Available online at www.sciencedirect.com

ANNALES

° ° DE L'INSTITUT
ScienceDirect HENRI

CrossMark POINCARE

» S, ANALYSE
NON LINFAIRE

ELSEVIER Ann. L. H. Poincaré — AN 35 (2018) 283-326

www.elsevier.com/locate/anihpc

Existence of a minimal non-scattering solution to the
mass-subcritical generalized Korteweg—de Vries equation

Satoshi Masaki *, Jun-ichi Segata >~

& Graduate School of Engineering Science, Osaka University, 1-3 Machikaneyama, Toyonaka, Osaka 560-8531, Japan
5 Mathematical Institute, Tohoku University, 6-3, Aoba, Aramaki, Aoba-ku, Sendai 980-8578, Japan

Received 11 January 2017; received in revised form 10 April 2017; accepted 12 April 2017
Available online 20 April 2017

Abstract

In this article, we prove the existence of a non-scattering solution, which is minimal in some sense, to the mass-subcritical
generalized Korteweg—de Vries (gKdV) equation in the scale critical Lr space where iLr= {(feS@®]|fI ir=I f ;< oo},
We construct this solution by a concentration compactness argument. Then, key ingredients are a linear profile decomposition result
adopted to L" -framework and approximation of solutions to the gKdV equation which involves rapid linear oscillation by means
of solutions to the nonlinear Schrodinger equation.
© 2017 Elsevier Masson SAS. All rights reserved.
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1. Introduction

In this article, we consider the generalized Korteweg—de Vries (gKdV) equation

u+ 33u = nd (|u*u), rxeR,
t X 1% x(|A| ) (ngV)
u,x)=up(x) e L“R), xeR

where © : R x R — R is an unknown function, u#p : R — R is a given data, and 4 = £1 and « > 0 are constants. The
space L is defined for 1 < r < co by

L'=L"R) :={feS®IIfl; =Ifl, <o},

where f = F f stands for Fourier transform of f with respect to space variable and ' = (1 — 1/r)~! denotes the
Holder conjugate of r with conventions 1’ = 0o and 0o’ = 1. We say that (gKdV) is defocusing if u = 41 and
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focusing if © = —1. Our aim here is to study time global behavior of solutions to (gKdV) with focusing nonlinearities
in the mass-subcritical range o < 2. More specifically, we investigate the existence of a threshold solution which lies
on the boundary of small scattering solutions around zero and other solutions.

The class of equations (gKdV) arises in several fields of physics. Equation (gKdV) is a generalization of the
Korteweg—de Vries equation which models long waves propagating in a channel [35]. Equation (gKdV) with @ =1 is
also known as the modified Korteweg—de Vries equation which describes a time evolution for the curvature of certain
types of helical space curves [36].

Equation (gKdV) has the following scaling property: if u(#,x) is a solution to (gKdV), then u, (¢, x) :=
A%y (W31, Ax) is also a solution to (gKdV) with initial data u; (0, x) = A/%ug(rx) for any A > 0. When o = 2,
(gKdV) is called mass-critical because the above scaling leaves the mass invariant.

The small data global existence results of (gKdV) have been studied by several authors in the framework of scale
subcritical and critical spaces. Here we mention the known results in the scale critical spaces only. For the small
data global existence in the scale subcritical spaces, see [11,12,19-22,24,51,52,56,57]. For the scaling critical case,
Kenig—Ponce—Vega [28] proved the small data global well-posedness and scattering of (gKdV) in the scale critical
space H' for o > 2, where s, := 1/2— 1/« is a scale critical exponent. Since the scale critical exponent s, is negative
in the mass-subcritical case o < 2, the well-posedness of (gKdV) in H’* becomes rather a difficult problem. Tao [58]
proved global well-posedness for small data for (gKdV) with the quartic nonlinearity 1d,(«*) in H*/2. Later on,
Koch—Marzuola [34] simplified Tao’s proof and extended his result to a Besov space B;/ 22 As for the L -framework,
Griinrock and his collaborator proved well-posedness for various nonlinear dispersive equations, see [16—18].

The well-posedness of (gKdV) and small data scattering in LY is established by the authors as long as 8§/5 <« <
10/3 by introducing a generalized version of Stichartz’ estimates adopted to the L’ -framework, see [46]. The mass

1 2
M[u]=§I|ulle

and the energy

H 2042
[lae]|75

1 2
E[”]=§||axu||L2+2a+2 L2a+2

are well-known conserved quantities for (gKdV). However, neither makes sense in general for L%-solutions. Thus,
global existence is nontrivial for large data even in the mass-subcritical range o < 2.

As a step next to small data scattering, in this article, we consider existence of a threshold solution which lies on
the boundary of small scattering solutions around zero and other solutions, via concentration compactness argument.
Let us make our setup more precise. We say an L-solution u(r) scatters forward in time (resp. backward in time) if
maximal existence interval of u(¢) is not bounded from above (resp. from below) and if e’ aiu(t) converges in L* as
t — oo (resp. t — —o0). We define a forward scattering set Sy as follows

~|asolution u(t) to (gKdV) with uj;—o = ug
S+ = Ug € LY .
scatters forward in time
A backward scattering set S_ is defined in a similar way. We now introduce a quantity
d:= inf Jluollja- ey
ugeL\S+

The question we address in this article is that existence of a special solution which belongs to LY \ Sy at each time and
attains d in a suitable sense. By small data scattering result in [46], we know that d is bounded by a positive constant
from below. Remark that there are several choices on notion of minimality of non-scattering solutions since [[u(¢)]| ;.
is not a conserved quantity. The above d is a number that gives a sharp scattering criterion; if |[uoll ;o < d then a
corresponding solution scatters for positive time direction. However, we actually work with a weaker formulation by
some technical reason (see (5), below).

The above problem has a connection with stability of solitons. In the focusing case (i.e., u = —1), (gKdV) admits a
soliton solution Q. (¢, x) = /2 Q(c(x — %)), where Q(x) is a (unique) positive even solution of — Q"+ Q = Q2o+l
and ¢ > 0 is a parameter describing amplitude and propagating speed of soliton. Let us remind ourselves that we
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consider the mass-subcritical problem. It is well known that Q is orbitally stable if @ < 2 [2,63] and unstable if o« > 2
(see [3] for « > 2 and [37] for @ = 2). When the soliton solutions are unstable, for example in the mass-critical case
o =2, it is conjectured that the above d coincide with L2-norm (since o = 2) of Q.. So far, it is known that if @ =2
then Q lies on the boundary of sets of global solutions and non-global solutions in H', see Weinstein [62] for the
sharp global existence result and Martel-Merle [38] for the existence of a finite time blow up solution.

On the other hand, in mass-subcritical case, solitons are stable (in H') and so they are not thresholds any longer.
Indeed, it follows from [46, Theorem 1.10] that d <cq |9l j«> where

J2 1/
Cy = (%) <1 )

1Q17%"2
is a constant such that E[c, Q] =0

Recently, there are much progress on analysis of global behavior of dispersive equations by so-called concentration
compactness/rigidity argument, after a pioneering work by Kenig—Merle [26]. The existence of a critical element
is one of the main step of the argument. As for generalized KdV equation (gKdV), the mass-critical case is most
extensively studied in this direction. Killip—~Kwon—Shao—Visan [30] constructed a minimal blow-up solution to the
mass critical KdV equation in L? under the assumption on the space time bounds for the one dimensional mass-critical
Schrodinger (NLS) equation. Subsequently, Dodson [14] proved the global well-posedness for the one dimensional,
defocusing, mass-critical NLS in L2. As by product of his result, the assumption imposed in [30] was removed for
the defocusing case. Furthermore, Dodson [15] has shown the global well-posedness for the defocusing mass-critical
KdV equation for any initial data in L?. For the focusing mass-critical KAV equation, Martel-Merle—Raphagl [40—42]
and Martel-Merle—Nakanishi—Raphaél [39] classified the dynamics of solution into three cases (blow-up, soliton,
away from soliton) in the small neighborhood of Q. As for the mass-subcritical nonlinear Schrddinger equation, the
first author treated a minimization problem similar to (1) in a framework of weighted spaces and showed existence of
a threshold solution which is smaller than ground state solutions (see [43,44]).

A main contribution of this article is to extend the concentration compactness argument to L®-framework. We then
come across two difficulties because of the fact that the L%-norm is invariant under the following four group actions;

(i) Translation in physical space: (T (a) f)(x) = f(x —a),a € R,

(ii) Translation in Fourier space: (P (&) f)(x) = e *¢ f(x), £ € R,

(iii) Dilation: (D (h) f)(x) = (Dy (h) f)(x) = h'/® f (hx), h € 2%,

(iv) Airy flow: (A1) f)(x) = e "% f(x), 1 €R.

They are one parameter groups of linear isometries in LY. In this article, we call a bijective linear isometry from a
Banach space X to X itself a deformation on X. Further, we refer to a deformation of the form x¢(x) as a phase-
like deformation, and a deformation of the form ¢ ((1/i)dy) = F~'¢(£)F as a multiplier-like deformation, where
¢(x) : R — C is some function with |¢| = 1. With these termlnologles T(a) = e %% and A(r) are multiplier-like
deformations on L and P (&) is a phase-like deformation on LY.

The first difficulty lies in a linear profile decomposition, which is roughly speaking a decomposition of a bounded
sequence of functions into a sum of characteristic profiles and a remainder by finding weak limit(s) of the sequence
modulo deformations. Intuitively, this decomposition is done by a recursive use of a suitable concentration compact-
ness result. Then, to ensure smallness of remainder as the number of detected profiles increases, a decoupling equality,
so-called the Pythagorean decomposition, plays a crucial role.

Let us now be more precise on the Pythagorean decomposition. Let { f;,} be a bounded sequence of L. Since L is
reflexive as long as 1 < @ < 00, by extracting subsequence, f, converges to some function f € LY in weak LY sense.
Now we suppose that f 7 0. Then, the Pythagorean decomposition is a decoupling equality of the form

Il o =11 A0 = Al 4 o(1) 3)
LY (R) LY (R) L* (R)

as n — oo. It is well-known that the above decoupling holds for « = 2 and may fail for o # 2. Remark that the
Brezis-Lieb lemma tells us that a sufficient condition for the decoupling (for « # 2) is that fn converges to f almost
everywhere. However, in our case, due to multiplier-like deformations 7 and A, which are phase-like in the Fourier
side, Fourier transform of considering sequence does not necessarily converge almost everywhere. Thus, we may not
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expect that (3) holds for L%-norm." This respect is rather a serious problem for linear profile decomposition, because
a decoupling like (3) is a key for obtaining smallness of remainder term as the number of detected profiles increases,
as mentioned above.

To overcome this difficulty, we shall show a decoupling inequality with respect to a weaker norm, a generalized
Morrey norm, defined as follows:

Definition 1.1. For 4/3 < o < 2 and for o € (o, 33‘1‘2), we introduce a generalized Morrey norm |-|| j« by
2,0

e =27 20700 =152,
Mg~ L2 e |17k L2 || o
J.k J.k
where rkj = [k27/, (k + 1)277). Further, we introduce
_ O R T
0 =L @)1= jnf | PEull gy forue L%, 4)

_ Details on generalized Morrey space are summarized in Section 2. Here, we only note that the embedding J RN
M3 | holds, that £(f) ~ || f|l ;;« » and so that £(f) is a quasi-norm and makes sense for all f € L*. It is obvious by
’ 2,0

definition that 7 (a) and A(¢) are deformations on Z\;Ig‘ , forany a,t € R. Similarly, D(h) is a deformation on A;Ig o
if & is a dyadic number. We introduce £(-) because Mg‘ ,, horm is not invariant (but bounded from above and below)

under P (&) action. The heart of matter is that local (in the Fourier side) L? norm decouples even under presence
of multiplier-like deformations 7' and A. Hence, summing up the local L? decoupling with respect to intervals, we
recover a decoupling inequality for £(-). Thus, we obtain a linear profile decomposition in the Mg‘ -framework. This
is one of the main ideas of this article.

Because our decoupling inequality is established only for £(-), a natural choice of the meaning of minimality of the
solution is not with respect to ||-|| ;, any longer but to £(-). Thus, we consider the minimization problem for

dy =dy(o, M) :=inf{l(uo) | uo € By \ Sy}, ®)

where M > 0 is a parameter and By := {f € I:“| Il fll;« < M} is a ball. We consider minimization problem in a

ball in L% because well-posedness of (¢KdV) is not known in the generalized Morrey space M3 . As a result, our
threshold solution may depend on M.

Here, it is worth mentioning that the generalized Morrey space naturally appears in the context of refinement of
Stein—Tomas inequality, which corresponds to the diagonal version of Strichartz’ estimate in L. The refinement goes
back to Bourgain [4] (see also [5,6,29,49,50]), and has been used for the linear profile decomposition in L2-framework.
See [1.,8,47] for decomposition associated with Schrédinger equation and see [55] for that with Airy equation. We
show a version of the refined Stein—Tomas inequality

3 I 2
sup [le "% Py £l 3 £
L% (RxR) Mg,

—133
e f”L?"i(RxR) <C
" Ne2Z

where Py is the standard frequency cut-off operator to || ~ N € 2Z. For the details on this estimate, see Lemma 5.9
in Section 5 (see also Theorem B.1 in Appendix B). The refinement is crucial for the linear profile decomposition in
M.
The second difficulty comes from a linking between generalized KdV equation and nonlinear Schrédinger equation
caused by the presence of P-deformation. More precisely, if an initial data is of the form ug(x) = Re[P(§)¢ (x)] then
a corresponding solution to (gKdV) can be approximated in terms of a solution to nonlinear Schrodinger equation

{ i0;v — va =—njv|*v, 1,xeR,

v(0, x) = vp(x), xeR, (NLS)

in the limit |&| — oo. This interesting phenomena is known in [30,59] (see also [7,10,54]).

1 Actually, when o’ =4, f, = f + T(n)g with f, g € £4/3 is a counter example to the above decoupling.
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As for linear Airly equation, the linking with linear Schrédinger equation can be explained by an elemental identity
AWPE) =T PEOT (=325 A). ©)

The identity infers that the presence of P on the initial data produces Schrodinger group e 103, Furthermore, in fact,
the Schrodinger evolution takes a main part in the limit |§| — oo because the speed of Schrodinger evolution becomes
much faster than that of Airy evolution. The above identity is a kind of Galilean transform, and can be compared with
the one for Schrodinger equations;

eil‘a_%P(é) — e*il‘|§|2P(%—)T(_zté)ei[a)%. (7)

Roughly speaking, as a nonlinear evolution generated by a class of nonlinear Schrodinger equation, such as (NLS),
inherits the Galilean transform (7), the effect on the nonlinear problem (gKdV) which is caused by the presence of P
in initial data is similar to that on the Airy equation described as in (6).

