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Abstract

We show the existence of self-similar solutions with fat tails for Smoluchowski’s coagulation equation for homogeneous kernels
satisfying Cy <x_ayb +xby_“> <K(x,y)<Cy <x_ayb +xby_“> with a > 0 and b < 1. This covers especially the case of

Smoluchowski’s classical kernel K (x, y) = (x1/3 + y1/3)(x7]/3 + y71/3).

For the proof of existence we take a self-similar solution /. for a regularized kernel K, and pass to the limit ¢ — O to obtain
a solution for the original kernel K. The main difficulty is to establish a uniform lower bound on 4. The basic idea for this is to
consider the time-dependent problem and to choose a special test function that solves the dual problem.
© 2015 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

Nous démontrons I’existence des solutions auto-similaires avec queues lourdes pour 1’équation de coagulation de Smoluchowski
avec un noyau K satisfaisant Cy (x_“yb +xby_“) <K(x,y)<Cy (x_“yb +xby_“> avec a > 0 et b < 1. Cela contient en

particulier le noyau classique de Smoluchowski K (x, y) = 134 yl/3)(x71/3 + y7]/3).
Pour la démonstration de 1’existence nous prenons une solution auto-similaire #, pour un noyau régularisé K, et nous obtenons
une solution pour le noyau original K en passant a la limite ¢ — 0. La difficulté principale consiste a établir une borne inférieure
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pour hg. La clé ici est de considérer le probleme dépendant du temps et choisir une solution du probléme dual comme fonction test
dans la formulation faible de 1’équation auto-similaire.
© 2015 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction
1.1. Smoluchowski’s equation and self-similarity

Smoluchowski’s coagulation equation [13] describes irreversible aggregation of clusters through binary collisions
by a mean-field model for the density f (&, ¢) of clusters of mass &. It is assumed that the rate of coagulation of clusters
of size £ and 7 is given by a rate kernel K = K (£, n), such that the evolution of f is determined by

& 00

1

o f&, 1) = E/K(E =n,mfE—n0)f(n )dn— f@J)/K(E, n f (n, t)dn. (D
0 0

Applications in which this model has been used are numerous and include, for example, aerosol physics, polymeriza-
tion, astrophysics and mathematical biology (see e.g. [1,3]).

A topic of particular interest in the theory of coagulation is the scaling hypothesis on the long-time behaviour
of solutions to (1). Indeed, for homogeneous kernels one expects that solutions converge to a uniquely determined
self-similar profile. This issue is however only well-understood for the solvable kernels K (x, y) =2, K(x,y) =x+y
and K (x, y) = xy. In these cases it is known [9] that (1) has one fast-decaying self-similar solution with finite mass
and a family of so-called fat-tail or heavy-tailed self-similar solutions with power-law decay. Such solutions with
certain infinite moments have been studied extensively in probability theory and are of considerable interest since
they predict a high probability of the occurrence of extreme events. Furthermore, in [9] the domains of attraction of all
these self-similar solutions under the evolution (1) have been completely characterized. For non-solvable kernels much
less is known and it is exclusively for the case of kernels with homogeneity y < 1. In [5,6] existence of self-similar
solutions with finite mass has been established for a large range of kernels and some properties of those solutions
have been investigated in [2,4,7]. More recently, the first existence results of self-similar solutions with fat tails have
been proved, first for the diagonal kernel [11], then for kernels that are bounded by C(x” + yY) for y € [0, 1) [12].
It is the goal of this paper to extend the results in [12] to singular kernels, such as Smoluchowski’s classical kernel
K(x,y) =@ yHalB 4 y=15),

In order to describe our results in more detail, we first derive the equation for self-similar solutions. Such solutions
to (1) for kernels of homogeneity y < 1 are of the form

B 3

f(f,t)=t—ag(X), a=1+I+y)8, X="5 2)
where the self-similar profile g solves
1 X o
S0 =3 [ K@=y 06— g0y =5 [ K20y, )
0 0

It is known that for some kernels the self-similar profiles are singular at the origin, so that the integrals on the right-
hand side are not finite and it is necessary to rewrite the equation in a weaker form. Multiplying the equation by x and
rearranging we obtain that a weak self-similar solution g solves

X o0 1
e (¥ g(x)) = By f / yK(y,2)g(2)g(y)dzdy | + <(1 —-y) = E) xg(x) 4

0 x—y
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in a distributional sense. If one in addition requires that the solution has finite first moment, then this also fixes
B =1/(1 —y) and in this case the second term on the right hand side of (4) vanishes.

For the following it is convenient to go over to the monomer density function £ (x,#) = xg (x, ) and to introduce
the parameter p =y + % Then Eq. (4) becomes

X o0

K (y.2)

Ox / / - h(2)h(y) dzdy | —[3x (xh) + (p — D) h] (x) =0. )
0 x—y

Our approach to find a solution to (5) requires to work with the corresponding evolution equation. Using as new time

variable log (#) which will be denoted as ¢ from now on, the time dependent version of Eq. (5) becomes

o h [ [ K00 _
ih(x,t) + 0 - h(z,t)h(y,t)dzdy | = [0y (xh) + (0o — D h](x,1) =0, (6)
0 x—y

with initial data
h(x,0) = ho(x). @)
1.2. Assumptions on the kernel and main result

We now formulate our assumptions on the kernel K. We assume that
KECI((O, o0) x (0, 00)), K(x,y)=K(y,x)>0 for all x, y € (0, 00), ®)
K is homogeneous of degree y € (—o0, 1), that is
KOx, y)=A"K(x,y) for all x, y € (0, 00), 9)
and satisfies the growth condition
C (x—“yb+xby—“) <K(x,y)<C (x—“yb+xby—“) for all x, y € (0, 00), (10)

where a >0, b < 1, y =b — a, and Cy, C; are positive constants. We need to assume here that b < 1 since for
b > 1 we could have gelation and b = 1 is a borderline case that can also not be treated with our methods. The same
assumption has also been made in related work, where, for example in [2], regularity of self-similar solutions with
finite mass has been investigated.

Furthermore we assume the following locally uniform bound on the partial derivative: for each interval [d, D] C
(0, 00) there exists a constant C3 = C3 (d, D) > 0 such that

1, K (x, y)| < Cs (y*a T yb) for all x € [d, D] and y € (0, 50). (11)

Our goal in this paper is to prove the existence of self-similar solutions with fat tails. Let us first discuss what we
can expect on the possible decay behaviours of self-similar solutions. If 2(x) ~ Cx™* as x — 00, then in order for

I @h(y) dy < 0o we need
p>b=y+a and p+a=>0. 12)

Note that since y can be negative, —a can be larger than . While these conditions are natural it turns out that in
addition we have to assume p > 0 (cf. Lemma 2.10). It is not clear to us whether this is just a technical restriction or
whether there is really an obstacle to the existence of such solutions for the kernels considered in this paper. In fact,
it is known that for the diagonal kernel with homogeneity y € (—oo, 1) fat tail solutions exist for p € (y, 1) [11], but
the diagonal kernel certainly represents a very special case. Finally, recall that the decay behaviour of # implies that
the corresponding number density g = i /x has infinite first moment for all p.
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Our main result can now be formulated as follows

Theorem 1.1. Let K be a kernel that satisfies assumptions (8)—(11) for some b € (—oo, 1) and a > 0. Then for
any p € (max(—a, b, 0), 1) = (max(b, 0), 1) there exists a non-negative measure h € M([0, 00)) that solves (5) in
the sense of distributions. Furthermore this measure h has a continuous density and satisfies h(x) ~ (1 — p)x~" as
X — 00.

