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Abstract

In this paper we investigate the validity and the consequences of the maximum principle for degenerate elliptic operators whose
higher order term is the sum of k eigenvalues of the Hessian. In particular we shed some light on some very unusual phenomena
due to the degeneracy of the operator. We prove moreover Lipschitz regularity results and boundary estimates under convexity
assumptions on the domain. As a consequence we obtain the existence of solutions of the Dirichlet problem and of principal
eigenfunctions.
© 2017 Elsevier Masson SAS. All rights reserved.
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1. Introduction

In this paper we shall study solutions of Dirichlet problem for degenerate elliptic operators whose higher order
term is given by some sort of “truncated Laplacian”, i.e.

k N
P (D*u)=Y 2(D*u) and PI(D*w)= > r(Dw),
i=1 i=N—k+1

where A1(D?u) < Ay(D?*u) < --- < An(D?u) are the ordered eigenvalues of the Hessian of u. These operators have
lately been investigated in various contexts e.g. [1,12—14,20,21,31,32]. We are interested in the case N > 2 and k < N
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since Py (D*u) = P;(Dzu) = Au. In the whole paper solutions are meant in the viscosity sense, see e.g. [16] and
Definition 2.1.

Clearly, for any symmetric matrix X, P,:L (X) = =P, (—=X) hence we will mainly state the results for P,~ with
obvious equivalents when the operator P,j is considered. Such operators are positively homogeneous of degree one
and degenerate elliptic.

In the following we propose to consider the Dirichlet problem

{Pki(Dzu)+H(x,Vu)+uu:f(x) in Q

u=~0 on 0€2, .1y

where Q is a bounded domain of R" and the Hamiltonian H € C(Q x RV; R) is assumed to satisfy the structure
condition:

IbeRy st |H(x, &) <blE] V(x,&) e xRV, (SC 1)

The prototype we have in mind is H(x, Vu) = b(x)|Vu| or H(x, Vu) = b(x) - Vu with b(x) a bounded continuous
function in Q.

In particular, in bounded domains €2, we want to raise and partially answer the following questions, which are very
intertwined:

(1) Under which conditions do the operators P,f(Dzu) + H(x, Vu) 4+ pu satisfy the maximum principle, be it weak
or strong?

(2) What are the regularity of the solutions of the Dirichlet problem?

(3) Do the principal eigenvalues and corresponding eigenfunctions exist?

In order to be more specific, let us describe what we call maximum or minimum principle in the sense of the sign
propagation property.

Definition 1.1. F satisfies the maximum or weak maximum principle in 2 if

Flu]>0in 2, limsupu <0 =— u <0in Q.
x—0Q

It satisfies the strong maximum principle if
Flul>0in 2, u<0inQ — eitheru <0oru=0.
Respectively, F satisfies the minimum or weak minimum principle in €2 if

Flu] <0in 2, 1im2131§12fuzo = u>0in Q.
X—>

It satisfies the strong minimum principle if

Flu]<0in 2, u>0in Q2 = eitheru >0oru=0.

Of course when F is odd then the notions of maximum and minimum principle are equivalent, but here we shall
see that they differ quite a lot.

Just to give a flavor of the kind of results that we shall obtain, let us begin by saying that for any £k < N, the Hopf
Lemma, the Harnack inequality and the strong minimum principle do not hold in general for solutions of (1.1). On
the other hand, if bR < k, the weak minimum principle holds in any domain € C Bg. For subsolutions, instead, the
strong maximum principle will be a consequence of the Hopf Lemma. The condition bR < k has been shown to be
optimal in a previous work of the second named author with Vitolo [18]. Other phenomena which are unusual with
respect to the uniformly elliptic case will be described in subsection 4.2.

Historically, the maximum (or minimum) principle for degenerate elliptic operators has been mostly studied when
the degeneracy depends on the points where the operator acts, e.g.

Lu = tr(A(x)D?u) with A > 0

or
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k
Lu= ZXl»zu,
i=1

where the X; are vector fields that may fail to generate the whole space, see e.g. the fundamental works of Bony [10]
or Kohn and Nirenberg [25]. We shall not even try to enumerate the results in these sub-elliptic contexts.

Other class of degenerate operators are the quasilinear operators such as the p-Laplacian or the co-Laplacian,
whose degeneracy depends on the solution itself, but more precisely on the gradient of the solution. Here also, for
the truncated Laplacian, the “direction” of the degeneracy depends on the solution but through the eigenvectors of the
Hessian of the solution. Let us furthermore remark that these operators are neither linear nor variational.

The operators P,f have initially been introduced in connection with Riemannian manifolds. In particular when
the manifolds are k convex this was studied by Sha in [31], the case of partially positive curvature was seen by Wu
in [32]. Later they can be found in [16, Example 1.8], as examples of fully nonlinear degenerate elliptic operators,
and [1], where Ambrosio and Soner have investigated the mean curvature flow with arbitrary codimension through a
level set approach. More recently, in a PDE context, we wish to recall the works of Harvey and Lawson [20,21] that
have given a new geometric interpretation of solutions, while Caffarelli, Li and Nirenberg in [12,13] in their study
of degenerate elliptic equations, give some results concerning removable singularities along smooth manifolds for
Dirichlet problems associated to P, . See also [2] for the extended version of the maximum principle and [14] in the
case of entire solutions.

In order to describe the results contained in this work let us introduce the generalized principal eigenvalues a la
Berestycki, Nirenberg, Varadhan [5]. For the following equation

P, (D*u) + H(x, Vu) + pu =0 in £, (1.2)
we define the following “generalized principal eigenvalues’:

ﬁ,‘: =sup{u € R: 3w > 0 in Q a supersolution of (1.2)},

u,j =sup{u € R: 3w > 0in Q2 a supersolution of (1.2)}
and

7 =sup{u € R: 3w <0 in  a subsolution of (1.2)},

my =sup{u € R:3Jw < 0in 2 a subsolution of (1.2)}.

When we say that w is a supersolution of (1.2) and w > 0 in  as in the definition of ﬁ,‘: above, it is implicit that the
function w is defined, as a real-valued function, and lower semicontinuous in €. Similar assumptions are made in the
definition of 1t above.

It is immediate that ﬁf < uki and also, using the sub-additivity of P, (see (2.2)), that u, < u;' and i, < ﬁz‘ if
H is odd in the gradient. What we prove in section 4 is that these values are thresholds for the validity of the weak
maximum or the weak minimum principle, precisely below iz, and below ﬁ,j the minimum principle and respectively
the maximum principle holds.

In order to be able to reach the values ,u,‘: and p , which are the standard upper bounds in the uniformly elliptic
case, we shall need some further conditions. Precisely, if & C Bg with bR < k the maximum principle holds for any
1 since, we prove in Proposition 4.3 that 7z} = u; = +oco. For the minimum principle the situation is more delicate.
The weak minimum principle holds up to u, if, beside the above condition on R, we shall require that €2 satisfies a
convexity type assumption, precisely that it is the intersection of a family of balls of same radius; in that case we say
that € is a “hula hoop” domain. In particular a C? strictly convex domain is a hula hoop domain, see Proposition 2.7.
A similar notion of strict convexity has been previously considered in e.g. [28].

Under these hypotheses, in Proposition 4.5, we prove that for 4 = g, the minimum principle does not hold.
This implies also that i, = u, , see Theorem 4.4; let us emphasize that the hula hoop condition does not imply the
regularity of the domain e.g. the intersection of two balls of same radius. In general the question of whether 1, and
1, coincide is an open problem.

In the recent paper [4] that had a great influence on this research, Berestycki, Capuzzo Dolcetta, Porretta and
Rossi have studied the validity of the maximum principle for degenerate elliptic operators. For that aim they introduce
another value
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w*i=sup{u e R:3Q' > Q, w>0in Q, Flu] + puu <0in Q'}.

Observe that for Fu] := Pk_(Dzu) + H(x, Vu), the value u* < ﬁ,j’. In [4] they prove that F[-] 4+ u- satisfies the
maximum principle in €2 in the viscosity sense if and only if u < u*. In section 4 of that paper, they also study the
equality between the different definitions of generalized principal eigenvalues, but the sufficient conditions require
that the domain be regular.

