are called, respectively, positive and negative principal eigenfunctions of (3.2).
Similarly, the pairs (v, ¢ ™) and (v, ¢ ™) are called, respectively, positive and negative principal eigenpairs of (3.2).

Let f € L9(a, b), and we consider the Dirichlet problem

{ Fe(u",u',u',x)+ f=0 in(a,b),

u(a) =u)=0. (3-3)

Set F(m, p,u,x) = F.m, p,u,x) — f(x). Then it is easily seen that F satisfies (F1), (F2) and I:"[O] € L9(a,b).
Hence, according to Theorem 2.7, there is a unique solution u € W2 (q, b) of (3.3). We introduce the solution map-
ping T : L(a,b) - W>4(a,b) by Tf =u.

Basic properties of the map T are stated in the following lemma.

Lemma 3.2.
(i) The map T is positively homogeneous of degree one, i.e., T(sf) =sTf forall s > 0and f € L1(a,b).

@Gi) If f € L9(a,b) and f(x) > 0 for a.a. x € (a,b), then (Tf)(x) = 0 in [a, b). Furthermore, if f %0, then
(TH(x)>0in (a,b), (Tf) (a)>0and (Tf) (b) <O.
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(iii) There is a constant C > 0, depending only on b — a, «, A, |BllLa@,p) and |y L4 (a,p), such that
ITf —Tgllw2aap <CIf —gllLa@p forall f,geLi(a,b). (3.4)

Proof. Let f € L9(a, b). By assumption (F3), we see that sTf, with s > 0, is a solution of (3.3) with f replaced
by sf, which tells us that sT f = T (sf), proving the homogeneity of T'.

Suppose that f is a nonnegative function. We observe by (F3) that v = 0 is a subsolution of F,[v]+ f =0 in
(a, b). Theorem 2.4 tells us that Tf(x) > 0 in [a, b]. In the case where f(x) £ 0, we have (T f)(x) % 0. Hence, we
find by Theorem 2.6 (or the uniqueness assertion of Theorem 2.2) that u(x) > 0 in (a, b), u’(a) > 0 and u’(b) < O.

Let f,ge€ L9(a,b) andsetu =T f — Tg. By Theorem 2.4 we have

l
b-a’

et
I = e <

el Looa,py < ”)‘ "S- g)”Lq(a by’

1 —
where B = ||)F1,BI|L1(a’b). Both of the functions ¢ = u and ¢ = —u satisfy
"+ Bl¢' |+ +lpl+1f —gl =0 ae.in(a,b). (3.5)
Hence, noting that u’(c) = 0 for some ¢ € (a, b) and applying (2.4) and (2.5) of Lemma 2.3, we get
1
”“ ||L°°(a b X {”)‘ % +K)||Ll(a b)””||L°°(a b+ ”)L (f = g)”Ll(a b)}
Finally, we observe by (3.5) that

||u//”Lq(a,,,) <A BN e |u’ ||Lo<:(a’h) + Y +xlla@pmllulliLo@s + 11 f — glLa@n))
proving (3.4). O

Next we define

X:=|{feCla,b)): fla)=fB)=0, f'(@)>0, f'(b) <0, f(x)>0in (a,b)},

and observe by Lemma 3.2 that Tf € X if f € X. We introduce the mapping R from X to the functions on [a, b] as
follows:

IO ifx e (a,b),

S
Rf(x):= oy
L ifx=a,b.
It follows from the homogeneity of T that for each t > 0 and f € X,
R(tf)(x)=Rf(x) forallx €[a,b]. (3.6)

Lemma 3.3.

(i) Forany f € X, we have Rf € C([a, b]) and

0< min Rf(x)= inf Tf(x) sup LACON
x€la,b] xe(a,b) f(x) xe(a’b) f(x) xe[ab

X Rf(x) < oo.

(i) The map R:X — C([a, b)) is continuous, provided that X is equipped with the C'([a, b)) topology.

Proof. Since f, Tf € X, I'Hopital’s rule tells us that Rf is continuous at a and b, and thus Rf € C([a, b]). It is then
clear that the other assertions of (i) hold.

Next we prove the continuity of R. Let ¥ denote the function on (a, b) given by ¥ (x) = (x —a) "' (b — x)~ L
Note that 0 < inf, <y <p ¥ (x) f(x) < oo for any f € X. Note also that for any function f € C 1([a, b]) satisfying

fla)=f(b)=0,
v [ 1 @0ldr
Y ) [21f @)l de

a) ”f/”Loc(a,h) fora<x <(a+ b)/Z,
Il f'llLo@py for (a+b)/2<x <b.

//\ //\

[ (x) f(0)] <

—a)
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Using these observations, we compute that for any f, g € X and x € (a, b),

lg()(Tf(x) —Tgx))+ (g(x) — f(x)Tg(x)|
F(x)g(x)
||g 2o @) I(Tf —Tg) lLo@by + I1(f — &) llLow@m (T8 | L(a.b)
(b —a)?infp Y2 fg ’
From this we see that R: X — C([a, b]) is continuous. O

|Rf (x) — Rg(x)| =

\

Lemma3.4. Let f € X andu=Tf. Then

min Rf < min Ry < max Ru < max Rf.
la,b] la,b] [a,b] [a,b]

Moreover, if miny, p) Rf = ming, p) Ru, then

Tu(x)= (Eln}g Rf)u(x) for every x € [a, b].

Proof. Set v =Twu and 6 = miny, ;) Rf. Since 0f (x) < u(x) for all x € [a, b], the function v is a supersolution
of (3.3), with f replaced by 6f. By the homogeneity of F,, the function fu is a solution of (3.3), with f replaced
by 6f. By Theorem 2.4, we get fu < v in [a, b], which yields minjq ;) Rf =6 < min(, ;) Ru. In a similar fashion one
can prove that maxy, ) Ru < max, p) Rf.

Now, we assume that minj, 5 Rf = minq, ) Ru. Setting 6 = miny, ;) Rf, we note that 6f < u in [a, b] and
Felvl=—u < —0f = F[0u] a.e. in (a, b). By Theorem 2.6, we have either u(x) = v(x) in [a, b], or else Ou(x) <
v(x) in (a, b), v'(a) > Ou’(a) > 0 and v'(b) < Ou’(b) < 0. If the latter is the case, then we have 6 < minf, p) Ru,
which is a contradiction. Thus we must have u = v in [a,b]. O

Proof of Theorem 3.1. Fix fy € X so that || follc(a,b)) = 1, and define the sequences (ux)ken, (fi)keny C X and
(Mp)ken by setting inductively uy := T fr—1, My := max[q pj ux and fi(x) := ur(x)/My for k € N. Then set 6y :=
min, ] Rug and Oy := max[q p] Rug. From (3.6) and Lemma 3.4, we obtain 6y < Ok41 < Or41 < O. Hence, the
sequence (fx)keN 1s convergent. We set 0 := limy_, o k.

Since || fkllc(a,p)) = 1, the sequence (uy) is bounded in W24 (a, b) thanks to (3.4). Hence, by the Ascoli—Arzela
theorem, (uj) has a subsequence (ukj) converging to a nonnegative function u in Cl([a, b]). Since R fr(x) =
Rup(x) =up4+1(x)/ fr(x) for all x € (a, b), we have

Ok fx (x) Sugy1(x) < O fr(x) forall x € [a, b]. 3.7
Since || fxllc(ra,p)) = 1, we therefore get 6y < maxyg,p]uk+1 = Mi+1 < O. Noting that fkj (x) = M,;lukj (x), we see
that, as j — oo, fkj — f = (maxy pu)” Ly in C! ([a, b]). By Lemma 3.2, we see that the sequence (Tfkj) converges
to Tf in C'([a, b)), which reads that (uk;+1) converges to T f in Cl(la, b]). Setting v := T f, by Lemma 3.3, we thus
obtain

min Rv = lim min Ruk 4= hm Qk +1=0. (3.8)
[a,b] j—oola,b]

Since RTu;+1=RT f;+1 = Ruk~+2, we obtain as above

min RTv = lim min Ruk +2=0. (3.9
la,b] j—oola,b]
Consequently, by Lemma 3.4, we get Tv(x) = 6v(x) in [a, b], which implies that v is a solution of (3.2) with v = -1
The pair (vt, 1) = (07!, v) is an eigenpair of (3.2) satisfying ¢+ (x) > 0 for all x € (a, b).

Note that the function G(m, p, u, x) := —F(—m, —p, —u, x) satisfies (F1)-(F3), with the same constants A, A =
oo and functions B, y. If we define the function G, by the formula G, (m, p,u, x) = G(m, p,u, x) — ku, then we
have G, (m, p,u,x) = —F.(—m, —p, —u, x). Observe also that u € Wz'q(a, b) satisfies F;[u]+vu =0a.e.in (a, b)
if and only if v := —u satisfies G,[v] 4+ vv =0 a.e. in (a, b). We apply the previous observation on the existence of an
eigenpair of (3.2) to the eigenvalue problem (3.2), with G, in place of F,, to find an eigenpair (v—, ¢ ~) of (3.2), with
G, in place of F, such that ¢~ (x) > O for all x € (a, b). If we put ¢~ (x) = —¢~ (x), then (1™, ¢ ) is an eigenpair
of (3.2) such that ¢~ (x) <O forall x € (a,b). O
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Remark 3.5. The above proof is based on the so-called inverse power method. Indeed, combining the above proof
with the uniqueness result of the principal eigenpairs, Theorem 4.1, we see easily that the sequences (6x) and (O)
converge to the constant @ and (f;) converges to the function f in C(£2). Moreover, it is not hard to see that the
positive principal eigenvalue is given by the formula minex Sup, ¢, ) S (x)/ T f (x).

4. Basic properties of principal eigenpairs in one dimension

In this section we study basic properties, like uniqueness and dependence on intervals £2, of principal eigenpairs
of (1.1) in one dimension.

As in the previous section, we assume throughout this section that N = 1, £2 = (a, b) for some —0co <a < b < 00,
and (F1)—(F3) hold with A = co.

