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Abstract

We prove Lipschitz bounds for linear elliptic equations in divergence form whose measurable coefficients are random stationary
and satisfy a logarithmic Sobolev inequality, extending to the continuum setting results by Otto and the second author for discrete
elliptic equations. This improves the celebrated De Giorgi—-Nash—Moser theory in the large (that is, away from the singularity) for
this class of coefficients. This regularity result is obtained as a corollary of optimal decay estimates on the derivative and mixed
second derivative of the elliptic Green functions on R4 . As another application of these decay estimates we derive optimal estimates
on the fluctuations of solutions of linear elliptic PDEs with “noisy” diffusion coefficients.
© 2015 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

For scalar linear elliptic equations in divergence form it is well known that the best regularity theory one can hope
for is that of De Giorgi, Nash, and Moser. In particular, solutions are Holder continuous for some exponent 1 > « > 0
that depends only on the ellipticity contrast of the coefficient field (@ = 1 for constant coefficients), see [16]. In view
of explicit examples from quasiconformal mappings, see [9, Theorem 12.3], « < 1 for non-constant coefficients in
general.

In the case when the coefficient field is periodic (and Holder-continuous), Avellaneda and Lin proved in [2,3] that
o = 1 as well. (Indeed, the known counterexamples to optimal regularity cannot be periodic.) Their proof is based on
a Campanato iteration (and the availability of periodic correctors) to lift the regularity of the associated homogenized
equation to the non-constant coefficients equation at large scales (whereas the small-scale behavior is controlled by
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the Holder-regularity assumption on the coefficients via the Schauder theory). This also allows them to prove that the
associated Green function has essentially the same behavior as for the Laplace equation.

To extend the results by Avellaneda and Lin to the random setting, we face a “lack of compactness” (it is no
longer possible to rely on correctors, which are not necessarily well-behaved a priori). In their first contribution [14]
to quantitative stochastic homogenization, Otto and the first author proved that the corrector gradient has bounded
finite moments — a Lipschitz-type regularity — under a quantitative ergodicity assumption on the coefficients. These
are the first “improved regularity” results for an elliptic equation with random coefficients. The interpretation of these
results in terms of “improved regularity” and their extension to more general equations than the corrector equation
first appeared in the work [17] by Otto and the second author for discrete elliptic equations. In this work, the authors
proceed in a different way than Avellaneda and Lin, and start with the optimal control of the finite moments of the
Green functions at large scales. In turn this allows them to improve the Holder regularity exponent « for this class of
coefficients. Besides the structure of their proof, the Green functions bounds they obtain are particularly relevant to
stochastic homogenization. Indeed, a key ingredient to [14,13,12] is a so-called sensitivity estimate, which naturally
involves Green’s functions (see for instance Lemma 3.9 below). Their optimal control leads to the optimal control of
several quantities of interest, like the error in the two-scale expansion (see [11]) or the fluctuations in elliptic equations
with noisy coefficients (see [10,17]).

The aim of the present article is to extend the results by Otto and the second author in [17] to the continuum
setting of linear (non-necessarily self-adjoint) elliptic PDEs. First, we develop a Lipschitz regularity theory for linear
elliptic equations whose coefficients satisfy a quantitative ergodicity assumption in the form of a logarithmic-Sobolev
inequality, see Definition 2.1 and Theorem 2.3. Second, we obtain optimal bounds on the gradient and second-mixed
gradient of the associated Green function, see Theorem 2.5. Last we improve the fluctuation estimates of both [10]
and [17], and we unravel the central limit theorem scaling of a weak measure of the fluctuations, see Theorems 2.8
and 2.9.

We conclude this introduction by mentioning the independent and inspiring work by Armstrong and Smart. In [1],
the authors obtain a similar Lipschitz regularity theory, with however better moment bounds and for nonlinear equa-
tions, under the assumption that the coefficients have finite range of dependence. Their approach is much closer to
the approach by Avellaneda and Lin, and rely on a Campanato iteration using a quantitative homogenization result (to
replace the compactness argument).

2. Statement of the main results
2.1. Notation and assumptions on the coefficient field

We let A € (0, 1] denote an ellipticity constant which is fixed throughout the paper, and set
Qo= { Ag € R¥%4 ;. A is bounded, i.c. |AgE| < |£] for all & € RY,
A is elliptic, i.e. A|E|> < & - Aok forall & € RY } (2.1)

We equip Qo with the usual topology of R4*? . A coefficient field, denoted by A, is a Lebesgue-measurable function
on R? taking values in . We then define

Q := {measurable maps A : RY — Q},

which we equip with the o -algebra F that makes the evaluations A +— fle A;jj(x)x (x)dx measurable for all i, j €
{1,...,d} and all smooth functions x with compact support. This makes F countably generated.

Following the convention in statistical mechanics, we describe a random coefficient field by equipping (€2, F) with
an ensemble (-) (the expected value). Following [20], we shall assume that (-) is stochastically continuous: For all
8> 0and x e RY,

‘}}l%(]lm:|A<x+h>—A<x>\>8}) =0
We shall always assume that (-) is stationary, i.e. for all translations z € R the coefficient fields {Rd Sx > A(x)}
and {R? 5 x > A(x + z)} have the same joint distribution under (-). Let 7, : @ — Q, A(-) = A(- + z) denote
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the shift by z, then (-) is stationary if and only if 7. is (-)-preserving for all shifts z € R?. The stochastic continuity
assumption ensures that the map R? x Q — Q, (x, w) > Ty is measurable (where R? is equipped with the o -algebra
of Lebesgue measurable sets).

A random variable is a measurable function on (2, F). A random field ¢ is a measurable function on R¢ x Q. In
this article the random field under study is the Green function. We are interested in the behaviour of the (massive)
Green function G, : R? x R? x © — R, which is defined for all & > 0 and for all y € R? as the unique distributional
solution in W11 (R4) which is continuous away from the diagonal x = y of the elliptic equation

nGu(x,y; A) = Vi - (A Vi Gp(x, y: A)) =8(x — y). (2.2)

For the existence, uniqueness and properties of G, see Definition 3.1. Note that by definition of the o -algebra, G, is
measurable.
We make a quantitative ergodicity assumption in the form of the following logarithmic Sobolev inequality.

Definition 2.1 (Logarithmic Sobolev inequality (LSI)). We say that the ensemble (-) satisfies a logarithmic Sobolev
inequality if there exist constants p, £ > 0, which we shall respectively call amplitude and correlation-length, such

that
2 2 2
2] §—><—/ d 2.3
(e S} < 2{ [ (e ) @3

Rd

for all measurable functions ¢ : 2 — R, where the expectation in the RHS is an outer expectation (the oscillation is

not necessarily measurable). Here the expression AT)SC ¢ denotes the oscillation of ¢ with respect to all coefficient
Be(2)
fields that coincide with A outside of By(z), where By (z) is the ball of radius £ centered at z € R, that is,

( 0sc g“) (A) = sup ¢ | (A) — ( inf g“) (A)
AlBy () AlBy(2) AlB)
ZSUP{C(A)|A€Q, A'Rd\B[(Z)ZAl]Rd\B[(Z)]

—inf{{(A)M € Q, Alpa g, = A|Rd\3((z)} .o 2.4)

An example of coefficient field which satisfies (LSI) is the Poisson inclusions process (and variants of it), see in
particular [5]. Without loss of generality, we assume in this article that £ > 1.

Remark 2.2. The fact that outer expectations appear in the RHS of (2.3) is not a difficulty since in the rest of the article
we shall always estimate the RHS of (2.3) by the expectation of measurable quantities (for which outer expectation
and expectation coincide). O

2.2. Lipschitz-regularity theory

One way to formulate the De Giorgi—-Nash—Moser theory is as follows: There exists 0 < o < 1 depending only on
the ellipticity ratio A such that for all p > %, k>0, R>0,and u > 0 with Rzy, < k, if u satisfies
puu —V-AVu = fin Bopg,
for some f € L?(BjR), then
R*  sup [ (x) —uiy)| < (][ ug)% 4 (][ |R2f|”)%, 25)
x,y € Br lx — yl s s

see for instance [9, Theorem 8.24]. (Note that this follows from the statement for R = 1 since by (2.8), f is replaced
by R?f when performing a change of variables x ~» R~'x.) In the supremum above, we have set by convention
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8 := 0. This result has two aspects: a regularity in the small and a regularity in the large. In particular we may split the
statement into two parts: in the small, that is for |x| < 1, (2.5) quantifies the high frequencies of u (local regularity),

_ 1 1
o M s () (for)’

B

and in the large, (2.5) quantifies the low frequencies of u (growth at large scales),

ue) U R_a<]zuz)%+R_a<][ R 717)7. @7)

x|«
Br\ By Bag Bag

If we assume that the coefficients A are uniformly Holder-continuous, then we have an optimal regularity theory in
the small, that is, (2.6) holds for the improved exponent o = 1 provided p > d (see for instance [16, Theorem 3.13]).
However, the De Giorgi—-Nash—Moser exponent cannot be improved in the large by increasing the regularity of the
coefficients, as classical examples from quasiconformal mappings show. The improvement of the De Giorgi—Nash—
Moser exponent in the large is the aim of the following result for stationary coefficients that satisfy (LSI) and for
periodic coefficients.

Theorem 2.3. Let the ensemble be stationary and satisfy (LSI) with constants p and £, and let u > 0 and d < p < oo.
Then for all R > 24 and all x € Bg \ By, there exists a random variable Vg (x) with bounded finite moments such
that for all u and f € LP (BaR) related via

uu —V-AVu = fin Bap, (2.8)
we have
M) 2l < v (k7 () 417 (f 1)) 29)
x| =K ‘ '
By Bag Byg

In addition the random variables Yr have the following boundedness property: For all 1 < g < 0o, there exists
Cy < oo depending only ond, A, p, q, p, € such that

1
sup sup (Vr(0)?)? <C,. O (2.10)
R>2(xeBR\By

Remark 2.4. In the case of uniformly Holder continuous coefficients in the sense that there exists a constant C,, < 00
such that (-)-almost surely [A]cr < C,, the regularity theory of Theorem 2.3 also holds in the small, as it should. In
particular, (2.9) holds true for all x € Bg and (2.10) is replaced by

1
sup sup (Yr(x)?)7 < Cy.
R>2¢ xeBp

2.3. Bounds on the Green functions

In general, the only optimal decay result which holds without further smoothness assumption is the following
consequence of the celebrated De Giorgi—-Nash—Moser theory (in dimensions d > 2) on the Green function itself: For

allAeQ,and all u >0,
e—CV/Hlx—Y]
0<G,(x,y;A) L C————
W VAN S O

for some constants ¢, C > 0 depending only on X and d, see Definition 3.1 below. For the constant-coefficient operator,
i.e. the massive Laplacian, we also have the following optimal gradient estimate: For all u > 0,
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= VA=)l

VG, (x,y;1d)| < C——i—.
| ,u( y )| |X—y|d_1

(2.11)
For variable-coefficients, the only generic bound which holds for the gradient of the elliptic Green function is another
consequence of the De Giorgi—Nash—Moser theory: There exists 0 < « < 1 depending only on A and d (with & 1 1 as
A 1 1) such that for all x, y € R¢

N

=y (2.12)

if |x —y| 2 1, then / IViGu(x,y; A)ldx < C
Bi(x)

see Lemma 3.6 below. As can be seen, there is a mismatch between the generic behavior and the fundamental solution
of the Laplacian at the level of the gradient. The behavior at the singularity x = y can only be described for smooth
coefficients (say, uniformly Holder-continuous). In that case, the optimal scaling of (2.11) holds for |x — y| <1,
cf. [15, Theorem 3.3] for u = 0. However, even for analytic coefficients, the estimate (2.11) cannot hold generically
in the large, that is in the regime |x — y| 1 +o00, for this would contradict the counterexamples from quasiconformal
mappings already mentioned.

In order to deal with measurable coefficients we need to consider local square averages, and shall make use of the
following notation: For all L > 0 and all [x — y| > 3L we set

1
2
(VGL(x,y) = (B7[ VoG (', ) dx/) (2.13)
L)
3
(VVG )L (x,y) = (B][ ][ IVVG,.(x', y)? dy/dx’> , (2.14)
L(x) BL(y)

where (here and in the whole article) V'V stands for the second mixed derivative V,/ V.

Theorem 2.5. Let the ensemble be stationary and satisfy (LSI) with constants p and £. Then there exists a random
field Y with bounded finite moments such that for all x € RY with |x| > 3¢ and all © = 0 we have

e—CV/RIX]
(VGe(x,0) < y(x)w, (2.15)
e—CV/Hlx]
(VVGL)e(x,0) < y(x)w. (2.16)

In addition, the random field Y has the following boundedness property: For all 1 < g < oo there exists C4 < 00
depending only on A, p, p, £ such that

sup (y(x)q)é < C,. O (2.17)
x| >3¢

Remark 2.6. If in addition the coefficients are Holder-continuous, then the estimates of Theorem 2.5 hold at the
singularity as well, that is, (2.15) & (2.16) hold true for all x € R? and (2.17) is replaced by

sup(y(x)qﬁ < Cy.

Note that by stationarity the above result implies a similar decay for (VG ,)¢(x, y) for arbitrary x, y € RY.