Because of the above linking, existence of a threshold solution is shown under the assumption

1
37T 2)\ ™
d+ < 2%7] M dNLSs (8)

where d is the number given in (5), ¢ is a parameter chosen to define £(-), ['(x) is the Gamma function, and
dnLs = dnis(o, M) :=inf{£(vo) | vo € By \ Snis} )
with

A

SNLS =1V € L* L.
scatters forward and backward in time

a solution v(¢) to (NLS) with vj;—g = vg }

Here, the notion of scattering of L*-solution v(t) to (NLS) forward in time (resp. backward in time) is defined as
validity of the following two; (i) maximal existence interval of v(¢) is not bounded from above (resp. from below);
(i1) e”axzv(t) converges in L% ast — oo (resp. t — —o0). It was pointed out in [30,59] that, in the mass-critical
case o = 2, the problem of a threshold solution for (gKdV) relates to the same problem for (NLS). Although we are
working in the mass-subcritical case, the same linking appears because it is due to the presence of the P-deformation.
When o =2, the assumption (8) essentially coincides with those in [30,59].

The justification of the Schrodinger approximation is done essentially in the same way as in [30] for the mass
critical KdV equation. One of the key point to justify the approximation is how to pick up the resonance term from
the nonlinear term. Notice that for the mass critical case, the nonlinear term is polynomial in « and #, so it is easy to
pick up the resonance term from the nonlinear term. On the other hand, in our setting it is non-trivial to pick up the
resonance term from the nonlinear term because the power of the nonlinear term is fractional. A main idea for dealing
with nonlinearity is to use a Fourier series expansion

o0
|cos|** sinf = > " Cy sin(ko).
k=1

The constant in assumption (8) given in terms of the first coefficient C; of the expansion. By using the Fourier series
expansion, we are able to pick up the resonance term from the nonlinear term. Consequently, we have to take care of
convergence for the above Fourier series. Fortunately, we can show its convergence thanks to the enough smoothness
of the nonlinearity. Further, to justify approximation, we also establish local well-posedness of (NLS) in a scale critical
Lo space, which seems already a new result.

1.1. Main results

In what follows, we consider the focusing case u = —1 only. However, the focusing assumption is used only for
d4+ (M) < oo. Our analysis work also in the defocusing case u = +1 if we assume d4 (M) < oo.
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Theorem 1.2. Ler 3/2 + /7/60 < a <2 and o € (o, %). Let M > 0 so that By N S$ # 9. If the assumption

(8) is true then there exists a special solution u.(t) to (gKdV) with maximal interval Imax(uc) 0 such that

(i) uc(0) & Sy;
(ii) uc attains dy in such a sense that one of the following two properties holds;
(a) uc(0) € By and £(uc(0)) =dy;
(b) u.(0) € S_ and scatters backward in time to u. _ satisfying u..— € By and (u. —) =d.

In this article we call u, constructed in Theorem 1.2 by a minimal non-scattering solution.

Remark 1.3. As mentioned above, d4 (M) gives a scattering criterion; if ug € LY satisfies luoll;« < M and £(up) <
d4 then up € S4. By definition of d, this is sharp in such a sense that d4 cannot be replaced by a larger number. It
is not clear whether we can replace £(ug) < d+ by £(up) < d+.

Remark 1.4. So far, we do not have any additional property, such as precompactness of the flow, of the critical solution
u. constructed in Theorem 1.2. It is not necessarily by a technical reason. Indeed, a similar minimization problem is
considered for energy critical nonlinear Schrodinger equation in [45], and a minimizer satisfying properties (i) and
(ii)-(b) is given. (Furthermore, in this case there is no minimizer which attains minimum value at finite time as in
(i1)-(a).) Remark that the minimizer satisfying (ii)-(b) does not possess precompactness of the flow for negative time
direction.

The assumption By N S # ¢ is fulfilled for M > ¢, || Oll;« because ¢y Q ¢ S by means of [46, Theorem 1.10].
By the same reason, we have the following:

Theorem 1.5. Let 3/2+/7/60 < a <2 and o € (!, %). Let M > 0 so that By N SS. # 0. Then, d. < ca£(Q),
where cy, is the constant in (2). In particular, the minimal non-scattering solution u. given in Theorem 1.2 is not a

soliton.

Let us discuss the assumption (8). We do not know whether the assumption is true. However, it would be
reasonable to expect that the assumption (8) is true for focusing case at least when o and o are close to 2
and o', respectively. One positive reason is that it is true in the limiting mass-critical case o = 2 with a modifi-
cation £(-) = || - ||z2 and o = 2. Killip-Kwon-Shao—Visan [30] proved a similar theorem” under the assumption
dy < (6/5)1/4 dnis = 2351 3/7T(4)/2 (7/2)*dnis. We see that this assumption is true by combining the fact
by Dodson [13] that dnis = || Q|| ;2 (see also [31,33]) and trivial bound d+ < || Q]| 2. Nevertheless, it does not imply
the assumption is true because continuity property for d4 and dnrs in @ and o is not known. Hence, we show exis-
tence of a minimal non-scattering solution without the assumption (8) by modifying the minimization problem, which
is our second result.

For fixed 8/5 <& <a and 0 <5 < 2a + 1, define EM ={fe L | 1 fIza + L fll gz < M}. As for a minimizing
problem for

d, =d, (o, M) := inf{€(uo) | uo € By NS},

a minimizer exists without the assumption (8).

Theorem 1.6. Ler 3/2 + /7/60 <o <2 and o € (o, %). Let M > 0 so that By N S # 0. Then, there exists

a special solution u,(t) to (gKdAV) which attains C7+ in a similar way to Theorem 1.2.

Now let us introduce several consequential results which follow from the arguments which we establish to prove
our main results. We begin with two scattering results. The first one is as follows;

2 We can construct a minimizer to d4 which possesses the properties described in [30, Theorem 1.13]. Although their result is based on the
assumption d+ < || Q| 12 which is conjectured to be false, their argument works under a weaker assumption d < || Q|| 12 which is true.
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Theorem 1.7. Let 5/3 < o < 20/9. For any M > 0 there exists 6 = §(M) > 0 such that if ug € L satisfies |[uoll ;o <
M and

1 a3
3q o105
[110x |3 e XuO”L?ﬁ(RxR) <46

then a corresponding solution u(t) to (gKdV) exists globally and scatters for both time directions.

The above theorem is a variant of small data scattering, and a consequence of a stability type estimate which is
so-called long time stability. Notice that it contains the case that the data is not small in the L* topology.

Remark 1.8. The proof of [46, Theorem 1.7] shows that there exists a constant 8’ independent of ||u|| o such that if

L 193 —193 <5
[10x |3 e™ % uoll 30 g gy + lle > uoll sa <9
tx( ) 2 Sa
' Ly~ (R,LY*(R))

then the solution scatters for both time directions. In Theorem 1.7, smallness assumption on the second term of the
left hand side is removed, however the constant § may depends on ||ug|| ;-

The second scattering result is the following.

Theorem 1.9 (Scattering due to irrelevant deformations). Let 5/3 <o < 2. Let {uo n}n C L* be a bounded sequence.
Let u, () be a solution to (gKdV) with u, (0) = ug . If a set

| &= lim (D) AT (i) P ()™ wo,n, weakly in L%,
d) c Lﬂl k—o00
A(hg, &, Sk, Yk) € 22 x R x R x R, Jsubsequence ny

is equal to {0} then there exists No such that u,(t) is global and scatters for both time directions as long as n > Ny.

This theorem is a consequence of Theorem 1.7 and a concentration compactness argument. An example of sequence
. . . a4 A
{10,0}, that satisfies the assumption of Theorem 1.9 is ug , = i f felY Asa corollary, we also see that S; NS_
is unbounded in L* topology.

Corollary 1.10. For any f € LY, there exists T > 0 such that e”a?f €S+ NS_ for|t| = T. In particular, S+ N S_ is
an unbounded subset of L®.

Unboundedness of each S; and S_ are seen by considering an orbit {A(t)f |t € R} of f € L. However, this
argument does not yield that of the intersection of the both.

Finally, we state the results on the well-posedness of nonlinear Schrédinger equation (NLS) in L* and Mg o
Although the analysis of (NLS) is not an original purpose of the article, this is necessary for our analysis because
there is a linking between (gKdV) and (NLS) due to the presence of P-deformation.

Theorem 1.11 (Local well-posedness of (NLS) in LY). The equation (NLS) is locally well-posed in L if4/3 <a <4

Theorem 1.12 (Local well-posedness of (NLS) in Mg)a). The equation (NLS) is locally well-posed in 1\;15‘(7 if4/3 <

/ 6
o <2anda <0< 3,55

The rest of the article is organized as follows. The main theorems are proven in Section 4 after preliminaries on
notations and basic facts (Section 2) and stability estimate (Section 3). For the proof, we rely on two important in-
gredient, linear profile decomposition (Theorem 4.3) and NLS approximation (Theorem 4.4). We prove Theorem 4.3
in Sections 5 and 6. Finally, we turn to the proof of Theorem 4.4 in Sections 7 and 8. On the other hand, conse-
quential results are shown when we are ready; Theorem 1.7 is proven in Section 3, Theorem 1.9 is in Section 6, and
Theorems 1.11 and 1.12 are in Section 7.
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The following notation will be used throughout this paper: We use the notation A ~ B torepresent C1A < B < C2A
for some constants C; and C;. We also use the notation A < B to denote A < CB for some constant C. |9,|" =
(—8)%)“/ 2 denotes the Riesz potential of order —s. For 1 < p,q < oo and I C R, let us define a space—time norm

||f||L];L?(1) = || ||f(‘,x)||L?(1)||L]:(R)-
2. Notations and basic facts

In this section, we introduce several notations and give lemmas which are needed to prove main results.
2.1. Deformations

Let us first collect elementary facts on the deformations which is used throughout the article. As in the introduction,
we set

(TMHE) =fx—y).yeR,
o (PE)f)(x)=e™ f(x),xi €R,
(Dp(h) f)(x) =h"P f(hx), h € 27,

(AW f)(x) = e~ f(x), t € R.

They are deformations on LP for any 1 < p < 0o. Denote D(h) = Dy (h), where « is the number in (gKdV). Let
S@t) = et o be a Schrodinger group. Notice that S(¢) is also a deformation on Lp , 1 < p < oo. The inverses of A(¢),

S(@), T(y),and P(&§) are A(—t), S(—t), T(—y), and P(—§), respectively. Further, Dp(h)_1 = Dp(h_l).

We use a notation X := FXF 1 or equivalently, F X = )A(]-", for X =A,S,T, P, D. More specifically, A(t) =
¢ (1) = e, T(y) = P(y), P(&) = T(—£), and Dy(h) = Dy (h~"). With this notation, the identity (6) is
easily obtained as follows.

P() A P (g) = "€~ = T8 T (—3831) S (360 A (1).
Next, we collect commutations of the above deformations. We have
[A@), SOI=[AQ), TW]=[S®), T(N]=0, T(y)PE) =" PET().
Commutation property for D(h) is as follows:
A@M)D(h)=DMAMRt),  St)D(h)=DM)SH*?),
T (y)D(h) = D(W)T (hy), P(&)D(h)=D(h)P(h~'¢).

Combining above relations, we have the following identity

(DINT AR PE) ™ (DMT (y)A(s)P (&)
=e’D <Q> P (s — EE) Als— <i)3?
h h h
s{3 —(ﬁ>3~ glr _ s —(ﬁ)3~ g2 (10)
s = s y Ey s = s ,

where y is a real number given by 4, y, s, &, 71, y,5s, E This identity is useful for linear profile decomposition (see
Remark 4.2).

2.2. Generalized Morrey space

For j € Z, we set D := {[k2=7, (k +1)277) | ke Z}). Let D := UjezD;. For a function a : D — C, we denote
”a”% = (ZIED |a(1)|r)1/r if 0 <r < oo and ||a||[o5 ‘=sup;ep la(l)].
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Definition 2.1. For 1 < g < p < oo and for r € (p, oo], we introduce a generalized Morrey norm ||-|| ML, by

1_1
1 0aag, = 111777 1 £ o

t
Here, the case p = ¢ and r < 00 is excluded. For 1 < p < g < 00 and for r € (p/, 00], we also introduce I fll g =
q.r

171 i
q'r

1_1 A
1z, = 1172110,
D

Banach spaces qu ~and A;I,f  are defined as sets of tempered distributions of which above norms are finite, respec-
tively.

Remark 2.2. (i) sz,oo is a usual Morrey space. M ,’,7,00 = L? with equal norm.

(i) Forany 1 < g2 <¢q1 < p<ooand p <r; < rp < 00, it holds that M;l,,l — Mé;,z.
(iii) For any 1 < p < g1 < g2 < oo and p’ < ry < ry < 00, it holds that M), ,, — M} ..
(iv) L? < M}, holds as long as 1 < g < p <r < oo.

(V) LP — ]\;I[f,, holds aslong as 1 < ¢’ < p’ <r < o0.
For the last two assertions, see Proposition A.1.

Lemma 23. Let 1 < p < g < o0 and let r € (p',00]. There exists C > 1 such that C_IIIfIIMp <
q.r

q
HDp(h)A(s)T(y)P(S)f . SC ”f”/&/;’ for any f € qu,r and any (h,&,s,y) € 22 x R x R x R. Further, if
q.r T
& = 0 then the above inequality holds with C = 1.

Proof of Lemma 2.3. We only consider g > 1. Notice that
-1 X
Dy AT MPEfI)=h" 7 IFfI (7 +).
Therefore, for any ‘L']'(i =[k/2/,(k+1)/2)) D; we have
54 i hb
517 | FDyMAOTODIPE S| Ly oy = 1T NF fll a0,

where ?kj = [L + & L +.§). Denote i = 270. We choose ko = ko(j) so that ko < 2/7/0& < ko + 1. Then, ?k/ C

h2J h2J
J+Jo J+Jo ~jy_dtioy _.Jto
Titko Y Thrhot1 and |7} | = |‘L'k+ko | = |rk+kOJrl |. Thus,
. 1
~j 7 7
|'Ck |p’ q ||]:f||Lq/(?kJ)

j+io =y - j+io \y= .
< |rk+k0 |74 “ff”qu(flch]g) + |‘Ek+k0+1|P 1 ”-Ff”Lq/(Tk/;rngH) .