1.3. Strategy of the proof

The idea of the proof is to first consider the regularized kernel
Ke(y,2):=K(y+e,z+e).

Proposition 1.2. For any p € (max(b,0), 1) there exists a continuous function hg: (0, 0c0) — [0, 00) that is a weak
solution to (5) with K replaced by K. This solution satisfies

.
/hg(x) dx <r'=r and
0

lim for he(x)dx

r—>00 rl=p

The proof of Proposition 1.2 follows closely the proof of Theorem 1.1 in [12] and is based on the idea to construct
a stationary solution to (6) by using the following variant of Tikhonov’s fixed point theorem.

Theorem 1.3. (See Theorem 1.2 in [5,8].) Let X be a Banach space and (S;);>0 be a continuous semi-group on X.
Assume that S; is weakly sequentially continuous for any t > 0 and that there exists a subset Y of X that is nonempty,
convex, weakly sequentially compact and invariant under the action of S;. Then there exists zo € ) which is stationary

under the action of S;.

In order to apply Theorem 1.3 to find a self-similar solution for the coagulation equation with kernel K, we denote
for p € (b, 1) as X, the set of measures hdx € M ([0, 00)) such that

|A]l := sup ——=—— < 0. (13)

The set ) is defined by the family of & € X, that satisfy

f hdx <r'=P, forallr >0 (14)
[0,r]
RS
hdx =777 (1- =22 for all r > 0. (15)
r
[0,r] +

The key part of the analysis is then to show that ) is left invariant under the evolution of (6). Many of the estimates
are very similar to the ones in [12] apart from some parts in the proof of the lower bound (15). To keep this paper at a
reasonable length we do not give the details here but the interested reader may find them in the Preprint version [10].

In order to obtain a solution to our original problem we want to pass to the limit ¢ — 0. The problem is that the
lower bound (15) that we obtain for /. is not uniform in ¢ and thus we cannot exclude a priori that we obtain the
trivial solution in the limit. Accordingly, our first goal is to obtain a uniform lower bound on /.. In order to do so,
we again investigate the corresponding dual problem and look for a suitable subsolution, that is for a function  that
satisfies

o0

Y <(p—Dy —x3x1ﬂ+/

0

K. (v,
Re )y v+ ) —v@)] dy (16)
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(cf. (22) below) with suitably described data 1/ (0, -). However, to obtain uniform bounds for ¢ we see from (16) that
we need uniform bounds on Wka (). In particular, we need to have uniform bounds on

1 1

1 1
e = / he(x) (x +€)™% dx, Ae :/hg(x) (x + ¢)? dx, L, :=max< Jra MF’) 17)
0 0
that are a priori not available. To circumvent this difficulty we rescale i, suitably with L, and aim for a lower bound
on the rescaled solution H,. The proof of the corresponding Proposition 2.1 is the contents of Section 2.1. In a next
step we need to exclude that L, — oo as ¢ — 0. In order to do so we derive, assuming that L, — oo a limit equation
for H :=lim,_,o H, and show that this equation does not have a solution with the properties satisfied by H. It is in this
step that we need the additional assumption p > 0 (cf. Lemma 2.10). The bound on L, implies that the lower bound
for H, transfers to the corresponding one for /.. In order to pass to the limit in the equation for s, we in addition need
to get a better control at the origin (see Lemma 2.12) which allows us to show that a weak limit / of A (in the sense
of measures) solves the coagulation equation. This is the contents of Section 2.4. Note that here and in the following
we denote with some abuse of notation a measure hdx by %, even though we a priori may not know that ~dx has a
density.
In Section 3 we finally show that the limit measure 4 has a continuous density that decays pointwise in the expected
manner. The proof is similar to the corresponding one in [12], but somewhat more technical.

2. Existence of a self-similar solution

As described above, our starting point is that we have a continuous positive function %, that is a weak solution to

X o
. Ke(y,2)
Oxle[he] = 0y (xhe) + (0 — Dhe, with  Ig[h:] = fhs(y)hs(z) dzdy. (18)
0 x—y
Furthermore we have the estimates

r

.

/hg(x)dxgr‘*p and lim /hg(x)dx/r‘*P =1. 19)
r—00

0 0

Up to passing to a subsequence we can in the following assume that either L., as defined in (17) above, converges or
Lo — oo for ¢ — 0. Furthermore as the case L, — 0 behaves slightly differently, we use from now on the following
notation: we define L := L. if L /A 0 and L :=1if L, — 0 and thus (up to passing maybe to another subsequence)
we may assume L > 0. For the following let

X = % he(x) = Ho(X)L™".
We will first derive a uniform lower integral bound for H,.

2.1. Uniform lower bound for H,
The main result of this subsection is the following lower bound on H,.
Proposition 2.1. For any § > 0 there exists Rs > 0 such that

R
fHS(X)dX >0 —=8R""  forall R> Ry. (20)
0

Our goal is to prove such a lower bound by a suitable subsolution of the corresponding dual problem. After some
changes of variables this reduces to finding a subsolution to a function W satisfying (23) below. The idea is now to
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replace the terms Wh ¢(y) by corresponding power laws. However, in the limit ¢ — 0 these functions become too
singular at the origin, such that we have to make a more complicated ansatz, as described in Lemma 2.2. After some
surgery (cutting W at the origin) we then obtain a suitable subsolution. For this function we obtain a first lower bound
in Lemma 2.6 that we can iterate (cf. Lemma 2.7) to finally obtain Proposition 2.1.

In the following we always denote for « € (0, 1) by ¢, a non-negative, symmetric standard mollifier with supp ¢, C
[—x, k].

2.1.1. Construction of a suitable test function

We start by constructing a special test function and therefore notice that for ¥ = v (x, t) with ¢ € C! and compact
support in [0, T'] x [0, o) we obtain from the equation on /4, that

//3 W I, [he]dxdt — //xa Yhe dxdt+(p—1)//1/fh dxdr

T oo
//awh dxdt—i—/l/f( 0) h, dx—/lﬂ( T) hedx.
00

Choosing i such that

T oo T oo T oo T oo
//3x¢15 [hg]dxdt—//xaxlﬂhgdxdt—i-(,o—1)//whgdxdt—//8t1phgdxdt20 2n
0 0 0 0 00 00

we obtain

/Ilf(-,o)hsdxsz(~,T)hgdx.