This result is based on and extends the annealed estimates by Delmotte and Deuschel [7], see Proposition 3.3
below. It is the extended continuum version of the result by Otto and the second author in [17] for discrete elliptic
equations. At the cost of a slightly smaller decay rate, one may take the random field )’ independent of x in (2.15)
& (2.16):
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Corollary 2.7. Under the assumptions of Theorem 2.5, for all B > O there exists a random variable Yg with bounded
finite moments such that for all |x| > 3¢ we have

e~ CVIIx] e~V Ix]

(VGp)e(x,0) < yﬂm, (VVGL)e(x,0) < yﬁwo a

2.4. Estimates of fluctuations

Combined with a sensitivity estimate, the optimal gradient bounds on the Green functions allow us to quantify
the fluctuations of solutions of linear elliptic equations with “noisy” diffusion coefficients (a quantification of the
propagation of uncertainty in elliptic PDEs). More precisely we consider diffusion coefficients A, on R? of the
form

X
Ac() =1d+ B()

where B is a random perturbation which has order 1, correlation-length unity (which we shall replace in the theorem
by the (LSI) assumption), and vanishing expectation. Hence, A, is a perturbation of the identity by some noise of
correlation-length ¢. Let f be some RHS, and consider the random solution u, of

ug —V-AVu, = f inR%

The question we are interested in is the characterization of the fluctuations of u, in function of ¢ and of the statis-
tics of B, first in terms of scaling and second in terms of law. In this contribution we address the question of the
scaling w.r.t. €, and give optimal estimates of both weak and strong measures of the fluctuation, which general-
ize the bounds obtained for B small (that is, in the regime of small ellipticity ratio) by the first author in [10].!
The natural norms which control these fluctuations are mixed norms Lfy S(Rd) which measure local fluctuations

at scale & in L* but large scale fluctuations in L”. In particular, for all g,A > 1, ¢ > 0 and f € Llloc(Rd) we
set

.\
175 oy = ( /(4 |f<y)|*dy)kdx> : 2.18)

RY Be(x)

In particular it is bounded by the L4 (R¢)-norm for g > A by Jensen’s inequality. We start with the estimate of the
fluctuations in a strong norm.

Theorem 2.8. Let A, = A(;) be the e-rescaling of the coefficient field A € Q2 distributed according to a stationary
ensemble (-) that satisfies (LSI). Let u > 0. For all ¢ > 0, let u, € H 1 (Rd) be a distributional solution of

pug — V- AVu, = f inR% (2.19)
Then for all A > % I1<0<o0,2<p=<oo 1 <r<ddj, and q such that
1 1 1

1+ —==+-, (2.20)
p r q

the fluctuations of u. satisfy

o\ % — . 2414 B
(</|u5—<u5> 7 dx) )”" S {Z;; ; llln(/w )2+ 1 }8(#12‘1
d

TN

+ 1)||f||1_z s(Rd)
R

where ”f”Lz,E(Rd) is given by (2.18). In the border-line case r = ddj, we require in addition g > 1. O

' Note that the proof of [10, Lemma 2.1] is wrong under the general assumption of finite correlation-length. The assumption of [10, Theorem 3]
should be replaced by “Assume that the stationary random field B satisfies spectral gap”, as it is the case for Poisson inclusions for instance. The
optimal form of [10, Theorem 3] is given by Theorems 2.8 and 2.9 below — the norms in [ 10, Theorem 3] have to be adapted accordingly.
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We then turn to the estimate of weak norm of the fluctuations.

Theorem 2.9. Let A, = A(3) be the e-rescaling of the coefficient field A € Q2 distributed according to a stationary

ensemble (-) that satisfies (LSI). Let u > 0. For all e > 0, let u, € HY(RY) be a distributional solution of (2.19). Then
forall1<0 <o0,2<p<oo, 1<r,r< 1<q <5, and 1 < g < 755 such that

d 1’
1 1 1 1 1
2+_:_+T+_+T (2.21)
2 roq q
and for all Ay, Ay > 1 such that
1 1 d+2
—_——t— < —, 2.22
MM +)\2 = d ( )

the fluctuations of u. satisfy for all g € LloC (RY),

o\? d del 1
— < o5(y—U-d—5G+7) ~
<‘ /(us (ue))g dx‘ > Sez(u 2 + DHfHL’iz,E(R")”g”LZl,AR“)'

In the border-line case r =r = %, we require in addition g,q > 1. O

Remark 2.10. When the coefficients A in Theorems 2.8 and 2.9 are uniformly Ho6lder continuous, then we can
replace the mixed norms L (Rd) by the usual norms L9 (R?) in the estimates. This shows that one can trade local
integrability of f and g for regulanty of A. This is proved by replacing averaged bounds on the Green function by
pointwise bounds, as in [17]. We leave the details to the reader. O

Remark 2.11. Theorem 2.9 reveals the central limit scaling of the weak measure of the fluctuations. While the most
natural norms for the RHS on R? are those which make the estimate independent of u, the other estimates are valuable

1
for > 0 since the massive term essentially localizes the equation to a bounded domain of size ;2 (without boundary
layers). O

These results generalize both [10, Theorem 3] and [17, Corollaries 2 & 3] (cf. also [6] by Conlon and Naddaf in the
case of discrete elliptic equations). Note that when the noise is in the zero-order term (that is, for u replaced by 1 + b,
and A, by Id in (2.19)), the CLT scaling (and in addition the characterization of the limiting law) was established by
Figari, Orlandi and Papanicolaou in [8] for d > 4 and by Bal in [4] for d < 3. The arguments involved in the proof of
Theorems 2.8 and 2.9 have a different flavor since the randomness is in the derivative of highest order.

3. Structure of the proofs and auxiliary results
We start with the definition and main properties of the elliptic Green function.

Definition 3.1 (Green’s function). For all A €  and every 1 > 0, there exists a unique function G, (x, y; A) > 0 with
the following properties

e Qualitative continuity off the diagonal, that is,
{(x,y) e R x RY|x # y} 5 (x,y) > G (x,y; A) is continuous. (3.1)

o Upper pointwise bounds on G,

In(2 + d=2

) for =
\x )]
Nl PP (3.2)

Gulx,y;A) S e SV =Yl
12 for

where here and in the sequel the rate constant ¢ > 0 in the exponential is generic and may change from term to
term, but only depends on d and A.
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e Averaged bounds on V.G, and V,G,:

0=

R™ / IVeGpu(x,y; A)Pdx | Se VERRIT, (3.3)
R<|x—y|<2R

3
R~ / IVyGu(x,y; A)Pdy | Se VHRRIZ, (3.4)
R<|y—x|<2R

e Differential equation: We note that (3.2) and (3.3) & (3.4) imply that the maps RY 5 x (Gulx,y; A),
ViG,(x,y; A)) and RSy (Gu(x,y; A), VyGu(x,y; A)) are (locally) integrable. Hence even for discon-
tinuous A, we may formulate the requirement

nGy — Vi - A(x)V,G, = 8(x — y) distributionally in Ri, 3.5
uG, —Vy - A*(y)V,G, = 8(y — x) distributionally in Rz, (3.6)

where A* denotes the transpose of A.

We note that the uniqueness statement implies G, (x, y; A*) = G, (y, x; A) so that G, is symmetric when A is
symmetric. O

These standard properties of the massive Green functions are proved in [13] (essentially following arguments
of [15]).

Remark 3.2. All the main results of this article are stated for i > 0, whereas we shall only consider the case u > 0
in the proofs. Indeed, one can pass to the limit as x| 0 in all our estimates, and local averages of VG, and VV G,
converge to local averages of VG and VVG, where G is the Green function for ;& = 0 (the existence of which is
subtle ford =2). O

The improvement of the De Giorgi—Nash—Moser theory in the large is a consequence of the bounds on the Green
function of Theorem 2.5. As in the discrete case dealt with in [17] the strategy is to upgrade to any moment in
probability the optimal bounds by Delmotte and Deuschel [7] on the first and second moments of VV G, and VG,
respectively. Yet, the bounds by Delmotte and Deuschel in [7, Theorem 1.2] are not enough at the level of the mixed
second gradient, and we shall use the following result of [18] in its version with the massive term proved in [13,
Lemma 2.11]:

Proposition 3.3. If the ensemble is stationary, then the Green function satisfies for all i > 0, all L > 1, and all x € R?
with |x| > 2L,

eVl

1
(VG 02) < €5, (3.7)
—c/Alx|
(VG0 0)) < CE (3.8)
(V¥ G ) x|

for some constants C and c depending only on A andd >?2. 0O

Estimate (2.16) of Theorem 2.5 is a consequence of (3.8) and of the following reverse Holder estimate valid for all
p > 1 large enough:

1
sup =y eV G(, 1) P |
x,yilx—y|=>6¢

<C@pp ) sup |l =y e VEVYGL) ek D), (3.9)
X, yix—y|=6¢
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and likewise for the first derivative. This gain of integrability is achieved by the following lemma in the spirit of [17,
Lemma 4], where the assumption that (-) satisfies (LSI) is crucial.

Lemma 3.4. Let (-) satisfy (LSI) with constants p, £ > 0. Then for arbitrary § > 0 and 1 < p < 0o and for any random
variable ¢ we have

1
L 2 r\2r
(1ePr)” <C<d,p,p,6)<|¢|>+a<</( osc ¢) dz) > (3.10)

|Be(2)

for some finite constant C(d, p, p, 8), where we recall that the expectation in the RHS is an outer expectation. 0O

Since G, is measurable on €2, one may apply this lemma to { = (VVG)¢(x,0) and ¢ = (VG p)e(x,0). In order
to prove the reverse Holder inequality (3.9), it suffices to absorb the second RHS term of (3.10) in the RHS. This is
the content of the following lemma, which is essentially based on deterministic arguments.

Lemma 3.5 (Absorption lemma). Let d > 2. There exists py > 1 depending only on A and d such that for all L ~ 1
and p > po, we have for the second derivative:

2 p
sup {Ix — y[2pd g2pe/ilx =yl </( 0sC (VVGM)L(x,y)) dz) }
lx—y|>6L " Al

BL(2)

< osup Ix—ylz”dez””ﬁ'x""(((VVGM)L(x,y))2”>}+1, (.11)
v—y|>6L

and for the first derivative:

2 p
sup {|x _ y|2p(d—1)€2pcﬁ|x—yl <</( 0sc (VXGM)L(x,y)> dz) >}
=3I >6L ),

AlBL(2)

< sup {lx — y|2p(d—1)e2pc\/ﬁ\x—y| <((VXG/1,)L(X7 y))2P> }

~

[x—y|=>6L

+ sl = PV (996G ) ) T (3.12)
[x—y|=6L

where < stands for < up to a multiplicative constant which depends on d, A, and p. O
A key ingredient to the proof of Lemma 3.5 are the following deterministic estimates.

Lemma 3.6. Let d > 2. There exist qo > 1 and ag > 0 depending only on d and A > 0 such that for all u > 0,
1<g<qoandall R >4L ~ 1,
VaGu(x, »IP dx S RIFIZD2 VIR, (3.13)
R<|x—y|<2R
IVVGu(x, y)[* dydx S R™24%0e= VIR, (3.14)
R |x—y|<2R |y|<L

where the multiplicative constants depend only on d and A. In addition we have the following local boundedness
estimate for all L ~ 1

sup {VVGorx. <1, o (3.15)
x,yeRI:3LL|x—y|<6L
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Remark 3.7. (i) Our results beg the question if we can upgrade (2.15) and (2.16) to a stronger version without space
integrals as in (3.7) and (3.8). The answer is negative if p > 1. Let us consider (3.7) (in the parabolic setting, (3.8)
directly follows from (3.7)). Using the De Giorgi—-Nash—Moser theory, we may upgrade (2.15) to pointwise-estimates
away from the singularity if p = 1, but not otherwise. Indeed, the De Giorgi—Nash—Moser theory yields away from
the singularity that

( / / VIGW, )P dy'dx') 2 { / V1GG, )P dx).
By (x) BL(y) By (x)

Now by stationarity, the left hand side equals

(/|V1G(X+X’,y)|2dx/)=< / IVlG(x—y,—x’)lzdx’)

B (0) BL(0)
2(1v:60.y = 0)P),

where the last inequality again follows from de Giorgi—Nash—Moser theory. On the other hand, if p > 1, pointwise
bounds on (|[VG|??) cannot be expected since there is no local regularity to control ( f B, |[VG|?Pdx). On the other

hand, clearly energy methods allow to control locally the L?-norms of the gradient, which shows why (|VG|?) may
indeed be bounded. In other words, the spatial integrals in (2.15) and (2.16) are necessary to smooth out local effects
when the coefficients lack regularity if and only if p > 1.

