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Abstract

We consider a class of systems of time dependent partial differential equations which arise in mean field type models with
congestion. The systems couple a backward viscous Hamilton—Jacobi equation and a forward Kolmogorov equation both posed in
(0, T) x (RN /ZN). Because of congestion and by contrast with simpler cases, the latter system can never be seen as the optimality
conditions of an optimal control problem driven by a partial differential equation. The Hamiltonian vanishes as the density tends to
+o00 and may not even be defined in the regions where the density is zero. After giving a suitable definition of weak solutions, we
prove the existence and uniqueness results of the latter under rather general assumptions. No restriction is made on the horizon 7.
© 2017 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Recently, an important research activity on mean field games (MFGs for short) has been initiated since the pioneer-
ing works [17-19] of Lasry and Lions: it aims at studying the asymptotic behavior of stochastic differential games
(Nash equilibria) as the number n of agents tends to infinity. In these models, it is assumed that the agents are all iden-
tical and that an individual agent can hardly influence the outcome of the game. Moreover, each individual strategy is
influenced by some averages of functions of the states of the other agents. In the limit when n — +00, a given agent
feels the presence of the others through the statistical distribution of the states. Since perturbations of a single agent’s
strategy does not influence the statistical states distribution, the latter acts as a parameter in the control problem to be
solved by each agent. When the dynamics of the agents are independent stochastic processes, MFGs naturally lead
to a coupled system of two partial differential equations (PDEs for short), a forward Kolmogorov or Fokker—Planck
equation and a backward Hamilton—Jacobi-Bellman equation, see for example (1.1) below.

The theory of MFGs allows one to model congestion effects, i.e. situations in which the cost of displacement of
the agents increases in those regions where the density is large. MFGs models including congestion were introduced
and studied in [20]. A typical such model leads to the following system of PDEs:
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—du—vAu+ FAB = Faxom), 0 e0.7) xR
dym — v Am — div(m 242Dy o, (t,x) €(0,T) x Q (1.1)

m(0,x)=mo(x), u(T,x)=Gx,m(T)), x e,

withv >0, ¢ > 0, B € (1,2], u € R with either u© > 0 or u = 0. System (1.1) must generally be complemented with
suitable boundary conditions on (0, 7') x 9€2, but we will avoid the additional technical difficulties coming from the
latter by focusing on the case when €2 is the flat torus, i.e. 2 = TV = R" /Z" and all the data are periodic.

Loosely speaking, (1.1) describes the optimization over a stochastic dynamics defined on a standard probability
space (X, F, F;,P)

dX[ =wfdt+v2vdBt

where B, is a N-dimensional Brownian motion, with a cost criterion given by

T
%fE/FMm+me
t
0

Ao +F(t,X,,m,)}dt+IEJ(G(XT,mT)) , (1.2)

where y = % and cg is a suitable normalization constant. In the viewpoint of the generic agent, m; = m(¢, X;) is
meant to represent the distribution law of the states, however in the optimization process it is just, a priori, a given
frozen density function. The mean field game equilibrium is next given through a fixed point scheme, by requiring,
a posteriori, that m, coincides with the law of the optimal process X;.

In [20], P-L. Lions put the stress on general structural conditions yielding the uniqueness for the following MFG
systems with local coupling:

—0iu —vAu+ H(t,x,m, Du) = F(t,x,m), (t,x)€(0,T) x (1.3)
oym —vAm —divimH,(t,x,m, Du)) =0, (t,x)€(0,T) x Q (1.4)
m(0,x) =mo(x), u(T,x)=Gx,m(T)), x e (1.5)

namely that F' and G be increasing w.r.t. m and that the following matrix be positive semidefinite:

f%%(t,x,m,p) %V;H(t,x,m,p) >0 (1.6)
%VPH(t,x,m,p) 2D12,YI,H(t,x,m,p) -
forallx € 2, m > 0and p € RV . Since (1.1) is equivalent to (1.3)—(1.5) with H (¢, x, m, p) = % (mlﬂfj)a ,(1.6) becomes

in this case
o« < 48— 1)_
B

In the present work, we will show that this hypothesis yields both the existence and the uniqueness of weak solutions.

Except for situations in which special tricks may be applied (stationary problems and quadratic Hamiltonian,
see [13]), the existence of classical solutions of suitable generalizations of (1.1) seems difficult to obtain, because
generally neither upper bounds on m nor strict positivity of m are known unless one restricts the growth conditions
for the nonlinearities and assumes that the time horizon 7T is small, see [14,15] (see also [12] for the stationary case).
Therefore, in order to get at a sufficiently general result, we aim at proving the existence and uniqueness of suitably
defined weak solutions.

For MFG models without congestion, the first results on the existence of weak solutions were supplied in [19].
Besides, as already observed in [17-19], in the easiest cases, the system of PDEs can be seen as the optimality
conditions of a problem of optimal control driven by a PDE: in such cases, a pair of primal-dual optimization problems
can be introduced, leading to a suitable weak formulation for which there exists a unique solution, see [9], where
possibly degenerate diffusions are dealt with. A striking fact is that in general, MFGs with congestion cannot be
cast into an optimal control problem driven by a PDE, by contrast with simpler cases. For MFG systems (1.3)—(1.5)
with H independent of m, a complete analysis is available in [24], which contains in particular new results on weak
solutions of Fokker—Planck equations, and an answer to the delicate question of the uniqueness of weak solutions of

(1.7)
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MEFG systems. Proving uniqueness of weak solutions is difficult for the following reason: to compare two solutions
(u,m) and (u, m) of (1.1), the main idea is to test the Bellman equations by m — m and the Kolmogorov equations by
u — u and sum the resulting identities. While this is of course permitted for classical solutions, special care is needed
for weak solutions, because the PDEs only hold in the distributional sense. The present work will borrow several ideas
and results from [24].

Let us mention that other kinds of models, which may also include congestion, are obtained by assuming that all
the agents use the same distributed feedback strategy and by passing to the limit as N — oo before optimizing the
common feedback. Given a common feedback strategy, the asymptotics are given by the McKean—Vlasov theory,
[21]: the dynamics of a given agent is found by solving a stochastic differential equation with coefficients depending
on a mean field, namely the statistical distribution of the states, which may also affect the objective function. Since
the feedback strategy is common to all agents, perturbations of the latter affect the mean field. Then, letting each
player optimize its objective function amounts to solving a control problem driven by the McKean—Vlasov dynamics.
The latter is named control of McKean—Vlasov dynamics by R. Carmona and F. Delarue [11,10] and mean field type
control by A. Bensoussan et al., [5,6]. By contrast with MFGs, this genuine connection to optimal control problems
driven by a PDE makes it possible to use techniques from the calculus of variations and define a suitable notion of
weak solutions for which existence and uniqueness can be proved, see [3].

Finally, let us mention that numerical methods and simulations for MFGs and mean field type control with conges-
tion are dealt with in [1,2].

The present paper deals with the existence and uniqueness of weak solutions to a class of MFG systems which
generalize (1.1) including the congestion effects in the structure conditions of the Hamiltonian function. Making
reference to the model example (1.1), we will consider both the case when u > 0 and the case when u = 0. Let
us notice that the congestion effect is essentially contained in the behavior of the Hamiltonian for large values of
m, so both cases could be considered as congestion models, since the difference between 1 > 0 and p = 0 will be
important in those regions of vanishing density. Hereafter, the case that u = 0 will be referred to as the case of singular
congestion, since in this case the Hamiltonian may not even be defined at m = 0. In the latter case, the Lagrangian
vanishes at m = 0, and this vanishing of the cost criterion will lead to a slightly incomplete information on the equation
solved by the value function, and therefore to a relaxed formulation of the notion of weak solution.

The work is organized as follows: in Section 2 we set the problem and introduce the assumptions that will be used
throughout the paper. In Section 3 we define the notions of weak solutions and state the main existence and uniqueness
results: as explained above, we will give a different definition of solution in the case u = 0, in which special care is
required because the Hamiltonian has a singularity at m = 0. In Section 4, we consider non-singular Hamiltonians
(n > 0) and give the first steps of the existence proof which consist of studying a sequence of suitably regularized
problems. Section 5 contain lemmas which will turn crucial for proving uniqueness but also for identifying the limit
of the aforementioned regularized problems. In Section 6, in the case u > 0, we conclude the proof of existence and
obtain uniqueness under suitable additional assumptions. Section 7 is devoted to the singular case u = 0.

2. Running assumptions

Let us consider the general MFG system (1.3)—(1.5). Different types of boundary conditions could be considered
but for simplicity we neglect this point by assuming that the equation takes place in a standard flat torus Q =TV =
RV /ZN and all functions are Z" -periodic in x. We define Q7 = (0, T) x Q.

In (1.3)—(1.5), the function H(¢,x,m, p) is assumed to be measurable with respect to (¢, x), continuous with
respect to m and C! with respect to p. The notation H p stands for %ﬁmm We also assume that H is a convex
function of p.

We modify the structure growth conditions introduced in [19] to take into account the congestion factor. So, we
will assume that H satisfies, for some positive 8 and o

H(t,x,m,0)<0, 2.1

H(t,x,m,p)zcoﬁ—cl (1 +m?T), (2.2)
(m + p)*

al(f,x,m,P)ISQ(l-i-ﬂ), (2.3)

(m + pn)«
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Hy(t,x,m,p)-p=(1+0)H(t,x.m,p)— c3 (1 +mPT), 2.4)

for a.e. (t,x) € Qr and every (m, p) € Ry x R, where o, ¢y, ..., c3 are positive constants and u € R, > 0. For
the sake of clarity, we will separately consider the two cases u >0 and u = 0.

Notice that (2.1) can be alternatively rephrased as: H (¢, x, m, 0) is bounded from above; indeed, if H (¢, x,m,0) < K
for some K > 0, we can reduce to (2.1) by changing u into u + K (T —t).

As for the ranges of B, « in the previous assumptions, we will assume that

o< 4F-D 2.5)

1<p=<2, 0<
The first condition on S is meant to exclude both the case of linear or sub linear growth and the case of super quadratic
growth. Actually, if 8 < 1, then the bound on H),, would imply that m is bounded, and this would allow for a huge
simplification in the system (at least if & > 0), in particular the difficult issues coming from the congestion effect
would be mostly circumvented and this case would be rather similar to the results which already exist in the literature.
The super quadratic case is different in nature since one cannot rely any more on classical tools for parabolic equations
and a different approach should be employed, as in the first order case. Since this would bring us too far for the present
paper, we decided to assume that 8 < 2.

As for (2.5), this structural condition seems natural in order to have a completely well-posed formulation in the
congestion model. As already mentioned, this limitation is indeed required in order to obtain uniqueness, as pointed
out by PL. Lions [20], when he discussed general conditions for the uniqueness of mean field games systems. In
addition, this condition also seems to be useful at other stages of our existence proof. The upper bound required on «
can be interpreted as a tolerable growth condition on the cost function which penalizes the motion in the zones where
the distribution density is high (since we have y = % in the Lagrangian model (1.2)).

Finally, the case o = 0 is excluded in the above conditions since this is already treated in [24].

Remark 2.1. Straightforward calculus leads to 4/8" < 8: from this and (2.5), we see that & < 8, and that @ = 8 can
occur only if 8 =a =2.

Notice that combining (2.1) and the convexity of H in the p variable yields that
Hy(t,x,m,p)-p—H(t,x,m,p)>—H(t,x,m,0)>0. (2.6)
Moreover, since 1 < 8 <2, and from (2.2)—(2.4), we can deduce that there exist nonnegative constants Cyp, C1, C2
such that
mP T (1H,y 2= Co) < Com {H, - p— H+Ca). @.7)

Using generic non-negative constants Co, C; that can change from line to line, (2.7) is obtained as follows:

o o 2(8-1
mPT|Hy|* < Cy | mP +L2_a
(m + )=
S pI?
<CiymPT 4+ cp——
= O m + e

o

< H+Ci(mPT +1)

o)

+ Co(m + p) 71

<o~'(H,-p—H)+Ci+ComPT

where we have used (2.3) in the first line, 1 < 8 <2 and Young’s inequality in the second line, (2.2) in the third line
and (2.4) in the fourth line.

We also stress that, if H satisfies (2.1)—(2.4), then H 4 b - p satisfies the same conditions for any bounded vector
field b. Hence the addition of bounded drift terms in the dynamics is permitted by the above setting of assumptions.