We take £; norm and then K; norm to obtain the second inequality with C = 2. It is obvious that if £ = 0 then
?,g = tkj 0 and |r,{ |/h = |r,g +j°| hold and so we can take C = 1. The first inequality follows in a similar way. We
repeat the same argument from |F f|(y) = |FD(h)A(s)T (y) P(&) f|(hy — h&). O

2.3. Generalized Strichartz’ estimates

In this subsection we give a generalized Strichartz’ estimates for the Airy equation. To this end, we introduce
several notations.
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Definition 2.4. (i) A pair (s,r) € R x [1, 0o] is said to be acceptable if 1/r € [0, 3/4) and

(ii) A pair (s,7) € R x [1, 00] is said to be conjugate-acceptable if (1 — s, r’) is acceptable, where % =1- % €
[0, 1].

For an interval I C R and an acceptable pair (s, r), we define a function space X (I; s, r) of space—time functions
with the following norm
£ U x i,y = 11021 | Lpoon . o5 4
where the exponents p(s, ) and ¢(s, r) are given by
2 1 1 1 2

+ = s — =3S.
p(s,r) q(s,r) r p(s.r)  q(s.r)

(1)

We refer X (/; s, r) to as an L"-admissible space.
For an interval I C R and a conjugate-acceptable pair (s, ), we define a function space Y (/; s, r) by the norm

1 Iy = | |3x|Sf||Lf<s,r>(R;L;7<s,r>(1)),
where the exponents p(s, r) and g (s, r) are given by
~2 +~1 =2+1, ~1 +~2 =s.

p(s,r) — q(s,r) r p(s,r)  q(s.r)
Let us define some specific X (/; s, r) and Y (I; s, r) type spaces by choosing specific degrees s = s(r).

(12)

Definition 2.5. Set s(L) = s(L, &) := 1/(3a), s(S) = s(S,@) := 0, s(K) = s(K, ) := 3 — 3 — ¢, and 5(Z) =
s(Z,r) = % — % + ¢, where ¢ > 0 is a sufficiently small number. For W = L, S, K, Z, we define W(I) :=

X(I;s(W),a). Also define N(I) :=Y(I;s(L),a). We use the notation (p(W), g(W)) := (p(s(W), @), qg(s(W), a))
for W=L,S,K,Zand (p(N),g(N)) :=(p(s(L),a),q(s(L), a)).

From the definition, we have (p(S), g(S)) = (%a, Sa) and (p(L), q(L)) = (3a, 3e). For details of choice of s(Z)
and s(K), see Remark 4.12 below.

Remark 2.6. The S(/) norm is so-called scattering norm. This norm plays an important role on well-posedness theory.
For example, criterions for blowup and scattering are given in terms of the scattering norm (see [46, Theorems 1.8
and 1.9]). Notice that the pair (0, o) is admissible only if « > 8/5. The L(/) norm is a non-mixed space. This norm
appears in refinement of Stein—Tomas type inequality, see Lemma 5.9, below. A pair (s («), o) is acceptable and
conjugate-acceptable if 5/3 < o < 20/9. Remark that there exists an acceptable and conjugate-acceptable pair under
a weaker assumption 10/7 < @ < 10/3 (see [46, Remark 4.1]).

We have the following generalized version of Strichartz’ estimate.

Proposition 2.7 (Generalized Strichartz’ estimates).
(i) (homogeneous estimate) It holds for any acceptable pair (s, r) and interval I that

_ a3
le™% Fllxcrism < CIFlz0 s (13)

where the constant C depends only on s and r.
(ii) (inhomogeneous estimate) Let 4/3 < r < 4. Let (s1,r) be an acceptable pair and let (sp,r) be a conjugate-
acceptable pair. Then, it holds for any ty € I C R that
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t
a3
/6“"”axaxF(t/)dt/ SCUFly 5.0 - (o
1o L®(I;E0)NX (1,sy,r)

where the constant C depends on s1, s> and r.

Proof of Proposition 2.7. The inequality (13) is obtained by interpolating the notable Kato’s smoothing effect, the
Kenig—Ruiz estimate and the Stein—Tomas inequality. See [46, Proposition 2.1] for the detail. Moreover, the inho-
mogeneous estimate (14) follows from the combination of the homogeneous inequality (13) and the Christ—Kiselev
lemma. See [46, Proposition 2.5] for the detail. O

To handle X (1; s, r) and Y (I; s, r) spaces, the following lemma is useful.

Lemma 2.8. Let | < p;,q; <ooand s; e R fori =1,2. Let p, q, s satisfy
1 0 1-6 1 6 1-6
+

p o op 4 @ @
for some 6 € (0,1). Then, there exists a positive constant C such that the inequality ||0x|® fl| L <

C |||8x|‘“f||i,,1 L |||8x|s2f||1L;29qu holds for any f such that |3,|' f € LY' L' and |3, f € LY* L.
X t X t

, s=0s1+1—-0)s

Proof of Lemma 2.8. See [46, Lemma 3.3]. O
To evaluate the nonlinear term, we need the following lemma.

Lemma 2.9. Suppose that 8/5 < a < 10/3. Let (s, r) be a pair which is acceptable and conjugate-acceptable. Then,
the following two assertions hold:
(i) If ue S(I)N X(I;s,r) then |u|*®u € Y(I;s,r). Moreover, there exists a positive constant C such that the
inequality
e wlly 25y < C Il 5y Nl x 15y

holds foranyu e S(I) N X(I;s,r).
(ii) There exists a positive constant C such that the inequality

I *u = [0P*Vlly (125,
< Clullxzsm + I0lxcs) Qullscry + 10l = vlls
+ Clullscry + I0lsy) ™ e = vllx 1:5.)
holds for any u,v e S(I)NX(I;s,r).

Proof of Lemma 2.9. See [46, Proposition 3.4]. O
3. Stability estimates
3.1. Stability for gKdV

We consider the generalized KdV equation with the perturbation:

{ Qi 4 020t = pud, (|it|* i) + dye, t,x €R,

ﬂ(fax)zﬁo(-x)a XER, (15)

where the perturbation e is small in a suitable sense and the initial data i is close to ug.

Although the estimates in this section are restricted to 5/3 < o < 20/9, one can easily extend the results for
8/5 < a < 10/3 by modifying the definitions of L(/) and N (/) spaces. See Remark 2.6 for the meaning of the above
restriction on o.
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Lemma 3.1 (Short time stability for gKdV). Assume 5/3 < a < 20/9 and f € R. Let I be a time interval containing
f and let it be a solution to (15) on I x R for some function e. Then, there exists ey > 0 such that if it and e satisfy
il sy + Nl < go, and
—(1—N33 A N
le= D% (@) — a@) sy + e "% @@ — @@ lLay + llelvay <e,

and if 0 < ¢ < &g hold, then there exists a unique solution u € S(I) N L(I) to (gKdV) satisfying

lu —illsay + llu — il < Ce, (16)
el u — @i n ey < Ce. (17)

If further u(f) — a(f) € LY holds then

it = il o g oy < @) — @@l + Ce (18)

Proof of Lemma 3.1. By the local well-posedness theory, it suffices to show (16), (17), and (18) as a priori estimates.
Let w :=u — u. Then w satisfies

t
w(t) = e~ DR Y@ + / e~ =R i+ w2 (i + w) — i[> a)dr’
7
13
- / =Ry (¢t
7
Fort eI, set
F() = lwlso,n + lwlzo.n,
G(1) = Il + w|* @ + w) — [a**@l w0,
where we use abbreviation such as S(0, r) = S([0, ¢)) to simplify notation. Then the assumptions on u(?), ii(f) and e,
and Proposition 2.7 (14) lead us to
F@) < le™ D% @@ —a@) s + le™ 0% @@ — a@)) 0.
+CG@)+Cllellno.n
<Ce+CG@).
Lemma 2.9 (ii) yields

Gt) < Clu+wlron + lallLo.n)
x (i +wlls©. + lills©.0)** lwlliso.
+ Clli + wlls.n + Nl s©.0)* lwllzo.
< Cleo+ F(1)*F(1). (19)
Hence, F(t) < Ce + ng"‘ F(t) + CF(t)?**!, Since F(0) =0, by the continuity argument, we have that if Ceé“ <1,
then F(¢) < Ce for any ¢ € I. Hence we have (16). Combining (16) and (19), we have (17).
Now we suppose that w(f) = u(f) — i(f) € L*. Then, Proposition 2.7 (13) and (14) yield
ol gecryz
<Nw@llzo + Clllia +wl> @ +w) — a*illye) + Cllellva
< |Iw(f)||iig +Ce.

Hence we have (18). This competes the proof of Lemma 3.1. O
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Pr0p0s1t10n 3.2 (Long time stability for gKdV). Assume 5/3 < a <20/9 and t € R. Let I C R be an interval contain-
ing t. Let it be a solution to (15) on I x R for some function e. Assume that ii satisfies
lallscry + Nulleay < M,

for some M > 0. Then there exists 1 = €1 (M) > 0 such that if

i3 - VS
le™ "% (@) — a@) sy + le™" % @) — a@d)llLay + llelna <&

and 0 < ¢ < €1, then there exists a solution u to (gKdV) on I x R satisfies

lu —dllsay + llu—ullLay <Ce, (20)
illnay <Ce, (2D

2 20 ~
(I e

where the constant C depends only on M. Further, if u(f) — u(f) € LY for some t € I then, it also holds that

it = il g oy < Nt ®) — @@l o + Ce (22)

Proof of Proposition 3.2. The proof is the combination of Lemma 3.1 and an iterative procedure. Without loss of
generality, we may assume that 7 = 0 and inf/ = 0. Now let &y be the constant given in Lemma 3.1. We first show
the following claim: There exists a positive integer N < 1 + (2M/g0)?®) such that I = UI/V 11, 1 =[tj-1,t;] with
the property ||u||5(1 o+l L, H <o forany 1 < j < N. Suppose M > &g, otherwise there is nothmg to prove. Take
t; € I so that ty < t; and ||u||s(1,) + llillL(r,) = €o. Similarly, as long as |[@lls;_,.sup 1)) + Nl L(t;_1.5up 1)) > €0
we define 7; € I so that t;_; < ¢; and ||u||g(1/.) + ||u||L(1j) = g9. Now we show that N <1+ (2M/80)’1(S) by the
contradiction argument. Suppose that 1 + (2M/g)9®®) < N < co. Let N’ be an integer defined by N’ = N if N is
finite and N’ any integer satisfying 1 + (2M/g0)?®® < N’ if N is infinite.

For W =8, L and 1 < j < N/, let us introduce two functions fw j(x) := 135 S, x) ||

1 N’ 1
q(W) q(W)
> U nac o — Z NTI4)
> H(”M( ’x)”L;I(W)((O,tN/)) Lr") e |fW,j(x)|
X ]:

Noting p(S) < ¢(S) and p(L) = g(L), by the above inequality and the Holder inequality, we obtain

N/
~ w
aoN' = 3 Ylilway< Y. )77 (Znunﬁ&(,)))

L?(W>(1j). Then

L,'Z(W)

]

W=s,L j=1 W=S,L
N’ 1
1 p(W)
N )PV
> W) <Z|fw,,< )l L
W=S,L j=1 X
N’ 1
1—_1_ wy ) 7
N)' ~awm (x)]4¢
> W) (Z|fw,,,< )| ) L
W=S,L j=1 x
3 (N =7 M.
W=S,L

Since g(L) > q(S), we obtain N’ < 1+ (2M/gg)4 (L) This contradicts the definition of N’, which proves the claim.
Combining Lemma 3.1 and the argument by [44, Theorem 3.8], we have that if we choose &1 = &1 (M) sufficiently
small, then we have (20) and (21). Finally if w(0) € L, we use (21) to obtain

. . 20, |52~
10l oy < IO+ € [l =g

)+C||€||N(1)
< w(O)ll;« +Ce

This completes the proof of Proposition 3.2. O
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3.2. A version of small data scattering
As a simple consequence of Proposition 3.2, we have the following result, which is Theorem 1.7.

Corollary 3.3. Let 5/3 < o < 20/9. For any M > 0 there exists § = §(M) > 0 such that if ug € L satisfies |[uoll jo <

M and ¢ := ||e7ta3 uollL®) < 8 then a corresponding solution u(t) to (gKdV) exists globally and scatters for both
time directions. Further, it holds that

lullsw) + llullL )y < M+ CM*¢

for some constant C.

Proof of Corollary 3.3. We just apply Proposition 3.2 with u(z, x) = ey, I =R, and 7 = 0. Remark that
N2l sy + 2l Lw) < C lluoll;« < CM follows from (13) and by assumption. Further, u(0) — #(0) =0 and

|2aﬁ’

lellnee = |17 oy < C I 17y < CH* <y

for sufficiently small § = §(M), where & is the constant given in Proposition 3.2. Therefore, the assumption of
Proposition 3.2 is satisfied. O

4. Proof of main theorems
4.1. Two tools

For the proof of Theorem 1.2, we introduce the following two tools.
The first one is a linear profile decomposition for L*-bounded sequences. Let us define a set of deformations as
follows

G:={DAG)T(Y)PE)|T =(h,& s,y)€2? xRx R xR} (23)
We often identify G € G with a corresponding parameter I' € 2 x R x R x R if there is no fear of confusion. Let us

now introduce a notion of orthogonality between two families of deformations.

Definition 4.1. We say two families of deformations {G,} C G and {5,1} C G are orthogonal if corresponding param-
eters [y, [ € 22 x R x R x R satisfies

~ 3
hn hn"‘ hn ~
lim | (log=~|+|& — —&|+ |sn— | = ) Su|(1+ &)
n—00 n hy, h,
3
hy hn\" ~ ’
+ ==Y =3sn—\~ ) sn) &) = +00. (24)
hy hy

Remark 4.2. It follows from (10) that
- . h Ty~ B \° -
(gn)_lgn =é'"D (i) P (sn - ign) A (Sn - (i) sn)
B \° - By B \°
N (3 <5n - (i) Sn) %-n) T ()’n - i)’n -3 <Sn - (7:) Sn) é,.:y%) s

where I',, and Fn are parameters associated with G, and §n, respectively, and y, is a real constant given by ',
and I',,. Intuitively, the orthogonality given in Definition 4.1 implies at least one of the deformations in the right hand
side produces bad behavior.
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Theorem 4.3 (Linear profile decomposition for “real valued” functions). Let 4/3 <a <2 and o' <o < 35—”‘ Let
u = {un}, be a sequence of real- valuedﬁmctlons in By. Then, there exist W € By, r,, € B(2,+1)M and pairwise

orthogonal families of deformations {g,, mwCG (j=1,2,...) parametrized by {F] = (h}, &, s, y,,)}n such that,
extracting a subsequence in n,

1
u, = ZRe(g,{wj) + r,l1 25)

j=1
foralll > 1 and

I
—0 26
L(R) (26)

lim sup H xr
n—oo

asl —oo. Forall j > 1,

either "g‘,{:O, Vn>0 or é,{—>ooasn—>oo.