(i) In a similar spirit, we observe that the restriction |x| 2 L is not necessary in [7], but cannot be avoided here.
Indeed, assuming Proposition 3.3 only for |x| 2 1, we may remove this restriction by a simple scaling argument.
The same is true if we (could) replace (VVG) by VVG as discussed in (i). On the other hand, the presence of the
averaging operation (-); breaks the scaling invariance by introducing a length scale L. Therefore we cannot expect to
obtain information on the blow-up of (VVG)p (x, y) as the singularity enters the integral, i.e. as [x —y| | 2L. O

We turn now to the fluctuation estimates. By a scaling argument, it is enough to prove Theorems 2.8 and 2.9 for

e =1and £ = 1. We thus consider the solution u € H'(R?) of

uu —V-AVu = f, n=0. (3.16)

We shall only consider the case © > 0 in the proofs. The results for u = 0 are then obtained by letting x | 0 in the
estimates. The starting point is the following spectral gap estimate

Lemma 3.8 (q-(SG)). If {-) satisfies (LSI) with amplitude p > 0 and correlation-length £ < 0o, then we have for all
q > 1 and all random variables ¢

1

q

(({—({))2")5 S <(/( 0sc {)zdz>q> , (3.17)

Y AlB; (o)
with £ = 20, where the multiplicative constant depends on ¢ and p. O

This is a standard result. It is indeed enough to assume that (¢) = 0 and (;2) = 1. To prove estimate (3.17) for

g = 1 it suffices to apply (LSI) to the random variable x = +/1 — a2 + a¢ and make a Taylor expansion as « |, 0, this
yields the result for the correlation-length £. The estimate for g > 1 is a consequence of the estimate for ¢ = 1 (up to
increasing £ to l= 2¢), see for instance [ 13, Corollary 2.3]. Since we have assumed that £ = %, (3.8) holds for i=1.

The following lemma is a sensitivity estimate which quantifies how much the solution u of (3.16) depends on the
coefficients A.

Lemma 3.9. Let A1, Ay € [1, +00] satisfy

11 d+2 11 d-2
— e RN 3.18
M omSd Y wtwTa G-18)
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In particular, at most one of A, A, may be infinite. Denote by u(-; A) € H'(RY) the solution of (3.16). We use the
short-hand notation u for u(-; A), A € Q. We then have that

sup llu —all S Keyu(x, 2), (3.19)

LM (B (x))

2

“Algd\ gy () =Alrd\B, (o)
where

(VG ae(x, 2)(Vu)e(z) if |x —z| > 6L,

KGyu(x.2) = { 17 gy + (Vidoe(@) il — 2] < 6L, (3.20)

If)u/1 = 400, we reformulate this result in the pointwise form

osc ux) < Kg,.ulx,2). O
AlBy(2)

In the proof of Lemma 3.9 we shall make use of the following standard result.

Lemma 3.10. Let p, g € [1, +00] satisfy
1+1 d-2 N 1 1+2
—t > — —<—4-.
q9 p d g p d

If u is a solution of (3.16) in By = B>(0), we have that

lullLrsy) S lullp2ep,) + 1 fILa sy,

where the multiplicative constant depends on A, d and q, but noton u >0. O

This result is usually stated for p = oo only, cf. [9, Theorem 8.17]. Although we think it should follow from the
Nash—Aronson bounds (if d > 2), Young’s inequality and the well-known estimate with p = 400, we display a direct
proof for p < oo using a (simplified) Moser-type iteration that works for d = 2 and uses less machinery.

4. Proofs of the estimates on the Green functions
4.1. Proof of Theorem 2.5

The proof is a simple combination of Proposition 3.3, Lemma 3.4 and Lemma 3.5.

Step 1. Proof of (2.16).
We apply (3.10) of Lemma 3.4 to {(A) = (VVG,)e(A; x, y) for some x, y € R¥ such that [x — y| > 6¢ to the effect
of

1

(VG e, )

N—"

2 r\ 2
gC(d,,o,ﬁ,p,8)<(VVGM)g(x,y)>+5<</<AOSC (VVG)L(x, y) dz>> :
| Ml

Combined with (3.8) in Proposition 3.3 this yields

€1
=3IV (VY G0 x )

1

2 P\ 2
< C(d,)\., p’e’ . 8) +8|x _ y|deC«/ﬁ|x_y| </(A|OSC (VVGM)Z(x,y)> dz> .
By(z)
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We take the supremum over all x and y such that |[x — y| > 6€ and insert (3.11) in Lemma 3.5 to obtain that

1
sup |px =y eV (VY6 )0 ) |
[x—yl=>6¢
€1

<C@hp b, ) +CWA 2 p, 08 sup 1=y 7e VI (VY (e, 1)) +1].
lx—yI>60

Choosing é small enough, we may absorb the last RHS term in the LHS. This yields (2.16).

Step 2. Proof of (2.15).
We proceed as in Step 1: Take £ (A) = (VG)¢(A; x,y) in Lemma 3.4 to deduce

1

1 2 p\ 2r
(VGet. )" < c<d,p,z,p,6>(<vcu)e<x,y)>+s<( [ (o ¥Gun) dz) > :

[B.(2)
Combined with (3.7) in Proposition 3.3, this turns into

€L
2p

e = YV (VG e, )

AlBy(2)

1
2 r\ 2
< C(d, )\” p,e7 p’s) +5|x _ y|dflet'«/ﬁ|x7y| <</( 0SsC (VGH)@(.X, y)) dZ) > .

After taking the supremum over all x, y such that [x — y| > 6¢, the estimate (3.12) from Lemma 3.5 yields

1

2 r\2
sup {|x _ y|d—1ecﬁ|x—y| </( osc (VG)e(x, y)) a’z> }
r—y1>6¢ e Al

< C(d,k,p,@)(l +8 sup {lx —yIZP(d_l)ezl’C*/ﬁx_y<|(VXGM)Z(x,y)|2p>})
|x—y|=6¢

+C(d. A, p.0)8 sup {|x—y|2f”’e2”"ﬂ'*‘y'(WVGM)Ax,y)l”’)}'
[x—y|>6¢

By (2.16) (proved in Step 1), the last term is bounded by a constant C(d, A, p, £, p)é. We then conclude by taking
8 small enough so that we can absorb the remaining supremum on the LHS. The desired estimates (2.15) and (2.16)
then follow from the definition

V() == max{(VG ) (x, 0)|x |97 eV (VVG ) (x, 0)|x|d eIy,
4.2. Proof of Corollary 2.7

For every x € RY, there exists some x’ € %Zd such that the difference x — x’ has max-norm |x — x'|o < 2%.

Hence its Euclidean norm satisfies |x — x’| < % Consequently, we have that [(VVG)(x’,0)| > |(VVGM)§(x, 0)]
and it holds that

(s (PIVVG o) < s {WEPIOVGL) (0
xeR4\ By VeI |>4
< > '[P [P (VV G ) e(x, 0)]7)

te( L Nd |+t
VE( 7D X >4t

<CWd,x,p,L,v,B)
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as long as Bp > d, which we may assume without loss of generality since by Jensen’s inequality we may always
increase p. The same remark applies to (VG ,,)¢. The choice

Vo= max| sup APUTVG,) 0N} sup  {IxT TG 001}
xeR\By N xeR\By !

concludes the proof.
4.3. Proof of Remark 2.6

We split the proof into two steps.

Step 1. Near-field estimates.
The results of [15, Theorem 3.3] yield

VG, (x,0) S 1x'™¢ and  |[VVG,(x,0)] < |x| ™

forall |x| < 3£. (The fact that G, does not vanish on d B3¢ can be dealt with by subtracting the corresponding boundary
value problem, which is clearly bounded by the classical Schauder estimates and the Nash—Aronson L°°-estimate on
G, away from the origin. The arguments are uniform w.r.t. u > 0. The estimate for d = 2 can be deduced from the
corresponding estimate for d = 3 by using the elegant argument by Avellaneda and Lin [2], see for instance Step 2 of
the proof of Lemma 3.6 below.)

Step 2. Far-field estimates.
It remains to treat the |x| > 3£. Let u be a (u — V - AV)-harmonic function in R? \ B,. Our goal is to prove the
following reverse Holder inequality

IVu(x)* < / IVu(x)* dx' + u ][ lu(x)ldx, 4.1)
Be(x) B (x)

with a constant depending on ¢, d, A, and y only. Without the derivative, this is a consequence of the De Giorgi—
Nash—Moser theory. Since we are interested in Vu, we require the Holder-continuity of the coefficient field. In the
following, we will nonetheless pursue a strategy similar to Moser iteration to achieve the desired bound in (4.1). Since
A is Holder-continuous, the function u satisfies u € C>¥ (R? \ By) by interior Schauder theory. Now consider some
length 0 < L < %, and denote by iy, the average of u on By (x). Let n € Cj°(BL(x)). By assumption, we have that

n(uu —V-AVu)=0in R. Fix some y' € Br(x). The product rule yields
i —a)(y) = V- A YVn(u —ar))(y)
= —pirn(y) + V- ((AQ) — ANV —iir)(y))
— V- ((u—uL)MAYHVn(y) = Vn(y) - AWV (u — L) (y) (4.2)

for all y € R?. This is a constant-coefficient elliptic equation in y with a right hand side in H~'(R¢) and associated
Green function Go(-) = G (-, 0; A(y")). The Green function representation yields for all x’ € B L (x)

(nu—up)x) = / (VGO(X/ =) (AQ) = ANV (@ — i) (y)

R4
+u—ur)(MVGo(x' —y)- AW Vn(y)
+ Go(x" = y)(Vn(y) - A V(u — i) (y) — /uim(y))) dy. (4.3)

This can be made rigorous by mollification of the RHS of (4.2). Indeed, since u € C 2¥ (B (x)), the limit exists and
is given by (4.3). Assume now that 7 is a cutoff function for B 2% (x) in Br(x) such that |Vn| < % We may also take

the gradient in (4.3) w.r.t. x’ at the point y’ € B2TL (x) to obtain
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Vu() = [ (TVG0t' =3+ (AG) = AG) V= 7))
R4
+ =T MVIGol = 3) - AWVN()
+VGo(x' = M (V) - AWV = ) () = piizn()) dy.

As above, this can be justified by mollification of the RHS of (4.2). Indeed, the limit is well-defined since the constant-
coefficient Green function G classically satisfies

IVGo()| = VG (y,0; AN < Cd, M)lyl'™
IVVGo(3)| =IVVG,(y, 0; A < C(d, M)yl

uniformly in y, y’ € R?, while by assumption, the coefficient field satisfies |A(y") — A(y)| < Cy |y’ — y|7. It then
follows

IVu() < mlie] + / IVVGo(y' = DALY = AW)IIVu(y)| dy

Br(x)
+L7! / (Iu(y)—ﬁLHVVGo(y/—y)I+|VG0(y’—y)||W(y)|))dy (4.4)

A%_L(x)

for all y' € B%(x), where Ay 17 (x) :={y: L < |y — x| < L"} denotes the annulus centered at x and of radii L’

and L”. Since L ~ 1, we allow the constant in < to depend on L. The constant-coefficient bounds yield

/ u(y) — L [[VVGo(y — )] dy < / u(y) —iiz| dy.
'AZTLWL(X) Br,(x)

49

Combined with Jensen’s and Poincaré’s inequalities, this turns into

1
2
/ lu(y) —aL|[VVGo(y' = ldy S (/ IVM(y)Izdy) . (4.5)

A%,L(X) B (x)
Likewise we obtain
3
/ IVGo(y' — WIIVu(y)ldy S < / [Vu(y)|? dy) . (4.6)
A%_L(x) B (x)

We are left with the second RHS term of (4.4), which we bound, by the decay of VVG( and the Holder continuity
of A, by

/IVVGo(y/—y)IIA(y’)—A(y)IIVM(y)IdyS / I = y" | Vu(y)l dy. 4.7)

Br(x) Br(x)

Let p > 2. We then take the p-th power of (4.4), use (4.5)—(4.7), and integrate over y’ in B (x). This yields
2

P 5
/ IVuO)IP dy' < (uliag)? + / (/ |y/—y|V‘d|W<y)|dy) dy’+(/ |Vu(y>|2dy> . (4.8)

B%(x) B%(x) B (x) Bp(x)
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We are almost in position to apply Young’s convolution inequality. Mimicking its proof, we let r and p’ be such that

pz2p =2lp>r>1, 1+—=-—+4— 4.9)

pp’_ rp
p—p" p—r

and use Holder’s inequality with exponents (p, ) on the integrand

_ —d) L 24 p=r —d) 2=
Y =yl = (15 =17l 7 ) (Ve ) (I = @05,

This yields

p
( / |y’—y|”|W<y>|dy)

B (x)
P 2y
— ! / )4 _ r
< / Y = 17" Vu)”? dy(/ IVu(y)l? dy) (/ ly' =y =" dy) : (4.10)
BL(x) BL(x) By (x)
As long as we choose 1 <r < % <2 (since y < 1 and d > 2), the last RHS term is bounded (depending on L). Let

us fix such an 1 < r <2 < p, in which case the exponents (p, r, p’ = ﬁ) satisfy (4.9). Integrating (4.10) over
vy € B% (x) then yields

)24

p , 4
/ (/ |y/—y|y—”’|w(y>|dy) dy%(/ |Vu(y)|? dy)

B%(X) B (x) B (x)
Combined with (4.8), this gives forall p >2,1 <r <2,and p' = ﬁ,
||VM||LP(B%(X)) S wllullizeosp oy + 1Vully g, oy + 1Vl 208, (1)) 4.11)

We start from p(/) =2 (that is, with pg = F(fiil)z > 2) and Lo = ¢, and iterate using the following exponents and ball
size:

Pnt Ly

— L = —.
r—(r—Dp, "

P;,_H ‘= Pns Pn+l1 = >

So defined, p, is a monotonically increasing sequence, so that (p,, r, p,) satisfies (4.9) for all n € Ny such that
Pn < 7=7. In particular, (4.11) then yields

IVullen s , o) S mllull ooy + 1Vull 2,0
2’1

In addition, p, satisfies py > (;—(—7;)"2. so that after finitely many steps, py is such that % > L5, at which
point we may choose p;,41 = oo. This proves (4.1), and Corollary 2.6 now follows directly from Theorem 2.5 with