The existence of solutions for Dirichlet problems are proved in Section 5 when 2 is a hula hoop domain. When
the operators concern P, for general k, the existence and uniqueness is given provided that the Hamiltonian is
Lipschitz in the gradient variable and u < ;. , < ;. , where ;. , refers to the generalized principal eigenvalue of
Pe (D?.) —b|V -| with b the Lipschitz constant of H. Instead, thanks to the Lipschitz estimates, for k = 1 the existence
is given without the extra condition on the Hamiltonian and for any u < w1 . In the particular case f < 0 the existence
holds for any w. Some questions concerning existence remain open, e.g. does the existence of solutions holds when
> u, for a more general class of forcing terms f? Is the hula hoop condition optimal?

Of course a natural question is whether these generalized principal eigenvalues correspond to an eigenfunction. In
the case of uniformly elliptic fully nonlinear operators, this has been proved to be the case in different context (see
[3,6,11,22,26,30]). We are able to give a positive answer to this question when k = 1 and €2 is a hula hoop domain.
This will be somehow an application of the global Lipschitz results that are proved in section 3. The proof of the
Lipschitz regularity is extremely sleek.

It is quite clear that there are a number of open problems. Maybe the most important one is whether the global
Lipschitz or Holder regularity of the solutions holds also for £ > 2. This would in particular lead to the existence of
the principal eigenfunction in that case as well. On one hand it is not surprising that the case of P, is simpler since,
when the lower order term is zero, solutions of P, (Dzu) = f(x) are semiconvex. On the other hand, it is also the
most degenerate of these operators, so it would be very surprising that the case k = 1 and the case k = N give rise to
smooth solutions and that it is not the case for the values of k in between.

Still concerning the regularity, let us recall that in the context of convex analysis, Oberman and Silvestre in [27]
prove the C1-¢ regularity of solutions of

Py (D*u) =0in Q, u(x) = g(x) on d<2,

under some regularity condition on g. The solution of this problem is the convex envelope, of given boundary data g.
They proved that the solutions of the Dirichlet problem with C!'¥ boundary data, are C!' in the interior. When f
is not zero and there is a first order term the question of the Holder regularity of the gradient is to our knowledge
completely open.

Of course there are other open questions concerning these generalized principal eigenvalues. One concerns the
simplicity of the eigenvalue. Observe that this is not so obvious, as can be seen in [8], for other degenerate fully
nonlinear operators. Another question is whether the symmetry of the domain decreases the eigenvalues. Since the
eigenvalues are not characterized by a sort of “Rayleigh quotient” standard techniques are not available. We refer to
[9] for analogous questions concerning the Pucci’s operators. These problems will be the object of subsequent papers.

In the next section, beside recalling a few standard facts, we give estimates near the boundary that will be crucial
along the paper. In section 3, using those bounds, we prove global Lipschitz regularity of solutions when k = 1. Sec-
tion 4 is divided into two subsections, in the first one we prove that the generalized principal eigenvalues bound the
validity of the maximum and minimum principle; in the second subsection we describe some unusual phenomena.
Section 5 is dedicated to the existence of solutions for the Dirichlet problem and existence of the principal eigenfunc-
tion. In the last section we prove that C2 strictly convex domains are “hula hoop domains”.

2. Barrier functions, bounds, Hopf lemma

For convenience of the reader, we begin this section by recalling the definition of viscosity solution and some facts
concerning the operators P, and P,:r .

Let us denote by SV the set of N x N real symmetric matrices, endowed with the standard partial order: X <Y
in SV if (X&, &) < (YE,&) V& € RV, The identity matrix will be denoted by I and the trace of X € SV by tr(X).
A continuous mapping F : @ x R x RY x SV i R is degenerate elliptic if it is nondecreasing in the matrix argument:
for any (x,r, &) € Q x R x RN
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F(x,r,&,X)<F(x,r,&,Y) whenever X <Y. 2.1)

Definition 2.1. u is a viscosity supersolution of
F(x,u, Vu, D*u) =0 in Q

if it is lower semicontinuous in £ and for any x in €2, for any C? function ¢ touching u from below at x then
F(x,u,Vo(x), D*¢(x)) <O0.

Analogously, u is a viscosity subsolution if it is upper semicontinuous in 2 and for any x in €, for any C? function ¢
touching u from above at x then

F(x,u, Vo(x), D*p(x)) = 0.
A continuous function u is a viscosity solution if it is both a subsolution and a supersolution.

If X <Y in S¥, the Courant’s min-max representation formula for eigenvalues implies that A;(X) < A;(Y), for

i=1,..., N.In particular the operators P, and P,:r satisfy (2.1). Moreover the representation formula
k
P (X) =min (X&,&) |& e RY and (§,&;) = 68;j, fori, j=1,.. .,k} ,

i=1

see [12, Lemma 8.1], allows us to obtain easily the inequalities
PL(Y)<PEX+Y)—PEX) <PHY) (2.2)

and deduce the superadditivity (subadditivity) property of P, (7?,:r ).

We will consider a couple of radial barrier functions in the paper and hence we recall the following elementary
Lemma that can be found e.g. in [17].

Lemma 2.2. Let n € C2([0, b)), with 0 < b such that 7' (0) = 0. Set v(x) =n(|x]|) in By,. Then, v is Cz(Eb) and, for
x # 0, the eigenvalues of D*v(x) are n”(|x|) and n'(|x|)/|x|, and the (algebraic) multiplicity of 7’ (|x|)/|x| is equal
to N — 1, if n”(|x]) # n'(Ix])/|x|, and N otherwise. For x =0, they are all equal to n"(|x|).

We start with a computation that leads to a remark on the Hopf lemma for the operator P, (D?*)+ H(x,V-).In
Br = Bgr(0), the ball of radius R and center the origin, let

w(x) = (R> — |x%)” withy > 1. (2.3)
By Lemma 2.2 or a straightforward computation, the eigenvalues of the Hessian of w are

ri(D*w)=—=2y(R>— x>’ ' <0 fori=1,...,N—1
while

A (D*w) = =2y (R* — x|~ +4lx Py (y — DR? — |x[})7 2

=2y (R* — [x[)" 22>y = ) + DIx|> — R).

In this way, from (SC 1)

Py (D*w) + H(x, Vw) < Py (D*w) +b|Vuw|

=2y(R* =[x’ 1 (blx| —k) <0 if bR <k,

so that w is a positive supersolution, for k < N, of Pk_ (Dzw) + H(x, Vw) =0 in Bg, which is zero on the boundary
and such that the outer normal derivative 9, w(x) = 0 for x on d Bg. This proves the following remark.
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Remark 2.3. For any k < N, the Hopf lemma does not hold in general for supersolutions of P (D*)+ H(x, V"),
i.e. there exists a positive supersolution in Bg which is zero together with its gradient at the boundary.

Moreover the extension

_ w(x) if|x| <R
w(x) = .
0 otherwise

yields, for y > 2, a counterexample of C2-function invalidating the strong minimum principle.

In [18] the authors dealt with the removable singularities issue for second order elliptic operators whose principal
part is a weighted version of Pki. By means of an explicit counterexample they deduced the sharpness of the condition
bR <k < N for the validity of the weak maximum/minimum principle in the cases H (x, Vu) = £b|Vu|. For the
reader’s convenience we report the proof in the case of the minimum principle. Assume bR < k and by contradiction
let v be a lower semicontinuous function such that

P (D*v)+ H(x,Vv) <0 inQC Bg
liminfv(x) >0
x—0Q

and v(xg) < O for some xg € Q2.
Set p(x) =¢|x|>and 0 < ¢ < —%‘2‘)). Since

liminf(v — ¢)(x) —&R* > v(x0) > (v — ¢)(x0)
X—>
then
inf (v —@)(x) =V —@)(xe), xc€Q.
XEQ
Using ¢ as test function we get

0> P (D*o(xe)) + H (xe, Vo (xz))
> 2ek — 2eb|x,|
> 2e(k —bR)

a contradiction. For the sharpness of the condition see Example 4.9.
Summarizing we can assert that for H fulfilling (SC 1).

