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Abstract

This paper is devoted to the semiclassical analysis of the best constants in the magnetic Sobolev embeddings in the case of a
bounded domain of the plane carrying Dirichlet conditions. We provide quantitative estimates of these constants (with an explicit
dependence on the semiclassical parameter) and analyze the exponential localization in L -norm of the corresponding minimizers
near the magnetic wells.
© 2015 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Preliminary considerations and main results

We are interested in the following minimization problem. For the sake of simplicity, we consider a simply connected
bounded domain 2 C R?, p € [2,4+00), h > 0 and a smooth vector potential A on Q. We introduce the following
“nonlinear eigenvalue” (or optimal magnetic Sobolev constant):

MQA, p b= inf M: inf  Qpay), (1.1)

YreH) (2),¥7#0 Pdx)?  VEHNQ),
(Jal¥1P dx) ¥ lp@)=1

where the magnetic quadratic form is defined by

VY e HY(Q), Quay) = / [(—=ihV + A)y | dx.
Q

The Dirichlet realization of the magnetic Laplacian on 2 (defined as the Friedrichs extension) is denoted by £ A
whose domain is

Dom (Ln,a) = {1 € Dom(Qp a) = HY () : (—ihV + A)*y € L))
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We recall that B =V x A is called the magnetic field (with the notation A = (A1, A2), B=0,A1 — 01 A3). Let us here
notice that there exists a vast literature dealing with the case p = 2. In this case A($2, A, 2, h) is the lowest eigenvalue
of the magnetic Laplacian. On this subject, the reader may consult the books and reviews [8,11,20].

1.1. Motivations and context

Before describing the motivations of this paper, let us recall some basic facts concerning the minimization prob-
lem (1.1).

Lemma 1.1. The infimum in (1.1) is attained.

Proof. The proof is standard but we recall it for completeness. Consider a minimizing sequence (i;) that is nor-
malized in L”-norm. Then, by a Holder inequality and using that & has bounded measure, (/) is bounded in L2.
Since A € L*°(2), we conclude that (;) is bounded in H(l)(Q). By the Banach—Alaoglu Theorem there exists a sub-
sequence (still denoted by (v/;)) and Yo € H(l)(SZ) such that ¥r; — ¥ weakly in H(l)(Q) and ¥; — Y in LY(Q) for
all g € [2, +00). This is enough to conclude. O

Let us now consider the (focusing) equation satisfied by the minimizers.

Lemma 1.2. The minimizers (which belong to H(l)(Q) ) of the LP-normalized version of (1.1) satisfy the following
equation in the sense of distributions:

(—ihV + Ay = MQ,A, p, DIYIP 2, ¥l = 1. (1.2)

In particular (by Sobolev embedding), the minimizers belong to the domain of L, A.

This paper is motivated by the seminal paper [7] where the minimization problem (1.1) is investigated for = R?
and with a constant magnetic field (and also in the case of some nicely varying magnetic fields). In particular, Esteban
and Lions prove the existence of minimizers by using the famous concentration-compactness method. In the present
paper, we want to describe the minimizers as well as the infimum itself in the semiclassical limit 4 — 0. The naive
idea is that, locally, modulo a blow up argument, they should look like the minimizers in the whole plane. In our paper,
we will also allow the magnetic field to vanish and this will lead to other minimization problems in the whole plane
which are interesting in themselves and for which the results of [7] do not apply.

Another motivation to consider the minimization problem (1.1) comes from the recent paper [5]. Di Cosmo and Van
Schaftingen analyze a close version of (1.1) in € C R¢ in the presence of an additional electric potential. Note here
that, as for the semiclassical analysis in the case p = 2, if there is a non-zero electric potential, then the minima of V
tend to attract the bound states, independently from the presence of the magnetic field [15]; in [5] the electric potential
is multiplied by £ and plays on the same scale as B which cannot be treated as a perturbation. These authors prove,
modulo subsequences extractions of the semiclassical parameter, that the asymptotics of the optimal Sobolev constant
(with electro-magnetic field) is governed by a family of model minimization problems with constant magnetic fields
and electric potentials. They also establish that we can find minimizers of (1.1) which are localized near the minima
of the “concentration function”. This function is nothing but the infimum of the model problem in R?, depending on
the point x where the blow up occurs. In all their estimates, these authors do not quantify the convergence with an
explicit dependence on /.

In our paper we will especially tackle this question in dimension two in the case of a pure magnetic field and we
will see how this refinement can be applied to get localization estimates. As in [5], we will first give upper bounds
of M(2, A, p, h), but with quantitative remainders. This will be the constructive and explicit part of the analysis,
relying on the model minimization problems. Note that this is the only part of our analysis where the concentration-
compactness method will be used, to analyze model problems with vanishing magnetic fields. Then we will establish
lower bounds and localization estimates. For that purpose, inspired by the linear spectral techniques (see for instance
[8, Part I]), we will provide an alternative point of view to the semiclassical concentration-compactness arguments
of [5] by using semiclassical partitions of unity adapted simultaneously to the L”-norm and the magnetic quadratic
form. Moreover, in the case of non-vanishing magnetic fields, we will establish exponential decay estimates of all
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the minimizers of (1.1) away from the magnetic wells (the minima of B). In fact, we will use the philosophy of the
semiclassical linear methods: the more accurate the estimate of A(£2, A, p, k) obtained, the more refined is the local-
ization of the bound states. A very rough localization estimate of the bound states in L”-norm (directly related to the
remainders in the estimates of A(S2, A, p, h)) will then be enough to get an a priori control of the nonlinearity and
the investigation will be reduced to the well-known semiclassical concentration estimates a la Agmon (see [1,14,10]),
jointly with standard elliptic estimates. Finally, note that our investigation deals with the magnetic analog of the pure
electric case of [22] (see also [4]). We could include in our analysis an electric potential, but we refrain to do so to
highlight the pure magnetic effects.

1.2. Results

We would like to provide an accurate description of the behavior of A(€2, A, p, h) when h goes to zero. Locally, we
can approximate by either a constant magnetic field, or a magnetic field having a zero of a certain order. Therefore,
we introduce the following notation.

Definition 1.3. For k € N, we define

O (¥)

)\[k](p) :A(R2,A[k], p, D= n
Y eDom(Q k1), ¥#0 ||¢||Ep

(1.3)

k+1

where AKl(x, y) = (0, %) Here

0400 (W) = / (=i + Ay 2 dx,
RZ

with domain

Dom(Q 1) = {w eL2(R) : (—iV 4+ Ay e LZ(RZ)} .

In the case k =0 and p > 2, it is known that the infimum is a minimum (see [7]). We will prove in this paper
that, for £ > 1 and p > 2, the minimum is also attained, even if the corresponding magnetic field does not satisfy the
assumptions of [7].

