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Abstract

Let  C R? be a bounded simply-connected domain. The Eikonal equation |Vu| =1 for a function u : Q C R? — R has
very little regularity, examples with singularities of the gradient existing on a set of positive H ! measure are trivial to construct.
With the mild additional condition of two vanishing entropies we show Vu is locally Lipschitz outside a locally finite set. Our
condition is motivated by a well known problem in Calculus of Variations known as the Aviles—Giga problem. The two entropies
we consider were introduced by Jin, Kohn [26], Ambrosio, DeLellis, Mantegazza [2] to study the I'-limit of the Aviles—Giga
functional. Formally if u satisfies the Eikonal equation and if

v. (ielez (WL)) —0and V- (EGIQ(WL)> — 0 distributionally in £, )

where ielez and iglez are the entropies introduced by Jin, Kohn [26], and Ambrosio, DeLellis, Mantegazza [2], then Vu is locally
Lipschitz continuous outside a locally finite set.

Condition (1) is motivated by the zero energy states of the Aviles—Giga functional. The zero energy states of the Aviles—Giga
functional have been characterized by Jabin, Otto, Perthame [25]. Among other results they showed that if lim,— oo I¢, (un) =0
for some sequence u, € Wg ’2(9) and u = lim,— oo up, then Vu is Lipschitz continuous outside a finite set. This is essentially a
corollary to their theorem that if u is a solution to the Eikonal equation |Vu| =1 a.e. and if for every “entropy” & (in the sense of
[18], Definition 1) function u satisfies V - I:CD(VMJ‘):I = 0 distributionally in €2 then Vu is locally Lipschitz continuous outside a
locally finite set. In this paper we generalize this result in that we require only two entropies to vanish.

The method of proof is to transform any solution of the Eikonal equation satisfying (1) into a differential inclusion DF € K
where K ¢ M?*2 ig a connected compact set of matrices without Rank-1 connections. Equivalently this differential inclusion can
be written as a constrained non-linear Beltrami equation. The set K is also non-elliptic in the sense of Sverak [32]. By use of this
transformation and by utilizing ideas from the work on regularity of solutions of the Eikonal equation in fractional Sobolev space
by Ignat [23], DeLellis, Ignat [15] as well as methods of Sverak [32], regularity is established.
© 2017 Elsevier Masson SAS. All rights reserved.
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1. Introduction

The Eikonal equation is a much studied equation whose more general form |Vu| = f occurs in numerous areas
of physics (geometric optics, wave propagation) and applied mathematics. Historically there has been great interest
in first uniqueness and then subsequently regularity of the Eikonal equation. Uniqueness was largely resolved by the
development of the theory of viscosity solutions [14], and subsequent regularity results have been established by a
number of authors, [10,11]. Indeed, regularity and uniqueness of viscosity solutions of the Eikonal equation was one
of the early triumphs that followed the development of the theory of viscosity solutions. Without additional hypotheses
solutions of the Eikonal equation need have little regularity, it is easy to construct examples whose gradient is singular
on a set of positive H' measure. One of the simplest Eikonal equations is

|Vu(x)|=1fora.e. x € 2, (2

where © C R? is a bounded simply-connected domain. Our main theorem is a strong regularity result for solutions of
equation (2) with an additional condition that is best described as having two vanishing entropies. The two entropies
we consider were introduced into the study of the Aviles—Giga functional by Jin, Kohn [26], Ambrosio, DeLellis,
Mantegazza [2], later works by DeSimone, Kohn, Miiller, Otto [19], Jabine, Otto, Perthame [25] and Otto, DeLellis
[16] characterized a wide class of entropies and used this characterization in a fundamental way to prove the strongest
results known for the functional. In truth our main motivation also came from the Aviles—Giga functional and for this
reason we will introduce it in some detail:
The Aviles—Giga functional is the second order functional

|1_|V”|2|2 2 |2
Ig(u)=/7+6‘v u‘ dx
€
Q

minimized over the space of functions Woz’z(Q; R) or Wg’Z(Q; R) N {u : Vu(x) = ny on 92} where 7, is the inward
pointing unit normal to 32, where @ C R? is a simply-connected Lipschitz domain. The Aviles—Giga functional
I forms a model for blistering and (in certain regimes) a model for liquid crystals [6,26,21]. In addition there is a
closely related functional modeling thin magnetic films known as the micromagnetics functional [18,19,13,30,31,1,3].
For function u € Wg ’Z(Q) we refer to I (u) as the Aviles—Giga energy of u. The Aviles—Giga functional is the most
natural higher order generalization of the Modica—Mortola functional [28].

The biggest open problem in the study of the Aviles—Giga functional is the characterization of its I'-limit, [6,7,26,
2]. Given the structure of I, it is not a surprise that the conjectured limiting function class is a subspace of functions
that satisfy the Eikonal equation (2). By analogy to the Modica—Mortola functional, it might be expected that the
limiting function space is also a subspace of {v: Vv € BV} and the limiting energy is related to || D [Vu] ||. However
this is completely false; see the example following Theorem 3.9 of [2]. It is necessary to build a function class that is in
a sense analogous to the function class {v : Vv € BV} that is tailored to the functional /.. This is done by introducing
certain entropies on the space of solutions of the Eikonal equation. The divergence of these entropies will (by virtue of
the structure of /) form measures that in regular examples pick up the jump in the gradient Vu. Specifically it can be

shown [2,18] that if u,, € Wg ’2(52) with the property that limsup,,_, o, I¢, (u,) < oo then for some subsequence {ny}
1,3 Q
we have u,, W 1. This allows us to show that if the vector field Ygpu is defined by

1 1
Beglt 1= ug <l—u%—§u§)$—un (1_”5_5”%) n, 3)

(where ug and u,; are the partial derivatives along & and 7 respectively) then V - (Egnu) is a measure. So instead of

having that the gradient of the gradient is a measure (as would be the case if u € {v: Vv € BV}) we have that the

divergence of a vector field made up of first order partial gradients is a measure, which “morally” is not that far away.
Following [2], we denote by (e1, e2) the canonical basis of R2, and by

the basis obtained from (ey, e2) under an anticlockwise rotation of 7. It is straightforward to check that
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2 2
u u
Yoot = U1 1—u22——’1 ,—U> 1 —u? v (@)
’ 3 ’ ’ 3
2u22 2u2]
Y= |up I—T’ JU 1 1—7’ . (6)

It has been shown in [2] that the measure

V- (Ze e u

S — ( e ) (S) forany S C R?
V. (Eelézu)

forms a lower bound on the energy I, (1,) of any sequence {u,} such that lim,_, oo 4, = . As such the functional

V. Ee|e
u— ( ( 2")> (Q) @)

V- (Zee)

was conjectured in [2] to be the I'-limiting energy of the Aviles—Giga functional.
Following [18,16] we say ® € C2°(R?; R?) is an entropy if

7- D®(2)z- =0 for all ze R, d(0) = 0, DD (0) =0, (8)

where z+ = (—z2, z1) is the anticlockwise rotation of z by 7. Note that in [18], entropies are applied to divergence
free vector fields m : 2 — S, in our paper they will be applied to m = Vu~ where u satisfies (2). Vector fields

~ 2 x2 ~ 2x? 2y?
Yeje (X, y) 1= (y (1 —xr_ y?) , X <1 — y2 _ ?)) and X¢ o, (x, y) = (—x <1 — T) .y (1 _ %))

)
satisfy
2 DS e, (2)z =0forallzeS!, $,,.,(0)=0 (10)
and
2D, (1)t =0forallzeS!, ¢, (0)=0. (11
l}vlote thgt Yejerlt G f]eleZ(VuJ-) and X¢ e, u € ilsz(Vul), where Vul = (—u,u ). Since we are applying

Yeierr Zeje, to gradient vector fields Vu that satisfy |Vu| =1 a.e., for simplicity, and following the convention of
[16], we will call them entropies even though they only satisfy (10), (11). However this is just a naming convenience
and is not important to the mathematics that follows. Whenever we use any results about entropies from [ 18] we will
mean vector fields ® € C° (R?; R?) that satisfy (8). The main point about entropies is that given a sequence {u,,} that
satisfies limsup,,_, o, Ie, (tn) < 00 and u = lim,_, o u,, if ® is an entropy then V - [® (Vu')] is a measure.

The characterization of this class of entropies is one of the main achievements of [18] and it leads to many further
developments. It was the main tool used in [18] to prove pre-compactness in W'3(2) of a sequence of functions {u,}
of bounded Aviles—Giga energy (an alternative proof just using fwo entropies iem, S 1¢, 1s provided in [2]). More
importantly it allows for the classification achieved by Jabin, Otto, Perthame in [25] of all functions « and all domains
Q2 for which there exists a sequence {u,} CW(? ’Z(Q) such that u = lim;,_, oo 1, and lim,,_, o I, (1,) = 0. Functions u
with this property are called zero energy states. It was shown in [25] that if Q # R? then  is a ball and (after possibly
change of sign) u is just the distance function away from the boundary of the ball. The characterization of entropies
also permitted the deep work on the structure of solutions of the Eikonal equation u that arise as limits of sequences
of finite Aviles—Giga energy [17].

While the works [17,25] are impressive achievements and indeed represent the state of the art with respect to
the structure of solutions of the Eikonal equation that arise as limits of sequences of finite (or converging to zero)
Aviles—Giga energy, when these results are formulated simply in terms of the Eikonal equation, the statements can
appear a bit technical.
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Theorem 1 (/25]). Let  be any open set in R?. Let m: Q@ — R? be a measurable function that satisfies |m(x)| = 1
fora.e. x € Q and

& -Vyx (-, &) = 0distributionally in Q2 for all & € s, (12)
where

v form(x)-& >0,
a(x 8= {0 form(x) £ <O0. (1

Then m is locally Lipschitz outside a locally finite set of points.

It turns out that & x (-, &) is the pointwise limit of a sequence of entropies {®,,} (see the proof of Lemma 4, [18]),
so if vector field m is such that

V - [® (m)] = 0 distributionally in €2 for all entropies @, (14)

then m satisfies (12). Hence by Theorem 1 any vector field m satisfying (14) is locally Lipschitz outside a locally
finite set of points. This is the main result needed by Jabin, Otto, Perthame [25] to characterize all zero energy states
of the Aviles—Giga energy.

Corollary 2 (/25]). Let u be a limit of a sequence {u,} C Wg’z(SZ) with lim,— o I¢, (uy) = 0 then Vu is Lipschitz
outside a finite set of points.

Actually in [25] a more general result is proved that includes zero energy states of the micromagnetic functional,
but since our interest is focused on the Aviles—Giga functional we do not state their result in full generality.
What is achieved in this paper is a proof of the regularity result under the much weaker condition that only the

divergence of two entropies f)em and f]qez applied to Vu vanishes.