0 0
Rewriting (21) we obtain

T oo 00

]’l K8 (X, y)
@) | TR [P @) = 0]y —xdp (@) + (0 = DY () — 8y (1) p dedr 20,
0 0 0
(22)

Defining W by ¢ (x, 1) = e~ =P1W (&, 1) with &€ = % we can rewrite the term in brackets and obtain that it suffices
to construct W such that

a[W(L%’t)S/ K@y, )[ <thty,t> _W<Liet’t)]dy' (23)
0

For further use we also note that we only need this in weak form, i.e. we need that

T oo

—(1-p) i _ K (x, y) xX+y _ i
//e Pth, (x) 8,W<Let,t> / ; hg()[ <Let,t> W(Let,t>]dy dxdr <0, (24)
00

0
provided that we can justify the change from ¢ to W.
We furthermore list here some parameters that are frequently used in the following. For given v € (0, 1) that will
be fixed later we define
8= { b b>0
“lvb b<0’
As described above, we want to replace the integral kernel K, and /. by corresponding power laws, but need to
consider the region near the origin separately.

w1 :=min{p — b, p}, w = p, l;:zmax{O,b}.
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Lemma 2.2. For any constant C > 0 there exists a function W e C! ([0, T], C*® (R)) solving

QW (E,1)—C /h e (&) (L”Aﬂ(z+e)‘ F LAV (4 g) )[W(H%)—W@)]dz

0

c AT c [ af ;
- Lp+a—max{0,b} f 7’]1+w1 [W (5 + 77) W (é) dn - Lo T o—b f 1+w2 W (E + 77) -w (S)] d’] =
0 0

with W (-, 0) = X(—o00.A—x] *> /3 ().
Proof. This is shown in Proposition B.§. O

Remark 2.3. As shown in the appendix W is non-increasing, has support in (—oo, A}, is non-negative and bounded
by 1.

As K, might get quite singular at the origin for ¢ — 0, we define now W as the function W (§,1) :=
W (1) X[Av,00) (£),1.e. we cut W at £ = AV in order to avoid integrating near the origin. Obviously W is notin C' and
thus the corresponding v is also not differentiable. But as already mentioned it is enough to show that (24) holds, pro-
vided we can justify the change from ¢ to W (and reverse). The latter is not difficult and we omit the details here (see
Lemma 3.5 in [10]). Thus, it suffices to show that (23) holds for all £ # A" and this is done in the following Lemma.

Lemma 2.4. For sufficiently large C, inequality (23) holds pointwise for all € # A".

Proof. From the non-negativity of W the claim follows immediately for § < AV (where W is identically zero). Thus
it suffices to consider & > A". Using furthermore that supp W C (—o0, A] it suffices to consider £ € (A", A]. As Wis
non-increasing on (A", A] we can estimate — [W (§ + 2%7) — W (§)] < —[W (§ + ) — W (£&)]. On the other hand
using the estimates on the kernel K we obtain

_/ whg ) [W (s+ Lie,) - W(s)] dy

0
- —CzO/ (Leté' + 8) —a v+ S)b -)l)— (Leté' + S)b (y+e)™ he () [W (é’ n %) _w (“;‘)] dy
; _C/OOL ap-va (y +e)”y+ LAP G+ ) [W (é N %> W (é)] &
0
1
< [FR LA o r LA o] [w (e + 1) - W] oy
0
_ % /L an(") (174 + L7047 Lo+ | [W & +m) - W ©]dn
1
e LA e | [W e+ ) - W@ |ay
0

8

CA™ve T H,
W (O~ Lo | s Y €0 = W ©)]

0 0 (25)
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As & > AV we have by construction

e (2)

1
AW (E D =0W(E 1) = /

0

Aﬁ T
¢ b/n”“’Z[ €+m— W&
0

00
5 A—va
+C [ p+a—max{0,b} /
0

Thus, using that W and W coincide on (AY, 00), in order to show (23), i.e.

LbAﬂ (+e) "+ L A7z +e)b] [W (s + %) W (S)] dz

o W E+ =W ©]dn 6)

=

[ Ke (Le's, y)
afW@,t)—O/fhs(w[ (6+ 2 1) ~wen]ay <o
it is sufficient to show
1

(¢—c) [R2[ear cror e rea ey ][0 (e +5) - W ©)]a:

Z
0
AP T ¢ H.\ [ _
+Lp_,,0/(nl+w2 Skl | LACEROBR G EY
S e Hoo) \[e .
T T ora—max(0.6] / (n1+w1 _Cnl—max{O,b}> [W(§+’7)_ W(é)] dn <0. 27
0

We prove that the three terms on the left-hand side are non-positive individually for sufficiently large C. This is obvious
for the first term as W is non- increasing. It remains to consider the other two terms. Defining V (n) :=C f o Hﬁ O gr,
rewriting the second term on the left-hand side and integrating by parts, we obtain

AF (6 H.m)\[- .
Lp_bf<,71+w2—c ) [ e -w©]an

0
_a T oy (Snren—v W W) |d
_Lpbof—n S v ) e - e
At fle _, )
=Lp,,,/ o 2=V )W (& +n)dn.
0

As W is non-increasing we have anW(S + 1) < 0. Furthermore ‘2—1 > 0 and thus it suffices to show a%n"‘” —
V(n) =0 for all » > 0. Due to the rescaling the estimates from Lemma A.l also hold for H, and we obtain

V (n) < Cn~". Using furthermore that w, = p it remains to show that % -C ) n~P > 0 which certainly holds for C

sufficiently large. The third term on the left-hand side of (27) can be estimated in the same way. This concludes the
proof. O

Remark 2.5. The change of variables from v to W (and reverse) can be justified rigorously (see Lemma 3.5 in [10])
and inequality (24) holds.
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In the following we will derive a lower estimate for W.

2.1.2. Lower bound on W
Lemma 2.6. There exists o € (max {b, v}, 1) and 6 > 0 such that
1—W(A-A%)<CtA™?

for sufficiently large A.

Proof. From the construction in Section B.1 we know that W can be written as W &, 0= f EOO G (n,t)dn with G =
—35W = Gl,l * G1,2 * Gz, where Gl,l’ G1,2 and G2 solve

CA™ve 1
Lrtamaon | i [GLiG+m—Gi1(®)]dy

0
G11G.0)=6(—A+«K)*¢3

0,G1,1 =

cAb [ 1
00G1p2=—— W[Gl,2(§+n)_Gl,2(§)]dn

G12(,0)=38()* /3

1
_ he (z) [AT" b Br B —a 4
ath—c/ : [La +el+ AL G+ | [Ga s+ 1)~ G2 ®)|dz
0
G2(-,0) =38 () *¢is3. (28)
Then one has from Lemma B.10 for any u € (0, 1):

-D

G d < (<) CAPt
wEnde=c(3) + o
—00
and
—D+A (A—k)—(D—x)
K \* CA™ V9t
G (6.1)dé = GL1EndE =C( 5 )+t p =0
—0oQ —0oQ
<C K\ M CA™V
- (5) L pta—max{0,b} pw;

In the last step we used that for any 6 € (0, 1) and D > 1, x < 1/2 it holds (D — /<)_‘S < 25D=% One thus needs an
estimate for G,. This will be quite similar to the proof of Lemma B.10 but due to the different behaviour for L, — 0
and L, 4 0 we sketch this here again. Defining G, (p, 1) := fR G, (€,1)ePE*/Idg and multiplying the equation
for G in (28) by e”¢ /3 and integrating one obtains

1
he (2)

3G (p,1) = C/ e [(z—i—s)_“ Lb AP + (z+8)bL_“A_”“] : [e—% - l]dez (p.1)
0
=M (p,L)Ga(p,1).