Proposition 2.4. P, (D% + H(x, V-) does not satisfy the strong minimum principle in any bounded domain Q.
On the other hand, the weak minimum principle holds true in Q@ C B if bR < k and in the case H(x,Vu) =
—b|Vu)|, the condition bR < k is sharp.
For later purposes we need to compare the distance function to the boundary of 2 i.e. d(x) = 11})fQ |y — x| with
ye

subsolutions of (1.1). This is the content of the next propositions.

Proposition 2.5 (Hopf for subsolutions). Let Q be a bounded C?-domain and let u satisfy

Py (D*u)+ H(x,Vu) >0 inQ
u<0 in Q.
Then there exists a positive constant C = C(2, u, k, b) such that
u(x) < —Cd(x).
Proof. The proof is quite standard. We report it for the sake of completeness. The conditions on €2 imply the existence

of a positive constant §, depending on €2, such that for any x € Qs = {x € Q2|d(x) < 8} there are a unique y € 92 for
which d(x) = |y — x| and a ball Bs(y) C 2 such that Bys(y) N (RN\Q) ={y} (see [19, Lemma 14.16] for details).
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Let us fix an arbitrary xo € 25 and consider the smooth negative radial function

v(x) =B (6—205 _ e—alx—m)

SupQ\QB u
(6—2(16 _ e—aé)

in the annular region A = By;s(y9)\Bs(yo). For o > (ﬂ + b) and 8 =

5 , a direct calculation (or

Lemma 2.2) yields
P, (D*v(x)) + H(x, Vo(x)) < P, (D*v(x)) +b|Vu(x)]

— k—1
:aﬁe_alx_}o‘ <7_ +b—0l) <0 inA
lx — Yol

and

limsup(u — v)(x) <O0.
x—>0A

Using the comparison principle between a classical strict supersolution and a viscosity subsolution, we get
u(xg) <v(xg) =p (e*"‘ly"*y_"l - e*""x"*-r"l) < —aBe**d(xp).

Moreover since max M < 0 we conclude by taking C small enough. 0O
Q\Qs d(x)

Remark 2.6. Standard procedures allow us to deduce from the above computation that the strong maximum principle
holds for P,:(D2~) + H(x,V-)+ u- for any u € R.

In Proposition 2.8, we shall prove that for any y € (0, 1) and any subsolution u of P]_(Dzu) + H(x,Vu) = f(x)
in €2, the ratio d”(ix))y is bounded from above by a constant C, without requiring further assumptions on €2. The constant
C depends in particular on y and blows up for y — 1. In order to obtain a similar bound with y = 1 and in the general
case of subsolutions of the equation (1.1), we restrict to convex domains €2 satisfying the following assumption: there

exist R>0and Y cRYV, depending on €2, such that

Q=(") Br(). (2.4)

yey

For any R > 0 we define the class Cg of such domains, i.e.
Cg = [Q CcRV: representation formula (2.4) holds} , andset C= U Ckr.
R>0

The class C includes the set of bounded domains with C2-boundary which are strictly convex in the sense that all the
principal curvatures of the surface 92 are positive everywhere. Indeed, we shall give, in section 6, the proof of the
following

Proposition 2.7. Let  be a bounded domain with C*-boundary. Let k;(x) denote the principal curvatures of 9 at
xfori=1,...,N —1, set
k=min{k;(x) :i=1,...,N—1, x € 0},

and assume that k > 0. If R > 1/«, then Q € Cg.
By means of (2.4) we show that the distance function d(x) is an upper barrier for any subsolution of (1.1).

Proposition 2.8. Let m be a positive constant and let u satisfy

Py (D*u) + H(x,Vu) > —m  inQ
u<o on 0%2.



424 L Birindelli et al. / Ann. I. H. Poincaré — AN 35 (2018) 417441

Then for any y € (0, 1) there exists C = C(y,b, m, Hu+ HOO) such that
u(x) <Cd(x)”.

Let R >0, 2 € Cg and u be a solution of
{’P,j(Dzu)—i—H(x,Vu) >—-m in

u<o0 on 022.
If H satisfies (SC 1) and bR < k then there exists C = C(S2, b, k, m) such that
u(x) <Cdx). (2.5)

Proof. Let Qs = {x € Q|d(x) < §} with

1
6:min<l_y,(y(l_y) lu*| )2) (2.6)
2b 4m e

and without loss of generality we may assume u™ = 0. For x € Qs, take yg € 92 such that d(xg) = |xo — yo| and

i
consider the function v(x) = C|x — yg|”, where C = %. Then v(x) satisfies in Bs(yg) N €2

Py (D*v(x)) + H(x, Vo(x)) < Cylx — yol” 2 (y — 1 + blx — yol)

1 —
< —Cy—y

8772 < —m.
Moreover
u(x) <v(x) foranyx € d(Bs(yo) N)

and by comparison u(xg) < v(xg) = Cd(xp)”. Since xq is arbitrary we obtain the desired inequality u(x) < Cd(x)¥
in ©; and the same conclusion is still true in \2;s by the choice of the constant C.
For the second inequality, fix any y € Y and consider the function vy (x) = M(R? — |x — y|?), where M = (k_”;)R).

Note that vy (x) > 0 for all x € Bg(y) and hence vy(x) > 0 in . Then

’P,;"(Dzvy(x)) + H(x, Vvy(x)) <2M(—=k +b|x — y|)
<—2M(k—bR) <—m in Bg(y)
and by comparison
u(x) <vy(x) inQ. 2.7
We will show that this implies that
u(x) <Cd(x) forallx e

with C = 2MR. Indeed, let x € 2 and select z € 92 so that d(x) = |x — z|. Then select y € Y so that z ¢ Br(y).
Since x € Bgr(y), we have

R*—|x—y*=(R—|x —y)(R+|x — y) <2R(R — |x — y|)
=2Rd(x,9dBr(y)) =2R|x — z| =2Rd (x)
and we conclude by (2.7). O

We end this section by observing that the upper bound (2.5) fails to be true if the boundary 9<2 is flat, at least if Q2
is unbounded. Indeed in the case of the half space

@={r=(1...;meRY x>0},
the function u(x) = xi/ is a solution in €2 of P,j (Dzu) =0 forany y € (0,1) and k < N, but on the other hand the

ulx) 1
dx) — xllfy

ratio is unbounded near x; = 0.
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3. Lipschitz regularity, compactness

In this section we will study the Lipschitz regularity of viscosity solutions of

Py (D*u) + H(x,Vu)= f(x) inQ 3.1

u=0 on 992 ’
and, in a dual fashion, of

PH(D?u)+ H(x,Vu) = f(x) inQ (32)

u=0 on 082, ’

where f is continuous and bounded in €2.

Proposition 31. Let Q € Cg. If H satisfies (SC 1) and bR < 1, then the solutions u of (3.1) and (3.2) are Lipschitz
continuous in Q2. The Lipschitz norm of u can be bounded by a constant depending only on 2, b and the L*° norms
ofuand f.

Proof. We shall write the proof in the case P, since if v is a solutions of (3.2), then u = —v is a solution of
Py (D%u) + H(x, Vu) = — f(x) in , where H(x,§) = —H (x, —£) satisfies in turn (SC 1).