We can now state our first theorem concerning the case when the magnetic field does not vanish.

Theorem 1.4. Let p > 2. Let us assume that A is smooth on Q, that B =V x A does not vanish on Q and that its
minimum by is attained in Q2. Then there exist C > 0 and ho > 0 such that, for all h € (0, hy),
2 2 2 2
(1= ChOAON (p)bg h2h ™7 < M(Q. A, p.h) < (1+ChYAO (p)bg n*h ™.
Moreover, if the magnetic field is only assumed to be smooth and positive on Q (with a minimum possibly on the

boundary), the lower bound is still valid.

Remark 1.5. The error estimate in the upper bound in Theorem 1.4 matches the corresponding bound in the well-

known linear case and we expect it to be optimal. However, the relative error of 438 in the lower bound is unlikely to
be best possible. The same remark applies to the error bounds in Theorem 1.8.

In the following theorem, we state an exponential concentration property of the minimizers.

Theorem 1.6. Let p > 2, p € (O, %) & > 0 and consider the same assumptions as in Theorem 1.4 and also assume

that the minimum is unique and attained at X € 2.
Then there exist C > 0 and hg > 0 such that, for all h € (0, hg) and all v solution of (1.2), we have

_Ch—"F
¥l @nig 260 = €& IV lIe (o).
where D(X, R) denotes the open ball of center x and radius R > 0.
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Remark 1.7. In Theorem 1.6, if the minimum of the magnetic field is non-degenerate, we can replace ¢ by AY with
y > 0 sufficiently small. In Theorem 1.6, we have the same kind of results in the case of multiple wells. Theorems 1.4
and 1.6 are quantitative improvements of [5, Theorem 1.1] in the pure magnetic case. We can notice that, when p > 2,
we have

(—ihV +A)%p = |p|P %, (1.4)

1
with ¢ = A(2, A, p, h) P=21/. Thus, we have constructed solutions of (1.4) which decay exponentially away from the
magnetic wells in the semiclassical limit.

The following theorem analyzes the case when the magnetic field vanishes along a smooth curve.

Theorem 1.8. Let p > 2. Let us assume that A is smooth on Q, that
I'={xeQ:Bx) =0},

satisfies that I' C Q2 is a smooth, simple and closed curve, and that B vanishes non-degenerately along T in the sense
that

VB(x) #0, forallxeT.

Assuming that B is positive inside T and negative outside, we denote by yy > 0 the minimum of the normal derivative
of B with respect to T'. Then there exist C > 0 and hy > 0 such that, for all h € (0, hy),

4
(1= Ch3) AN (p)y T h ™3 < AR, A, p.h) < (1+ ChHA )y h2h ™

4 A 4
)-

2
Remark 1.9. The case p = 2 is treated in [6] (see also [18,12]). In [5], it is only stated that h_2+5k(Q,A, p.h)
goes to zero when h goes to zero. Moreover, by using the strategy of the proof of Theorem 1.6, one can establish an
exponential decay of the ground states away from T".

1.3. Organization of the paper

In Section 2, we investigate the existence of minimizers of (1.3) and their decay properties. In Section 3, we
provide the upper bounds stated in Theorems 1.4 and 1.8. Section 4 is devoted to the analysis of the corresponding
lower bounds and to the proof of Theorem 1.6.
2. Minimizers of the models and exponential decay
2.1. Existence of bound states and exponential decay

We first recall the diamagnetic inequality and the so-called “IMS” formula (see [3,8]).

Lemma 2.1. We have, for u € Dom(Qa),
IViull < |(—=iV +A)u|, ae.
which implies that
IV ullf2 g, < QaG).
Lemma 2.2. If x is a Lipschitzian function and u € Dom(Lp, ), then we have

Re(Lhaut, x )2y = QnaGxu) = IV x ullfaq, 2.1)
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Finally, we recall the following useful lower bound (see for instance [2]),

Ona(m)>h / Blu|* dx 2.2)

Q

for all u € H(])(Q).
We recall that we can define the Friedrichs extension of the electro-magnetic Laplacian as soon as the electric
potential belongs to some LY space.

Proposition 2.3. Let us consider A € C*°(R?) and V € L4 (]Rz), for some q > 1. For all u € Dom(Qy), we may define

Oav () = f (=i V + A)ul* dx + / Viul* dx.
R2 R2
Then, for all ¢ > 0, there exists C > 0 such that

YueDom(Qs).  Qav(w)=(1-6)0aw) — Cllulfyge). 23)
Furthermore, for all ¢ > 0 there exists R > 0 such that Yu € Dom(Qa) with suppu C Cb(o, R),
Oav (@) > (1 — ) QaG) — llull? ga,. 2.4)

Moreover, we may define the self-adjoint operator—the Friedrichs extension—La v of Qv whose domain is
DmmLAV)={ueDmeAy(c4v+qmz+vjueL%R%},

and
lAyu=(04V+AV+V>m

for all u € Dom(Ly v ).

Proof. Let us recall the Sobolev embedding H!(R?) c L"(R?): For all r > 2 there exist C(r) > 0 such that for all
u e H'(R?),

lullr g2y <= C)lull2ge) + Vull2ge)- (2.5)

In particular, for all v € HY(R?) and all ¢ > 0, we apply this inequality to the rescaled function u.(x) = v(e%x) to
infer the rescaled version of the Sobolev embedding

Il @) < CONE 2 Ivlege) + el VDlE2)- (2.6)

With the diamagnetic inequality, this implies that, for all « € Dom(Qa), we have u € L” (R?) forall » > 2 and Q A v ()
is well defined. Then let us prove (2.3). We use the Cauchy—Schwarz inequality to get, for all u € Dom(Qx),

2 2 2
f V9l | < 1V o ey 10 i a2y = 1V ey 102y g
R2

where 5 + % = 1. Since ¢ > 1, we have 1 < ¢’ < +00 so that with (2.6),

sy gy < €@ MUl oy + el VIulIF2 g2,
and so

12 2y < €@ ™ NullFa ga) +Qal) +ellullfa g2)

and (2.3) follows as well as the existence of the Friedrichs extension £ v .
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Let us now prove (2.4). For all u € Dom(Q4) supported in CD(, R),

/V|u|2dx < ||V”Lfi(CD(O,R))“u”iZfl’(Rz)’
R2

and we deduce

2 2 2
/V|u| dx| = C1V Il @, 1111
RZ

= C*IVlwepo.ry | 1l g2 + f [(—iV + A)ul* dx
RZ

It remains to use that V € L¢ (Rz) and to take R large enough to get (2.4). O

Proposition 2.4. For k =0 and p > 2, the infimum in (1.3) is a minimum. Moreover; if { is a minimizer, there exist n,
C > 0 such that

/ MNP @1 + (=i V + APV X)) dx < ClIY (1P ga- 2.7

Proof. The fact that the infimum is attained is proved in [7]. Let ¥ be a minimizer such that ||| pg2) = 1.