Moreover, a decoupling inequality

1/o
J
limsup £(uy) > ch.—"e(w )e +limsup £(r;) (27)
n—oo i J n— o0
holds for all J > 1, where
1 ifgl =0,
ci= .
/ 2 if§ - coasn — oo.
Furthermore, it holds for any j that
ei[w] ., <timsup . 28)

n—oo

The second tool to prove Theorem 1.2 is uniform boundedness of solutions with highly oscillating initial data. The
assumption (8) is necessary for this boundedness.

Theorem 4.4. Let 12/7 < a < 2. Assume (8). Let ¢ € ig (R) be a complex valued function such that £(¢) < 21_%d+.
Let {£,}n>1 C (0, 00) with &, — oo and let {t,},>1 C R be such that —3t,&, converges to some Ty C [—00, 00]. Then
for n sufficiently large, a corresponding L*-solution uy to ( gKdV) with the initial condition

Un(tn, x) = A(ta) Re[ P (§,)¢ (x)] (29)

exists globally in time. Moreover, the solution u, satisfies a uniform space—time bound

lunllsw) + lunllL@r) < C, (30)

where C is a positive constant depending only on ¢, and for any € > 0, there exist N, € N and . € C°(R x R) such
that

i (2, x) — Re[e™ ™ 5= (38,1, x + 36201l sr) < & 31)

We postpone the proof of Theorems 4.3 and 4.4 to Sections 5 and 8, respectively.
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4.2. Proof of Theorem 1.2

Step 1
Take a minimizing sequence {u,}, as follows;

1
un € By \ Sy, (up) Sdy+ - (32)

We apply the linear profile decomposition theorem (Theorem 4.3) to the sequence {u,},. Then, up to subsequence,
we obtain a decomposition

!
un =Y Re(Giy)) +r, (33)
j=1
for n,l > 1. By extracting subsequence and changing notations if necessary, we may assume that for each j and

{xn}n] _{loghj},”,{t,,}nj,{yn}n],{3.§nt,,} eltherxn 0, x} — oo as n — oo, orx,], — —00 as n — oo holds.

Step 2
In this step and the next step, we shall show that ¥/ = 0 except for at most one j.

1 . ;
Suppose not. Then, by means of (27), we have c¢¢ lZ(t/ff) <d, forall j.Letus define V,/ (¢, x) as follows:

J
e When &, =0, we let an (t) = D(h,i)T(yf;)W~/((h{;)3t + t,{), where W/ (¢) is a nonlinear profile associated with
(Rey/, 1), that is,
- if t,{ =0 then W/ (¢) is a solution to (gKdV) with W/ (0) =Re y//;
—if tn — 00 as n — oo then W/ (¢) is a solution to (gKdV) that scatters forward in time to e/ % Re Wi
— if ] - —oo0 as n — oo then W/ (¢) is a solution to (ngV) that scatters backward in time to e —193 Re 1//1
e When &, — oo, we let Vi (1) = DT (5 Wi (h)3t + 1)), where W; is a solution to (¢KdV) with W (1)) =
A1) Re(P(EDYY).

Let us show the following two lemmas.

Lemma 4.5 (Uniform bound on the approximate solution). There exists M > O such that || an lx@®,) + I V,,j lzw,) <
M holds for any j,n > 1.

Proof of Lemma 4.5. The case 5,, — oo follows from Theorem 4.4. Hence, here we assume that En = (. Note
that ¢; = L. Since the deformations D(hj ) and T(y,,) leave the left hand side invariant, it suffices to show that
IR K((t].00)) + || 201 00)) 1s bounded uniformly in z. Since £(y/) < d,. by assumption, W/ scatters forward in

time. Hence, if ;] = 0 or if ;] — 00 as n — oo then

N

19 ]t 1 Lo 1% oo T 19 Loy =
K ((t],00)) Z((t;,00)) K ((0,00)) Z((0,00))

by scattering criterion. If f, — —o0 as n — oo then W/ scatters for both time directions and so

A P L T L P L
K ((1,00)) Z((1,00)) K(R) ZR)
Hence, we obtain Lemma 4.5. O
Next lemma is concerned with the decoupling of the nonlinear profiles.

Lemma 4.6. For any j # k, we have lim,,_, || V,,j Vnk”Lp(S)/ZLq(S)/Z(R) =0, where (p(S),q(S)) = (%a, Sa).
X t

By Theorem 4.4 (31), to prove Lemma 4.6, it suffices to show the following lemma.
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Lemma 4.7. Set
DW)T GV ()t +41, %) (if& =0),
Vi :={ DDT W/ (=3EDIBN + 111, x +3ED B +1]D)
(lfé,{ —o00asn— 00).

Then for any j # k, we have

lim
n—oo

Vv

o g =0
Le? L2 ®

Proof of Lemma 4.7. The proof is now standard (see [30, Lemma 2.6] for instance), so we omit the detail.

Lemma 4.8. Let F(z) = |z|**z. Forany J C Z,

il_ j _
F ZV" ZF(V") P () ol)

jed jeJ L2 e (R

as n — oo. Similarly,

FIY vl |- Fih =o(1)

jed jeJ N(R,)

as n — oQ.

Proof of Lemma 4.8. The former estimate is a consequence of Lemma 4.6. Indeed, we see that

FIY vl |-Y Fubl<c] Y vive

jeJ jeJ J1.2€J 1 #j2
2a—3
2
> oww| ¥ ww
J3:.Ja€T  3F Ja J5.J6€T s Js#J6

299

(34)

Therefore, the Holder inequality and Lemma 4.6 give us the desired estimate. Take a conjugate-acceptable pair
(s(N"),a) so that 0 < s(N’) — s(N) « 1, and set N'(I) := Y(I; s(N’), a). By means of the interpolation estimate

(Lemma 2.8), the latter estimate follows if we show that

FIY vl | =3 Foid

jed jeg N'(Ry)

is bounded uniformly in n. When s(N’) is chosen sufficiently close to s(N), we have IIF(u)IIN/(R+) <

Cllu ||i°éﬁ£i)ms(R+) just as in the proof of Lemma 2.9. Therefore,

FIY vl =Y Fih

jeJg jed N'(Ry)
<|F v/ HF v/ ‘
b Z " - Z Vily )
&7 Jlven <7
20+1
. 1 2041
<c|S v e ‘V’
= Z n Z "ls@oNs®L)

€T Areonses) 7T
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2a+1

<cy |
jed

The right hand side is bounded uniformly in 7, thanks to Lemma 4.8, which completes the proof. O

LRONS[Ry)

Step 3
Here, we define an approximate solution

J

~ i _ 433

iy (t,x) =Y Vil (t.x) + e %] 35)
j=1

where an is given in Step 2. To apply long time stability, we now check that it/ satisfies the assumption.

Proposition 4.9 (Asymptotic agreement at the initial time). Let ii; and u, be given by (35) and (32), respectively.
Then it holds for any J > 1 that ||17t,{ ©) —u, — 0 asn— oo.

|z

Proof of Proposition 4.9. This follows from an ) — g,{wf — 0in LY for each J, which is an immediate conse-
quence of the way V;/ are constructed. O

Proposition 4.10 (Uniform bound on the approximate solution). There exists M > 0 such that Hft,{ H KRy T
Hlli ”Z(]R+) < M holds forany J > 1 andn > N(J).

Recall that each V;/ (j > 1) is bounded in K (0, 00) N Z(0, 00) uniformly in n (Lemma 4.5). Further, e~/%r;/ is
also bounded uniformly in J, n > 1. Hence, we shall show that there exists Jy such that

Jo+k ) Jo+k )
S| )XW sc
i=htlllkey =0t iz
for any k > 1 and n > N (k). To this end, we need the following.

Lemma 4.11. For any ¢ > 0, there exists Jo = Jo(¢) such that

Jo+k s Jo+k .
Yoo el +] X e vof  <e
Jj=Jo+1 L(Ry) Jj=Jo+1 S(R)

forany k > 1 andn > N (k).

Proof of Lemma 4.11. By Proposition 4.9, it suffices to prove the estimate for e’ LR g,{ ¥/ instead of e~* L V,',/ (0). By
Theorem B.1 in Appendix B, we see that

Jo+k Jo+k
3 eHGly <c| > gGiy
Jj=Jo+1 L(R,) J=Jo+1 Mgﬁ
Jo+k o 1o
<c| X v, | +e
j=Jo+1 2o

Therefore, for any ¢ > 0, we can choose Jy(¢) so that
Jo+k ,
Y. ehgly <
j=Jo+1 LRy)
forany k > 1 and n > n(k).

£
2
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On the other hand,
T S L R %
Yo eyl < Y e¥gly HSR o)
j=lot1 SRy J=dotl
as n — 00. Since
d H R N S B
"G S<R+> v L(Ry) G Z(Ry)
cletw[., |v'].." <cloiv’];
MZG 2,0
where 6 = —s(Z)/(s(L) — s(Z)), one verifies that
Jo+k o0
a3 i 1P Gp(S)
> |emalv| < X |aivi| )
. S(R+) . 2.5
j=Jo+1 j=Jo+1

The right hand side is bounded since 6p(S) > o. Hence, we can choose Ji (¢) so that ZJJ‘:JI:H ||e—t33 g,{ Wl sy <5
forany k> 1landn >n(k). O

Remark 4. 12 Our assumption o > 3/2 4 4/7/60 comes from the condition 6p(S) > o in this lemma. By letting

s(Z) J, £ —= wehave Op(S) — 35‘(% O‘__‘S) . This upper bound of o, which restricts us to the above range of o with lower

bound o > «’, is used only in this lemma, and all other arguments work with a weaker assumption o < 6a/(Ba — 2).

Here, we also remark on the choice of the space Z (/). For any fixed o > 3/2 + /7/60, we are able to choose o so

that o’ < o < 5228 Then, we fix the space Z(I) so that § = —s(Z)/(s(L) — s(2)) satisfies 0p(S) > 0.

We now prove Proposition 4.10.

Proof of Proposition 4.10. The integral equation that W/ := Z}J":]]; 11 an satisfies is

t
W = e B Wh0) + / IR (WEPHWE + EX)ds,
0

where — EX = |Wk|2ewk — S0tk 4y 2ey ] Therefore,

Jj=Jo+1
2a+1
k k
|v.

TIL@®HNS®RY)

a3
< [ewio] |
LRHNSR4) LRHNS(R4)

+ ClEWINR,) -

Fix ¢ > 0. Thanks to Lemma 4.11, one can choose Jj so that

—183 wk (0 <
le” W, O lL@nsw,) <&

for any k > 1 and n > N (k). Further, for this Jy, we have || E, IIN(R+) eforanyk>1landn > N(k). O

Proposition 4.13 (Approximate solution to the equation). Let ﬁ,{ be defined by (35). Then 12,{ is an approximate
solution to (gKdV) in such a sense that

J|2a J)]H -0

Jim 1 101710 + Bty — 11t
im limsup | [3x |7 [(3; + dxxx)il;, — pdx(lii NRy)

J—>00 p—soo
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Proof of Proposition 4.13. First note that the identity
(@ + )ity — udy (| i)

J
=Y oV Vi) — o (i) 1)
j=1
2a

J J
dSoavilrvih=11>ovid| Yo
j=1 j=1 j=1
2a
+ud A | DoV YoV = i) Pl b o=ad + oc .

Lemma 4.8 implies limy,— o0 |11 | y &, ) = 0. Therefore, we only have to handle /5. From Lemma 2.9 (ii) and Proposi-
tion 4.10, we have

12l v Ry

~ —193 2 | ,—133 .7
<CUlE IL®ons®y) + le 5 L@ ons@a))™ e %r,

LRH)NSR)

_ 493
§C [3Xr.]

e

LR4)NSRy)

for any n > N(J). By (26), hmJ_mohmsupnﬁoolle txr]||L =0 and

J 0 —193 . =6
lim sup H Xr H < Climsup H ‘ H
n—00 S(Ry) n—00 L(R+) ZRy)
6
<CM'- ghmsup H
n— 00 LR4)

as J — oo. This yields lim,— o0 | 12/ 5, ) = 0. Hence we have the desired estimate. O

Now, we apply long time stability to see that [|u, || s, ) < oo for sufficiently large n. This implies that u, € S,
which contradicts with the definition of {u,},.

Step 4
1 )

We now see that there exists jo such that ch 1E(wf‘)) = d,. Then, one sees from the definition of {u,}, and
(27) that ¥/ =0 for j # jo. For simplicity, we drop index jy and write u, = G, + ryy, Un(t) =V, (¢) + et rp in
what follows. Further, we have lim,,_, o ||7 ”M" =0 and so limn_>oo||e’tax3'rn lknz =0. When |&,| — o0, as in the
previous step, we see from assumption (8) and Theorem 4.4 that u, € Sy for large n, a contradiction. Hence, &, = 0.
Recall that V,, = D(h,)T (y,) ¥ ((hy)3t + 1), where W (¢) is a nonlinear profile associated with (v, #,,). Let us now
show that u. := W is the solution which has the desired property. We have W (z,,) ¢ S, otherwise u, € Sy for large n
by long time stability.

The case t,, — 00 (n — 00) is excluded since this implies W (¢,) € S4. If £, =0 then W (0) = ¢ and so £(¥(0)) =
d4. Finally, if t, - —o0 as n — oo then lim,_, _ 6135?\[1(;) = and putting u, — = lim;, e’ai?\ll(t), we have
£(u¢,—) = d4. This completes the proof of Theorem 1.2. O

4.3. Proof of Theorem 1.6

The proof is essentially the same as for Theorem 1.2. We first take a mlnlmlzlng sequence associated with d+
Then, we apply Theorem 4.3. The difference is that uniform boundedness in LYNH* gives us /1, = 1 and f;‘n =0 (see
Proposition 6.1). Thus, the assumption (8) is not necessary any longer since it is necessary just to exclude the case

&) — oo via Theorem 4.4. Recall that By, C By. Hence, the rest of the proof is the same. This completes the proof
of Theorem 1.6.
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5. Linear profile decomposition

In this section and the next section, we prove the linear profile decomposition (Theorem 4.3). In this section, we first
prove a decomposition of sequence of complex-valued functions. We derive the desired decomposition for real-valued
functions as a corollary in the next section.

