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Abstract

This manuscript identifies a maximal system of equations which renders the classical Darboux problem elliptic, thereby pro-
viding a selection criterion for its well posedness. Let f be a symplectic form close enough to wy,, the standard symplectic form
on R We prove existence of a diffeomorphism ¢, with optimal regularity, satisfying

¢ @)=/ and (dg’son)=0.

We establish uniqueness of ¢ when the system is coupled with a Dirichlet datum. As a byproduct, we obtain, what we term
symplectic factorization of vector fields, that any map u, satisfying appropriate assumptions, can be factored as:

u=yxoy with ¥* (om)=own, <dxb;a)m> =0 and Vyx+(Vx) >0;
moreover there exists a closed 2-form @ such that y = (§® _ wm)". Here, # is the musical isomorphism and b its inverse. We connect

the above result to an Lz—projection problem.
© 2017 Elsevier Masson SAS. All rights reserved.
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1. Introduction

In the current manuscript we pursue our discussion on the transport of differential forms (cf. [11] and [12]). The
focus here will be on Darboux Theorem for symplectic forms, which foundational character has been recognized
since the pioneer work of Darboux [13]. The current state of the theory allows to assert that, given two smooth enough
symplectic forms f and g, there exist infinitely many diffeomorphisms that pull f back to g; at least one of these
symplectomorphisms can be shown to have optimal regularity properties (cf. [3]). A natural question is: “is there
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a maximal system of equations which renders Darboux problem well posed?” In this manuscript we address this issue
by identifying additional structural properties to be satisfied by these symplectomorphisms, which allow to select a
unique solution without compromising on a loss of optimal regularity.

For the sake of simplicity, let us assume that g = w,, is the standard symplectic form on R*" and p,,, is the
associated volume form

m
. . 1
OIS deZI_l Adx*  and Oom = - (W)™ =dx" Ao Adx?",
i=1 ’

We shall make use of the musical isomorphism f which turns 1-forms into vector fields; while b will denote its inverse.
We prove (in Corollary 8) that if f is a symplectic form close enough to w,, in a Holder norm, then there exists a
diffeomorphism ¢ such that

¢ (wm)=f and (d¢";on)=0 (1

and, when coupled with appropriate boundary and monotonicity conditions, such a ¢ is unique. The map ¢ is also
shown to have optimal regularity properties in Holder spaces. Our uniqueness result in Corollary 8 yields a stability
property namely: if (¢°, f*) satisfy (1) and the sequence {f*} converges to f in the Holder norm C"“, then the
sequence {¢*} converges in the C"+!-? norm, with 0 < b < a, to a ¢ € C"+1-¢ that satisfy (1). This stability result with
a gain of regularity of ¢ holds provided that f is close to w,,.

In Cartesian coordinates (xp, - - - , x,), the identity ¢* (g) = f is the system of [n n—-1/ 2] equations

rq -z _ = fi 1<i i <n.
Z & (¢)<8xi 3Xj 8x]' E)x,- f ’ St=J=n

1<p<g=<n

The new complete system is obtained by adding the single equation <dg0b; g) =0, totaling [n n—-1/ 2] + 1 equations,
the latter one reading off (cf. Section 2 (ix))

> (wii —wij) gl =0.

1<i<j<n

The novelty here is that the additional requirement <dg0b; a)m> = 0 makes (1) an elliptic system of equations
(cf. Proposition 14) according to the definition we propose in the appendix. Coincidentally, as explained at the end of
this introduction, the concept of ellipticity possesses an underlying variational feature.

When € is contractible, Corollary 10 asserts that under appropriate boundary conditions, there exists an unique
2-form ® =Y ®Ydx' Adx/ satisfying

(6P swm)*) (@m)=f and dd=0

meaning, in Cartesian coordinates, that

m  2m
s (21—-1) 4,121 s(21—-1) 4,121 i . .
> 3 [aG Vel - e el = 1 1<i<j<n
I=1s,t=1
oY, — ok 4 off =0 l<i<j<k<n.

Note that when n = 2 the second equation is trivially fulfilled, while the first one reduces to the Monge—Ampere
equation.

The above considerations should be compared with a discovery made in the 90’s by Brenier [5] (cf. also [15,19,
20]) on a given probability volume form p on a convex set €2. It asserts that if ¢ is the [|-[[,2(,,,-projection of the
identity map onto the set of maps that pull p back to the restriction of p, to €2, then dg” = 0. Similar conclusions
can be reached if one replaces the ||o||Lz(pn)—projection by any ||/l (,,)-Projection for p € [1, 0o) (cf. [6,7,14,16]).
Beside the variational analogy between the pull-back of volume forms and that of symplectic forms, there is a striking
algebraic coincidence in the number of equations which makes either system elliptic. Indeed, in the case of volume
forms the original problem at hand (resolved in the seminal work by Moser [21]; for an account of some of the further
developments see [4,8,10]) was to find a map ¢ satisfying
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detVo = f. )

The equation (2) is classically augmented with dg” = 0, which means additional [n n—-1/ 2] equations. The final
system of interest

detVo=f and d¢’=0 (3)

totals [n mn-1)/ 2] + 1 equations. According to the definition in Appendix A, it is elliptic (see Example 31 (ii)). If we
further assume that €2 is simply connected, one recovers, (since then ¢ = V&), the Monge—Ampere equation

detV2d = f.

The convexity condition on & simply expresses the fact that ¢ and the identity map are isotopic.

Our contribution includes understanding the importance of ellipticity as a way to address the regularity and unique-
ness issues for Darboux problem. As the notion of ellipticity is not easy to find in the literature under the general form
given here, we provide it in Appendix A. The starting point of the application of ellipticity in our context is the
conclusion reached for the following system: if (v being the exterior unit normal to 9€2)

u* (wy) =v* (w,) and (dub; a)m) = (dvb; a)m) in Q
(ub/\vb;a)m>:(vb/\vb;a)m> on 02,

then u = v (cf. Proposition 16). In particular, we have uniqueness for the Dirichlet problem (i.e. when u = v on 9€2)
or for the weaker Dirichlet problem when u” A 1” = v” A V" on 3<2.

Theorem 6, the backbone of our work, interestingly enough yields Corollary 21 (while Corollary 18 provides a
local version) which we refer to as the symplectic factorization of vector fields. Our statement is that any map u, close
enough to a linear map (in particular the identity map), can be factored as

u=yxoy with ¥*(@n)=wm., (dx";0m)=0 and Vyx+(Vx)' >0. 4)

Moreover, if €2 is contractible, there exists a closed 2-form @ such that x = (§® L wy,)".

The factorization (4) can be viewed as a nonlinear Hodge factorization (cf. Subsection 4.3) and is reminiscent but
different of the so-called polar factorization of vector fields, a result by Brenier [5] which has had profound influence
on many other fields of mathematics. The polar factorization states that a vector field u# can be written as

u=yxoy with detVyy=1, curly=0 and Vyx+ (Vy) >0.

The condition ¥* (w,) = wy, is sufficient, but much stronger, to ensure that ¥ preserves Lebesgue measure (i.e.
det Vi = 1 which is equivalent to * ((a)m)m) = (wy,)™), while the condition <d % wm> = 0 is necessary, but much
weaker, to ensure that curl x = 0.

Observe that (4), which resulted from a system of elliptic equations, is related to an orthogonal projection prob-
lem. Indeed, define the 2-form f by u™ (f) = w,,, then Proposition 23 (with & = w,,) shows that, would x be a
-1l 25,y -Projection of the identity map onto the set of diffeomorphisms pulling back f to wy,, then x must satisfy
Vx4 (Vx)' =0 and (dx"; wn) = 0. Furthermore letting ¥ = x ~' o u, we have ¥* (wy) = op.

We would like to end up this introduction with some questions that remain open. It would be very enlightening to
have a more geometrical proof of our results. In our theorems, which are essentially perturbative, can the smallness
assumption be removed, or, in other words, under what more stringent conditions our results can be global?

2. Notation

We refer to [8] for this section and adopt the following notations. In the sequel the dimension is always even, i.e.
n=2m.

(i) Toany f = ij flidx' Adx! e A* (R™), we associate, in a bijective way, a skew symmetric matrix F € R"*"
in the natural way. We also sometimes denote it by f. Explicitly the coefficient at the i-th column and the j-th row of
F (or f)is f,1i.e.