Let u be a solution of (3.1). It is sufficient to show that for any x, y € 2 such that |x — y| < §, where § is a positive
constant to be determined, then

u(x) —u(y) < Llx —y|

with L = L(2, D, [lulloo » | fllo0)-
Fix 0 € (1, 2) and consider

v(x) = x| —|x?, xeBi.
The function v is strictly positive for x 7 0 and satisfies the inequality
Py (D*0(x) + H(x, Vo) < =00 — DIx|* > + b1 +01x|""),  x € B\ {0}. (3.3)
Since the right hand side in (3.3) tends to —oo as |x| — 0, we can then picka § =6(b, 0, || f|ls) € (0, 1) such that
P (D*v(x) + H(x, Vo)) < = | fll  in € Bs\{0}.
Moreover, in view of Proposition 2.8, there exists a positive constant C = C(£2, b, || f|,) such that

—u(x) <Cd(x) Vxeq. (3.4

For xq, yo € Q, with |xg — yo| < 8 and L = max (26”&3‘30 s 1_(;Ce—1 ), let

Uy, (x) :=u(yo) + Lv(x — yo), x € Bs(yo). (3.5)
By construction

P (D*vy,(x) + H(x, Vo, () < — [ fllos  in Bs(0)\ {30}
and

vy, (yo) = u(yo).
We claim that

u(x) < vy, (x) ond(Bs(yo) N€2), (3.6)
so that the comparison principle yields the conclusion

u(xo) < vy, (xo) <u(yo) + Llxo — yol-

To prove the inequality (3.6) we note that for any x € d Bs(yo) N 2
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Uy (0) = u(y0) + L8 — 8%) > u(y0) + 2 l|ullo > u(x),
while if x € By (yo) N 02, we obtain in view of (3.4), together with the choice of L,
u(x) =0=<u(yo) + Cd(yo) <u(yo)+ Clx — yol|
<u(yo) + L(Ix — yol — x = y0l”) = vy, (x)

as we wanted to show. 0O

The conditions concerning the geometry of €2 and the smallness of the Hamiltonian in the Proposition 3.1, i.e.
QeCgp and bR <1, (3.7

are only used to get the inequality (3.4), in order to apply comparison principle up to the boundary. For this reason
and following the arguments of the previous proof, it is easy to obtain interior Lipschitz regularity for any bounded
domain 2 and any H satisfying (SC 1), assuming u to be merely a subsolution of (3.1).

Moreover the assumptions (3.7) can be dropped if we require that the subsolution u satisfies (3.4). These observa-
tions are summarized as follows.

Proposition 3.2. Suppose that 2 is a bounded domain and H satisfies condition (SC 1). The following holds:
1) any subsolution u of (3.1) is a locally Lipschitz continuous function in ; o
ii) any subsolution u of (3.1) that satisfies (3.4) for some constant C is Lipschitz continuous in SQ.
The Lipschitz norm of u can be estimated by a constant which depends on b and the L* norms of u and f.
Finally the same conclusion holds for supersolutions u of (3.2), with (3.4) replaced by the inequality u < Cd in Q.
This globally Lipschitz regularity result for nonnegative subsolutions of (3.1), a consequence of Proposition 3.2 ii),

is quite surprising, considering that the global C® -regularity may fail for any y € (0, 1] in the class of nonpositive
subsolutions of (3.1). Here below an example: the nonpositive radial function

1 .
l()g(T(S) 1f|x|§8
u(x) = m if§ < x| <1
0 if |x| =1,

is convex for § € (0, 1) close to 1 and
Py (D*u(x)) >0 in By.
On the other hand, for any y € (0, 1],
U@ —ul _
|x — yl”

x,y€B|

x#y

4. Demi-eigenvalues
4.1. Maximum and minimum principle

We now investigate the relationship between the generalized principal eigenvalues ﬁki and M;:f given in the intro-
duction and the validity of the maximum and minimum principle.
In the following we shall sometimes need to reinforce the assumptions on the Hamiltonian H. In particular:

H(x,t6)=tH(x,&) VY(x,1,§) e Q xRy xRV, (SC2)
3 modulus of continuity s.t. |H(x,&) — H(y,&)| <w(lx —y| (1 +|£])). (SC3)
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Observe that (SC 2) implies (SC 1) with b = SUD(y £)eQx B, |H (x, £)| hence this will be the meaning of b under
condition (SC 2). Furthermore (SC 2) and (SC 3) imply that H is Lipschitz continuous in the following sense:

|H(x,§) — H(,8)| <Clx — y|l§]
for some constant C > 0. Indeed, for n = ISHE——y\’

|H(x,§) — H(y,&)|=1|H(x,n) — H(y,m|l&llx — I
and

|H(x,8) — H(y,§)| =o(x = y|(1+ n)IE[lx — y| < (1 + diam(£2))[x — y|[E].

Theorem 4.1. Let Q2 be a bounded domain. Under the assumption (SC 2)—(SC 3), the operator
Pe(D*)+ H(x, V") + -
satisfies

1) the minimum principle in Q for u < [,
ii) the maximum principle in Q2 for p < ﬁ,‘:.

Proof. The proof follows the argument of [6].

Without loss of generality we can suppose that i > 0, because otherwise the results are well known. We shall
detail the case i) of the minimum principle, since with minor changes the arguments prove ii) as well. We argue by
contradiction by assuming that v is a solution of

P, (D*v) 4+ H(x,Vv) +puv <0 inQ
liminfv(x) >0 4.1)
x—0Q
and v(xg) < 0 for some xg € 2. .
By the definition of 7z, there exists p € (u, it ) and u < 0 in €2, a solution of
P (D*u) + H(x,Vu) + pu>0 in Q. (4.2)
The function » is upper semicontinuous in the compact set
K:{er 2 ”(xo)}
u(x) — u(xo)
and if y :=sup,cq %, then
y=sup 2 oo and 0< 280 4.3)
xek u(x u(xo)

For 0 < ¢ < y the lower semicontinuous function v — (y — &)u reaches its negative minimum in €2, say
min (v(x) — (¥ —&ux)) =vlxe) = (y —eulxe), x. €2,
since
liminf (v(x) — (y — &)u(x)) > liminfv(x) >0
x—0Q x—>0Q
and by definition of the supremum there exists y, € €2 such that

v(ye) — (¥ —&)u(ye) <O0.

Moreover, by lower semicontinuity, we can find a subdomain " CC €2, depending on ¢ and containing x,, for which

min (v(x) — (v — &)ulx)) > v(xe) — (y — e)ulxe) (4.4)
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and a sequence (xx, yx) € Q' x Q' such that
v(xg) = (y —&uly) + s1xk —ykl= min _ | v(x) —(y —uly) + slx —y|7 ).
2 (x,y)eQ xQ/ 2

Using [16, Lemma 3.1], up to subsequences, we have

Sl = 3kl = 0, (xk, y0) = (Fe, &) for some f, € @'
and
k), (v —eu(yr) — (v(Xe), (v — &)u(xe)) for k — +o0.
Hence (xi, yx) € ' x @ for large k and in view of [16, Theorem 3.2] there exist Xz and Y;, N x N symmetric
matrices, such that
—2,— —2,+
Xie > Yi, (k(yk — x1), Xi) € 7 v(xk), (k(yk —xk), Yi) € I (v — &)ulyp)-

Since the function (y — €)u(x) is still a solution of (4.2) by the homogeneity assumption (SC 2), we have from
(4.1)—(4.2)—(SC 3), that

puv(xg) < =Py (X)) — H (xx, k(yk — xx))
< =P (Yi) — H Gk, k(yk — x1)) + o (Jxg — yiel (1 + klxe — yil))
<py —&ulyk) + o (Ixk — yel (1 + klxg — ykl)) -
Sending kK — +00
no(Ee) < py — eulie). (.5)
If ;« = 0 this is a contradiction. Otherwise, for > 0, since yu(X;) < v(x,) we deduce from (4.5) that
<2<
woy—e
which is a contradiction for small . O

The same proof as above works for general, positively homogeneous of degree one, degenerate elliptic operators
F(x, V-, D%.), to which the proof of comparison principle applies (see [16, Theorem 3.3]).
Theorem 4.1 implies the following

Corollary 4.2. Under the assumption (SC 2)—~(SC 3), if B, C 2, then
__ 2(k+bR)2+k+DbRy)
My = .