Remark 2.2. Let us compare the above assumptions with previous settings used for congestion models in mean field
games. In [14], congestion models are presented starting from the Lagrangian function
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ﬁ/
L(t,x,m,q) =m" Lo(t,x,q — b(t,x)) + F(t,x,m), with Lo(t,x,q)za(t,x)(1+|q|2)7,

where 8/ = 8/(B8 — 1), a is a smooth positive function and b is a smooth velocity field. This leads to the system

—du—vAu+mVH(t,x, 24y =F(t,x,m),  (t,x)€(0,T) x Q
dm —vAm —divimH,(t, x, 24)) =0, (t,x) € (0,T) x 2
m(0,x) =mo(x), u(T,x)=Gx,m(T)), x €

where
H(l,xap)=H0(f,x7p)+b(t’x)'P’ and HO(f,va)zsuP_q'P_LO(tvx,CI)-
q

If we set @ = y (B — 1), we recover our assumptions if y <4/ which is equivalent to saying that V, Ho(t, x, p) - p —
Ho(t,x, p) = % p" D, Ho(t, x, p)p for all p #0, as assumed in [14].

Finally, let us make precise the assumptions on the functions F, G appearing in (1.3)—(1.5). The function F' is
assumed to be measurable with respect to (¢, x) € Qr and continuous with respect to m. In addition, we assume that
there exists a nondecreasing function f(s) such that f(s)s is convex and

Af(m)—KSF(t,x,m)f%f(m)—i—K VmeR,, (2.8)

for some real numbers A, k > 0.
The terminal cost G is assumed to be measurable with respect to x € €2, continuous with respect to m and such
that

m G(x,m) is nondecreasing. (2.9)

In addition, as for F', we assume that there exists a function g(s) such that g(s)s is convex and

1
Ag(m)—KfG(x,m)fXg(m)—i—K VmeR,, (2.10)

with for example the same constants A, k > 0 as in (2.8).
Let us notice that, as a consequence of assumptions (2.8) and (2.10), the functions F, G are bounded below, namely
there exists a constant ¢4 € R such that

F(t,x,m)>c4, VmeR,, ae.(t,x)e 07, 2.11)
and
Gx,m)>cs, YmeR,, ae. xe. (2.12)

Assumptions (2.1)—(2.5) and (2.8)—(2.10) are the structural conditions under which we will prove the existence of
weak solutions to the MFG system with congestion. Eventually, we will need a further condition for H and F in order
to have uniqueness. This will be a natural reformulation of condition (1.6). Precisely, we assume the following:

foranym >0,z > —m, p,r € RY such that (z,r) # (0, 0), setting
mg =m + sz and p; = p + sr for s € [0, 1], then the function (2.13)
h:sw —zH(t, x, mg, ps) +mgH,(t, x,mg, ps) - r +z2F(t, x, my) .

is (strictly) increasing on [0, 1].

Remark 2.3. Note that if H(t, x, m, p) = (u +m)~%|p|?, with («, B) satisfying (2.5) and if F is nondecreasing with
respect to m, then i defined in (2.13) is increasing. Condition (2.5) is thus compatible with the assumption yielding
uniqueness.

Finally, we assume mq € C(£2), mp > 0 and, in order to be consistent with the interpretation of m, we fix the
normalization condition fQ mo=1.
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3. Main results
3.1. Case of non-singular congestion

We assume here that conditions (2.1)—(2.4) hold with u > 0. Let us first make our notion of weak solution precise.
Definition 3.1. A pair (u, m) € L'(Q7) x L'(Q7) is a weak solution to (1.3)—(1.5) if

(i) me C([0, T]; L'(R)), m > 0,u € L4(0, T; W"9(RQ)) for every g < =7,

(ii)
F(t,x,mym e LY(Qr), G(x,m(T)m(T) € LY(),
w2 pigny, P gy, mer™ o
(m + p)* (m + p)*
(ili) u € L*(0, T; L'(S)) is bounded below and is a solution of the Bellman equation in the sense of distributions:
T T T
//u(ptdxdt—v//qudxdt+f/H(t,x,m,Du)godxdt
0 Q ;) Q 0 Q 3.1)
=//F(t,x,m)godxdt—}-/G(x,m(T))(p(T)dx
0 Q Q
for every ¢ € C2°((0, T] x 2).
(iv) m is a solution of the Kolmogorov equation:
T
//m {—gﬁt —VvAp+ Hy(t,x,m, Du)D(p} dxdt =/m() ¢(0)dx 3.2)
0 Q Q

for every ¢ € C2°([0, T') x £2).

Remark 3.2. We notice that, on account of conditions (ii), (3.1) implies that u € L'(Q7) solves, in weak sense,

—diu —vAu = f(t,x), (t,x)e (0, T)x Q
u(T,x)=g(x), xeQ

for some f € L'(Q7), g € LY (Q). It follows that u € C°([0, T]; L' ()) and, in addition, u is a renormalized solution
of the same equation (see e.g. [24, Proposition 2.1]). Indeed, the condition that u belongs to L*°(0, T’; LY(Q)) is
actually redundant in (iii), since it follows from the above result.

As stated in the previous remark, a solution u of equation (3.1) belongs to CY([0, T1; LY(RQ)). However we also
need to work with merely subsolutions of the same equation, for which this kind of continuity may not hold. We recall
a lemma, whose proof can be found in [9,3], which establishes continuity for subsolutions in a weaker sense.

Lemma 3.3. Let u € L°°(0, T; L? (R2)) satisfy, for some function h € L (Q7)and k € LY(Q),

T T T
f/lup,dxdt—v//uA(pdxdt5[/h(pdxdt+/k(x)(p(T,x)dx,
0 Q 0 Q 0 Q Q

for every nonnegative function ¢ € C°((0, T] x Q).

Then for any Lipschitz continuous map & : Q — R, the map t — fQé‘; (x)u(t, x)dx has a BV representative on
[0, T]. Moreover, if we note [ &(x)u(t™, x)dx its right limit at t € [0, T), then the map & — [o&(xX)u(t™, x)dx can
be extended to a bounded linear form on C(S2).
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Remark 3.4. As a consequence of Lemma 3.3, for any subsolution u of (3.1) we can define #(0™") as a bounded Radon
measure on €. For simplicity, we note u(0) = u(0™).

Remark 3.5. A weaker definition than Definition 3.1 is possible, by replacing (ii) by G(x,m(T)) € L' (),
F(t,x,m) € L'(Qr), H(t,x,m, Du) € L'(Q) and m H,(t, x,m, Du) € L'(Q7). In this case, we would need to
derive firstly the regularity (ii) in order to prove uniqueness and this could be itself a delicate step. It does not seem
restrictive to ask directly (ii) in the formulation since such regularity is actually obtained in the existence result.

Finally, let us state below our main result, where we prove existence and uniqueness of weak solutions under the
above assumptions.

Theorem 3.6. Under Assumptions (2.1)—(2.4) with u > 0, (2.5) and (2.8)—(2.10), there exists a weak solution of
problem (1.3)—(1.5).
Furthermore, if the assumption (2.13) is satisfied, then there is a unique weak solution of problem (1.3)—(1.5).

3.2. Case of singular congestion

Here we consider the limit case © = 0 in assumptions (2.2)—(2.3), which corresponds to the singular congestion

B . . . .
model H = %. Due to the singularity, we will only find a relaxed solution.
Before defining weak solutions, we notice that we can always change H (¢, x,m, p) into H(t,x,m, p) + ¢ and u
into u — c1 (T — t); therefore, in view of (2.2), we may assume without restriction that

H(t,x,0,p) =0. (3.3)

This allows us to define weak solutions as follows:
Definition 3.7. A pair (u, m) € L! (0O7) x L! (Qr)+ is a weak solution to (1.3)—(1.5) if

(i) meC(0,T]; LY(Q)), ue L0, T; Wh4(R)) for every g < N+2

Nyl
(i1)
F(t,x,m)me L' (Or), G(x,m(T)m(T) e LY(),
B B «
oo 2 e 100, Lo 2T e L0, meLl T (o), (3.4)

mY mY

Du=0 ae.in{m =0},

(iii) u € L*®(0, T; L' (R)) is bounded below and is a subsolution of the Bellman equation:

T T T
//u(p,dxdt—v//uAgodxdt—i—//H(t,x,m,Du)]l{m>0}<pdxdt
0 Q ;) Q 0 Q (3.5)
5/[F(t,x,m)godxdt—}-/G(x,m(T))go(T)dx
0 Q Q
for every nonnegative ¢ € C2°((0, T'] x Q).

(iv) m is a solution of the Kolmogorov equation:
T
/fm{—go, — VA + Hy(t,x,m, Du)Lj,=0y Do} dxdt:/mogo(O) dx (3.6)
0 Q Q

for every ¢ € C2°([0, T') x €2).
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(v) The following identity is satisfied:

T
/mou(O)dx=/G(x,m(T))m(T)dx—i—//F(t,x,m)mdxdt
0 Q

@ @ (3.7)

T
+ f/m [Hp(t,x,m, Du)-Du—H(t,x,m, Du)] Tm>0ydxdt
0 Q

where the first term is understood as the trace of fQ u(t)ymodx in BV (0, T), in view of Lemma 3.3.

Notice that, if & < 1, we actually have ml—e |Du|ﬂ el! (Q7) and the restriction to the set {m > 0} in (3.6)—(3.7)
is not needed. However, for the case o > 1 this restriction applies.
We state below the existence and uniqueness result which we obtain for the case of singular congestion.

Theorem 3.8. Assume that (2.1)—(2.4) hold with = 0 and with either 8 <2 and 0 < a < 4(’3’%1) or B =2 and
0 <« <2, and that (2.8)—(2.10) hold true (assuming furthermore the nonrestrictive condition (3.3)). Then there exists
a weak solution of problem (1.3)—(1.5).

Furthermore, if condition (2.13) holds true for any m > 0, z > —m, p,r € RN such that (z,r) # (0, 0), and if

m>0= F(t,x,m) > F(t,x,0), 3.8)

then there is a unique weak solution of problem (1.3)—(1.5).
4. Non-singular congestion: approximations of (1.3)-(1.5)

For > 0, we consider the following system of PDEs:

—ou® —vAu* + H(t,x, Tyem®, Du®) = F€(t,x,m), (t,x)€(0,T) x Q 4.1)
m€ —vAm® —div(m®H,(t, x, Tyjem®, Du®)) =0, (t,x) € (0,T) x Q 4.2)
m€ (0, x) =mg(x), u(T,x) =G (x,m(T)), x e (4.3)

where T1jem =min(m, 1/€), F€(t,x,m) = p*x F(t, -, p€ *m))(x), G (x,m) = p* x G (-, p€ xm))(x), mg = p xmy.
Here » denotes the convolution with respect to the spatial variable and p€ is a standard symmetric mollifier, i.e.
pE(x) = }Np(f) for a nonnegative function p € CfO(RN) such that fRN p(xX)dx =1.

Lemma 4.1. There exists a weak solution (u€, m€) of (4.1)—(4.3) such that u¢ € C1t@1/24¢/2(Q 1y 'm€ e C**/2(Qr),
and m® >0, [om(t, x)dx = [om§(x)dx, Vt.

Proof. We set X = {m € C(Qr):m >0and me(t, x)dx = fQ mo(x)dx, Vt}. For any m € X, the boundary value
problem

—0u —vAu+ H(t,x, Tyjem, Du) = Fe@t,x,m), (t,x)e0,T)xQ 4.4)

u(T,x) =G (x,m(T)), x e 4.5)
has a unique solution u € L>(0, T; W%°(Q)) (see e.g. [16], Chapter 5, Theorem 6.3) and lull poo o, 7: Wi () 18
bounded independently of 7 in X. This follows e.g. from the C!:% estimates in [16], Chapter 5, Theorem 3.1, since
F€ is bounded and |H (¢, x, T1/em, Du)| < Cc(1 + |Du|?) for some constant C, > 0. In addition, the map m > u is
continuous from X to L0, T; W (Q)).
Thus, the boundary value problem
o —vAm —divimHy(t, x, Tijem®, Du)) =0, (t,x) € (0,T) x Q

m(0, x) = my(x), xeQ
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has a unique solution /i € X N C*%/2(Q7), which is bounded in C*%/2(Q7) uniformly with respect to m € X, see

e.g. [16], Chapter 3, Theorem 10.1. Moreover the map m > s is continuous from X to C*%/2(Qr).