We introduce the potential V = —Ag|y|P 2<0 which—by (2.5)—belongs to LY (R?) for all q=> ﬁ. By Proposi-
tion 2.3, we may consider the electro-magnetic Laplacian L0, defined as the Friedrichs extension of the quadratic
form

O a1y () = / |(—iV+A[0])u|2dx+/V|u|2dx, Vu € C°(R?).
R2 R2
We notice that ¢ € Dom(ﬁA[m’V), ¥ # 0 and ﬁAoyvlﬂ = 0. With (2.4) in Proposition 2.3, for all & > 0, there exists
Ro > 0 such that, for all u € Dom(Q 401), such that supp (#) C CD(0, Ry), we have
Qaon,y @) = (1 — &) Qa0 () — ellullfs o,

2

22y S° that

But we have Q01 (1) > [ul|

Qaony @) = (1= 28)[ullf zo)-

From Persson’s theorem, we infer that infspges(Lal01 ) > 1—with Spegs denoting the essential spectrum. Now, by
definition, v is an eigenfunction associated with the eigenvalue 0 < 1 and, by Agmon estimates (see [19,1]), it has an
exponential decay. O

Corollary 2.5. Let k € N and let  be a minimizer of (1.3).

e Forany q €2, 00), we have | ¥ [l 22y < Cqll¥ llam2) < 6¢1||W|||_2(R2)-
e Forany q € [2, 00), we have ey € L9(R?) and

le™ W Lo ®2) < ClIY Il re)-

Proof. We give the proof for kK = 0. The proof for £ > 1 is identical using Proposition 2.7 below instead of Proposi-
tion 2.4.



S. Fournais, N. Raymond / Ann. I. H. Poincaré — AN 33 (2016) 1199-1222 1205

It follows from Proposition 2.4 and the diamagnetic inequality (Lemma 2.1) that a minimizer i satisfies
Y11l w2y < CllY Il 2(w2)- Therefore, we get by the Sobolev inequality (2.5) that

1V 1@y = ClY 2 @2y
for any g € [2, 00). On the other hand, we can use the Holder inequality, followed by the previous inequality, to
estimate

||1/f||iz(R2) = ||1/f||Lq(R2)||1/f||Lq’(R2) =< C||1/f||Lq(R2)||w||L2(R2)-

This proves the first parts of the corollary.
The exponential bound in LY now follows from Proposition 2.4 and the diamagnetic inequality (Lemma 2.1) and
the Sobolev inequality (2.5). O

We will need the following lemma.
Lemma 2.6. Let us consider R > 0 and a family of smooth vector potentials (A,),=0 on D(0, R) such that B, =

V x A, — 400 uniformly on D(0, R). Then, the lowest eigenvalue ATe“(D(O, R), A,) of the Neumann realization of
the magnetic Laplacian (—iV + A,)2 on D(0, R) tends to +o0.

Proof. We start by introducing an auxiliary operator. Let R/2 <r < R and consider the non-magnetic Laplace oper-
ator —A on the annulus D (0, R) \ D(0, r) with Dirichlet condition at » and Neumann condition at R. If we let ¢(r)
be the lowest eigenvalue of this operator, then it is a simple fact that (R — r)2§(r) > §p > 0 for some &y independent
of r.

Let ¥, be an L?-normalized ground state of the Neumann realization of the magnetic Laplacian (—iV + A,)? on
D(0, R). We let g, denote the quadratic form of (—iV + An)z.

Assume for contradiction that AT‘*“(D(O, R), A,) remains bounded (along a subsequence). Let r < R and define
my(r) = fD(o,r) [, (x)|* dx. We start by proving that m, (r) — 0 as n — oo. In order to prove this, let us consider a

partition of unity with Xlz + X22 =1,suppx1 C DO, r + Rz_r), x1 =1 on D(0, r) and such that |[Vx;|2 + |Vx2|* <
ﬁ. By the IMS-formula (2.1) we have

qn(Yn) = qn(X1¥n) + gn(X2¥n) — / ¥ dx. (2.8)

{r<ix|<r+85)

IR—r[

Since 1y, has compact support in D(0, R), we can estimate, using (2.2),

n(X1¥n) = an|X1Wn|2dX2 (infBy,)m,, (r). (2.9)

Since, by assumption, g, () is bounded, we conclude that m,, (r) — 0.
But now we can reconsider (2.8) to get, with the diamagnetic inequality,

Cm,(r + &
Gn () = £ x2¥nll3 — ?ﬂf (2.10)
Since m(r + RZ_’) — 0 and ||X21p,,||§ — 1 as n — o0, we find
liminf g, (Yy,) > ¢(r). (2.11)
n—oo

But ¢(r) — oo as r — R, which is a contradiction. O

Proposition 2.7. For k > 1 and p > 2, the infimum in (1.3) is a minimum. Moreover; if ¥ is a minimizer, there exist n,
C > 0 such that

f AN (Y@ +1(=iV + AV @) dx < ClIY L o, 2.12)
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Proof. The existence of a minimizer is not a consequence of the results in [7]. Nevertheless we will also use the
concentration-compactness method. For simplicity of notation we will write A instead of Al in this proof. Since
k > 1 is fixed there is no room for confusion.

Let us consider a minimizing sequence (u,), with ||u, || » R2) = 1. We introduce the density measure u, = (|u, |2 +
[(=iV 4 A)u,|?) dx whose total mass i, (R?) is bounded and we can assume that it converges to some 4 > 0 up to
the extraction of a subsequence. Indeed, if u = 0, by the diamagnetic inequality, we would get that (|u,|) goes to 0 in
H'(R?) and thus in L? (R?).

Since p > 2, as in [7] and using [16, Lemma 1], we are easily reduced to the “tightness” case (see Appendix A).
In other words we may find a sequence x;, = (x,, y,) such that

Ve>0, 3IR>0, Vn>1, u,CDx,, R)) <e. (2.13)
We introduce the translated function i, (X) = u, (x + x,) and A, (X) = A(x + x,). Notice at this point that with our
choice of vector potential A only depends on x = (x, y) through the first coordinate x. We have

2
dx.

Oa(up) = 0, (lin) = / |Diin)* + '(Dy 4 ﬁ(x _ xn)k+1> i,
R2

From (2.13), we get fUD(O R) |ﬁ,,|2dx < g, and we also have

A 1 P
|Dxu,1|2 + ’(Dy + m(x —xn)k‘H) u,| dx<¢C,

D(0,R)

for some C independent of n. By the min-max principle, we have

ANU(DO, R, Ay) / 2, dx
D(O,R)

. 1 2
= / |Dx"4n|2 + ‘(Dy + —(X — xn)k+l> Un dx.

k+1

D(0,R)

If |x,| = 400, we get, by Lemma 2.6 that )Lll\le“(D(O, R), A,) — 400 and thus there exists N > 1 such that, for all
n>N,

/ liin|? dx < &.