Let (™, ¢™) and (u™, ¢ ) denote eigenpairs of (1.1) such that ¢+ (x) > 0 and ¢~ (x) < 0 for all x € (a, b). The
existence of such eigenpairs has been established in Theorem 3.1.

Theorem 4.1. If (1, ¢) € R x W>4(a, b) is an eigenpair of (1.1) such that ¢(x) > 0 (resp., ¢(x) < 0) for all x €
(a, b), then there exists a constant 6 > 0 such that (i, @) = (™, 0¢™) (resp. (10, @) = (L=, 0¢7)).

The above theorem says that the principal eigenvalues ©* and w™ are unique and “half simple”.

Proof. Let (u,¢) € R x W24 (a, b) be an eigenpair of (1.1) such that either ¢ > 0 or ¢ < 0 in (a, b). The assertion
with a nonpositive ¢ can be reduced to that of with a nonnegative ¢ by replacing the functions ¢, ¢ and F by the
functions —¢~, —¢ and —F (—m, —p, —u, x), respectively. We may thus assume that ¢ > 0 in (a, b).

Using Theorem 2.6, we compare the functions ¢ and ¢ with the constant function zero, to find that ¢ (x) > 0
and ¢(x) > 01in (a, b), (¢ (a) >0, ¢'(a) > 0, (¢ (b) <0 and ¢’ (b) < 0.

To prove that 4™ = u, we suppose that u # u, and obtain a contradiction. By symmetry, we may assume that
wt < . Now, if we set 6 = inf(,,) /@™, then 0 <6 < 0o and ¢ > 0™ in [a, b]. Since utp < py in (a, b), we
have

Flol+uTo < Flpl+up=0=F[0pT]|+pn"(0¢T) ae.in(a,b).

In particular, we have ¢(x) # 08¢ (x) in [a, b]. Applying Theorem 2.6 again, we see that ¢(x) > 8¢™ (x) for all
x € (a,b), ¢'(a) > 0(¢p") (a) and ¢'(b) < O(p™)/(b). But this tells us that 6 < inf, ) ¢/@ ™, which contradicts the
definition of 6.

Having shown that 1" = u, if we suppose that ¢ # 0™ and repeat the same argument as above, then we get a
contradiction, which guarantees that ¢ =6¢™. O

For any nonempty subinterval [s, #] C [a, b], we denote by wh(s,t) and (s, 1), respectively, the positive and
negative principal eigenvalues of the eigenvalue problem (1.1), with £ = (s, ). Such positive and negative principal
eigenvalues ™" (s, 1), = (s, t) exist and are unique due to Theorems 3.1 and 4.1.

Theorem 4.2.

() Let [s1,11] and [s2,t2] be nonempty subintervals of [a,b] such that [sy,t2] C [s1,t1]. Then ut(s1,t) <
wt(s2, 1) and = (s1, 1) < = (52, 12).
(ii) The functions u*(s,t) and ™ (s, t) are continuous in {(s,t) € R a<s<t< b}.
(iil) The functions ut (s, t) and = (s, t) diverge to infinity uniformly as t — s — 0, that is,

lim inf{u®(s,0), n " (s.,0): a<s<t<b, t —s <&} =o00. 4.1)
e—>0+

Proof. As before, we only prove the assertion for ™ (s, t).

We first prove the assertion (i). Let [s1, #1] and [s7, #2] be two intervals such that [a, b] D [s1, 1] 2 [s2, 12] # @. Set
w1 =T (s1,01) and po = T (s2, ). Let g1 € Wz’q(s1, t1) and @ € wZa (s2, 1) be eigenfunctions corresponding to
w1 and o, respectively, such that ; (x) > 0 for x € (s;, #;) and i = 1, 2. Setting 6 = inf(y, ;,) ¢1/¢2, we observe that
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@1 = O0¢o in [s2, 1p]. Observe also by the definition of 6 that if we set u(x) := ¢1(x) — 08¢z (x) for x € [s2, 12], then
we have either u(xg) = 0 for some xg € (52, 12), or u’(s3) = 0, or u’(t2) = 0. Suppose by contradiction that wy < u.
As in the proof of Theorem 4.1, since pa@; < wi@q in (s2,1), we have Flo1] + pa@; < 0= F[0p] + u0¢; ae.
in (s2, ). By Theorem 2.6, we deduce that ¢;(x) = 8¢, (x) in (s2, 1), but this is impossible since we have either
©1(s2) > @2(s2) =0 or @1 (12) > @(t2) = 0. We therefore conclude that i (s2, 12) > ut(s1, 7).

Next we turn to (ii). Consider two sequences (s;) jeN, (¢j) jen C [a, b] such that s; < ¢; and so :=1lim; 0 5; <
fo:=lim;_,t;. Foreach j e N, let (1}, ;) be an eigenpair associated with the interval (s}, ;) satisfying ¢; > 0 in
(sj,1;). Moreover, we may suppose that maxjy 19 = 1. Let ¢ € w24 (s0, fo) be the eigenfunction associated with
the interval (s, fo) and the eigenvalue o := 0™ (50, fo) such that ¢o(x) > 0 for all x € (so, t9) and max[s, ] 9o = 1.

We intend to show that the eigenpairs (u;, ¢;) converge to the eigenpair (10, ¢o) in the sense that, as j — oo,
maxy; l¢;j — ol + |nj — ol — 0, where

Ij = {[so, t0] N [sj, t;] = [max{so, s}, min{z, tj}].

To this end, we argue by contradiction and assume that this is not the case. We may choose a subsequence of
(nj, ¥j)jen so that the infimum over the subsequence of the quantities maxy; [¢; — @ol + |ij — pol is positive. For
notational simplicity, we denote this subsequence by the same symbol.

Fix constants ¢ and 7 so that so < ¢ < n < fn. We may assume by focusing our attention to sufficiently large j
thats; < ¢ < n < t;. In particular, we have [¢, n] C [sj,7;]1 C [a, b and u* (¢, 1) = uj > u* (a, b), which shows that
the sequence (1 ;) is bounded. We may therefore assume by passing again to a subsequence if necessary that (i ;)
converges to a constant /.

We fix k¥ > 0 asin Section 3 so that (3.1) holds. If we define F). as in Section 3, then we have Fi[¢;]+(k +uj)e; =
O a.e.in (s, ;). According to (iii) of Lemma 3.2, there is a constant Cy > 0, independent of j, such that

9 llw2a 5,0y < Colie + 1 1) Ikl oo (om0 = Colk + [uF @, )| + [uF @, m)]).
Using the Ascoli-Arzela theorem, we may assume that (¢;) converges to a nonnegative function ¢ € C([so, 10]) in

the sense that maxy; |¢; — ¢| — 0 as j — oco. Moreover, it is easily seen that max(, ¢ = 1.

Now, in view of Theorem 2.7, let ¢ € w24 (so, fo) be the solution of the Dirichlet problem F,[{] + (k + u)p =0
a.e. in (so, fp) and ¥ (sg) = ¥ (tp) =0. Set d; = maxgy; Yande; = maxyy; ¢;. Note here that d/; consists of exactly
two points max{so, s;} and min{to, ¢;} for j € N. Observe that for each j, the function u(x) := ¥ (x) — d; satisfies
u|31j <0and

0=Fc[¥]+ &+ e = Fclu+dj]+ &+ e
< Felul+djy +(k +w)e ae.inl;.
Apply Theorem 2.4 to the functions u and ¢;, to find a constant C; > 0, independent of j, such that
fllla}x(l/f —9))<dj+Ci|djy +xlo — pjl + |lng — MjfijHLq(,j)-
J
Similarly, we obtain

max(p; —¥) <e; +Cillejy +xle =0l + e — @il 1
J

These inequalities show in the limit as j — oo that ¥ = ¢ in [so, fo]. Thus, the pair (u, ¢) is an eigenpair of (1.1),
¢ 2 0 in [so, fo] and max[, ;9 = 1. Theorem 4.1 ensures that (i, ¢) = (1o, o). This is a contradiction, which
proves that the eigenpairs (i, ¢ ;) converge to the eigenpair (140, ¢o) in the sense that, as j — 0o, maxy; [¢; — ¢o| +
|j — ol — 0. In particular, we see that i ; — 1o as j — oo, proving the continuity of (s, ) wr(s, ).

Finally we prove the assertion (iii). Let (u, ¢) be an eigenpair of (1.1) with £ = (s, 1), where a < s <t < b,
satisfying ¢(x) > 0 in (s, 7). Applying Theorem 2.4 yields

max g < (f —s)Ca(k + (1) 4 max g,
[s,¢] [s,7]

where C3 is a positive constant independent of s, ¢, i and ¢. Hence, we have 1 < Ca(k + u)+(f — s), which shows
that

lim inf{u+(s,t):a<s<t<b,t—s<8}:oo. O
e—>0+
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5. General eigenvalues in one dimension

In this section, we complete the proof of Theorem 1.1. We thus establish the existence of general eigenpairs of
(1.1) and their uniqueness and ‘“half simplicity” in one dimension under hypotheses (F1)—(F3).

Throughout this section we assume as in the previous section that N =1, £2 = (a, b) for some —0o <a < b < oo,
and (F1)—(F3) hold with A = oco.

Before going into the detail of the proof of Theorem 1.1, we illustrate very briefly how the proof goes.