L = ¢, noting that the deterministic estimate on the Green function itself yields

1 e—eVAl=Y e yHlx—yl
) <
Vil =y x —yld=2 Y jx — y|d-]

0 < uGyu(x,y) S un2+

for any 0 < ¢’ < ¢, as desired.
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5. Proofs of the fluctuation estimates
5.1. Proof of Theorem 2.8

We first assume that the coefficient field A and the right-hand side f are smooth. Since the estimates do not depend
on the smoothness of the parameters, we may at the end lift this restriction by approximation. The triangle inequality

yields
o\ 70 N
<</|u(x)—(u(x))|p dX> > < (/(IM(X)—(M(X))I”Q)‘) dX> .
R4

R4

Appealing to the spectral gap estimate of Lemma 3.8 with exponent pTe > 1 yields
1 P\ 1
o\4 P 2 2 P
(/(|u(x) — (u(x)) )7 dx) < </<</< osc u(x)) dz) > dx) ,
R4 R ' RA Alzeo

and by the triangle inequality
2

2 1

o1 % AN 5 P

(/(|u(x) — (u ) |P0)? dx) < /(/ ( osc u(x)) dz) dx) .
Rd ga V1B

By the oscillation estimate of Lemma 3.9, this turns into

0 pie 2 5 %
<(/|u(x)— (u(x))|? dx) > 5(/</<KGM,M(X,Z)p0)p6 dz) dx) . (5.1)
R4 Rd Rd

We now estimate the RHS. By the Cauchy—Schwarz inequality and Theorem 2.5, we have

5 .
(6, 207) 7 < K (2 = 2 {(Vi)ae @) + x3ge (0 = DI ey (5.2)

where again xp denotes the characteristic function of the set D C R4 and K is the kernel
e—CV/Ilx—z]|
In the following, the constant ¢ > 0 in K may change from line to line (and only depends on A and d). In order to

correctly capture the decay of (Vu)o¢(z), we write u in terms of its Green function representation and split the sum
into two contributions:

u(z)=/Gu(z,y)f(y)dy= / Guz,y)f(y)dy+ / Gu(z,y)f(y)dy.

Rd R4\ By14(2) Bi1¢(2)

Kx—2) =

Thus

1
1 2
<|(Vu)9e(Z)I2”0>2p0=<' / ( / VZ/GMz’,y)f(y)dy) dz

p9>m
Bye(z) R4

<‘/< / VZ’GM(Z/’y)f(Y)dy)zdz/

Boe(z) RI\Byy4(2)

L

p9>2p9

2 po ﬁ
+<‘ / (/ Veru(z’,y)f(y)dy) d7 > ) (5.3)

Boe(z) Bi1e(z)

A
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We start by estimating the second RHS term, and consider the function

b1 / G 0 () dy,

Bi1¢(2)
which solves on R4
v =V -AVv = fxB,2)-

Setv:= fBM(Z) vdy. An energy estimate combined with the Sobolev embedding on Bj1¢(z) yields for A > % Z 713

Bi1e(2) Bi1(2) Bi1(2)
S e IVl 2@ay H 10 L8y ) (5.4)

It remains to estimate v. By the triangle inequality and Holder’s inequality with exponents (A’, 1), we have using the
pointwise bounds (3.2) on G, in Definition 3.1

lv] < / /IGH(Z’,y)IIf(y)Idde/

Bi1¢(z) Br1e(2)

1 1
s [ ([ e a) ([ irtay) e
Bi1e(z) Biie(2) Bi1e(2)
S k(N FlLrB11e2))» (5.5)

where kg () =1ifd > 2 and kg(n) = |Inp|+1ifd =2,since 1 <\ < ﬁ. By (5.4), (5.5), and Young’s inequality,
we may thus bound the second RHS of (5.3) by

2
/ ( / Vz/Gm’,y)f(y)dy) dz' = IVol3a 5, ) S ka1 08,00 (5.6)
Bo¢(z) Biie(2)

We then turn to the first RHS term of (5.3), and take local averages using Holder’s inequality with exponents (1, 1)
(with respect to dy):

2 po
<( / VZ/G(z’,y)f(y)dy> dz’) >
Bog(z) RA\Bj14(2)
2 po ﬁ
§<( /( / ”Vz’G(Z/ay/)”L;;(B[(y))”f”L)\(Bg(y))dy) dZ/) > .

Bo¢(z) RI\Bj14(z)

1
2p0

Combined with the triangle inequality in L?,(Bge (2)), this yields

<( / ( / vsz<zzy)f(y)dy)zdz’>p9>2;9

Bog(z) RI\B11¢(2)

2p6 2[%
S“<< / HVZ'G(Z/’y/)”L*i(Bz(ny%(Bgz(z)))”f”L*(Bz(y))dy) > :
y z
RI\B11¢(2)
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From the De Giorgi—Nash—Moser theory in the form of Lemma 3.10 (with RHS zero), we then have

, / / , <
Vo G@ I 5y 0,12, By = (VG ).

We then finally appeal to Theorem 2.5 and the triangle inequality with respect to L%_’; ? to obtain the following estimate

of the first RHS term of (5.3):

i

2 PO\ 2p0
<( / ( / VZ'G(sz)f(y)dy> dz/) >

Bo¢(z) RI\Bi1¢(2)

S [ KDl dr 57)
RI\B1¢(z)

Since K(z —y) ~ 1 for y € B11¢(2), the combination of (5.3), (5.6), and (5.7) yields

1
(IFwse@ ) 5 / K (2= D300 45 (5.8)
R4
In total, collecting (5.1), (5.2) and (5.8), we then have

0\ 77
<(/|u<x)— <u<x>>|f’dx) >
Rd

< Kd(/'l“)z (/ ||f||L)L(B2 @) )p
1

5 2 5 v

+ /(/K(x—z) (/K(z—y)llfllLuBm(y)) dy) dZ) dx | .

R4 R R4
Since g < p and the integral of the RHS term is equivalent to a discrete sum over an appropriate lattice of size £, we
have that

(/ 11 By o ) (/ 12 by ) (/ 1175 ey 92 )

The most important term is the last one. By the triangle inequality in L3 (R?),

’ 2 5 P
/(/ K(x — Z) (/ K(Z - y)”f”L)»(Bﬁz(y)) dy) dZ) dx
d

RI RI R
po\P
a’y> dx | .

s (/(/(/K(x =K G =PI a0 42)

Rd R4 R4

D=

We bound the integral over z as follows:

e*C«/ﬁleyl )
—c/mlx—z| e—cﬁlz—y| e < m ifd > 2,
1+ |x — Z|2(al—1) 1+ |z — y|2(d—1) ~ —cﬁ\x—z|
R (|lnﬂ|+1)7|2 ifd =2.

1+
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In other words,

/K(x — 2K (2 — )P dz S K (= »)2ka(),
R4
where we recall that kg () = 1 ford > 2 and pug(n) = |In | + 1 for d = 2. We thus have

1
1 5 b
( / ( J (] K= 27K =31 B 2)° dy) dx)

R RI RI
1 )\
Ska(n)? /(/K(x_y)“f”[,)‘(Bﬁg(y)) d)’> dx | .
Rd R4
Let us pick 1 < d 7 and 1 < g < 400 such that (2.20) holds. If r < d 7> Young’s inequality yields
1 1
P q
(/(/K(x_y)||f”L)~(B(,g(y)) dY) dx) S ”K“L’(Rd)(/ ||f||Lx(B“(y))d ) . (5.9)
R RI

We easily check that

1
r (—=d)yr+d
HMbm@:</K@YdO <l4p v, (5.10)
R4

In the border-line case r = di the Hardy—L1ttlew00d Sobolev inequality immediately yields provided g > 1

P i
(/(/|x—yll_d||f||m(3m(y))d)’> dx) (/nfnmgw) ) , (5.11)

RI R4

where we have also used the elementary fact that 1+|x_ly|d—l < Ix—yld*' . Collecting (5.9), (5.10) and (5.11) yields

p P 7

(/(/K(x_y)”f”L)‘(BlM(y)) d)’) dx) < (]‘H/« )Kd(l/«)2</ ||f||L,\(B“(x)) )
RY R

1

q

( / 1% e 9% ) ,

§U+M

where p, ¢ and r are related by (2.20). This concludes the proof of the theorem.
5.2. Proof of Theorem 2.9

Since transposition is a linear local operator, if A satisfies the assumptions of Theorem 2.9, then A* does as well, so
that the statement of Theorem 2.9 is symmetric with respect to interchanging f and g provided A is replaced by A*.
Hence we may without loss of generality assume that 11 < A;. By (3.18), this implies that

Ay > 2d (5.12)
Tad+ '
By Jensen’s inequality in probability we may assume w.l.0.g. that 6 > 2. The spectral gap estimate of Lemma 3.8 for

g ="5>1yields

O\ NI
<‘/}uu)—wuuo»guqu‘> §5<</( osc ./ﬁQOngdx)c&) >
AlB,(2)
Rd Rd Rd
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By the triangle inequality, we may insert the unperturbed solution u and estimate

NI
<</<Aosc /u(x)g(x) dx) dz) >
N |Bz(Z)Rd
o\ @
52<</ sup /|u(x)—u(x)||g(x)|dx) dz) > .
R4

A‘B(( IR
Taking local averages combined with Holder’s inequality with exponents (A, A1) yields

il

0 4
[ @t~ g ax >

1

o\ 9
2
§<</ sup /”’4 u”L 1(B())||8||LM(1_!3(()¢))dx) dZ) > .

Rd A|Bz Opd

We then put the supremum inside the inner integral and appeal to the sensitivity estimate of Lemma 3.9 to obtain

1

9\ 9

2
( J (s [ =g el s ) dz)
Yo A|B[()

1

2 g\
§<</(//Cc,u(x,Z)IlgllLAI(BZ(X))dx) dz) > _

R R4

It remains to estimate the RHS. By the triangle inequality in LA , first with s = % 1 and then s = 2, we have

2 5\ 7
<( J ([ Koutx. gl s ) dz) >

R4 R4

1
1 2 2
< (/(/(’CG,M(va)6>9 ||g||LM(B[(x)) dx) dz) .

R4 R4
We then make use of (5.2) in the proof of Theorem 2.8 with A = A3:

1 2 3
(/(/(Kc,u(x,z)0)9 I8N Lot By dx) dz)

R4 R4
1

L 2 o\ 3
S (/(/K(x —Z)<(Vu)9z(z)29>2 gl 21 (B, xy) dx) dz)

Rd R4

2 2
+ (/ ||f||LAz(BM(Z))”g”LM(B7g(z)) dz) '
R4

By Holder’s inequality with & = qil + éil, we bound the second RHS term by

1

2 2 < -
( / 1150 s 1811 3o dz) ST T Ll
R4
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By (2.21), since r, 7 > 1, we may choose ¢q; > ¢ and g; > g so that
: < :
10y e I8N Gy S 1, I8l

From (5.8) (with p = 1) in the proof of Theorem 2.8, we learn that

s 2 3
( J ([ k6= (02 @) 15,00 ) dz)

R R
1

2 2
S </(//K(x_Z)K(Z_y)“f”L)‘Z(B“g(y))”g”L)‘l(Be(x)) dxdy) dz> ,

Rd R4 R4
which holds by our choice A, > A1 which implies 1, > j—fz by (2.22). Let p, p > 1 be two exponents to be specified
later such that % = % + %. We then have that

1

2 \?2
(/(//K(x —2)K(z — y)”f”L”AZ(Bm(y))||8||LM(Bl(x)) dxdy) dz>

R R4 R4
7 N
p P P 5
S (/(/K(Z—”“f”uzww»dy) dz) </(/K(x—z)||g||mge(x))dx) dz) .
R4 R4 R Rd

We treat the two factors of the RHS the same way. First we consider the non-borderline case r < %, in which case
Young’s convolution inequality with 1 4 % = } + 611 yields

1
p z _ld_d
(/ (/ K@= gm0 4) dz) S UK e Fls @y S 077 FIF g gy

R4 R4

In the borderline case r = (f%l, the result follows from the Hardy—Littlewood—Sobolev inequality provided ¢ > 1. An
identical estimate holds for the second factor with exponents 1 + % = % + % (provided g > 1 in the borderline case).