4.6
k R% ( )
Moreover if Q C Bg, and bRy <k, then
__2k—bRy)
> —— 4.7

Proof. For Bg, C Q2 consider the function
wx) = —(R} — |x[*)?

extended to zero outside of Bg,, as in [5]. Then

P (D*w) + H(x, Vw) Py (D*w) + b|Vuw|
sup < sup
x| <R —w x| <R, —w

-4 k+ bR, 2|x|?
<4 sup - .
i<k \(RT —1x|?) (R} —|x|?)?
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2
_ ) 2 _ RZ(k+DbR))
In the set Q| = {x € Bg, : |x|° > DHATBR,

} we have
k+bR; 2|x)? -
(R? =[x (R —|x|»)2 ™
while in Q7 = Bg,\ 21

k+ bR, 2)x)? _ _k+bRi _ (k+bR)Q2+k+bR)
(R?—[x[) (R} —|x[>)? = (R} —Ix|») ~ 2R? '

Hence v is a negative solution in 2 of

2(k+bR1)(2+k+bR1)w

P, (D*w) + H(x, Vw) + 7

EO’

which is zero on the boundary 9€2. This contradicts the minimum principle and, by Theorem 4.1,

— _2(k+bRYQ+k+DR1)

k= R12
leading to (4.6).
Let Q C Bg, and w(x) = —(R% — |x|2). For bRy < k (the case bRy = k is trivial) we may assume as in the proof

of Proposition 4.3 that Qc Bg,,sow <0in Q and
P (D*w) + H(x, Vw) + pw > P, (D*w) — b|Vw| + pw
=2(k = blx)) + e (1x* - R3)
>2(k —bRy) — uR3 =0

and therefore

: 2(k—bR
if u = ( = 2)

2
- 20k — szz).
R2

We now impose some conditions on the domain 2. For the maximum principle we get

Proposition 4.3. Under the assumption (SC 1), if Q@ C Bpg then, for any k < N,
bR<k = uf=n; =+ooc. (4.8)

In particular, in the case H = 0, for any bounded domain <, ,u,': = ﬁ,‘: = 400 and the operator P; (D% + u-
satisfies the maximum principle for any L.

Proof. Choose any p > 0 and assume without loss of generality that @ C Bg and y := 2(%?;1{) > 1, replacing if
necessary R with R’ > R in order that k — DR’ is positive and sufficiently close to 0. Let w be the function introduced
in section 2, then w(x) > 0 in  and

Py (D*w(x)) + H(x, Vw(x)) + pw(x)
<Py (D*w(x)) + b Vw(x)| + pw(x)
= —2yk(R* — |x[)7 " +2yb|x|(R* — [x|))" " + w(R* — |x[})”
<(R* = |x»)"""(=2y (k = bR) + uR?)
=0.

By definition, we have obtained that /,LZ_ > ﬁ;‘ =400. O



430 L Birindelli et al. / Ann. I. H. Poincaré — AN 35 (2018) 417441

For the minimum principle, the assumptions are slightly stronger.

Theorem 4.4. Let Q2 € Cg, and assume (SC 2)—(SC 3) and that bR < k. Then,
M = By s
and the minimum principle holds true if and only if @ < ;. .
In order to prove Theorem 4.4 we shall need the following proposition which proves that if €2 is a hula hoop

domain, the bound 1z, of Theorem 4.1 is sharp. We indeed exhibit a supersolution v at level zr;,~ which will invalidate
the minimum principle. The result has been inspired by [4, Proposition 3.2].

Proposition 4.5. Assume (SC 2)—(SC 3). Then , 1is finite and, if Q € Cr and bR < k, there exists a nonpositive
supersolution v # 0 of

P (D*v)+ H(x,Vv)+ 7 v=0 in Q

v=0 on 092.

For the proof of the proposition above, we need the following existence result that will be used also in the next
section.

Proposition 4.6. Assume (SC 2)—(SC 3). Let Q € Cg and i < 1}, and assume that bR < k. Then, for f bounded,
there exist a subsolution v and a supersolution w of

P (D*u) + H(x,Vu) + pu = f(x) inQ (4.9)
that satisfy w <v in Qand w=v=0o0n93%.
Proof of Proposition 4.6. Fix p € (i, i, ), and, in view of the definition of iz, , we may select a real valued subso-
lution v of

P (D*Y)+ H(x,Vy) +py =0 inQ

suc_h that ¥ < 0 in Q. We may assume by multiplying ¥ by a positive constant if necessary that (o — )V < —|| fllo
in . It is now clear that i is a subsolution of (4.9) or more precisely

Po(D*Y) + Hx, V) +uy = [ fllo in Q.

By translation, we may assume that 0 € Q. Since €2 is a bounded, open, convex set, for any ¢ > 0, there is § > 0 such
that

1469220 :={xeR" : dist(x, Q) < 8).

We select sucha éd =38(¢) sothat 0 < § < e.
Define ¥, (x) = ¥ ((1 +&)~'x) for x € (1 + &) and note that , is a subsolution of

(1+)*P (D*Ye (1) + (L + ) H((1+ )7 'x, Ve () + uthe (1) = [ flloo  in (1 + ).
Thus, setting H, (x, &) = (1 4+¢&) ' H((1 + e)~!x, &) and p, = (1 + )2, we see that ¥, is a subsolution of
P (Do) + He (v, Vie) + evre = (1 +) 72| flloo in 2.
For each z € Bs, we define functions ¥ in © and H, in Q x RY, respectively, by

Vi) =ve(x+2), and He(x, &)= sup He(x +2.%),

ZEBs

and note that v/ is a subsolution of

P (DY) + He(x, V) + pepi = (1 +6) 2| flloo in Q. (4.10)
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Set

We(x) := max ¢2(x)= max v:(y)= max ¢((1+e)"'y) forxeQ,
Z€Bs YEBs/2(x) YEBs 2 (x)

and observe that W, is upper semicontinuous in Q and it is a subsolution of (4.10), that W, < maxg ¥ < 0in Q, and
that the function
He(x, &) =sup(1+&) "H((1+&) ' (x +2).6)
Z€B;s
satisfies (SC 2) and (SC 3), with constant (1 + &)~ !5 in place of b._

Fix any ¢ > 0. We show that W, is bounded from below in 2. For this, we argue by contradiction and thus
suppose that there is a sequence (x,),en C Q such that W, (x,,) < —n for all n € N. We may assume up to extracting
a subsequence that (x,) converges to some xo € 2. Moreover, we may assume that x,, € Bj /2(x0) for all n, which
implies that, for any n € N, xo € B /2(xy) and

Ve (x0) < Welxp),

which gives a lower bound of the sequence (W,(x,)), a contradiction.

Next we choose a sequence (¢,),eN Of positive numbers converglng to zero, and, for n € N, set V,, = W,
H, = Hsn, n = WUg,, and observe that, as n — +o00, H, — H in C(Q x RY), Un —> M.

Fix any n e N, and let f,,(x) = (1 +¢&,)~ -2 f(x). The above computations show that V;, is a subsolution of

Py (Dzu) + H,(x,Vu) + py,u = fp(x) in 2, “4.11)

while the standard construction of barrier functions for elliptic PDE yields a supersolution W € C () of (4.11) that
satisfies W =0 on 92 and W > 0in Q (see e.g. [15]). If £ > 0 then just take W = 0. We define the function z,, in Q
by

Zn(x) =inf{u(x) : u supersolution of (4.11), V, <u <WinQ, u=0 on 9Q}.

By Perron procedure, the function z, is a “viscosity solution” of (4.11) in the sense that the upper semicontinuous
envelope (z,)* of z,, given by

(zn)*(x) = iggsup{zn(y) tyeQ, ly—x|<r},
r
is a subsolution of (4.11) and the lower semicontinuous envelope (z,,) of z,, given by

(zn)«(x) = supinf{z,(y) : y € Q, |y —x| <r},
r>0
is a supersoluti@ of (4.11). It is clear that infg V,, < (z,)« < (2,)* < W in Q. Ifuisa supersolution of (4.11) and if
Vi <u <Win Q and u = 0 on 9€2, then u is supersolution of

Py (D*u) + Hy(x, Vi) = fu(x) — |uainf V, in Q.
Q

Proposition 2.8, applied to —u, yields an inequality u(x) > —C,d(x) for all x € Q and some C, > 0, where C,, is
independent of the choice of u. This implies that —C,d < (z,)x < (zp)* < W in Q, which, in particular, ensures that
(Zn)x = (z4)* =0o0n Q2.