The case n = 1 of Theorem 1.1 is a direct consequence of Theorems 3.1 and 4.1. As before, let ™ (s, t) and
1~ (s, t) denote, respectively, the positive and negative principal eigenvalues of (1.1) with £2 = (s, t), where a < s <
t < b. For the proof in the case n = 2, we consider the function g»(s) = u*(a, s) — u (s, b) on the interval (a, b) and
observe by Theorem 4.2 that g, is continuous and decreasing in (a, b),

lim gy(s) =00 and lim go(s) =—
s—a+0 s—>b—0

Hence there is a unique 12 € (a,b) such that gx(12) =0, ie., u(a, 2) = u (12, b). Set /L; = ut(a,n) =
(12, b). We then choose a positive eigenfunction ¢ on (a, 7o) and a negative eigenfunction ¢~ on (1, b) cor-
responding to the eigenvalue ,u; . Here, by multiplying ¢~ by a positive constant if needed, we may assume that
(1) (12 — 0) = (¢7) (r2 + 0). Setting ¢ (x) = ¢ (x) for x € [a, 2] and ¢ (x) = ¢~ (x) for x € [12, b], we ob-
tain an eigenpair (,u;, (p;' ) of (1.1), which proves one half of assertion (i) of Theorem 1.1. The other half is proved
similarly.

Regarding assertion (i), the next step is to show that the second eigenvalues uf(s, t) corresponding to the interval
[s,t] C [a, b] have the monotonicity, continuity and unboundedness properties as (i), (ii) and (iii) of Theorem 4.2.
Then, we proceed to introduce the function g3(s) = u;' (a,s) — ut(s,b) on (a, b), to choose a constant 73 € (a, b) so
that g3(r3) =0, to define M;“ = /L;— (a, 13) = u¥ (13, b), and so on. To make it logically precise, we will employ the
induction argument. The completeness assertion (ii) will follow from the strong maximum principle for (1.1), which
is a consequence of Theorem 2.6 or the uniqueness assertion of Theorem 2.2.

We begin the detail with two lemmas.

Lemma 5.1. Let (u,v) = (u=, u*) or (u,v) = (u*, u"). Let h:(a,b) — (a,b) be a nondecreasing continuous
function such that h(s) < s in (a, b). Then there exists a unique function t:(a,b] — (a, b) such that t(t) <t and
ula, h(z(t))) =v(r(t),t) foreacht € (a, b]. Moreover, the function t is continuous and (strictly) increasing in (a, b].

Proof. According to Theorem 4.2, the functions w(s, ) and v(s,t) are continuous on {(s,#): a <s <t < b}, in-
creasing as functions of s in (a,t) and decreasing as functions of ¢ in (s, b). We define the continuous function g
on {(s,1) € R:a<s<t< b} by g(s,t) = u(a, h(s)) — v(s,t). Observe that the function g(s, ¢) is decreasing as a
function of s in (a, t) and increasing as a function of ¢ in (s, b).

Using Theorem 4.2, we deduce that

lim g(s,t)=oc0 and lim g(s,t) =—00
s—a+ S—>1—

It is now obvious that for each ¢ € (a, b] there exists a unique t(¢) € (a, t) such that g(z(¢), r) = 0. It is easily seen by
the monotonicity of g(s, ¢) in s and in ¢ that the function 7 : (a, b] — (a, b) is increasing.

Finally, to check the continuity of 7, we fix a sequence (#;)xen C (a, b] converging to a point ¢ty € (a, b] and prove
that limg_, oo T(fx) = t(fp). We may assume that #; > ¢ for all k¥ and some ¢ € (a, b). By the monotonicity of ,
we have b > t(b) > t(fx) > t(c) > a for all k. If we set s := limsup;_, o, T(tx) and s~ :=liminfy_ o T(#%), then
a <s~ <sT < ty, by Theorem 4.2(iii), and g(s™, fp) = g(s~, tp) = O by the continuity of g. Hence, we must have
limg 00 T(t) =T(f0). O

Lemma 5.2. Let n € N and (xj) i—0° (yj)” —o C la, b] be increasing finite sequences such that [xo, x,] C [y0, ynl.
Then there exists an index j € {1,...,n} such that [xj_1,x;] C [yj—1,y;] and moreover, if [xo, x,] # [y0, ynl, then

[xj—1,x;1# [yj-1, y;]



796 N. Ikoma, H. Ishii / Ann. I. H. Poincaré — AN 29 (2012) 783-812

Proof. First we consider the case [xo, x,] € [yo, ya]. If yo < x0, then we set k :=max{j: 0< j<n—1, y; <xj}
and observe that [xi, xx+1] € [yk, Yk+1]. Otherwise, we have x, < y,. If we set £ :=min{j: 1< j<n, x; <y},
then [x¢—1, x¢] S [ye—1, yel.

Next we consider the case [xg, x,] = [0, yu]. If either x; < y; or y,—1 < x,—1 hold, then our claim follows.
Otherwise, we find [x1, x,—1] C [¥1, Y»—1] and our claim follows from the above argument. O

Henceforth we use this notation: we denote by s; the symbols +, if j is odd, and — if j is even. For instance,
Y2 =y, ¥ =y and so on.

Proof of Theorem 1.1. We here prove the assertion for (i, ¢;) since this assertion is easily converted to that for
(1, » @, ) by replacing the function F(m, p,u, x) by —F(—m, —p, —u, x).

We treat the existence assertion (i). As noted above, the case n = 1 has already been shown in Theorem 3.1. We
are thus concerned with the case where n > 2.

‘We show by induction that for any n € N, there exists a sequence (xy, j);?zl of functions on (a, b] such that

a<xp1(t) <xp,2(t) <---<xy,(@)=t foreveryt e (a,b], 5.1)
Xp,j () is a (strictly) increasing continuous function on (a, b] for all j, 5.2)
WS (xn, j—1(1), xn, (@) = u*' (@, xp,1 (1)) forallz € (a,b] and j > 2. (5.3)

In the case where n = 1, the function x 1 (#) = ¢ trivially satisfies (5.1)—(5.3).

Now, suppose that we are given a finite sequence (x,, j)’}:l satisfying (5.1)—(5.3) for some n € N. We apply
Lemma 5.1, to find an increasing continuous function t on (a,b] such that 7(t) <t and p% (a,x,,1(z(t))) =
uSti(z(t),t) for all t € (a, b]. From (5.3), we get u* (x, j_1(T(1)), xn,j (T(1))) = u’(a, x,,1(z(t))) for all t €

(a,b] and j =2,...,n. We define the finite sequence (x,,+1,j)’}g by setting x,41,j =X, j ot if 1 < j < n and
Xn+1.n+1() = t. Itis clear that (xn+1,.,');f:% satisfies (5.1)—(5.3) with n + 1 in place of n. This completes our induction
argument.

Next, fix n > 2 and set )c(‘)|r =a, x}' =X, j(b) for j=1,...,n, and wh = Msl(a,x?’). It follows from (5.3) that
usi (x;.r_l,x;) = ,uf{ for j =1,...,n. We choose functions ¢, ; € Wz’q(x;.r_l,x;f), with j =1,...,n, so that if j
is odd (resp., even), then the function ¢, ; is a positive (resp., negative) principal eigenfunction corresponding to
u*(xf_] , xj.’) (resp., M’(x;.r_l , x;’)). From Theorem 2.6, we see that forall j =1,...,n—1,

(=17 ¢, ;(xf —0)>0 and (=1)/¢] ;\(x] +0)>0.

Hence we can choose a finite sequence (6‘.,');?:1 of positive numbers so that 6; = 1 and
0jgn /(X7 =0)=0j119, ;11 (x] +0) forall j=1,....n—1.

Set
oF () =0jpu j(x) ifxe[x] | xf]and 1< j<n,

and observe that (pjl‘ e W (a, b) and (,u;l‘, (pjl‘) is an eigenpair of (1.1) having the property that (—1)j_1g0n x)>0
in (xj_,x) forj=1,....n.

Now, we deal with the assertion (ii). Fix an n € N and let (1,7, ;7)) € R x W24 (a, b) be an eigenpair obtained in
the above. Let (xf)’}zo be the increasing finite sequence of the zeroes in [a, b] of ¢;F. Let (1, ¢) € R x W24 (a, b)
be any eigenpair of (1.1) such that the function ¢ vanishes exactly at n 4 1 distinct points in [a, b]. Let (y j)'}:o be the
increasing finite sequence of zeroes of ¢ so that yo =a and b = y,.

To proceed, we may focus on the case where ¢(x) > 0 in (yo, y1). We intend to show that u;” = u and there is a
constant & > 0 such that ¢ = 6¢,. If n = 1, then this is a consequence of Theorem 4.1. We may therefore assume that
n=?2.

From Theorem 2.2 or 2.6, we see that (—1)/¢’(y;) > 0 forall j =0, 1,...,n and accordingly, (—1)/"(x) > 0
in (yj_1,y;) for j =1,...,n. By Theorem 4.1, we have u,” = u* (x]tl,x}") and = p' (yj_1,y;) for 1 < j <n.
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Applying Lemma 5.2, we find j, k € {1, ..., n} satisfying [x;r_l,xj] Clyj-1,yj] and [yk—1, yx] C [x,j_l,x,j]. In
view of Theorem 4.2, we obtain ’

oy = () = e ) = = 1 it ) 2= 00 (G x0) =
which yields = ;.
By Theorem 4.2(i) and the fact that p = p/}, we infer that y; = x for all 1 < j < n — 1. Furthermore, by

Theorem 4.1, we see that there is a finite sequence (6, )7=1 of positive numbers SO that ¢ =09, in xT 10X ] for
1 < j < n. But, since ¢ and (,0,‘1|r are both C! functions on [a, b], we see that the constants 6; are all the same. Thus,
@ =0¢,} in [a, b] for some constant 6 > 0.

What remains is to show that every eigenfunction of (1.1) has a finite number of zeroes. To this end, we suppose
by contradiction that there is an eigenpair (i, ¢) of (1.1) such that ¢ has infinitely many zeroes. This means that
there exists an accumulation point ¢ € [a, b] of zeroes of ¢. We see immediately that ¢(c) = 0, and moreover by
using Rolle’s theorem that ¢’(c) = 0. Theorem 2.2 now allows us to conclude that ¢(x) =0 in [a, b], which is a
contradiction. This proves that every eigenfunction of (1.1) has a finite number of zeroes. O

Next, we give basic properties of the sequence (/,L,ﬂf)neN.