Gathering these two estimates yields

1

2 \2
(/(//K(x — K@= 2my,,0n 1814 (8, (1)) dxdy) dz)

R R4 R4

< ==+ ;
Su 2 IIfIIng’I(Rd)IIgllelil(Rd),
with
1 1 1 1 1 1 1
24 -=1l+—+1l4+—-=-4-+—+—.
2 p p r r q q

This completes the proof.
6. Proof of the Lipschitz regularity theory
6.1. Proof of Theorem 2.3
As opposed to the corresponding proof in the discrete case, cf. [17, Corollary 4], we have to take care of the
singularity of the Green function. This prevents us to make use of Morrey’s inequality when the coefficients are only

measurable, and we propose a more direct approach which partly mimics the proof of Morrey’s inequality. We assume
w.lo.g. that R > 9L. In the first five steps we assume that d > 2, and indicate the changes for d = 2 in Step 6.
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Step 1. Representation formula for u(x + x’) —u(x’), x € Bg \ By, x' € Br.
In order to make use of the annealed estimates of Theorem 2.5, we rewrite equation (2.8) on R9 as follows. Let n:
d_s [0, 1] be a cutoff-function for B4z in Bsg such that |[Vn| < R~L. A direct calculation shows that nueH ! (Rd)
3 3

satisfies
unu —V - AV(@un) =unu —nV-AVu —Vn- AVu —V - (uAVn). 6.1

The sum of the first two RHS terms equals 7f while the other two terms belong to H~'(R?) and have compact
support. The Green representation formula yields

(nu)(x) = / (Gu(x,y)(n(y)f(y)—Vn(y)'A(y)Vu(y))+u(y)VyGu(x,y)~A(y)Vn(y))dy

Bar

Assume first that f and A are smooth (so that u is smooth and the formula holds classically). We argue by density.
Since 0 < G (x,y) < |y — x>~ nf € LP(RY) with p > £, Vi =0 on Bsg (and in particular at the singularity of
G,(x,-)),and Vu € L?(Bsg), the first term of the integral is Well defined at the limit. Recalling that y > VG, (x, y)
is locally square-integrable away from y = x, the second term of the integral is well-defined as well since Vn vanishes
in a neighborhood of the singularity of y > V,G(x, y) and u € L*(Byg). Since u is uniformly Holder continuous,
one can also take the limit of the LHS, so that the Green representation formula holds by a density and regularization
argument.
We thus have for all x € Bg \ By and x’ € By, using in addition that V5 vanishes on B3 3R

uCx +x') — u(x') = / (G(x+x',y) — Gulx', )N fdy

Bar
= [ (Gutr 3 = Gt ) V1) - AT
Bar\Bag
3
UV (Gl ' 3) ~ Gl 1) - AV () ) dy. ©2)

Step 2. Estimate of the integral on B3y (x) U B3p C Bar.
Since R > 9L, x € Bg and x’ € By, B31.(x) U B3, C B4TR, only the first integral term of the RHS of (6.2) has a

contribution. We shall argue that

1
[ G - G e | 5 ( / |f|qdy)q. (6.3)
B3 (x)UB3L Bog

Indeed, the deterministic pointwise estimates on G, for d > 2 combined with Holder’s inequality with exponents
(L. q) yield
qg—1

[ G = G ) )]

B3 (x)UB3L
q=1 1
, q(2=d) , q(2=d) q q
S (Jx +x" =yl =T +x" = y[ 7T )dy X |f19dy
B3, (x)UB3, Bor

(d

Since g > 5 1mphes L= < d, the first factor is of order 1, and (6.3) follows.

Step 3. Representation formulas for G, (x +x', y) — G, (x",y) and V, G, (x +x",y) — V,G,(x', y), x € B \ B2,
x"€Bpr,y ¢ B3r(x)UBsy.

When y is not at the singularity of the Green function, we may write the difference of Green functions as the directional
integral of its gradient: for all y ¢ [x/, x" + x],
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1
Gu(x+x',y)—Gu(x',y) = /VxGu(tx +x',y) - xdt, (6.4)
0
and foralli e {1,...,d},
1
Vy, Gulx +x',y)— Vy[GM(x’, y) = /VxVin,L(tx +x',y) - xdt. (6.5)
0

When y is close to [x’, x” + x], we have to refine this decomposition. To this end, we define two points xT and x~
and two sets Bt and B~ as follows:

xT :=£~|—(m + L)e;, x~ :=f—(m~|—L)el,
2 2 2 2

where e is the first unit vector of the canonical basis of RY, and

B :={y € Bop \ (B3L(x) UB3L), (y —x) -e1 <0},
BT :={y e Byr \ (B3p.(x)UB3), (y —x)-e1 >0}.
Note that Bt U B~ = By \ (B31(x) U B3p). For x € BT we write G, (x +x',y) — G, (x',y) =G, (x +x',y) —
GuxtT+x, )+ Gu(xT+x',y) — Gu(x', y), so that
Gulx +x,3) = Gu(x', y)
1 1
= /VXGM(er +t(x—x)+x,y) - (x —xT)dr + /VxGu(ter +x',y)-xTdr. (6.6)
0 0

We proceed correspondingly for y € B™.
In the following step we estimate the RHS of (6.2). In view of Step 2, it only remains to estimate the integrals on

B :=Byg \ (B3,(x) U B3y).

Step 4. Estimates of the integrals on B.
We shall prove three estimates. First,

| [ (Gt 459 = G 301 )]
BE

11
sl [ i)’ [([ (9600 4o =25 4200
Bog 0 B=*

gq—1

q

+ [V, G (tx® +x/,y)|qq_1>dy) dt, 6.7)

where B¥ is a shorthand notation we use when the inequality holds both on BT and B~. We only prove the claim
for BT. Since |x| > L, by construction |x — x¥| < |x| and |xT| < |x], so that (6.7) follows from (6.6) and Holder’s
inequality with exponents (qu, q).

The second estimate is:

‘ / (Gux +x",y) = Gu(x', )V(y) - A(y)Vu(y)dy

B\Bag
3

(w7 ([ war) + ([ rar))

Bar Bag
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1 1
2
x/( / |VxGﬂ(tx+x/,y)|2dy> dt. (6.8)
0 B\Byr
3

We proceed as for the proof of (6.7) and use in addition the following consequence of the definition of 1 and Cacciop-
poli’s inequality:

</|Vn|2|w|2dy)% S Rl(/uzdy>%+</ fzdy>%.

Bor Bog Bag

Indeed, since V7 has support in B¥ \ B% ,

/IVnI2|Vu|2dy <R / |Vul*dy.

Brr Bsg\B4r
3 3
Testing Eq. (2.8) with test-function 7%u € Hol(BZR), where 7 has support in Byg and is such that 77|g;, =1 and

[Vl < %, yields the Caccioppoli estimate

/ V(iu) - AV Giu)dy < / W2Vii - AViidy + / 72 fudy.

Bag Bag Bar

which, by definition of 7 and Young’s inequality on the last term, we may use in the form

/ |Vul’dy < R™? / u’dy + R? / fdy. (6.9)

B STR Bor Bag

Finally, we prove
‘ / u(MVy(Gux +x',y) = Gu(x', y) - A(y)Vn(y)dy‘

B\Bag
3

11 1
2 2
< |x|R1</u2dy> /( / |VVGM(tx+x’,y)|2dy> dt. (6.10)

Bag 0 B\Bug
3

This estimate follows from (6.5), the bound |V7| < R™!, and Cauchy—Schwarz’ inequality.

Step 5. Conclusion for d > 2. ~
The combination of (6.2), (6.3), (6.7), (6.8), and (6.10) yields, using that |x| > L ~ 1 and that B \ B4TR = Bog \ B4TR,

|u(x 4+ x") —u(x)]
|x|

< R_1<<][ |R2f|"dy)é +(][(sz)2@)% +(]["2dy>%)

Bar Bar Bar

) a1
d
y {R—H-; /(/ (|VXGM(X++t(x_x+)+x/,y)|qu+|VxG/4(l‘x++xlv)’)|qu'>dY) " ar
0 Bt

| g1
d
+RH"/(/(WXGM(X_+t(x—x_)+x/,y)|”q1+|VxGM(tx_+x/’y)|qql)dy) "
0 B-
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1

1
d 2
+ Ry +R1+‘z’/< / V.G (tx +x/,y)|2dy> dt

0 BzR\B4TR
1 1
+R§/( / |VVGM(tx+x/,y)|2dy)2dr}.
0 BzR\B4TR

Dividing both sides of the inequality by the first RHS term and averaging over x’ € By yield using Jensen’s inequality
d
and that ¢ > d (so that Ry <1):

RJ[ |u(x+x’) u(x/)\d /

1 1
(Fayg2y)” + (fgm (R flady)”
1 g1
5/(%/ VoGt +1(x —x) +x' )T + |V Gplrx® + 1, y)ILl)dydx') "t
0 By Bt
g—1
/(f/ IViGu(x™ 4+t(x —x7)+x', y)|q T+ |ViGp(tx™ +x/, y)lql)dydx’) dt
0 BrL B~
1

1
2
+ R 1+%/<][ / |VxGM(tx+x’,y)|2dydx’> dt
0

BL BzR\Bg

—

1

2
+R2 /(7[ / IVVG, (tx + X', y)|2dydx/> dr +1 =: Yr(x).
0 B BzR\B4TR

This proves estimate (2.9). It remains to prove the moment bounds (2.10) on Yr(x), which formally follow from
taking the expectation of the p-th power of the RHS of this inequality and bounding [VG (x, y)| by |x — y|'=¢ and
IVVG,(x,y)| by |x — y|~4. It remains to show that it is enough to use bounds on large moments of local square
averages of |[VG,(x, y)| and |[VVG(x, y)| instead, which we control optimally by Theorem 2.5. We only treat the
first term in detail (the other terms are treated similarly). By bounding the integral on B by the sum of integrals on
balls of radius L and by Holder’s inequality, we have

F [ (926,67 4 1= ) 42 T 4 1V:Glax® 2/ ] 77 )y
B Bt
S Y GOt 1 —x D) NTT A+ (VG (txt, D)7,

ieB+tn-L 7d
zEBﬂﬁZ

We only treat the first RHS term. By Jensen s inequality in probability it is enough to prove the claim for p large
enough, which we take such that p > —Z=. By Jensen’s inequality on fo dt and by the triangle inequality for

n(q D p(q D]
NG ;

(1>

g\t r
(ViGp)p(xt +1(x —x™), ,))—1) I d;) >

ieBtNnL Zd
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! rlg=1
</ (VG + 1 =x),i)7T) dr>

0 ieBtnL Zd

1)(q plg=D) plg=1)
< </((V Gt +1t(x —x™), z))”dt> ) o

zeB+m}Zd

Recall that by construction of x and B, |xT 4+ ¢(x —xT) —i| ~ [x —i| for all ¢ € [0, 1], so that by Theorem 2.5,
1
’ —clx—i
/((VxGu)L(XJr +1(x—xT),iNPdr) < e—..
lx —i]9-1
0

Giving up the exponential cut-off, this yields

1

ﬂ
<</( > (MGG i —x ), e ) dt>p>
0

ieBﬂW%Z"
rg—=1) rg—=1)
—d) -4 4q —d)-4- q
g( > il ””") S( / e =yl d>q-1dy> <1
ietnJozd Byg\BL(x)

since ¢ > d. This completes the proof of (2.9).

Step 6. Proof for d = 2.

The proof for d = 2 is identical as for d > 2 except for Step 2. Indeed, if we proceed there as for d > 2, the estimate
fails optimality by a logarithm of 1 due to the bound on the Green function G, in dimension 2 close to the singularity.
Recall that p > 5 = 1. To avoid this logarithmic correction, we follow the elegant argument by Avellaneda and

Lin [2] and add a thlrd dimension. We denote by GI(L) and A® the fields in dimension 2 and consider the following
extensions to dimension 3: A® (x1, x2, x3) := diag [A(Z) (x1,x2), 1] and G S) the Green function associated with A,
It is elementary to check using Definition 3.1 that for all x # y € R?,

G (x. y) = /G§f><(x,o>, (v, )1,
R
and we rewrite the LHS of (6.3) as

/ GPx+x"y) =GR y)n() f(y)dy
B3 (x)UB3L,

/ / GO +x,0), (7, 1) — GO, 0, (v, ) FG)dedy. 6.11)
B3 (x)UB3, R

We then split the integral over ¢ into two parts: || < 1 and |#| > 1. We start by estimating the first part, and appeal to
the deterministic pointwise estimate on fo). By the triangle inequality,

/ / G420, (5.1) =GP 0). (. )G f ()i
B3 (x)UB3L [t|<1

1 1
s [ [ (0rex P e R ) FO)drdy
B3 (x)UBsL |11
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We first integrate in y and use Holder’s inequality with exponents (qul, q) for some 1 < g < p small enough so that

qu1 > 2. This yields

| / / GO+, 0), (v, 1) = GO, 0, (v, () FG)dedy
B3 (x)UB3L 1|<1
; ;
< / 12T ar / IFody | < / IFGIPdy | (6.12)
[11<1 B3 (x)UB3 B3 (x)UB3L

by Jensen’s inequality since L ~ 1.
We turn to the second part of the integral. We bound the difference of the Green functions by the oscillation, and
appeal to the De Giorgi—Nash-Moser theory in the form of the deterministic estimate: For all |¢| > 1, and all z, y € R?,

osc  GP((z.0), (y.1) < [t]71Fe,
z € Bog

for some «g > 0 depending only on A (see (7.10) in Step 2 of the proof of Lemma 3.6 for details). Since x, x +x’ €
Bar, this yields

\ / / (GO +x,0), (3.0) = G, 0), (v, DN f (y)drdy

B3 (x)UB3, [t|>1

< [ [ (oe 62@0.0.0)ir0idrdy

z € Byg
B3 (x)UB3, [t|>1

S / / le| 710 £ (p)ldtdy / [f()Idy. (6.13)
B3 (x)UB3, [t|>1 B3 (x)UB3L

The desired estimate (6.3) for d =2 and p > 1 follows from (6.11), (6.12), and (6.13).
6.2. Proof of Remark 2.4
Estimate (2.9) for all x € By is a straightforward combination of (2.9) for all x € Br \ B2 and of Schauder interior
estimates. We closely follow the corresponding proof in the discrete setting, cf. [17, Corollary 4].
Step 1. Representation formula for solutions u € H Y(Bg) of
uu—V - AVu = f € LP(BaR)

in Bog for some p > d. Let n be a smooth cutoff function for B4TR in B S such that |Vn| < R~!'. We claim that for
allx e B R,

Vu(x) = / (VxG(x,y)(n(y)f(y)—Vn(y)-A(y)Vu(y))+M(y)VVG(x,y)-A(y)Vn(y)>dy (6.14)

Bag

Indeed the Leibniz rule yields
unu —V - AV(@un) =unu —nV-AVu —Vn- AVu —V - (uAVn). (6.15)

The sum of the first two RHS terms equals nf while the other two terms are in H~!(R¢) and have compact support.
Hence testing (6.15) with G, yields

(nu)(x) = / (Gu(x,y)(n(y)f(y)—Vn(y)~A(y)Vu(y))+u(y)VyGu(x,y)~A(y)Vn(y)>dy (6.16)

Bor
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and (6.14) follows by taking the derivative w.r.t. x. Note that the RHS of (6.16) and (6.14) are well-defined for all
d
x€eB R (so that Green representation formula follows from mollifying the RHS). On the one hand, G, € Ld-2% (ByR)

and VG, € Ldfgllﬂ (Bag) foralle > 0and f € LP(Bg) for some p > d, so that the terms involving f are well-defined.
On the other hand, VG, G, and VV G, are locally square-integrable away from the singularity, and V7 vanishes in
B4TR so that the terms involving VG, or VV G, and u or Vu in (6.16) and (6.14) are not singular and are integrable.