Now, we intend to send n — +o0o. We claim that sup ||(z,)«|lcc < +00. To check this, we argue by contra-
diction and suppose that sup |[(z,)«llco = +00. We may assume up to a subsequence that 1im, s 10 [|(zn)xllco =
+00. Since the sequence (z,)x is uniformly bounded from above by W in €, this in particular implies that
lim,,, 1 oo inf c5(z4)+(x) = —00. Set

Z,(x) = M forxeQ, neN,

1(Zn) s lloo

and note that if we set
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Mo — sup e

+ lul,
neN 1(Zn)«lloo

then Z,, is a supersolution of

P (D*Zy) + Hy(x,VZ,) =My in Q.
Since bk < R, by applying Proposition 2.8 to —Z,,, we get, for some constant M7 > 0,

Zy(x) > —Mid(x) forallxeQ, neN. (4.12)
We take the lower relaxed limit of (Z,,),cn, that is, we set

Z~(x) = liminf, Z, (x) = supinf{Z,(y) : y€ Q, |y —x| <r, n>r"'}.
n—+00 r>0

It is a standard observation (see, e.g., [16, Chapter 6]) that Z~ is lower semicontinuous in Q and a supersolu-
tion of (1.2). It is clear that ming Z~ = —1. Moreover, it follows from (4.12) that Z~ = 0 on 9. According
to Theorem 4.1, the minimum principle holds for (1.2), but this contradicts that ming Z~ = —1. Thus, we have
SUP, eN 1(zn)slloo < +00. .

For the sequence (z,), which is uniformly bounded in 2, we consider the upper and lower relaxed limits z* and
7z~ defined, respectively, by

z+(x) = limsup*z, (x) = inf sup{z,(y) : |y — x| <r, n > r_l},
n—00 r>0

and

z~ (x) =liminf.z, (x) = supinf{z,(y) : |y — x| <r, n> 1,
n—00 r>0

and observe that —sup, oy | (2n)«lloo <27 < zt < W in Q and that z+ and z~ are a subsolution and a supersolution
of (4.9), respectively.

Similarly to (4.12) for Z,, since (z,) is uniformly bounded in Q. we deduce that there is a constant M, > 0
such that (z,,)+(x) > —M>d(x) for all x € Q and n € N, which implies that z~ = z+ = 0 on Q. The proof is now
complete. O

We remark that defining W¢ from ¥¢ in the proof above is a sort of supconvolution (see [24] for the use of this
supconvolution in a different situation).

Proof of Proposition 4.5. The finiteness of 1z, is a consequence of Corollary 4.2 which gives a precise estimate.
For n € N let us consider the equation

1
P, (D*w) + H(x, Vw) + (ﬁk—;>w:1 in Q. (4.13)
For each n € N, by Proposition 4.6, there are a subsolution v,, and a supersolution w,, of
1
P (D*u) + H(x, Vu) + (nk— — —>u=1 in Q, (4.14)
n
satisfying w, <v, <0in Q and w, = v, =0 on 3.

We claim that sup, .y |wyllco = +00. Suppose by contradiction that sup, .y l|[walleo < +00. We choose j € N
large enough so that

1 __ 1
- (2sup lwalloo + 1, + _.> <1,
J neN J

which implies that, since w; <v; <0,

2 1/ 1 =
—v;— =< | iy +7 >—1 in€Q,
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and, hence, v; — 1/j is a subsolution of
1

P, (D*u) + H(x, Vu) + (&, +-)u=0 in .
J

Since v; —1/j <0in Q, this contradicts the definition of 1, and proves that sup, . [|[wy |lco = +00.
Up to extracting a subsequence, we may assume that

lim [Jwy (oo = +o00.
—+00
We introduce bounded functions z,, = —wa’ﬁ , solutions of
niloo

1

lwnll oo

1
Pr (D?z0) + H(x, Vza) + (ﬁk - ;) Zn <
We set
v(x) := liminf, z,,(x) for x € Q.
n—-+00
This is the lower half relaxed limit of (z,,) and is a supersolution of P, (D*v) + H(x, Vv)+ uy v < 0in Q. Moreover,

it is clear that v < 0 in Q and ming v = —1. Using again the bound (2.5), we deduce that v = 0 on 9§2, and the proof
is complete. O

Proof of Theorem 4.4. We begin by proving the following
Claim. For ju < u, the operator P (D*)) + H(x,V-) + u- satisfies the minimum principle.
The proof proceeds like the proof of Theorem 4.1, the only difference is that for p € (i, u; ), the limsup, _, , u(x)
could be zero for some z € €2. But using (SC 2) and the negativity of u(x) we get
P, (D*u)+ H(x,Vu) >0 inQ
while
PHD*(—v) — Hx,—V(-v)) > —pu v~ ing.
In view of Propositions 2.5-2.8, with m = || v “OO there exist two positive constants C and C such that
u(x) < —Cid(x) and —v(x) < Cad(x) for any x € Q.

Hence

C
- v(xo) <y i=sup v(x) L&
u(x0) xequx) — Cy
Now we can proceed exactly as in the proof of Theorem 4.1 in order to complete the proof of the claim.

To finish the proof of Theorem 4.4 we observe that Proposition 4.5 and the claim imply that ;" > 1, , but the
reverse inequality is true by definition. O

< 400

Remark 4.7. The bound (4.6) clearly holds for u; under the assumptions of Theorem 4.4.
Since u; >t , by definition, the inequality (4.7) is a fortiori true for u, . Moreover (4.7) is trivial for bRy > k.
We show in the Example 4.9 that 7t;” can be zero.

Remark 4.8. The equality 1, =, holds true also in some non-convex case, for instance if €2 is a star-shaped
domain, i.e.

Q —{xo} € (1 +)(2 — {xo}) (4.15)

for some xp € €2 and all ¢ > 0. That was noticed e.g. in [29] in the case of the Pucci’s extremal uniformly elliptic
operators. Supposing xo = 0, for any ¢ > 0 there exists, by definition, w, < 0 in 2 satisfying
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Py (D*we) + H(Vwe) + (1, — &)we = 0.
Hence v, (x) = w, (1+s) is negative in Q and if

H=H®E) =H" (), (4.16)
then

P (D2v5)+H(Vv€)+( _)2 >0 inQ.

In this way
Ky —&  __
—* <
(o2 "
and pu, =, in the limit ¢ — 0. The same holds true for /L]:r and ﬁ,j when H=H(&)=—H (§).
Note that on one hand the class of the bounded domains satisfying (4.15) strictly includes C, but on the other hand

the equality i, =1, is here realized under the restriction (4.16), while in Theorem 4.4 the Hamiltonian H is allowed
to be negative and dependent on the x-variable.

4.2. Some unusual phenomena

It is well known (see e.g. [5]) that in the uniformly elliptic case the principal eigenvalues tend to infinity when the
measure of the domain tends to zero; the next example shows that this is not necessarily the case for P, .

Example 4.9. We show that in an annulus i, = 0, even if the measure of the annulus tends to zero, as long as the
diameter is sufficiently large. For k < N, the radial function

v(x) =sin|x| 4+ cose

is a supersolution of the problem

Py (D*v) =b|Vv|=0 inA; =By \By,_,
v=0 on 0A;
where b = — and ¢ is small enough (see [18]). Since v violates the minimum principle, being negative in the annu-

lus Ag, we deduce from i) of Theorem 4.1 that

e =0.

In the next example we show how the definition of ﬁ,:’ is strongly unstable with respect to perturbations both of
the operator and the domain.

Example 4.10. Let Q = Bg. For k < N and n € N, the values ﬁ,f associated to the operators

k
P () + :
e () R -1

1
n

blows-up to 400 in view of Proposition 4.3, since in this case RkTR < k. Moreover

n

k
P 5 z
k()+R+ [-1 PO+ & | I

n

as n — +oo locally uniformly in S¥ x RV. On the other hand, taking the function w(x) = (R? — |x|?)" with y > 1,
it turns out that

vk y—1 k 2yvk
7’k(Dzw>+—|Vw|+—w—(Rz x?) (—2yk+2ﬁy|x|+§m2—|x|2>)zo

moreover w =0 on 02, w > 0in © and so EZ' < zyk by ii) of Theorem 4.1.
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Concerning the instability with respect to small perturbations of €2, we consider the sequence of expanding subdo-
mains 2, = B,_1 and the operator P, (-) + %| -|. As before, for any €2,, one has ﬁ; = +00, while in ﬁ,‘: < 1linthe
limit case 2 = U,,eN$2,.