To state the main result of this section. Recall the set of the deformations

G:={DMWAGS)TPE) | T =(h,&sy) 2% xR xR xR}

Remark 5.1. The set G plays a role of a group of dislocations in the sense of [53]. Remark that, however, G is not a
group.

Theorem 5.2 (Decomposition of “C-valued” functions). Let 4/3 < a < 2 and o € (o, 32"_‘2). Let u = {u,}, be

a bounded sequence of C-valued functions in L. Then, there exist (Y7} js {r,{ In,j C LY and pairwise orthogonal

families {g,{ IhnC G (j=1,2,...) such that, up to subsequence,

l
unzzgéwj'i_rylz

j=1
foralll > 1 with

ta

. _+93
limsuplle %7 || ) — 0 (36)

n—o0

as | — oo. Further, the decouple inequality

lim sup €(u,)® > Zﬁ(l/fj)a + limsup £(r;))°
n—00 =1 n—oo

holds for any J > 1. Moreover, it holds that ||1pf “iu <limsup,_, o lunll ;o for any j. Furthermore, each x, = log h{,

“.;‘,{, s,/,, and y,{ satisfies either x, = 0 for all n, x,, — 00 as n — 00, or x, — —00 as n — o0.

As in [8], the proof splits into two parts. The first part, treated in Section 5.3 as Theorem 5.5, is the procedure of
finding profiles and obtaining pairwise orthogonality between profiles. The smallness of the remainder term is given
in an abstract form. As mentioned in the introduction, a decoupling equality (3) fails by the presence of multiplier-like
deformations A and 7', and so the main point of our decomposition is to establish a decoupling inequality with respect
to £(-) (Lemma 5.4). The second part is concentration compactness (Theorem 5.7), which shows the abstract smallness
of the remainder term obtained in the first step is sufficient for our use. The step also determines the suitable choice
of the set of deformations.

5.1. A characterization of orthogonality
To begin with, we give a characterization of orthogonality of two families of deformations given in Definition 4.1.

Lemma 5.3 (Characterization of orthogonality). Let G, Gn € G be two Jfamilies of deformations. The following three
statements are equivalent:

(i) G, and ,C'jn are orthogonal.

(ii) It holds that (én)—lg,,x/f — 0 weakly in L% asn — oo for any ¥ € Lo

(iii) For any subsequence of ny there exists a sequence uy € L* such that, up to subsequence (of k), (g,,k)—luk —
Y #0 and (g,,k)_luk — 0 weakly in LY as k — .
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Proof of Lemma 5.3. “(ii)=(iii)” is immediate by taking uy = (G, )y for some v # 0.

We prove “(1)=>(11)” Remark that the stated weak convergence is equivalent to F (§n)—1gnw = (évn)_lén}' v —
0 weakly in LY as n — 00. Set h!) = hy/hy, &, = &, — &,/ h.), 5|, = s, — (h.)35,, and y, = y, — b5, — 3s/£2. By

I‘l n
density argument and (10), it sufﬁces to show that

/ 1k E)DH)PEDASHT (v,)SBEsHILIE)dE — 0

as n — oo for any compact intervals K, L. The Holder inequality shows the right hand side is bounded by
min((h;)’”% K], (h;;)'l" |L|). Hence we have the conclusion when |logh),| — 0o as n — oco. On the other hand,
if limsup,_, ., |logh)| < oo and if |§,| — 0o as n — oo then K and the support of b(h;l)IA’(S,’l)lL are disjoint for
large n. These cases are acceptable. We hence assume that limsup,,_, o, (I logh! |+ &, |) < oo. Taking subsequence,
we may suppose that i), — h’ € (0, 00) and &, — &’ € R as n — oo. Then, for any f € Le, D(h)))P(&,) f converges
to D(h )P (&) f strongly in L. Since D(Rh')P(&') is invertible, we need to show A(s;)T (y;,)S(3&,7,) ¥ — 0 weakly
in L% as n — o0. To do so, it suffices to show [ e
®,(8) :=s,E3 — 35/ £,E2 — y/ £. Tt is easily shown.

Let us proceed to the proof of “(iii)=(i)”. Assume for contradiction that &), &, s, 3s,&,, and y, are uniformly
bounded. Then, there exists a subsequence ny such that these parameters converge as k — 0o. Denote the limits by
W&, s', ', and y', respectively. By refining subsequence if necessary, we may suppose that e'”k also converges. In
this case, for any f € L* we have

Gu) "G f — €7 DIYPENAGSHS (T () f (37)

as k —> oo strongly in L*. Now, suppose that there exists a subsequence of k, which we denote agaln by k, such that
(gnk) ur and (G, )~ Vg converge weakly in L* to Y and 0, respectively, as k — co. Since (g,,k) uy converges to
¥ weakly in L"‘, we see from (37) that

(Ge) "tk = (Gu) 7' G (Gn) Lup — €Y D(WYP(E)AGS)S(T)T (Y)W

weakly in L. On the other hand, (g,, ,()_1 ur — 0 weakly in L by assumption. Thanks to uniqueness of weak limit,
we see that i =0, a contradiction. O

& dg — 0 as n — oo for any compact interval L, where

/

5.2. Decoupling inequality

We next prove a decoupling inequality for £. The idea of the proof is to sum up the local (in the Fourier side) L?
decoupling with respect to intervals.

Lemma 5.4 (Decoupling inequality). Let 4/3 <o <2 and o' < o < 32%2. Let {u,}, be a bounded sequence in Lo

Suppose that G, 'u,, converges to r weakly in LY as n — oo with some {Gy}y C G. Set ry := uy — Gupr. Then, for
any y > 1 and & € R, it holds that

J/Ill"(éo)unll"Ag >||P(§o)gn1ﬁll‘ig +||P(§o)rn||;;1§, +o0,(1) (38)

asn — oQ.

Proof of Lemma 5.4. We only consider the case £y = 0. The other cases handled in the same way because the
presence of P(&p) causes merely a universal translation in the Fourier side. It is also clear from the proof that the
small error term can be taken independently of &.

Denote D := {r,ﬁ = [k/2’ (k + 1)/21) | k,1 € Z}. For each r,i € D, we have the decoupling in L%

1Funll?s o = IIanl/flle T IFrall?,, / +2Re(FGu, Frn)yl

L2(z}) Lt}

m+1

[S/S}

Lety = ,m > 0. By an elementary inequality (a — b)Z > (%)%a —m*T b for anya>b>0andm >0

and by embeddlng 62 — (4, it follows that



S. Masaki, J.-i. Segata / Ann. I. H. Poincaré — AN 35 (2018) 283-326 305

1 1_
3 Ieete NIF a7

k,leZ
> Y 197 (PG s gy + 1 Frlagy, =2 |(FGav Frady )
k,leZ
o2
> () 7 [ S i, + 3 1 1 F e
“\m+1 4 L2 k 2@
€L k,€Z
—25m T 3 (17D [(F Gy, Fra) |
ke
To obtain (38), it therefore suffices to show that
: (39)

-0

Ryi= ) |gl" 7@ (FGup. Fra)y

k,leZ
as n — 00. A computation shows that

1 1
/a7 275

PG |(FGuwr, Fra),|F = NFv. 7@ n), :

forany I C R, where J, = I/ h,, +&, with the parameters £,,, &, associated with G,,. By changing notation if necessary,

one sees that
a

Ru= Y 517G —«”{(fwl,f(g;)-lr;}?,

k

k,l€Z
Cll¥lljo < 00, there exist ko(e) and

where ?,ﬁ = ‘L’,i + 275, with some 0 < o, < 1. Fix ¢ > 0. Since ||¢||Ma
lo, k| < ko} C Z? satisfies Z(k HeZ2\D |rk|"(2_‘) ||]-'¢||L2( 1) S < ¢. It is obvious that

lo(e) such that D := {|l| <
|rk| = |rk+1| for each [, k. Hence, denoting D’ := {|I| <lo, |k| < ko + 1} C Z?, we have

?k C tkUthrl and |?k| =

0( &
BN U LA
(k,[)eZ*\D’
o 1) | 2 a/2
< ¥ oard (e, -l )
Z w LZ(rk) w Lz(fli-%—l)
(k,1)eZ2\D’
N S
<2 Y Iyl A RS
(k,1)eZ2\D

Then, by Schwartz’ inequality,

> GO |(Fe FGn ),
(k,1)eZ2\D’ k
3
o(h-1
< > mra H”’Lz(
(k,))eZ2\D’
1
2
l10(3—1 —1 1
<[> 7@ ] |
(k. eZ2\D’
1 —1,.1 1) “1a 2 .
<Ce? (G ',y i SCe2 |(Gn) |, = C7 |, -
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Remark that

limsup ||yl ;o <limsup lunlljo + 117« <2limsup |lunll;o < C.
n—00 n—00 n—00

Hence, the proof of (39) is reduced to showing

> FleGa ‘<f¢1,f(gn)‘1rj>?, ’
k

(k,))eD’

-0 (40)

as n — oo. For I € [y, lo], set fL(x) := ((;Ew‘ , }'(gn)"rb[ with domain x € [—ko /2!, (ko + 1)/2']. Then,

there exists a constant C = C (kg, o) = C (&) such that

> b

(k,l)eD’

x,x4+271]

(Fv', Fgn~'r)

~
Tk

< C(e) max ( sup f,f(x)).

[el=lo.lo} \ xe[—ko /2!, (ko+1)/2']

Therefore, we obtain (40) if we show the uniform convergence

sup flay—o0 (41)
xel—ko/2! (ko+1)/2]

as n — oo. Since (G,) " Lr, converges to zero weakly in L% asn — oo by definition, lim,,_, s f;(x) = 0 follows for
each x. Further, by the Holder inequality,

Ifl (x4 8) = £l
<C (sup H G~ ')

o)

for small § > 0. The right hand side is independent of n and tends to zero as é |, 0. Therefore, { f,f }n 1 equicontinuous.
By a similar argument, Sup, ;o 2! (ko+1)/2'] fL(x) is bounded uniformly in n. Therefore, the Ascoli-Arzela theorem
gives us the desired convergence (41). This completes the proof of Lemma 5.4. O

LY([x,x+38]U[x+2~ x+271+5])

5.3. Decomposition procedure

For a bounded sequence P = {P,}, C L%, we introduce a set of weak limits modulo deformations
| ¢= lim gn_klP,,k weakly in L%,
V(P):={¢elL” k=00
3G, € G, Jsubsequence ng

and define n(P) := supgey(py £(¢). By definition, n(P) = 0 implies that we may not find any weak limit from a
sequence { P, }, even modulo the orbit by deformations G. Conversely, if n(P) > 0 we can find a non-zero weak limit
modulo G. The main result of this section is decomposition with a smallness of remainder with respect to 7.

Theorem 5.5. Let 4/3 <a <2 and o' <o < 32—‘i2. Let u = {uy}, be a bounded sequence of C-valued functions in

L. Then, there exist W/ e V(u) and pairwise orthogonal families {Q,{}n cG(j=1,2,...)such that

I
wn =y Gayl +r) (42)
j=1
forall 1 > 1 with n(r') — 0 as | — oo. Further, a decoupling inequality
limsup €(u,,)° > Zz(w-/ )% 4 limsup £(r))° (43)
n—o0 . n—o0

Jj=1
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holds for all J > 1. Further, it holds that

lwi].

LO(

< limsup [|up [l 7. (44)
n— o0

and

i co G+ Dlimsup g o (45)

n—oo n—o0

for any j. Furthermore, each x, =loghj, &!, sii, and y;, satisfies either x, = 0 for all n, x, — 00 as n — 00, or
Xp — —00 as n — 00.

Remark 5.6. The important thing in decoupling inequality (43) is that the coefficient of each term in the right hand is
equal to one. This is the reason why we work not with ||-[| ;o but with £(-).
2,0

The main technical issue of Theorem 5.5 is essentially settled with the above preliminaries and so now the theorem
follows by a standard argument (see [8] and references therein). We give a proof in order to give details of the
decoupling inequality (43).

Proof of Theorem 5.5. We may suppose 7(u) > 0, otherwise the result holds with ¢/ = 0 and r;, = u, for all
Jj = 1. Then, we can choose w] € V(u) so that K(drl) > %n(u) by definition of n. Then, by definition of V(u), one
finds g,; € G such that (Q,ll)_lun — ¢! weakly in LY asn— oo up to subsequence By extracting subsequence and
changing notation if necessary, one may suppose that each x, = log h S n , and yn satisfies either x,, = 0 for all n,
Xp — 00 asn — 00, Or X, — —00 as n — 00. By lower semicontinuity of weak limit, we obtain (44) for j = 1. Define
rli=u, —Gly'. Then, it is obvious that (GH)~!r! — ¢! — ¢! =0 weakly in L% as n — co. The boundedness (45)

for j =1 is also obvious by (44). By Lemma 5.4,

Y IP Gl > |

~|— H P(&o)r,

4oy (D) (46)
M3

as n — oo for any constant y > 1 and 50 € R. Since y > 1 and & are arbitrary, the decoupling inequality (43) holds
for J =1.

If n(r') = 0 then the proof is completed by taking v/ = 0 for j > 2. Otherwise, we can choose ¥? € V(r ) so
that £(y2) > 2r;(rl). Then, as in the previous step, one can take g,% € G so that (Q’,%) n — 2 weakly in LY as
n — 0o, up to subsequence. By extracting subsequence and changing notation if necessary, one may suppose that
each x, = logh%, énz, s%, and y% satisfies either x;,, = 0 for all n, x,, > 00 as n — 00, or x, — —o0 as n — 00. In
particular, wz # 0. Together with W-limn_mo(grll)_lr,{ =01in ﬁ“, Lemma 5.3 gives us that two families g,{ and g,f
are orthogonal. Then, (Q,%)’lun = (g,%)*lg,}wl + (g,%)’lr,} -0+ wz weakly in L% as n — oo. Hence, we obtain
V2 € V(u) and so (44) for j = 2. Set r2 :=r) — G24%. Then, (45) for j = 2 follows from

L« n—00

< 3limsup [[unlljq -

n—oo n—oo

Further, one deduces from Lemma 5.4 that

y|peon, =|rengiv]]

A H P(So)r

0(

o Tor()

l!

asn — oo forany y > 1 and &y € R. This 1mphes (43) for J = 2 with the help of (46).