Hence, Schauder’s theorem implies that the map m +— m has a fixed point m¢. 0O
Lemma 4.2. Let (u€, m€) be a solution of system (4.1)—(4.3). Then

ut(t,x) > cy4,

/Gé(x’mé(T))mé(T)+//F€(t,x,m6)m€dxdt+||(T1/em€)ﬁ+1|

Q 0 Q

N42 <C,
N (Qr)

T
//me {Hp(t,x, Tijem®, Du€) - Du — H(t, x, Ty jem®, Dug)} dxdt <C,
0 Q

T

Du¢|P Dut|P
// | Dut] dxdt+// _NDulT ar<c,
(Trjem® + u)“ (Trjeme + p)®

41l oo co,7:11 @) < C>

(4.6)

.7

(4.8)

4.9)

(4.10)

for a positive constant C = C(T, H, F, G, ||mo|ls0) and where c4 is the constant appearing in (2.11) and (2.12).

Proof. We multiply the equation of u€ by m¢, the equation of m¢ by u€, integrate by parts some terms and subtract;
ply q y q y g yp

we get

T
/uE(O)mS dx — / G (x,m (T))m*(T) —ffmGHp(t,x, Tijem®, Du®) - Du€ dxdt
Q Q
T T

+//m€ H(t,x,Tl/emE,DuE)dxdtszFe(t,x,me)mé dxdt,

0 Q 0 Q

which implies that

/Ge(x,me(T))me(T)—i—//Fe(t,x,me)me dxdt—i—/ue(O)_moedx
Q

Q

T
+ //nf {Hp(t,x, Tijem®, Du) - Du® — H(t, x, T jem*, Duf)} dxdt
0 Q

<C IImollLOO(Q)/[MG(O)]Jr dx.

4.11)

By using (2.1) and F, G > c4, we see by comparison that u€(¢) > c4 + c4(T — t), and therefore that there exists an

absolute constant C such that
(0] <C

Integrating (4.1) and using (2.2) and (4.12), we obtain that

4.12)
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T

/[u O] dx+c // | Dut |ﬂ dxdt
0 (Trjeme + p)«

561//(1+(T1/6me)ﬁ)dxdt—i—//Fé(t,x,me)dxdt—i—/Ge(x,mé(T))dx+C (4.13)
0 Q 0 Q Q
T

T
:q//(l+(Tl/eme)%)dxdt—i—//F(t,x,pe*me)dxdt+/G(x,p€*m€(T))dx+C
0 Q 0 Q Q

From Assumption (2.8) we see that, for any choice of L > 0,
m
F(t,x,m)SfL(t,X)JrZ(F(t,x,m)+|04|), (4.14)

where c4 is the constant in (2.11) and f7 (¢, x) = maxo<m<r F(t,x,m) < %maxoSmSL f(m) +«, from (2.8).
Similarly, G (x, m) =< g1 (x) + (G (x,m) + |c4]) where g1 (x) = maxo<m< G(x,m) < } maxo<m<r §(m) + &,
from (2.10). Therefore, (4.13) implies

T T

/[u (0)]+dx+co// |Duc|” dxdt<c1//(1+(T1 )Py dxds
(Tyjem€ + p)* - /€

0 0« (4.15)

//meFé(t,x,me)dxdt+/m€(T)G€(x,m€(T))dx +Cy,
Q

where Cy, is a constant depending on L. Therefore, by choosing L sufficiently large (depending on ||mg|| 1)) we
can combine (4.11) and (4.15) and obtain

T T
€ € € € € € |Du€|/3
G (x,m“(T))m*(T) + Fe(t,x,m*)m® dxdt + ————dxdt
(Trjem® + u)“

Q 0 Q 0 Q

T
+ /fme {Hp(t,x, Ti/em®, Du€) - Du® — H(t, x, Ty jem®, Due)} dxdt (4.16)

0 Q

T
5C+C//(T1/€m€)ﬁdxdr.
0 Q

We now use (4.2) multiplied by (Tl/gme)%. We get

//a,mf(rl/eme)%dde% // |Dme 2m€) T dxdr

mé<l/e

o o
= 8 lf (m)FTH,(t,x,m, Du€) - Dm€ dxdr .

mé<l/e

Calling I, (z) = [ (T1/ey) P dy, we see that

t
//B,mE(T]/EmG)f‘aT‘ dxds:/le(me(t))dx—/Ie(mg)dx.
0 Q

Q Q
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Therefore, by Young’s inequality

sup/[e(mf(t))dx—/Ig(mf))dx—i— /f |Dm€|2(me)ﬁ71dxdt
t
Q Q

mé<l/e

(4.17)
<C f/ m)PT H (¢, x, m€, Du€)* dxdt .
me<l/e
Since I.(z) > L++1(T1/€z)ﬁJrl we use (2.7) to obtain
A1
T
sup /(Tl/eme(t))ﬁ“dwr/f|DT1/€mf|2(T1/Emf)ﬁ*‘dxd;
te(0,7T)
Q 0 Q
<C f/ m¢ {Hp(t,x,mé, Du®) - Du® — H(t,x, m", Due)}dxdt
me<l/e
+Cl1+ /f (m)F1 dxdi +c/(mg)%“dx 4.18)
mé<l/e Q

T
< C//mé {Hp(t,x, Ti/em®, Du€) - Du® — H(t, x, Ty jem®, Due)}dxdt
0

Q
T

+C 1+/f(T1/€m€)ﬁ+‘dxdr +C/(mg)ﬁ+‘dx,
0 Q Q

where the last inequality is a consequence of (2.6). On the other hand, the left-hand side of (4.18) can be estimated by
Gagliardo—Nirenberg interpolation inequality, which implies

I |
I(T1yem®) P10 ng2

L N (Qr)

T
<C sup/(Tl/emf(z))%“der//|DT1/€mf|2(T1/€m€)ﬁ*‘dxdr
t
Q 0 Q

Then, when comparing with the right-hand side of (4.18), and recalling that m* is already bounded in L', we conclude
that

L+]
I(T1jem)PTT| wea

L (Qr)

T
EC/‘/mE {Hp(t,x,Tl/eme,Du)~Due—H(t,x,Tl/gme,Due)}dxdt—i—C,
0 Q

where C also depends on m(. We use now this information in (4.16) and we deduce that

N+2

T
/GG(X,me(T))mE(T)-F//Fé(t,x,me)mé dxdr+||(T1/€mf)ﬁ“| N4z
L N (Qr)

0 Q

Q
T

5C+C//(Tl/€mé)#dxdt.
0 Q
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The latter inequality implies that its right hand side is bounded uniformly in €, and we obtain (4.7). From (4.16), we
also obtain (4.8) and we estimate the first term in (4.9).
Finally, from (4.17), we see that sup, fQ I (m€(t))dx < C which implies that

sup/‘mé(t)(Tl/Gme(t))% dx <C. (4.19)
' Q
Then using (2.2) and (2.4), (4.8) and (4.19) imply that
|Duc|P
——————dxdt < C, (4.20)
(,U« + T1jem€)®

which completes (4.9). In particular, we also deduce that fOT Jom© ()5:4 edxdt < C.
Finally, integrating (4.1) in (¢, T') x €2, we get that

/ue(t, x)dx

Q
T
:/G(x,pe*me(T))dx—i—//F(t,x,pe*me(s))dxds—//H(s,x,Tl/EmE,Due)dxds.
Q 1 Q rQ

The last term is bounded above by C from (4.7) and (4.9). Let us deal with fQG()c,,o6 * m€(T))dx: from
(2.12), G(x, p€ *m€(T)) < gr(x) + %(,o6 *m€(T)G(x, p€ *»m€(T)) + |cq4|p€ *m€(T)), where L is an arbitrary
positive number and gz (x) = maxo<m<z G(x,m) < %maxomeL g(@m) + «, from (2.10). Noting that fQ pE *
m(T)G(x, p€ * m€(T))dx = [om G (x,m )dx, and that [om®(x) = [,mo(x), we deduce from (4.7) that
fQ G(x, p€ *m€(T))dx < C, for some constant C independent of € and pu.

The same argument can be used for proving that j;T fQ F(t,x, p€ *m€(s))dxds < C. Thus

/ue(t,x)dx <C.
Q
Combining this with the lower bound on u€ already obtained, we obtain (4.10). O

Remark 4.3. Note that the constant C appearing in Lemma 4.2 does not depend on .

Lemma 4.4. For each 0 < € < 1, there exist two functions w€ and z¢ defined on Qt such that
|m€H]7(t7-x’ T]/Gmév Du6)| S szE + wE + vV mGZE )

where the family (w€) is bounded in Lﬂ/(QT), the family (z€) is bounded in L*(Q71) and, in addition, relatively
compact if B < 2.

Proof. From Remark 2.1, we know that o < 8. Therefore, if @ > 1, then o’ > B’. This yields

48— 1
(1—-a)p > —a, for any o such that 0 < a < % 4.21)

because (4.21) is trivial if 0 < @ < 1.

€\1B—
From (2.3), we see that \mGH,,(t,x, Tijem*, Du€)| <com€(1+ c |Duc )P~

) <cp(m€ + AL + Ap), where A| =

Tyjem®+p)
|Duc P! _ |Duc P!
]l{T1/€m€+,u<l} (T1jems+m)= T and Ay = ]l{Tl/em€+;LZl} me (Tijeme )@
. . / B Dut|B
Let us first deal with A;: (4.21) implies that Af < L7y jemetu<ny (T]/lgn’luf‘ll’ﬂ)a = (Tl/ld,'felm)a Therefore, from (4.9),

w€ = ¢y A1 is bounded in L’g/(QT) uniformly with respect to € (and to p).
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B . .
Next, we see that Ay < «/m€z¢ where z¢ = 17, JemEp=13V N (T|1/D':'17€|+W. Then, by Holder inequality, for any
E C Q7 we have

€128—2
€2 |Du |

|Duc|P // me
< ———dxdt L7y emerpu=1) —dxdt
T, € o /€ = ;i
( 1/em€ + 1) £ (Tl/em€+u)“(l+ﬁ’—2>
Du€lP
< // DU ffmfdxdt
(Tyjem€ + w)®

4.22)

We immediately deduce from (4.9) that z€ is bounded in LZ(QT). In addition, for any k < é we have

-

where we used (4.19). This implies that for € small enough,

// mEdxdt < C|E|&FT
E

and so we additionally deduce from (4.22) that z€ is equi-integrable in L>(Q7) provided 8 <2. O

m€ (Tyjem®) P71 < k|E| +

o
kBT

We now collect some compactness properties for the family (1€, m¢), which are mostly borrowed from [24].
Proposition 4.5.

(1) The family (m€) is relatively compact in L' (Q7) and in C([0, T1; W=7 (RQ)) for some r > 1.
(2) There exist m € C([0,T]; L'(Q)) and u € L>(0,T; L' (2)) N LY(0, T: W4(Q)) for all g < N+ such that
after the extraction of a subsequence (not relabeled), m¢ — m in L'(Qr) and almost everywhere, u¢ — u and

Du — Du in LY(Qr) and almost everywhere. Moreover, u and m satisfy

DulP B
// 1Dul” o dt+// _Dul”_ ear <c, (4.23)
(m+ w)e (m + u)“
/G(x,m(T))m(T)dx+[/mF(t,x,m)dxdt+IIm%HIILNTH(Q )SC, (4.24)
T
Q 0 Q

for some C =C(T,H, F, G, |moll) (independent of ).
(3) m€(t) = m(t) weakly in L! (), for every t € [0, T], and (3.2) holds for any ¢ € C°([0, T) x Q). If in addition
B <2, thenm® — m in C([0, T]; L' (R)).