Proposition 5.3. Let (i1,7) and () be sequences of eigenvalues given by Theorem 1.1. Then

lim rnln{un Ny } = 00, (5.4)
n—o00
rnax{uj,’, u;} < min{,u:H, /L;_H} for each n € N. (5.5)

Proof. Let ¢ be an eigenfunction corresponding to ;" and (x j)7:0 the finite sequence of zeroes of ¢. Since u,” =
wi(xj_1,x;) for 1 < j<nandmin| g, (x; —xj—1) < (b—a)/n, we see that

;L+>1nf{ T, ), n (s, 1) a<s<t<b, t —s< (b—a)/n}
Similarly, we get
ty Zinf{ut (s, 1), n”(s,0): a<s <t <b, t —s < (b—a)/n}.

Thus, by Theorem 4.2(iii), (5.4) holds.
Next let ¢;F, ¢, and (p++1 be eigenfunctions corresponding to the eigenvalues u,F, 1, and MLI, respectively.

Also let (x+) =0 (v i )” _o and (ZJ“)n be the finite sequences of the zeroes of (p,J[ , ¢, and (p;; |» respectively. By
Lemma 5.2, there is a k ell,..., n} such that [z,j'_l, z,j] C [x,j_l, x,j']. Using Theorem 4.2, we have

+ + +
Myt Z'uftk(zk—l’zk) > (xk 10 Y%k ) JTa
Similarly, we deduce that there is an integer £ € {2, ..., n+ 1} satisfying [zZ_l, zZ‘] Cy,_5 ¥, land [zzr_1 , zZ‘] *
[y, ¥,_;] and that

o1 = (21020 ) > 1 (Vg Vo) = b

Thus we have “L—l > max{w,", i, }. Similarly, we obtain My > max{u;", i}, which completes the proof. O

Finally, by reviewing the proof of Theorem 1.1, we note that the eigenvalues u," and w,, with any n € N, are
continuous as functions of (a, b) on the set {(x, y) € R2: x < v}

6. Radially symmetric solutions

In the rest of this paper, we assume that N > 2 and study radially symmetric solutions of PDE of the form
F(D2u,Du,u,x)=0 in Bg, (6.1)

where 0 < R < o0.
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Let u be a smooth function on Bg. Assume that u is radially symmetric, i.e., u(x) = g(|x|) in Bg for some function
g on [0, R]. Note that for 1 < g < oo,

R
/|u(x)|q dx:aN/|g(r)|qu71dr, (6.2)
Bg 0

where a is the surface measure of the unit sphere S N—1 and that if u € C2(Bg), then

D“<X>=g’(|x|)|i—| and Dzu(x)=g”(|X|)Px+g|()|c)|C|)

where P, denotes the matrix x ® x/|x|> = (x;x i/ |x|?) which represents the orthogonal projection in RV onto the
one-dimensional space spanned by the vector x. In the above situation, we have

azu 2 1/2 2 |g/(|x|)|2 1/2
2 N _ 7 _
|D*u(x)| = ( Ei’j:)ax,-ax,- (x) ) = (|g (Ix1)|" + v 1)—) . (6.4)

|x?
With these observations at hand, we introduce the function spaces Li(a, R) and Wr2 4(q, R), where 0 < a < R
and g € [1, oo], as follows: if ¢ < oo, L? (a, R) denotes the space of all measurable functions g on (a, R) such that
r— |g(r)|qu_l is integrable on (a, R), with norm given by

Iy — Py) forx#0, (6.3)

R

”g”L?(a,R) = ( /

a

1/q
Ig(r)lqu_ldr> :

and Wrz’q(a, R) denotes the space of all functions g € L%(a, R) such that the functions r > (g’ (r1/r)e r¥=1 and
ri—> |g”(r)|2rN~! are integrable on (a, R), with norm given by

//|

18l 200y = €l 80y + 1877 o0y +

Li@a,R)
where g’/r denotes conveniently the function r +— g’(r)/r. In the case where g = 0o, we set L>°(a, R) = L*(a, R)
and W2>*(a, R) = {g € W>*®(a, R): g'(0) =0} if a = 0 and = W2 (a, R) otherwise.
We remark that LY (a, R) € LY (a, R) and W2%(a, R) ¢ WP (a, R), if p < ¢, by Hélder’s inequality and that
Li(a, R) = L{(a, R) and W>9(a, R) = Wrz’q (a, R), if a > 0, together with the equivalence of their respective norms.
We recall that Wr2 “/(BR) is the subspace of the usual Sobolev space W24 (Bg) consisting of all radially symmetric
functions u € W24 (Bg), with norm

et w2 ) = el Lo ey + 1 DullLaory + [ | D] | g .-

The following lemma says that W= (Bg) can be identified with W24 (0, R).

Lemma 6.1. Let g € [1,00] and u and g be measurable functions on Br and (0, R), respectively. Assume that
u(x) = g(|x|) a.e. in Bg. Then, u € Wrz‘q (BRr) ifand only if g € Wrz'q (0, R). Furthermore, in this case we have

g'(xD)
x|

Du(x) = g’(|x|)|i—| and D*u(x) = g"(Ixl) P + (Iy — Py) ae.

Proof. We treat here only the case where g < 0o, and leave it to the reader to prove the assertion in the case where
q = 00.

First, we assume that u € W24 (Bp), and show that ge Wr2’q (0, R). Choose a sequence (uy)reN of smooth radial
functions on By so that limj_ o |lux — u”WZ,q( Br) = 0. The existence of such a sequence (uy) can be shown by the
combination of the mollification technique and scaling of functions by multiplying the independent variables by a
positive constant less than one. For more detail on this, we note first that one can approximate u in W29(Bg) by
the family of functions u, (x) :=u(nx), where 0 < n < 1, as n — 1 — 0 and secondly that if o, denotes the standard
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mollification kernel with support in B, then, for each 0 < 5 < 1, the convolution p; * u; belongs in C>(Bg) for
every & > 0 sufficiently small and p; * u;; — u, in W24(Bg) as ¢ — 0+.

Define the function g on [0, R] by setting gi(r) = ur(x) if |x| = r. Combining (6.2)—(6.4) applied to (ux, gk)
yields

1/q
oy N8kl y2a oy < 2Nkl w2y

which is still valid if one replaces (ux, gx) by (ux —u j, gx — g;). Accordingly, the sequence (g ) is a Cauchy sequence
in W29(0, R), which implies that g € W7 (0, R) and moreover, ozllv/q Iglly2a 0 gy < 2Metllwea sy)-

Next, we assume that g € Wr2’q (0, R), and prove that u € W>9(Bg). Note that g € W>4(a, R) C C'([a, R)) for
any a € (0, R). We calculate for 0 < a < R,

N-14; < ||8//V||Lrl(o,R)’

R R
- ol <o fleta < [l
and

a"e@| <aHe®|+alg /1] Lo p) (6.5)

Now, let ¢ € C1 (Bg) and 0 < a < R. Using the divergence theorem, we get

/ Yo () dx = f V(@) ds+ f vg!(x)

BR\Ba BR\Ba

|x] .
where dS denotes the surface measure. Noting by (6.5) that

‘/wu)g(a)—dS‘ |g@]ana™ Y lLosy =0 asa—0,
9B,

we get
’ Xi
- / Y () dx = / g () s
Br Bg

Thus, we have Du(x) = g’(|x|)x/|x| a.e. in Bg.
Let 0 <a < b < R, and compute that

b
g (b) — g'(a)|a" ! /|8”(l)|’N dr < ||g” ”L;(o,b)’

a

and

"' @] <a¥ M@ + 18] 1y 0. (6.6)

Note here that the right-hand side converges to ||g” ||, 10,p) 3 @ = 0and |g", 10.b) > 0 as b — 0. As before, let
Ve Cé(BR) and 0 < a < b < R. By the divergence theorem, we get

__ () 2L
wxi(x)uxj(x)dX— Yy (X)8 (|x|) x| dx

Br\Bq Bgr\Bq

it " irj ’ S 2 _ X
:/w(x)g/(a))rxfzj ds + / W(x)(g (|x|)Txsz+g(|X|)%>dx,

0B, BR\Ba




800 N. Ikoma, H. Ishii / Ann. I. H. Poincaré — AN 29 (2012) 783-812

where §;; = 1if i = j and =0 if i # j. The last equality is clearly valid when g is smooth. In general it may need a
justification, which can be done by approximating g by smooth functions. By (6.6), we get

XiX

J —
3 dS‘_O,

/ ¥ (x)g'(a)

9B,

lim
a—0+ [x]

and accordingly,
dy — ” XiXj , Sij|x|2—x,-xj d
— [ Y, @y, ) dx = | Y(x) g(|x|)W+g(|x|)T x.
Bgr Br

Thus, we have

g'(Ix])
|x|

D%u(x) = g"(Ix) Py + (Iyn — Py) ae.in Bp.

Finally, a simple calculation shows that

1
el w2a gy < aN/q(R + VN = Dliglly2a gy

We therefore conclude that u € W24(Bg). O

We assume in the rest of this section that F satisfies (F1), (F2) with A < oo and (F4). Let u € Wr2 “4(Bg) and

g€ Wrz’q(O, R) satisfy u(x) = g(|x|) a.e. in Bg. In view of Lemma 6.1, we see that u is a solution of (6.1) if and only
if for a.a. (r, w) € (0, R) x SN~1,

g'(r)
r

F(g”(r)w@w—i— (In —a)®w),g/(r)a),g(r),ra)> =0.

Thanks to (F4), this last condition is equivalent to the condition: for any fixed w € SV,

g'(r)
r

F(g”(r)a) Qw+ Iy —0oQw), g'Nw, g(r), ra)> =0 ae.re(0,R).