Repeat this argument and construct ¥/ € V(r/~1) and G/ € G, inductively. If we have (/) = 0 for some jo, then
we define ¥/ =0 for j > jo + 1 In what follows, we may suppose that 1(r/) > 0 for all j > 1. In each step, r,{ is
defined by the formula r,, =r) Qn ¥/ . The property (42) is obvious by construction.

Let us now prove that pairwise orthogonality. To this end, we demonstrate that g,, is orthogonal to g,’; for 1 <
k < j— 1. Since (g;{)’lr,{ — 3/ and (g;{_l)’]r;{ —~0in LY as n — 0o, Lemma 5.3 implies that g,,' and Q,{_l are
orthogonal. If Q,{ is orthogonal to g,’; for ko < k < j — 1 then Lemma 5.3 yields (Q,J,.)_lr,]f Zk —ko (gn lg,’;xpk +
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(Qn) 1 ] LN wJ as n — oc. On the other hand, (QkO 1) 1r,11‘071 — 0 as n — o0o. We therefore see from Lemma 5.3
that g,, and g,, are orthogonal. Hence, g,, is orthogonal to g,’; for 1 <k < j—1.Then, by (42) and by Lemma 5.3,
we have 1//] € V(u), from which boundedness (44) and (45) follow.

To conclude the proof, we shall show lim;_, n(rj ) =0 and (43). Notice that the inductive construction gives us
eIty = In@r/) forall j > 1 and

y | Peor|,

20

> | Peogi |

e L

i(1), 47
Mg +0y,]() 47)

as n — oo for (fixed) j > 1 and any y > 1 and &) € R. Combining (46) and (47) for 1 < j < J, we have

J
y 1P @G, >3y [ Peodivl[,

R LCO |

1
M‘; +0y,l( )

~
I
-

Y/ e 4+ et + o0, (1).

M~

>

~.
Il
—_

Take first infimum with respect to &y and then limit supremum in n to obtain

~

limsup ) > Yy @)+ limsup£(r))°.

n—0o0 . n—0o0o
Jj=1

Since y > 1 is arbitrary, we obtain (43). This also implies lim;_ oo n(rj ) < 2lim; o0 E(1//f +1y = 0, which completes
the proof of Theorem 5.5.

5.4. Concentration compactness

Let us proceed to the concentration compactness. Intuitively, the meaning of the concentration compactness here is
as follows. Let us consider a bonded sequence {u,}, C X. Here, X is a Banach space. In addition to the boundedness
with respect to X, we make an additional assumption on the sequence. If the additional assumption is so strong that
it removes almost all possible deformations for {u,}, with few exceptions, say G, then we can find a non-zero weak
limit modulo G. In our case, X = M ¢ . and we use (49) below as the additional assumption. It will turn out that this
assumption removes almost all deformatlons The exception is G given in (23). This is the reason why we use the set
G of deformations in Theorems 4.3 or 5.5. The precise statement is as follows.

Theorem 5.7 (Concentration compactness). Let 4/3 <a <2 and o’ <o < 3 5. Let a bounded sequence {u,} C Lo
satisfy
llun ”Mg_g <M (48)
and
a3
le™ % uyll Ly > m “9)

for some positive constants m, M. Then, there exist G, € G and € L% such that, up to subsequence, G, lun — Y
weakly in L asn — oo and Iy ”M"‘ > B(m, M), where B(m, M) is a positive constant depending only on m, M. In

particular, n(u) > CB(m, M) holds for some constant C.

Remark 5.8. We would emphasize that {u,}, should be a bounded sequence of L? functions but the constant 8 is
chosen independently of the value of limsup,,_, o lun|lj .- This respect is crucial to obtain Theorem 5.2 because an
L%-bound on r;] given in Theorem 5.5 is no more than (45).
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We use an argument similar to [32]. See [47,8,55] for the decomposition in the L? case o = 2. For the proof
Theorem 5.7, we introduce a refinement of Strichartz estimate (13). Let Py be the standard frequency cut-off operator
to |£] ~ N € 2Z.

Lemma 5.9 (Refined Strichartz). Let 4/3 <o <2 and o € (o', 6a/(Ba — 2)). Then,
-5

10 <C 0l p 3 50
le™ fllLwr) < sup |le v fllLw) 115 - (50)
2.0

Ne2Z

Proof of Lemma 5.9. By the square function estimate, we have

[ENET > Pwlacse R (51
Ne2Z L?,ax
As4 <3a <6,
(RELS. of (51))* = f/]’[ S 1Pw s Fe B g2 | dxds
= Nye2Z
<C Y //1_[|PNk|8 |36 ¢ ™10 F12dxdt
Ni<N2<N3

Since the summation over the case Ny = N> = N3 is handled easily, we may exclude the case and suppose Ni < N3
in what follows. By the Holder inequality, the summand is bounded by

sup
Ne2Z

where ¢ := min(o, 20{) By the refined Strichartz estimates (Proposition B.3 (B.2)), we see that the middle term is
bounded by C || Py, f

L 493
Py|0x|3ae™ % f

3a—0o
N s
L L

£
2

x | Qocee™ % Py, Pocl e Py ]

By the bilinear Strichartz estimates (Proposition B.3), we have

L 493 153
0.5 ’BxPN1f><|ax|3ae REE]
1,x

1
Ny
< ot ’im '50(
N(N3> (N, ||f|| (e~ N))(N ||f|| (e~ N))

Put ay = N~ F(Py Nl jaay oy, and by = ||PNf||Mg for N € 2%, It is easy to see that lanlles, +
1N lleg, < Cllf o - Then, we have '

4 e
7 3 0—¢ - al
D amby, aNa( ) > M w Z“M (LA

Ni<N><N3 ISLEM
¢ -& o
<Cllalig Ibwlige D M w (1+logM) < C I £1% .
M>1 7

which completes the proof. O

Proof of Theorem 5.7. By Lemma 5.9, the assumption of the theorem implies that there exists a sequence {N,,} C 2%
such that
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193

1
INnl3 | Prye™ un | 5, = C(M.m).
t,x
Take 6 € (0, 1) sufficiently close to one. By Theorem B.1 and the embedding Mze"(‘r — M‘ZZ 2(30ay’ WV S€€
s 500,2(50a
_ 493 _ 493 1-6 493 [
H Py, e 19 Up < H Py, e 105 Uy H Py, e taxun
L LY L%

133 1-0 _4 41 0
gCHPNne S| (MN,, o ) .

t,x

Hence, we obtain (N,,) & [|e~*% Py, upll 2 > C(M,m). With N, given above, we set v, (x) := (N)/%u, (N, x) to
get ||Ple”33 Unllzee = C(M,m). Thus, there exists (sy, ys) € RR? such that

3
| Pre®"% v |(=yn) = C(M, m). (52)
Lety € L® be a weak limit of T(— yn)e'r o7 v, along a subsequence. Then, by a standard argument, we conclude from
(52) that |1/l gy > B(M,m). O
5.5. Proof of Theorem 5.2

Plugging Theorem 5.7 to Theorem 5.5, we obtain a decomposition result.

Proof of Theorem 5.2. By means of Theorem 5.5, it suffices to show (36) as [ — co. Assume for contradiction that
a sequence ! given in Theorem 5.5 satisfies limsup;_, o, limsup,,_, o [le™ 07 rlllL®) > 0. Then, we can choose m > 0
and a subsequence [ with [; — oo as k — oo such that the assumption of Theorem 5.7 is fulfilled for each k. Then,

Theorem 5.7 implies n(r’) > CB > 0, which contradicts to limy_, o n(r') =0. O
A similar argument yields Theorem 1.9. We restate it in terms of 7.
Theorem 5.10 (Scattering due to irrelevant deformations). Let {ug n}, C L* be a bounded sequence. Let u, (t) be a

solution to (gKdV) with u, (0) = uo n. If n({uo,n}n) = O then there exists Ny such that u,(t) is global and scatters for
both time direction as long as n > Ny. Furthermore,

lwnll sy + Nt ll Ly < 21imsup [[uo.n ;o
n—>0o0

forn = Np.

Proof of Theorem 5.10. Just as in the proof of Theorem 5.2, we deduce from n({uo,},) = O that

limy, 5 00 || 0 | %e”f};uo,n ||L?L; RxR) = 0 thanks to Theorem 5.7. Then, the result follows from Corollary 3.3. O

6. Two refinements of the profile decomposition
We consider two improvements of Theorem 5.2, under some additional assumptions.
6.1. Decomposition of a sequence of real-valued functions
The first one is the case when functions in a sequence are real-valued. This is nothing but the case of Theorem 4.3.

Proof of Theorem 4.3. In addition to the assumption of Theorem 5.2, we assume that u, is real valued. We already
have a decomposition

J
= Gt +1]

j=1
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by Theorem 5.2. We now show that this is rewritten as in (25). Fix j. If & = 0 for all n then (G})~'u, — ¥/ in L%
implies

ASDT'TOD T DB uy — ¢ in £
Since the left hand side is real-valued, so is ¥/ . Hence, G} ¥/ = Re(GJ /).

Next consider the case é,{ — 00 as n — 00. Then, the convergence (g,{)*lun — w in L¥ implies
P(—&D) T AT TG T D) uy — YT in L7

Therefore, there exists k such that {Qﬁ}n is not orthogonal to the family {Q;{}n = {D(h{;)T(y;{ )A(s,{ )P(—é,{ V-
Indeed, if not then the above convergence implies n(rnj )= vl e forall J > 1, a contradiction. Then, one can
2,0

replace {g’,; }» and ¥ by {g,{ }n and W, respectively. Denoting v/ /2 again by ¥/, we obtain the result. This is the
reason why c¢; =2 when || — 0o as n — oo. This completes the proof of Theorem 4.3. O

6.2. Decomposition of a sequence with stronger boundedness

The second one is exclusion of deformations D (%) and P (£) under uniform boundedness in a stronger topologies.
This is the key for Theorem 1.6.

Proposition 6.1. (i) Under the assumptions in Theorem 5.2, assume in addition that {u,}, is uniformly bounded in
Lo [ for some 1 <o) <a < oy < 00. Then, the assertions of Theorem 5.2 hold with h,’l = 1. Furthermore, we
have ||1ﬁj||i,) <limsup,_, o lunll;, forall j 21 and oy < p < .

(ii) In addition to the assumption of Theorem 5.2, if {u,}n, is uniformly bounded in LY N A for some 1 <o) <«
and s > 0 then, the assertions of Theorem 5.2 hold with h,ﬁ =1, 3;,{ = 0. Furthermore, we have |/ lgs <
limsup,,_, oo llunll gs for all j > 1.

Proof of Proposition 6.1. Suppose that u, is uniformly bounded in LY N L%, o) <« < ay, and that
PE) AT T (3v) "' Dy (hy) " uy, — ¢ in LY as n — oo for some ¥ # 0. Then, for g € C™ such that g has
a compact support,

(¥, @) <2 / (PED T AGn) ' T ) ™ Dy () ™ un) (x) g (x)dx

=2 Vun(X)(Da/(hn)T(yn)A(sn)P(En)g)(X)dx

2lunlljor njor 1 Do ()T (ya) Alsp) P (En)g

ClIDe (h)T () Alsn) P E8 N o ey

P41

NN

for large n. If h,, — 0 as n — oo then

11
| Dy ()T ) Asi) P | oy = () lIgll ;o — O

as n — oo. Similarly, if h,, — 0o as n — oo then

o}
L1

11
Do ()T (yn) A(sn) P (En)8 Nl oy = (B2 I8l 0y — O

as n — oo. In the both cases, we have ¥ = 0, a contradiction. Thus, we conclude that |log#,| is bounded. Extracting
subsequence, we have h,, — ho > 0 as n — oo. Then,

P(hu&n) A/ (h) D)™V (v ) ) ™
= Dy (hy) P(En) " A(s0) ™' T (90) ™ D () "'ty = Dy (ho)¥  in L.
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Hence, denoting (h,&,, s,/ (hn)3, yn/ hy) and Dy (ho)yr again by (&,, s,, yn) and ¢, respectively, we may let i, = 1.
Under the new notation, we have

1l <Timsup | P&~ A ™' T

. =limsup |lu,ll;, .
, = limsup

forall ¢y < p < ap.

Next, let us suppose that u, is bounded in LN HS (01 <, s > 0). Note that this implies u, is bounded in L2
Hence, the above argument gives us /;, = 1 for all j > 1. Let us show & =0 for all j > 1. For g € C™ such that g
has a compact support, we have

3] <2‘ / (PED) T AG) ™' T ()™ ) () g (x)dx

:2‘ f (VT ) Ao PEDG) ()l

S 2unll gs 1T (yn) ACsn) PEn)gll - < CIPEDEN -

for large n. If |§,| — oo as n — oo then || P(§,)gll g-s — 0 as n — oo. This gives us 1y = 0, a contradiction. Hence,
&, is bounded. By extracting subsequence, &, — &y € R as n — o0o. Then,

Asn) ' T )™ = PEDPE) ™ Als) ™ T () "up — P(E)Y in LP.
Thus, denoting P (£p)v again by v, we may let &, = 0 and we have the bound [|y/ || s <limsup,_, o lunllgs. O

7. Quick review on well-posedness of (NLS)

In this section, we briefly summarize well-posedness and stability results for (NLS) which are need to prove
Theorem 4.4.

7.1. Well-posedness for NLS

We first consider well-posedness for (NLS) in I:"‘—space and A;Ig‘ﬂ—space. The initial value problem (NLS) is
formulated as
t

(1) = e 1y + iu/e—i(t—z’)af(|v|2"‘v)(t/)dt/. (53)
0

The following well-posedness result plays an important role in this subsection. This kind of result is well known
(see [9,25,61], for example).

Proposition 7.1. Let 4/3 < a < 4. Then there exists a number § > 0 such that if a data vo € S’ and an interval I >0
satisfies

—itd?
le™ '”UOHL’S&(]XR)ga

then there exists a unique solution v(t) to (53) which satisfies

—i1d?
”U”L%(IXR) < 2le XUOHL?’%([XR)-

Further, the solution belongs to LY (I, L) for any p,q € (2,00) with2/p +1/q =1/a.

Proof of Proposition 7.1. Proposition 7.1 is an immediate consequence of the estimate

2a+1

;2
. < *ltax .
”(D[U]HL?‘X(IX]R) < lle UOHL?’X(IXR) +C ||v||L?‘O)(C(1XR)

for 4/3 < a < 4, where ®[v] is the right hand side of (53). This inequality follows from Strichartz’ estimate for
non-admissible pairs (see Kato [25] or Lemma 7.3 (ii), below), and Holder inequality. O
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Remark 7.2. Well-posedness of (53) in a space like L (I; L) also holds for %ﬁ < a < 4/3 if we allow the case
P#q.