Proof. Proceeding as in the end of the proof of Lemma 4.2, we see that (F€ (¢, x, m€)). is bounded in LY(O7),
(u€(t = T)). is bounded in L'($2) and that H(¢, x, Tijem, Du®) is bounded in L'(Qr) uniformly in €. Therefore,
(—8,14e — vAu®), is bounded in L'(Q7) and (u€(t = T)). is bounded in L!(2). The compactness of u€ and Du€ in
L (Q7) (and almost everywhere) follow from classical results on the heat equation with L! data, see e.g. [7,8]: there

existu € L(0, T; L'()) N LI((0, T); W4(Q)) for every g < %ﬁ , such that after the extraction of a subsequence

u¢ — u and Du€ — Du in L'(Q7) and almost everywhere.
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As far as m€ is concerned, thanks to Lemma 4.4 we can apply the estimates and the compactness results in [24,
Theorem 6.1]. In particular, this implies the point (1) in the statement and so, up to extraction of a subsequence, the
convergence of m€ in L'(Qr) and almost everywhere.

The bounds (4.23) and (4.24) follow from (4.7), (4.9) and Fatou’s lemma, keeping in mind that the constant C in
the estimates of Lemma 4.2 does not depend on .

To prove that m is a solution of (3.2), we observe that m*H, (¢, x, T1/em€, Du¢) strongly converges in LY(Or).
Indeed, the decomposition provided by Lemma 4.4 implies that this term is equi-integrable, so using the almost every-
where convergence and Vitali’s theorem, we obtain that mH, (¢, x, T /em®, Du¢) — mH,(t,x, m, Du) in L'(Q7).
As a consequence, (3.2) holds for any ¢ € C°([0, T) x ).

Finally, we have that m€(¢) is bounded in L log L(£2) uniformly in time (see e.g. [24]), which means that it is
equi-integrable in L'(£2). By Dunford—Pettis theorem, it is weakly relatively compact in L!(£2), and since we already
know that it converges to m(t) in W17 (Q), we conclude that it also converges weakly in L!(2) to the same limit. In
fact, if B < 2, from Lemma 4.4 we have the strong convergence of the terms w€, z¢ in LZ(QT). This means that we
can apply directly Theorem 6.1 in [24] to deduce the strong convergence of m€ in C([0, T]; L'(Q)). O

Henceforth, we let (i, m) as well as the convergent subsequence (1€, m®) be given by Proposition 4.5. Let us notice
that the weak convergence of m€(T') in LY(Q) easily yields that p€ »m®(T') also converges to m(T") weakly in LY(Q).
In particular, it is well-known that the sequence p€ * m€(T') generates a family of parametrized Young measures
{vi} € P(R), see e.g. [4,22]. This means that v, is a probability measure for a.e. x € 2, the mapping x > vy is
weakly-* measurable and, for a subsequence (not relabeled),

F(x, p€ xm€(T)) — / F(x,)dve(A)  weakly in L' (Q) (4.25)
R

for every Carathéodory function f(x, s) such that f(x, p€ *m(T)) is equi-integrable in LY(Q).
Thanks to the Young measures, we can initially identify the limit of u(7") and give a first description, by now in a
relaxed sense, of the equation satisfied by u.

Lemma 4.6. Let (u, m) be given by Proposition 4.5. Then

T T T
//u(p,dxdt—v//uAgadxdt+//H(t,x,m,Du)<pdxdt
0 Q 0 Q 0 Q

’ (4.26)
< / / F(t,x,m)pdxdt + / / G(x,M)dvy(M) o(T)dx
0 Q QR
for every nonnegative function ¢ € C2°((0, T] x Q).
In addition, we have that [ G(x, )Advs(A) € L'(Q), G(x,m(T))m(T) € L'(Q) and
/ Gox,m(T)m(T)ydx <C 4.27)

Q
for some C =C(T,H, F, G, |mo|lc) (independent of ).

Proof. From (4.7) and the convergence of m€, we see that (7' /em*) 1 converges in L' (@r). Using this observation
and (2.2), we can apply Fatou’s lemma and obtain that, for any ¢ € C2°((0, T] x ), ¢ >0,

T T

//H(t,x,m,Du)qa(t,x)dxdtflimigf//H(t,x,T]/emé,Due)(p(t,x)dxdt.
€—

0 Q 0 Q

Moreover, from (4.7) and (2.8), and the definition of F¢, we see that F€ (¢, x, m€) is equi-integrable in Q. Therefore,
from Vitali’s theorem,



Y. Achdou, A. Porretta/Ann. I. H. Poincaré — AN 35 (2018) 443—480 457

T T
lim//Fe(t,x,me)(p(t,x)dxdt=//F(t,x,m)<p(t,x)dxdt. (4.28)
0 Q 0

e—0
Q

Let us deal with the boundary condition at t = T': again from (4.7), the definition of G¢ and (2.10), we deduce that
G(x, p€ »m€(T)) is equi-integrable, so by the properties of Young measures we obtain that

lim | u(T,x)e(T,x,)dx = lim / G(x, p¢ *m(T)) p* (T, x)dx
e—0 e—>0
Q

@ (4.29)

Z/fc(x,,\)dux(,\)go(r,x)dx.
Q R

Combining the latter three points yields (4.26).
Finally, we notice that the bound fQ G (x,m®(T))m(T) < C given by (4.7) implies that both G (x, m(T))m(T) €
L'(Q) and [, [z G(x,)Advy (1) € L'(Q); indeed, on the one hand, thanks to (2.10) we have

/g(pe *+m(T))p* *m(T)dx < C
Q

so by convexity of g(s)s and weak convergence of p¢ x m¢(T) we deduce that g(m(T))m(T) € L'(S2), hence
G(x,m(T))m(T) € L'() again by (2.10), and estimate (4.27) holds. On the other hand, by properties of Young
measures we have

Ti(G(x, p€ x+m®(T)))p x+m*(T) —~ / Ti(G(x, A)Advy (1)
R

where Ty (s) = min(s, k). Hence

//Tk(G(x,A))kdvx(k)dxz 111%/Tk(G(x,pf*mé(T)))pf*mf(T)dx <cC.
Q R Q

By monotone convergence, letting k — oo we deduce that f]R Gx,Madv,0) e LY(Q). O

Lemma 4.7. Let (n€, u€) be given by Proposition 4.5. Possibly after another extraction of a subsequence, u€|;—g
converges weakly * to a bounded measure x on Q2. Moreover u(0) is a well defined Radon measure on Q2 and u(0) > .

Proof. From (4.10), we know that u€ (0) is bounded in L!(2). Therefore, there exists some bounded measure x such
that, up to a subsequence, u€(0) tends to x weakly *. Moreover, from Lemma 3.3, Remark 3.4 and Lemma 4.6, u(0)
is a well defined Radon measure.

Let us prove that x < u(0). Consider ¢(t, x) = ¥ (x)(1 — t/n)4+, where ¥ is any nonnegative smooth function
defined on 2. Taking ¢ as a test-function in (4.1), we obtain that

T T T
//Lf(ptdxdt—v//ue Agodxdt—l—//He(t,x,Tl/eme,Due)godxdt
0 Q 0 Q 0 Q

T
:[/Fe(t,x,mg)(pdxdt—-/go(O,x)uE(O,x)dx,
0 Q Q

which implies by using Fatou’s lemma as in the proof of Proposition 4.5 that



458 Y. Achdou, A. Porretta/Ann. I. H. Poincaré — AN 35 (2018) 443—480

T

T T
//u(ptdxdt—v//uA<pdxdt+//H(t,x,m,Du)(pdxdt
0 Q Q Q

0 (4.30)

0
T
5//F(t,x,m)(pdxdt—(x,1ﬁ).
0 Q

On the other hand, as n — 0, fOT Jou:dxdt = —% Jo Jqu ¥ (x)dxdt tends to —(u(0), ¥). Passing to the limit in
(4.30) as n — 0, we obtain that (u#(0), ) > (x, ¥), which is the desired result. O

5. Crossed energy inequality
We prove here the main step towards the uniqueness result.

Lemma 5.1. Assume that H satisfies assumptions (2.2)—(2.3) with it > 0, and that (2.8)—(2.10) hold true.

Let u € L0, T; L'(Q)) satisfy (4.26) for some family of probability measures {v,} (weakly—x measurable
w.r.t. x) such that

/G(x,k)kdvx(k) e LY(Q) (5.1)
R

and let m € C°([0, T1; L' () be a solution of (1.4), and assume that (u, m) satisfy (ii) in Definition 3.1. Then we
have

T
(mg, u(O))5//G(x,k)dvx(k)ﬁ1(T)dx+f/F(t,x,m)iﬁdxdt
Q Q

R 0 (5.2)

T
+//[n3H,,(r,x,rh,Dﬁ)-Du—nﬁH(t,x,m, Du)]dxdt
0 Q

for any couple (i, m) satisfying the same conditions as (u,m).

Remark 5.2. The above Lemma applies in particular if vy = §,,(7,x), in which case u is simply a subsolution of (1.3)
and condition (5.1) is equivalent to G (x, m(T))m(T) € L ().

Proof. Let ps(-) be a sequence of standard symmetric mollifiers in R" and set

mxum=mnum=/mmwm@—w@.
RN

Notice in particular that mg, Dms € L°°(Q7) since m € L*°(0, T; LY(Q)). We also take a sequence of 1-d mollifiers
&.(¢) such that supp(&;) C (—¢, 0), and we set

T
mxzfau—mmmw.
0

Notice that this function vanishes near r = 0, so we can take it as test function in the inequality satisfied by u. We get
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T

T
//u[a,m,gg VAR ] dxdt—i—//H(t,x,m,Du)ﬁlg,gdxdt
0

0 (5.3)

//F(t X, m)mggdxdt—l—//G(x,)»)dvx()\)nﬁg,g(T)dx
Q R

The first integral is equal to

T

//[_asué,s —VvAus lm(s, y)dsdy

0 Q
where us .(s,y) = fOT fQ u(t,x)é:(s —t)ps(x — y)dtdx. Notice that this function vanishes near s = T. Thus using
the equation of m we have
T

/f[—asua,e —VAus m(s, y)dsdy

0 Q

T
- / / (s, V)B(s. y) - Dyus. dsdy + [ o (0)its 0 (0)dy .
0 Q Q

where b= H »(t,x,m, Dit). We shift the convolution kernels from u to m in the right-hand side and we use this
equality in (5.3). We get

|

T

Du - ws ¢ dtd)c—i—//H(t,x,m,Du)ﬁz(s,‘,3 dxdt+/(ﬁz0*p5)/u(t)§g(—t)dt dx
Q

Q 0 Q

T (5.4)
//‘F(t,x,m)nﬁg,gdxdt%—//G(x,)»)dvx()\)nﬁg,g(T)dx

0

Q

where we denote s = [(b i) * ps] and ws . = fOT ws(s) & (s —1)ds.

Since now, we distinguish between the cases ¢ < 1 and @ > 1. Recall that o <

the latter case only happens for 1 < @, ie. B> %.
(A) Case when o < 1. Let us deal with the first two integrals in (5.4). By assumption (2.3) we have

ait: ﬁfl) is always assumed, hence

1 1

- ~ B ; - 1
[(m D) * p5| < comns + c2 <<rﬁ ~|D—u|> *pa)ﬁ (# *pg)ﬁ
(m + w)* (m 4 w)*

L
7

com c m-—_——|]x m x
<coms +c2 e ) <P Ps

where we used @ < 1 in the latter inequality. Therefore, using also (2.2) we estimate

B o
Ht, %, m, Duyiins(s) — D - 5(s) = corig (5)— 2 _ s (8)(1 +mPoT)
(m + )~
5(5)| Dul — c2|D |<<~() |Dis)1” )* )# s(s) 7
— Ccomg(S ul— cC u ms) —m—m———— m
2 ? () ) ")

which yields, by Young’s inequality,
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5 5 co . |Du B 5 o
H(t,x,m, Du)ms(s) — Du - ws(s) > —ms(s) ——— —cms(s)(1 + mP-T)
2 (m + w)*
- (5.5)
o |DulPrivg ()= — C, (i(s) LZOlSAN
’ i (7 (s) + )

Since « < 1, choosing o < 3 we have

Co I’;l(s
Pt L
2 (m+p)*

~1—o

¢
o g +Eo(m+u)l_a,

while

a

s+ mPT) < e (Ui 7T 4T,
So we conclude from (5.5) that

H(t,x,m, Du)ims(s) — Du - ws(s) > —c (th(s)l+% +ml+ﬁ)

|Dii(s)|P
(n(s) + u)a) ’
Notice that condition (ii) in Definition 3.1 implies that (m + p)' = |Du|P belongs to L'(Qr). Due to the summability
of all the above terms, we are allowed to use Fatou’s lemma and deduce
T
li;’ri)i(l)lf/ /[H(t, x,m, Du)ms ¢ — Du - ws c]dxdt
0 Q

—cm+w)'~|Dulf — ¢ <n~1(s)

T T
= limigf/ / /[H(t, x,m, Du)mg(s) — Du - ws(s)]& (s — t) dsdxdt
0 Q0

T
> //[H(t,x,m, Du)mgs — Du - ws]dxdt,
0 Q

and in the same way

T
liminff /[H(t,x, m, Du)mgs — Du - wg]dxdt
§—0
0 Q

T (5.6)

2//[H(t,x,m,Du)n~1—Du-Hp(t,x,nﬁ,Dﬁ)nﬁ]dxdt.
0 Q

Now we consider the remaining terms in (5.4), in particular the terms att =0 and t = T. Fort = T, we have

//G(x,k)dvx(k)n%g’s(T)dx=//G(x,)»)dvx()n)n~15(T)dx
Q R Q R

T
+///G(x,)»)dvx()»)[ﬁza(s)—rh(;(T)]ég(s—T)dsdx.
Q0 R

Since i € CO([0, T]; L' (R2)) implies that fOT [ms(s) — mg(T))é:(s — T) ds converges to zero uniformly as ¢ — 0,
the last integral will vanish as ¢ — 0.