Thus G, (p,t) = fR @3 (§) ePE—x/3dg exp (—t|M (p, L)|) and one can estimate:
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1

|M(p,L>|sc/

0
=Cp (L' AP+ L7071 AT, ) = Cp (AP + A7),

he (2)
Z

[(z L)y TLPAP £ (4 e)C L’“A"’“] : %dx

For the last step note that due to our notation either L = L, (in the case L, / 0) and then the estimate is due to the
definition of L.. If L =1 (in the case L, — 0) one can assume without loss of generality that ¢ is so small that L, < 1
(and thus by definition also ., e < 1). Using this and inserting p := % we obtain in the same way as in the proof of
Lemma B.10:

/ Gas.dE < C ((%)“ - (4 + A‘”“)) :

—0o0

Using these estimates on G,1, G1,2 and G, one obtains from Lemma B.11 (note also Remark B.12):

A-D A-% -7 -3
1-W(A-D)= / (G1,1%G12%Gy)dE < / G1.1dE + [ G1odE + / God&
—00 —00 —0o0 —00
K CA™t CAPt  Ct(AP 4+ A7)
<C—+ - + — + )
DK L p+a—max{0,b} pw; LP—bpDw D

Choosing D = A® (with A > 1) one has

ATvaToor Ct Aﬂ—aw2+ct (Aﬂ—U+A—Ua—U).

W _ AC A —o
1-W(A-A%)<Ck"A + Tt Trb

In the case L =1 (i.e. L, — 0) it suffices to consider the exponents of A:

e —uo <0,as u,o0 >0,
o —va—ow; <0,aswy,a >0,

b—op b=0 ) . . .
e f—owm=F—0op= < 0, independently of the sign of b if we choose o sufficiently close to

vb—op b<0
lando > v (as b < p).
¢« f—0= { b—o b=>0
vb—o b<0
this choice of o does not collide with the choice made before)
e —va—o <0,asa,o >0.

< 0, independently of the sign of b if we choose 0 > b as v < 1 and b < 1 (note that

Thus, taking —6 to be the maximum of the (negative) exponents proves the claim in this case.
If L=L, (i.e. L / 0) one has to consider also the exponents of L:

e at+w;>0,asa,w; >0,
e p—b>0,as by assumption b < p.

Thus either the two terms containing L = L, are bounded (if L. is bounded) or converge to zero (if L, — 00) and so
in both cases with the same 6 > 0 as above the claim follows. O

2.1.3. The iteration argument
In this section we will prove Proposition 2.1. We therefore define

X X
F.(X):= / H, (Y)dY while for L, — O this reducesto  F, (x) = /hs (y)dy.
0 0
We first show the following Lemma, that will be the key in the proof of Proposition 2.1.
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Lemma 2.7. There exists 0 > Q such that

C
F. (A)>—CA"=P) 4+ F, ((A —A%) eT) e~(=mT (1 — F)

for A sufficiently large.

Proof. From the choice of ¥ and W respectively (using also the non-negativity and monotonicity properties of W)

A o0 00
—(1—p)T X
Fg(A)=/H€(X)dXz/W(X,O)HE(X)dXze (1=p) /HE(X)W(—T,T>dX
€
0 0 0

o0
X
> e (=T / axF. (X)W <—T, T) dx
c
Ah

v

oo
A X
=— IITF (AW (e—T’ T) — /e_(l_p)Te_TFg (X)W (e_T’ T) dx

o
> —CA"U=P) 4 o=(U=PT / F, <XeT) (G11%G12%G2) (X, T)dX
Ave—T
where we changed variables in the last step and used that W is bounded, 3: W = —G1,1 * G2 * G2 on (A”, 00) as

well as F; (A") < A"!I=P)_ Noting that for o > v we have A’e™7 < A — A® for sufficiently large A and using also
the monotonicity of F, we can further estimate

o
Fo(A)> —CAY(=P) 4 = (=)T / Fo (XeT) (Gri % Giax Ga) (X, T)dX
A—A°
(0.¢]
> —CAYP) 47T, (- a%)eT) f (G1.1 % G12%Ga) (X, T)dX
A—A°

=—CA70 4 F (A - a%)eT ) e 0T (4 — A7)
_ (- C
= —CA P 4 F (A= A7)eT ) e (0T (1 - F) :
while in the last step Lemma 2.6 was applied. 0O

We are now prepared to prove Proposition 2.1. This will be done by some iteration argument using recursively
Lemma 2.7.

Proof of Proposition 2.1. Let o :=e’ > 1. For any § > 0 there exists R s > 0 such that F, (R) > R'=* (1 — §) for

1
all R > R, s. For Ap > (%) "7 we define a sequence {Ag}ien, by Ak+1 =« (Ak — A,‘(’) From the choice of Ay

one obtains that Ay is strictly increasing and one has Ay — oo as k — oo. Furthermore a Ay = Ag41 + a A7 and thus

Ay = Akt <1+a A¥ )
o Agy )

By iteration one obtains for any N € N:

N—1
A AC
Ag =N (1+(x k > (29)

- N
o A
k=0 k+1
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For any N e Nand 0 <k < N applying Lemma 2.7 one gets by induction
N-1 c
Fe (AQ) = Fe (Ay) o~ V002 TT (1 ) c Za—w k)(1-p) (1—[ <1 A9)) AV=p), (30)
n=k n=k

where we use the convention » ;_; ay =0 and [[;_, ax = 1 if u < [. Thus for k = 0 one particularly obtains

N-1 C N-1 m—1 C
Fe(Ap)a VO T <1 — F) -C Z o~ m(1=p) (H <1 _ F)) AV=P)
n=0 n = n

v

n=0

N-—1 _
= F. (Ao NP T <1 - —) C Z (v=D{d=p)m (]_[ (1 - %)) (@A)
n=0

n=0
(31)

Fe (Ao)

= (I)—I).

We now estimate the two terms separately.
Let 8, :=8/2. Choosing N sufficiently large such that Ay > R, s, one has, using also (29)

N-1 1—p N—1
mza-saite o [T (1= ) =0 (5F) ()
n=0 n

n=0

N-1

; (1-7%)

S e () -

Let 0 < Dy < D be parameters to be fixed later and assume Ag > D. One has Ay =« (Ak — A") Thus using the

monotonicity of Ak

A
kl :a(l—Az_l) >a(1—Dg_1> =:By>1

Ak
if we fix Dy sufficiently large as « > 1. Using this, one has A1 > BoAy and thus by iteration Ai+1 > ;)

We continue to estimate (/) and thus consider first ]_[ (1 - —) while we assume that Dy is sufﬁcwntly large
such that < 1 and thus also < a7 < 1 by the monotonicity of A,. Taking the logarithm of the product one has using
the estlmate log (1—x)> —m.