Theorem 3. Ler Q C R? be a bounded simply-connected domain and u be a solution to the Eikonal equation (2).
Suppose

V- (Zeje,ut) =0and V - (Se,e,u) = 0 distributionally in Q. (15)

Then Vu is locally Lipschitz outside a locally finite set of points S. Moreover, in any convex neighborhood O CC Q2
of a point ¢ € S there exists o € {—1, 1} such that

u(x)=alx —¢| forany x € O. (16)

This result also includes Corollary 2 as a consequence in the case that €2 satisfies the assumptions of Theorem 3.
The value of this result is twofold. The Eikonal equation with the additional assumption of two vanishing entropies
seems to us a fairly natural condition and as such the statement of Theorem 3 is of interest purely from the perspective
of the Eikonal equation alone. Essentially our theorem says that the dimension of the set of singularities of solutions
of the Eikonal equation is reduced by one under the additional hypothesis of having two vanishing entropies. On this
topic we mention the recent powerful results of Ignat [23] and DeLellis, Ignat [15] on regularity of solutions of the
Eikonal equation in fractional Sobolev spaces. We learned a great deal and took numerous ideas from these works.

Remark 1. The choice of X ¢,, Xe¢,e, 18 arbitrary among the class defined by (3). If (&1, 1), (§2, n2) are any two
different orthonormal bases for R? then we could instead have the hypothesis
V- (Zgnu) =0and V - (Z¢,,,u) = 0 distributionally in €. (17)

This follows from Theorem 3.2 [2] where it is shown that X¢,, u = cos(20;) X, ¢, u + sin(26;) X¢,,u Where & =
(cos(;), sin(6;)), n; = (— sin(9;), cos(6;)). Thus

sin (201 — 261) X, e, ut = c08(262) X, ut — c08(2601) Lgyp, 1t (18)
and hence (17), (18) implies V - (Eélezu) = 0 distributionally in 2. In the same way
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sin (201 — 262) X e, ut = Sin(201) X, o u — sin(202) Tg, , u (19)
and so (17), (19) implies V - (Eemu) = 0 distributionally in €2. Thus (17) implies (15).
Remark 2. Under the hypothesis that V - (Zg,,u) = 0 for a single entropy then Theorem 3 is false. Since we have

just one entropy we can assume without loss of generality that (1, §) = (e1, e2). And finding a scalar function u that
satisfies

|Vul=1ae.and V- (¢ c,u) =0 (20)
is equivalent to finding a function w :  — R? that satisfies the differential inclusion
cos(y) sin(y)
Dweql, . 3 2 .03
26’ (y)  Zoos’ ()
Now IT has non-trivial rank-1 connections because
cos(¥2) — cos(¥1) sin(y2) — sin(Yr1)
3 (sin’ (o) —sin* (Y1) 3 (cos*(¥2) —cos’ (Y1)
2
= ((cos®w2) = cos® () (cos () = cos(n)) — (sin’(y2) = sin’ (¥) ) (sin(w2) = sin(y)) )
=0

) e (—m, n]} =:ITa.e. in Q. 201

has non-trivial solutions, for example given by ¥ = wn — | — 7 for n € Z. Thus we can construct non trivial func-
tions w satisfying (21) for which Dw is singular along lines running through €2, such functions are called laminates
(see [29], Section 2.1). This gives us solutions to (20) whose gradient is singular along lines in €.

As stated previously our principal interest is in the Aviles—Giga functional. As described the original conjectured
I'-limiting energy from [2] is given by (7). As the study of the Aviles—Giga functional evolved it was increasingly
understood that to make progress the conjectured I'-limiting energy had to be an energy that incorporated all the
entropies, not simply f)em and felez. As mentioned the proof of Corollary 2 requires the use of a sequence of
entropies {®,} that approximates & x (-, £). In [16] DeLellis, Otto proved many strong structural results on a class of
solutions of the Eikonial equation denoted by A(£2) that includes all w3() limits of sequences {u,} CW& ’Z(Q)
that have equibounded Aviles—Giga energy. Among the results they proved was that for any u € A(€2) there exists a
set of o-finite H! measure J on which Vu has jumps and has traces in exactly the way it would have if Vu € BV.
What would be most natural is if J was the singular set of vector valued measure that is the I'-limiting energy of
I.. However this is not exactly the case and J has to be defined as the singular set of measure into the dual space
of all entropies (see [16], proof of Proposition 1). It is in some sense a singular set of an infinite set of entropies
simultaneously.

While utilizing the information available from all entropies is in our opinion the best way to progress with the
study of the Aviles—Giga functional, it does have the disadvantage that the statements of the theorems proved are less
transparent. It is for example not clear what the conjecture for the I'-limiting energy of the Aviles—Giga energy is.
What Theorem 3 does is to raise the possibility of reformulating the structure results of [16,25] in terms of the two

~ ~ Vo (Zee
entropies X, e,, e, e,. Were this to be accomplished it would return the measure S — < v 228162 M; ) ' (S) as the
: e1ept
natural conjecture for I'-limiting energy for the Aviles—Giga functional.
1.1. Reduction to differential inclusions
We denote
E(Q):={ueW\™®(Q):|Vu|=1ae. and (15) is satisfied}. (22)

The starting point for our work is the transformation of functions u € E(S2) into functions F, : Q2 — R? that satisfy
the differential inclusions DF, € K, where K C M**? is a compact connected set defined by (42). This can be done
because (15) can be rewritten as
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curl ((zmu)L) — 0 and curl ((zmu)L) — 0 distributionally in Q.

Hence we can find some potential Fu1 such that VFM1 = (Eemu)L and Fu2 such that VFM2 = ()ZIQQM)L.1 The structure
of ¢ ey, Zeje, implies that DF, € K a.e. in . It is a calculation to see that K does not have rank-1 connections,
i.e., there do not exist A, B € K, A # B with Rank(A — B) = 1. Regularity of differential inclusions into sets without
rank-1 connections has been studied by Sverak in his seminar paper [32]. He showed that if function v satisfies
Dv € S C M?*2 where S has no rank-1 connections and is elliptic in the sense that if A, B € S, then det(A — B) >
clA— B|2, then v is smooth. The set K defined by (42) is not elliptic in the sense of Sverak, but it turns out that
for some constant ¢o> 0, det(A — B) > ¢o|A — B|* for any A, B € K. This is not enough to establish smoothness
of F, (indeed since Vu~L could be a vortex, smoothness of F, could not be true) by using the methods of [32], but
is enough to establish fractional Sobolev regularity. The fact that an inequality of this form is enough to establish
fractional Sobolev regularity was previously noted by Faraco and Kristensen [20], Proposition 1. The differential
inclusion DF, € K can be reformulated as a constrained non-linear Beltrami equation and our proof of fractional
Sobolev regularity can hence be formulated as the following theorem.

Theorem 4. Given a bounded simply-connected domain QcCC, and fe W1°(Q; C) that satisfies f(0) =0 (assum-
ing 0 € Q2) and the non-linear Beltrami system

of _aqaf N\ laf | 1 ~

B_Z(Z) =3 (E(Z)> . a—z(z)' =5 fora.e. z € Q, (23)
we have that

DfeWZH ) forallo e <o, %) 24

In addition, given QccQ, forall e € (O, Ldist(sY, 8S~2)), we have that

4
// IDf (z+y) — Df ()] dydz < C (25)

4
J €23
Q' Be(0)

for some constant C independent of €.

Now if we define Ho (§) := ‘3—‘53 then (23) can be written as g—’;(z) =Hpo (%(z)), % = % We will call this a
constrained non-linear Beltrami equation. The study of equations of the form % =H (z, %) has flourished in the

last few years. Under the assumptions that

(D z — H (z, w) is measurable
(II) And for wy, ws € C, |H (z, w1) — H (z, w2)| < k |w; — w| for some k < 1

the existence and regularity theory of non-linear Beltrami equations resembles that of the linear theory; see [8,24,
9,5.4]. But note when restricted to the circle d B1(0) the Lipschitz constant of H is exactly 1, so in some sense
2

H, is a critical case.” We are not aware of any other regularity results for non-linear Beltrami equations without the
assumptions (I), (IT). While Theorem 4 is essentially a regularity result for differential inclusions, we formulate it in
the language of non-linear Beltrami equations because these are much better known and more studied objects. We
also find the connection to this area is interesting and potentially worth further investigation.

The connection between Theorem 3 and Theorem 4 is made by the following result.

1 The idea to study F;, comes from [2], see the proof of Proposition 4.6.

2 1If instead we had Ho(§) = %3;‘ 3 and g—]: =« for some o € (0, %) we believe the standard methods of [4] would give regularity.
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Thgorem 5. Let Q@ C R2 be a bounded sillaply—connected domain. Define Q= {x1 +ix; € C: (x1,x2) € Q} and define
B(2) as the set of functions f € w(Q; C) that satisfy f(0) =0 (assuming 0 € Q2) and the constrained non-linear
Beltrami equation

3
%(Z) = 1 (g(2)> , of = ! for a.e. z € S2. (26)
a9z 0z

3 a—Z(Z) )

Then there exists an injective transformation
r:[E©@)/R]— B(),

where E(R2) is defined in (22) and two functions uy,uy € E(Q) satisfy uy = uy in [E(Q)/R] if and only if u; =
uy 4+ C for some constant C. Further T restricted to [E () /R] N W2Y(Q) forms a bijective transformation onto
B() N WZLQ).

However Theorem 4 and Theorem 5 will only give us fractional Sobolev regularity. Ignat [23] studied regularity

of solutions of the Eikonal equation in fractional Sobolev space, and showed that if u is a solution of the Eikonal
1

equation and Vu € Wlic’p (2) for some p € [1, 2] then Vu is locally Lipschitz outside a locally finite set of points.
Note that if Vu is smooth and @ is an entropy it follows from properties of entropies from [18] (see Lemma 10 of this
paper) that V - [<I> (VuJ-)] = 0. The proof of [23] carefully exploits the structure of entropies to weaken the hypothesis

on Vu to that of fractional Sobolev space. Following this work DeLellis and Ignat [15] substantially weakened the
1

hypothesis to Vu € W} ;p (2) for some p € [1, 3]. It again was achieved by very careful work using the structure of
entropies and by use of an estimate of Constantin, E and Titi [12]. However close though it is, this result is not quite
what we need because it requires a full 1/3 of a derivative and with the methods of [32], a 1/3 of a derivative is not
available — Theorem 4 just stops short of what is required.

An interesting question that we were not able to answer is whether or not the transformation I' from Theorem 5
is actually a bijection. If this were so then Theorem 3 would also yield local Lipschitz regularity of the gradient D F
outside a locally finite set of points in €2 for the differential inclusion DF € K. This would be a very attractive result
and would hint at the possibility of a regularity theory for differential inclusions into sets S that do not have rank-1
connections but are not elliptic.

Acknowledgments. The first author would like to thank Camillo DeLellis for pointing out that the Hilbert Schmidt

norm of the matrix Mp,(x) (of the proof of Proposition 4.6. [2]) tends towards % as h — 0. Roughly speaking M, (x)
is (in the limit) analogous to D F,(x) from this paper and hence from this calculation it is clear that F}, is a quasiregular
mapping. Our desire to further investigate this observation was the starting point of this paper. We would also like to
thank the referee for many clarifying comments that have greatly improved the paper. The first author would also like
to acknowledge the support of a Simons Foundation collaborative grant, award number 426900.