Notice that in [5] the stability of the principal eigenvalue with respect to interior perturbations of the domain is
proved by means of the Krylov—Safonov Harnack inequality. It is not surprising therefore to expect the failure of the
Harnack inequality in our degenerate setting, which is indeed the case as can be seen in the following very simple

example. The nonnegative function u(x1,...,xy) = x,2v is clearly a solution of P, (D2u) =01in Bj for k < N, but
supu = 1 and infu = 0.
B B

1
Other examples of instability are provided in [4] for first order operators.
5. Existence

In this section we shall prove existence results for Dirichlet problems

{ Py (D*u) + H(x,Vu) + pu = f(x) inQ

u=>0 on 0€2, .1y

with 2 in the class Cg. We start with the case where k is any number between 1 and N.
Proposition 5.1. Assume (SC 2)—(SC 3). Assume that Q@ € Cg, bR <k and ju < u . If f is bounded and H satisfies,
forall x € Q and for all €, nin RV,

|H(x,§) — H(x,n)| <bl§ —nl, (5.2)
then for all

<ty i=sup{u € R:Jw <0 in Q, Pk_(Dzw) —b|Vw|+ pw > 0in 2},
there exists a unique solution of (5.1).
Proof. Let v and w be as in Proposition 4.6. By (5.2), the nonpositive function u = w — v is a supersolution of

P (D*u) — b|Vu| + pu =0 (see [18]). Using Theorem 4.4 we have that uy =1 then by Theorem 4.1 1), we get
that # > 0. Hence v = w is the required solution. O

In the rest of the section we shall only consider the case k = 1, in that case beside the existence below the general-
ized eigenvalue we can also prove existence of the eigenfunction. The proofs somehow follow the schemes of [6,7].

Theorem 5.2. Let Q2 € Cg, let H satisfying (S£I 2)—~(SC 3) and let f be a bounded continuous function in Q2. Assume
bR < 1. Then there exists a solution u € Lip(2) of

{P;(D2u)+H(x,W)+uu:f(x) inQ (53)

u= 0 on 89,
in the following two cases:

i) for < uy
it) forany pif f <0.

The proof uses the construction in Proposition 4.6 and the global Lipschitz regularity obtained in Proposition 3.2
for subsolutions.

Proof of Theorem 5.2. We first consider the case where u < ] . By Proposition 4.6, we see that there are a subso-

lution v and a supersolution w of (5.3) such that w < v in Q. By estimate (2.5), there is a constant C > 0 such that
—Cd<w<vinQ.
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As in Proposition 4.6, the standard construction of barrier functions for elliptic PDE yields a supersolution W €
C(2) of (5.3) thatiatisﬁes W =0o0ndRand W > 0in Q. If f > 0 then just take W =0.
We define u in 2 through the Perron procedure, that is,

u(x) = sup{z(x) : z subsolution of (5.3), v <u < W in Q}.

The upper semicontinuous envelope u* is a subsolution of (5.3) and satisfies v < u™ < W in Q, which implies that
u =u* in Q and, hence, u is upper semicontinuous in Q. Since u > —Cd and u = 0 on 9%, by Proposition 3.2, we
see that u is Lipschitz continuous in €. Hence u = u, and it is a supersolution of (5.3), this ends the proof of i).

For the proof of ii), we can treat the case where f < 0 in  in the same way. The only difference is that, when
f <0, the constant function 0 is a subsolution of (5.3) and replaces v in the argument above. Thus, the bound on u is
not needed and the resulting solution u is nonnegative. O

Theorem 5.3. Let , H and b as in the Theorem 5.2. Then there exists a negative function Y| € Lip(Q) such that

Pr(DXYn) + Hx. Vi) +puyyn =0 inQ (5.4)

Y1 =0 on 0%2. ’
Proof. Let u, / u; and use Theorem 5.2 to build u,, € Lip(R2) a solution of

P (D?up) + H(x, Vuy) + oty =1 in Q 5.5)

u, =0 on 0€2. ’

Observe that u,, are nonnegative because the forcing term being positive in Perron’s construction we can use “zero”
as the supersolution that bounds the u,, from above.

We claim that lim,,—, o |4, | = +00. Assume by contradiction that sup, oy llits lloo < 4+00. By Proposition 3.1
the sequence (#,),en is bounded in Lip(ﬁ) and converges, up to some subsequence, to a nonpositive solution u of

Py (D*uw)+ H(x,Vu) +pju=1 inQ
u=~0 on 0%2.

The function u is negative in €2, otherwise if max,  gu = u(xp) =0 and xo € 2, then ¢(x) = 0 should be a test
function touching u from above in x¢ and therefore 0 > 1.
Hence, for small positive ¢, we have

Py (D*u) + H(x, Vu) + (u] +&)u>0 inQ

contradicting the maximality of | .
For n € N the functions v, = ﬁ satisfy

(5.6)

Py (D?u) + H(x, Von) + pnp = o~ in Q
v, =0 on 982

and are bounded in Lip(2), again by means of Proposition 3.1. Extracting a subsequence if necessary, (v,),en con-
verges uniformly to a nonpositive function | such that ||y ||, = 1. Taking the limit as » — 400 in (5.6) we have

Pr (DY) + H(x, V) +ui¥1=0 inQ
Y1=0 on 0L2.

By the strong maximum principle (see Remark 2.6), we conclude 11 < 0 in €2 as we wanted to show. O

We end this section by computing explicitly the principal eigenvalue and eigenfunction for P, with H =0, in the
ball Bg. We first note that it = | , as a consequence of Theorem 4.4 or, equivalently, of Remark 4.8.
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The function

Y1) = —cos (o x1)

is twice differentiable everywhere, negative in Bg and zero on d Bg. The ordered eigenvalues of the Hessian matrix

are

() = () o ()

22 (D) =... =2y (D11 @) = (53) w
if x #0 and

1 (D20 ©0) == (D20 0) = ()
so that

Pr(D*i() + (%)2 Yi) =0 inQ.

In particular v is a negative subsolution of Pf(Dz') + (%)2 - =0, hence by definition of | we have u; > (%)2.
On the other hand the function v invalidates the minimum principle and we get also the reversed inequality | <

(ﬁ)2 by means of Theorem 4.4. In this way

- T \2
= (3z)
and 1 is a negative radial eigenfunction.

It is worth to point out that for the 1-homogeneous infinity Laplacian Asou = (Dzu ‘§Z| ) |¥Z\ >, one has

_ 4 T \2
wi =t =(5z)

with ¢1(x) = cos (%|x|) positive eigenfunction (see [23, Section 4]). In our framework we have on the contrary
ﬁ?‘ = 400 in view of Proposition 4.3.

6. Strictly convex domains, a characterization

In this section we give the proof of Proposition 2.7 which we like to refer to as Proposition hula hoop.
We begin with a technical lemma.

Lemma 6.1. Let Q be a non-empty bounded and open subset of RN, with C*-boundary, and p € 9. Let v(x) denote
the outward normal unit vector of Q at x € 3. Assume that N > 2, and let H C RN be a 2-dimensional plane
passing through p which is not perpendicular to v(p). Set A = QN H. Let H have the Euclidean structure induced
by RN,

i) Then, A is a non-empty bounded and open subset, with C?-boundary, of the plane H.
ii) Assume in addition that the principal curvatures, k1, ..., kn—1, of 92 at p are positive.

Then, the curvature of the planar curve oy A at p is bounded from below by min|<; <y k;, where 0y A denotes the
boundary of A C H, relative to H.

In the above, the perpendicularity of H and v(p) may be expressed as the condition that v(p) - (¢ — p) = 0 for all
qeH.
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Proof. We first prove i). We choose two orthonormal vectors e, ez € RY so that H = {p+x1e1+x2e2 : x1, X0 €R}.
By the non-perpendicularity of H and v(p), we may assume that v(p) - e; <O0.

Since © has C2-boundary, if § > 0 is small enough, then p + 8e; € Q and p + 8e is an interior point of A, relative
to H. Since €2 is open, A is open relative to H. Hence, A is a non-empty open subset of H. It is clear that A is convex
since it is an intersection of two convex sets and also that A is bounded.

Now, we show that A is a domain, with C 2-boundary, in H.Itis obvious that 9y A C HN 9. Fixany g € H NJL2.
We consider the function p € C(RY) given by

dist(x, 92) ifx € Q,
px)= _ . N
—dist(x,02) ifx e RY\ Q.