L
F =7,
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The rank of the 2-form f is the rank of the matrix F and is therefore necessarily even. Note that

1 2
detF:(—'|fm|>
n!

where f™ = f A--- A f;in particular det F > 0.
—_——

m—times
(i1) The standard symplectic form is

m
Wy = dem_l Adx*
i=1

and the associate standard symplectic matrix is

Ji 0 -+ 0 O

o J --- 0 O

. . . . (0 ~—1
In=1| : : .ol : where J1—<1 O)'

o o0 -~ J O

o o0 --- 0

(iii) To any symplectic 2-form f, we write f~! € A% (R") for the 2-form associated to the skew symmetric matrix
F~! e R™" Note that
J,;l =—Ju, a),,;1 =—w, and o, =J,.

(iv)Ifu € A (R") and f € A*(R"), then
n n )
u_|f=Z|:Zf”uii|dxf GAI(R").
j=1 Li=1
(v) Note that if u € A (R"), then
usf=v < Fu=v
in particular
Uwy =V &> Viwy = —U.

(vi) As classical, we denote by d the exterior derivative, by * the Hodge star operator and by § the interior derivative
(or co-differential). So that if f is a k-form then

8f = (=D)"E V@ (/).
(vii) Let p € C 1 (ﬁ; R"), then
e (= Y fIpde ndgl.
I<i<j<n
In particular if pp (x) = Dx and f is a constant 2-form, then
oh ()= Y fUD AD/
I<i<j<n

and thus the skew symmetric matrix associated to ¢}, (f) is D' FD.
(viii) Recall that for u € A (R"), f € A (R") and h € A¥T1 (R")

(wun fih)=(frush) ®)

where (-; -) denotes the scalar product of forms (on the left hand side of (k + 1)-forms and on the right hand side of
k-forms).
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(ix) Observe that the musical isomorphism f: T*M = R" x R" — TM =R" x R" can be in the current situation
viewed as the identity map # : R* — R”. Similarly, the inverse map b : TM — T*M will be viewed as the identity
map b : R” — R”. Therefore throughout the article we identify a map ¢ € C' (R*; R") with its associated 1-form
¢* € C' (R"; A'), so that d¢ can be seen as the 2-form d¢” € C° (R"; A?) and therefore d¢ _ f is the scalar product
of the 2-forms d¢ and f € C° (R”; A2). The notations ff and b are used only in the introduction in order not to burden
too much the notations. In Cartesian coordinates we thus have that

n
doof=ldg’s f)=(de; )= Y. (¢l —ol) 17 = ol =g F)
I<i<j<n i,j=1
where F is the skew symmetric matrix associated to f.
(x) Remark (cf. Theorem 3.5 in [8]) that, for f € C! (R"; A¥) and g € C! (R"; A'), then

8(fs89)=D"df ig—f s (6)
In particular if k =1,/ =2 and g is constant (or more generally §g = 0), we have

§(fag)=—df sg.

(xi) The integration by parts formula (cf. Theorem 3.28 in [8]) says that, if | <k <n, f € C'(; A¥ 1) and
g€ CI(Q; Ak), then

[+ [ o= [wario= [ v, )
Q Q Q2 Q2

(xii) We also let
HN(Q;Az):{XeC°°(§;A2>:dX:O, 8)(:0and\u)(:00n8§2} ®)
'HT(Q;Az):{XECC’O(ﬁ;A2>:d)(:O, 8)(:0and\)/\)(:00n89}. 9

When 2 is contractible, then H y (Q; A2) =Hr (SZ; A2) ={0}.
3. Darboux theorem as an elliptic system
In this section we couple the classical Darboux theorems (local and global) with a natural constraint so as to get
an elliptic system. For that we first state some preliminary results and we then show the existence and regularity of a
solution for a system of first order equations of Cauchy—Riemann type.
3.1. Some preliminary results
The proofs of the results in this subsection are straightforward to obtain and, so, will be skipped.
Proposition 1. Let n = 2m and Q C R" be an open set. Let f € C! (Q; A2) be a 2-form such that f™ 0. Then
(xf™) f =% (mfmfl) )
Therefore d [fm_l] =0 ifand only if § ((*fm) f‘l) =0in Q.
Lemma 2. Let Q@ C R” be convex and u € C! (ﬁ; ]R”) verifying for a certain y > 0

(Vu(x)&;:8)>yIEf*, VEeR" andVxeQ,
then u € Diff! (ﬁ; u (ﬁ))
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Remark 3. The lemma is however false as soon as €2 is not convex. Examples of the type (in the complex plane) z!*¢
with € > 0 small or a very similar example written in polar coordinates as

u@,0)=rcos((1+¢€)0),rsin((1+¢)09))

show that the conclusion of the lemma is, in general, false.
3.2. Existence theorem for a linear elliptic system

Let Q C R” be a bounded connected open smooth set with exterior unit normal v. Let » > 0 be an integer and

0 <a < 1 be areal number. Let g € C"¢ (Q) and f e C™? (ﬁ; A2) be such that

df =0inQ and /(f;x>=o,verN(Q;A2).
Q

In the sequel we say that the symmetric part of A € C° (Q; R"*") is definite with constant e = e (A) > 0, if
1 _
—1EP = (A (x) E: €)| > e | for every x € Q and & e R".
e

Throughout this subsection we suppose that A € C"1:4 (Q; R"*") and B € C"“ (€; R"*") are invertible and the
symmetric part of BA~! is definite with constant e = e (BA_I). LetCeC"? (5; R”).
The following theorem is an intermediary and central step toward the proof of Theorem 6, the heart of Subsec-

tion 3.3. It can be expressed in terms of differential forms when A and B are skew symmetric matrices and thus
n =2m (cf. Remark 5).

Theorem 4 (A first order elliptic system). (I) Under the above assumptions, there exists u € C"+1-¢ (5; Al) such that,
in €,
d(Au)y=f and (B';Vu)+(Ciu)=g (10)
and the system (10) is elliptic. Furthermore, there exists a constant ¢ = c (r, a, e, 2) such that
lullcrera < e (ILflcra + llglcra) - 1D
(1) If moreover [, g =0 and

div(B;) =) (B}) eC™(@), 1=<j=n (12)

i=1

then there exists u € C™+1- (§; Al) satisfying (11) and

d(Auy=f and §(Bu)=g inQ
v (Bu)=0 on 02;

if, in addition, 2 is simply connected then such a u is unique.

Remark 5. Further assume A and B are skew symmetric matrices and let o € C" 1 (Q; A?), B € C™9 (Q; A?) be

respectively the 2-forms associated to A and B so that u so = Au and u -8 = Bu. Assume that $8 € C* (Q; A!).
Since

Sap)=—du.p—u.8p=(B";Vu)+ (C;u), (13)
where we have set C = —§8, the theorem asserts the existence of u € C” +la (ﬁ; Al), such that
dusa)=f and §miuB)=ginQ.

— For example, if B =« or B = (xa™) !, then the symmetric part of BA~! is automatically definite. Note also
that, in view of Proposition 1 and (6), if 8 = (x&™)a~! and « is closed then g is co-closed.
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— The boundary condition v 4 (Bu) = 0 reads off
vaowaB)=wAv)iB={unrnv;B8)=0 onadf.
Proof of Theorem 4. Step I. (i) Theorem 8.3 in [8] provides us with F € C” +la (5; Al) and a constant ¢ =
c(r, a, 2) such that
dF=f inQ (14
and

1 Fllgria <cll fllcra -
(ii) We claim that the operator L : C? (Q) — C° (Q) defined by

Lv=(8%v(a7'vv))+(c:a7 V)

is elliptic. Indeed let A~! = <a;.) and B = (b;) and observe that the leading term in L is

n
Joi
E b; ay Uy xy

i,j,k=1

and thus the ellipticity follows from the fact that the symmetric part of BA™! is definite.
(iii) We then set
u=A"'VV+A"'F
where V € C""24(Q) (cf. Theorems 6.6 and 6.8 in [17]) is the solution of
LV=g—(B;V(AT'F))—(C; A7'F) inQ (15)
V=0 on d€2.

The map u satisfies then the conclusions of the theorem.