N-1 N-1 N-1 N-1
C C 1 1 1
Zlog<1——9>z a0 c="C) = E_CZ 200 20 _
n=0 An n=0 An - A_s n=0 An -C 'Bn A
N-1 0
Z_CZ 19nD91 CZ_C GﬂolDel_C__DQCEC
n=0 ﬁ() :3 -
Thus one obtains using exp (—x) > 1 — x:
N-1
C Cg Cg
1—— ) >expl|— >1- . 33
H( Az)— p( DQ—C)— pr-C .

n=0
) and applying again first the logarithm on the product and then using log (1 + x) <x

Considering Hk (1 +at
one obtains

A7
Z log |1 +(x
Akl

> N—-1 Ag
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Thus one can estimate

(1 _ p)n CnDn(O' 1)

(00"l

k=0 n=1

o cn (] — _
<1+D°" IZ ”( oY 1+—CXP(C;I(_IJ P, (34

Combining the estimates of (33) and (34) one obtains

N—-1 C C C Cy(1—p)
[Tr=o <1 B A_ﬁ) e L o+ exp(DVH’ 2
N A7 \\ 12 = exp(C,(1—p) exp(Cy (1-p))
( k=0 (1+05Til)) 1+# 1+#
. Cs e (c, (- p))' 35)
- D'-C Dl-o
Together with (32) this shows
1- ¢ exp(Cy (1 —p)
(D)= (1-8, 4, "(1— e (DVI_(, ). (36)

To estimate (II) we first note that one has [, (1 — Q) <laswellas []} (1 + o= A ) > 1 for any m € N.

Using this as well as (29) for N =m and m =0, ..., N — f one obtains

N-—1 m—1 N-—1
(I =C Z Ol(v—l)(l—p)m (l—[ <1 _ %)) (a—mAm)V(lf,O) <C Z Ol(v—l)(l—p)m (a—mAm)v(lf,O)
a1 =

m=0 n=0 n m=0
N-—1 Av(lfp) N—-1
— (v=D(1=p)m w=D(=pym 4v(1=p)
=C) « — e —5<C) a A
m=0 ( k=0 (1 +aAk+l)) m=0
oo
< A(”)(l_p)C Z qv—Dd=pm _. CVAS(I_'O)‘ (37)
m=0
Combining (36), (37) and (31) yields
C exp (Cy (1 = p) 1-
Fe (A0) = (1—5,) (1 el (Dyl_c N alv—c,a A
oo s o _ep(GA=p))_ G
> Ay <(1 8) (1 Dl —C Dl-o pa—wi—p |- 38)
We choose now D sufficiently large such that one has
e D> (3¢5%% + )" whichis equival <8 5
_( B5 & 4 which 1s equivalent to ¢ = §ﬂ
1
e D> (3 exp (CV (1- ,o)) ) ™ which is equivalent to w <155
e D> (15228;5> =0 which is equivalent to CVW <(1-68/2)15%.

Inserting these estimates into (38) together with 8, = §/2 one gets
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1-p ) 2§ S\ 1 ¢
o (-2)(0-3)-(-4) )

=A)" <1 - %) <1 - 2875) —(1-8A,".

This proves the claim with Rs=D. O
2.2. Excluding L, — o0
Before we can pass to the limit ¢ — 0 we have to exclude the case L, — 0o as € — 0 in order to obtain Proposi-

tion 2.1 also for A, (instead of H). This will be done by some contradiction argument. We furthermore remark here
that throughout this section we frequently use that we can bound

1 1
/ (x+8) “he(x)dx < L1 and / (x + &)’ he (x)dx < LI+ (39)
0 0

due to the definition of L, in (17).

2.2.1. Deriving a limit equation for Hy
We first show the following lemma, stating the convergence of a certain integral occurring later.

Lemma 2.8. Assume L, — 0o as € — 0. Let Q. be given by
1

he
0. (X) = f L(y ) K. (v. L.X) dy.
0

Then there exists a (continuous) function Q such that Q. — Q locally uniformly up to a subsequence.

Proof. It suffices to show that both Q. as well as Q/, are uniformly bounded on each fixed interval [d, D] C R.. One
has using (39)

1

IQe(X)ISsz

0

he (2)
L

((Lsx +e) 4o+ (LeX +8) 2+ er“) dz

&

1 1
C c
< L—Z(L8X+8)’“/(z+£)bh8 (z)dz+L—2(L8X+8)b/(z+£)*“h5 (z)dz
&
0 0

<CLY(LeX 4+&) “ + CL;P (LeX +6)°
e\ ¢ e\’
=G X+ — Gx+— 40
2<+L>+2<+L) (40)

& &

while the right hand side is clearly locally uniformly bounded under the given assumptions. Rewriting Q. one obtains

1 1

_ he (2) _ y/ha (2) . i
0. (X)—/ O wex =1y [Pk, (x : >dz.
0 0

B3 e Le 3
Furthermore from (11) one has
|0yKe (v, 2)| §C<(Z+S)_”+(z+8)b> forall y € [a, A]

and hence, similarly as before
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1
he (@) | (z+e\7¢ 246\’
/ y
|Q8(X)‘5CL8/ L. {( L. ) +< L. ) }dz
0

1 1
=CL§‘1+“/(z+e)‘“hs (z)dz—i—CLZ_l_b/(era)bhg (2)dz<C
0 0

where weused also y =b—a. O

Lemma 2.9. Let p € (max {0, b}, 1) and assume L, — 0o as ¢ — 0. Then there exists a measure H such that (up to

a subsequence) H, N Hand H satisfies

H(X)Q(X) _

dx (XH)+(p— 1D H —09x (Q(X) H (X)) + X

0 (41)

in the sense of distributions with Q (X) = limg_.¢ fol th(y) K¢ (y, L:X)dy.

&

Proof. Transforming the equation

3 / / @hg(ym(z)dzdy =B, (vhe (1)) + (0 — 1) he (1)

0 x—y
to the rescaled variables X = Lig one obtains
L:X oo
1 Ke(y,2) 1 ( H(X)> H, (X)
—0 —h he(2)dzdy | = —0x | L X—— |+ (p—1 .
Lgx//. L (e @) dady | = v (LX) + 0 - ) =
0 L. X—y

Testing with ¢y € C2° (R) (in the rescaled X -variable), splitting the integral and interchanging the order of integration
we can rewrite this as

/(Xaxlﬂ (X) = (p = Dy (X)) He (X)dX
0

oo

)
ng"V// — He (Y)H: (Z)[¥ (Y +Z) — ¢ (Y)]dZdY

1
Le

he (2) He (Y) [I/f <Y + Li> -y (Y)] dzdY

&

1
Le
1
f K. (L:Y,2)
Z
0

y
i T2

7 Ke(y.L.2)
+ f / / v 0 AX | S22 () H () dZdy
0 0

y

Lg

= (1) + (D) + ) .