Step 2. Proof that fora =1 — %,

p
(R“[uka(BR))”sR“”/(/ IVxGu(x,y)llf(y)ldy) dx

Br Bsr
3

p
+RP<“1>/</ (|WGM<x,y)||u(y>|+|vau(x,y>||W<y)|)dy) dx.  (6.17)

Br Aur sr

303

Indeed, in view of the definition of 7, (6.14) in Step 1 yields for all x € B R

Vu@)l < / IVaG (e, MILF(0Idy
SR
T

R / (196, VI +HOITVG(x, )y,
A4r sr

303

L

where A4 iR Sk = {% <yl < %}. The desired estimate (6.17) then follows from Morrey’s inequality

Wlcepy = sup MO HOI ( /|W|pdy>

x,yeBgr |)C —y|°‘
x#y

and the triangle inequality.

Step 3. Proof of

<( R SUPy ye By \u(li)*)u‘gy)l >p>
sup
@.f) supp, . u| + (fB - |R2f|p)
§<Rd<”2>" / / VG (x, Y)IP dydx + RP~? / / IVVG . (x, y)|” dydx

Br A4r sg Br A4r sr
33 3°3

» p=1
+R—2P/(/ VG (x, y)| 7T dy) dx>. (6.18)

Br  Bag
The starting point is (6.17) in Step 2, and we treat each of the three RHS terms separately. For the first term, we use
Holder’s inequality with exponents ( =, p):

p
/(/ IVxGu(x,y)llf(y)ldy) dx

Br Bsr
3

, p—1
<R2P/(/|chu<x,y>|p’l dy) dx /|R2f|f’dy.
Byr

Br  Bar
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For the second term, we also use Holder’s inequality with exponents (p, - T)

p
/(/ IVVGu(x,y)Ilu(y)ldy> dx

Br A4r sr
33
p—1
e
</ / IVVGu(X»y)I”dde< / |u| P=T dy)
Br Aag sk Aur sk
3°73 373
2
< Rd— 2>/ / IVVG . (x, )| dydax Rd(sup|u|
Br
Br Aar sk
33
Likewise, for the third term we have
P , p—1
/( / IVxGp(x, y)IIVu(y)Idy> dx < / / [VxGp(x, y)l”dde</|Vu|P1dy> .
Br Aj 5R j SR Bg
3°3 33

Since p > d > 2, we have —— < 2, so that Jensen’s inequality yields

p—1 Z
(/|W|p'1 dy) 5Rd(’z’1)(/|w|2dy> )
Br Bg

By Caccioppoli’s inequality (cf. (6.9)),

/|Vu|2dys R—2/|u|2dy+R2/f2dy
Bg Bog Bag

S R ZsupuP 4 R [ 2 a
Byg
Byr

and consequently, by Jensen’s inequality on f (using that p > d > 2)

p—1
(/|vu|% dy) §Rd<P—2>—P<Rdsup|u|P+/|R2f|l’dy).

Bar
Br 2R

Hence we have proved the following bound for the third RHS term of (6.17)

p
/(/ IVxGM(x,y)IIVu(y)Idy> dx

Br A4r s
£

w

< Rd<P—2>—P<Rdsup|u|P+ / |R2f|”dy)/ / VG (x, y)|P dydx.
Bog

4.3
This concludes the proof of (6.18) recalling that R*” = R<.
Step 4. Conclusion.

We bound each term of the r.h.s. of (6.18) separately. The first term is bounded by

RA(p=2)— I’/ / |v G(x,y)|? )dydx < R4(p-2)— p/ /

Aur sk
33

—_ y|(1—d)ﬂ dydx.

Aar sk
33
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For x € Bg and y € Aur sk, we have that |x — y| > |y| — |x| > g, so that
3°73

Rd(p—z)—p/ / it — y0=DP gygy < RAP-D=pr2+(-dp _ |

Br A4r sr

3%

Likewise, the second term is bounded by

Rd(l’—2>/ / (IVVG(x, »IP) dydx < Rd<1’—2>/ / Ix — y| 79 dydx

Br Aapr sr Br Aur

an OR SR
33 3°3

SJ Rd(p—2)+2d—dp =1.

For the third term, we use the triangle inequality in form of

P p=1 1 p—1
<(/ IVaGp(x, y) 77T dy) >< (/(IVxGu(x,y)lp)P‘ dy)

Bag Bar

» p=1
5 </ |x_y|(1—d)ﬁ dy) SRd(p—l)-‘r(l—d)p — Rp—d.

Bar

Hence,

p—1
<R—2P/</ V.G (x, y)| 7T dy) dx> < RTpHdAp—d _ p=p <

Br  Bar

As before the bound on Vg (x) is a simple reformulation. The proof of the remark is complete.
7. Proofs of the auxiliary results
7.1. Proof of Lemma 3.4

The proof is essentially identical to the proof in the discrete case. The only difference lies in the different form of
the (LSI). We reproduce the proof for completeness.

Step 1. Result for p = 1.
We claim that for any § > 0 and all ¢ (a):

()7 < (exp(%) + pz—f)ucn +8</<A0;c“§>2dz>%, 7.1)
Rd o

where p denotes the constant in the (LSI), see Definition 2.1. By homogeneity, we may assume (¢%) = 1. For all
real-valued ¢ we have that

exp()l¢] i IE] <exp 5
2 . .

Lretloge? (5] > exp o
Since x log x is bounded from below by %, we have that %|§| +¢2log¢? >0 for all ¢. It follows that

2 082 082
2 < (GXP<W> + z)m + TC210g§2-
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Hence taking the expectation (-) yields

<cz><<exp(§) o )<|¢|>+ 272 10ge?).

Since (¢%) = 1, Young’s inequality yields
2 082 2 p82 -1
el < (exp( =)+ )<|;|> 5( w(o5)+ 2—6)

=%(exp(§2) p52)<|;|> 5(xp(§)+p2—‘f)_l<;2>.

Combining the last two estimates, we deduce

2 2 P3N o, P8
() < (exp(m)+g) (e + (¢ roe - )

Hence (LSI) yields
2 2 ps* 2 2, 2 2
(€ ><<exp(ﬁ)+§) (1212 +8 (/( 2 ¢) dz)
R4

and estimate (7.1) follows from taking the square root and applying the inequality /¢ + & < A/ + +/ for all numbers
£,§20.

Step 2. We finish the proof of (3.10), i.e. we show that

)4 le
:.2{7 211) <C )O,E, p,5 { + 6 </ 2d )
( ) ( el ( , (A|Bsg(z) ) )

for general p > 1. To that end, we apply (7.1) to ¢ replaced by |¢|?:

2
2 2
1612) < Clp. p.8)EI) ”(/(A?Bifz) €17) dz),

R4

where C(p, p, §) denotes a generic constant only depending on p, p, and §. Since p < 2p, an application of Holder’s
inequality in (-) and Young’s inequality on the first RHS term yields

By (2)

2
UePP) < o partich? +25( [ (Lose 1e17) dz). (12
d

Now we use that

ose [¢17 < C(p><|c|" bose ¢4 ( ose c)”)

By (2) AlBy(2) AlBy(2)

which follows from the elementary inequality [¢” — £P| < C(p)(¢P~ V¢ — &| + |¢ — &|P) for all numbers ¢, & > 0
and the triangle inequality in form of 0sc(e) || < 08cq(e) ¢ . Hence (7.2) yields

AlBy (o) AlBy (o)

(1612) < Clp. p. YIE D +2C(p)o I 2 / (osc cdz)2)+2C(p)a( / (osc ;)2” dz). (7.3)
R4 Rd

The last term on the right-hand side may be estimated by discreteness, using the argument developed in [13, Proof of
Lemma 2.3]. Since every ball B;(z), z € R is contained in the collection (B¢ (2’ )) ¢ 2¢ 74, We have that
Jd
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2p 2p
(/( 0sC C) dz><C< Z ( 0sC {) >
AlB[(Z) 2 d A|82[(z)
R4 zeﬁZ
Hence, by discreteness, we find have
2p 2\ P
</( 0sc {) dz><C<< Z ( 0SC g“) ) > (7.4)
AlBl(z) 2 d Ale((Z)
R4 ZGTZZ

Furthermore, Holder’s inequality followed by Young’s inequality yields

o= [ (gze )" )< s 3 (g )" ) )
Rd e

(12127 + (4C(p)5)1’—1<</( osc ;)Zp dz>p>. (7.5)
Rd

<

4C(p)é Al

Hence collecting (7.3), (7.4) and (7.5) yields

2 P
<|;|2P><C(p,p,8)<|f:|>2p+2(2C(p)8+(46(p)8)P)((Z( ose ¢) dz) )

20 IBz[(Z)
Ve

26 r7d
ﬁZ

where we have absorbed the second term of (7.5) in the LHS. Since every ball By,(z'), 7’ € is contained in the

collection (B3¢(2))|;—z/|<2ei1» We also deduce
2 1 2
Z(osc ;) <—/(osc ;“) dz
% g AlBy(2) 14 AlBy(2)
ZEW R4

By redefining §, we obtain (3.10).
7.2. Proof of Lemma 3.6

Estimate (3.13) is a Meyers’ type estimate, for which we refer the reader to [13, Lemma 2.9]. We split the rest of
the proof into four steps. For d > 2, (3.14) is a consequence of (3.13) and of Meyers’ estimate, see Step 1. For d =2,
however, we need sharper deterministic estimates on the decay of local averages of the gradient of the Green function.
These are obtained using the De Giorgi—Nash—Moser theory and pointwise bounds on the Green function in Step 2.
We then prove (3.14) for all d > 2 in Step 3. We prove (3.15) in the fourth and last step.

Step 1. Proof of

/ IVVG,(x, )| dydx < R™201%1e=¢VER (7.6)
R<|x—y|<2R|yl<L

for some g1 > 1l and @y >0andall R > 4L ~ 1.

This follows from Meyers’ estimate in the form of: There exists some go > 1 depending only on A and d such
that for all 1 < ¢ < go and all functions u € H'(RY), g € L2(R?,RY), fe L2(RY) supported in By with L ~ 1 and
related through

—V-AVu =V.g+ f,

we have

([ varmas)™ < ([1sPear)™ + ([ rar)”
R4 Rd Rd



A. Gloria, D. Marahrens / Ann. 1. H. Poincaré — AN 33 (2016) 1153—-1197 1185

For this estimate we refer the reader to the original article by Meyers [19] or to [14, (4.31) in Proof of Lemma 2.9]
(the proof of which is first presented in the continuum setting dealt with here).

Letn:R?Y — Rbesuchthatp=1on By, n=0o0nR?\ By, and |Vy| < 1. Assume momentarily that A is smooth,
so that (x, y) = G, (x, y) is smooth away from the diagonal x = y. Leti € {1, ..., d}, we apply Meyers’ estimate to
the smooth function u(y) = n(y)Vy, G, (y, x) for |x| > 4L. Indeed, the defining equation for G, yields

—V-AW)Vu(y) = —un()VyGu(y, x) = Vyn(y) - AWV, Vi, Gu(y, x) = V- (AWVn(») Vy, G (v, x)),

so that Meyers’ estimate with exponent gg > 1 takes the form

1
(/19,95 Gty 0Py ™
Br

ST

1
S ([ 19600 0P0ay) ™ s ([ 1200 Gu3 0P 419,95 Gt Py)
By By,

By Caccioppoli’s inequality (cf. (6.9) in the proof of Theorem 2.3), since L ~ 1,

/'V}'inG#(yvazdy S /(Vxl'Gu(y’x))zdy’
By, BsL

so that by Holder’s inequality,

L €
([19:956 . 0P0ay) ™ < 14 ([ 19,600 0Pmay) ™.
Br B3L

Taking the (2¢0)"" power of this inequality, summing over i = 1, ..., d, and integrating over {R < |x| < 2R} yield
combined with (3.13) and L ~ 1
IVVG,(y, )M dydx < (1+ p)*0RR*01 =D exp (— c/uR). (1.7)
R<|x|<2R |y|<L
Since gp > 1 and d > 2,

—1
d+2g0(1 —d) = d(1 — qo) — go(d — 2) < —2qo"°qo ,

q‘z]—gl > (. This result carries over to general measurable coefficients A by

density. (Note that for d > 2, this already yields the desired result (3.14) forall 1 < g < go and op = % The following
two steps are forced upon us to deal with d =2.)