(iv) We now prove the ellipticity of (10), cf. Definition 26. First observe that the leading term (in terms of deriva-
tives) in the operator (Bt ; Vu) + (C; u) is of the form div (Bu) = 6 (Bu), we have therefore to show that the following
algebraic system

EA(Ac)=0 and &, (Bo)=0

has, for any £ #£ 0, 0 =0 € R" as the only solution. The first equation leads to the existence of s € R such that
Ao = s&, or equivalently o = s A~'&. Plugging this in the second equation we obtain

%BA4§£>=O
which implies, since the symmetric part of BA~! is definite, s = 0 and hence o = 0.
Step 2. We next discuss (II) except the uniqueness that is dealt with in Step 3. Note that
8 (Bu) =div (Bu) = (B"; Vu) + (C; u)
where C = (Cy, -+, Cy) with C; =div (B j). Hence the operator L takes the following form
Lv=5(BA"'av).

We then solve (14), as in Step 1 and instead of solving (15), we replace the boundary datum V = 0 by <v; BA_ldV) =
- <v; BA™'F ); or in other words we find a solution of

8(BA™'dV)=g—8(BA™'F) inQ
<v; BA_ldV) = —<v; BA_lF) on 012.

This is a Neumann type problem which is solvable since fQ g = 0. We then proceed exactly as in Step 1.
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Step 3. We finally deal with the uniqueness issue. So let v satisfy
d(Av)=0 and §(Bv)=0 inQ
vi(Bv)=0 on 92

and set w = Av. Since 2 is simply connected and dw = 0, we can find W so that w = VW. The function W therefore
satisfies

div(BAT'VW) =0 inQ
(v; BATIVW)=0 ondQ.
The divergence theorem implies
/div (W (BA"VW)) - / W (v; BA’]VW> —0.
Q Q2
We therefore have

O=/div (W (BA”VW)) =/<BA"VW; VW>2)//|VW|2
Q Q Q
(provided <BA_1£§; & ) > y |£1%, if the other sign prevails, we just reverse the inequality above) and hence VW = 0
which implies that v =0 as claimed. O

3.3. The main theorem and some corollaries

Let Q2 C R" be a bounded connected open smooth set with exterior unit normal v. Recall that Hy (Q; A2) has

been defined in (8) and if Q2 is contractible, then H y (Q; A2) = {0}.
Throughout this subsection r > 0 and n = 2m are integers, 0 < a < 1 and oy, is the standard symplectic form and
its associated skew symmetric matrix is J,,. Let f € C™¢ (Q; A2) be such that

df =0inQ and /(f;x>=o, Vx eHN(Q;A2).
Q

Given a matrix D € R"*" we denote by op the linear map which to x € R” associates Dx € R”.

Theorem 6 (A global theorem under a smallness assumption). Let D € R"*" and B € C"™¢ (5; R”X”) be both invert-

ible and such that the symmetric part of DB J,, is definite with constant e = e (DB J,,). Let C € C™¢ (5; ]R”). Then
there exist €, y, ¢ > 0 depending only on (r, a, e, Q) such that if

”f - 05 (a)m)”CO,a/Z <€
then there exists ¢ € Diff” +la (5; 10 (5)) satisfying, in €,
¢*(@n)=[ and (B':V(p—op))+(C:(p—0p)=0 (16)

and

{ lp —oplicrera < e || f = o (@) cra 17

lg —opllcrar <c ”f -0} (a)m)”Co,a/z
([Ve (x) B (x) Jul&: &) =y >, VEER"andVx eQ. (18)
Furthermore the system (16), restricted to maps satisfying (18), is elliptic. If, moreover,

div(B,»):Xn:(Bj) €eC(Q), 1<j=n (19)

i=1
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then there exists ¢ € Diff"+1:¢ (5; 10 (ﬁ)) satisfying (17), (18) and
o (wp)=f and S(B(p—op))=0 inQ
vi(B(p—0p))=0 on 0%2;

such a ¢ is unique if Q is simply connected.

Remark 7. Theorem 6 is particularly interesting if we further assume that B is skew symmetric. Indeed, in that case
let B e C™¢ (Q; A2) be the differential form associated to B and assume 88 € C"¢ (Q; Al). If C = -4, then (13)
holds and the theorem asserts the existence of ¢ such that

¢*(wm)=f and S((¢—op)sp)=0 inQ
vi((¢p—op)aB)=0 on 9L2.
Corollary 8. There exist €, y, ¢ > 0 depending only on (r, a, 2) such that if

| f — wmllcoar <,

then there exists ¢ € Diff"+1:¢ (5; 0 (5)) satisfying

o (wn)=f and dy_w, =0 inQ 00,
v (¢ —id) sw,) =0 on 0%2;
and such that
||€0_id||cr+1,a SC”f_wm”(jr,a (21)
([Ve (0)]€: )=y |57, VEER"andVx Q.

Furthermore the system (20) is elliptic when restricted to maps satisfying the second inequality in (21) and if, in
addition, 2 is simply connected, then such a ¢ is unique.

Remark 9. The following variant of Corollary 8 can easily be proved. There is ¢ such that
o (wp)=f and do,of '=0 inQ
va(p—id)ys =0 on 9%2.

Corollary 8, as well as Theorem 12 below, can be written as second order systems, which is the counterpart of
Monge—Ampere equation when n =2 and so, f is a volume form.

Corollary 10 (Second order Darboux theorem). Let Q2 C R" be a bounded contractible open smooth set. Then there
exists € = € (r,a, ) such that if f € C"¢ (ﬁ; Az) is closed and
| f — omllcoar <e,
then there exists an unique ® € C"+t24 (ﬁ; A2) satisfying the elliptic system
P Lwn) (wp)=f and dd=0

V(P _wy)+ (VEP_wy,)) >0
vibdb=—v_H on Q2.

Here H is such that §H = id J wy,.

inQ

Remark 11. (i) Writing

b= Z DU dx! Adx!

i<j
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and similarly for f we have that (§® Jw,,)* (w,) = f reads as (recalling that ®Y/ = —dJ7)

m  2m
S Y [BE Ve — oAV | < fi, 1<i<jzn (22)
=1 s,t=1

while d® = 0 means that
of, — o +olf =0, I1<i<j<k<n

Note that when n = 2 the equation d ® = 0 is trivially fulfilled, while (22) is exactly Monge—Ampere equation.
(ii) The form H can be taken, for example, as

H— i (x2i—1)? + (x21)

2
3 dxF VA dx?,

i=1
Proof of Corollary 10. Step 1. Using Corollary 8, we have

o* () =f. 8(pawn) =0, Ve+ (Vo) definite in Q
va(powy)=vai(diwy) =visH on 0L2.

Since €2 is contractible (thus Hy (Q; Al) ={0}) and é (¢ Jw,;) =0, we can find ® verifying (cf. Theorem 7.4 in [8])

b=—(powy) and dd=0 inQ
vaob=—v_H on 02
and thus ¢ = §® L w,,, showing the existence part. For the uniqueness we let ® and W be two solutions. From Proposi-

tion 16 (appliedto o = 8 = wy, u =8P Jw,, and v =8V L w,, recalling that v . ® = v W implies v 1§D =v J6W),
we get that §& = §W¥ and hence

S(®—VY)=0 and d(®—-—VY)=0 inQ
vi(®d—-w)=0 on 92

and since Hy (2; A?) = {0}, we get that = .

Step 2. We now discuss the ellipticity of the system. Strictly speaking our system does not fit into the definition of
ellipticity we give in the Appendix, because the equations are not of the same order (some being of the second and
some of the first order). To make it of the same order we consider the equivalent system

(8D Swm)* (wm)=f and V(d®P)=0.