For t = 0, we recall that fQ u(t) (mo * ps)dx has a trace at r = 0 from Lemma 3.3, and this trace is also continuous
as § — 0 since m is continuous. Therefore, as ¢ — 0 we obtain from (5.4)
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T
//[H(t, x,m, Du)ms — Du - ws]dxdt + /(I’?[Q*pg)bt(()) dx
0 Q

@ (5.7)

T
5//F(t,x,m)rhgdxdt+//G(x,k)dvx(k)r7z5(T)dx
0 Q Q R

We apply assumptions (2.8) and (2.10) to deal with the last two terms. Indeed, if c4 is the constant in (2.11), we have
cams < F(t,x,m)mgs < (F(m) + |c4|)ms implies that

- - 1 -
cams < F(t,x,m)yms < (F(t,x,m) + |cal)mLy> s + (Xf(m) +K+ IC4|) msl, s
1 .
< (F(t,x,m) + |ca)m + Xf(ma)+fc+|04| ms

| .
<F(t,x,m)m+ xf(m(;)m(; + C(m + myg).
Hence

1
cams < F(t,x,m)yms < F(t,x,m)m + Xf(lﬁs)ffla + C (m + ms)

1

and since F(¢t,x,m)m € L' (Qr) (and the same holds for f(m)m by (2.8)), we conclude that the sequence
F(t, x,m)fmg is bounded above and below by convergent sequences in L!(Q7), which allows us to pass to the limit
as § — 0. We proceed similarly for the term with G. Indeed, by (2.9),

/G(x, A dv,(Mmg(T) < / G, )Advy(A) + G(x,ms(T))mg(T) forae. x €€,
R R
and using (2.10) we deduce

1
/ G (x, 1) dvs (Wit (T) < / G e, v (3) + 5 gy (T)iis(T) + C g (T)
R R

1
< f G Adue () + 5 (GG TIAT) % ps + Crng(T).
R

Thanks to (5.1) and since G (x, m(T))m(T) € L' () (and the same holds for g (/(T))m(T) by (2.10)), we can handle
this term too. Finally, passing to the limit in (5.7) and using also (5.6), we obtain (5.2).

(B) Case when « > 1. First recall from Remark 2.1 that @ < 8. Moreover, since 1 > §—1,we alsohavea > 8 —1,
ie. B—a<l.

We estimate now differently the first two terms in (5.4). First of all, by Young’s inequality, we have (omitting to
write that mg, Du are evaluated at s and m, Du at 1)

~/3—o¢

- max(m + wu,mg) . o m
Du~w5§0—( ﬂ_:L (S)Iu)alﬁ—i—C(7 8 1|Du|ﬁ
_ BT max(m + , nig)P=
m
s

and using 8 > « and « > 1 this yields

- m-4p+m
Du-w(sgo#

10517 + Co (m + ) =¥ Dul? . (5.8)
~ B—T
mg

By (2.3),
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167.5) w o] = ety 2 (s A2E
m * com c m-——]x%
sl = cams + 2 Gt £ p)® Ps

1 1
_ |Dii|P 4 b B
<coms+ca m * O m*ﬁs
B—a

L
7

i |Dal? C
<coms+c3 m * 05 myg

where we used 8 — « < 1 in the last inequality. We deduce that

|‘D‘S'ﬁ/<cmﬂal+C<|Dﬁ|ﬂ')w (5.9
S ’ (1 + )
S

Combining this information with (5.8), we deduce that

Du-ws <o Clm+ p+m ]( i )
u-w o Clm m —_— | *
5 = wmsl\ e ) <P

(5.10)
o 145% _
+C+m™ BT g P+ Co (m+ 1)~ Dul?.
We first use this inequality to get
T

i , |Dal’
Du-wse <o C | [m+ pu—+ms]
0

m) * ps & (s — 1)ds

T
_a Lg% _
O +m T [ T8 Gs — s+ Co 4+ 0! Dl
0

Since [, m(t, x)dx = [o,mo(x)dx and ()n’i“lﬁ e L' (0r),

T
\Dii(s)|? 60 |Dii(1) | -
0/’"0) ((m)*ﬂs) (s —tds —  m(t) (m)*ps in L (Q7).

Using also that 7725(s) is continuous, we deduce that Du - ;. is dominated by a L!-convergent sequence, so we are
allowed to take € — 0 in (5.4), obtaining

T

//[H(t, x,m, Du)ms — Du - ws]dxdt + /(rﬁo*,o[;)u(O) dx
Q Q

0 (5.11)

T
5//F(t,x,m)nﬁ(gdxdt+//G(x,)»)dvx()»)n~15(T)dx.
0 Q Q R

Thanks to (5.10), and since the right-hand side is bounded as in the previous case, the above inequality also implies

T T
Dii|?

//H(t,x,m,Du)ﬁz(gdxdt§C+0C//[m+u+n~15](lg)*p(;dxdt
J J (m + p)*
0 0

T T

o 1+3%
—i—C//[l—I—mH_ﬁ*l + g ﬂ’l]dxdt+C,,//(m+u)1_“|Du|ﬁdxdt.
0 Q 0 Q
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On account of the bounds on m, m in Ll+% (Qr) and using the properties (ii) in Definition 3.1, the last line of the
above inequality is uniformly bounded. Therefore, using (2.2) we deduce that

———dxdt<C+oC 7dxdt
(m u)“ (m wy«
0 Q
+0C// ( |Du|ﬂ )* dxdt
it )P :

where ms = m x ps. We obtain a similar inequality reversing the roles of (u, m) and (i, m), and by addition we get

T
p p
// _1pal” dxdt+ff _Dul”
( + e ( + )"‘
0 Q

<C+oC f/ _1pay dt+/T/ Dul_
o m
= >+ ) St
0 @ 0

T T
+C//~<|D“|ﬂ>* ddt—i—// ('D'ﬂ)* dxdt
o m X m X ,

/) b (m+M)a Ps J S (m+M)a Ps

hence choosing o sufficiently small we conclude that

|Du|P
f/ (+-wdm+f/ (%-me
<C+C //ﬁm( |Dal? )*psdxdt—i—// ( |Dul” )*Pédth
- ;2 (m + )~ (m + p)*

We wish now to estimate last terms in the above inequality. To this purpose, we use (5.11) with m replaced by mg
(and so w by (mH,(t, x, Du)) % ps). Since the terms with F and G can be estimated as before, we get

(5.12)

/fM5 [H(t,x,m, Du) x ps]dxdt < / /[Du * psl - [(mHp(t,x, Du)) * psldxdt + C.

0 Q
Therefore, using (2.2) we obtain
T T
|Dul?
o ms[| ———— | x ps]dxdt < [Dux ps] - [(mHp(t, x, Du)) > ps]dxdt + C
(m + )~
0 Q 0 Q
T T
L ADuPt
<c |[Du * ps| ( e * psdxdt + C |Du*p5|m3dxdt
0 Q 0
T 1 T
< fle |<< |Dul” ) )ﬁ, ﬁﬁad dt+C//|D | ms dxdt
=C U * ps m X Uuxps| msadx
s ) (m + p)* s J

T
<C°f/( ) ('D”'ﬁ> dxdt
—_— m * —_— | % X
<5 wxes e ) £
0 Q
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T T

14+ %
+C//|Du*p5|ﬂ((m+H)*pa)17°‘dxdt +C//l+m5+ﬁ_ldxdt.
0 Q 0

Hence we conclude that

T
|D |ﬁ B l—a
g0 ) *sdxdi <C [ [ 1Dus psl? (Gt o)« ps)'* dxde +-C.
0 Q

Now we observe that the function (m, &) — (m + n)!~*|€|# is convex as a function of two variables, therefore
|Dux 517 (0 + 1) % p3)' ™ < (G 4+ 0)! = Dul? ) .y

which is bounded since (m + u)l_“ |Du|ﬂ e Li( Q7). We deduce the uniform bound (with respect to §)

// < |Dul” )*p dxdt <C
(m+ )Ol ) g )

and similarly for 7. Going back to (5.12), this also implies the bound

/T/ |Dii|P // _|Dulf
————dxdt + dxdt <C
s > + 0)® > (m + )

Now, reasoning as in (5.8)—(5.10),
1

~ B
- m+pu+ms) . g _
//IDM'waIS f A REMS) | 18 /f(mw)‘ “| Dul
- B=T
E E

E mg

=\ /] () o) ([ [ons e
+ [m + u + ms) * 03 (m+ ) ~%|Dul
(m + w)* ]

The bounds previously established yield

//wu-ﬁmsc //<m+ml—“|Du|ﬁ
E E

and since the set E is arbitrary and (m + ) 1=2|pu|f e L'(Q7), we deduce the equi-integrability of Du - ws. Finally,
this allows us to pass to the limit in (5.11) and to obtain (5.2). O

1
B

=
==

A similar Lemma holds for the case of singular congestion, suitably adapted to the formulation of this case.

Lemma 5.3. Assume that H satisfies assumptions (2.2)—(2.3) with u = 0, and that (2.8)—(2.10) hold true. Let u €
L%(0, T; LY (Q)) satisfy

T
//ugo,dxdt vf[qudedt—i—//H(t x,m, Du)ljy-0) @ dxdt
Q

0

T
//F(t,x,m)q)dxdt+//G(x,)»)dvx()»)<p(T)dx
0 Q
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for some family of probability measures {vy} (weakly—x measurable w.rt. x) such that (5.1) is satisfied, and let
m € C°([0, T1; LY (Q)) be a solution of (3.6). Assume that (u, m) satisfy the conditions (ii) in Definition 3.7. Then

(mo, u(0)) 5//G(x,)»)dvx()\)nﬁ(T)dx—i—//F(t,x,m)rﬁdxdt
QR 0 Q (5.13)

+//[na Hy(t,x,m, Dii) - Du—m H(t,x,m, Du)] Lyn=o, q=oydxdt
0 Q

for any couple (i1, m) satisfying the same conditions as (u, m).