We fix a point wp € S¥~! and define the function F : R* x (0, R) > R by
Fim,l, p,u,r)= F(ma)o Qwo+I(In —wy @ wp), pwo, U, rwo).
Also, we introduce radial versions P*, P~ : R? — R of the Pucci operators adapted to this circumstance by
PH(m, 1) = P*(mwo ® wo + (Iy — wo ® wo)),
and P~ (m,[) = —PT(—m, —I). By (F2), we have
F(my, v, pryur,r) — F(ma, o, pa,us,r)
<SP —ma, [y —b) + Bro)|pt — pal +y (ro)lut — uz| (6.7)

for all (m;,[;, pi,ui,r) € R* i=1,2, and a.a. (r,w) € (0, R) x SN=1 1n view of Fubini’s theorem in the polar
coordinates, there is a choice of w € SV~! having the properties that the inequality (6.7), with this , holds for
all (m;,l;, pi,u;) € R* i=1,2,and aa. r € (0, R) and that the functions r > B(rw) and r — y (rw) belong to
LI(0, R). We fix such an o, call it w;, and, with abuse of notation, we write B and y the functions r — B(rw;) and
r — y (rwi), respectively. In other words, under the assumptions (F1), (F2) and (F4), we conclude the following:

(F5) There exist functions 8, y € L¥(0, R) such that

F(my, i, prour,r) — F(ma, b, pa,uz, 1) <PYmy —ma, Iy — ) + B(r) | p1 — pal + y () luy — us|
for all (m;,l;, pi,u;) €R* i=1,2,anda.a. r € (0, R).
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7. Estimates on radial functions

We establish a priori type estimates on functions in Wr2 “I(a, R), motivated by the boundary value problem for the
ODE F(u”,u'/r,u’,u,r) =0in (a, R), where a € [0, R), with the boundary condition
W' (@ =0 ifa>0, and u(R)=

Throughout this section we assume that N > 2, fix two constants 0 < A < A < 00, and set A, = 1/A and g, =
N/(A+A(N = 1)) = N/(AeN + (1 = Ay)).

Lemma 7.1. Let a € [0, R), q € (g4, ), g € Lﬁv O,R) and f € Ll (a, R). Let v be a measurable function on [a, R]
such that for each b > 0 v is absolutely continuous on [a, R] N [b, R]. Assume that f > 0 a.e. in (a, R), v/r €
Li(a,R), v=0inla,R], via)=0ifa > 0and

V' (#) + Ao (N — I)Q <gr)v(r)+ f(@r) foraa.re€(a,R).

Then there exists a constant C > 0, depending only on Ay, q, ||g||LrN(0’R) and N, such that
||U/"||L‘7(a R C”f”[ff(a R)" (7.1)

An important point of the above estimate is that the constant C can be chosen independently of the parameter a.

Proof. Set ¢ = A,(N — 1), so that v + v < gv + f a.e. in (a, R). Note that (r®v)’ < gvr® + fr® ae. in (a, R).
Accordingly, if b € (a, R), then we have for all r € [b, R],
r r
reu(r) < b u(b) exp( f 2(s) ds) + / Fecel 8 ds. (7.2)
b a
Since g > N/(1 +¢),wehave 1 +¢ — N /g > 0. We fix

) ! 1+ N
= — E — — .
2 q

so that § > 0. By Holder’s inequality, for a <t <r < R, we have
r r YN ;1 1-1/N I—1/N
N N-1 -1 r
/gds < < /g(S) s dS> ( /s dS> < <10g ;) lgllzy 0, r)-
t t t
By Young’s inequality, we get

r

o\ 1= UN r (N — N1
/gdS< Ilglleo,R)(lOg;) S dlog =~ + W”g”w«) Ry
t

Setting
(N _ I)N 1
B=———IglMy 0 o
NN§gN—I LN(O,R)
we obtain

(o)
exp fgds <<;>e. (7.3)
13

Consider the case where a = 0. By comparison of the integrable function r — (v(r)/r)?r¥~! on (0, R) and the
nonintegrable function r — 1/r, we deduce that there is a sequence (bx)ren C (0, R) converging to zero such that

v\ voy 1
( by )bk SE for all k,
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that is, bfv(by) < {9 = b2 for all k. This together with (7.3) yields

r

b,iu(bk)exp< / gds) < (ber)el.

by

Thus, sending b — a in (7.2) (along the sequence b = by, if a = 0), we obtain
r
reu(r) < / Freel 885 dr forall r € [a, R]. (7.4)
a
Combining (7.4) and (7.3), we get
r
v(r) <eBrit / f®f=%dr  forr € [a, R). (7.5)
a

Now, if g = 0o, we note that ¢ — § =& — 1 and get from (7.5)

B! fllea,r) ( —a®) < Bl f L, k)
8 h 8

which gives the desired estimate (7.1) in the case g = co.
Next, let ¢ < 0o and note thate —§ = (N — 1 +8)/q + (—1 +8)(g — 1)/¢q and

v(r) < for all r € [a, R],

r q A q
q
rN—l(E) gqu}"N_l_q—Hé_E)q(/f([)[s_adl) :qur—l—éq([f(t)te—Sdt> )
r
a a

By Holder’s inequality we get

r

! A 1/q 1-1/q r
/f(t)t”d& (/f(t)"t”l+5dt) (/z‘” dt) < (/f(t)qtNHSdt)

a

1/q

FIN1-1/q
E b}

and hence,
R R b R
q qB qB
/rN_l<—v(r)) dr < — [ o)1 V-1 dt/r—H dr < S— /f(t)"tN_ldt,
r 891 84
a a t a

from which we get the estimate (7.1) with e? /5. O

Lemma 7.2. Let g € (N/2,00] and a € [0, R). Let u be a function on [a, R] such that for each b € (a, R], the
function u is absolutely continuous on [b, R], u(R) < 0 and ||(u’),/r||qu @R < 0 Then there exists a constant
C > 0, depending only on q and N, such that

2g—N 2g—N

supu <C(Ra T —ao1)d |(u)
(a,R]

_/V”L?(a,R)'

As a consequence of the Sobolev embedding theorem, we have Wr2 “9(Br) c C([0, R]). This inclusion can be
deduced by the above lemma as follows. Let u € Wr2 “1(0, R). By the above lemma, we get

lull oo, r) < [u(R)| + C’|u//r”L?(O,R)'

But, this inequality tells us that if we select a sequence (#x) of smooth functions which approximates u in Wr2 100, R),
then it also approximates u in C([0, R]).
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Proof of Lemma 7.2. Fix any r € (a, R]. We have
R

u(R) —u@r) = / u'(¢)de.

Accordingly, if g < 0o, we get

R(u/) (t) R g-N+1 (g—D/q
u(r)é/%tdtg H(u’)_/rHL;,(a’R)</t a1 dt)
a

g—1 (g—1/q 29=N 2g—-N  g=1
< <2q —N> (R —a s 0) () /7] g o,y

If ¢ = oo, we get

¢ W)—(t) (R*—a?)
u(r) </ ; rdr < > I (”/)_/r“Lw(a,R)' U

Lemma 7.3. Leta € [0, R) and u € Wrz’N(a, R). Assume in addition that u'(a) =0 if a > 0. Then

NN 1 o I v

””/H L>®(a,R) < LN (a,R) LN (a,R)

We remark that the above lemma implies that WrN O,R)CC L(10, R]).

Proof. Note that any function v € Wrz’N (BR) can be approximated by a sequence of smooth radial functions in
Wrz’N (BRr). Thus, even in the case where a = 0, we may assume by approximation that « is smooth and u’(a) = 0.
For any a <r < R, we have

|u' ()| </N|u/(r)N*1u”(z)|dz:N/|(u’(z)/t)""lu”(t)p’v*ldt
a a
-1
S N””//VHZVM,R) u” “L{V(a,R)’

and hence the conclusion follows. O

A simple consequence of the above lemma is that if g € LI, R) and u € Wr2 90, R) for some q > N, then
gu' € L{(0, R). The next lemma shows that a similar regularity result holds for ¢ < N under the assumption that
geLN©O,R).

Lemma 7.4. Leta €[0,R), g € (1, N) and u € Wrz’q (a, R). Assume that u’(a) =0 if a > 0 and that g € LﬁV(O, R).
Then there exists a constant C > 0, depending only on q and N, such that

(-1 1
8 | Lo ary < e oy (177 e 1 gy + 177 )

Proof. We may assume by approximation that u is smooth and u’(a) = 0.
Fix any ¢ > 0, and note that for r € (a, R),

r r
PN )T = (N — ¢ +s)/rN—1—q+f|u’(r)]qdr+q/rN—‘HS\u’;q‘2u’(1)u”(z)dz.
a a

Observe that
||gu/||(z?(a’R) <(N—q+¢eA+gB, (7.6)
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where
R R
=/tN_l_’I+8|u/(t)‘qdt/‘g(r)‘qr_N+q_‘ng_1dr, 7.7
t
and
R R
B:=/tN—q+s}u/V“}u"(z)|dt/|g(r)|qr—N+q—SrN—1dr. (7.8)

a
Now, noting that /N + (N — q)/N = 1, we compute that for 7 € (a, R),
R

/|g(r)|q ~N+g—e N=-1 4, < Hg“LN(a R)</r

t

N —q _ ne (N—q)/N
<lellf —t Ve .
LN(a,R) Ne

Combining this with (7.7) and (7.8) yields

R
N—q (N—-q)/N g.N—1—

(N—q)/N
N(g—N—&)/(N—q),.N—1 dr)

Ne

N — g\ -/
=<‘R§_) nganRMu/ﬂhwam

and
R
N —g¢q N=a)/N q 1 9=y, N—1
B<(7§J nmw%m/Wﬁ| ()| N de
a
N — g \(N-0/N ,
<( Ne ) 18173 0,101 /71 e, YRy’
Thus, we get

_ (N=q)/N
'), <<E—ﬁ) gl
(a,R) Ne LN(a,R)

x ((N_q-’_g)”u//r”(z;i(a,]e) +q||u /r| Li(a, R)” //”L?(a,R))' U

Theorem 7.5. Let a € [0, R), q € (max{N/2,q4},00], B € LN©O,R) N L{(©0,R), f',f> e Li(@a,R) and u
q(a R). Assume that B > 0 a.e. in (a, R) and that
79+(u” u /r)—i—,B‘u ‘—i—fl >0 aein(a,R),
( ” ’/r) ﬂ|u| f2<0 aein(a,R),
u'(a)=0 ifa>0, and u(R) =
Then there exists a constant C > 0, depending only on q, A, A, N, R, ||,3||L£V(O’R) and || B ||Lg(0,R), such that

lluel Zq(a R) (Hf+||Lq(a R)+||f+||Lq(a R))