We first linearize the system (8® L wy,)* (w,,) = f. From

(5D 1om)* () = i [d [(3@ me)zl’—l] Ad [(3@ me)zl’]]

p=1

we get that the algebraic system that should lead to A =0 € A? is

> [ £ A (6230 s0m 71 A d [0 50,7] } ~o

oLtd [P S0P A[E A (E 1) som)?P]

This can be rewritten as

" J _‘mZp—l JmZp
A Z[((E 3) 20m)?P 1 d [(6P Swm) ]} 0

el I (GRES) Swm)*Pd[(8P swm)*P!

or equivalently
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2403 [(g 2P d (8D )P+ ((E AP d (5D me)zl’*‘] —0.
p=1
This last equation just means that
EAN[BPowm)* ESN]=EA[(VEPwm) - (E2L)]=0.
Therefore there exists s € R such that
(VE@Pown) - EsN=s& & [(VEPion) Alé=sE

where A is the skew symmetric matrix associated to A. Since the symmetric part of V (§® Lw,,) is definite,
V (6 Lwy,) is invertible and we deduce that

AeE=5s(V(PLwy)) "E.
A being a skew symmetric matrix we obtain
= (A5 5) =s((VOEPoom) T &:€).
Using again that the symmetric part of V (§® L w,,) is definite and that £ # 0, we infer that s = 0 and thus
AE=E,A=0.
The equation d® = 0 (or equivalently V (d®) = 0) leads to
EAL=0
and thus, if &€ #£ 0, we get that A = 0 and the ellipticity is proved. O

3.4. Proof of the main theorem
We now deal with the proof of Theorem 6.

Proof. Steps 1 to 4 deal with the main statement, while Step 5 handles the extra result.
Step 1. We linearize the equation around op and we let ¢ = op + u. We immediately find

[ =¢" (0n) = (oD +u)" (0n) =0} (0n) +d (D' (U 30m)) + u* (@n) .
Step 2. We solve by fixed point (more precisely Theorem 18.1 of [8]) the problem, in €2,
d[D' (uson)]=d[(D'Jn)u] = f — 0} (@n) — u* (0n)
(B’; Vu>+ (C;u)=0.

Let us check all the hypotheses of that theorem.
1) Set

={uec" (@ R"):(B"; Vu) + (C;u) = 0}

we Ch (@ RY) 1 (B Vi) + (Csu) = 0}

{beCO“/z sz A2> db = OmQand/(b X) =0, ¥y €Hy

Ya={becCr <§;A2>:db=0in52and /(b;x)zo, VxeHy

It is easy to see (cf. Proposition 16.23 in [8]) that Hypothesis (Hyy) of Theorem 18.1 in [8] is satisfied.
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2) Consider next the linear operator L : X; — Y; defined by
Lu=d[(D"Jn)u].
Noting that the symmetric part of B (D’ Jm)_l is definite if and only if that of DBJ,, is definite, we can apply

Theorem 4 (with A = D'J,,). Therefore the operator has a right inverse L' Y > X, verifying, where Cy =
Ci(r,a,e, 2) is a constant,

HL_leX <Cillblly, foreverybeYyandi=1,2.

The Hypothesis (Hy) of Theorem 18.1 in [8] is then also satisfied.
3)Let Q : X — Y be defined by Q(u) = u™* (wy,). Note that Q (0) =0 and d Q (#) = 0 in 2. Moreover

/ (Q): x) =0, VxeHn (Q; A2>
Q
since Q(u) is exact independently of the topology of £2. This follows from (7) and the fact that

o =d (szi_ldx2i> = Qu)=d |:u* (szi_ldxzi):| )
i=1

i=1
It is easily verified (using Theorem 16.28 in [8]) that there exists a constant C; = C (r, a, §2) such that, for every
u,v e C"tHa(Q; R™), the following estimates hold

Q) — QW)llcoar < Calllullcraz + Ivlicran) lu — vlicrar
and
1Q)lIcra = Collullcrar ullgreta -
The Hypothesis (HQ) of Theorem 18.1 in [8] is therefore verified for p =1,
ci(r,s)=Cy(r+s) and cy(r,s)=Cyrs.
4) Our problem then becomes
Lu=f—o}(wn)— Q).
Step 3. Theorem 18.1 in [8] gives us the existence of a u € X satisfying
Lu=f—op(on) — Q)
provided

1
© 2C;max{4CC, 1}’

Moreover there exists a constant ¢ = ¢ (r, a, e, 2) such that

”f —op (a)m)HCO,u/Z <e€

lullcrrra <c | f —0h @n)|cra and  ullcran < ¢ | f = op @n)] coas -

Step 4. Let R > 0 be sufficiently large so that Q C Bg, the ball centered at 0 and of radius R. Using Theorem 16.11
in [8], we extend u to By so that the extension % satisfies

||ﬁ||C1,a/2(§R) = E””“cl‘a/Z(ﬁ) <Cce

where ¢ = ¢ (r, 2) > 0. From now on we ignore the difference between u and . By choosing € smaller, if necessary,
we can also ensure that there exists a constant y > 0 such that (recall that ¢ = op + u)

[V (x) B (x) Jul&; &) =y |E, VEER" andVx € Bg.

We therefore deduce (cf. Lemma 2) that ¢ € Diff" tla (ER; © (ER)) restricted to € verifies the conclusions of the
theorem; while the ellipticity follows from Proposition 14.



B. Dacorogna et al. / Ann. I. H. Poincaré — AN 35 (2018) 327-356 339

Step 5. The statement with boundary datum follows as before considering now the spaces

X, = {u e C'/2 (@ R") : 6 (Bu) =0 and v 1 (Bu) = 0}

X, = |u e ¢ (@ R") 8 (Bu) =0 and v 1 (Bu) = 0]

while Y7 and Y, are unchanged; the proof being then identical. The uniqueness is shown in Proposition 16. O
3.5. Local Darboux theorem

We continue our analysis with the local case. The theorem is a refinement of a result of Bandyopadhyay—Dacorogna
[3] for Darboux theorem. The new statement here is that, not only there exists a solution to ¢* (w,,) = f with optimal
regularity, but there is one which satisfies the additional constraint d¢ Jw,;, = 0 (which renders the system elliptic)
and still preserves the optimal regularity.

In this subsection » > 0 and n = 2m are integers, 0 < a < 1 and x¢p € 2 where 2 C R” is a bounded open set.
Recall that (cf. Theorem 19 in [9]) since n = 2m, the condition rank [ f (xo)] = n is equivalent to the existence of an
invertible symmetric matrix D € R"*" such that

G;S (wm) = f (x0)

where op (x) = D (x — x¢) + Xo.

Theorem 12. Let f € C™° (Q; A2) be closed and D € R symmetric and invertible such that

op (m) = f (x0).

Let . € C"¢ (Q; Az) with the symmetric part of DA Jy,, definite, where A is the skew symmetric matrix associated
to L. Then there exist a neighborhood U C Q2 of xg and ¢ € Diff e (U; ¢ (U)) such that ¢ (xo) = xo,

o (wp)=finU and dpr=0inU. (23)
Moreover there exists a constant y > 0 such that

(Vo () A (x) JulE:8) =y |E]*, YEeR"andVxeU (24)
and the system (23) is elliptic when restricted to ¢ satisfying (24).
Remark 13. (i) The proof below will show that for every § > 0, we can choose the neighborhood U depending on §
so that

Vo — D”CO(U) <48 ifDAJ, >0

Ve + D”CO(U) <4§ it DAJ, <O.

(ii) If D = I (meaning that f (xo) = wy,) and A = w,,, then the theorem reads as follows

o (wp)=f, dpow, =0 and Ve¢+ (V) >0.

Recall that

3

2j—1
do sw, = (Vo; Jy) =Z<<szj 1 (pxzjj )ZO

and, since w,, is a constant form, we also have
1) [g{)Ja)m] = —d(pJ(,()m =0.

(iii) Note that, in general, one cannot assume that dgp = 0 (i.e. ¢ = V®) as in the case of volume forms. Indeed a
slight change in Proposition 12 of [9] shows that if

f=a —i—x3)cix1 Adx? +xpdx' Adx® +dx3 Adx?,
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then there exists no ® € C3(R*) such that near 0

(V)" (om) =
although there exists a local C*° diffeomorphism ¢ such that

" (wn) = f.
Our theorem nevertheless proves that the map ¢ can be chosen so that

1 2 3 4

Px, = P, T 0y — ¢xy =0.
Proof of Theorem 12 and Remark 13 (i). Step I (Theorem 12). We can assume, without loss of generality, that
xo = 0. Let W be the unit ball centered at 0. For every 0 < € < 1 sufficiently small define

fE(x)=f(ex) and A (x)=A(ex).