In the following we assume that suppy C [d, D] with d > 0 and D > 1. Furthermore we can assume that L, > 1
is sufficiently large and that ¢ < 1 is sufficiently small (as we are assuming L, — oo for ¢ — 0). We first show that
(I)—>0ase—0:
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(D] =

L? Z

&

D oo —a b
Czyf/(u t) (+£) He (Y) He () [Y (Y + 2) =y (V)] dZdY

D oo Y+ £ b Z4 £ —a
+ Czy//( L)g £) He (Y) He (Z) 1Y (Y + Z) — ¥ (Y)| dZdY

LY~

1

Le Le
21;C b Ooyfazb_i_yb —a

< [ Z He (Y)YH: (Z2) 1Y (Y + Z) — ¥ (Y)|dZdY
&
i
Cly'| b, vb Cllyll e
s // z % )H (Y) H, (Z)dZdY—i—W
Lg Lg
[e’s) D [e’s)

L‘;/HS (Y)dy/z”*lﬂg (Z)dZ +max{L;h,Db}/H€ (Y)dY/Z’“’lHE (Z)dZ
1 1 1 1
Lg Lg

D 1
§CLZ+“_pmax{1,L;b,Db}/Hg (Y)dY/HS (2)dZ + CL! =" [Lng—/’ +max{L;”,D”}Dl—/’]

Ly Ly
=cp' Lt max D, 1%+ cp' Ll + ep Ll max [P, D] > 0

as Ly — oo (i.e. for ¢ — 0 by assumption).
Next we show (/) — fooo Ix¥ (X)H (X) Q(X)dX. As H; is a sequence of locally uniformly bounded (non-

negative Radon) measures there exists a (non-negative Radon) measure H such that H, — H in the sense of measures.
Using now Taylor’s formula for ¢ one obtains

Z "
w<Y+L—8> Y=y (1) —+L2/<z v <Y+L )d

Using this in (/I) one gets

oo 1
) = / / wh (2) He (Y) - - (V) dadY

Le

oo 1 2 z
i f [RER ’Z)hg(z)HSm-i—g/(z—r)w”(Y+Li€>ddedY
0

1

Le

= (D, + (D), .

We consider terms separately beginning with (II), (and assuming L, to be sufficiently large, i.e. L% <d):

oo 1 z
|an),| < %f/zzhg (2) Ke (LsY, 2) He (Y)/‘I/f” <Y+LL>
‘10 0 ¢

dtdzdY
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C 4
||¢ | //hg(z)Hg(Y)[(L Y+e) @+’ + LY+’ c+e)” ]dde

d— ng 0
cD'-r
< — [(Led — 14679 L 4 max {(LED o), (Led—1+ e)b} L;—”]
&
1 e\ " max (D+i ’ d—-L1 4+ £ ’
- (d_K+L_e> L) L. T L
—cD'-
L. * L.
—0

as ¢ — 0 (and Ly — 00). On the other hand (using the symmetry of K;)

un, = /H ¥y’ (Y)/ 8(Z)K (L;Y,z)dzdY = /H X))y’ (Y) Q. (Y)dY.

Thus one obtains (II), — fooo HY)Q )y’ (¥Y)dY directly from Lemma 2.8. It remains to show that (/Il) —
Jo2 H () L1y () dY. We first rewrite (/1) as

oo 1 LL
() =// (y’ KW Le2), o) B, (2) dxyr (X) dXdydZ
00

Le

oo 1

K )
// (y ReOnLeZ)) \yh, (Z)[w(2>+w( )—wm—w(%)}dydz.
00

Due to supp ¢ C [d, D] we obtain for L, sufficiently large (i.e. L, > %) that (Lle) =0forall y € [0, 1]. Thus using
also the definition of Q. we can rewrite (/1) as

i = / ¥ (2) He(2) QS( 92474 / / L)hg ) He (2) [w (Z+ %) - wm] dydz

= (111)a + ().

<

The integral (I/Il), converges (up to a subsequence) to fooo v (Z)H (Z) %dz according to Lemma 2.8. It thus
remains to show that (II); converges to zero. To see this note that as i is smooth and compactly supported we have
for y € [0, 1]:

. y cw)
‘¢<Z+L—g>—w<2> SC T My o) DS Myt ) D)

Using this we can estimate

o0

(111);,5CL“”) / H, (z) 22 Q’f()

&

d—1/L,

From the estimates on Q, in (40) we obtain that the integral on the right hand side is bounded uniformly in € and thus
for L, — oo the right hand side converges to zero, concluding the proof. O
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2.2.2. Non-solvability of the limit equation
Lemma 2.10. For p € (0, 1) there exists no solution H to (41) satisfying the lower bound (20) and fOR H((X)dX <
Ri-r for each R > 0.

Proof. Assuming such a solution exists and rewriting (41) one has

- 0 (X)
Ix (X = QO H (X)) = ((1=p) = == ) H(X).

Defining F (X) := (X — Q (X)) H (X) this is equivalent to

(1= p)— 2% o)

X
1—p0)—
axF(X)zx_—Q(X;(F(X) and thus F (X)=C -exp /%dy
A

for some constant C. Considering Q one can assume (up to passing to a subsequence of ¢ again denoted by ¢) that
either A, > e or ug > A, for all &, while both cases will be denoted as A > u or . > A either. One can then estimate
(using the definition of A, and p.):

1
05Q<X>slir%c2/
E—>
0

he (y)
Le

((y o) (LeX +6) +(y+6) (L X + s)—ﬂ) dy

e—>0 Lg P

b —a
c
< lim 22 (L;’I’ (LeX +&)f + LV (L, X + g)*“) = lim C; ((X + Li> v (X v i) )
E—>
=G (X" +x7).

On the other hand
1

Q(X)zhn(l)clfh“y)

L

(0+o™ LeX+e +(+o) LeX +0)7) dy

Ci[LI P (L X+e)f p=a
LI (L X467 A>p

This shows in particular that for sufficiently large A one has Q (X) < X for all X > A and F is well defined for
X > A. We claim now C > 0. To see this assume C < 0. Then F <0 and as just shown X — Q (X) >0 for X > A.

As H(X) = XI: (QX()X) one has (using fOR HdX > % for sufficiently large R due to Proposition 2.1 and fOA HdX <
Al=P):

R R A 1 . - - 1 A 1—/0
Oz/H(X)dX:/H(X)dX—/H(X)dXzER P_Al=P = Rl-P ——(—) >0
A 0 0

2

for sufficiently large R and thus a contradiction. Therefore we have C > 0.
We choose now Xy < A such that Q (Xo) = X and Q (X) < X for all X > X which is possible due to the lower
and upper bound for Q. We get that % is bounded on [X(, co) and thus we have X — Q (X) < K (X — Xj) for

—X
some K > 0. Furthermore as Q (Y) ~Y f(())r Y — X( we obtain
Y Y
~a-p+ B 1 205 ss0

on [Xo, )_(] for some X > X close to X and 8§ > 0. We then get
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(1—p)— 20
/ . Q(y)y dYy:=C(X,A) <o0

Using the definition of F' we can then write H as

/(1 5 0y
T X- Q(X) =)
- Q(Y) a- Q;}Y)
dYy — | ———————dY
ZK(x Xo) / Y — Q(Y) _/ Y — Q(Y)
X
X
< C(X,A))ex —5)/7
2 KX —x0 P Pl ) K =xo)
= Cexp(-C(XA) (F—X)) T — L —C(A X X0 K) ————
kP 0 (X_XO)H’%B_ e (X — Xo)' e

with @ = pT_‘S > 0, contradicting the local integrability of H. O

This shows that L. has to be bounded and thus by scale invariance we obtain from Proposition 2.1 also the lower
bound for A,, i.e. we have

Proposition 2.11. For any § > 0 there exists Rs > 0 such that

R
/hg(x)dx >(1—=8R'"""  forall R> Rs. (42)
0

2.3. Exponential decay at the origin

We will show in this section that &, decays exponentially near zero in an averaged sense, a property that will be
crucial when passing to the limit ¢ — 0.