To prove well-posedness in f,“-space, we show the following generalized Strichartz estimate for the Schrodinger
equation.

Lemma 7.3. (i) (homogeneous estimates) Let 1 be an interval. Let (p, q) satisfy

0< 1 1 0< 1 1 1
<—<-, <—<z-—-—.
p 4 g 2 p
Then, forany f € L',
T _—itd?

131 % £l pya gy < C IS (54)
where

1 2 1 1 1

—_ = — -, T=—— —

r P q P q

and positive constant C depends only on r and s.
(ii) (inhomogeneous estimates) Let 4/3 <r <4 and let (pj, q;) (j =1, 2) satisfy

1 1 1
0< — < -, 0< —<——— .
pj 4 q; 2 pj
Then, the inequalities
t
/ e OR F(ar SCUIN2FN o (55)
L2L2(D
0 LPI:LY)
t
|9, / e OR E(ar < Collldx|"2F |, o (56)
LY2L2(D
0 1289 % 0))
hold for any F satisfying |dc| 2 F € LY2L, where
1 2 1 1 1 1 2 1 1 1
—=—4—, n=——+—, —=—+— and n=——+—,
roopLoq prooq ' p @ P Q@

where the constant Cy depends on r, T1 and I, and the constant C, depends on r, 11, T2 and I.

Remark 7.4. Remark that we take a space-time norm of the form L? L;’ in (54). This is why we gain derivative
by |9, |?. Also remark that a similar estimate for a space—time norm of the form L,p LY is known in [23].

Proof of Lemma 7.3. The homogeneous estimate (54) is obtained by interpolating the Kato smoothing effect [27,
Theorem 4.1], the Kenig—Ruiz estimate [27, Theorem 2.5] and the Stein—Tomas estimate for the Schrédinger equation
[60]. The inhomogeneous estimates (55) and (56) follows from the homogeneous estimate (54) and the Christ—Kiselev
lemma by [48, Lemma 2]. O

Inequality (54) and the following inequality yields the local well-posedness in L% and M respectively;

\2 ’2(.2 )
P] ()p()Sltl()ll 7.5. AS sume lhal o > 4/3. ] he’l,

—ird? < y
e fll e oy S CILS ”M%,z<%)f

holds for all f € M‘;‘j 3qy,- Further, the embedding LY < M‘i [y
7 :2(5) 7:2(5)

holds if ¢ > 4/3.
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The inequality is shown as in Theorem B.1 in Appendix B. The « =2 case is given in [1,8]. Now, let us see how

the well-posedness results are deduced. If either vy € M2 3 53y OF V0 € L® then the above inequalities imply that
727
||e_”3~*2‘ vol L3 (IxR) < 4 holds at least for small interval / = I (vg). Then, we obtain a solution u«(¢) on / belonging to

L?")‘C (I x R) thanks to Proposition 7.1. Further, by applying (55), we see that

—itd? 20+1
1®[v] = e~ voll oo oy < C VIS

L% (IxR)
Finally, the linear part e_”a-%vo belongs to C(R; i“) (resp. C(R; M‘%‘a 2(301),)) ifyg € L (resp. vp € A;I‘Q‘a 23 ),). Thus,
727 7207
we obtain the following.
Proposition 7.6 (Local well-posedness in L* and M‘i‘a 2y ). Let 4/3 < a < 4.
(i) For any ug € i"‘ there exists a unique solution u(t) e C(, L"‘)
(ii) For any ug € M9 there exists a unique solution u(t) € C(I; M< ). Furthermore, u(t) — e_”a%uo €

304 2(30()/’ 301 2(30( Y

c(, L"‘) holds.

Remark 7.7. It is obvious from the proof that a similar well-posedness result holds in all M

o o o
L < M - Mh 2(3a),

2(37"‘)’ =60/Ca— 2). This is nothing but Theorem 1.12. On the other hand, the first assertion of the above proposition
is Theorem 1.11.

.o Space satisfying

Notice that the M‘z" - Space satisfies the above relation if 4/3 <a <2 and o/ <0 <

As a corollary of this proposition, we obtain small data scattering in M- S pdy

Corollary 7.8. Let 4/3 < a < 4. Assume that vo € L* or vg € M% There exists € > 0 such that if M‘;‘a
2

3ot 2( R )/
then vy € SNLS.

7.2. Persistence of regularity for NLS
Next we show the persistent property of solution to (NLS).

Lemma 7.9 (Persistence of LYLY- and LY L -regularities). Let 4/3 <a <4 and s > 0. Let t € R and let I be a time
interval containing t. Assume that v € C(I; L" (R)) is a solution to (NLS) satisfying ||v||L30( (IxR) S < M for some M.

Then, the following two assertions hold:
(i) If |3< |*v(f) € L¥(R) then, for any

there exists a constant C = C(«, s, T, M) such that
|||3x|sv||Ltoo£g(1xR) + |||3xls+rv||L5;L;/(1) < Clx vl as (57)
holds, where (p, q) satisfies
1 2 1 1 1
—=— 4 —, T=——4—. (58)
¢ p g P q
(ii) If v(f) € HS (R) then, there exists C = C (M) such that
||v||L°°(1 H(R)) =+ [l10x | U”Ll’([ LIR) S C||U(t)||1-1x (59)
holds, where (p, q) satisfies
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+

0<—< (60)

1
' 2

N | =
=
SRR S
Q| =

Proof of Lemma 7.9. Without loss of generality, we may assume that f = 0 and inf I = 0. We divide the time interval
I into N subintervals such that

M 3a N
j=1

with [[v]] 3« (I;xR) < nforany 1 < j < N, where 5 is fixed later. Notice that such subdivision exists by the argument
t,x\J

similar to the proof of Proposition 3.2.
We shall prove (57). To this end, we show

N30l oo o1, <) + Illaxls”vllLfL;z(lj) S Clox P o)l jo (61)
forany 1 < j < N, where p, g satisfy (58). We first consider the case j = 1. By Lemma 7.3, we have
|||8x|XU||LrOOif€(1jX]R) + |||3x|s+rv||L§L;1(1j) + |||8X|Sv||L;3g((1ij)
< CNOx VOl o + CHB S (V)| 30
L

2a+1
tx j)

K 2
< Cllax 0O o + ClVISy ) 135 N3 1

< Cllox v Ol jo + an"‘I||3xlsv||ng§<lij)-
Choosing 7 sufficiently small so that Cn** < 1, we have (61) for j = 1. In particular, we obtain || [0x P vt ;o < C.
Hence a similar argument as above we have (61) for j = 2. Repeating this argument, we obtain (61) forany 1 < j < N.

Summing the inequalities (61) over all subintervals, we have (57).
The proof of (59) is done in a similar way. We use (usual) Strichartz’ estimates instead. O

7.3. Stability for NLS
In this section we consider the nonlinear Schrodinger equation with the perturbation:

{ia,a—a,%a:—mmzame, f,x €R, ©2)

U(t, x) = To(x), xeR

with the perturbation ¢ small in a suitable sense and the initial data vy close to vy.

Proposition 7.10 (Long time stability for NLS). Assume 4/3 < o <4 and f € R. Let I be a time interval containing t
and let v be a solution to (62) on I x R for some function e. Assume that v satisfies

”ﬁ”L?ﬁ(lxR) <M,
for some M > 0. Then there exists &1 = &1 (M) > 0 such that if v(t) and v(f) satisfy

i 2ANA2 ~ "
le™ IR W@ = O 30 gy + el e <o
’ LA (IxR)

and 0 < € < g1, then there exists a solution v € L?Ojc (I xR) to (NLS) on I x R satisfies

”v_f)”L?f’x(lxR) < Ce, (63)
|2 ] < Ce, (64)

v—|v
L2 (IxR)

Il

where the constant C depends on M. If, further, if v(f) — 0(f) € LY then
o =0l oo g,y < ||v(t3—5(f)lli§+c8- (65)
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Proof of Proposition 7.10. The proof follows from the argument similar to the proof of Proposition 3.2 or as in [43].
We omit the detail. O

8. Embedding NLS into gKdV

In this section, we prove Theorem 4.4. As we mentioned in Introduction, we prove existence of a global solution
u, to (gKdV) by constructing approximating solution via the solution to the one dimensional nonlinear Schrodinger
equation

ia,u—aﬁv:—ucmm%, (66)
where
2T (@ +3)
T3 /AT@+)

With this constant, assumption (8) is written as dy < 257] (Co)™ ﬁdNLs. Let v be a solution to (66) with the following
conditions;

v(Tp) = e~ 0% if |To| < oo,
(67)

lim o(t) —e "5 ;, =0 if Tp=Foo.
t—To x
We now claim that v global and scatters for both time direction. Let us begin with the case Ty € R. Remark that if v
solves (66) then (Co)ﬁ v solves (NLS). Hence, assumption of the theorem yields

1 1 1
1(C)% ¢l e <2177 (Co)2dy < dnvs.

. _ 493 . . . ~ 1 7493 . . .
Since e 1% s isometry in M5 _, (Cop)2e Todip e St .NLs N'S—_NLs and so v scatters for both time directions. Next,

if To = oo then by definition v scatters for positive time direction and [[v(t)|| ;o —> ll¢ll o« as ¢ — oo. Therefore,
2,0 2,0

sre < dnis. This implies that v scatters
2,0

also for negative time. The case Ty = —oo is handled in the same way. Thus, v € C(R; i;’j R)N L?o‘ (R x R). We let

3 X

we can take T € R from maximal existence time of v so that || (Co)'/?u(T)

vt € lA,z be scattering states such that
lim [Jo(+T) — ¥ % i ;, =0. (68)
T—o0 X
We further introduce v,, as a solution of (66) with
va(To) = P, _ 1jse~T0% g5 if | Tp| < oo,
[E1<&, (69)

. _it192 .
limy— 7, o () = Py o 1ae™ % llze =0 if To = o0,

where Pigjco =F ~lp(&)F with even bump function ¢ satisfying suppe C [—a, a]. The long time stability for NLS
(Proposition 7.10) yields

vy = vin C(R; LY(R) N L% (R x R). (70)
In particular, v, satisfies the uniform (in n) space—time bound
lvn ”Lffi (RxR) < C(9).

By the persistence of regularity for (NLS) (Lemma 7.9), we obtain

4
10 "ol oo e + (IENRSI TIPS cg/ (71
for any s > 0, where 1/o —3/4 <7 <3/2 —2/a and (p, q) satisfies (58). Further, since ||P‘$|<E'11/4e_iT°3x2¢||H§ =
s_1, 1
0(&;} 8—M’l) for any s > 0, it follows that
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i_l+L
I0x*vnll 2, ray = OGn' * ™) (72)
o prd
[10x | atvn”LP(R L‘i)—O(é%n “)
for any Schrédinger admissible pair (p, g) (i.e., (p, g) satisfies (60)) and 0 < s < 2.
The convergence (70) gives us
Tli_)moo sup v llLqe>1) = 0. (73)
n
Similarly, by (68) and (70),
X Y]
Jim sup lon (£T) — T 0%y, | io =0. (74)

Next, we construct a global solution u, to (gKdV). As in [30], we introduce an approximate solution # to (gKdV):

Re[e™6n=i151y, (=3&,1, x + 3E21)], if 1] < 55,
Bn(t,x) = § € OTI R RS TGy (< T x £ £, D] 1> (75)
e_(t+%)agRe[e*ixs"+%T$3 v (T, x —&,T)], ift <— %
where T is a large parameter independent of n which will be chosen later.
Lemma 8.1 (Space—time bound for ui,,). Assume 5/3 < o < 2. We have
il oo ; foy + Nl L)+ litnlls@) < C, (76)

where C is a positive constant independent of T and n.

Proof of Lemma 8.1. We split the interval of integrals into |¢| > T/(3¢,) and |7| < T/(3&,). In the interval |¢| >
T/(3£,), each norms appearing in the left hand side of (76) are uniformly bounded in n by the homogenous estimate
for Airy equation (Proposition 13) and the uniform space—time bound for v, (71). In the interval |7| < T /(3&,), the
space—time bound for v, (71) and the interpolation inequality yield (76). O

Lemma 8.2 (Approximation of gKdV for large time). Assume 5/3 < a < 2. Let u,, be given by (75). Then we have

Aim Tim sup 1,1 + 07)itn — pde (iin ™ i)}y 1y =0- (77

T'—-00 p—soo

Proof of Lemma 8.2. Since the proof follows from the argument similar to [30, Lemmas 4.2 and 4.3], we omit the
detail. O

Next, we consider the approximation of gKdV in the middle interval |¢| < T/(3&,) which is a crucial part of the
proof of Theorem 4.4. Let us introduce ® = O (n,t,x) = —x&, — térf’, t=1(n,t)=—-3t,and y = y(n,t,x) =
x +3&2t. A direct calculation yields

(@ + 89)itn = 3uCo&y Imle’® (Joa**vy) (7, )] + Rele'® (37 vn) (7, y)] (78)
and
s (i [*iin) = Qo + Dpn| Rele' vy (2, 1P Imle vy (2, )]
+ Qo+ Dyl Refe Oy (z, )17 Refe'® (@ va) (7, )]
To extract a main contribution from the first term, we use the Fourier expansion

o0
fa(0) = cos@|2"‘ sinf = Z Cy sin(k0).
k=1
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Here Cy, is a k-th Fourier-sin coefficient C, = % ff . Ja(0)sin(k0)d8. The expansion gives us
|Re[e'®v, (7, y)11** Im[e' v, (1, )]
= (Jva***) (7, y) fa(© + argv,)

o
= (lva***)(1. ) Y Csink(® +argvy,)
k=1

oo
= C1Imle’® (v, ) (1, Y1+ Y CeIm[e™*® (v, [P o) (z, )],
k=2
where arg v, = arg v, (7, y). An elementary computation shows that
_ @+l 2@+ 3
'T AT +2) JrQa+ DL(@+2) 2a+1

Co.

Then we have
(3 + 03)itn — pdx (|iin] ™ iin)
=Re[e'® (3] va) (7, y)]
— o + D[ Re[e @, (1, )11 Re[e’® (3, v4) (7, )]

(79
o
— Qa + D&y Yy CeIm[e™*® (ju, T Kok (z, y)]
k=2
=Ry + R, +R,.
To evaluate the right hand side of (79), we introduce a function e, by
(0 4 02)en, =R + R+ R, (80)
e, (0, x)=0.