(7.7) implies (7.6) for g1 = qo > 1 and a1 =

Step 2. Deterministic estimates on the gradient of the Green function.
In this step we show that there exists a Holder exponent o > 0 such that forall L ~ 1 and [x| > R > 4L ~ 1,

L N} eVl
([19.Gutr.»Pay) S (7.8)
BL

Since G, (x,y; A) = G,(y, x; A*) (where A* is the transpose of A) and the bounds are uniform w.r.t. A € Q, it is
enough to prove (7.8) with V, G, (x, y) replaced by V, G, (v, x). We shall first prove (7.8) for d > 2 and then deduce
it for d = 2 from the result for d = 3 following the argument by Avellaneda and Lin already used in Step 6 of the
proof of Theorem 2.3. By Caccioppoli’s inequality, for all K € R, since L ~ 1,

/ IVyG o (y, x)Pdy < / (Gu(y,x) — K)*dy + nK?,
By By
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so that

/ V4G, )Py < ( ose
F yeB
L

Gﬂ(y,x))2+ (ﬁ][ G,L(y,x)dy)z. (7.9)
Byr

2L

From [9, Theorem 8.22], since {y : |y| <2L} C {y : |y| < |5} and
X

HGu(y. %) = Vy AR)VyGuly. x) = 0in{y: [yl < 135

I},

we learn that there exists «p > 0 such that

osc  Gu(x.y) < L2+ 2P sup Gulx.y).
y € By 2 20 T gIE

Appealing to the pointwise estimate (3.2) for d > 2 to bound the supremum and using that |x — y| > |3], this turns
into
osc  Gux,y) < |S2d—eze—cVAl3l, (7.10)
y € By 2

Likewise the pointwise estimate (3.2) for d > 2 allows one to bound the average in the RHS of (7.8) by

Jﬁ][ Gy 0)dy S VRIS VHIE < 2y e
Byp

for some slightly smaller ¢ > 0 in the RHS. Hence, (7.8) follows from (7.9) for d > 2.
We now turn to d = 2, which is the aim of this step, and prove the result by integrating the three-dimensional
Green function. Denote by A® the coefficients in R>*?, and let A® be the block diagonal matrix of R3*3 given by

diag[A®, 1]. We denote by G\’ the Green function associated with A® and define a function G : R? x R2\ {x =
v} = RY, (x,y) > GP (x, y) as follows:

(@) — 3
G'u (xvy) - /GH« (X’Z»yao)dz-
R

Then, fo) =G,(-, 3 A®). By the triangle inequality,

2
/|vyG§3><y,x>|2dy=/\/%G}P(y,z,x,())dz\ dy
B, R

Br
% 2
<(/(/WyGﬁ?)(y,z,x,onzdy) dz) .
Br

R

Using Cauchy—Schwarz’ inequality locally, this yields

1 2
/IVGS)(y,x)Izdy N (/( / IVng)(y,z’,x,O)Izdydz’)zdz> . (7.11)
Br

R jy2)—(2I<3E

We then appeal to (7.8) for d = 3, which yields

1
12 —cB(xP+1z1H2
([ wePemoraer)

Ity *

2 A
x|+ |z 2

I(v,2) =, )< 2 (1" 12
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Estimating the z-integral as follows,

1
—cm(IxP+z1%)2 —c/Rlx|
Ldz<e*cx/ﬁlx\ 1 dz <& v
r (X7 + 2192 r (xI7+ 121972

’

completes the proof of (7.8) for d =2.

Step 3. Proof of (3.14) for all 1 < g < qo.

We first prove that (3.14) holds for ¢ = 1 using Caccioppoli’s inequality combined with (7.8), and then conclude
by interpolation using Step 1. Assume that A is smooth, so that Vy, G, (y, x) is smooth for x # y. Since for all
iefl,....d}

. R
uVy, Gu(y,x) = Vi - A(x)VyiVy, Gy (y,x) = 0in {5 < |x| < 4R},

Caccioppoli’s inequality yields

/ IVeVy, G pu(y, x)Pdxdy < R / / (Vy, G u(y, ) dxdy.
[yISL R|x[<2R IVISL B jx|<4R

Combined with (7.8) this turns into

IVVG,(y,x)|Pdxdy < R2RIR?>C-7202 — R2=d p=2u2 p=c /iR (7.12)
yI<L R<|x|<2R

that is (3.14) for ¢ = 1 and exponent o». The case of measurable coefficients A follows by density.
Set g = min{wq, a2}. An elementary interpolation argument between (7.12) and (7.6) then shows that for all

1 < g <qo,
IVVG . (y, x)Mdxdy < R™2%0e= VIR,
ly|<L R |x|<2R
as desired.

Step 4. Proof of (3.15).
This is a consequence of Caccioppoli’s inequality and (3.13). Indeed, for all 3L < |x — y| < 6L with L ~ 1,

(VVG,)L(x,y) = / / Vo Vy G (x', y)2dx'dy’
B (y) BL(x)

L~1,Caccioppoli PR R
ST weGaparay

BLO) By, ()

(3.13)
< / / |vy/G,L(x/,y’>|2dy/dx’ <

B3 (x) <|x -y |<
7.3. Proof of Lemma 3.5

We only prove (3.11), the proof of (3.12) is similar and left to the reader. We split the proof of (3.11) into three
steps. In the first step we estimate the oscillation of the mixed second derivative of the Green function. In the second
step we control the RHS of this estimate using Lemma 3.6, and we conclude in the third step.

We let A be a coefficient field which coincides with A outside of By (z), for z € R?, and denote by G, and G the

Green functions associated with A and A, respectively, for some 1 > 0. Set §G wi= G - Gyp.
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Step 1. Proof of

1 if |z — x| <6L,

(VvaG,LL)L(-xv y) 5 (VVG,LL)L(Za y) { (VVGM)L(X Z) lf |Z _ x| > 6L

(7.13)

for all x, y with |z — y| > 3L and |x — y| > 3L.

By density it is enough to take A and A smooth. Estimate (7.13) follows from the combination of a Green rep-
resentation formula and an a priori estimate. We start with the former and proceed by regularization. Let (p,),~0 be
a family of smooth non-negative approximations of the Dirac mass with total mass unity and support in B,. For all
r>0andy €RY let G, (-, ') be the unique weak solution in H'(R?) of

//LGM,,«()C/, y/) — V- A(x/)vx’Gu,r(x/v y/) = pr(y/ - x/)-

By standard elliptic regularity theory, G, , is smooth on R¢ x R?. In addition, from the existence/uniqueness theory
for the Green function, we learn that for all y’ € R,

0
Gur( ) 22 Gty y)  in WHLRY) (7.14)
Hence, for all y’ € R¢,
IN . / N ’ . 1,1 md
8GM,V('7 y ) - Gu,r(',y ) - G/L,V('v y) — SGM(, Y) in W (R ) (715)

For all y’ € R¢, 8G .- (-, y") is a classical solution of
18G (X', ) = Vi A )V8G (X, Y) = Vi - (A — AV Gy (X, Y).

Since the RHS has compact support, G, (-, y') satisfies the Green representation formula for all x’, y’ € R4

8Gurx',y) = / VoG, 2) - (A= AV Gy (@, y)de (7.16)
R4
Provided |z —x’| > 2L and |z — y’| > 2L, standard deterministic estimates on the gradient of the Green function yield:

sup |VZ/GM(x/,z')| < sup |x/_z/|2—d < 124 1.
TeBLE) 7€BL(2)

Hence, using (7.14) and (7.15), as r | 0, the Green representation formula (7.16) turns into

8G,(x',y) = /vz/éu(x’,z’) (A= AEVGu(Z,y)d7 (7.17)
R4
for all |z — x’| > 2L and |z — y'| > 2L. Since G, and Gu are smooth away from the diagonal, we may differentiate
twice (7.17), which yields for all |z — x’| > 2L and |z — y'| > 2L,
VVSG,(x',y) = / VVG,(x',7) - (A—A)()VVG,(Z, y)d7 . (7.18)
R4

Recall that |z — x| > 3L and |z — y| > 3L. Integrating (7.18) over x’ € By (x) and y’ € B (y), we obtain by Cauchy—
Schwarz’ inequality

(VV8G,)L(x,y) S (VVG)L(x, 2)(VVG )L, ). (7.19)

We turn now to the a priori estimate. Let |y’ — z| > 2L. Then, §G w(+,¥") is the unique distributional solution in
WLLRY) of

u3G (', ) = Ve AW VedG (v, y) = Vi - (A = A )Ve G, y).

Since G, is smooth away from the diagonal, the RHS is smooth with compact support, so that G (-, y') is a classical
solution. We then differentiate the equation with respect to y fori € {1,...,d}:

uVy8G (', y) = Vo A )V VydGLu(x', y) = Vi - (A= A)(X) Ve Vy G (', y).
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Since the RHS is smooth and has compact support, V,/6G (-, y') € H'(R?), and we may test the weak formulation
of the equation with the solution itself. This yields

/IVVSG,L(X/,y/)IZdX’§ / IVVEG,(x', yIIVVG(x', YD) dx,
R4 BL(2)

which, by Young’s inequality, turns into

/|VV8GM(x',y’)|2dx',§ / IVVG . (x, y)|? dx'. (7.20)
R4 Br(2)

We are in position to conclude. On the one hand, integrating (7.20) over y’ € By, (y) yields

(VV8G)L(x,y) S (VVGL)L(z, y). (7.21)

On the other hand, assume that |z — x| > 3L. Denote by G*, GZ and G, the Green functions associated with A*, A*,
and their difference. Estimate (7.20) takes the form

/ IVVSGE (Y, 0P dx' < / IVVGE (', x) dx',
R4 BL(2)

so that by integration over y’ € By (x) and by the symmetry properties of the Green function,
(VVG )L (x,2) = (VV8G))L(z,x) S (VVG))L(z,x) = (VVG)L(x,2).

Hence by the triangle inequality, the estimate (7.19) for |z — x| > 3L turns into

(VV8G )L (x,y) S (VVGL)L(x,2)(VVG)L(z,y). (7.22)
The claim (7.13) follows from the combination of (7.21) and (7.22).

Step 2. Proof of

| if|z—x/|<6L}

/ 20a X

su z—x'|+ 1) ) dz <1 7.23

g/ (e =x1+ D { (VVGH(\2)  ifz— | > 6L (7.23)
Rd

forall 1 <g <gpand o = “—2" where g and g are as in Lemma 3.6. For |z — x/| small, we have

1 if |z —x'| <6L
- 12qa
(le=xi+ D {(VVGu)iq(xaz) if |z — x| > 6L
lz—x/|<6L
< / (Jz—x"|+ DI dz S 1. (7.24)

lz—x"|<6L

For larger |z — x’|, we decompose {z : |z — x’| > 6L} into dyadic annuli:

1 if |z — x'| <6L
! 12(10{
e (e=x1+D {(VVGM)iq(x’,z) if |z — x| >6L}
z—x'|>6L
o
< / (lz = x| + l)zq“(VVGu)iq(X’,z) dz. (7.25)

1=0rn61 <|z—x/|<2+16L
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On each dyadic annulus,

/ (Iz = x|+ l)zq“(VVGM)iq(x’,z) dz

ML <|z—x'| <2 HI6L
2, 2 1
NV / <//|VVGM(x'+x",z+z’)| dX”dz'> dz,
MOL<|z—x'|<2"+16L Br Br

which we bound using Jensen’s inequality and (3.14) as

q
22qom / (//|VVGM(X/+XU,Z+Z/)|2 dx”dz/) dz

M6L<|z—x'| <2 6L Br Br

< 2%en / / / IVVG (&' +x", 24 2)* dzdx"d7’
B BL 2"6L<|z—x'|<2"H16L

S 22qom // / |VVGM()C/ +x", Z)|2q dzdx”dz’
Br Bp 2n4L <|z—x'—x"|<2"H18L

(3.14)
< 92q(a—ap)n _ p—qaon (7.26)

uniformly w.r.t. x’ € R4. The combination of (7.24), (7.25), and (7.26) yields the claim (7.23) since ZneN 279%0n <,

Step 3. Conclusion.
We first show that for all [x — y| > 6L and all p large enough, we have

p
<</( osc (VVGM)L(x,y))2|x—y|2de20~/ﬁx—y|dz> >
J L)

L(Z
< sup {|Z . y|217d620\/ﬁ|1*)r\ ((VVGM)ip(Z, y)> ] (1.27)
z,y:lz—y|>3L

We claim that it is enough to prove that

2 2.\
<( / (jose (VG ) b=y dz)>

lz—yIZ=|z—x]

s sw o le— P {ove e ). (7.28)
z,y:|z—y|>3L

To this aim we have to prove that the corresponding integral on the LHS of (7.28), this time over {|z — y| < |z — x|}, is
bounded by the RHS of (7.28). Indeed, (7.28) for G}, with x and y switched takes the form after using the symmetry
properties of the Green function