Lemma 2.12. There exist constants C and c independent of ¢ such that

D

/hg (y)dy <CD'""Pexp(—c(D +¢&)™%)
0
forany D € (0, 1] and all ¢ > 0.

Proof. Let § = %, then due to Proposition 2.11 there exists R, > 0 such that f; Bl (2)dz > % for any
B, > 1. On the other hand one has fOBl R« he (z)dz < (B1R,)'™" for any B; > 0. Thus one has

B Ry ByR, B R«

1
/hs(z)dz= / he (z)dz — / he(z)dz>¥ (BlR*)l_"’zl

B1 R, 0 0

for sufficiently large B, (depending on Bj). Thus one can estimate
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R oo

/ / @h () e (2) dzdy

0 R—y

R B2 Ry —a b b —a
ZC1/ y+e)“@+e)+(y+e) (z+e)
Z

he (y) he (2) dzdy
0 BiRs«
R Ba Ry

Ci (Z+8)b
&€ he .
> (R+e)”0/h (»)dy / - (z)dz

BIR,
R B>R, R

C b1 / b71/
> e / he () dy (B2R.) e (0)d: > s (B [ e ().
0 BIR. 0

Using this and taking (oo, g] (restricted to [0, 00)) by some approximation argument as test function in the equation
(1 =p)he (x) — 0y (xhe (x)) + 05 I [he] (x) = 0 we obtain

R R oo
0=(1—p>fhg (x)dx — Rhe (R)+/ / @hg(mg(z)dzdy
0 0 R—y

R R

¢ b1
= —p)/ha (x)dx — Rhe (R) + (Rt o) (B2Ry) /ha (x) dx.
0 0

Thus one has

R R R
C (ByR.)"!
(1—p)/hg(x)dx—i—ia/‘hg(x)dx§Rh5(R)=R8R/hg(x)dx
(R+e¢)
0 0 0
or equivalently
[ 1—p  CBR [ 1—p  CBRI [
O fhg(x)dx z( R T RRter )/hs(x)dxz< &t T (Reoy )/hs(x)dx,
0 0 0

where we used m > m for R € [ D, 1]. Integrating this inequality over [D, 1] and using fol hedx <1 as well
as (14+¢)7% <1 gives

D

b—1 b—1
/hg (x)dx <exp (%) Dl_"exp (-%(D_Fg)—a)' 0O

0

Lemma 2.13. For D < 1 and any a € R one has the following estimate
D
/ (x +8)%he (x)dx <CD'""P(D+e)*exp(—c(D+¢)™) ifa>0

0
D

-l c _ .
/(x—l—e)“hg(x)dxfCD pexp(—E(D—i-e) ) ifa <0.
0
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Proof. The case o > 0 follows immediately from Lemma 2.12. The case a < 0 follows from Lemma 2.12 using a
dyadic decomposition as in Lemma A.1. O

As {hs}.-( is a locally bounded sequence of non-negative Radon measures one can extract a subsequence (again

denoted by ¢) such that A, X 1 in the sense of measures and / is non-trivial due to Proposition 2.11. As a direct
consequence of Lemma 2.13 one obtains:

Lemma 2.14. For D <1 and a € R one has

D
fx“h (x)dx <CD'"Pexp (—%D‘“) ifa <0
0

D
/x“h (x)dx <CD'"™ Pexp(—cD™) ifa>0.
0

Proof. This follows from Lemma 2.13. O
As a consequence of Lemma 2.14 together with Lemma A.1 we obtain
Corollary 2.15. For any a € R and D > 0 each limit h satisfies

L fx*h(x)dx <ooifa<p—1,
2. [P x%h (x)dx < C (D).

Remark 2.16. We obtain corresponding results for i, and & with x® replaced by (x + ¢)“.
2.4. Passing to the limit ¢ — 0

In this section we will finally conclude the proof of existence of a solution to (5) as stated in Theorem 1.1 by
passing to the limit ¢ — 0 in (18). Before doing this we first show that I [A] is locally integrable:

Lemma 2.17. For h as given above one has I [h] € LllOC ([0, 00)).

Proof. Let D > 0. Then one has

D D x oo
/”’”(x)dx:/ff@h(y)h@dzdydx
0 0 0 x—y
D D oo
fC///(y_azb—l-|-ybz—a—1)h(y)h(z)dzdydx
00 0
D D
SC//(y_aﬂb)h(y)clydxSC(D)
0 0

where Corollary 2.15 was used. One similarly gets f n I [h]dx = 0 for bounded null sets N C [0,00). O

To show that A is a (weak) self-similar solution it only remains to pass to the limit in the weak form of the equation

Oxleglhe] = 0x (xhe) + (0 — Dhg.
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Thus let ¢ € CZ° ([0, 00)). Then the weak form reads as

/axw(x)f/ 0.9, () he (z)dzdydx_/axgo(x)xh (x)dx+(1—p)f<p(x)h (x) dx.
0 0 x—y 0

One can easily pass to the limit in the right hand side. To prove Theorem 1.1 it thus remains to show that one can also
take the limit in the left hand side of this equation. This will be done in the following Proposition.

Proposition 2.18. For any ¢ € C2° ([0, 00)) one has

/ 30 (X) f / ReO D) (yhe () dedydx — / 30 (X) / / KO2 4 h () dedydx
0 0 x—y _
as € — Q.

Proof. Taking the difference of the two integrals and rewriting one obtains

o0 X OOK ’ Kg ’
/3x¢(x) //%Mﬁ“@—%fla (y) he (z)dydz | dx
0 0 x—y
< /axgo(x) // K(y’Z)_ZKS(y’z)h(y)h(z)dzdy dx
0 0 x—y
o0 X o0 Kg ’
+ / dep (x) / / —(Zy D () (h () — he () dzdy | dx
0 0 x—y
[ [ [ Ke(r.0) .
+ || oxp(x) . he (2) (h (y) — he (v))dzdy | dx| =: (1) + D) + ().
0 0 x—y

We estimate the three terms separately and take D > 0 such that supp¢ C [0, D]. Then due to Lebesgue’s Theorem
(using also Corollary 2.15 and Lemma A.1) we obtain

(1)s/|axgo<x>| // 'K(“);Kg(y’@'h(y)h(z)dzdy dr >0 ase— 0.

0 x—y

To estimate the other two terms we will need some cutoff functions. Let M, N € N and §1N , §2N ,élM ,§2M €
C° ([0, 00)) such that

1 2
:f”:oOn[o,ﬂU[NH,oo), ;{V=1on[ﬁ,zv], 0<g' <1, g=1-¢f,

1 2
.‘;-'1M=()011|:0,M:|, élelon[M,oo>, 0<egM<t1, g =1-&M.