Proof. The proof follows the same lines as that of Lemma 5.1.
(A) Case when « < 1. Proceeding as in the proof of Lemma 5.1, we obtain the counterparts of (5.3)

T

//u[atnﬁg,g —vAr?zg,g]dxdt+//H(t,x,m,Du)nﬁg,g]l{mw}dxdt

0 Q

T (5.14)

S/fF(t,x,m)nE(g,gdxdt+//G(x,)»)dvx()»)ﬂz3’£(T)dx
0 Q QR
and of (5.4):

O\ﬂ

T
/Du w(gsdtdx—i—//H(t,x,m, Du)ms ¢ ]l{m>0}dxdt+/(mo*p5)/u(t)$g(—t)dt dx
Q 0 Q 0

Q

T (5.15)

//F(t,x,m)rhg,gdxdt—k//G(x,)»)dvx()»)rhg,s(T)dx

0 Q

IA

where we denote ws = [(n H) (¢, x,m, Dii) Liz-0)) * ps] and s, = fOT ws(s) & (s — t)ds. Note that ws =
[(m H),(t, x, m, Dit)) * ps] if o < 1. Set b= H,(t,x,m, Dit) 1;;-.0y. We deduce from Assumption (2.3) that

L 1
|Di|P B B
| b) * ps| < carits + 2 m—]l{rh>0} * s o * P

L 1—a
<cs+c2 (( I~ |Du|ﬁ]l{m>0}) *PS) (m* ps) P

where we used a < 1 in the latter inequality. Therefore, using also (2.2) we estimate

. 8 . |Dulf 3 a
H(t, x,m, Du)Lyn=oyns(s) — Du - ws(s) = coms(s) ———Lym>0y — c1is(s)(1 +mF-T)
" i (5.16)
— carns()|Dul = 2l Dul (1)~ 1D L cor-p) # 5) 7 s() 7
We now use the fact that Du =0 a.e. in {m = 0}. From Young inequalities, we deduce
co |Du|P 3 o
conig(s)|Dul = cams(s)| Dul Lm0y < 57’”5( )—]l{m>0} + Cms(s)mP=T, (5.17)
and
1 -
21Dl ()~ 1D L acero0r) % 05) 7 () 7
(5.18)

< o 1DulP Lp-0pits ()~ + Co (1) 1D P 0 ) % 05,



466 Y. Achdou, A. Porretta/Ann. I. H. Poincaré — AN 35 (2018) 443—480

andif 0 <o <cp/2,

_ ms(s) -
Lm0ty ()7 < 5 = 0y + S m! " o), (5.19)
because 0 < o < 1. Finally,
g (s)mPT 5C(1+m1+% —l—nﬁg(s)Hﬁ&T‘). (5.20)

Combining (5.16) with (5.17)—(5.20), we get
H(t, x, m, Du)iis(s) — Du - ws(s) > —C (1 g (s) ST +m”ﬁ)
o 1 g e
- 3"11 *|Dulf Lynsoy — ¢ (m(S)l “ IDM(S)|’3]1{n‘1(s)>0}) * 05 .

The conclusion of the proof is exactly as for Lemma 5.1.
5 (B) Case when o > 1. We start from (5.15), and proceed differently for the first two terms. From (2.3) we have
|b| < cr(1+ |Dﬁ|ﬂ_1n~1_“]1{,;,>0}), so we estimate wg as in (5.9) of Lemma 5.1 and we get

|ws| | Da|?

§ el (12

]l{m>0}) * 5.

Y
S
I

Since Du =0 a.e. if m =0, we can use (5.8) with u© = 0 and, similarly as in Lemma 5.1, we get at

D pu. 55
u-ws=Du- e mg {m>0}
B
mg

IDMI’6 TR B
<o C(ms+mly,=o)) e Lpasoy ) xps +C (1 4+m "FT 4

+ Cofml_a]].{m>0}|Du|ﬁ.

Thanks to this estimate, we can proceed exactly as in the proof of Lemma 5.1 (when « > 1), and obtain

T
//[H(t,x,m, Du)lyy~0yms — Du - lbg]dxdt+/(rh0*p3)u(0)dx
0 Q

- (5.21)

5//F(t,x,m)r?z5dxdt—I—//G(x,)»)dvx()n)nEg(T)dx,
0 Q R
and, after some steps,
[ |Dii| i | Dulf
u u

//m(g —a ]l{,,~1>0}dxdt+//m5 o L0y dxdt
0@ 0 (5.22)

T T
- (|Da|f |Dul?
<C+C ms ~—a]l{fh>0} * psdxdt + ms —a]l{’">0} * ps dxdt
m m
0 Q 0 Q

To estimate the last two terms in (5.22), we use (5.21) where we replace m with mg and proceed as above,

Dul|P1
CO/f <| u| {m>0 )*p dxdt<//Du*p3 (mH (t, x, Du)]l{m>()})*,03dxdt+c

T
cz//|Du*p5| 1= py)f- ]l{m>o}>*p5dxdt+C
0
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T

1
M|ﬂ B pa
SCz//IDM*Pal - Tmsoy ) *ps | (mxps) P dxdt+C

0

Let us observe that m x ps = 0 = Du x ps = 0 since Du = 0 at almost every point where m = 0. This means that
last integral in the above inequality is restricted to the set {m x ps > 0} (even in the limiting case 8 = «). By Young’s
inequality, we deduce that

1Dul? | §
o Tim>0) *pgdxdt<C |Du * ps|” (m *p(g) Linups>0ydxdt +C. (5.23)

Let us define the convex and lower semi-continuous function ¥ on R x R by

m' = plf if m>0,
Y(p,m)=10 if m=0and p=0,
400 otherwise.

This implies that

(m % p5)' ™% | D * p51P Ljmupy=0y = W (Du x ps, m * ps)
<V (Du,m)x ps

= ("= 1Dul’ Loy * 5

and the latter function is bounded in L! (Qr) by assumption. We deduce from (5.23) the uniform bound (with respect

to §)
T
|Du|?
ms | ———1Lym>0) | * psdxdt < C,
mC{
0 Q

and the same holds replacing m with m and u with . Going back to (5.22), we obtain

Di|f
f/m5| | ]l{m>0}dxdt+//m5

and we conclude as in the proof of Lemma 5.1. O

]l{m>0} dxdt <C,

6. Existence and uniqueness for non-singular congestion

Our first goal is to prove the existence of a weak solution and, to this purpose, we now show the strong convergence
of G¢(x,m*(T)) in L'(Q).

Lemma 6.1. Consider a subsequence (u€, m¢) converging to (u, m) as in Proposition 4.5. We have that G€ (x, m¢(T))
converges to G(x, m(T)) in L' () and (u, m) satisfies the energy identity:

T
//m (Hp(t,x, m,Du)-Du— H(t,x,m, Du)) dxdt

0« 6.1)

T
~|—/m(T)G(x,m(T))dx+//mF(t,x,m)dxdt=(u(O),mo).
0 Q

Q
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Proof. We start from the energy identity for the solution of (4.1)—(4.3):

T

f/mf (Hp(t,x, Tijem€, Du) - Du® — H(t, x, Ty em®, Du€)) dxdt
0

. (6.2)
+/m€(T)GE(x,m€(T))dx+//mEF€(t,x,m€)dxdt =/u€(0)m6dx.

Q 0 Q Q

Thanks to (2.6) and (2.11), Fatou’s lemma implies that

T
hmlnf// H (t,x,Tijem®, Du€) - Du® — H(t, x, Tyjem®, Due)) dxdt

T
2//m (Hp(t,x,m, Du)-Du—H(t,x,m, Du)) dxdt,
0 Q

and

T
11m1nf//m F€(t,x,m®)dxdt > //mF(t,x,m)dxdt.
0

Q

From Lemma 4.7 we can assume that u€|;—¢ converges weakly * to a bounded measure x on €2, and x < u(0). Since
mq € C(R2), we deduce that

lim [ u€(0)ymydx = (x,mo) < (u(0), mo).
e—0
Q

Combining the informations above, we get from (6.2)

e—>0

T
limsup/m (TG (x,m*(T))dx < (u(0), mg) f/mF(t,x,m)dxdt
0

—//m(Hp(t,x,m,Du)~Du—H(t,x,m, Du)) dxdt

We now use (5.2) in Lemma 5.1 with m = m and u# = u, and we get

limsup/m (TG (x,m“(T))dx < (u(0), mo) //mF(t x,m)dxdt

e—0

T
// H (t,x,m,Du)-Du— H(t,x,m, Du)) dxdt (6.3)
0 Q

gf/m(T)G(x,k)dvx(k)dx.

We now use the monotonicity of G in order to get the strong convergence of G€(x,m(T)). Indeed, if we set m€ :=
p€ *m(T) and Ty (r) = min(r, k),
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/ [T (G (x,m)) — Ti(G(x, m(T)))| [m€ — m(T)]dx
Q

§fG(x,ﬁ1€)ﬁ1€dx—/Tk(G(x,n%E))m(T)dx—/Tk(G(x,m(T))) [m€ —m(T)]dx .
Q Q Q

Since m¢ weakly converges to m(T), the last term vanishes as € — 0. The first one is estimated by (6.3), while for the
second we can use (4.25) with f(x,-) = Tx(G(x, -)). Therefore, we get

limsup/ [Tk (G (x, 1)) — T (G (x, m(T)) | [m€ — m(T)]dx

e—0
5//G(x,k)m(T)dvx(A)dx—//Tk(G(x,A))m(T)dvx(A)dx.
Q R Q R

Letting K — oo we conclude that

limsup lim supf [Tk(G(x, m)) — T (G(x, m(T)))] [m€ —m(T)]ldx =0. (6.4)

k— 00 e—0

We claim now that, as a consequence of (6.4), G(x, m¢) converges to G(x, m(T)) almost everywhere in 2, at least
for a subsequence. Indeed, we observe that

Jo telem=Glm TN —m Dl gy < [0 [Tr(G(x, ) = Te(G (e, m(T))] € — m(T)ldx

+ Jo |G (x, )| LG (xsney=ky dX + [o |G (x, m(T))| LG (x,m(T))=k) dX

and last two terms tend to zero as k — oo uniformly with respect to €. So we have

: [G (x,m®) =G (x,m(T)] [ =m (T)]
11rEn_§:)1p Jo T+me+m(T) dx
<limsup [, [Te(G (x, 1)) — Te (G (x, m(T)] 1€ — m(T)ldx

e—0

+sup, o |G RO LG ey dx + [ |G (. m(T) LG x.m(1))>k) X
hence, using (6.4) and letting k — oo, the right-hand side vanishes. We deduce that

i / [G(x,m?) — G(x,m(T)) [ —m(T)]
imsup = dx
1+mé+m(T)
Q

=0

e—0

which means, since G is monotone, the L' convergence of the integrand function. We deduce that, up to subsequences,

[G(x,m*) — G(x,m(T))] [ —m(T)]
1+mé+m(T)

—0 ae.

and this readily yields the a.e. convergence of G (x, m€) to G(x,m(T)) in Q.
Finally, since G (x, 772€) is also equi-integrable by (4.7), it is therefore convergent in L!(£2). As a consequence, the
L' convergence of G*(x, m¢(T)) towards G(x, m(T)) is established. In addition, we now deduce that

/G(x, Advy(A) =G(x,m(T)).
R

We insert this information in the right-hand side of (6.3), moreover now we can use Fatou’s lemma in the left-hand
side and we conclude with the identity

T

/G(x,m(T))m(T)dx:(u(O),mo) —//mF(t,x,m)dxdt
Q

Q 0
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T
—//m(Hp(t,x,m,Du)-Du—H(t,x,m,Du)) dxdt
0 Q

whichis (6.1). O

Remark 6.2. The monotonicity of G is only used in the above lemma in order to obtain the strong L' convergence
of G®(x,m¢(T)). If g < 2, this condition would not be required since one already knows from Proposition 4.5 that
m€(T) strongly converges in L' to m(T).

We can finally conclude with the existence result.

Theorem 6.3. Consider a subsequence (u€, m¢) converging to (u,m) as in Proposition 4.5. Then (u, m) is a weak
solution of (1.3).

Proof. With the results proved in §4, there only remains to pass to the limit in the Hamilton—Jacobi equation and
show that (1.3) holds.

By Lemma 6.1, G¢ (x, m€(T)) — G(x,m(T)) in L'(2). We also know that F€ (¢, x, m¢) — F(t,x,m) in L' (Q7)
(see the proof of Lemma 4.6). Now we observe that assumptions (2.1)—(2.3) imply that H satisfies

Ipl?

o |plP |pl” o
co————ca(l4+mfF1)<H(t,x,m,p)<c|lpl+ ———— ) <c|————+1+mFT ).
(m + w)*

(m 4 p)* (m + p)*
Therefore, up to addition of a L'-convergent sequence, the Hamiltonian
(t,x,p)—> H(t,x, Tijem(t, x), p)

is nonnegative and has natural growth. Since u€ is bounded below, without loss of generality we can assume that the
solution u€ is also nonnegative. It is therefore possible to apply (a straightforward adaptation of) the result in [23,
Theorem 3.1], in order to deduce that H (¢, x, T1jem€, Du€) — H(t, x, m, Du) in Ll(QT), and we can pass to the
limit in (4.1)—(4.3) and obtain (3.1). O

In order to prove the uniqueness of weak solutions, the main step was given by Lemma 5.1. We need however a
counterpart which ensures that any weak solution satisfies the energy equality (6.1). To this purpose, we follow an
argument developed in [25].