2. Sketch of the proof

As explained in the introduction, via the reduction to differential inclusions we get fractional Sobolev regularity
Vu e WoH() for all o € (0, %) and all " cC Q. In particular we have estimate (25). The main thing we gain from
this is the following estimate (see Lemma 14, (103)) which is one of our key technical tools

/‘1 — |Vue|2‘ }ue,mn| lgldx < Cllgllrr () forany g € L (Q’), m,ne{l,2},r>4. 27
Q/
We will use (27) repeatedly.
Our strategy will be to show that for

2t forz- 0,
o (2) = {m § forz:&> (28)
0 forz-£ <0,

we have
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v. [cpS (wl)] — 0 distributionally in Q, for any & € S'\ {e1, —e1, €2, —e2}. (29)

Regularity then follows by Theorem 1 because any ot (Vu(x)J-) =&x (x,&) for [Vu(x)|=1,hence £ -Vy (x,&) =0
distributionally in 2. This is a somewhat similar strategy to that of Ignat [23] and DeLellis, Ignat [15] except that in
[23,15] it was shown that V - [® (Vu')] = 0 distributionally in € for all entropies ®, they then conclude (12) using
(as explained in the introduction) the fact that £ x (-, £) is the limit of a sequence of entropies. We will build toward
establishing (29) in a couple of steps.

Step 1. Harmonic entropies vanish: In this step we identify a class of entropies whose divergence vanishes when
applied to Vu= as consequences of (15) holding. From Lemma 3 [18] (see Lemma 11 in this paper) we know there is
a one to one correspondence between entropies ® and functions ¢ € C2° (R?) via the formula

P = ¢z + (Vo) - ) (30)

As we will sketch, it will turn out that under the assumption of (15), if ¢ is harmonic then V - [CD(VuJ-)] = 0. We will
call entropies @ that come from (30) via a harmonic ¢, harmonic entropies.

To see this we argue as follows. One of the key lemmas on entropies is Lemma 2 [ 18] (see Lemma 10 in this paper),
says that we can write

V- [®(m)] = W(m) - V(1 — |m|*) for some ¥ € C>°(R?; R?). (31)

Now let g, := g * p where p.(z) = p (g) €72 and p is the standard convolution kernel. Let w = (w!, w?) = Vut.
For Q' CC Q, let £ € C° (') be a test function, so integrating by parts we have

[ v tewaicar~— [ - wP)v- wworcds
@ %
=— / (1= lwe ) (W11 waw! | + Wi pwow? | + W1 wwl, + Wa s (wow?,) ¢dx.
Q/
The key point is that if ® is a harmonic entropy then it is a calculation to see that W| » = W, 1. Now we have

g (111
Vo [Serer (VD] = e = ue2) (1 = Ve = w2+ wl )1 = ) (32)

and

~ 112
V- [Saa(Vud)] "= 2uen( = [Vue?) = =2l (1 = fwe ) =202, = Jwe ), (33)

Proceeding formally and absorbing Wi 1(we) into the test function ¢ (strictly speaking we can not do this because
Wi 1 (we) depends on €, however this can be overcome with estimate (27)) we have that since V - [EGIEZ(VML)]
vanishes so

/(1 - |we|2)\yl,l(we)w:’1§dx ~ 0.
Q/

In the same way [, (1 — Iwelz)\llzyz(wg)wizg“dx ~ (0 and, since V - [feleZ(VuL)] =0and ¥, =¥, ,

/ (1 = el (W12w0w2, + W 1(wow! ) edx = / (1~ e 2(we) (w2, + ! ) cdx 0.

o4 o4
Thus V - [®(Vu1)] =0 for all harmonic entropies.
Step 2. Estimate (29) holds: As we can see the real issue of getting the divergences of entropies to vanish from
hypothesis (15) is the term (1 — |w, |2) (llll,z(ws)wil + lll2,1(w5)w€1,2). Given that we started with just two entropies

f)e, e, and iél ¢, whose divergence vanishes (when applied to Vut) and end up with an entire class of entropies (what
we call harmonic entropies) whose divergence vanishes, the natural way to proceed is to attempt to use our class of
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harmonic entropies to further expand into a larger class of vanishing entropies. So what we need is a harmonic entropy
to deal with terms of the form lIll,z(we)wf 1 F Y2 1 (wo)w 61 »- It turns out there is a harmonic entropy that serves this

purpose.
Now notice that

1— |wel? \Pl,z(we)wil + ‘I’z,l(we)wi,z ¢dx
[ (=) J

Q/

- / (1= lwel?) (Fr2(w0) + Y21 (we)

) (u)z’l + wE]’2> é-dx

Q/

+/ (1 — Iwe|2> (Y1.20w0) ; Y2.1(wo) (wz,l - w;,2> ¢dx.

Q/
The first term can be dealt with by absorbing w into ¢ as before then applying (32). So the
term we have to deal with is the latter term. Now if ¢ is related to ® by (30) it is a calculation to see that

W12(2) — ¥21(2) 2 AV (Ap(2) - 2t = ¥ (2). So

/(1 B |w€|2> (W12(we) — W21 (we)) (wz’l B wi,z) cdx

2
a3
_ % / (1 — |w€|2> ¥ (we) (wi1 - we{z) Cdx
J
- %/(1 _ |w€|2> ¥ (we) Auccdx. (34)
a3

Thus what we need is a harmonic entropy that includes the term Au.. Now taking ¢(z) = z% — z%, via formula (30)

we obtain entropy ®o(z) = (z? + 3z 1z%, —3z%z2 — z%) and a short calculation gives

V- [@0(wa] = =6 (eue 2 Aue + Vi Pues2)

Now it is a calculation (see (152)) using (31) to write

/ (1 - |Vu€|2) (ue,lue,ZAue + |V“e|2“e,12) tdx
Q/

1 2 1 2
- /v [%(we) (1-lweP?) ]cdx 15 [ (1= ) 9 -ttt
194 194

The first term can be dealt with by integration by parts, and the second can be controlled via estimate (27). It follows
that

/ (1 — |Vu€|2) (ué,lueﬁzAue + |Vu5|2u6,12> tdx - 0ase — 0.
Q/

Now as |Vu| =1 a.e. we have

/(1 — |Vu€|2) |Vu€|2ue’12§dx ~ /(1 — IVuelz) Ue 12¢dx

94 194
33 1

2/V~[Eﬂ€2u5]{dx—>0 ase — 0.

Q/
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So

/ (1 - |Vue|2) Ue UepAuctdx — 0 ase— 0. (35)
Q/

Now from (34), using we = Vuﬁ-, we can write

/(1 _ |w€|2) (W12(we) — Wa,1(we)) (wz’l _ w;’z) tdx = % / (1 _ |Vu€|2) e 1tte 2 At v Wt

2 Ue 1Ue2
Q, Q/
It turns out that if
w
RACH) remains uniformly bounded for small € > 0, (36)
Ue 1Ue 2

then it can be absorbed (via estimate (27)) into ¢, and as a result of (35) we have

/ (1 — |w5|2) (WLZ(we) ; \yz’l(wé)) (wz’l — u)el’z) tdx -0 ase—0. (37)

Q/
Hence the estimate (37) holds as long as (36) holds true. So we need to restrict ourselves to a class of en-
tropies for which (36) is true. The key point is that for the sequence of entropies {®*} that approximates ®¢ (for
& € S'\ {e1, —e1, €2, —e3}) we can guarantee that (36) holds true. Thus we can establish (29).

Sketch of proof completed. The choice of coordinate system axis {er,e>} in (29) is completely arbitrary. We
could have carried out the proof with the coordinate system axis {€1, €2} and could then conclude (29) for any
£ eS"\ {€1, —€1, €2, —€2}. Thus (29) holds from any § € S! and therefore (12) holds true and regularity follows by
Theorem 1.

3. Background

In this section we provide some background. Any two by two matrix can be uniquely decomposed into conformal
and anticonformal parts as follows

ajl ap 1 {fan+axn —(ax —ap) +1 ajl —axy  ay +ap
a axn 2\ayi —aip  an+axn 2\az1 +ap —(ai —axn)

. a a
So for a matrix A = [ “!! 12 , define
ay axn

1 {fan+axn —(ax —a) 1 fainn—ax ax+anp
[A], = ~ and [A], = = . (38)
2\ai—ap  an+an 2\a21 +aix —(ai1 —an)
It is easy to see that
det (A) = det([A],) + det([A],). (39)

Given w : 2 — R2 such that w(x1 x2) = (u(xy, x2), v(xl, x2)), forz = x +1x2, let w(z) =u(xy, xz) +iv(xy, x2).
Note that aw(z) z(ax1 +’ax2)w = 2(u 1—v2)+ 2(v 1+ u2) and (’w( )= 2(3x1 - 'axz)w = 2(u 1+v2)+
5 (v,l — u2). Now identifying complex numbers with conformal matrices in the standard way

. X1 —X2
[x1 +ix2ly = ) (40)

X2 X1

we have that

o I 0 o
[Dw(x)], = [F(Z)] and [Dw(x)]. = |:—(z):| . 41)
Z M 0 -1 a4z M



A. Lorent, G. Peng / Ann. I. H. Poincaré — AN 35 (2018) 481-516 491

4. Proof of Theorem 5

Lemma 6. Let Q2 and Q@ be as in Theorem 5. Define
Zin® () Z cos?(0)

K= —cos(0) (1 — %0082(9)) sin(9) (1 - %sin2(9)>

10 €[0,27) ¢ . (42)

Let amap F = (F, F>) € Wh®(Q:; R?) and a function f € W12 C) be related by f(x1 +ix2) = Fi(x1,x2) +
iF>(x1,x2). Then DF € K at x € Q if and only if f satisfies the following non-linear Beltrami equation and constraint
atz=x1 +ixp € Q:

af 4/3f \° |of
P ()= 3 (8z (z)> S e ()

1

= 43)

Proof of Lemma 6. First assume x € €2 is such that D F(x) € K. We show that f satisfies (43) at z = x| + ix,. Note
that since D F (x) € K, there exists 6 € [0, 277) such that

Zsin’(0) Zcos’(0)

DF =
) —cos®) (1-3cos’(®) sin®) (1 3sin’®))

(44)

As described in Section 3, for any matrix A, we decompose A =[A]. + [A],, where [A]. and [A], are the conformal
and anticonformal parts of A, respectively. Using (38) and (44) we have

1 sin@®)  cos(d)
[DF(x)], = B <—cos(0) sin(0) ) . (45)

Now recalling the trigonometry
sin (30) = —4sin® (9) + 3sin (9), cos (30) = 4cos> (8) — 3cos (6) . (46)
Note that
% sin®(9) — sin(9) 3 cos?(0) — cos(6)

DF(), = >
IO =5\ teost@) —cos) — (4sin @) — sin(0))

(6 1 —1sin(30) 1 cos(30)
-~ 2\ leos30)  Lsin(30)

1<—sin(30) cos(30)>
_ ! _ . 47)
6\ cos(39) sin(36)
Recall that f(x; +ix2) = F1(x1, x2) + i F2(x1, x2). It follows from (41) that
9 , 9
[a—f(z)] LIpFwI.  and [—Jj(z)} CIpF, (é N ) (48)
Z M 0z M
Thus
O (40269 L n6) — i cos@)). (49)
0z 2
I 0 \un!l [/ —sin(30) —cos(36)
[DFCL, (0 —1) - 6( cos(36) —sin(39)>' (50)

Therefore it follows that



492 A. Lorent, G. Peng / Ann. I. H. Poincaré — AN 35 (2018) 481-516

9f | (48),(50), (40)

1. .
a_z(Z) —5 (sin(36) — i cos(360))

(sin(@) — i cos(0))>

@y Laf
= 6(28_1(2))

4 (9 3
= 5(%(2)) . (28

AN =

We obtain from (51) and (49) that f satisfies the cogstrained non-linear Beltrami equation (43) at z € Q.
Conversely, suppose the function f € WI*OO(Q; C) satisfies (43) at z = x; + ixp. Recall that F(xy,xp) =
Re(f(x1 +ix2)), Im(f(x1 +ix2))). We will show that DF (x) € K. Indeed, we have

a 1

a—]zczi[(Fl,1+Fz,2)+i(F2,1—Fl,z)} (52)
and

a 1

8—J;=E[(F1,1—F2,2)+i(F2,1+F1,2)] (53)

Since )%(z)‘ = %, there exists 6 € [0, 2) such that

af 1 ..
— = —(cos(f) + i sin(H)). (54)
dz 2

Now since f satisfies (43) at z, we have

3
%(Z) = g (% (cos(8) +i sin(@)))

= é (cos(30) +i sin(39)). (55)

Now we obtain from (52)—(55) that

Fi1+ F2 =cos(8),
F 1 — F1 2 =sin(9),

1
Fii—Fa= g cos(30), (56)

1
hi+Fia2= 3 sin(36).