Observe that A€ € C"¢ (W; Az) with the symmetric part of DA€ J, definite, f€ € C™¢ (W; Az), df< =0, f€(0) =
f(0) and

|fe— f(0)||co,a/2(W) —0 ase—0.
Applying Theorem 6 (to B! = A€ and C = 0) we find, for € small enough, v, € Diff"t1-¢(W; v, (W)) satisfying
Ve (n)=finW, (ASV(Ye—op))=0inW
and
([Vre ) A€ (x) T | E:€)| = v [E]*, VEE€R"andVxeW.
Since D is symmetric and A€ is skew symmetric, we obtain
0=({A%V (Ye —0p)) =(A%; Viye — D)= (A" Ve = dipe 1"

Let

X
Xe(x)zz and @ =€ Yo xe.

The map x — ¢ (x) — ¢ (0) and the set U = € W have all the desired properties with (24) replaced by

(Ve () A (x) Jn]&:E) =y [E°, VEER"andVx e U.

Finally note that, since U is connected, we have either ([Vg (x) A (x) Jz1&;8) >0 or ([Vo (x) A (x) Jn]1&:;8) <O.
In the first case we have right away the claim, while in the second one we let

?(x) =—¢(x)

and observe that @ has all the properties claimed in the theorem. The ellipticity following from Proposition 14.
Step 2 (Remark 13 (i)). It is clearly enough to prove only the case DA J,, > 0. Theorem 6 also gives that

IWe = opllcrargmy < | £ = oh @m)] coar) -
Note that

IV = Dl co(ewy = IV e — D”CO(W) <c|fe-o} (wm)HcO,a/Z(W)
and therefore, since

|/ = ob @m | counry = [/ = £ Ol cour gy = 0 ase 0.

we have proved Remark 13 (i). O
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3.6. Ellipticity and uniqueness

We now prove that the system considered in Darboux theorem, cf. Theorems 6 and 12, is indeed elliptic (see the
appendix).

Proposition 14 (Ellipticity of the Darboux system). Let n = 2m and 2 C R" be a connected open set. Let o €
c! (R"; A2) be such that the associated skew symmetric matrix A is invertible. Let B € C 1 (SZ; R”X”) be invertible

and C € C' (Q;R"). Let f € C! (Q; A2) and g € C'(Q). Let S be the set of maps u € C' (; R") satisfying
<[w x)B(x) A~ (u (x))] £ §> £0 VEER"\ {0} andVx € Q.

Then the system
u*(@)=f and (Bt; Vu>+ (Ciuy=¢g

is elliptic (over Q and over S).

Remark 15. (i) Let 8 € C! (R”; A2) be such that the associated skew symmetric matrix B is invertible. The proposi-
tion then includes as special cases the following two systems

u*()=f and S[u.B]=g
u*()=f and du.B=g.

(i) When o = B are constant forms, then BA~!' = I and we require therefore that

(Vu(x)E;E)#£0 VEeR"\ {0} andVx € Q.

Proof of Proposition 14. Step 1. Our system is
{ u* (@) =3, aP? W du? ndul = f

(B’; Vu):g —{(C;u).
Differentiating with respect to xj the first equation we get, up to lower order terms that we write as  (u, Vu),
Zp<q aP? (u) [dufk Adu? +duP A duzk] = fy +h @, Vu)

((B";Vu)), =(g—(Csu)y,
and therefore the algebraic problem becomes (recalling that «?? = —a4P)
& {2p<q P (u) [\PE A dud — ATE A du”]} =& (e A [ ()]} =0

5 (B2 ®8)) =0,

where A € A'. Noting that (B'; A ® &) = (&; BA), we get after simplification by & (recall that & # 0),

EA[u*(Aoa)]=0 and (& BA)=0.
Step 2. Note that
u* (o) =[Vu )] (oo @) = [Vu ()] A (x) 2.
The equation £ A [u* (A Ja)] = 0 and the fact that £ # 0 lead to the existence of s € R \ {0} such that
E=s[Vu()]" A ) A
Therefore the equation (£; BA) = 0 implies that
s([Vu ()" A (x)) A; B (x) ) =5 (A (u (x)) A; Vu (x) B (x)A) =0.

Since s # 0 and the symmetric part of Vu (x) B (x) A~ (u (x)) is definite, we deduce that indeed A = 0 and the
ellipticity is proved. O
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Proposition 16 (An uniqueness result). Let n =2m and Q2 C R" be a bounded open smooth simply connected set. Let
o be a constant 2-form and B € C! (Q; A2). Let Ae R"™" and B € C! (Q; R”X") be the associated skew symmetric

matrices to « and B, which are assumed to be invertible. Let u, v € C 1 (5; R") satisfy, VE £Qand Vx € Q,

([W(x)B(x)A*‘]s;g)-<[VU(x)B(x)A*1]g;g>>o (25)
and such that
{u*(a):v*(a) and §[usp)=58[vip] inQ
vaoapB)=vi(wap) on 0L2.
Then

u=v.

Remark 17. (i) The condition v 1 (1 1 8) = v 1 (v 1 B) is equivalent (cf. Proposition 2.16 in [8]) to
uuAvV)IIB=@WAV)IB & (uAv;B)=(VAV;B).

Therefore the uniqueness is obtained under a much weaker hypothesis than the Dirichlet condition u A v =v A v;
which is precisely the condition under which uniqueness is obtained for the Monge—Ampere equation (written under
a system of first order equations, cf. Example 31 (ii)).

(ii) In fact the hypothesis (25) can be weakened, it suffices to require that, if z=u + v, then

([ B a]e€)[ >0, ve£omavren

This is interesting, because we get then uniqueness if, for example,
([w BA_l] £ g> ~0 and <[VU BA_l] £ §> > 0.

Proof of Proposition 16. Step 1. Set
_v—u vt+u

= d z=
w 5 and Z >

The equation u* («) = v* (o) becomes then

Zoﬂ’q [(dz? —dw?) A (dz? — dwT)] = Za”q [(dz” +dw?) A (dz? +dw?)].

After simplification we obtain

Zoz”q [(dz? Adw?) + (dw? Adz7)] =0

P<q
and thus, since «?? = —a?P, we find
0= Za”q (dwP ndz?)=d [Zapqw”dzq} =d |:Z oz"qw”zz,dx’i|
p.q Pq p.q.r

=d[(V2) (woa)]=d[(V2) Aw].
Step 2. The problem under consideration is then

d[(V) Aw]=0 and S§[Bw]=0 inQ
va(Bw)=0 on 0L2.

Observe next that since (25) holds, then ‘([Vz B A_l] &; 5)‘ > ( and thus

[fsa7 5] -o.

The uniqueness follows then from Theorem 4. O
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4. Corollaries: the symplectic factorization

Recall that the polar factorization (cf. [5] or [15]) tells us that if u is a map satisfying some non-degeneracy
condition, then u# can be written as the composition of x = V®, where & is a convex function, with a measure
preserving map v, i.e.

u=yxoy.
A natural question is to see if such a factorization exists in the symplectic context (we then call it the symplectic

factorization), i.e. try to prove that a map u : R — R>" with appropriate regularity assumptions can be written as
u = x oy where

Vx+Vx) >0, dyxown=0, v¥*(wn)=own

where w,, is the standard symplectic form, namely

m
oy = deZl_l Adx?
i=1

Or, more generally, replacing w,, by any general symplectic form w try to write u as u = x o ¥ where (note that

Wy, = —wm)

Vx+Vx) >0, dyoo'=0 and v*(w)=

We indeed give some evidences of the existence of the symplectic factorization. We prove it in two cases (cf.
Corollaries 18 and 21) and formally in Remark 24 (i). We also formally show that the symplectic factorization implies
the Hodge decomposition.

But before entering into details, we would like to point out that in the linear case, i.e. when u (x) = Ax for some
constant matrix A, the situation is better, since (cf. Theorem 20 in [9]) for any invertible matrix A € R"*", there exists
S € R"" guch that S’ J,, S = J,, (i.e. S preserves the standard symplectic matrix J,,) and a symmetric matrix B such
that

A=SB.

By inversion, one directly obtains the factorization in the reverse order. Using the language of differential forms, the
previous result reads as follows: any map u (x) = Ax can be written as u = x o ¥ where i (x) = Sx preserves wy,
and where x (x) = Bx is the gradient of the function

(Bx; x)
.