The above theorem gives the W24 estimates on the radial solutions of (6.1). Although these estimates apply only
to radial solutions, in comparison with known results (see [19,9,6,14]), they are relatively sharp in the exponent ¢ and
the requirement on § that § € Lﬁv 0,R)NLL©O,R).
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Proof of Theorem 7.5. Fix any (m,[,d) € R3 such that Pt@m,l)+d >0and d > 0. Assume that / < 0. We have
0<m+A(N—-1DI+difm<0and 0 < Am + A(N — 1) 4+d if m > 0. Dividing the former and latter inequalities,
respectively, by A and A, after some manipulations, we get 0 <m + A (N — 1)] + A~ ld. That is, we have

m+i(N—DI+1"'d>0 ifl<o. (7.9)
Similarly, we have 0 < Am + A(N — 1)|l| +d if m < 0, and hence

m+ (N =Dl +27d > 0. (7.10)

If we set v = (1’)_, then we have v(r) = —u/(r) and v/ (r) = —u” (r) ae.if v(r) > 0, and v(r) =0 and v/(r) =0

a.e. if v(r) < 0. Using (7.9), we get
V=N = D242 B+ fL) >0 ae.in (a, R).
r
By Lemma 7.1, there exists a constant C; > 0, depending only on A, ¢, N and [|A~'8 ”Lz\/(o)R), such that

| (“/)7/FHL;’(¢;,R) <G |‘)‘_1fH}L?(a,R)'
Similarly, since

PH(—u",—u'/r) +Blu/|+ f2>0 ae.in(a,R), (7.11)
we get

I (”/)+/V| L@k SC ”)‘qfﬂ

Thus, setting M = [A~" L1l 194 gy + 127" F2 1 194 g)» We have

Li(a.R)"

|u' /7] o g gy < C1M. (7.12)
Using (7.10) and (7.11), we observe that

|u'|

| <AV =D —+ 278w | + A7 (fL 4+ fF) ae.in(a, R). (7.13)
r
By Lemma 7.2 and (7.12), we can choose a constant C» > 0, depending only on ¢, R and N, for which we have
lullLoo@@,r) < C1C2M. (7.14)

Also, by Lemmas 7.3 and 7.4 with ¢ = ™! 8, and by Young’s inequality, for each & > 0, we find a constant C3 > 0,
depending only on ¢, g, N, R, ||)F1,8||L£V(O’R) and ||)\’1,3||L;1 (0.R)’ for which we have

||)‘_1/3“/||L;1(a,1€) < '9”“// ”L;/(a,R) +C1C3M. (7.15)
Combining this, with ¢ = 1/2, and (7.13), we get

"
[u”|

—1 —1

LI(a,R) Sho (N = 1)||u//r||L?(a,R) +C1CGM + ||)‘ (f+ +g+)||L,‘.’(a,R)
<N =DC+C1C3+ )M,

This inequality together with (7.14) and (7.15) yields an estimate on ||u|| w2a

4
2

@R) with the desired properties. O

A weak maximum principle is stated as follows.

Theorem 7.6. Let g € (max{N/2, g4}, 00],a € [0,R), u € Wrz’q(a, R)and f € Li(a, R). Assume that B € LﬁV(O, R),
B>=0a.e.in(a,R), u(R)=0, u'(a) =0 ifa > 0, and u satisfies
73+(u/’, u’/r) + ,8|u/| +f>20 aein(a,R).
Then there exists a constant C > 0, depending only on A, A, q, N and ||,3||L£V(()’R), such that
29—N Zq:{V

g-1
maxu < C(RTT —a s ) T foll o,y
a,
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Proof. As in the previous proof, by Lemma 7.1, there exists a constant C; > 0, depending only on A, ¢, N and
127 Bll 5 0, &> such that

” (u/)—/r”L?(a,R) <G ||’\_1f+ “L?(a,R)'

Next, by Lemma 7.2, there is a constant C; > 0, depending only on g and N, such that

29—N 2g—N

R SCRT —a ) (W) _/r| 9 5

We combine these two inequalities, to obtain the desired estimate. O

The next theorem is a version for radial functions of the strong maximum principle.

Theorem 7.7. Let g € (max{N /2, g}, ], u € Wrz’q(O, R), B € Lﬁv (O,R) and y € L0, R). Assume that u >0 in
[0, R] and
2 (u”, u//r) — ,6|u’| —yu<0 ae in(0,R).

Then either u(r) =0in [0, R] or u(r) > 0 for all r € [0, R).
It should be noticed that the second possibility in the last statement includes the inequality «(0) > 0.

Proof. Note that for any fixed ¢ € (0, R), the function (m, p,u,r) +— P~ (m, p/r) — B(r)|p| — y (r)u on R3 x (&, R)
satisfies (F1)—(F3), with £2 = (¢, R). In view of Theorem 2.6, it is enough to show that if #(0) =0, then u(r) =0 in
[0, a] for some 0 <a < R.

To this end, we suppose that #(0) = 0. Leta € (0, R) be a constant to be fixed later on. We may assume by replacing
g by min{g, N} if needed that ¢ < N. As in the previous proof, if we set v = (u’), then we have

v
V4 (N =)= <A~ Y Bv+yu) ae. in (0, R).
r
Hence, by Lemma 7.1, we get
| (') /7 o 0.0 < Crllvall g0,y < ClllY 130,y maxu,

where C1 > 0 is a constant independent of the choice of a. Applying Lemma 7.2 to the function r — u(c) — u(r),
with 0 < ¢ < a, we get

2g—N
max (u(c) - M(i’)) < CchT ” (M/)+/”|

0<r<e

L(0,c)°

where C, > 0 is a constant independent of ¢ and a. In particular, since u(0) = 0, we have

2¢g—N
- /
Orgnflgau(c) <Ca 7 | (u )+/r||L?(0,a)'
Thus, we get
2g—N
maxu < C1Cra ¢ q maxu.
maxu < ¥ W2 0.0) pax

We now fix a € (0, R) small enough so that

—N

2
CiCoa ¢ ||V||L§1(()’a) <1,

and find that maxo ,ju =0. O
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8. Existence and uniqueness of eigenpairs in the radial case

This section is devoted to the proof of Theorem 1.2. Throughout this section we assume that N > 2 and (F1)-
(F4) hold with A < co. Let B8 and y be the functions from (F5), and we assume throughout this section that 8 €
LI, RyNLN(0, R) and y € L{ (0, R) for some g € (max{N/2, g}, o0].

As discussed in Section 6, the Dirichlet problem (1.1) for radial solutions is equivalent to the following problem
for functions u € Wrz’q(O, R),

{F(u”,u’/r, u’,u,r) +uu=0 1in (0, R),

u(R) = 0. @1

For notational simplicity, we write Flu](r) and P*[ul(r) for F@’(r),u'(r)/r,u’(r),u(r),r) and
PEW" (r), u'(r)/r), respectively.

Proof of Theorem1.2(i). As usual, we are concerned only with (,u;f, (p;,“ ). In view of the argument in Section 6, we

may work in the framework of the space W (0, R), but not in that of W% (Bg).
Let ¢ € (0, R/4), and define the function F, on R3 x [2¢ — R, R] by

R ]:(m’p/rapsuvr) if&‘érﬁR,
E(m’p’”’r)'_{f(m,—p/(2e—r),—p,u,2g—r) if2e — R<r<e.

Next set I, = (2¢ — R, R), and note that for all (m, p,u,r) € R3 x I,
Fe(m, p,u,r)y=Fc(m,—p,u,2e —r) ifr#e, (8.2)

and F; satisfies hypotheses (F1)-(F4) with §2 = I, and an appropriate choice of 8 and y. The identity (8.2) is a
manifestation of the symmetry in our problem with respect to the reflection at » = ¢. Indeed, using (8.2), we easily
see that if u € W29 (1,) and v(r) := u(2e — r), then Fe[v](r) = Fe[ul(2e — r) for a.e. r € I,. Thus, for any constant
© € R we have F.[u](r) + pu(r) =0 a.e. r € I, if and only if Fe[v](r) + pv(r) =0ae.r € I,.

Now, let n € N. By Theorem 1.1, there exist an eigenpair (s, ¢:) € R x Wrz’q(ls) and a finite sequence 2¢ — R =
g <0gp—1 <+ <0ag1 <bg1 <-+<bg, =R such that

Feloe]l + he@e =0 ae.in I,
@8(")‘>0 in (aé‘,lvbé‘,l)’
(=D (r) >0 in(ae jt1,ae;) U (bej,bejy1) for 1 < j<n—1.

Observe by the symmetry with respect to the reflection at » = ¢ that the function r — ¢, (2¢ —r) is an eigenfunction
of (1.1), with £2 = (2e — R, R) and F replaced by F,, corresponding to (.. By the half simplicity of the eigenvalues
(Theorem 1.1(ii)), we may deduce that ¢, (1) = ¢, (2e —r) forall r € I;. In particular, we have ¢/ (¢) =0 and (a, ; +
bej)/2=¢forall j=1,...,n.