D(O,R)

We infer that (#,) tends to 0 in LZ(R2). Since the diamagnetic inequality implies that (|u,|),>0 is bounded in H!, we
get a contradiction to the assumption that ||u, || , = 1 by using a Sobolev embedding. Therefore we may assume that x,,
converges to some x, € R. From this we infer that (Vii,) is bounded in H!(D(0, R)) and since fﬂD(O R) lin2dx <e,

we can use the Rellich Criterion [21, Theorem XIII.65] to see that we may assume that i, converges in L2 (Rz) to
some 7. In fact, the relative compactness is also verified in LY(R?) with g > 2, since the Holder inequality provides

1

1
2 2

/ 1,17 dx < / i dx / 18,2 dx

CD(,R) CD(,R) CD(,R)

and that, by diamagnetism,

A 12(g—1 A~ g—1 A ng—1 _
f i 207D A% < Yl 13,2 g2) < C O, )T~ < C.
CD(,R)
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Therefore we may assume that it,, converges in L” (R?) so that we deduce, by translation invariance, 1 = ||u, || » R2) =

il » (R2) = |72 L (r2) and thus |22 4 lLrr2) = 1. Moreover, up to extractions of subsequences and a diagonal argu-
ment, we can assume that (i) converges to i, weakly in Hlloc(]R2).
Then, we can conclude the proof. Indeed, we have, forall R > 0and n > 1,

1 2
OA(un) = Oa, (1) > / |Dxﬁn|2+‘(Dﬁ—(x—xn)’f“)zzn dx

k+1
D(O,R)

so that, due to the weak convergence in H. (R?),

2
dx.

liminf QA () > / |Dxﬁ*|2+‘(Dy+
n——+00
D(0,R)

1\ ~
(x — x*)k+ ) U

k+1
Therefore,

liminf QA (u,) > QA* (1) = OA(us),

n——400
where 1, (x, y) = fl4 (X + x4, ¥), Ax(x, y) = (0, kl?(x —x*)k+l)’ and we also have ||u*||Lp(R2) =1. O

To stress the difference between the linear (p = 2) and the non-linear problem (p > 2) we include the following
simple result.

Proposition 2.8. For k > 1 and p =2, the infimum in (1.3) is not a minimum.

Proof. For « € R and k > 1, we define the ‘Montgomery operator’ (or anharmonic oscillator) of order k,

k+1
t 2
9V@ =07+ (7 -a)

as a self-adjoint operator in L2(R). Let A5 (o) be its ground state eigenvalue. By [9, Theorem 1.3], for all £k > 1,

there exists a unique point oz([)k] € R such that the function « > 4| g 4 attains its minimum at a([)k]. AlSO Ay ¢k () =

00 as o — 00. By partial Fourier transform in the y-coordinate and thanks to [21, Theorem XIII.85], we get
k
W (p=2)= M50 o)

Suppose now by contradiction that ¥ is an L2-normalized eigenfunction of the magnetic Laplacian (—iV + A¥1)2
corresponding to A (p =2). Let v/ (x, «) € L*(R?) be the partial Fourier transform of v in the y variable. In partic-

ular,
" - I
A <2>=f /|wa| 4 (a—kH)w

R \R
By normalization and choosing § > 0 small enough, we may assume that we have f{‘a_a([)u >8) [V (x, @) dx da > 1/2.

2
dx | de. (2.14)

Using the continuity with respect to « and the uniqueness of the minimum, there exists ¢ > 0 such that

inf )\.] fJ(k)( Z)\‘ (k) (K] + ¢,
e T

and so we get
AM@2) z/Mﬁ(m(a)h/?(x,a)ﬁdxda
R2
> Oy sy iy ) / V(o) dxde + 4, g 10, / ¥ (x. o) dx da

{la—al1|=5) {la—al1|<8)
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and thus

&
+

k
)\.[ ](2) zkl’ﬁ(k)(a([)k]) E

This is a contradiction and finishes the proof. O
3. Upper bounds

This section is devoted to the proof of the upper bounds in Theorems 1.4 and 1.8.
3.1. Non-vanishing magnetic field

In this section we work under the assumptions of Theorem 1.4. Let us consider v a minimizer associated with (1.3)
for k =0 and let

VX =h e B (X (X _1X°> .

h2

Here x( denotes a point in 2 where the minimum of the magnetic field is obtained, x € C(C)’O(SZ), with x =1ina
neighborhood of x, and ¢ is a real function such that A=A+ V¢ satisfies in a fixed neighborhood of xp:

A0 = boA )| = Clx =%, Alx) = A (x — x0)
We have, by Corollary 2.5,
1
Jworac= [ (s 12y ) weiray= [P ay-+ 001 g
Q

R2 R2
and, with the “IMS” formula,

2
Qh,A(w)=h‘%fX2(xo+h%y)‘(—ihv+1&)v<x_,xo)‘ dx
Q h2

+ O V11t e

so that, for all € > 0,

2
WAt =+ [ ‘(—ihvwozim) v (X_IXO)’ dx
Q h?

2
~ ~ X — X
+(1 +s—l>f ‘(A —boA ) v ( 1 °>‘ dx+ O ) 1 ]12 g,
Q h?

Due to the exponential decay of v given in Proposition 2.4, we have

/ lyI*lv(y)[* dy < +o0,

RZ
and thus
2 2 , K101 2
B Qua®) = (140 [ |(=iV+50A") vy dy
RZ
+cz<1+s—1>h3f|v(y>|2dx+O(h°°>||v||fz(Rz).

R2
We have by (2.2),
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/‘(—iv+b01&[01) U(y)‘z dyzbof o) 2dy.
R2 o

We deduce the upper bound:
2 ~ 2
5 Quatw) = (1 e+ b €21 4670 [ (=09 -+ 50A) o]
R2

We take ¢ = h1/2 so that,

(—iV + boA[Ol) v(y) ‘2 dy

(2 lu(y) [P dy) 7

i
)

2
KA, A, p,h) < (h2 R

We get
2 ~
QA p ) <h (h2 + Ch5/2) A1, boA0, p).