Lemma 6.4. Let (u, m) be any weak solution of (1.3)—(1.5). Then the energy identity (6.1) holds true.

Proof. By Lemma 5.1, we already know that

T
/mou(O)dxS/G(x,m(T))m(T)dx—i—//F(t,x,m)mdxdt
0 Q

Q Q

T
+f/[mH,,(t,x,m,Du)-Du—mH(t,x,m,Du)]dxdt
0

where we used the fact that u € C°([0, T1; L1(2)). In order to prove the reverse inequality, let u; := min(u, k). Since
—u; —vAu € L' (Qr), by Kato’s inequality,

—(up)r —vAur +Ht, x,m, Du)Ly,py = F(t, x,m)Lj, <y

Since m; — vAm — div(m b) = 0 for some b such that m|b|2 e L'(07), by [24, Theorem 3.6] we know that m is also
a renormalized solution, hence it satisfies

S,(m); —vAS,(m) — div(S,/, (m)m Hy(t,x,m, Du)) = w,
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where S, (m) is a suitable C! truncation (i.e. S, (r) = nS(r /n), for some S compactly supported in [—2, 2] such that
S=1in[—1,1]) and where w, — 0in L! (Qr). Notice that both u; and S,,(m) are bounded functions and belong to
L0, T; HY) N C°([0, T]; L'(R)). By using uy in the equation of S, (m) we get

T
/Sn(mo)uk(())dx—/uk(T) Sn(m(T))dx2//F(t,x,m)]l{u<k}S,,(m)dxdt
0 Q

Q Q

T T
+/f[s,’l(m)m Hp(t,x,m, Du) - Du— S,(m)H (t, x,m, Du)]| L <y dxdt—//a)n updxdt .
0 Q 0 Q

Letting first n — oo, the last term vanishes since u; is bounded. The regularity of weak solutions allows us to pass to
the limit in the other terms (recall that u(T) = G(x, m(T))) and we obtain

T
/mouk(O)dx—fuk(T)m(T)dxz//F(t,x,m)IL{u<k}mdxdt
Q Q 0 Q

T
+//[me(t,x,m,Du)-Du—mH(t,x,m,Du)]]l{u<k}dxdt.
0 Q

Finally, letting k — oo we deduce the desired inequality and we conclude that (6.1) holds true. 0O
Lemma 6.5. Under all the assumptions made in Theorem 3.6, there is a unique weak solution of (1.3)—(1.5).

Proof. Let (u,m) and (&, m) be two weak solutions of (1.3)—(1.5). By Lemma 6.4, they both satisfy the energy
identity (6.1), so using also Lemma 5.1 overall we know that

T
/mou(O)dx5/G(x,m(T))er(T)dx+f/F(t,x,m)n~1dxdt
Q 0 Q

Q

T
+f/[n”1 Hy(t,x,m, Dii) - Du—m H(t,x,m, Du)|dxdt,
0 Q

T
/moﬁ(O)dx5/G(x,rh(T))m(T)dx+//F(t,x,nﬁ)mdxdt
0 Q

Q Q
T
~|—//[me(t,x,m,Du)-Dﬁ—mH(t,x,nﬁ,DlZ)]dxdt,
0 Q
T
/mou(O)dx=/G(x,m(T))m(T)dx—i—/fF(t,x,m)mdxdt
Q Q 0 Q
T
—i—//[m Hp(t,x,m,Du)-Du—mH(t,x,m,Du)]dxdt,
0 Q

T
/mozl(O)dx=/G(x,n~1(T))n~1(T)dx~|—//F(t,x,n~1)n~1dxdt
Q 0 Q

Q



472 Y. Achdou, A. Porretta/Ann. I. H. Poincaré — AN 35 (2018) 443—480

T
+//[m Hy(t,x,m, Dii) - Dit —m H (t, x, m, Di)| dxdt,
0 Q

and therefore

T
0> /(G(m(T)) — G(T))) (m(T) —m(T))dx + / /(F(t, x,m) — F(t,x,m))(m — m)dxdt
Q 0 Q
+ /m [H(t,x,m, Du) — H(t, x,im, Dit) — Hy(t,x,m, Dii) - (Du — Dii) | dxdt (6.5)

Q

+

Ct—~ T

/m [H(t,x,m, Dit) — H(t,x,m, Du) — Hp(t,x,m, Du) - (Dii — Du)|dxdt.
Q

Let us define
E(t,x,my, p1,ma, p2) =— (H(t, x,my, p1) — H(t, x, ma, p2))(my —m3)
+ (m1Hp(t, x,my, p1) —maHy(t,x,ma, p2)) (p1 — p2)
+ (F(t,x,my) — F(t,x,mp))(my —my)

and r = po — p1, ps = p1 + sr, Z =mp — my, mg = m| + sz. From the assumptions, the function % : s —
—zH(t, x, mg, ps) + msHp(t,x,mg, ps) - v + zF (¢, x, my) is increasing on [0, 1]; this yields that E(¢,x,m1, p1,
my, p2) > 0 for all my,my > 0 and all py, pr € R¥ and that E(t, x, m;, p1,ma, p2) =0 if and only if m; =m», and
p1 = p2. Thus, (6.5) and the assumptions imply

f(G(x, m(T)) — G(x,m(T))) (m(T) —m(T)) dx =0,
Q
(6.6)

T
//E(t,x,m,Du,ﬂz,Dﬂ)dxdt=O.
0 Q

From (6.6), we deduce that m = m and Du = Du a.e. in Qr, and that G(-, m(T, -)) = G(-,m(T,-)) a.e. in 2. We
then deduce that, in a weak sense, (u —u); =0 and u(T) = u(T), hence u = a.e.in Q. O

7. Existence and uniqueness for singular congestion
We consider the limit case when p = 0; we aim at proving the existence and uniqueness of a weak solution of

(1.3)—(1.5) as defined in Definition 3.7. Recall that it is not restrictive to assume (3.3). To prove existence, we consider
the weak solutions (u*, m*) of

—out —vAutr + Ht,x, u +m", Du")y=F@t,x,m"), (,x)e€(0,T) x Q (7.1)
om"* —vAm"* —divim" H,(t, x, u +m", Du*)) =0, (t,x) € (0,T) x Q (7.2)
m* (0, x) =mo(x), u*(T,x)=G(x,m"(T)), x e (7.3)

for u > 0 tending to 0. By (4.23), (4.24), we already know that the following estimates hold

<C, 7.4
Q1) 7.4

2‘-,«-
o

T
fG(x,m“(T))m“(T)dx+/fF(l,x,m”)m“dxdt+||(m”)ﬂ%1+l||LN
Q 0 Q

T
f/m“{Hp(t,x,,u~|—m“,Du“)~Du”—H(t,x,u—|—m“,Du“)} dxdt <C, (7.5)
0 Q
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T T
_|Dut)f | Dut |
dxdt + —————dxdt <C, (7.6)
TR (m + )
0 0
for some C independent of .

With the same proof as for Lemma 4.4, we obtain:

Lemma 7.1. For each 0 < pu < 1, the following functions defined on Qr, w* = Lyung<1ym* w D P and 7* =

(ntm#)®
)\ B
Tpneqppusnyvm ‘(ﬁ-}-/nl#)a , are such that
|m“Hp(t, x, pu+mh, Du“)‘ < co(m* 4+ wh + Vmrz?),
and the family (w") is bounded in L'B,(QT), the family z" is bounded in LZ(QT) and also relatively compact if B < 2.

Remark 7.2.In fact, the estimate of Lemma 7.1 shows that m* H, (¢, x, u + m*, Du’) is actually bounded in

L'*€(Qr) for some € > 0. This is obvious for m* from estimate (7.4) and so for w*, which is bounded in Lﬂ/(QT).
As for the term «/m*z*, we see that, for 0 < e < 1

T T I% T
/ f (mPzM) e dxdr < f / ("Y2dxdt / f ()T dxdi
0 Q 0 Q 0 Q

so using the bound of z# in L?(Q7) and the estimate (7.4) for m*, the right-hand side is bounded as soon as € is
sufficiently small.

2

Lemma 7.3.

(1) The family (m") is relatively compact in L (Q7) andin C([0, T]; w-L "(Q)) for some r > 1.

(2) There exist m € L'(Q7) and u € L9(0, T; WH4(Q)) for any q < %—_‘_? such that, after the extraction of a sub-

sequence (not relabeled), m* — m in L'(Qr) and almost everywhere, u* — u and Du" — Du in LY(Q) and
almost everywhere. Moreover,

T
—2p ﬂ]l 1-a B
m~ | Dul| {m>0}dxdt—|— m |Du| ]l{m>0}dxdt<+oo, 7.7
0 Q
F(x,mymdxdt + |mPT7Y w2 < oo, (7.8)
LN (0p)

and Du =0 a.e. in {m = 0}.
3) IfB<2and a <1, then m"H,(t,x, u + mt, Dut) — mH,(t,x,m, Du) in Ll(QT). IfB<2and 1 <a <
4(’3‘%1) orB=2and1 <a <2, thenm"Hp(t, x, u+mt, Dut) =~ mHp(t,x,m, Du)l, oy weakly in Ll(QT).
@) m e C%([0, T1; LY()) and m*(t) converges to m(t) weakly in L' (Q) for any t € [0, T). If B < 2, then m" — m
in C([0, T1; LY(2)). Finally, (3.6) holds for any ¢ € C°([0, T) x ).

Proof. The compactness of m*, u"* and Du'* are established exactly as in Proposition 4.5. Then we obtain (7.7) by
using (7.6) and Fatou’s Lemma in the set {m > 0}. We obtain (7.8) as an easy consequence of (7.4). If Du did not
vanish a.e. in {m = 0}, there would exist p > 0 and a measurable subset E of {m = 0} in which |Du| > p. Then, by
Fatou’s lemma, fE (m* + )~ Du*|Pdxdt would tend to +00, in contradiction with (7.6). Therefore Du =0 a.e. in
{m =0}.

To pass to the limit in m* H ), (¢, x, u +m*, Du*), we first observe that this sequence is equi-integrable in LY07)
as a consequence of Remark 7.2. Let us now consider the case when o < 1: from (2.3) with u =0, (¢, x,m, p) —
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mHy(t, x, m, p) is well defined in @T x [0, 4+00) x R¥, and mtH,(t, x, u+mt, Dut) — mHy(t, x, m, Du) almost
everywhere. Then by Vitali’s theorem, m* H, (¢, x, u +m#, Du*) — mH,(t, x,m, Du) in LY(Or).

Ifg<2and 1 <a < HE—D oy B =2and 1 <« <2, then naming §#* = m" H),(t, x, u + m*, Du*) for brevity,
we proceed through the following steps:

(1) By Remark 7.2, we can extract a subsequence, not relabeled, such that £* — £ in Llte (Q7) weak.

(2) For any bounded and smooth function ¢, Lebesgue theorem implies that ¢ (m*) — ¢ (m) in LP(Qr) for any
p > 1. Therefore, £ (m*) — E¢(m) in L' (Q7) weak.

(3) If ¢ is also supported in [§, 4-00) for some positive §, then using the almost everywhere convergence and Vitali’s
theorem, §#¢(m*) — mHy(t, x, m, Du)¢ (m) in L'(Q7). This implies that (€ — mH,(t,x,m, Du))¢(m) =0,
and that & coincides with m H, (¢, x, m, Du) at almost every (¢, x) such that m(z, x) > 0.

(4) We notice that, by definition of £* and assumption (2.3),

T T

f / (£ () dxdt < 3 / / b1 () dxdt

0 Q 0 Q
T b :
/ / ()P4 ()| dxdt / / e s
0 Q 0

and (7.6) implies that

T T T %

/ / £ (m™)\dxd < ¢ f / mP | (mt)|dxdt + C / / ()P | (m™ dxd

0 Q 0 Q 0 Q

Then using the weak convergence of £#¢ (m*) in L (Q7) and the fact that 0 < 8 — @ < 1, we can deduce

1
T T T B

//|"§¢(m)|dxdt§limigf cz//m”|¢(m")|dxdt+C /f(m“)ﬁ_“|¢(m”)|dxdt
nw—
0 Q 0 Q

0 Q
T T
:cZ//m|¢(m)|dxdt+C //mﬁ*“|¢(m)|dxdt
0 Q 0 Q

Taking now ¢ (m) = exp(—Km), and letting K tend to +oo yields that f{m:O} |Eldxdt =0, and that £ =0 a.e. in
{m = 0}. Notice that we used o < B in this step, in particular if B =2 we needed the restriction o < 2.
(5) Collecting the above results, we obtain that § =mH (¢, x,m, Du)1{;0;.