X —>

4.1. The local case

We have the following local result. In this subsection we let r > 1 and n = 2m be integers, 0 <a < 1, Q C R”"
be open and xp € 2. We recall that for any invertible skew symmetric matrix F there exists an invertible symmetric
matrix D € R"*" (cf. Theorem 19 in [9]) such that

F=DJ,D.

We also recall that

m

2j—1
dy som = (Vx; Im) =Z(sz, L= X, )=0-
j=1

Corollary 18 (Local symplectic factorization). Let D € R"*" be symmetric and definite. Let u € Diff>? (Q; u (2)) be
such that

(uﬂ)* (wm) (u (x0)) =0p (0nm) withop (y) =D (y — u (x0)) + u (x0) .
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Then there exist a neighborhood U of x,

Y € Diff™* (Us; ¢ (U)) and  x € Diff™* (y (U); x (¥ (U)))
such that W (xg) = u (xo) and for x € U

U (0m) (X) =0m,  [dxson] (@ (x)=0 and u=yxo.
Moreover there exists a constant y > 0 such that

(VX ()& E) >yIE, VEcR andVxeU.

Remark 19. (i) The condition (u‘l)* (@m) (u (x0)) = 0}, (wn) is equivalent to
(op ou)* (wm) (x0) = Wy -

So, in particular, if
u* (wm) (x0) = wp

we can take D = I and the factorization holds.
(i1) In a completely analogous way, we can prove the symplectic factorization in the reverse order, namely there
exist a neighborhood U of xo,

x €Diff"* (U; x (U)) and 4 € Diff"* (x (U); ¢ (x (U)))
such that x (xo) = xo and for x € U

U @n) (X @) =0n,  [dXs0n](0)=0 and u=yox.
Moreover there exists a constant y > 0 such that

(Vx (x)€:&)>ylE)>, VEeR"andVxeU.

Proof of Corollary 18. With no loss of generality we can assume that D > 0, since
Uz() (wp) = O'jD (@) -

Welet f (y) = (u’l)* (wm) (¥) (and F be its associated skew symmetric matrix) which is a crla symplectic form.
Note that

op (0n) = f (u (x0))
and therefore
DF™" (u (x0)) Jy = D[DJyD1 ' Jyy =T D71,

Moreover DF~! (u (x0)) J,n > 0, since the right-hand side is positive definite since D > 0 (and thus D~! > 0). Hence,
by continuity, we have that DF~'J,, > 0 in a small enough neighborhood of u (xp). Appealing to Theorem 12, we
find a neighborhood V C u (2) of u (x¢) and ¢ € Diff"* (V; ¢ (V) such that ¢ (u (x¢)) = u (x¢) and, for y € V,

P @ M=rm, [deof =0

and, in view of Remark 13 (i) restricting, if necessary, the neighborhood V, we have that Vo + (Vg)' > 0 on V. We
then claim that x = ¢~ !, ¥ =@ ou and U = u~' (V) have all the desired properties. Indeed we immediately have
Y* (wm) = wy. The condition d x 1wy, = 0 follows from Lemma 20, since

0=[dg. 1|0 =[dg@* @ | ==[d(¢") 30" ] @D

= [dx 2 om] (X*1 (y)) .
Finally the conclusion V + (Vx)’ > 0 holds, since Vg + (Vg)' > 0. This completes the proof. O
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In the above considerations, as well as in (30) of Proposition 23, we use the following lemma.

Lemma 20. Let n = 2m and w € C° (R"; A?) be such that
rank [w (x)] =n, forevery x.

Let ¢ € C' (R"; R™). Then, for every x € R, the following holds

a5 @ @) | ==[a(¢7) 207 | @

Proof of Lemma 20. We let @ € R"*" be the skew symmetric matrix associated to @ € A”. On one hand we have

(49 @* @)™ 0) = (Vo 0): {(Ve) @) Blp (1) - Vo (1)} )

=(V¢ (0): (Vo) @) @@ (1) - (V) ().

On the other hand we get

[d(¢7") s @@ =(V (¢7") @ @ (@)

=(Vo) " @: @ @),

Observe that, for any invertible matrices A, B € R"*" with B skew symmetric, we have

<ABA’; A’1> - <A; A’IAB’> —_(A: B).
Taking A = (Vgo)_l (x) and B = (@)~ (¢ (x)), we obtain the lemma. O

4.2. The global case for small data

We now show the symplectic factorization under a smallness assumption. We let r > 1 and n = 2m be integers,
0 <a <1, Q2 CR" be abounded connected open smooth set and w,, be the standard symplectic form. For D € R"*"
we set

op (x) = Dx.
Corollary 21 (Global symplectic factorization for small data). Let D € R"*" be symmetric and positive definite. Then
there exists § =& (r,a, D, ) > 0 such that for every u € Diff"? (Q; u (Q)) with
lu—opllcrap <4
there exist
Y €Diff"* (Q; ¥ (Q)) and x €Diff™ (v (Q); u (Q))
such that u = x o and
Vx +(VX)I >0, dyaiw,=0, w* (W) = wp -

Moreover if Q is contractible, there exists a closed 2-form ® such that x =5 L w,,.

Remark 22 (Reverse order symplectic factorization). The proof below can be adapted to prove a variant of the above
symplectic factorization in the reverse order, namely u = Y o x where

Vx+(x)'>0, dxson=0, ¥ (om)=wm.
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Proof of Corollary 21. Step I. Let f be the C"~¢ symplectic form defined on u (Q) by f = (u™')" () and let F
be its associated skew symmetric matrix. Observe that

—t

F™ () = [(W‘l @) (Ve @ (x)))] = (Vi () I (Vi (x))'
and thus (recalling that D is symmetric)
D 'F" 1, =D (Vu) J,, Vu)' Jyy = I D' Iy + O (8)

where we used the fact that ||[Vu — D[ -0 < 6 with § small.
Step 2. We apply Theorem 6 to D~!, B’ = F~!, C =0 and f. Choosing & small enough, we can ensure (by Step 1)
that the symmetric part of D~!BJ,, is definite (since D > 0) and

(™) @) =5 @)

where € is as in Theorem 6 (note that the condition of orthogonality with the harmonic forms is here automatically
satisfied since f is exact). We therefore find ¢ € Diff"¢ (Q; [0 (Q)) satisfying

”f - Uz*)—' (wm)”CO»uﬂ = C0.a2 =€

o @m=f (F5V(p—0p))=0
which implies, since D~! is symmetric and F~! is skew symmetric, that

¢ (@n)=f. dpsf~'=0.
We furthermore have

||‘P —Op-! ”cl,a/z =c ||f —0p1 (@m) ”co‘a/z :
Choosing § even smaller if necessary, we deduce from the previous inequality that Vg + (V@)' > 0, since D~ > 0.
Letting x = ¢! and ¥ = ¢ o u we have shown the corollary (appealing to Lemma 20). O

4.3. Hodge decomposition via symplectic factorization

We now prove that whenever the symplectic factorization is true, we can then derive, at least formally, the classical
Hodge decomposition (cf., for example, [8]) by linearization. Indeed, let 4 be any regular map. Formally at least, for
any real €, the symplectic factorization reads off id +€ h = x. o ¥ where

Ve (wm) =wm and dye swm =0. (26)
We can assume (since we are only at the formal level) that y. and ¥ can be written as

Xe=1d4+€ev+o(e) and VYe=id4+ew + o (€)
for some regular maps v and w. Note that

id+eh=xcoVe =% +€evoye+o0(€)

=id+e€ v+ w)+o(€)

which implies 4 = v 4+ w or equivalently

how, =v_w, +w_awy, . 27
An immediate calculation (as in Step 1 of the proof of Theorem 6) tells us that the first equation in (26) reads as

d(wiwy)=0. (28)
Moreover the second equation in (26) directly gives dv 1w, = 0, or, which amounts to the same (cf. (6)),

S (vawm) =0. (29)
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Combining (27), (28) and (29) we obtain (here we assume that €2 is contractible) the Hodge decomposition for / 1w,
namely

hw, =da+8B.
We therefore have obtained the same decomposition for any form g, choosing 4 = —g _ w,, in the above equation and
recalling that g = (—g Jwy,) Jwp,.