By homogeneity and gauge invariance, we have

2
ARZ, boAl p 1) = b A(R*, A p 1),

We infer the upper bound
~2 (512, 2 AlD 3
AMQA, p,h) <h P (bJRPA®R* A p 1)+ ChY ). (3.1)
So the upper bound of Theorem 1.4 is proved.
3.2. Vanishing magnetic field

Let us now work under the assumptions of Theorem 1.8. We can define the standard tubular coordinates in a
neighborhood of a point xp € I' which minimizes the normal derivative of B, I' > x = 9y rB(x). These coordinates
are defined through the local diffeomorphism ®: (s,7) — c(s) + tn(c(s)) = x where c is a parametrization of I'
such that |c¢’(s)| = 1 and n(c(s)) is the inward pointing normal of T" at ¢(s), that is det(c’(s), n(c(s))) = 1. We may
assume that @ (0, 0) = x¢. For further details, we refer to [8, Appendix F]. In these new coordinates the quadratic form
becomes, for functions i supported near X,

Ona(W) =)= / {10DA P+ (1 = k6D 2ABD, + A} (1 = k() ds b, (32)

with ¥ (s, 1) = €90/ (b (s, 1)), where ¢ corresponds to a local change of gauge. Moreover we have let k(s) =
y"(s) -n(y(s)), and
t
A(s, 1) = — /(1 — uk(s)B(s, u) du, with  B(s, 1) = B(®(s, 1)).
0

Note that we also have, as soon as i is supported near T,
f [¥|P dx = f [¥|P(1 — th(s))ds dr.
Q

We may write the following Taylor estimate

2

. t
‘A(s,t) trz|= C(lsP + 1t 1).
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Let us consider w the complex conjugate of a minimizer associated with (1.3) for k = 1, normalized in L? (R?) and let

2
3

~ ~Z 3 s L
1//'(S,t)=h \p‘y() X(S7t)w Vo h_%’yo_] ’

h3

where x € C3° (R?), x = 1 near 0, with supp x sufficiently small.
We have, using the exponential decay of w,

~ P p f% 1 1 *% 0o p
/|w(s,t)| (1—tk(s))dsdt=/|w(o, DI’ =1y, *h3k(h3y, *o0))dodr + O(h )||w||Lp(R2)
so that,
/ [V (s, )P (1 — th(s))ds dr > (1 — Ch%)/ |lw(o, 7)|? do dz.
Thanks to support considerations, we get
J {0 (@ = skn 1D, + DR (@ = sk dsar
5/{|th}|2+|(hDS+A~)1Z|2} dsdt+C/|t|{|th&|2+|(hDS+A~)1Z|2} dsdr.
With the exponential decay of w, we have
~ 0 ~ 72 5 _4 2
|t|[|hD,1/f| T [(hDy + A | }dsdthhsh 5 3
In the same way we get

/{|hD,1/}|2+|(hDS+A)1/}|2} ds dr

2
< / [|th/7|2+ ‘(hD —Vo%) 7

2 5.4 2
}dsdt—i—th 3

and
2 2 4
) "\ 5 34,2, —4 oo
|hDyr |~ + hDs—y()? v dsdt =y, " h3h3h 3 A (p) + O(h™).
We deduce
A 4
Sall) (1 enbyyg 2 A )

and the conclusion immediately follows.
4. Lower bounds

We are now interested in the lower bounds in Theorems 1.4 and 1.8.
4.1. Quadratic partition of unity and reconstruction of L -norm

Let us introduce a quadratic partition of unity “with small interaction supports”. In the following we will for
notational convenience use the co-norm on R?, explicitly |X|so = max(|x1], |x2]).

Lemma 4.1. Let us consider E = {(«, p, h, £) € (R4)? x Z? : a > p}. There exists a family of smooth cutoff functions
4 4
(Xé,j),h)(a,p,h,e)eE on R? such thar 0 < Xo[t,Jp,h <1,
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W =1 on x—Qh° + h)ele <1,
Xaph =0, on [X=hlleo = h" + R,
and such that
> (x(ffi,,h)z =1,
Lez?
Moreover there exists D > 0 such that, for all h > 0,

14 _
> vxld P < DR (4.1)
Le7?

Proof. Let us consider F = {(«, p, h) € (R4)? : & > p}. There exists a family of smooth cutoff functions of one real
variable (Xa,p.1) (@ p,h)er Such that 0 < x4 p 5 <1, Xa,p.n =1 o0 |x| < h” + %h"‘ and o, p.n =0 on [x| > h” 4 K%,
and such that for all (o, p) with o > p > 0, there exists C > 0 such that for all 2 > 0, |V xg, 1| < Ch™*. Then, we
define:

Saph () =D Xa p (X1 = @HP + ) 1) xa 4 (X2 — Q07 + h*)t2),
Le7?

and we have
Vx € R?, 1< Sy pnx) <4
We let

Xa.p.h (X1 — 2hP + h*) 1) X, p,0 (X2 — (2RP + h¥)€2)

Xap 1 () = et
ph Sa,p,h(x)

which satisfies the wished estimates by standard arguments. O

Given a grid and a non-negative and integrable function f, the following lemma states that, up to a translation of
the grid, the mass of f carried by a slightly thickened grid is controlled by a slight fraction of the total mass of f.

Lemma 4.2. Forr > 0 and § > 0, we define the grid A, = ((rZ) x R) U (R x (rZ)) and the thickened grid
Ars={x e R? : dist(x, A,) <8}

Let us consider a non-negative function f belonging to L'(R?). Then there exists T(r, 8, f) =t € R? such that:

/ fdrs - i‘la /f(x)dx.
]RZ

Ars+t

Proof. We let e = \/LE(I’ 1). We notice that

Losl+1 L5 +1
> f f)dx = / grs()fX)dx,  withgs(x)= Y Ta,4jse(x).
J=0 A,s+jse R2 Jj=0

We have, for almost all x, g, 5(x) < 3, so that we get
L3541

> / f(X)dx§3/f(x)dx.
o

J=0 A, 5+jse

Therefore, there exists j € {0, e L%J + 1}, such that
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/ ) dx _L28J+2/f()

Ay 5+jde

and the conclusion easily follows. O

We can now establish the following lemma which permits to recover the total L”-norm from the local contributions
defined by the quadratic partition of unity.

Lemma 4.3. Let p > 2. Let us consider the partition of unity ( X(Ef}o, ) defined in Lemma 4.1, with o > p > 0. There
exist C > 0 and ho > 0 such that for all € LP(2) and h € (0, hy), there exists To p hy =T € R? such that

ZfIxﬁhw<x>|de<f|w<x)|de<<1+Ch“ ")Z/Vi‘;hw(xnwx

with x Xa s (X)) = Xo[f}) (X — T). Moreover, the translated partition (f(a’p,h) still satisfies (4.1).