So solving (56) for Fi 1, F1.2, F2.1, F2,2, we obtain
1 1 46) 2
F1 1= —=cos(@) + —cos(30) @z cos3(9),
’ 2 6 3
. 1. “6) 2 . 3
F1 2= —sin(30) — 3 sin(f) = —3 sin’(0),

. 1 . (46) . 2 5
F> 1= =sin(0) + gsm(SG) = sin(0) — 3 sin’(0),

—_— N = O\ —

(46)

1 2
Fr2 = =cos(0) — 3 cos(30) = cos(f) — 3 c0s3(9).

\S]

Now letting 0= % + 6, we have cos(é) = —sin(f) and sin(é) = cos(f). One can check immediately that DF € K at
x = (x1, xp) with the phase function 8. O
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4.1. Proof of Theorem 5 completed

Firstly given u € E(2) we can define F,, : @ — R2 by F,(0,0) = (0,0) and
2 2
) (1 — “,21 — MTZ) u, (1 — ’4,22 - l%)
2u? 2u>
—a(1-2) e (1-%)

The existence of F, over bounded simply-connected Lipschitz domains in the classical L? framework can be found
in [22]. We provide a proof of the existence of F,, over bounded simply-connected domains in Lemma 23 in the
Appendix. Such results might be well-known to experts, but we were not able to find a reference. Therefore we
include a proof for the convenience of the readers. Since |Vu| =1 a.e. in 2, it is clear that F), € WL (Q:R?) is a
mapping that satisfies

DF, = (57)

sin(0) (1 — cos?(8) — S5@)  cos(@)(1 — sin%(9) — @)
—cos(6) (1 _ %0052(9)> sin6) (1 -2 sin2(0))

(

DF, € 0e0,27) 8y 'K ae in Q.

Thus applying Lemma 6 we have that f,(x1 + ixp) := Fu1 (x1,x2) + iFuz(xl,xz) satisfies the non-linear Beltrami
system (26). So defining

L'(u) == fu, (58)

we have that I" forms a transformation of [E(Q) /R] into B (SNZ). Now we show that I' is injective. Given u, w €
[E(Q)/]R] such that I'(u) = I'(w), we have DF, = DF,,. Note that for all x € 2 such that |Vu(x)| = 1, we deduce
from (57) that

U= F;’z — F?

u,l

and up=F, +F,,. (59)

The same relations hold for Vw. This implies Vu = Vw a.e. in € and hence u = w in [ E(R)/R]. Thus we have
shown that I' is injective.

Now for the second part of the theorem, given a function f € B(ﬁ) N W2~1(§~2) we need to show that there exists
some u € [E(Q)/R]nW>! () such that I'(u) = f. Let us define

F(x1,x2) = (Re(f(x1 +ix2)), Im(f (x1 +ix2))).
By Lemma 6 we have
DF € K a.e.in Q2.
We have that DF € W1 (Q) and there exists 6 (x) : Q@ — [0, 277) such that

sin(0(x)) (1 = cos2(0(x)) — 4L )  cos(v(x)) (1 = sin(B(x) — G2

DF(x) = (60)
—cos(0(x)) (1 — 2cos?(6 (x))) sin(6(x)) (1 — Zsin?(0 (x)))
for a.e. x € Q. Similar to (59), we deduce from (60) that
cos(0(x))=Fi12(x) — F»1(x) and sin(@(x)) = F1,1(x) + F22(x) a.e.in Q.
Hence a(x) :=cos (#(x)) and B(x) :=sin(0(x)) are such that o, 8 € Ww11(Q). Now we have, for a.e. x € Q,
2 2
0= curl (VF}) = curl (,B(x) (1 —a(x)? - ’3(;) ) ,a(x) (1 —B(x)*— @))
= (1= 20 = B)?) (1) = B2(0) +20(0BM) (22(6) = B1(x))
=2a(x)B(x) (a2(x) — B1(x)), (61)

and
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0= curl (VF>) = curl <—a(x) (1 — %a(x)2> L B(x) (1 — %5(@2))
=41 (1-28(0%) + o) (1 - 20(0)?)
=81 (1-280%) + 810 (1 - 20(0?) + (@2) = B1 () (1 = 20(0)?)
=281 (1= B0? = 2(0?) + (22(x) = B1(0) (B = a()?)
= (@200 = 1) (B —a@)?). (62)

Taking the squares of (61) and (62) and adding, and using the fact that a(x)? + B(x)? =1, we have
2
0= [(oz(x)2 - B()?) + 4a(x)2ﬁ(x)2] Jeurl(@(x), B())I?

2
- (a(x)2 —|—/3(x)2) leurl(@(x), Bx))|? = [curl(@(x), B(x))|? for ae. x € Q.
Therefore, we have
curl (@(x), B(x)) =0 fora.e. x € Q.

Since (a(x), B(x)) € L®(Q; R?), by Lemma 23 in the Appendix, there exists u € H' () such that Vu = (a, ) =
(cos(6), sin(@)). Since ar(x)? + B(x)* = 1, it is clear that u also belongs to W1o°(Q). This along with (60) and the
fact that o, B € W'1(Q) implies that u € [E()/R] N W*!(Q). Now looking at (60) and the definition of T" in (58),
it is clear that I'(u) = f. Hence, this completes the proof of the bijective part of the theorem.

5. Proof of Theorem 4

Define F(x1,x2) = (Re(f(x1 +ix2)),Im(f(x; +ix2))). By Lemma 6 the function F satisfies the differen-
tial inclusion DF € K a.. in 2, where K is the subset of all two by two matrices defined by (42). Let
Q= {()ﬂ,xz) X1 +ixp € Q} Define

Zsin’(0) % cos3(9)
—cos(6) (1 - %cosz(e)) sin6) (1 - §s1n2(9)>
By Lemma 6, there exists v : 2 — [0, 27) such that

DF(x) =M (¥ (x)) fora.e.x € Q.
Given Q' CC , denote y :=dist(’, 3€2) > 0. Let h € By, (0) and define

M@®) =

ap(x) =y x+h)— ) forx e Q. (63)

First, we prove the following lemma.

Lemma 7. For all x € Q' and h € B,,(0) such that DF (x), DF (x + h) € K, we have that
det(DF(x + h) — DF(x)) > co|DF(x + h) — DF(x)|*, (64)

where the constant c is independent of x and h.

Proof. Given x € Q" and h € B, (0) such that DF(x), DF (x + h) € K, we will show the estimate (64) in several
steps.
Step 1. We have

4

4 2 2 4 o, 4
det(DF(x +h) — DF(x)) = 973 cos(ap(x)) + 9 cos”(ap(x)) = 3 +o(ay). (65)
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Proof of Step 1. We know

DF(x) = [DFW)]+[DFMX),
@s). 47 1 [ sin(@r(x))  cos(¥(x)) L1 —sinGy(x))  cos(3y(x)) 66)
— 2\ —cos(¥(x) sin(p(x) ) 6\ cosByx) sinByx) )

It follows that

DF(x +h) — DF(x)
o) 1 [ sin(¥(x + 1) —sin(@(x))  cos(y(x + 7)) — cos(y(x))
© 2\ —cos(¥(x +h)) +cos(P(x))  sin(y(x +h)) — sin((x))

+l —sin(3y (x + 1)) +sin(3yY(x)) cosByY(x 4+ h)) —cos(3y(x)) 7
6 \ cosBy(x +h)) —cosBy(x)) sin(ByY(x + h)) —sinBy(x)) |
So using (39) we have

det(DF(x +h) — DF(x))

1
= 7 ((Sin(W (e + 7)) = sin( (1)))? + os(¥(x + ) — cos( (x)))?)
1
3¢ ((6nGY (x4 ) = $inBY (6))” + (cosGy (x + 1)) = cos Gy (1)))?)
= Q=250 (xR sin(h () — 2e0s(y x4 ) cos(y (1)

—% (2 — 2sin(3¥ (x + h)) sin(3¥ (x)) — 2cosBYr (x + ) cos(3y (x))) - (68)

Recall that o, (x) is defined by (63), so ¥ (x + h) = ¥ (x) + ap(x). Now

sin (1 (x + h)) = sin(y (x)) cos @ (x)) + cos(¥ (x)) sin(e; (x)) (69)
and

cos (1 (x + h)) = cos(¥(x)) cos (e (x)) — sin(y (x) sin(@y (x). (70)
Thus

2 — 2sin(¥ (x + h)) sin(¥ () — 2cos(¥ (x + h)) cos(¥ (x))
L9 9 _ 2 (sin(y (x)) cos(an (x)) + cos (¥ (x)) sin(as (x))) sin(¥ (x))

—2 (cos( (x)) cos(ap (x)) — sin(yr (x)) sin(ap (x))) cos( (x))
=2(1 —cos(ap(x))). (71)

Note that 3y (x + h) — 3¢ (x) = 3, (x), so 3y (x + h) =3¢ (x) + 3ap(x). Thus
2 —2sin(3y (x + h)) sin(3y(x)) — 2cosBy (x + h)) cos(3yr (x))
=2 —2(sin(3y(x)) cosBay (x)) 4+ cos(3y (x)) sin(Bar, (x))) sin(3y (x))

—2 (cos(3y¥r(x)) cosBay (x)) — sin(3yr(x)) sin(3a (x))) cos(3yr(x))
=2(1 —cosBa,(x))). (72)

Thus putting (71) and (72) together with (68) we have that
1 1
det(DF(x+h) — DF(x)) = 3 (1 = cos(ay(x))) — s (1 —cosBap(x))).