5. Optimal transport and the symplectic factorization

Let n = 2m, Q be a bounded connected smooth open set in R and u € Diff' (Q; u (Q)). Let 1 € C' (Q; A?) be
a symplectic form on Q and f be the symplectic form on u (ﬁ) defined by u* (f) = h. Set
S ={x eDiff! (@ u(@): x" (H=h)

and consider
Py inf /|x<y)—y|2p(y>dy
X€S
Q

where p is the volume form (which, by abuse of notations, is identified with a function) associated to # i.e.

1 1
,odxl/\-n/\dxzm:%hm & pz%(*h’").

Proposition 23. Assume that there exists a minimizer x € S of (P). Then

dx oh~'=0, inQ (30)
and

([Vx (x)]&:€)=0, VEeR"andVxeQ. 31)
Remark 24. (i) Proposition 23 is then related to the discussion made in the introduction of Section 4. Indeed we have

our desired factorization (with semi-definiteness of the symmetric part of V x instead of definiteness), namely, letting
¥ = x ! ou, we obtain

v h)=h, dx_ h'=0 and u=yo. (32)
(ii) Note that, by (6) and Proposition 1,

8[)( thlp] =—dy thl,o.

Hence (30) means that x i~ !p is co-closed. In particular, assuming that €2 is contractible, we have if & = w,,, since

w;l = —wp, and p = 1, that there exists a closed 2-form @ such that x = §® Jsw,,. By (31), (32) and the above

remark, we get
u=0@®wp) oV, Y (wn)=w,, d®=0 and V@D _wy,)+ (V(EDiwy)) =0.
(iii)) We could have proceeded in a completely analogous way considering the minimization problem
Py inf [ 1Y) —u @ p () dx

Wesh
Q

where
Sy = {w e Diff! (Q: Q) : y* (h) = h} .

Note that every ¢ € Sy, satisfies
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Y* (R™)=h" orequivalently p ()detVy = p.
We would have found that x = u o ¥~ € S and satisfies (31) and (32).

Proof of Proposition 23. Step 1. For every v : 2 — R" of the form
v=Va_,h~!
where a € Ci° (2) define S by

d
S=v (S/) and S§=id.

Since v € C° (2; R") classical results show that
Sy e Diff*° (2; Q) and supp (S} —id) C Q.
Moreover noticing that
d(wih)=0 inQ
then, again by classical methods (cf. Theorems 12.5 and 12.7 in [8]),
(St”)* (h)=h, foreveryt.
This in turn implies that, for every ¢,
(S (R =n" &  p(S))detVS =p. (33)

Let x be a minimizer of (P). Since, for every ¢, (x o S?)" (f) = h, the functional J : R — R defined by
o a2
J(t):/|XoSt —id["p
Q

attains its minimum at # = 0. Changing the variables and using (33) we get

o= [le=s00 o= [ (ixP+1iaR) o~ [ 205 )o.

Q Q Q
Hence J is smooth and thus J’ (0) =0 and J” (0) > 0. A direct computation leads to

I =2/(X; v(SEt))p=2/<x (57);v)p

and

J”(t):2/(VX (87) - v (SY);v)p.
Q
Therefore J’ (0) =0 and J” (0) > 0 read as

/(x;v>p=0 and /(Vx~v;v),020.
Q Q

Step 2. We now prove (30). From the definition of v, J’ (0) = 0 can be rewritten as

/<X;Va_lh71>,0:0.

Q

Since A~ is skew-symmetric the above equation is equivalent to
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f<)( J,Oh_l; Va>=0,

Q
yielding, since a € C° (R2) is arbitrary,

) (X J,Ohil) =0.

Using (6) and Proposition 1 we directly deduce (30) since p > 0 in Q.
Step 3. We finally show (31). From J” (0) > 0 we know that, for every a € C§° (),

/(VX -VaJh_l; VaJh_1>,0 >0
Q
and get at once (31) from Lemma 25. This ends the proof. O

In the proof of the previous proposition we have used the following lemma.

Lemma 25. Let n =2m, Q C R" be a bounded open set, p € co (ﬁ) with p >0, A € co (ﬁ; R”X") and w €
co (5; Az) be such that

rank [w (x)] =n, foreveryx € Q.
Assume that

/<A -(Va o™ chafl>p >0, foreveryaeCi ().

Q
Then

(A(x)E;6)>0, VEeR'"andVxeQ. (34)

Proof. Let B= (@)~ € C° (5; ]R”X”), where o is the skew symmetric matrix associated to w. We have by assump-
tion that

/((B['A-B) Va;Va)piO, for every a € Cj° (). (35)
Q
Fix a € Cg° () and xo € 2. Using the test functions (extending a by 0 outside §2 and taking € small enough)

1
ae () = — =y a (o + (x —X0) /€)

in (35) and letting € tend to 0, a simple calculation gives

J U4 B) @] - Ya ) Va ) p () dy = 0
Q

Finally using test functions of the form
ay(x) =g (x) sin (v (§; x))

in the previous inequality where & € R" and g € C§° (R2) is not identically O are both fixed, a direct calculation gives
that, for v large enough,

([(B'-A-B) (x0)]&: £) = 0.

Since £ is arbitrary and B (xg) is invertible, the last inequality implies directly that
(A(xg) £;&) >0, forevery&eR"

which implies (34) up to the boundary by continuity. O
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Appendix A. On the definition of ellipticity

Although the definition of ellipticity that we use is standard (see [1,2,17,18]) and is, in some more geometrical
context, called right-ellipticity, we think that, for the ease of the reader and for fixing the notations, it might be
appropriate to recall it. We proceed in three steps, first discussing the linear case, then the quasilinear one and finally
the fully nonlinear case.
A.l. The linear case

Let us first introduce some notations.

(i) Let n, N, m and M be integers and let 2 C R" be open and connected.

(ii) Let

M:Q—>RN, u:u(x):u()q,-~,xn)=<ul,~-~,MN>

m .
and thus V"u € RN*"" (seen as a vector) i.e.

m, (]
\Y u_<ux,.]...xim)

(iii) Let A € RM*X(Vx1™) pe 3 matrix, that can also depend on x, be such that

Myl

axil ce ax,-m

1<j<N i
where Uz;, -

. , X
I<iy,.im=<n "

ik 1<j<N;l<k<M
A=A@x) = (A!;, (x))
Lt 1<iy,,im<n
with
ATK (x) #0, foreveryl <j<N,1<k<M and forevery x € Q.

Consider the linear operator
A C" (Q;RN) — CO(Q;RM>
be defined, for x € 2, by

n

n N N
— Ji1 J VHUE |
Aw@=| D YA W, D DAL, Wy,

ity im=1 j=1 iy, im=1 j=1
which we write, for x € Q, as
Aw) (x)=Ax)-V"u (x)

where the right-hand side can be seen as a [M X (N x n’")] matrix A applied to the [N X n’"] vector V" u leading to
a M vector.
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(iv) We denote by
" _ — (& .
E _é®”'®§_($ll”'El"’)lfl’],m,imfn )
m times

where ® stands for the tensor product of vectors in R”; for example

EN? &E - EE
g1 (82)? - &y
E®$=(Si$j)15i,/’5n= : : .. :
E18,  E2En - (Bn)?

To the differential operator A we associate in a natural way a linear (algebraic) operator. Namely for x €  and
& € R” fixed, we define

A RV > RM
through
Are 0)=A(x)- ()\ ® E®m) :

Definition 26. We say that the system

A)xX)=Ax)-V'u(x)=f(x), xeQ
is elliptic (over Q) if Vx € Q and V& € R" \ {0}, then A =0 € R¥ is the only solution of

Ace (0)=0.
Remark 27. In other words, the definition states that, for every x € Q and & # 0, the operator A, ¢ is one to one. This
definition is, sometimes, called “right-ellipticity”. Classically one also specifies the range of the operator, which is
usually the whole of RM asin Example 28 (i) and (ii); however this is not always the case as seen in Example 28 (iii).

— Let us first examine this particular example. Indeed in this last case the range of the operator cannot be the whole
of RM ~ AK+1 5 A¥=1 Since dd = 0 and 88 = 0, it is necessary that

df'=0 and §f2=0.
The range of the operator is then
x:{uz(ul,;ﬂ) e AL AR g A ! =Oand54u2=0}.