Next, we show that (it¢)o<e<r/4 is bounded. To give an upper bound of (u¢)o<c<R/4, We divide the interval
(R/4, R) into n intervals, J; := (R/4, R/4+hy), ..., J, := (R — hy, R), where h, :=3R/4n.Foreach j =1,...,n,
let v;.r and v be the positive and negative principal eigenvalues of (1.1), with F = F, in place of F, and £2 = J;.
Since there are at most n — 1 zeroes of the function ¢, in the interval (R/4, R), we may choose an interval J;, with

J €{1,...,n}, in which ¢, does not vanish. This means that either J; C (ag,1, be,1) or J; C (bek—1, be i) for some
k €{2,...,n}. By the monotonicity (Theorem 4.2(i)) on the domains of the principal eigenvalues, we infer that
uggmax{v}",vj_}gmax{vf,vi_: i:l,...,n}, (8.3)

the right-hand side of which gives an upper bound of (it¢)0<¢<r/4 independent of .
To see that (1) is bounded from below, we set m, := max,c[e,», ;] ¥ () and note that ¢'(e) =0, e (be.1) =0 and

Pl @/r) + BloL| + (v + 1e)pe(r) 20 ace.in (e, be,1).
By Theorem 7.6, there is a constant C > 0, independent of ¢, such that

me <meCil[ (v + e+ | 1.y (84)
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Since lim;—, _ || (Y + t)+||L?(o,R) = 0, we may choose og € R such that C1||(y + t)+||L?(0,R) < 1if t < oy. Thus,
from (8.4), we deduce that the inequality oy < . holds, and conclude that (1) is bounded.

Now, we prove that there exists a constant o > 0, independent of &, such that b, | — & > 8o and b, j — be j_1 >
do for all j =2,...,n. To this end, we set b, o := ¢, m, j := max(p, ;b ;] |pe| for 1 < j < n. Also set u = |¢g|
temporarily, and observe that, depending on the parity of j, we have two possibilities: either u(r) = ¢, (r) for all
r € (be j—1,bs,j),oru(r) =—¢.(r) forall r € (b, j_1, be, j). Ineither cases, we have PT[u]+ Blu'|+ (y + pe)4u = 0
a.e.in (be,j—1, be, j). Hence, as a consequence of Theorem 7.6, we have

2g—N

2q=N 29=N 41
Me j < ’"«53,/'(?2(17:,::1]'71 - be?f—ll) ! ” (r + “S)Jr“L;’(o,R)’ (8.5)
for some constant C; independent of €. Since m, ; > 0 forall j =1,...,n, we see from the above inequality that
2q—N 2qg—N

= Nl §
1<C2(bs,1j] _bs?jil) ! ||(V+“8)+||L?(0,R)’

which, together with the boundedness of (ii¢), gives a lower bound &y > 0, independent of ¢, of b; j — b, j 1, with
j=1,...,n.
We next note that u := ¢, satisfies a.e. in (g, R),

Pl +Blu'|+ (v + lpel)ul = 0= P~ [ul — Blu'| — (v + liel) lul.

We may assume without loss of generality that [|¢.|l o, gy = 1 for all . By Theorem 7.5, there exists a constant
C3 > 0, independent of ¢, such that

10ell 20, gy < C3 (v + 1) e | 1o py < Callv + el | Lo e y- (8.6)

We extend the domain of definition of ¢, to [0, R] by setting ¢, (r) = ¢ (r), if ¢ <r < R, and = ¢, (¢) otherwise.
We note that ¢, € Wr2 “1(0, R) and that, by (8.6), (@) is bounded in Wr2 “1(0, R). Hence there exist a sequence (e,
converging to zero, a constant i € R, a sequence 0 =rg <r; < --- <r, = R and a function ¢ € Wr2 *9(0, R) such that,
as k — 00, gy —> [, b j—>rjforall j=1,....n—1,|@e, — @llL0.8) — 0 and ||, — ¢'[lLx(,r) —> O for any
a € (0, R). Itis obvious that r; —rj_1 > 8o, ¢(rj) =0and (—1)/ o) > 0in (rj_1,r;) forall 1 < j <n.

We show that ¢ is a solution of F[¢]+ nwe = 01in (0, R). Fix any a € (0, R), and observe that the function F, = F
on R? x [a, R] satisfies (F2) with 8 replaced by the function 8 + A(N — 1)/a. We choose a constant ¥ > 0 so large
as in Section 3 that

(R —a)eXp(H)L_l,B + AN — 1)/61”L1(0,R))H)“_1(y _")+||L1(a,R) <1

and set F(m, 1, p,u,r)=F(m,l, p,u,r) —«u for (m,1, p,u,r) € R* x [a, R]. Note that Fi[¢,] + (e + «)pe =0
a.e. in (a, R). Let ¢ € L9(a, R) be the unique solution of F,[¥] + (1 + «)¢ = 0 with the boundary condition
¥ (a) = ¢(a) and ¥ (R) = 0. We define the functions ;" ¥, by putting wf (r) =¥ (r) £ (g — @)(a)|. Observe that
fora.e. r € (a, R),

Fe[v o) = Flv ) — eyt (1) < Felw 1) + (v (1) — &) | (e — @) (@)

and hence, F [, 10r) + (i +1)p(r) — y (N[ (e — ) (@)| < 0. Similarly, we get Fie [ 1+ (1 +K)@(r) +y (r) | (ge —
@)(a)| >0 forae. r € (a, R). We apply Theorem 2.4 to the pairs (¢, ¥;5) and (¥, ¢¢), to find that

’

loe — Wlizo@r) < C(llgs — @llLo@r) + l1te — 1l)

for some constant C independent of ¢. This guarantees that ¥ = ¢ in [a, R] and hence ¢ is a solution of F[¢]+ue =0
in (a, R). It is now clear that ¢ is a solution of F[¢] + e =0 in (0, R). Thus, the pair of u and the function ¢ is an
eigenpair of (8.1).

To complete the proof, we show that ¢(r) > 0 in [0, r1) and (—1)j_1g0(r) >0in (rj_1,r;) forall j =2,...,n.
We suppose by contradiction that either ¢(0) = 0, or else ¢(b) =0 for some b € (rj_1,r;) and j € {1,...,n}. By
Theorem 7.7, if ¢(0) = 0, then ¢(r) =0 in [0, r{], and if the latter is the case, then ¢(b) = ¢’(b) = 0. Then, by the
uniqueness of solution of the Cauchy problem (Theorem 2.2), we see that ¢ (r) = 0 in [0, R], which is a contradiction.
The function ¢ has therefore the right sign property. O

The next lemma states analogues in the radial case of Theorems 4.1 and 4.2(i).
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Lemma 8.1.

(1) Let (1, p) € Wrz’q (0, R) be an eigenpair of (8.1). Assume that the function ¢ is nonnegative (resp., nonpositive)
on [0, R]. Then we have ¢ > 0 (resp., ¢ <0) in [0, R).
@G If (u, ), v, ¥) eR x Wrz’q(O, R) are eigenpairs of (8.1) and either ¢ > 0 and ¥ > 0 in [0, R), or else ¢ <0
and Y <0in [0, R), then u =v and ¢ =0 in (0, R) for some constant 0 > (.
(iii) LetO <a <b < R. Let (u, p) € R x Wrz’q(O, a) and (v, ) € R x Wrz’q(O, b) be eigenpairs of (8.1) in (0, a) and
in (0, b), respectively. Assume that either ¢ > 0in [0, a) and ¥ > 0in [0, b) or else ¢ <0in[0,a) and ¥ <0 in
[0, b). Then we have u > v.

Proof. The assertion (i) is a direct consequence of Theorem 7.7.

To check (ii), we may assume by symmetry that u < v. We treat only the case where ¢ > 0 and ¢ > 0 in [0, R);
the other case can be treated similarly. Set 6 = infjg g) ¥/¢. We have either 6 = v/ (s)/¢(s) for some s € [0, R) or
else, in view of I’'Hopital’s rule and the strong maximum principle (Theorem 2.6), & = v'(R)/¢’(R). As in the proof
of Theorem 4.1, we see that the function u := ¢ — O ¢ satisfies

0> Fyl+ uy — Fl0p] — ubg > P~ [ul — Blu’| — (v + ul)u  ae.in (0, R),

and that either u(s) = 0 for some s € [0, R) or u’(R) = 0. Applying Theorems 7.7 and 2.6 to the function u, we find
that u(r) =01in [0, R], that is, ¥ = O¢. Furthermore, if u < v, then viy = —F[¢] = —F[0¢] = ub¢p = uy in (0, R),
which is impossible. That is, we have u = v.

We prove that (iii) holds. Again, we treat only the case where both ¢ and v are positive in [0, R). Suppose
by contradiction that p < v. Set 8 = inf|g 4) ¥/¢. Clearly, we have ¥ (s) = 0¢(s) for some s € [0, a). If we set
u =1y — 0, then u satisfies P~ [u] — Blu'| — (y + |u])u <0 a.e. in (0, a). Hence, we deduce as above that u(r) =0
in [0, a], while we have u(a) > 0. This contradiction shows that u© > v. O

Proof of Theorem 1.2(ii). Let (u,¢) € R x Wr2’q(0, R) be an eigenpair of (8.1). We treat only the case where
¢(0) > 0, since the other case can be dealt with in a parallel way.

We first prove that ¢ has at most a finite number of zeroes. For this, we suppose by contradiction that it has
infinitely many zeroes. As a result, the set of zeroes of ¢ has an accumulation point a in [0, R]. We first suppose
that a > 0. Clearly we have ¢(a) = 0. Moreover, by Rolle’s theorem, we see that ¢’ (a) = 0. By the uniqueness result
(Theorem 2.2) for the Cauchy problem for ODE, we find that ¢ (r) = 0 in [0, R], which is a contradiction. We next
suppose that @ = 0. By the above argument, we have (¢(r), ¢'(r)) # (0, 0) for all r € (0, R]. Because of the choice
of a, there are sequences (ag), (bx) C (0, R) such that 0 < ay < by for all k, by — 0 as k — oo, ¢(ay) = ¢p(by) =0
for all k and ¢(r) > O for all r € (ag, bx) and all k. Since by — ar — 0 as k — oo, following the argument which led
to (8.5), we get a contradiction. Thus, ¢ has at most a finite number of zeroes.

We note here by Theorem 7.7 that ¢(0) > 0. Let (r);_, be the finite sequence of all zeroes of ¢ such that ry :=
O0<ry<---<r,=R.If n=1, then our claim is a consequence of Lemma 8.1(i) and (ii).