Proof. The first inequality is obvious since the cutoff functions are bounded by 1 and their squares sum to unity. For
the second inequality, we write, for any translation 7,

/|w(x)|de=Z/(X(Ef}),z)p|w<x>|de+/%,p(xnwx)wdx,
Q tQ

Q

where

2 P
— 2 : [e] ~ 4]
Pa,p = ((Xa 0, g) - (Xol,p,l) ) .
14

The smooth function ¢y , is supported on 7 + A 1o+ L he 2ne and

[esmmeras [ rwe

& I+Ah/’+%h°‘,2h“

where f(x) = |¢¥(x)|? for x € Q and f(x) = 0 elsewhere. Thus, by Lemma 4.2, we find 7 such that
/wa,p(x)|¢(x)|pdx <Ch*™" / [¥ (x)]” dx

Q

and the conclusion easily follows. O
4.2. Lower bound: non-vanishing magnetic field

This section is devoted to the proof of the lower bound in Theorem 1.4.
4.2.1. A lower bound for the eigenvalue

Let us consider ¥ € Dom(Qp o). With the “IMS” formula associated with the partition of unity ( X a.p. h) that is
adapted to ¥ (see Lemma 4.3), we infer

QAW =D QG ) =12 Y IVELEL Wit g
4 4
We have

Q@) = Y (QuaGlS w0 — PR3] Wik g ). (42)

14
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By the min-max principle, we get
QA2 WIRY D U ) < QnaRe ) 4¥) (4.3)
and we recall that (see [13, Theorem 1.1])

A AL 2. h) = boh + O(h?) (4.4)

so that

Qna) = (1= D' 293" Qua G v,
a

Then, we bound the local energies from below. Thanks to support considerations (recall that @ > p), we have, modulo
a local change of gauge ¢4/,

g - -
Qn A(Xa 0. hw) >(1 —E)Qh b; A[O](€l¢ /hX,EfL’hW) Ce 1/’l4p||Xa 0, thLZ(Q)
so that it follows, by using again (4.3),
A ) = (1 —e—Ce7n*7HQ, g (@ Ry,
We take & = #12°~7 and we deduce

— 1 2 — ~
Qna(W) = (1= D' =2 — cn=2) 3" b P22/ 0 ()31 i g (4.5)
Ja

so that

- _L2pia, - i
Qua() = (1= D' =2 = C?*~ )by "W h =731 p) Y 17} 4 IErcey
14

Since p > 2, we have

<

~[e ~[£]
IR it = Z/uo[,phwpdx
¢ g
Using Lemma 4.3, we infer
~[¢ ~ o —
Y IR Vg = A= CR )Y I - (4.6)
¢
Finally, we get
1 ~
Qna(¥) = (1 — Dh' ™2 — Ch?*=2)(1 = Ch* )by "2 =P A () | 12, -
Optimizing the remainders, we choose 1 —2a =2p — l=—a—psothatp= 15—6 and o = % and

10,2 —
Qna(¥) = (1 — Ch)by PR h=HP A0 (p) |y |12, - (4.7)
This gives the lower bound needed for Theorem 1.4. Combined with (3.1), (4.7) yields the proof of Theorem 1.4.
4.2.2. A direct application to the localization

The following proposition provides a rough (but quantitative) localization in L”-norm of the minimizers near the
minimum of the magnetic field.
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Proposition 4.4. Let us assume that Blﬁ admits a unique minimum attained at 0 € Q. For all ¢ > 0, there exist ho > 0,
C > 0 such that for all h € (0, ho) and W minimizer,

L
||W|||_p(CD((),2g)) < Ch?r ||¢||L1’(Q)- (4~8)

In the case when the minimum is non-degenerate, this can be improved to

1_25)1
||1/f|||_p([}D(0,2hﬁ)) < Ch(g )p e (@),

where p < %.
Proof. We apply (4.5) to a minimizer ¥ and we get, with choices of p and « given in the previous section:

1 2 _ ~
MQAL .Y = (1= ChE) > b 2270 ()31 i -
4

With the upper bound of Theorem 1.4 and (4.6), we get
2 2 ~ 1
S e =5 PN IEL i) < CHE IV - 4.9)
¢

Let us introduce K (h,¢) ={£€:x; € D(0, ¢)}. From (4.9) and the uniqueness of the minimum, we have (for some
n > 0 and all 4 sufficiently small),

~[e 1
n Y IR VI < ChE IV IR g (4.10)
L¢K1(h,e)

and (by concavity),

2
P
~[e 2 ~[€
Yo vikez| Y / 29 x|
L¢K(h,e) €¢K1(h,s)Q
so that
7l P dx < Chs ||y’ 4.11
Yo | Ry a¥lPdx < CRTS[YIIL, - (4.11)
(€K (he) &
We get, using Lemma 4.3 in the last step,
~[£
) / 71 w17 ax
e¢K (he) &
~[ ~[e ~[€
= > [uElaPwrece Y [arl e =17, P
(¢K (he) & (¢K (he) &
~[¢ 1
= ) /lxi,L,h|2|w|de—Chs||w||£’,,(m. (4.12)
(¢ (he) &

We infer (4.8) upon inserting (4.12) in (4.11).
If the minimum of B is non-degenerate, i.e. the Hessian of B is strictly positive, (4.10) improves to

~[¢ 2 =22
Yo it < ChI T VI -
¢ Ky (h,hP)

with p < p= % and we get the desired improvement by the same arguments. 0O
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4.2.3. Proof of Theorem 1.6
By Proposition 4.4, there exists y > 0 such that

p p
IV €026y = ChY IV Iy - (4.13)

We assume that || ||L»(@) = 1. Then, we have the following estimate of the non-linear electric potential, for v €
Dom(Qj, o) and supported away from the ball D(0, 2¢),

p=2

7
MQLA, p, h)/ Y172 dx < A, AL pWIE / |¥17 dx
Q CD(0,2¢)
yZ2 2
SC)"(QsAv psh)h I ”v”LP(Q)v
where we used the Holder inequality and (4.13). We now apply (2.6) to the extension by O of v to get
)
112, g2y < €' 2 1012 o) + €IVIVIIE 2))
and the diamagnetic inequality implies
_r _
lIiZs (@) < CEe' ™2 vlIFs g, +eh > Qna(®)

so that

2 p—2
M@ A o) [ 1017 0P ax = O T B ol g, + eh Q0.
Q

Let us now choose an appropriate . We would like to have
2 p=2 » 2 p=2
R T e <1, W T en <1
2+y<—1+2) . . .
We choose ¢ =8h” P/ with § > 0 arbitrarily small. We get
R el = 31—%11]’%*”'77_2*("5){%“’(’”%)} —sl-5p50-D).

We could even choose a very small power of 4 for §. We infer that, for v in the domain of the magnetic Laplacian and
supported in CD(O, 2¢e),

MQA, p, h)/ 1P 2P dx < € (h8'EnE 0 ol ) +5QaWm)). (4.14)
Q

Let us now establish our Agmon estimates. We recall the equation
Liav¥ = (ihV+AY + Vi =0, with Vi =—A(Q,A p. WIY"

We consider a smooth cutoff function x such that x =0in D(0,2¢),0< x <1land x =1 on CD(0, 4¢). We write
the IMS formula and get

QA vy (" My — CRP2 )X Ny 17, ) <0,
Then, we introduce a quadratic partition of unity
Xi+x=1
such that yx; is supported in CD(O, 2¢). With the “IMS” formula, we deduce

On.av, GaeX™ " Wyry 4 9 ay, G "Xy

= Ch* 2™ "Myt ) = R e Ny |

LZ(Q) 0.