— More generally when there are natural conditions that restricts the space, this should be taken into account. Indeed
if we consider the system

A-V'u=f
where the data satisfy the constraint
B-Vf=0
where B € REX(Mx1') the range of the operator is then

X:{MGRM:B~(M®E®1) =O}.
Therefore we require that V£ € R” \ {0} and ¥V i € X, there exists a unique A € RV such that
A. <}L ® %_®m> =u.

But in order not to burden too much the technicalities, we have adopted the less restrictive definition of ellipticity
where we do not specify the range.
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Here are some examples showing that the definition corresponds to the classical ones. We start with a single
equation.

Example 28. (i) The equation (here N =M =1 and m = 2)
n
Z aij uxin = f
i j=1
is elliptic if, for every & # 0,
n
D aij &g #0.
i,j=1
(ii) Let (here N =M and m =2)
N n B
YN Al =f =1 N
i=1a,p=1

our definition of ellipticity gives (which is essentially the Legendre-Hadamard condition)

N n
Z Z “éfﬁniﬁj«fagﬁ#o, VEeR"\ {0}, Vi e RV \ {0}.

i,j=la,p=1

(iii) Let u be a k-form, d denotes the exterior derivative and § the co-differential (here N = (}), M = (kf_ D+G")
and m = 1). Consider the system

du=f' and Su= f>

which is indeed easily seen to be elliptic.
A.2. The nonlinear case

We now turn to quasilinear systems. Besides the above notations we adopt the following ones.
@ LetSccm (Q; IR{N), for instance
S= {u eCHQu(Q): (Vu(x)E;:£)#£0, VE e R\ {0}, Ver}
as in Proposition 14 (when A = B are constant matrices) or, as in Example 31 (i),
S= {u e C2(Q) :<V2u(x)$;‘f;‘>7é0, VEER"\ {0}, Vx esz].

(ii) For u € cm—1 (Q; RN), we let

m—1

U(x):(x,u(x),Vu(x),-~- ,vm—lu(x))eQxRNxRNX"x.--xRNX"

(iii) Let A € RM*(Nxm) pe such that

11lm

A=AU (x) = (A”‘ w (x)))

I<iy,,im=n

with, forevery x e Qandu € S,

AFR (U (x)) #£0, foreveryl <j<N, 1<k<M.
We then let

Aw)(x) =AU (x)) - V"u (x).
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Note that
A(u) (x) e RM.
@iv) We let f € RM that may also depend on U (x) and
flul(x)=f (U (x)) eRM.

(v) To the differential operator .4 we associate, as above, a linear (algebraic) operator. Namely for x € 2, & € R”
and u € S fixed, we define

Axgu ‘RN > RM

through
A 0 =AU @) - (1067").

Definition 29. The system
A (x)= flul(x), xeQ
is said to be elliptic (over Q and over S) if Vx € Q,V& e R*\ {0} andVu € S, then 1 = 0 € R is the only solution of
Aveu(r)=0.
In the fully nonlinear case we proceed in the classical way. We reduce the system to a quasilinear one by differen-

tiating with respect to all variables according to the definition below. Here we add the following notations.
(i) Let

m

F:QXRNxRNX"X_,,XRNXnm_] XRan —>RM
with
F:(FI(U,Z),.._ ,FM(U,z)>

—1
where U € R? x RN x RVX1 x ... x RV>n"

@i1) Let,fork=1,--- Manda=1,--- ,n,

(. N xn™
and z = (zilmim) eR .
dFk

F(x,2)=F U (x),z) and f)’fazax )
o

(iii) We consider the system
Flul(x)=F (U (x),V"u(x))=0, xeQ.

Differentiating the system with respect to x,, (in case one of the equations is already in a quasilinear form, there is no
need to differentiate it, since the algebraic system is the same before or after differentiation), we get

n N . gm+1,i -
m - _ m
. El =1j2=1 |:FZijlmim (U (x), V"u (x)) Sxadns "‘axim:| Fe (x, V™u (x))

foreveryk=1,---,Mando =1, --- , n. Itis therefore a quasilinear problem of the type considered in Definition 29.
Hence the algebraic problem for which we have to prove that A = 0 is the only solution is

n N
>y [szj (U @), V"u ()M & &, ---&-m} =0.

. . . "i1im
i, im=1j=1 !

Since & # 0, we deduce that the algebraic problem has been reduced to
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n N
> Z[Ff,- (U<x>,vmu(x>)ﬂsn-~-sim}=0

X - N iy eim
i, im=1j=1 !

forevery 1 <k <M.
(iv) We then set A = A (U (x), V"u (x)) be defined by

)1<j<N;1<k<M

ik =J= =R= m

a=(alt, = e RMX(Nx1™)
m

Zilmim I<iy,-,im=<n

and we make the hypothesis that
Aj‘kzFfj #0, foreveryl<j<Nandl<k=<M.
(v) We finally define, for x € 2, & € R" and u € S fixed,
Axeu ‘RN -~ RM
through

Axegu(Q)=A- (A ®§_®m) '

Definition 30. The system
Flul(x)=0, xeQ

is said to be elliptic (over Q and over S) if Vx € Q,V& e R?\ {0} and Vu € S, then A =0 € R" is the only solution of
Aceu () =0.

We now give two examples, starting with the Monge—Ampere equation in dimension 2.
Example 31. (i) Consider (here N =M =1andn =m =2)

UxixiUxyxy — (”X1X2)2 =f.

We find that the algebraic system is reduced to

A (sznglz —2ux v, 6162 + I"X1X1‘§22) =0

which has A = 0 as the unique solution, for every & # 0, if and only if

bl — 2nbif Hunn 8 20 & (VU (0§ £) A0, (36)
Therefore if
S= {u cC2(Q) :<V2u(x)§;§>7é0, VEER"\ {0}, Vx esz}

we see that the equation is elliptic (over 2 and over S). Note that on S the functions are either strictly convex or
strictly concave.

(ii) It is interesting to make again the above computation but considering the problem as a first order system,
namely

_ 102 1.2 _ | 2 _
detVv=v, vy —v, vy, =f and culv=v, —vy =0.

After differentiation we get (here N =n = M = m = 2) that the algebraic problem is then
g [A (& vfz - Ezvil) + 22 (Ezvil —& viz)] =0
& [M (&0, — &) + 4% (&2v), — &1vy,)] =0
§1 (e —2%1) =6 (M6 — 2%6) =0.
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We therefore obtain that
Al [élzv)%z —&1& (v)%1 + v)lcz) + ézzv}q] =0 and A’ [élzvfz —&1& (v,%1 + v}cz) + Ezzv}q] =0.
The system thus has A = 0 as a unique solution, for every & # 0, if and only if

gl — 162 (0] +ol,) TEUL A0 & (VoEE) £0.
Therefore if
S= {vecl (Q;RZ) (Vo ()£ E)£0, VE R\ {0}, Ver}

we see that the system is elliptic (over 2 and over S). Note that on S the symmetric part of the gradient of the map is
definite (either positive or negative).

We now turn to the most general nonlinear equation.

Example 32. Consider a single equation (here N =M = 1)
Flul(x)=F (U (x),V"u(x))=0 inQ

where
m—1

U(x):(x,u(x),Vu(x),---,V’”*lu(x))esszxR"x...xR"

The condition A, ¢ , (A) = 0 becomes now

n
Ao Y Fy &, =0 where F  =F, . (U),V"u).

it im=1
It has A =0, for £ # 0, as the only solution if and only if

n

> Fu &8, #0, VxeQandVE eR"\ {0}, (37

i1, im=1
Therefore if
S={u e C"(Q) verifying (37)}

we see that the equation is elliptic (over 2 and over S). In the special case m = 2 (which is the one of Monge—Ampere
equation, in this case F (z) = detz) we get that (37) reads as

(ol () §:8) = Y Foy (%0 0), Vit (), V2u () 658 #0, (38)

i,j=1

Vx € Q and V& € R" \ {0}. This is indeed the classical definition of ellipticity for fully nonlinear equations of the
second order. When we consider Monge—Ampere equation in dimension 2, we see that (38) is nothing else than (36).
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