Now cos (3ay, (x)) 2 4cos? (ap(x)) —3cos (ap(x)). So
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det(DF(x +h) — DF(x)) = = (1 — cos(ay(x))) — ILS (1 — 4cos3(oeh(x)) + 3 cos(ay, (x)))

BN S

=5 5cos(oz;,(x)) + g cos (ap (x)).

2 4
Now since cos(ap(x)) =1 — %” + ;—Z + o(aﬁ), we have

2 costen () + 2 cosancon = F -2 (1o % L %Y 4
— — = cos = cos =——=(1-2+2L
g — 3 NI g oSt =g~ 3 2 T4

4
= %‘ +o(ay)
for aj, > 0 sufficiently small.
Step 2. We have
, 10 2 4 4 5 )
|IDF(x +h)— DF(x)|” = 373 cos(ap(x)) — §cos (ap(x)) =) +o(ay). (73)

Proof of Step 2. Now looking at (67), it is clear that the two matrices in the decomposition are orthogonal when
they are identified as vectors in R*. Therefore, using similar calculations as in Step 1, we have

IDF(x +h) — DF(x)]>'Y
2 (im0 Cx 1) = sin(y () + (cos(y (x + ) — cos(y (1))’
+ % ((SinGYGx + 1) = sinG3y (1)) + (€osGY (x +h)) = cos3r(x))?)
= % (2= 2sin(y (x + ) sin(¥ (1)) — 208 (x + ) cos (¥ (x)))

+ % (2 = 2sin(3Y (x + h)) sin(3yr(x)) — 2cosBY (x + h)) cos(3yr (x)))

5 1
1. (72 (1 — cos(ay (x))) + 5 (1 = cosBay(x)))

(426) g ~3 cos(ap(x)) — gCOSS(Olh(X))-

When ¢, is sufficiently small, we have

3
10 2 4 4 10 2 al\ 4 a? e 5
573 cos(ap(x)) — §cos (ap(x)) = 573 1-— 2] % 1-— > +o(ay) = aj +o(ay,).

Step 3. We have
det(DF(x + h) — DF(x)) > co|DF(x +h) — DF(x)*

for some constant cg independent of x and /.
Proof of Step 3. It follows from (65) and (73) that there exist § > 0 and ¢y > 0, such that, for all 0 < o, < §, we
have

det(DF(x +h) — DF(x)) > ¢i |DF(x + h) — DF (x)|*. (74)
Let o(t) = § — 3 cos(t) + % cos® (). Then ¢'(r) = 3 sin*(¢). Note that 0(0) = 0 and [; 3 sin*(s)ds > 0 for all 1 €
(0, 2m), since sin3(t) > (0 and sin3(t) =— sin3(t + m) for ¢ € (0, ). Therefore, for all ¢ € (0, 27), we have o(t) =

0(0) + f(; % sin®(s)ds > 0. By periodicity of the function p, it is clear that o(¢#) > 0 for all r € R, and o(¢) = 0 if and
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only if t = 2km, k € Z. Similarly, given 0 < § < 7, by the odd symmetry of o’(z) with respect to t = 7, we have
f(; 0'(s)ds > 0 for all § <t <27 — §. As a consequence, for all § < < 27w — §, we have o(r) > ¢(8). Thus for all
§ <ayp <2mw — § we have

t_2 (())+g 3( (>)>‘—L—3 <5)+3 38)>0 (75)
9 3cosozh)c 9cos ay(x = 3cos 9cos > 0.

Note that |DF (x + h) — DF(x)I4 is uniformly bounded for all x and % such that DF (x), DF (x +h) € K. Therefore,
it follows from (65) and (75) that there exists some ¢, > 0 such that forall § <« <27 —§

det (DF(x +h) — DF(x)) > c2|DF(x + h) — DF(x)|*. (76)

Since o(#) is even with respect to t = 0 and periodic with period 2, and so is the function 7(¢) = % — %cos(t) —

g cos? (1), it is clear that the estimate (74) also holds for 27 — § < a, < 2. Combining (74) with (76), and using the
periodicity of the functions o and t, we conclude that

det(DF(x + h) — DF(x)) > co|DF(x + h) — DF(x)|*,
where co = min{cy, ¢} > 0 is independent of x and 2. O
Proof of Theorem 4 completed. Here we follow the idea in the proof of Theorem 3 in [32] to show the regularity of
Df.Let Q' CC Q and y :=dist(2/, 3Q2) > 0. Let n € C°(2) be such that n =1 on Q' and dist(Spt(n), Q) > %

GiveneeS' and h e R satisfying 0 < h < %, we have DF (x), DF (x + he) € K for a.e. x € Spt(n). It follows from
Lemma 7 that

DF he) — DF 2
det <TI(X) et Z) (x)) = 7’/(hxz) det(DF (x + he) — DF (x))
(64) DF he) — DF (x)[*
> con(x)? IDF(x + 2)2 )l for a.e. x € Spt(n). 77
. . . ay a2 azy —azi
Using the identity det(A + B) = det(A) + det(B) + A : Cof(B), where C0f< ) = < ) we have
azy azz —dajp2 dai

0= /det (D (r](x) (F(x +h2) — F(x)))) dx
Q

_ /det <Dn(x) . (F(x + he) — F(x)) ) (DF(x + he) — DF(x))) W
Q

h h

_ /det (Dn(x) o (F(x —i—h;) - F(x)))
Q

D) ® (F(x +h2) - F(x)) . Cof (n(x) (DF(x + h;) - DF(x)))

+det <n(x) (DF(X t+he) — DF(x))) dx.

h

Since det(a ® b) =0 forany a, b € R2, the above simplifies to

0 /Dn(x) o (F(x + he) — F(x)) - Cof (n(x) (DF(x + he) — DF(x)>>
Q

h h

+ det (n(x) (DF(x +he) — DF(x) )) dx.

(78)

h
Using (77), (78) and Holder’s inequality, we have
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4
/n(x)z IDF (x + he) — DF (x)| dx

h2
Q

(757)i det <n(x)<DF(x+he)_DF(x)>>dx
co h
Q

(o)l ‘DF(’“ ”j%_ DE@) ).

% /|DU(X)| F(x +he) — F(x)
) h

(79

C()

, 1 |DF (x + he) — DF (x)|*
< ——IDnliLee@) VNl L@ Lip(F) —= /17(96)2 dx
co Vh

h2

_ 4
SC(Q,J/) /n(x)leF(x—l-hz)2 DF(x)] ax |

where the constant C (€2, y) depends only on €2 and y.
Given 8 € (0, %), it follows from (79) that

1 DF he) — DF (x)|*
—/n(x2| (x+ 2)2 (x)] dx

ISt

79 1 C(Q,y) |DF (x + he) — DF (x)|*
e I (80)

N,

T3 h2+h

_ 4
_ C(Ql,y) 1 /r}(x)2|DF(x + he) — DF(x)] dx
h2 h+

Note that the above estimate (80) holds for all e € S! and for all 0 < & < £.Sofor0 < R < % we have

_ 4
//n(x)leF(x+y) DF(x)| dxdy

ly|*+#

Br Q@

/ x )ZIDF(x—i—y) DF(x)|4dx

e dy. 81)

(80) 1
<c@n [ —m
Iy~

Now by Holder’s inequality

1 ,IDF(x +y) — DF(x)|*
/ 35+2 / ) |y |2+f3 dx dy
FARbI IR

R

ZT
1 IDF(x +y) — DF(x)|*
< / =dy //n(x)2 yz+,3 dxdy | . (82)
Iy[f+3 M
Br Br Q

AsBe(0,%),lets:=2— (B+3)>0,then B+ 3 =2 — 5. We have

R

27
/| = ady 2n/r2 ardr—27r/ g = > RS, (83)

0
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Putting this together with (81)—(82) we have

DF(x + DF(x)*
// P12 |y|2+ﬁ O dvay

ESE

3
81), (82), (83) 2\ 4 |IDF(x +y) — DF(x)|*
= c@y (7R5> / / n(x)? 257 dxdy | . (84)

ly
Br

Thus, noting § =2 — (8 + %) > 0, we deduce from (84) that

DF DF(x)|*
[ [ror PR iy < c@.y.p) (85)

Br @

for some constant C(£2, y, B) depending only on €2, y and B. Note that n(x) =1 for x € Q'. Therefore, we deduce
from (85) that

IDF(x +y) — DF(x)|*
// N dxdy < C(2,y, B).

Br @

It follows that

|DF(x) DF(w)|4
// w|2+ﬁ wdx

Q' Q
|IDF(x) — DF (w)* / / |IDF(x) — DF (w)[*

< dwdx + dwdx

/ / Ix — w|*+P Ix — w[>HA

Q' Br(x) Q' Q\Bgr(x)

1 4
<CQ,7.B)+ —— 23T |IDF(x) — DF(w)|*dwdx < C.
Q' \Bg(x)

So this implies DF € W§’4(Q/). Recall that F'(x1,x2) = (Re (f(x1 +ix2)),Im(f(x; +ix2))). Therefore we have
established (24).
Now from (79) we have that for any y € B % 0)

4
IDF(x +y) — DF(x)|* / ,IDF(x +y) = DF(x)|* (19 (C(sz, y))s
dx < dx <
2 Y= [t Iy[2 S V]

94 Q

It follows that

IDF(x +y) — DF(x)*

: dx <C(Q.y). (86)
& M
Given 0 < € < % integrating the above with respect to y over B (0) and using the fact that |y| <€ for all y € B.(0),
we obtain
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DF — DF(x)|*
/ | (eryz)4 ()] dydx
e’t3
Q' B:(0)
1 DF — DF(x)|*
5—2//| (ery)4 (x)] dydx
€ lyl3
Q' B:(0)
6) C (2, -
a2 / 1dy =2 C(. p).
€
B.(0)

This establishes (25). O
As a corollary of Theorem 4, we have

Corollary 8. Let Q2 C R2 be a bounded simply-connected domain and u € E(2), where E(2) is defined in (22). Then
Vu e W;:)‘j(SZ) forall0 <o < % Further, for any Q' CC , there exists a constant C such that

_ 4
// [Vu(x +y) — Vu(x)| dydx < C (87

4
2+3

Q' B (0)

for all € sufficiently small, where the above constant C is independent of €.

Proof of Corollary 8. Since u € E(S2), it follows from Theorem 5 that there exists F,, such that

2 2
2 “a 2 4
unm (1_M,I_T) u. (1_”,2_T>
2u? 2u2
.1 2

and therefore DF,, € K a.e. in 2, where the space K is defined in (42). Using (59) we have that

DF, =

1 2 1
u’leu’z_Fu’l and I/l,z:F

u,l

+F, aeinQ. (88)

From Theorem 4, we have DF,, € WU’4(Q) forall o < %, and for any Q' CC €,

loc

_ 4
/ IDF,(x +y) — DF,(x)| dydx < C (39)

e2+3
Q' B.(0)
for some constant C independent of €. It follows from (88) that Vu € W;;f(Q) forall o < %
By the inequality |A + B|* < 8(|A|* + | B|*) we have that

4@’

ety i L (Rl ) - B2+ 9) - (Flaw - 22,w)|

1 1 4 2 2 4
< 8|F +y) - Fu,z(x)) +8[F2 (x4 y) - Fugl(x)‘
< CIDF,(x+y) — DF,(x)|*. (90)
In the same way we can show that
lup(x+y) —us(x)| <C|DF,(x+y) — DF,(x)*. ©n
Thus
4 (90), OD) 4
[Vu(x +y) = Vux)|" =< C|DF,(x+y)— DF,(x)] (92)

for some pure constant C. Finally, putting (89) and (92) together, we immediately obtain (87). O
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6. Vanishing of harmonic entropies
Recall the definition of entropies in (8). We first recall a few lemmas from [18].