1

Finally, the weak convergence of m"(t) in L'(Qr) can be justified as in Proposition 4.5 (as well as the strong
co(0, T1; LX) convergence if 8 < 2), and obtaining equation (3.6) is a consequence of the previous points. [

We conclude the existence part by showing that u satisfies (3.5) and the energy equality holds true.

Proposition 7.4. Assume that B <2 and 0 <o < 4(/3 D or B=2and 0 <a <2. Let (u,m) be given by Lemma 7.3.
Then inequality (3.5) holds true for every nonnegatlve e CX((0,T] x Q).
Moreover, (u, m) satisfies the energy identity (3.7).
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Proof. From (3.1) and (3.3), we deduce that for every nonnegative ¢ € C°((0, T'] x ),
T T T

//u“@dxdt—v//u" A(pdxdt+//H(t,x,,u~|—m“,Du“)(pll{m>0}dxdt
Q Q Q

0 0 0
T

5//F(t,x,m“)(pdxdt—i—/G(x,m“(T))(p(T)dx.
0 Q

Q

(7.9)

By using the a.e. convergence of H (¢, x, it +m*, Du*)1;,~0y to H(t, x,m, Du)1y,~0; and Fatou’s lemma,
T T

//H(t,x,m,Du)ga(t,x)]l{m>0}dxdt§limigf//H(t,x,u+m”,Du“)]l{m>o}g0(t,x)dxdt.
n—
0 Q 0 Q

By properties of Young measures, and since G (x, m*(T)) is equi-integrable,

lim G(x,m"(T))(p(T)dx=//G(x,k)dvx(k)<p(T)dx.
n—
Q R

We easily pass to the limit in the other terms of (7.9) since u** and F (¢, x, m") converge in LY(). Soweend up with

T T T
/[u(ptdxdt—v//uAgodxdt—i—//H(t,x,m,Du)(p]l{m>0}dxdt
0 Q 0 Q 0 Q

’ (7.10)
5//F(t,x,m)godxdt—}—//G(x,k)dvx(k)w(T)dx.
0 Q Q R

Thanks to (7.10), the conclusion of Lemma 4.7 is also true. Therefore,

lin})/ ut(0)mydx < (u(0), mgp) .
T
Starting now from the energy identity for the solution of (1.3)—(1.5) with u > 0:

T
//m" (Hp(t,x,u—i—m“,Du“)-Du“—H(t,x,,u—i—m“,Du“)) dxdt
0 Q

T
+/m“(T)G(x,m“(T))dx—i—//m“F(t,x,m“)dxdt :/u“(O)modx
Q 0 Q Q

using Fatou’s lemma thanks to (2.6) and (2.11), we obtain

T
limsupr(x,m“(T))m”“(T)dx < (u(0), mo) —//mF(t,x,m)dxdt
u—0

0 Q

T
—//]1{m>0}m (Hp(t,x,m, Du) - Du— H(t,x, m, Du)) dxdt.
0 Q

Reasoning exactly as in the previous section, from the estimate (7.4) and assumption (2.10) we obtain both
G(x,m(T))m(T) € L'(Q) and fR G(x, M)Adve(A) € L' (). Therefore, we are allowed to use (5.13) in Lemma 5.3
with m =m and & = u, and we get
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T
limsup/G(x,m“(T))m”(T)dx < (u(0), mg) —//mF(t,x,m)dxdt
u—0

0 Q

T
—//]l{m>0}m (Hp(t,x,m,Du)~Du—H(t,x,m,Du)) dxdt
0 Q

5//G(x,)»)dvx()»)m(T)dx.
Q R

Now we proceed as in Lemma 6.1 using the monotonicity of G and we conclude that G (x, m*(T)) — G(x,m(T)) in
LY(Q) and the energy identity holds true. Coming back to (7.10), now we know that fR G(x,MNdve (M) =G(x,m(T))
and so (3.5) is proven. O

We conclude with the uniqueness of the weak solution. To this purpose, since u is now only a subsolution, we will
need a stronger version of the energy equality for the uniqueness argument to succeed.

Lemma 7.5. Let (u, m) be a weak solution of (1.3)—(1.5). Then um € L' (Q7) and

T
/m(t)u(t)dx=/G(x,m(T))m(T)dx+//F(s,x,m)mdxds
Q Q tQ

T

+//[m Hp(s,x,m,Du)~Du—mH(s,x,m,Du)] Tns0ydxds
tQ

(7.11)

for almost every t € (0, T).

Proof. Let us set uy := (u — k). We first observe that, whenever u is a subsolution, then uy is also a subsolution of
a similar problem, namely

T T

T
ffukwtdxdt—v//uk Agodxdt+//H(t,x,m,Du)]l{m>0}]l{u>k}(pdxdt
0 Q Q Q

0 0
T

< / / F(t,x,m)Lysp @dxdt + /(G(x, m(T)) — k)T o(T)dx
0 Q Q
Henceforth, we can proceed exactly as in Lemma 5.3 with m = m and we obtain (recall that ms (¢, x) = (m(t) * ps)(x))
T
//[]l{m>0}H(s, x,m, Duyms — Du - ws] L,k dxds + / mg(t) up(t)dx

ra @ (7.12)

T
5//F(s,x,m)m5 ]l{u>k}dxds+/(G(x,m(T))—k)+m3(T)dx
t Q Q

which holds for almost every ¢ since mg € L°°(Q7) (it is indeed even continuous) and uy € L'( Q1) and is bounded
below. Starting from (7.12) and following the same steps as in Lemma 5.3, we obtain that

T

/ma(t)uk(t)dXS//¢a 11{M>k}dde+/Xa LG m(ry)>ky dx
Q Q Q

t
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for some sequences ¢s, xs which are convergent, and therefore equi-integrable, in L} (Q7) and in LY(©) respectively.
This implies that

sup/ mg(t) ur(t)dx koo 0.
s
Q

Since u — uy, is bounded, we know that ms(u — uy) strongly converges in LY(Q7) as 8§ — 0. Therefore, a standard
argument allows us to conclude that

msu — mu in LI(QT). (7.13)

This means that we can repeat the argument of Lemma 5.3 integrating either in (0, ¢) or in (¢, T') obtaining both

t

/[[H(s,x, m, Duyms — Du - ws| 1,0y dxds + (ms(0) u(0)) dx
0 Q

t
5//F(s,x,m)mgdxds+[u(t)m5(t)dx
0 Q Q

and
T

//[H(s,x, m, Duyms — Du - ws| 1,0y dxds +fm5(t)u(t) dx
t Q Q

T
5//F(s,x,m)mgdxds+/G(x,m(T))m5(T)dx
t Q Q

for almost every ¢ € (0, 7). Passing to the limit as § — 0 is now allowed thanks to (7.13), besides the arguments
already given in Lemma 5.3. Finally, as § — O we obtain both

t
(mo,u(O))dx5/u(t)m(t)dx—i—//F(s,x,m)mdxds
0 Q

Q
t
+//[me(s,x,m,Du)-Du—mH(s,x,m,Du)] Lyn>0ydxds
0 Q
and

T
/m(t)u(t)dx5/G(x,m(T))m(T)dx—}—[/F(s,x,m)mdxds
Q Q r Q

T

—i—f/[me(s,x,m,Du)-Du—mH(s,x,m, Du)] Lin>oydxds.
t Q

On account of the energy equality (3.7) which holds by definition of weak solution, we conclude that (7.11) holds
true, for almost every t € (0, 7). O

Lemma 7.6. Under all the assumptions made in Theorem 3.8, there is a unique weak solution of (1.3)—(1.5).

Proof. Let (u,m) and (z, m) be two weak solutions of (1.3)—(1.5). From Lemma 5.3 and Proposition 7.4, we know
that
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T
/mou(O)dxS/G(x,m(T))nﬁ(T)dx+//F(t,x,m)n~1dxdt
0 Q

Q

Q
T

—I—//[ﬁi Hp(t,x,m,Dﬂ)-Du—nﬁH(t,x,m,Du)] Lys0, m>0ydxdt,
0 Q

T
/moﬁ(O)dx5/G(x,r?z(T))m(T)dx+//F(t,x,n~1)mdxdt
0 Q

Q

Q
T
—i—//[m Hy(t,x,m, Du) - Dit —m H(t, x,nm, Di)] Lyn=0, m=opdxdt,
0 Q
T
/mou(O)dx:/G(x,m(T))m(T)dx—i—//F(t,x,m)mdxdt
Q Q 0 Q
T
+//[m Hp(t,x,m,Du)-Du—mH(t,x,m,Du)] 1n>0ydxdt,
0 Q

T
/mozl(O)dx=/G(x,n~1(T))n~1(T)dx+//F(t,x,n~1)n~1dxdt
Q 0 Q

Q
T

+//[ﬁ¢H,,(t,x,n~1,Dﬁ)-Dﬂ—mH(:,x,ﬁz,Dﬁ)] Ljn=oydxdt,
0 Q

and therefore
T
0> /(G(x, m(T)) — Gx,m(T))) (m(T) —m(T))dx + / /(F(t, x,m)— F(t,x,m))(m —m)dxdt
Q 0 Q

+ /]1{,,90, a0y [H(t,x,m, Du) — H(t,x,m, Dii) — Hy(t, x, 1, Dii) - (Du — Dii)]dxdt

+

St O~ O — . O Y—

Q
/]l{m>0,n~1>0}m [H(t,x, m, Dit) — H(t,x,m, Du) — H,(t,x,m, Du) - (Dit — Du)] dxdt
Q

+ /]l{m>0’,,~1:0}m [—H(t,x, m, Du) + Hy(t,x,m, Du) - Du] dxdt
Q

+ /n{nbo,mzo}na [-H(t,x,m, Di) + Hy(t, x,m, Dii) - Dii| dxdt.
Q

Note that from (2.1) and the convexity of H (¢, x, m, p) w.r.t p,

m>0 = —H(t,x,m,Du)+ Hy(t,x,m, Du)- Du>—H(t,x,m,0) >0,
m>0 = —H(,x,m,Du)+ Hy(t,x,m,Du)-Du>—H(t,x,m,0)>0.

(7.14)

(7.15)
(7.16)
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Therefore all integrals in (7.14) involve nonnegative functions, which then must be zero almost everywhere. We
deduce that

/(G(m(T)) —Gm(T))) (m(T) —m(T))dx =0,
Q
T
//Il{m>0,,;,>0}E(t,x,m,Du,n~1,Dzl)dxdt:O,
0 Q
T
//]l{mzo,,,bo}rh(—H(t,x,ﬁi,Dﬁ)+Hp(t,x,rh,Dﬁ)-DlZ+F(t,x,ﬁ1)—F(t,x,O))dxdt:O,
0 Q

T
[/]l{,hzo,mw}m(—H(t, x,m,Du)+ Hy(t,x,m, Du) - Du+ F(t,x,m) — F(t,x,0)) =0, (7.17)
0 Q

where E has been defined in the proof of Lemma 6.5. From the last two equations in (7.17), (7.15)—(7.16) and (3.8),
we deduce that the sets {m = 0, m > 0} and {m = 0, m > 0} have measure 0. From the second equation in (7.17)
and the assumptions made for uniqueness (which apply to the function E), as in Lemma 6.5 we deduce that m = m
and Du = Du a.e. in {m > 0, m > 0}. Combining all the previous observations, m = m almost everywhere in Q7.
Using also that Du =0 a.e. in {m =0} and Diut =0 a.e. in {m = 0}, we deduce that Du = Du a.e. in Q7. Therefore,
u—u= fQ (u(t) —u(t))dx. By applying Lemma 7.5 to u and i, subtracting the two equalities on account of the above
informations we finally get

/m(t)(u —u)(t)dx =0.
Q
Since u — u is only time-dependent, this implies # = # a.e.in Q7. O
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