We may thus assume that #n > 2. Fix any eigenpair (v, ¥) € R x Wr2 90, R) having exactly n zeroes in [0, R] such
that ¥ (0) > 0. It is enough to show that i = v and that there is a constant 6 > 0 such that {» = 6¢ in [0, R].

Let (sx)}_, be the finite sequence of all zeroes of ¥ such that 59 :=0 <s; <--- <5, = R. By Lemma 5.2, there
are two indices k, j € {1, ..., n} such that [rr_1, 7¢] C [sk—1, 5] and [s;j_1,s;] C [rj—1,7;]. Hence, Theorem 4.2(i)
and Lemma 8.1 together imply that 4 = v and [r;j_1,7;] = [s;j—1,s;] for some j € {1,...,n}. Applying the same
argument repeatedly for complementary intervals, we infer that [ry_1, 7] = [sk—1, 5] for all k =1, ..., n. Now, by
Lemma 8.1, we may choose a constant 6 > 0 so that ¢ = 6¢ in [0, r1]. Theorem 2.2 (a uniqueness result for the
Cauchy problem for ODE) allows us to conclude that ¥ =6¢ in [0, R]. O

The following proposition is analogous to Proposition 5.3.

Proposition 8.2. Let (1,7) and () be the sequences of eigenvalues given by Theorem 1.2. Then
: N
nll)ngo rnln{/Ln s My } = 00, (8.7)

max{u;r, u;} < min{,u:H , /L;+l} for every n € N. (8.8)
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Proof. Fix n € N, and let ¢ € Wr2 "1(0, R) be an eigenfunction corresponding to wl. Let (r j);f: | be the increasing
finite sequences of zeroes of the eigenfunction ¢. Set rg = 0. Obviously, there exists j € {1,...,n} such that r; —
ri-1<R/n.Fix je{l,...,n}sothatr; —r;_1 < R/n.Setm =maxpy;_, r] lg| and

2qg—N gq—1

R -1 29-N\ "4
£, = max r+ — —r g1 .
0<r<R n

Similarly to how we have obtained (8.5), we get m < Cep [|(y + 1)+ || L90. RyM for some constant C > 0 independent
of n. It is then easily seen that u," — 0o as n — oo. Similarly, we find that u;, — 0o as n — co. Thus, (8.7) is valid.

The inequality (8.8) is proved in the same way as the proof of (5.5) in Proposition 5.3, and we do not give here the
detail. O
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Appendix A. An example of F

Let N > 3, and we give an example of F :SV — R which satisfies (F1)—(F4) but is not invariant under conjugation
of the orthogonal matrices Q € O(N).

For any matrix M € SN, let A(M) < (M) < --- < An(M) denote the eigenvalues of M. Let ||[M] de-
note the norm of the matrix M given by [[M| = max,.gv-1 |Mw - w|. It is well known and easily seen that
IM || = max{|A{(M)]|, |y (M)|}. In view of the Courant minimax theorem, which states that

Ai(M)=min max Mw-w,
V. wesSN-1nv
where the minimum is taken over all i-dimensional subspaces V of RY, we see that the functions A; (M) of M are
Lipschitz continuous on SV . In fact, as is easily seen, we have

|M(X) = 0| <IX-Y| forallX,¥ eS¥andi=1,...,N.
Define the function g:S¥ — R by

s

g(M) = min{|A (M) — 12(M)

AN(M) = do(M)|, |Mey - e1]},
where ¢; = (1,0,...,0) € RY . Note that g is Lipschitz continuous on S¥. More precisely, we have
|g(X) —g()| <2|X —Y|| forallX,¥ eSYandi=1,...,N. (A.])

Now, we define the function F:SY — R by

FM)=uM + %g(M).

Proposition A.1. The function F given by the above formula satisfies (F1)—(F4), but it is not invariant under conju-
gation of the matrices Q € O(N).

Proof. It is clear that F' satisfies (F1) and (F3).
Forany X,Y € SY we have

F(X)—F(Y)Str(X—Y)ﬁL%IIX—YII-
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Moreover, choosing a vector w € SN=1 50 that

IX-Y[=|X-Y)o- o

s

we observe that if (X — Y)w - w > 0, then

F(X)—F() gtr(X—Y)+%(X—Y)w-w:tr(IN—i-%w@w)(X—Y),
and if (X — Y)w-w <0, then

F(X)—F() <tr<IN - %a)@a))(X— Y).
Hence, if we set A = 1/2 and A =3/2, then we have

F(X)— F(Y)<PT(X—Y) forallX,Y eSV.

(Recall that P (M) = max{tr AM: Ay < A < Aly}.) This shows that F satisfies condition (F2).
Now, we show that F satisfies (F4). For any m,/ € Rand w € SN-1 we set

M=moQ@w+I(Iy —w® w).

If m < [, then we have

m=x(M) <l=210M)=---=in(M),
which shows that g(M) = [Ay(M) — lo(M)|=0and F(M)=trM =m + (N — 1)I. If m > [, then
l=hMM)=---=Any-1(M) <m=2rn(M),

from which we see that g(M) =0 and F(M) =m + (N — 1)I. Similarly, if m =1, then F(M) = Nm = NI. Thus,
F (M) is a function of m and [ and does not depend on w. This proves that F satisfies (F4).

Next we show that F is not invariant under conjugation of the matrices Q € O(N). Let M € SV be the diagonal
matrix given by

M =diag(0,1,...,N —1).
We have

1 1
F(M)=trM + Zg(M) =trM + Zmin{l, N—=2,0=trM.

Let O € O(N) be the matrix given by

o -1 0 --- 0

1 0 0 --- 0
0=10 0

In_>

0 0

Then we have Q~'M Q =diag(1,0,2,...,N — 1) and

F(OT'MQ)=tuM+ é—llg(M) =M+ é—llmin{l, N-=21}>aM+ 4—11.
Thus, F(Q~'M Q) > F(M) and F is not invariant under conjugation of the matrices Q € O(N). O
References

[1] S.N. Armstrong, Principal eigenvalues and an anti-maximum principle for homogeneous fully nonlinear elliptic equations, J. Differential
Equations 246 (7) (2009) 2958-2987.

[2] H. Berestycki, On some nonlinear Sturm-Liouville problems, J. Differential Equations 26 (3) (1977) 375-390.

[3] 1. Birindelli, F. Demengel, First eigenvalue and maximum principle for fully nonlinear singular operators, Adv. Differential Equations 11 (1)
(2006) 91-119.



812 N. Ikoma, H. Ishii / Ann. I. H. Poincaré — AN 29 (2012) 783-812

[4] J. Busca, M.J. Esteban, A. Quaas, Nonlinear eigenvalues and bifurcation problems for Pucci’s operators, Ann. Inst. H. Poincaré Anal. Non
Linéaire 22 (2) (2005) 187-206.
[5] L.A. Caffarelli, Interior W2:P estimates for solutions of the Monge—Ampere equation, Ann. of Math. (2) 131 (1) (1990) 135-150.
[6] L.A. Caffarelli, X. Cabré, Fully Nonlinear Elliptic Equations, American Mathematical Society, Providence, 1995.
[7] L. Caffarelli, L. Nirenberg, J. Spruck, The Dirichlet problem for nonlinear second-order elliptic equations. III. Functions of the eigenvalues of
the Hessian, Acta Math. 155 (3-4) (1985) 261-301.
[8] E.N. Dancer, On the Dirichlet problem for weakly non-linear elliptic partial differential equations, Proc. Roy. Soc. Edinburgh Sect. A 76 (4)
(1976/77) 283-300.
[9] L. Escauriaza, W2" a priori estimates for solutions to fully non-linear equations, Indiana Univ. Math. J. 42 (1993) 413-423.
[10] M.J. Esteban, P. Felmer, A. Quaas, Eigenvalues for radially symmetric fully nonlinear operators, Comm. Partial Differential Equations 35 (9)
(2010) 1716-1737.
[11] P. Fok, Some maximum principles and continuity estimates for fully nonlinear elliptic equations of second order, PhD thesis, UCSB, 1996,
82 pp.
[12] S. Futik, Boundary value problems with jumping nonlinearities, Casopis P&st. Mat. 101 (1) (1976) 69-87.
[13] H. Ishii, Y. Yoshimura, Demi-eigenvalues for uniformly elliptic Isaacs operators, preprint.
[14] S. Koike, A. Swiech, Weak Harnack inequality for fully nonlinear uniformly elliptic PDE with unbounded ingredients, J. Math. Soc.
Japan 61 (3) (2009) 723-755.
[15] P.-L. Lions, Bifurcation and optimal stochastic control, Nonlinear Anal. 7 (2) (1983) 177-207.
[16] N. Nadirashvili, S. V1adut, On axially symmetric solutions of fully nonlinear elliptic equations, Math. Z. 270 (2012) 331-336.
[17] S. Patrizi, Principal eigenvalues for Isaacs operators with Neumann boundary conditions, NoDEA Nonlinear Differential Equations
Appl. 16 (1) (2009) 79-107.
[18] A. Quaas, B. Sirakov, Principal eigenvalues and the Dirichlet problem for fully nonlinear elliptic operators, Adv. Math. 218 (1) (2008) 105—
135.
[19] B. Sirakov, Solvability of uniformly elliptic fully nonlinear PDE, Arch. Ration. Mech. Anal. 195 (2) (2010) 579-607.
[20] N.S. Trudinger, On the Dirichlet problem for Hessian equations, Acta Math. 175 (2) (1995) 151-164.



	Eigenvalue problem for fully nonlinear second-order elliptic PDE  on balls
	1 Introduction
	2 Solvability of the Dirichlet problem in one dimension
	3 Principal eigenvalues in one dimension
	4 Basic properties of principal eigenpairs in one dimension
	5 General eigenvalues in one dimension
	6 Radially symmetric solutions
	7 Estimates on radial functions
	8 Existence and uniqueness of eigenpairs in the radial case
	Acknowledgements
	Appendix A An example of F
	References