Lemma9 (/18], Lemma I). Let ® € C° (R2; R?) be an entropy. Then there exists a W € C o0 (R?%; R?) such that
DO () +2¥(z) ® z  is isotropic for all z. (93)

Consequently, we have

1 1
‘1’1(Z)=—£¢1,2(Z) and ‘1/2(2)=—2—ZICI>2,1(Z)- (94)

Lemma 10 (/ /8], Lemma 2). Let ® € C°(R?; R?) and W € C°(R?; R?) satisfy (93). Let m € H' (Q2; R?) satisfy
V-m=0 a.e inS.
Then

V@0 =W0m) -V (1= 1mP)  ae.inQ. 95)
Lemma 11 (/ /8], Lemma 3). There is a one-to-one correspondence between entropies & € C2° (R?; R?) and functions
@ € CX(R?) with ¢(0) = 0 via

®() =9z + (Vo) - 2-) (%)

where 7+ = (=22, z1) is the anticlockwise rotation of z by %
Using the above lemmas, we have the following relationship between W and ¢.

Lemma 12. Let ® € C° (R2; R?) be an entropy, and W and ¢ be the functions related to ® through Lemmas 9 and 11,
respectively. Then we have

1
W12(2) = ¥21(2) = 3V (Ag) 7t (97)

Proof. Using formula (96), we have

®12(2) =2220,1(2) + 239.12(2) — 21220.22(2),  D2.1(2) =22192(2) + 239.12(2) — 2122911 (2).
Putting the above into (94), we obtain

22
2
By direct calculations, we have

22

Vi(2) =—¢1(2) — >

Z Z
0.12(2) + Elfﬂ,zz(z), Wy(2) = —92(2) — Elfp,lz(Z) +20 1)

3 &) 21 3 71 22
Wia(z) = —§¢,12(Z) - E<.0,122(Z) + 3@222(1), Wy 1(2) = —590,12(2) - ?fp,nz(Z) + Efp,m(Z)-

Hence, we have

1
Wio(2) — W21 == (e + @i 12 +902) - (—22,21) = EV (Ag) -z O

| =

Given a function u € W1°(Q), for all € > 0, we denote u = u * Pe, Where p. is the standard convolution kernel
supported in B¢ (0) C R2. Very often in this paper, we use the following notation

w = (Vu)t = (—u,z, u,l). (98)

Then we have
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We = (wé, w?) = (—ue2 ue,1). (99)

The main result of this section is the following theorem.

Theorem 13. Let Q C R? be a bounded simply-connected domain. Let ® € C 0 (R?; R?) be an entropy, and ¢ €
cx (R2) with ¢(0) = 0 be the smooth function related to ® through (96). In addition, we assume that

V(Ap) -zt =0 forallz € R>. (100)
Then, for all u € E(S2), where E(2) is defined in (22), we have

v. [cb(wi)] =0

in the sense of distributions.

Proof of Theorem 13. Given Q' CC , let ¢ € C2°(2') be a test function. Recall w 8 (Vu)t = (—up,u1). So as
in Step 6 of the proof of Proposition 3 [15] we have

/C(X)V [P (we)]dx
Q/

(95)

/C(x)\IJ(we) Y (1 — |w€|2) dx
Q/
A I,

= [c@v - [wwo (1 = weP)]dr = [ et (1= weP) v 1w dx. (10
ol ol

Since W (w,) (l — |we |2) E) 0, integrating by parts we see that

I — 0. (102)
In the following, we show that, under the additional assumption (100), we have

I, — 0.

Thus, we have

/CD(w) -Vidx = lim /CD(we) -V¢dx = —lim /V [P(we)]¢dx =0,
e—0 e—0
o Q' Q
from which Theorem 13 will follow.

We will need several lemmas. First, we provide the following lemma, which will be used repeatedly.

Lemma 14. Let Q be as in Theorem 13 and u € E(S2). Given Q' CC K, there exists a constant €y = €y(2") such that,
forall € < €y, and forallr >4 and g € L" ('), we have

[ 1= 190 Jtcom] 1613 = Chglzrir (103)
&
forallm=1,2and n =1, 2, and for some constant C independent of .
Consequently, if gj — g in L" (), then for any sequence {€;} such that 0 < €; < € for all j, we have

/‘1—|Vu6j|2’|u6j,mn||g—gj|dx—>0 as j — 00 (104)
Q/
forallm=1,2andn=1,2.
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Proof. Given r >4 and g € L (2'), by Holder’s inequality, we have
1

r’ ’ :
[ 1= 9P| Jweom 11 = | [ 1= 190l el x| heliriar, (105)
94 94

where % + % = 1. Now as in (i) and (ii) of Step 6 of the proof of Proposition 3 [15], we have that

2Pl @2
1= lwe) < 572“/|w<x—z>—w(x>|2dz, (106)
Be
and
1Vl g2
wej@] = =EEE [t -2 - weoldz, (107)
Be

where recall that we defined the vector fields w and w, in (98) and (99), respectively. For the convenience of the
reader, we take the proofs of (106)—(107) in [15] and put them into Lemma 22 in the Appendix.
Note that since r > 4, we have r’ < % and, therefore, 3T’, < 1. Now arguing very similarly to (iii) of Step 6 of

Proposition 3 [15], we have

/‘1 — |Vu€|2‘r |ue,m,,|r/ dx

Q p y
(106), (107) C
< ? ][|w(x —27) — w(x)|2dz ][|w(x —2)—wx)|dz dx
Q' \Be Be
5 7
C
== ][|w(x—z>—w(x>|4dz ][|w(x—z)—w<x)|4dz dx
Q' \Be B
B (108)
C
= ]llw(x —2)—wx)|*dz dx
Q Be
3_"/
Y
C
= /][|W(X—Z)—w(x)|4dzdx
Q' Be
3
4 i
- - (87)
—C //Iw(x 2) 4w(x>| P
2+3
Q' Be¢

Putting (108) into (105), we immediately obtain (103). The estimate (104) is a direct consequence of (103). O

Lemma 15. Ler Q be as in Theorem 13 and u € E (). Denote w := (Vu)~*. Given Q@' CC , forallt € C°(), we
have

/ (1~ [we)Pw! () @)dx — 0, / (1 = e ) Pyw? (0 ()dx — 0, (109)
Q Q/

and

/ (1= we)P) (w2 @) +wl,) §@dx >0 (110)
Q/

as € — 0.
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Proof. Given a smooth function v, by direct calculations, we have
o)
V- [Zererv] 2 (v11 = v,22) (1 - |Vv|2> (111)
and
(6)
Vo [Saqv] 220 (1-1V0P). (112)
Recall the definition of w, in (99). In particular, we have

1 2 2 1
We | = —Ue 12, Wgp=Ue 12, Wey+Wep=Uell —Ue22. (113)

Thus, using (99), (112) and (113), we have

[ (1= weR) wliweeds L < [ (1 190 0F ) eatoc do

o4 o4
2 2
©,012) 1 2ug o 2u |
Q/
1 2u? 2u?
- §/<u6,2 (1 - ;2) et (1 - T“)) V¢ dx.
Q/
Since u € WH%°(Q), it follows from (114) and (15) that
[ (1= e wl s
Q/
(115)

1 2u> 2u? 1
(1;1) 5 / (M,z (1 - Tz) s U1 (1 - Tl)) -V¢dx = E/Eelézu(x) - V¢ (x)dx =l 0.

94 194

Similarly, as wg 5 = Ue, 12, WE have

/ (1 — we (x)lz) w; 5 (x)¢ (x)dx — 0.
Q/
Next, using (99), (111) and (113), we have

[ (1= weR) (w20 + wl o) coods
J

L[ (1= 9P (106 = 0e2200) €0

Q/

&), a1y 1 2 ”3,1 2 ”5,2
= 3 V| e l—ué’z— 3 , —Ue 1_”5,1_ 3 Cdx.

Q/

By (15) and the same arguments as in (115), we conclude (110). O

Lemma 16. Let Q be as in Theorem 13 and u € E(2). Denote w := (Vu)*. Given Q' cC Q and any F € C?O(Rz),
we have

/(1 _ |we|2) wl,, (F(w) — F(ws))dx — 0 ase,§—0 (116)
Q/
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forallm=1,2and n =1, 2. As a consequence, we have

/ (1 - |w6|2> !, (F(we) — F(ws))dx — 0 ase, 8 — 0. (117)
Q/

Proof. First, it is clear that by applying Lemma 14, we have
/(1 — [we (0)*) (F(w(x)) — F (ws(x)) w,, (x)dx
S’z/
SSHZPIDFI/(l — [we @) [wl, (@) lw(x) — ws(x)| dx (118)
R
Q/

(103)
< Csup|DF||lw— wsllr @
R2

for all r > 4. Now as w € L*(2) C L"(£2) so ws i w. Applying this to (118), equation (116) follows.
To show (117), we write

[ (1= P ut (P = Fusydx

Q/
= [ (1= 1weP) ut (Flwo = Fnax+ [ (1= 1weP) ul, (Fw) = Flws) d.
Q' Q
By applying (116) to the above two terms on the right side, we obtain (117). O

Lemma 17. Let Q2 be as in Theorem 13 and u € E(2). Denote w .= (Vu)L. Given Q' CC L, forany F € CSO(RZ)
and any ¢ € CZ°(R2'), We have

[ (1= lweP) wl y o P o, (119)
3
/ (1 ~ we (x)|2) w2, (x) F (we (x))¢ (x)dx — 0, (120)
a3

and
/ (1 - |w6|2> (wil + w;,z) F(we (0))Z(x)dx — 0 (121)
3

as € — 0.

Proof. We write

[ (1= 1weP) Pl \wewds

Q/

= [ (1= WP ) Fus@ul e ods

Q/
+ / (1= 1w @) ) (Fe ) = Fws () wl ()¢ (@)dx,
Q/
where ws = ps * w. It follows from Lemma 15 (109) that, for any fixed § > 0,
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/(1 — |we (x)|2)F(w3(x))w61’1(x)g“(x)dx —0 ase—0.
S'Z/

On the other hand, we obtain from Lemma 16 that

/ (1 = [we(0)*) (F (e (x)) — F(ws (x))) wl ()¢ (x)dx >0 ase, 8 — 0.
Q/

(122)

(123)

Given « > 0, it follows from (123) that there exist 5o = §p(«), €9 = €o(ev) > O sufficiently small such that, for all

€ < €p, we have

/ (1 = [we@)?) (F (we (x)) — F (s, (x))) wl ()¢ (x)dx| < %
a3

By (122), there exists €1 (= €1(«)) such that, for all € < €1, we have

/ (1= e R F (i) wl (08 (x| < 5.
Q/

Define ¢, := min{eg, €1}. Combining (124), (125), we have that, for all € < €4

/ (1= 1we@P) Fwe@)w! (0 dx| <a.
Q/

This implies (119). The estimates (120) and (121) follow exactly the same lines. O

Proof of Theorem 13 completed. Now we return to (101). We have

= [ (1= wel) [Srawoul + 1202, + Vo wowls + Waawou?, | e,

Q

By Lemma 17 (119)—(120), we have

/ (1 - |w€|2) [\pm (wow! | + \yz,z(wf)wiz] £(x)dx — 0 as € — 0.
Q/

By Lemma 12, the assumption (100) implies W 2(we) = W2, 1 (we). Therefore, we have

(124)

(125)

(126)

(127)

(128)

/<l—|w5|2) [llll,z(ws)wg’l+\112,1(w5)w€1’2]§(x)dx=/(l— |w€|2) wl,z(we)(wf’l+w§,2)g(x)dx.