2
Lz(Q) =<
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Then, with (4.14), we have
Qp.av, e Wy — CHP 2| e "My |2, o)
> (1 - C8)Qpare™ " Wly) — hg1=EnT (P2 | oo Kly 2,
Let us recall that
QnaCe™ "My > hbo xae "Wy | o)
and we deduce
Qnav, Ge "My — CRP 722 o™ "My |12, o

> ((1 — C8)hby — éhHP) x2e "My ligy o) = nhllxae™ MY I ),

()

assoon as p € (0, %) and for & small enough. By support considerations, we have

Qnav, Gae” "My — Ch2 =2 e "My |2, o) = Qnay, Gav) — CRZ > v ifa g

and then

QA 1) = CH* v If ) = ZQhA(xu/f) Chz"[w Iyl dx.

Moreover, since v is L”-normalized, we have

[P ax< it

By using again the rescaled Sobolev embedding (¢ = 842, with § small enough) and the diamagnetic inequality, we
infer

_r

109120 = € (B Bl v I g +6Quata)).
Therefore, it follows that

nhllxae" " My L, o) < CERD Iy Ih g,
and thus

e "My 2y ) < CH' P I I Eayq)-
With the previous analysis, we also infer that

QnaGe My < ChY 1Yk g,
for some y > 0. With the same kind of arguments, we have

Qs aGrie™™ My < CQua v, Cue™ "My + Ch W IR ) < CHV IV L2 -
With the “IMS” formula, we find

QA "My < Ch7 1L g
Since €2 is bounded, A is regular and changing y, we get

h—P

”V(ex ‘xlw) ”L2(sz) <Ch7” Hl/f”LZ(sz)

and then,

P P
X" MY ) < CR VI IRy 1eX" MY i) < ChT7 1V I1Es gy < CRT7 111 (g
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the second inequality coming from the Sobolev embedding for all ¢ > 2 and the Hoélder inequality (€2 is bounded).
Finally, using the equation satisfied by ¥, we infer that

-P —
e My 2 o) < CR W IR
and thus
-p _
e My o) < CHTV IV P2 g

This finishes the proof of Theorem 1.6.
4.3. Lower bound: vanishing magnetic field
This section is devoted to the proof of the lower bound in Theorem 1.8. Let us first state a convenient lemma.

Lemma 4.5. For b, c1, c2 € R, with co # 0, let us introduce
02 2
Ab,cl,cz (S, t) = _bt + CISt + ?t ) Ab,cl,cz = (Ab,cl,cz, O)

For p > 2, we consider

(b1, S p) - Ja2 |Diy 12+ 1(Ds + Apey.ey (5, 0) ¥ | ds dr
9 11 9 e .
PeHy 0 112, 2,

Then, we have (with ||c|| being the Euclidean norm of (c1, ¢2))

4
w(b, c1,ca, p) = (0, c1, c2, p) = llc) 37 A1 (p).

Moreover, for p > 2, the infimum is a minimum.

Proof. It is enough to observe that

2 2
2 b b
Ab’cl’cz(S,I)ZC]Sl“F?(t——) —2—02

and to consider the translation T = — %. Then, a change of gauge, a rotation and a rescaling provide the conclu-
sion. O

Proof of the lower bound in Theorem 1.8. We can now prove the lower bound announced in Theorem 1.8. Let us
again consider ¥ € Dom(Q} o) and use our partition of the unity (4.2). We denote by (x;) the centers of the balls and
define by = B(x,). We distinguish between the balls that are close to I" and the others by letting

Ji(h) = {€: dist(x¢, ') > o},

Jo(h) = {€: h? < dist(x¢, T") < &0},

J3(h) = {€ : dist(x¢, T) < h”}.

Here &g is chosen so small that the local coordinates (s, ) introduced around (3.2) make sense in the regions covered
by J>(h) and J3(h). O

4.3.1. Collecting the balls of the region Ji(h)
Using that the magnetic field does not vanish in the region determined by J; () and using (4.4), we find first

~[¢ _ ~[¢ ~yl— ~[l
> {QuaGl v = DR g ) = YD (= DR QuAGE 0,
Ledy(h) Ledi(h)

and then, with the lower bound of Theorem 1.4 (in the region where the magnetic field is bounded from below by a
positive constant),
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> {QuaGl v — D27 ik g |

telJy(h)

2
~ 1 > — ~
> (1= DA (1 = Ch)O ()b 2715 v ),

where by > 0 is the minimal value of the magnetic field strength in the region covered by balls from Jy(h).
In the regions determined by J>(h) and J3(h), we use the tubular coordinates near the zero line I'. We recall the
asymptotic expansion of the linear eigenvalue (see [12,6]) under the assumptions of Theorem 1.8:

2

QA2 h) =y A Q)RS +o(h ). (4.15)

Therefore, since we have

QA2 IR 4V L) < QnaRe ) 4¥)

we get, for j € {2, 3},

> {Qhuxa,,hw) h2—2“||xa,,h1/f||u(m] 3 (= Dhi QA ¥ (4.16)

ted;j(h) tedj(h)

4.3.2. Collecting the balls of the region J(h)
By changing to the local coordinates introduced in (3.2) we find

- 1 ~ ~
QA Fpi¥) Z 5 / WDy |? + (hDs + A, (s, 1) + Ra.e(s, ) Pre|* ds dr,
where wg =elvt/ h( X[Z] hl/f)(cb (s, 1)), for some suitable local gauge transformation ¢, and with

2.0 2
Ao p(s, 1) =—=be(t —te) +cr,e(s —s0)(t —t¢) + T(t — 1)

and where R3¢ is Taylor remainder of order 3 of A at (s¢, t¢). Actually, at this point we could include the terms of
order 2 in the remainder, but since we will use the higher precision in the treatment of the J3(/)-terms, we introduce
the notation here.