2 p
<( / <osc (VVG,L)L(x,y)> |y—x|2ddz> >
lz=x|=]z—y| BL@

S s le—a(vV6 o)

z,x:|z—x|>3L
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The conclusion follows by stationarity since

sup [IZ—x|2pd<(VVGu)ip(x,z)>}= sup {|z|2pd<(vvcu)§”(z,0)>]

z,x:lz—x|>3L z:|z|>3L

= s le=yP (V60 e ) |
z,y:|z—y|>3L

It is therefore enough to prove (7.28). 3
For |z — y| > |z — x|, we have |z — y| > |x;y| > 3L, so that taking the supremum over A (by a density argument

the supremum can be taken on smooth fields A) in the estimate (7.13) of Step 1 yields

/ ( ose. (VVGM)L(x,y)>2dz

B
lz=yIZlz—x| L
1 if |z—x| < 6L
< 2
~ / (VVGWLE Y { (VVG )2 (x,2) iflz—x|>6L }dz' (7.:29)
lz—ylZlz—x]|

We smuggle in the weight (|z — x| + 1)* and apply Holder’s inequality with exponents (p, ¢) for some p > 1 to be
fixed below:

X . if lz—x[<6L] "
<( / (VVG )1z, y) { (VVGM)%(JC,Z) if |z —x|> 6L }dz> >

lz—y|=lz—x|

P
1 if |z — x| <6L q

< — x| 4 1)%4 d

~<< / (Jz =1+ D {(VVGM)iq(x’,z) if|z—x’|>6L} Z>>

lz—yl>3L
x < / (2 — x|+ D2 (VVG,)7 (2, y)dz>.
lz—y|=|x—z]
By (7.23) in Step 2, the first term on the r.h.s. is bounded uniformly w.r.t. A as long as 1 < g < gp, i.e. p= qu >

g _ _
qo0—1

1
ey I iflz—x<6L] , \"\"

_ o12d 2c/mlx—yl 2
<<|x y| e / (VVGM)L(Zvy){(VvGM)%(x’Z) 1f|Z—X|>6L}dZ> >

lz—ylZlz—x|

: po. Hence, using that |z — y| > |x — y|/2, this yields

< < / (|2 — x| + 1) 72|z — yPPA2PViEl (v G )7 (o, y)dz>

lz=y|Zlz—x|

We then take the supremum of the last two factors of the integrand using that |z — y| > 3L and choose p large enough
so that fRd(Ix —z| + 1)72P% dz < 1 (up to redefining po accordingly) so that

1

o I iflo—xj<6L ], \"\"
_ 2d 2c Jilx—y 2
<<|x y|*Me / (VVG)L(z.y) { (VVG)3(x,2) if|z—x|>6L }dz> >

lz—y|Zlz—x|

1
s sup =y P9V 6,01 e )| (7.30)
z:|lz—y|>3L

Estimate (7.28), which implies (7.27), is now a consequence of (7.29) and (7.30).
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Lemma 3.5 then follows from (7.27) combined with the local boundedness estimate (3.15) in the form of

Z:\zflylF>3L{|Z y|2[7d 2pe/itlz— y‘((VVGM) . y)>}

<1+  sup {|Z . y|21’d62c«/ﬁ|z—>’| <(VVG,U,)ip(Z, y)> }

Z:|z—y|>6L
7.4. Proof of Lemma 3.10 for p < 0o

The proof consists in a minor modification of the usual Moser iteration. We follow the proof of [9, Theorem 8.17]
and mainly focus on the differences. Without loss of generality we may assume that g < %. Up to multiplying the
equation by —1 it is enough to prove the claim for the positive part u* = max{0, u} of u. Set ii = u™ + k, where
k= || fllLa(B,) With g given in the statement. We test Eq. (3.16) with the test function v = n*(@? — kP) > 0, where
B > 0 and 7 is a smooth cut-off function for By in By with 0 < n < 1. In the following, we require that

(g —Dd

The derivative of v is given by
Vv =2n@@? — kP)Vvy + n*galf'va.

Since by construction pu(ii? — k) > 0 and either Vii and it — kP vanish or Vii equals Vu, Eq. (3.16) with test-
function v yields

O:/(;wu—l—Vv-AVu—vf)dx
R4
- / (,ﬂf(ﬁﬂ —kPyu+ B’ Vii - AV + (2n@P — kPyvn) - AV — vf) dx
R4
21/(xﬁ#%ﬁ*HVﬁF——HVnuﬁﬂ—kﬂMHVﬁ«—n%ﬁﬂ—kﬂNfDdx
R4
>/(Aﬁn2ﬁﬂ—l|w|2—2|Vn|ﬁﬂn|w — %\ f1) dx.
R4
By Young’s inequality,
A 2
Javnatatax <L [t il a2 fioapar as,
R4 R4 R4
so that

—/ 2PN \va)P dx < /|vn|2 A+l dx—l—/ P\ fldx. (7.32)

So far, the computations are identical to the usual Moser iteration. Here comes the difference: Let x = dde ifd>?2

(or fixany 1 < x < +oo if d =2) and let s > 1 be such that 1 = + le)X Then, the choice (7.31) implies that
1 <s <gq. Indeed,

11 B L_a-1_ B d-2 _—pd-2q)+dq—1 73D

s ¢ (B+bhx a4  q B+l d 4B+ )d

_B_ L
We now treat the second RHS term of (7.32). Holder’s inequality on n2uf|f| = (n2ﬂ+1 12/3)(r;2ﬂ+1 | f]) with exponents
(X liad} ,§) yields
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_B 1

B+Dx 25 s
/n2ﬁﬂ|f|dx < (/nzxa(ﬁ“)x dx) </nﬂ+‘|flsdx> :
R4 R4 R4

Let C denote a generic constant depending only on d, A and g (but which can change from line to line) — note that

since 1 < B < (3:;);, constants depending on B are also bounded by C. Since 0 <n<lands <g < %, it follows by

Jensen’s inequality that

B
(B+D)
/n2ﬁﬂ|f| dx <Ck (/ P B+Dx dx) “

R4 R4

where we recall that k = || f|| La(B,). By Young’s inequality we thus have for all & > 0:

1
/n2ﬁﬂ|f| dx < 5(/ X g B+Dx dx) “ LK
R4 R4

where C depends now in addition on ¢. Combined with (7.32) this yields

1
Mo 21y 2 22p+1 B+1 2% 7 (B+Dx *
> n“uP |Vl dx < v [Vn|“u dx 4+ Ck +é n“tu dx | .
R4 R4 R4

B+l
2

Next we introduce another function w :=u 2 and rewrite this inequality as

1
5 1
,\/n2|Vw|2dx< ﬁ/wmzwz dx + CkPH! +s</|nw|2X dx)x. (7.33)
R‘l Rd R‘]

This yields

1
2 e x
/|V(nw)|2dx<W/Wrﬂzwzdx—i-CkﬁH—i—x(/lnwlzx dx) )

R4 R4 R4

By the Sobolev embedding, this turns into

1 1

T 1

CS0b</|nw|2X dx)x < @/Ianzwzdeerﬂ+1 +§(/|nw|2x dx)x,
R4 R4 R4

so that for ¢ small enough (and only depending on d, A and ¢), we have

1
(/lnw|2X dx)X <C/|V77|2w2 dx + CkPHL,
R4 R4

This corresponds to the usual Moser iteration (albeit the dependence of the constants on 8 is worse), and yields the
desired result for p = x (8 + 1). We can then iterate by increasing § to yield bounds as long as 8 < %. In this
case any exponent of the form p = (8 + 1) x can be attained, which yields

1 d—2q d—2q 1 2

2o _ —-_Z
p ((g—Dd+d—-2q9)x dq g d

as claimed. Note that (unlike the usual Moser iteration) the dependence of the constants on § does not matter since
we only need to iterate finitely many times in order to reach p < +o0.
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7.5. Proof of Lemma 3.9

Let u and u be solutions of (3.16) with coefficient fields A and A, respectively, where the coefficients coincide
outside the ball By(z). Their difference Su solves

wdu —V - AVSu=—V-(A— A)Vu, (7.34)
wdu —V-AVSu=—V - (A — A)Vii. (7.35)

Step 1. Preliminary result and proof of

sup sup <I.

x,x'eR4 AeQ

][ VyGu(y,y) dy

L2,(B3 (x'
B%(X) v %(x )

To see this, we note that

v:y ][ Gu(y,y)dy solves puv—V-AVy=

By (x)] B2
B%(X) 2

where xp denotes the characteristic function of the set D C R4, that is, a regularized version of the defining equation
for the Green function without singularity. The proof that | By (x) |Vv|?dy’ is bounded and only depends on £ and A is

similar to the corresponding proof of [14, Corollary 2.3] in the discrete case (since there is no singularity to be taken
care of).

Step 2. Proof of (3.19) for |x — z| > 6¢.
The Green function representation formula associated with (7.35) yields

u(x) —u(x) = / V.Gu(x, ) (A) — A(Z)Vii(Z) de.
By(z)

Hence, by the triangle inequality and Holder’s inequality,

SIV2GLl 5 (Vi)(2),

llu —ull s S 4
L™1(Be(v)) Ly (Be(x),L2(B¢(2)))

where we recall that (Vit)¢(z) = Vil ;2(p,(,))- Since [x —z| > 6¢, foralli € {1, ..., d} the function x > VG, (x, z)
is in the kernel of (u — V - AV) in By, (x) for all z € By(z) and Lemma 3.10 implies that

192Gl 55 s S IV Gl 2 < (VG2 )

On the other hand, an energy estimate based on (7.34) yields
(Vi)e(2) S (Vu)e(2).
Estimate (3.19) for |x — z| > 64 is proved.

Step 3. Proof of (3.19) for |[x — z| < 6¢.

Let x be fixed such that |[x — z| < 6£. We shall consider a third coefficient field Ag € 2 such that AolRd\ Boy () =
A|Rd\ Boy(2)* Aol By, () = 1d, and denote by u( the associated solution of (3.16) with coefficient fields Ag. We denote
the local averages of u, i, and ug around x by

= ][ udy, = ][ idy, andiig= ][ uo dy.

B3¢ (x) B3¢ (x) B3¢ (x)
2 2 2
The triangle inequality yields

—al . <l —iigll i — ol _ .
e =il ) S =0l g i = ol g (7.36)
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By the De Giorgi-Nash-Moser estimate of Lemma 3.10 with p = A} and ¢ = A (note )\1—2 < % + Ai, and u — ug solves
1

the same equation as u# with the addition of —uu( on the RHS), the triangle inequality, and Poincaré’s inequality on
B3¢ (x), the first term yields
2

1
- - 2 -
=0l 1y g S ([ 0 = 0 ) + o + 1 ooy oy

B%(x)

1
_ 2 _ _ _
5(/ |u(y)—u|2dy> +|uo—u|+p€|u0|+||f||L12(B3@(x))
7

B3 (x)
2
%
S ( / |w|2dy) + o — it + pliio] + 1L fll 2 g, - (7.37)
By (x) ’
2
Likewise,
1
~ - ~2 2 - = - )
”M_MOHL}JI(BE(X))S / [Vid] d)’) +|MO—M|+M|M0|+||f||LA2(B3TZ(x))' (7.38)
B3¢ (x)

o

On the one hand, an energy estimate based on (7.34) yields
/ \Viil* dy < / Vul® dy, / Vuol® dy S / Vul® dy. (7.39)
Bo¢(2) Bo¢(2) Bo¢(2) Bo¢(2)

It remains to bound wu|ug| and |ug — u| and |ug — L:t|. We start with the two differences. The Green representation
formula yields

i-io= f w-wdy= f [ TG00 (o= H0)TuG) dydy.
B3 (x) B3¢ (x) Boe(2)
2 2
so that
i-wl 5 [ | f VGuo)ar|ivuolay.
Bo¢(z) B% (x)
Proceeding also the same way for |ug — i1|, we conclude by Cauchy—Schwarz’ inequality and Step 1 that
it — ito| + |it — dio] S |Vutll 2By, 2y = (Vi)oe (2). (7.40)
We turn to the estimate of i and recall that by the choice of Ag, ug solves in Bg;(z)
uug — Aug = f.

Hence the function uy : y fB O uody’ solves in B ¢ (x) the equation
7

pug — Aug = fy,
where f;(y) := stz o) fdy'. Testing this equation with test-function n%u, with i supported in B ¢ (x) yields
7

" / uldy + / P IVuePdy = / fonPuedy —2 / uenViy - Vuedy,

(x) By (x) By (x) B
2 2
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which turns, by Young’s inequality, into

n? / n*uldy < /fezd}’+ / |Vue|*dy.

By (x) By (x) By (x)
2 2 2

With 7 a cut-off for B% (x) in B§ (x), Lemma 3.10 with p = oo yields for g =d

2
W sup u? < / feldy)” + / |Vug|*dy.

By (x)
s By (x) By (x)
2 2

and therefore by definition of uy and f; and Cauchy—Schwarz’ inequality,

i = 1 ][ uodY)2§< / Ifldy)2+ / Vo 2dy. (7.41)

3375 (x) Boy(x) By (x)
The combination of (7.36), (7.37), (7.38), (7.39), (7.40), and (7.41) then yields

lu — ﬁ”L)‘/l (Bu(x)) 5 (Vu)oe(z) + Hf”L)Q(ng(x))v

which proves (3.19) for |x — z| < 6.
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