94 194

Now applying Lemma 17 (121) to (129) implies that

/ (1 - |w5|2) [wl,z(wé)wil + w2,1(w5)w;,2] £(x)dx — Oas € — 0.
Q/

(129)

(130)

Finally, putting (128) and (130) into (127), we obtain I, — 0 as € — 0. This together with (101) and (102) completes

the proof of Theorem 13. O
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7. Vanishing of the special entropies

Given & € S!, recall the definition of the function ®% in (28). The main result of this section is the following
theorem.

Theorem 18. Let Q@ C R? be a bounded simply-connected domain and u € E(S2), where E () is defined in (22). Then
forevery & € St \ {e1, —e1, €2, —ea}, we have that

V. [®f (w)] =0 in the sense of distributions, (131)

where w(x) = (—u 2(x), u 1(x)).
We first recall the following lemma from [18].

Lemma 19 (//8], Lemma 4). For a fixed & € S', the map ®F defined in (28) is a generalized entropy in the sense that
there exists a sequence {®,}, o of entropies in C° (Rz; R2) such that

{®,(2)}h— o0 is bounded uniformly for bounded z,
®,(z) > D (2) forall . (132)

For the convenience of the reader, we include the proof of Lemma 19 in the Appendix. Now we provide the proof
of Theorem 18.

Proof of Theorem 18. Given £ € S' \ {e], —e1, 2, —e2}, we may approximate ®¢ by smooth entropies ®* as in
Lemma 19. We prove that

V. [de (w)] = 0 in the sense of distributions

for all k sufficiently large. As a result, we have (131).
As can be understood from the proof of Theorem 13, by virtue of Lemma 17 the only thing we need to show is

/ (1 - |w€|2) [\Illf’z(wg)wg,l + quﬁl(waw;z] ¢dx — 0, (133)
Q/

where the function W¥ is related to ®* through Lemma 9 and ¢ € C2°(€) is any test function. Let us write

/(1 = we?) [Wh o wow? + W wow! ;| cdx

S‘Z/
WE(we) + WX (we)
=/(1—|wf|2) 2 (0l 4wl y) cdx
S‘Z/
WE,(we) — WA | (we)
+ [ (1= o) RS (02—l )
Q/
We deduce from Lemma 17 (121) that
WK (we) + Wk (we)
/(1—|w6|2> (w3’1+w61’2) 1,227 : 207 rdx -0 ase — 0. (134)
Q/
In the following, we show
WF,(we) — Wh | (we)
/(1—|w5|2) 1,277 . 2107¢ (wf’l—w;’2>§dx—>0 as € — 0. (135)

Q/
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k V(A(pk)~zL . k- k . .
Let us denote ¥*(z) = ——;-—, where the function ¢" is related to ®" through Lemma 11. Using this new

function W‘ and the calculation (97), we write

/(1 _ |w5|2> ‘y{{,z(we) - ‘pg,l(we) (wf,l B wel,z) cdx

J 2
: (136)
= / (1= twel?) vk ) (w2, = wl,) cdx + / (1= 1wel) (¥* o) = v ) (w2 - wl,) cdx.

@ &

Recall the definition of w, in (99). For the above first term, we further write

/ (1 - |w5|2> Wk (w) (wg1 - wg,z) cdx

Q/
= / (1= 190 ?) wF ) (1 + e ) cdx a3
S'Z/
u (w)
=/(1—|we|2) ) (ue,11+ue,22+ o )zdx—/(l—meﬁ) uern ey
ujuz ujuz
94 94
In the following, we will establish
[ (1= 1) (¥ = vt @) (w2, - wls) cdx o, (138)
Q/
[ (1= 1vuP) vt (ue,n e+ )cdx ~0, (139)
u U2
Q/
and
k
/(1—|w€|2) wens L ax 0 (140)
uiu
Q/

as € — 0, respectively. Putting (136)—(140) together, we obtain (135), which together with (134) gives us (133). This
will conclude the proof of the theorem.

First note (138) follows as a direct consequence of Lemma 16. Equations (139), (140) will be established in the
following two lemmas. O

Lemma 20. We have for sufficiently large k

k
/(1—|we|z)ue,12”” ) rdx = 0as e — 0. (141)
U2
Q/
Proof. A key observation in the proof is that, for k sufficiently large, x* := % is an L function. Indeed, we use

smooth entropies ®* to approximate the entropy ®¢ in the way that is given in the proof of Lemma 19 in the Appendix.
In particular, for & sufficiently large, the function ¢ satisfies D?¢* = 0 outside a sufficiently small neighborhood of
kY.L

the line z - £ = 0 inside the ball By (0). Consequently, on S!, ¥*(z) = M is supported in a sufficiently small
neighborhood of the points z - £ =0 with |z| = 1. Since we have chosen & € S! to be such that £ is not parallel to the
axes, for k sufficiently large, the support of wk(z) on S! is bounded away from the axes. Indeed, let « > 0 denote the
distance between the support of ¥ on S! and the axes. Then, either lu ;| < % for some i = 1,2, so ¥*(w) =0, or
lu1] > 5 and |us| > 7, so Ixk| < 4”%#. Therefore, for all x € € such that |Vu(x)| = 1, we have x*¥(x) < Cy for
some constant Cy depending only on @k, Since |[Vu| =1 a.e. in 2, we have x* € L>®(Q).
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In particular, we have x* € L*(2). Let {x 1} be a sequence of smooth functions such that
Xj — x*  in LY(Q).

Then we have

k
(=190

& (142)
= [ (1= 19ueP) ez + [ (1= 19uPuera (3 = ;) e
Q 24

It follows from Lemma 14 that
/(1 _ |w€|2) e 1 (Xk _ Xj) tdx —0 ase—0,j— oo. (143)
Q/
On the other hand, we have x ;¢ € C2°(2). It follows from Lemma 15 (noting the relationship between w, and u. as
in (99)) that
/(1 _ |w€|2) UeroxjCdx — 0 ase— 0. (144)
Q/
Putting (142)—(144) together and using arguments similar to those in (124)—(126), we obtain (141). O

Lemma 21. We have

u
/(1 — |Vue|2) vk (w) (Me,n +ue 2+ p €12 );dx —0ase—0.

U2
Q/

k
Proof. Recall that we defined Xk =W L (). We write

uiu2
Ue 12
/(1 —1Vuel?) vt ) (ue.u ten+— )gdx
u,lu,z
S‘Z/
Xk
k
v w)
=/ (1 - |vue|2) (u,lu,Z (ue,ll + u5,22) + us,lZ) ¢dx
uiuz
Q/

1

=/ (1 - |Vue|2) (e 1ue (e 11 + e 22) + e 12) x*¢dx

Q/
11 (145)

+ / (1 - |Vue|2) (e 11 + e ) (uup — e 1ue2) x*¢dx
Q/
1
2 2 k 2\? k
=/<1 — [Vue| )(”e,lue.Z (e 1 +ue ) + | Vue| Me,12>X {dx+/(1 — [ Vue| ) Ue 12X §dx

Q Q
11

+ / (1 - IVMEIZ) (e 11 + e ) (uup — e ue2) x*¢dx .
Q/
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First, we have (noting |Vu| =1 a.e.)

2
(1= 190P) oot edx = [ (19 = 19eP) (1= 190 ) e o (146)
Q' Q'
Since [Vue| <1 and [Vu| =1, and x*¢ € L®(), we have

/(|Vu|2 _ |Vu€|2) (1 _ |Vu5|2> uenx¥cdx| < C/|Vu — V| (1 _ |Vu€|2> .12 dx. (147)
Q Q
Since [[Vu — Vuellp4qy = lw — well 4(qr) = 0, we deduce from (147) and Lemma 14 that

/ <|Vu|2 - |Vue|2> (1 - |Vu€|2> tenxktdx >0 ase— 0. (148)
Q/
Combining (146) with (148), we obtain

/ (1- |Vu€|2)2u€‘12)(k§dx 0 ase—0. (149)
&
For the last term in (145), since ||w — we|| gy — O forall p > 1, it is clear that [[u 1 2 — ue 1ue 2l L4y = 0.
It follows from the fact that x¥¢ € L°°(£2) and Lemma 14 again that

/ (1 - |Vu€|2) (et +1tenn) (g —ueruen) x¥cdx >0 ase— 0. (150)
Q/
Finally, we look at the first term in (145). Following the arguments in Lemma 20, we choose a sequence of smooth
functions {x;} such that

xj — x5 in LY(RQ).

Note that we have |u¢ jue 2| < 1 and |Vu,| < 1. Therefore, we have

[ (1= 1910P) (st e + ) + Ve Pz (= ;) e

Q/

< / (1 - |Vue|2> (|te 1| + |ue22| + |ue,12]) )Xk - Xj) 1< ldx.
Q/
Let o > 0. By Lemma 14 there exists some jo € N such that

o C .
[ (1= 1910 (et e + ) Ve P (= ;) x| < 5 forall e € ©.0).j =
S’z/
(151)
where € is the small constant as in Lemma 14. ~
Using the harmonic polynomial ¢(z) = z% — z% and the formula (96), we obtain ®(z) = (z? + 3Z]Z%, —3Z%Z2 - Zg).
Letne C¥ (R?) be a cut-off function such that n =1 on B(0) and define ¢ := gn € C° (R?). Let ® be the entropy
obtained from the function ¢ through formula (96). As noted in Lemma 11, ® is an entropy in the sense of (8) and
hence we can apply Lemma 9. Since ¢ = @ on B>(0), we have @ = ® on B»(0). Since |w| =1 a.e. and |we| < 1, we
see that ®(w) = ®(w) for a.e. x € Q and ® (we) = ®(w,) for all x € Q'. By direct calculations, we have
V. [®(we)]=V- (—u3’2 — 3u€,2u2 —3uz’2u€,1 — u£’1>

€ el

2
=—6 (ue,lue,Z (ue,ll + ue,22) + V| ue,lZ) .
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Let us apply (101) to our particular entropy &:

/ (1= 190 ) (werttte (e +ue2) + [Vue Puc.12) x5 dx

Q/
1
:—g/<1— wel?) Xjo V - [@(w)] dx
Q/
) 1
93 —g/<1— wel?) ot Wwe) - 9 (1= ) dx (152)
Q/