By a Cauchy inequality and the support properties of x Xa o

[ DR 410D, + s 65.0) + Raats TP dsar
=2 =2 —1240, 77112
2(1—n)/|thW| +[(hDs — bet)Ye|”dsdt — Cn~ A7 || Ye ™.
Notice that since € € J»(h), |b¢| > Ch”. So we can estimate (using (2.2))

/ WDy el + |(hDy — bet) el * ds dt > hbe[[Well?, > ChU™ Py |2,

We deduce that
_ 1 o apies ~ ~
QA ) = (5(1—n>—6n tpte! p)/lthW|2+|(hDs—bet)1/f6|2dsdl-
Choosing n = th"_g

ARy, 4 ¥) = (— —Ch2”’5>/|th@|2+|<hDs —ben)Yel*ds dr,

so that, by using a scaling argument and the definition of Al!l(p),
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Quaxl v = (— Chzf"5>b”h2‘x“ (Pl

2p 2 ~
> (5 - c;ﬂﬂ—%—%> 0 R A ) 1l

We deduce that, for & sufficiently small, and using also (4.16),

> {QuaGl) v - pr* 2“nxo,phx/fan(m}> e e D i A

Ledr(h) tedr(h)

4.3.3. Collecting the balls of the region J3(h)
By changing to local coordinates as in the region J2(h),

Oy, A(Xa 0, hl/f)
> (1 —Ch?) / \hDy(Ye)|* + |(hDs 4 Aa ¢(s, 1) + R ¢(s, 1)) (Y)|* ds dr.

We notice that (for any n > 0),
/ hDy(Y0)|* + |(h Dy + Az e(s, 1) + R o(s, 1) (W) |* ds dr

>(1—n-— Cn‘lhﬁp‘%‘)f \hD; (%) * + |(hDs + Aa.¢(s, 1)) (Y)|? ds dr,

where we have used
N2 N2 [1] 2,4 =02
|hD(Ye)|” + [(hDs + Az,e(s, 1)) (Ye)|“ds dr = 271 2) [lcell3h3 1Yell 2,

which itself comes from Lemma 4.5 with p = 2. Thus, choosing n = h3p_%, and using again Lemma 4.5, we get
Quaxl )
~ 2 —~ —~
> (1 —ChP)(1 — cW—?)f \hD; (0)1> + |(hDs + A (s, 1) (Y)|* ds dt
~ 4 ~
> (1 —ChP)(1 — Ch3”‘%>||cz||W”(mnw||Ep
> (1 —ChP)(1 — Ch3~ 3)y0”x[”(p>||w||u,
where the last inequality will be justified below: Notice that
1.0 =0sB(s, 1)|(sp.rp) = VB(® (50, 20)) - [/ (5¢) + tedsn(sp)] = O(h?),
since VB(® (s, 0)) - ¢/(s¢) =0. Similarly,

1.0 =0B(s, Dl (sp.p) = VB(D (50, 1¢)) - 0(s¢) = dn v B(xg) + O(hP).

This gives the inequality.
It follows that

> {naGl v - o7 it g |

teJs(h)

~ - = 4 4
> (1= D32y (1 = ChP)(1 = Ch¥ =)y A5 S 1zl vk,
LeJz(h)



1220 S. Fournais, N. Raymond / Ann. I. H. Poincaré — AN 33 (2016) 1199-1222

4.3.4. Optimization of the parameters
The constraints on the different powers of & are:

1 11 2
O<a<§, O<p<m1n(2,o 3 ) §<,o<a. 4.17)

Under these constraints, the smallest term comes from the region determined by J3(%) and we find
Qna(¥) = (1 — DR324y (1 — ChP)(1 — h3p—§>y3px[”<p>h *ﬁ Z IxED vl
With Lemma 4.3, we deduce
Qna(W) = (1= D32 (1 = ChP)(1 — Ch¥~3)y, P00y 7Y 17 IR
12

24

4
> (1= Ch*P)(1 = D3 72)(1 = ChP)(1 — Ch* =3 )y " A ()R> 7 912, -

Let us consider the case when

2 2
a—p=§—2a=3p—§

which provides o = 33 0 and p= 33 Unfortunately, the second constraint in (4.17) cannot be satisfied for this choice.
Therefore, we take rather

9 10

=3 9733

and we take p € (0, 22) so that

24

4
L4
U AaW) = (1= Chm)y" M7 1yt O
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Appendix A. Concentration-compactness method

In this section, for the convenience of the reader, we recall the strategy used in [7]. We consider the minimization
problem (with p > 2)

A= inf Qa0 QA(M)=/|(_iV+A)M|2an
ueH} (R?),
HWHL]I(RZ)ZI

with a non-zero magnetic field B. Let us also introduce the following norm defined on Dom(QA) = H 11‘ by [lully =

1
<||u||ﬁ2 + 0 A(u)) *. We have A > 0 and we introduce a minimizing sequence (u,),>0. Let us consider the density

measure f, = (Jun|? + |(—iV 4+ A)u,|?) dx whose total mass i, (R?) converges to p > 0, with |[u,|lLr@) = 1. By
using a slight adaptation of [16, Lemma I.1], there are three possible behaviors for the sequence (14,,),eN-
The first one is vanishing, that is
VR >0, lim sup w,(D(x, R)) =0.
n—-+00 x€R?
With the diamagnetic inequality, this implies that supycg2 |||unlllyi(p(x, gy) = 0- By Sobolev embedding and [17,
Lemma I.1], it follows that ||u,||L» — 0. This is a contradiction.
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The second possible behavior is dichotomy, that is

38 € (0, u), Ye >0, AR >0, IR, = +00, (Yn)neN,
|t (D(yn, R1) — Bl <& ua(CD(yn. R)) — (1 — B)| <&,

so that

|tn (D (Y, R1) U CD(yn, Rp)) — | < 2e.

By using cutoff functions and the “IMS” formula, we can find x,; and x>, with supports such that
dist(supp (xx.1), supp (x»,2)) — o0 such that

sl = B e, [ln2unlZy = = p)| e, A1)
A A
ey — Xn,1Upn — Xn,ZMn”HIk <Ce.
From the last inequality, we get
| Qaun) = QaGtn1un) — QaGtn2un)| < Ce (A2)
and also, by Sobolev embedding,
ln — Xn,1un — Xn2unllLr < Ce.
This implies
NunllLe — I Xn, 140 + Xn2unllr| < Ce
so that

» -
[zt ”fp - ”Xn,lun ”fﬁ — || Xn,2un |||_p| <Ce. (A.3)

We notice that, for j € 1,2, due to (A.1),
liminf QA (xn, jun) > 0. (A4)
n——+00

We let a,, = || xn.1un ||f,,. We may assume that (c;) converges to some « € [0, 1]. If @ = 1, we get, by definition of A,
that

2
QA(Xn,lun) > )ha;f >A(1—Ce),

since (u,) is a minimizing sequence and due to (A.2), we have QA (xn.2u,) < Ce which contradicts (A.4). In the same
way, we have o # 0.
With (A.2) and (A.3), we get
2 2

A=Ay +A(l—a,)? —Ce

and thus, for a € (0, 1),
2 2
ar+(1—-a)r <1.

This is not possible when p > 2.
The third and last possible behavior is tightness up to translation (compactness case). There exists (X,),>0 such
that

Ve>0, dR>0, Vn>1, u,(R*\ DX, R))<e.
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