Set e, =: e,,1 + €,.2, where

en1 = o + k>
00 —iktg3 _ —ik31E3
—ikxE, € "—e " 2a+1—k_ k
x ZCkIm |:e BT — (lva] vn)(r,y):|.
k=2
A direct calculation yields
(0 +02)en1 = R+ R, en,1(0,x) =0,
(O 4+0)ens =R+ R2—R*  ¢,,(0,x)=0,
where Rﬁ is given by
4 ad 3 3,63
R;‘ _ Zzlm [Gﬁ,k(u ) (e kg _ ik tgn)eﬂkxgn]
=1 k=2
with
C
Gy*(t,x) =3Qa + 1>u.—,fax(|vn|2““‘kv,’:>(r,x>,
l
Ck
1 — k2
Ci
ik —k3)

GEK(t,x) = -3Qa + £7102 (lun 2170 2, x),

Gt x)=-3Qa+ £710: (v 2T Rk @, ),

Ce . — -
G4, x) = Qa + Dy 293 (loa P15 uky 2, 0.
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Lemma 8.3 (Error control). Fix T > 0. Let e;, be a solution to (80). Then

én D + ”en”S([,%‘%]O =0. (81)

ngn;o(ne,,umc,( oy ez

Proof of Lemma 8.3. We keep the notation t = t(n,t,x) = —3&,t and y = y(n,t,x) =x + 352t We first evaluate

Looifj—norm of e, 1. By the definition of e, |, we have

”en 1||L°°L"‘([7— E])
-2 |Ck| 2a0+1—k, k
SR D [ O P M A
k=2 -

A .1 1
Since L* <> L and HZ @D < L*¥Ce+D) for | < o < 2, we see from (72) that

2a+1—k_k . _ 2a+1—k, k
Il (lvn| vn)(f’y)”L[OOLg([_%’%])—C|||vn| ||LooLa([ T,T))
_ et L
< ClllvalP* okl e rar,rpy < Cllwal* ™+, <cgl,
L?OHXZ aa+1)
which implies
[}

len 1l ez 2 y) < Cln * Z 5 <ce (82)

k=2
as n — o0o. Next we evaluate the L-norm of e, 1. An interpolation shows

l
||8 e”l 1||L30)[(([ 3L L])’

lenillp gz 14 <lle 1||
LA 35" ’ %E" b= " L?’O‘ ( Sn 35}1 3&n
. . A i =+
In the same manner as in the estimate for L{°L%-norm of e, 1, we have |95 e, 1||L3u( _IL.Iy Cén / for
27350 35,
Jj =0, 1. Hence,
(83)

3
o Cs 2
” n1||l(_3_7 %])é n

Let us proceed to the evaluation of S([— %, %])—norm of e, 1. We put p = Sa(2x 4 1). Then we easily see

[au e s o =l
L2 L35 55D L7 LY (=335 )
Change of variables and the Gagliardo—Nirenberg inequality yield
1
lvn (T, )’)”LP([ 1]) Cr‘;:n ”v”(t’x_ént)”Lf(R)
_1 -1 1
& ” v (t, x =&)L " 119 (va(t, x — &I’
L? (R) L7 (R)
Hence,
1 1__ 1
lvn (T, W £, ror < Cén lvall 10; vy — &nOx vy ”pg .
LiLi(=5g 35D LE@®) L7 (R?)
Since (% —=£-) is a Schrodinger admissible pair, it follows from (72) that
+ o
loull 5 < T3 Pvall , 2 = O, A
Liy L2Lf®
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Similar estimates hold for d;v,, and 9, v,. Combining above estimates, we conclude that ||v, (z, y)|| 1012 =

LY (=3 35,
-3/2
0 Sy =0E").
To evaluate e 2, we employ the 1nhomogeneous estimate for Airy equation (14). Since (1, ®) is a conjugate-
acceptable pair,

llen, 2||LO<>Loz([_E ) + llen, 2”L( ,SL zL + ||en,2||5([,%’%])
R o + R o a
< ”L L ([__ _) I ”LP(I )Lq(l )([ 3En’3En D
+ ”Rn||L§(1,Q)L;§(l.a)([_%,%]). (84)
By (71), we have
1R g ) < Cn ® AT (85)
as n — oo and
AT ~
IIRn||Lg<1.a>Lq(1,a>([7%’%D
~gt®
< C§, ”vl’l”Lp(Oa)Lq(Oot)([ T.T]) ”axv"”Lf(l"")L;’“'”)([—T,T])
<C i a a T = ) 100
N e L,
17a=7
<Cg ™ T = —-0 (86)
as n — oo. In a similar way
15
IRl ot 00 <Cg 1 >0 87)

%38 ))
3En
as n — oo. By (84), (85), (86) and (87), we see ||e, ||S(
shows (81). O

Iy~ 0 as n — oo. Together with (82) and (83), it

_r
3&n * 3&n

Lemma 8.4 (Approximation of gKdV for middle interval). Fix T € R. Let i, and ey, be given by (75) and (80). Then
we have

lim 187 03 + 83) (fin — en)
n—oo

— p0x{lin — enl * (it — en)}]”N([,Ty%]) =0. (83)

Proof of Lemma 8.4. (88) easily follows from Lemmas 2.9 and 8.3. O
By the argument similar to [30, Lemma 4.7], we obtain

Lemma 8.5 (Initial condition). Take a parameter T so that T > Ty if |To| < 0o and arbitrarily positive if Ty = F00.
Let u, (t,) and u, (t) be given by (29) and (75), respectively. Then we have

lim lup (tn) — tn(t) |l fa = O. (89)
n—o0 X
We now prove Theorem 4.4.

Proof of Theorem 4.4. By Lemma 8.1, there exist two positive constants A and M which are independent of 7 and
n such that
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litnll oo : oy < A litnll sy + linllLw) < M.

For the above M, let 1 = ¢1(M) be given by Lemma 3.2 and let C be a constant appearing in Lemma 3.2. Then.
Lemma 8.2 yields that for any ¢ satisfying 0 < ¢ < Ceq, there exists a positive constant T such that if 7 > T, then

. _ ~ - - &
Jim 107 + 07 — i (i i)}y 1) < 5 (90)

We now choose

| max{T,, 2[Tol}  if [Tol < o0,

| T if Ty = +00.

We first apply the long time stability for gKdV in the time interval {|t| < T/(3&,)}. Lemmas 8.4 and 8.5 lead that
there exits a nonnegative integer N1 = Nj (¢, T¢) such that if n > Ny, then |t,| < T/(3§,) and

e

ok

Hence, by Proposition 3.2, there exists a unique solution u € C(/; I:ﬁ) to (gKdV) satisfying

it (tn) = i (1) g + 110 1™Hs + 09)itn = 1 (Uit ** )}y - <

~ ~ - &
ltn = itnll oo f.jay + ltn — dnllscy + Nlun = nllLen < o O
where [ = [—%, 3%1]. Especially, we have
LY (2 <? (92)
u — ) —u — < -
"\73,) 736 e 2

Next we apply the long time stability for gKdV in the time intervals 7 > T/(3§,) and 1 < —T/(3§,), respectively.
Combining (90), (91), (92) and Lemma 3.2, we find that there exists a unique global solution u € C(R; LY) to (gKdV)
satisfying

””n - ﬂ””L;’O(R;lA,%) + ”un - ’:in ”S + ”un - I;n”L < Ce. (93)

Combining the above inequality and Lemma 8.1 we have (30).
Finally, the inequality (31) follows from the argument by [30, Theorem 4.1]. This completes the proof of Theo-
rem4.4. 0O
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Appendix A. On generalized Morrey spaces

In this appendix, we give the following interpolation type inequality for the generalized Morrey spaces.

Proposition A.1. Suppose that 0 < q < p <r < oo. If s satisfies

1 1 1
S p r q

1-2 p .
then, for any f € L9(R), we have ”f”M(f_, <C ”f”Mj’;o ”f”];/lgln)oo. In particular, LP — Mgr.
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Proof of Proposition A.1. Set f, j(x) := F X nong /e foo <oty (x) for I € Dandn € Z. Let6 =1 — p/r. By
the Holder inequality in x,

/|fn1|qczx (/mm e dx)

By definition of f; ;, we have

(1=6)g

(/|fnl|pdx> " (A.1)

1— (1-0)q

(1-6)g

0 0
(f |fn,1|—ﬂ—<f’fe>qu) "<ty f dx

_1
nlif1z2"11 P}

One sees from Chebyshev’s inequality that

fldx 1-1 '
/ fl <27 sup 175 W fllwsary ) -
1€D

I 25n|[|
IN{lf1Z2" 1] 7}

Together with the trivial estimate fm{‘f|>2w|,l/p} dx <|1|,

1—
( [ 1faai7 dx)

_q (1 U=t ( U= )s
<! pmm(z@w,zeq” a sn 1£ 11y

d-6)q
P

—4 _s U=ty 9)5
=cin ”||f||izpwmin<29‘1(”—"0),2(9 050001 >>

where, we chose ng € R by 2"0 = || f|l,,4_ . Since 6 — = + =0 —9<p by assumption, there exists § =
M5, 0 q p
8(p,q,s,0) > 0 such that
1_1=0p
=y ’ —sln—nol, j1—%
| fn, 1| 9=0=07 dx <C2 PAN ||f|| (A.2)

foralln e Z and I € D.
Note that f] [fl9dx =",z fR | fu.119dx for any I € D since g < oo by assumption. The inequalities (A.1) and
(A.2) yield

r/q
HTED> (ZIW‘1 ||fn,1||1q<R>)

1€D \neZ
(1-0)q\ "4
<cy (22, </|fn,1|f’dx)
I1€D \neZ
q/r\ "4
—curty, 3 (S (e f1grar)”)
" 1eD \neZ
<Collfifyy 3328l [ g s,
> IeDneZ

where we have used the Holder inequality in n to yield the last line. Thus,

1y < CUFIG SUPZ/Ifn,Ilpdx.

nez I1€D
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Finally, for any fixed n, we have

> [iharar=3 5 [ifura=3y / 1P dx,
I1eD JELIED; JEZ
2ng <27 p If |<2n+l}

where we have used the fact that elements of D; are mutually disjoint and U;ep, I = R. Since {2 < 27ilp| fl < 2ntly
and {2" <27/ /P|f| 271y are disjoint as long as |j — j'| > p, we have

1-6
> / IF1Pdx < (p+ DIFI gy = 2+ DIFISE
JEL
{(2n<2 Plf\<2”+'}

which completes the proof. O
Appendix B. Refinement of the Stein—Tomas inequality
In this subsection, we prove the first inequality of the refined Stein—Tomas estimate. We state it in the bilinear form.

Theorem B.1 (Bilinear refined Stein—Tomas inequality). Let 4/3 < p < 0o and o € [0, min(1/2 —2/(3p),1/(3p)].
Then, there exist a constant C = C(p, o) such that

gz _
zeta

L_go L
Q.15 2 7% p)(ja, |

3p <C||fllma gl yyro (B.1)
929" 929"

forany f, g € Mpzq,, where pg —( +3)° Vand g = (3 + o)7L Especially, for 4/3 < p < 0o we have

L 3
AR

<Clfllge | - (B.2)

t,.x P 25p)

This kind of refinement for the Airy equation was known in the case p =2 and ¢ =0 (see [29,55]).

Proof of Proposition B.1. We argue as in Shao [55]. It suffices to show under the assumption that supp 1. supp g C
[0, 00). We further denote g by g. Then, the left hand side of (B.1) is equal to

b-%
‘ / / fraith 'éZ' 5 f©F0) dadb

3p/2
Lt,x

up to constant, where we have introduced ¢ = & — i and b = &3 — 5. By applying the Sobolev embedding and the
Hausdorff—Young inequality, it is bounded by

o q

1
b|° T2 . q’ q'
c la |2|$77I2 f(é)gv(r/) _C //A(E )If(E)I 18 ()] did
&% —n7| |(31,—a)q

where o € [0, % ]

5= % +0€(0,1/2], and

1
' q

1

731;(7 Ip(l—0)—2
A, ) = |82+ &n+ n* PP &0 e
€.m= |E + n|3po+2

We now introduce a Whitney-type decomposition. For an interval / € D;, there exists a unique interval J € D;_;
such that I C J. We call J as a parent of I. For two intervals I, I’ € D, we introduce a binary relation ~ so that
I ~yy I’ holds if the following three conditions are satisfied; (i) / and I’ belong to same D, that is, [I| = |I'];
(ii) 1 is not neighboring I’; and (iii) a parent of I is neighboring a parent of I’. Set W :={(I,I") e DxD | I ~w I'}.
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Notice that if I ~yy I’ then |I| < dist(, I") < 2|I| and that for any I € D, #{I' € D | I ~y I'} = 3. Then, we have
the following Whitney-type decomposition of R x R;

Y u®Lm=1.  (EneR\ (¢8| £eR).
I, I"ew

Let W be as above. Remark that there exists C > 0 such that A(§,n) < C for any (§,7) € R2 and that E_ <
[1|=' = |I'|~! forany (£,7) € I x I' with (1, I’) € W. We hence obtain
HGIRO
//A(s D SO W .,
|( —0)q’

’

1, qa o q
<cy > (uww’ q/IIfIILq/(,)> (|,/|<m q’ngnu,f(,/)> :

1€DI'; I~

where p%r = % + 5. By using the fact that, for I € D, {I' €D | I ~yy I'} C{I +k|I| € D | k € {=3,-2,2,3}}, we
obtain

’ ’
T L AT !
Yoo e gy ) (@@ L g,
I1eD I I~y

<41f1%

ro gl e
Mq2q Mq2q

which completes the proof. O
Remark B.2. Proposition 7.5 can be shown in the same way (see also [1]).
By modifying the proof, we obtain another version of the bilinear estimate.

Proposition B.3. Ler 4/3 < oo Let N1, N> € 2% be a dyadic numbers such that Ni < Nj. Let fj(x) (j =1,2)
be two functions such that supp f] C{N; < || <2Nj} for j =1,2. Then,

RN

<CN, A 1Al sp 12l 5p (B.3)
2 2 (RxR) Lz2

Proof of Proposition B.3. As in the proof of Theorem B.1, we have

LA 3pyoa 3py
€032 LEID) | H0p] 2
|£2 — n2|2/Gp—2)

(LHSof (B3)<C / d&dn

By the support condition, we have |£7|/|£> — n?| < C Ny 2, which yields the desired estimate. O
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