This function p is C? near the boundary 92 and Vp(x) = —v(x) for all x € Q2. Set ps = p 4 de; € A, note that
p(ps) > 0, and choose (a, b) € R2 so that q = ps + aey + be;. By the concavity of p, we find that for any ¢ € [0, 1],

p(ps+t(aer +ber)) =p((1 —t)ps+1tq) > (1 —1)p(ps) +to(g) =1 —1)p(ps),

and, hence,

d
P (ps Ftlaer +bex)|  =—p(ps) <0,
which shows that

0> Vp(q) - (ae1 +bex) = —v(q) - (ae; + bes).
Noting that

HNoQ={ps+ x1e1 + x2e2 : (x1,x2) GRZ, p(ps + x1e1 + x2e2) =0}

and applying the implicit function theorem to the function: RZ> (x1,x2) > p(ps + x1€1 + x2e3), we see that, in a
neighborhood of ¢, H N 32 is a C>-curve in H and that ¢ € 9y A. Because of the arbitrariness of ¢ € H N 9%, we
find that H N 92 is a C2-curve in H and also that H N 32 C 3y A. Thus, we conclude that 35 A = H N 32 and that
A has C2%-boundary in H.

Next, we prove (ii). We may assume by translation and orthogonal transformation that p = 0 and v(p) =
,...,0,—1). We can choose a neighborhood V C RN of p =0, a neighborhood U C R¥N-Tof 0 e RV and a

function g € C2(U) such that for any x = (x1,...,xy) €V,
x €Q ifandonlyif (x1,...,xy—1) €U and xy > g(x1,...,XN—1).
We have g(0) =0, Vg(0) =0 and we may assume further that ng(O) = diag(k1,...,kn—1). We choose R > 0 so

that 1 /R < minj<; <y k;, and consider the open ball B with center at —Rv(p) = (0, ..., 0, R) and radius R. We may
assume by replacing U and V by smaller ones (in the sense of inclusion), if necessary, that for any x € V,

x e B ifandonlyif (x1,...,xy-1) €U and xy > f(x1,...,xn—1),

where f(xi,...,xy—1) =R — \/RZ —(xf4---+x%_)). Note that V£(0) =0 and D?f(0) = (1/R)I, where I
denotes the identity matrix of order n — 1. By Taylor’s theorem, we may assume again by replacing U and V by
smaller ones, if necessary, that f(y) < g(y) forall y € U \ {0}. This yields

VNQCVNB,
which shows that
VNACVNBNH.

Thus, observing that 0B N H = oy (B N H), which is a special case of the identity, Q2 N H = dy A, with B in
place of €2, that B N H is a non-empty, planar, open disk with radius smaller than or equal to R and that p =0 ¢
ogANadg(B N H), we conclude that the curvature of the planar curve dg A at p is larger than or equal to 1/R. This
completes the proof. 0O
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Lemma 6.2. Let Q be a non-empty bounded and open subset, with C*-boundary, of RN . Let k > 0 be a lower bound
of the principal curvatures of 92 at every point x € 0X2. Set R = 1/k. Then, for any 7 € 0€2, we have

Q C Br(z — Rv(2)). 6.1)

Clearly, (6.1) shows that Q € Cr. Indeed we have proved that
QC ﬂ Br(z — Rv(2)).
z€0Q2
On the other hand, by the convexity of €2, we have
Q= m (xeRY : (x —2)-v(z) <0}
z€0Q2
Observe that for any z € 9€2,
Br(z— Rv(z)) C{xeRY : (x —2) - v(z) < 0}.
Indeed, if x € Br(z — Rv(z)), then
R’>|x—z+Rv@|*=|x —z>+2R(x —2) - v(z) + R* > 2R(x — 2) - v(2) + R,
and
(x—2)-v() <0.
Thus,
Q> () Brz— Rv(2)).
z€0Q2

In conclusion the Lemma 6.2 above proves Proposition 2.7.

Proof. It is enough to show that for any M > R and z € €2,
Q C By(z — Mv(2)). (6.2)

We fix any M > R and p € 992. To show (6.2), we suppose to the contrary that (6.2) does not hold, and will get a
contradiction.

We can thus choose a point g € Q\ By (p — Mv(p)).

Select m > 0 so small that r := p — mv(p) € QN By (p — Mv(p)). Note that the line segment [r, ¢] := {(1 —
t)r +tg : 0 <t <1} is contained in the set €2 and that r € By;(p — Mv(p)) and g ¢ By (p — Mv(p)). These imply
that, for some 7 € (0, 1],

A—-—0r+1tqgeQNadBy(p — Mv(p)).

Replacing g by (1 — t)r + 7q if T < 1, we may assume that ¢ € 9By (p — Mv(p)).

Since €2 is open, we may assume by replacing g by a nearby point, if needed, that two vectors v(p) and g — p are
linearly independent. In particular, we have g # p and g # p — 2Mv(p). Let H be the plane passing through three
points p, g, p — Mv(p). Weset A=QNH and By = By (p — Mv(p)) N H. Since p — Mv(p) € H, it is clear that
Bp is the planar open disk with center p — Mv(p) and radius M.

Fix Q € (R, M), so that « > 1/Q. As in the proof of Lemma 6.1 (ii), we can choose a neighborhood V of p so
that

QNV CBo(p—Qv(p)NV,
from which we find that
ANV CHNBp(p—Qv(p)NV. (6.3)

We put e; = —v(p) and select a unit vector e; € RN, orthogonal to e1, so that two vectors ej, ey parallel to the plane
H,thatis, H ={p + x1e1 + xze2 : x1,x2 € R}.
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We select (a, b) € R? so that q=p-+ae+ber. Since g e dBy(p— Mv(p)\ {p—2Mv(p), p}, it follows that
0 <a <2M and b # 0. We may assume by replacing e; by —e», if needed, that b < 0.
We set

Ay ={(x1,x2) €R? 1 p+xier +x2es € A},
g(x1) =inf{xy e R : (x1,x2) € Ay} for x1 € (0, a].

It is easily seen that Aj is a strictly convex, bounded and open set, with C2-boundary, in R?, that the line segment
{t(a,b) : (0, 1]}, connecting the origin and the point (a, b), lies in the set A,, that g is locally Lipschitz continuous,
convex function on (0, a], and that the graph {(x1, g(x1)) : x1 € (0,a]} is a subset of dA,. The last two remarks
together with the smoothness of Ay implies that g € C2((0, al).

We consider the function fy; € C([0, a]) defined by

fu(x) =—vVM? — (x; — M)>.
Obviously we have, for (x1, x2) € (0, a] x R,
x3 > fpm(x1) if p+xie1 + x2ep € By.
Similarly, we define fp € C([0, 2Q]) by
fo(x1)) ==V 0% —(x1 — Q)%
By (6.3), if we define the function % on [0, a] by
0 if x =0,
gx) ifx € (0, al,

h(x) =

then f37(0) = fp(0) =h(0) =0and fy(x1) < fo(x1) < h(xy) forall x; € (0, ] and some small § > 0. On the other
hand, since {xi(a, b) : x1 € (0, 1]} C A,, we have h(x1) = g(x1) < (b/a)x; for all x; € (0, a]. It is now clear that
h e C([0, 1]).

Since g = p +ae; +bey € AN IBy(p — Mv(p)), we have h(a) = g(a) < b = fy(a). Consider the function
¢ € C([0, a]) given by

¢(x) =h(x) — fu(x).

It follows that ¢ (0) =0, ¢ (a) < 0 and ¢ (§) > 0. Accordingly, ¢ has a positive maximum at a point d € (0, a). Hence,
¢'(d) =0 and ¢"(d) < 0. That is, we have f},(d) = g'(d) and f};(d) > g"(d), which shows that the curvature of the
graph g at (d, g(d)) is smaller than or equal to that of fis, which is 1/M. This shows that the planar curve dg A has
curvature smaller than 1/R at p + de; + g(d)ez. Since the planar curve dy A has curvature larger than or equal to
k =1/R by Lemma 6.1, this is a contradiction. 0O
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