1 2
=5 [ xev@o v (1= weP) dx

Q/
1 2 1 2
== 5 [ 2V [w(we) (1= weP?) ]dx+ﬁ/x‘/0§(l—lwe|2> V- [Wwolds,
94 194

where ¥ € C° (R?; R?) is related to the particular entropy @ via Lemma 9. It is clear that {sup |V (w¢ )|} is uniformly
bounded. It follows from integration by parts that

2
/XjOCV- [\I’(we) (1—|w€|2) ]dx—>0 as € — 0. (153)
Q/

Now we write out the other term in (152)

2
/xjoz(1—|we|2) V- W (we)ldx

Q

(154)
= / Kot (1= lwe |2)2 [Wiawow! ; +Wiawow? | +Wa, 1 (wow! , + W2 (wow?, | dx.
&
For all m, n € {1, 2}, using |w| =1 a.e., we have
2
[ e (1= 10eP) wpwout ydx = [ i (107 = weP) (1= 1weP) Wnpwoutuds. s,
@ o4
Since [[w — we | p4(qy — 0 and {sup [W;, , (we)|} is uniformly bounded, an application of Lemma 14 yields
[ it (0P = 1) (1= ) Wl <€ [ 1w = wel (1= lwel) uldx 0. 150
Q o4
Putting (155)—(156) together, we obtain
/ xint (1 |we|2)2 Wy (ww!,dx — 0.
&
Taking the sum over all m, n, we deduce from (154) that
[ it (1= 10P) v tw@orax 0. (157)

Q/
Combining (157) with (153) and (152), we have

/ (1 - IVuelz) (Ue,lue,Z (te11 4 ue22) + IVMelzuer) Xjotdx — Oase — 0.
Q/
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So there exists some €1 € (0, €p) such that

o
/ (1= 191e?) (et (e + e, 2) +1VuelPue,12) xjpd dx < 5 forany € € (0. 1). (158)
Q/

Inequality (158) together with (151) yield

/(l — |Vu€|2> (ue,lue,z (Me,ll + ue,zz) + IVuelzue,u) ngdx <« for any € € (0, €1).
Q/

As this is true for any o > 0 we have shown

/ (1 — |Vu€|2) (ug,lug,z (et +ue ) + |Vue|2u€,12> x¥cdx — 0ase— 0. (159)
Q,

Finally, putting (149), (150) and (159) into (145) concludes the proof of Lemma 21. O
8. Proof of Theorem 3
By Theorem 18, (131) we have that

v. [qﬁ (wi)] — 0 distributionally in 2, for any & € S'\ {e1, —e1, e2, —ea}. (160)

As explained in the sketch of the proof, we could carry out the argument that establishes (160) for a coordinate axis
{€1, €2} (see (4)) and this gives (160) for all £ € S\ {€], —€1, €2, —e2} and hence (160) holds for any £ € S!.

Now defining w(x) = Vu(x)1 we have that ®* (Vu(x)L) ) Ex (x,&) fora.e. x € Q2 and so

0=V [0 (V') | =V [x (.6)] =§ - Vx (&) n D'®)

and thus applying Theorem | we have that Vu is locally Lipschitz outside a locally finite set of points.

It has been observed in [23] that the results of [25] imply that under the hypothesis of Theorem 1, if O CC Qis a
convex neighborhood of a point ¢ € S (where w= Vu= is locally Lipschitz outside of S) then there exists « € {1, —1}
such that

forany z € O. (161)

Since we have shown that w satisfies (12), this implies (16). For the convenience of the reader, we note that (161)
follows from the results of [25] in the following way. Firstly by Lemma 5.1 [25] for any xo, yo € O that are Lebesgue
points of w we have

lxo — ol

|w(xg) —aw(yo)| < for some « € {1, —1}, (162)

where d = dist(O, 2) > 0. In the proof of Theorem 1.3 (that follows the proof of Lemma 5.1) the estimate (162) is

strengthened in that it is shown that « = 1. Thus w is %-Lipschitz in O. This contradicts the fact that ¢ € O and hence
(161) follows. O
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Appendix A. Some auxiliary results

We have used in a fundamental way a couple of estimates from [15], these in turns were inspired by a commutator
estimate of Constantin, E, Titi [12]. For convenience of the reader we repeat the proof from [15].

Lemma 22 (/15]). Let 2 C R? be a bounded domain and w € L*(2; R?) satisfy lw| =1 a.e. in Q. Given Q' CC ,
let y :=dist(2', 92) > 0. Then, for all x € Q' and 0 < € < y, denoting we = w * p,, we have

1= o = 22 [ a2 - weo P, (163)
Be
and
\% )
|ajw6(x)|5%/|w(x—z)—w(x)|dz. (164)
Be

Proof. First, for x € Q" and for 0 < € < y, using |w| =1 a.e., we have
1= |we(@)[* = [w]* * pe (x) — |w * pe|*

=/|w(x—z>|2p€<z>dz
RZ

— /w(x—Z),Oe(Z)dZ . /w(x—y)pe(y)dy

R2 R2
= //w(x =2 (wx —2) —wlx — y)) pe(2) pe (¥)dzdy
R2 R2
=y, yi=z l | N _ 2
= 2// w(x —2) —wx — Y| pe(2)pe (y)dzdy
R2 R2

52/|w<x—z)—w<x)|2pe(z>dz
]RZ

2 oo
< 7”'(;!L /|w(x —2) —wx)|*dz.
B

This establishes (163).
To show (164), note that fBe E)jp(f)dz =0 for j = 1, 2. Therefore, we have

1
|8jwe(X)|:|w*8jp6(x)|: 6_3-/w(x_Z)ajlo(é)dZ
B

1
= 6—3/(w<x —- w(x))ajp(f)dz
B

A\ 00
%/M(x—z)—w(x)ldz. O
Be
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Lemma 23. Let Q C R? be a bounded simply-connected domain and v € L (2; R?) be such that curlv = 0 weakly.
Then there exists some potential f € W% (Q) such that V f = v a.e. on Q.

Proof of Lemma 23. We follow some of the ideas in the proof of Theorem 2.9 in [22]. The proof goes in two steps.
Step 1. We can find a sequence {2 }x of open simply-connected sets with the following properties:

(1) Qr CcCQ;
(2) Q C Qpt1;
3) U, % = €.

Proof of Step 1. Define O := {x € Q : dist(x, 9Q) > 27¥}. We start with some kg sufficiently large such that
Oy, is nonempty. Define €2, to be any connected component of Oy,. For all k > k¢, define  to be the connected
component of Oy that contains 2y, . It is clear that the sequence {€2;}x>k, satisfies (1) and (2). To see (3), we claim

that for any k; > ko, Ok, C S for all k sufficiently large. Indeed, let {OIfl ’}’:1 be the connected components of Ok, .
Without loss of generality, assume 0,31 =Qy,.Foreach j =1,2,...,m,wefixapointa; € O,{l. Since 2 is connected,

we can find continuous paths ylj C 2 connecting ay and a; for j =2,3,...,m. Denote §; = dist(ylj, 0Q2) > 0, and
let 7; be a tubular neighborhood of ylj of size 87’ for j =2,3,...,m. Now denote &, :=min{;} > 0. It is clear that

Oy, U (U?’:Z Tj) C Q is connected, and for any x € O, | (U’/V:z Tj>, dist(x, 8Q) > min{2%1, %}_ Therefore
Oy, U (U?’ﬂ Tj) C O for k sufficiently large. Since Oy, | (U;-"ZZ T,) is connected and Qy, C O, , by definition

of @, we have O, (U?:z Tj) C Q. Since = | O, it follows that (3) is satisfied.

Now we claim that each €2 is simply-connected. We argue by contradiction. Suppose €2 is not simply-connected
for some k. Then we can find some closed curve I' C € such that there exists x € Int(I") N (Ox)€. By the definition of
Oy, we have dist(x, 32) <27F. Let y € 9§ be such that |x — y| = dist(x, $2), and let z be the intersection of I" with
the line segment joining x and y. Then clearly we have |z — y| < |x — y| < 2~ On the other hand, since z € T C Qs
we have |z — y| > dist(z, Q) > 27*. This is a contradiction. It follows that € is simply-connected.

Step 2: proof of Lemma completed. Without loss of generality we can assume 0 € € for all k. For any € € (0,27%),

Ve = U % p¢ is such that curlve = 0 on 2. Since €2 is simply-connected, there exists fe such that V fe = v on €4 and

. . . LP(Q
fe(0) =0. Now take some sequence €, — 0. By basic properties of convolutions, we know V f, L)'{) v asn— 0o,

forall 1 < p < o0.

Since v € L®(2:; R?), we have ||ve|loo < [|[V]l0o, and hence { fe,} 1s a sequence of equicontinuous functions on Q

with fe, (0) = 0. It follows from the Arzela—Ascoli Theorem that for some subsequence (not relabeled) fe, L —(52 © fr

for some Lipschitz function f; with f;(0) = 0. Therefore V f; = v a.e. on Q.
We claim

fi = fr on Qy forall [ > k. (165)

Indeed, the equation (165) follows from the facts that f; — fi is Lipschitz and f;(0) = fx(0) and V(f; — fx) =0 a.e.
on 2. Thus by (165) we can define

filx) onQ

f2(x) on
fx)=

fi(x)  on &y

And finally Vf =vae.on Q. O
Finally, we provide the proof of Lemma 19.

Proof of Lemma 19. We mostly follow the proof of Lemma 4 in [18]. Let us consider the function ¢ defined by
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z-& forz-&>0,

D=0 forz. <o,

and the map F given by

& forz-&>0,

F =
@=10 forz.£<o0.

Note that F is the gradient of ¢ whenever ¢ is differentiable.
Now we construct a sequence {gy }x in C2° (R?) such that

{(or(2), Vor ()} is bounded uniformly for bounded z, (166)
(@ (2). Vor(2) "7 (9(2). F(z))  forall z. (167)

Here we use an approximation that was used by the first author in [27] to make the proof more transparent than that
in [18]. Clearly there exists a monotone smooth function sp : R — R such that so(x) = 0 for x <0 and s¢(x) = x for
x > 1. Given k € N, define s;(x) := %so(kx). It is easy to check that s is a smooth function satisfying

{(sk(x),sp(x))}  is bounded uniformly for bounded x, (168)
(sk (), 5, (1)) “ = (s(). f(x))  forall x, (169)

where

x forx >0,

SO=10 forx <0,

and

1 forx >0,

fe= {O for x <0.
Now we define ¢ (z) = sk (z - €) xx, where i € C;’O(Rz) satisfies Spt(xx) CC Bx+1(0) and xx = 1 on By (0). It is
clear that ¢ € C° (R?) and Vg (z) = s;.(z - &)& for z € By (0). One can check directly that the properties (168)—(169)
for sy translate to (166)—(167).

According to Lemma 11,

Pu(@) 1= gr ()2 + (Vou(a) - 2+) 2t
is an entropy. It is clear that (166) implies that {®(z)} is bounded uniformly for bounded z. According to (167),

|lz|?6 forz-£>0,

q>k(z)—>g0(z)z+<F(z)~zl)zl= 0 forz £ <0

whichis (132). O
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