Defining K};N v,2) =K: (v,2) - C,-N (z) for i =1, 2 one obtains using also Fubini’s Theorem:

y+z

lN
1) < f f ﬂh(y) (h(2) — he (2)) f B¢ () drdydz

y+z

rr k2N (y 2)
+ / f REZ 0D 5y @) = he ) / 3,0 () dxdydz| = (ID), + (1), -
00 )
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We consider again terms separately and without loss of generality we assume ¢ < 1. Then using Corollary 2.15 and
Lemma A.1 we obtain

2
N D

(D) = C 1.9l f f [0+e™ @+e + +o) @+e) ™| h () (h @) +he () dydz
00

oo D —a b b —a
+C||<o||oof y+ey”z+e) j(y”) CHE) b () (h (@) + he () dydz
N 0

<190l C D) [ (@48 +@+)™) (h (@) +he (@) dz

O\Z\N

o]

+C (D) gl / (2P ) 0@+ he @) dz
N
< 18,0l C (D) 2, ’ +— el [N”—P T N—“—P] 50 (43)
= 10x@llco NI \ N € N1=p Pllco ’
for N — oo. Furthermore one has
D, = / (h(2) = he (2)) Iﬂév (z)dz (44)
0

I,N
with ¥ (2) = f” X220 (3) [0 (v +2) — ¢ ()] dy. We claim that y¥ — ¢V strongly in C ([0, 00)) with

VN (2) = foD KO0Dp (y) ¢V (@) [e(y+2) — @ (y)]dy. Note that by construction we have supp ¥ C [%, N+ 1]

Z
for all ¢ > 0. To show (uniform) convergence we have to use a cutoff also in y, i.e. one can estimate

D

/K(y,z)—Ks(y,z)
Z

0

IA

v @ vl @) @& OO [e 6+ -9 0)]dy

D
K (y,2) — K: (y,
+/ (5.2) : -0 N )& (0 h (3 [0 (5 +2) — 0 (0] dy
0

= (g1 +UDg -

Using similar arguments as in (43) we get

1 1
(D42 <C (N, @) [Mm;—p + Ml_p] —0 45)

for M — oo and N fixed. As K is continuous on [ﬁ, D] X [% N + 1] for M, N € N fixed, one has K, — K

uniformly on [ﬁ D] X [% N + 1] for ¢ — 0. Thus we get (II),,1 — 0 for ¢ — 0 (with M, N fixed). Together with

(45) this shows that w;v — WN strongly. Thus one can pass to the limit in (44) to obtain together with (43): (II) — 0
as e — 0.
In a similar way we can show that (/Il) - O fore — 0. O
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3. Regularity and large-mass behaviour

In this section we will finish the proof of Theorem 1.1 by showing that the measure 4 solving (5) obtained in
Section 2.4 has a continuous density. Furthermore we will also show that this density satisfies 2 (x) ~ (1 — p) x~° for
Xx — 00, i.e. h has the expected pointwise decay behaviour at infinity.

3.1. Continuity of the self-similar solution
Lemma 3.1. The solution h of (5) obtained in Section 2.4 is locally bounded, i.e. h € Lﬁfc (0, 00)).

Proof. We first show that I [h] € L{ ([0, 00)). To see this let D > 0 and x € [0, D]. Using (10) and Corollary 2.15
we can estimate

X 00 D

rmwi=c [ [ (e ey ) n@amdy <c [ (74 rmdy < c o).
0 x—y 0

Next we show xh (x) € Ly, ([0, 00)) from which the claim directly follows. As & solves (5) in the sense of distribu-

tions it holds

/ xh (x) 0y (x) dx = / 111 () 3 (x) dx — (1 — p) / ¢ (1) h () dx (46)
0 0 0

for all ¢ € C° ([0, 00)). Let now R > 0 and ¢ € CZ° ([0, 00)) being such that suppe C [0, R]. Defining & (x) :=
— fxoo ¢ (y) dy it holds supp ® C [0, R] and 9, & = ¢. Substituting ¢ by ® in (46) we can estimate

/xh(x)(p(x)dx = /h(x)axq)(x)dx < fl[h](x)3x®(x)dx + (1 —p) /d)(x)h(x)dx
0 0 0 0
0o R R
<| [ 1imemar+a=p [ [lemiamwa
0 0 x
< I (A1l Lo o, rp @l 10,77y + (1 — 0) R'=F lell 1o, ry < € (R) llelli Lo, gy -

Thus we have xh (x) € (L1 ([0, R]))/ = L°° ([0, R]). As R > 0 was arbitrary this shows xh (x) € L ([0,00)). O

loc

Lemma 3.2. For h being the solution obtained in Section 2.4 the expression I [h] is continuous in [0, 00).

Proof. We first show continuity at x =0, i.e. I [h](x) = 0 as x — 0. Using (10) and Corollary 2.15 we directly
obtain

X o0 X
K (y,2) —a b
ITh] () = ) h @) dzdy < € (y +y)h(y)dy—>0 as x —> 0.
0 x—y 0
Next we show continuity on (0, 00). Let 0 < x; < x» < oo and fix , R > 0 such that 0 <7 < x; < x2 < R and let
0 < 8 < r/2. Rewriting the expression I [h] (x2) we obtain

X2 o0 X] o0
K N K )
T (k2) — 1 TR] (o) = f / WD 4 () h (2) dzdy — / / O 4 ()b (2) dzdy

Z e
0 x2—y 0 x1—y

x| x2—y X1

X1 o0 X2 o0 o0
=//(~~)dzdy+/ / (~'-)dzdy—/ / ("-)dzdy—/ / (---)dzdy

0 x2—y X1 xX2—y 0 xj—y 0 xp—y




B. Niethammer et al. / Ann. 1. H. Poincaré — AN 33 (2016) 1223—-1257 1247

X2 OO x| x2—y

//( -)dzdy +C//( Jdzdy|=:(I)+I).

0 x1—y
Estimating the two terms separately we first obtain together with (10)

X2
() < cf (743" ) h 0 dy = Clll ey (7 + max [, R} 2 =111 — 0 as 1o — 11— 0,
X1
To estimate (/) we split the first integral in parts that are close and far to 0 and x| respectively, to obtain

X1 X2—=y

n < C/ / _“zb_l +y”z‘“—‘)h(z)h () dzdy
0 x

x1—38x2—y

-y
§ o©

=C //( )dzdy—i—/ / )dzdy—l—//( -)dzdy
00

x1—§8 0

Using now Lemma 2.14 as well as Corollary 2.15 we obtain for sufficiently small § < 1 that

(n<c (31—P + 11 e 5. ) (5”—“—1 + max {R”, a”} 5—“—1) Rlx2 — xi|

" <<§>_ o {x%” (%)b}) Vil (5.0 3)

b
<C (5”} + (r“ + max {Rb, (%) }) 1Al o (5. 8] 5) £ CR,8) |x2 —xi]
<C(R) (51_p+8>+C(r,R,8)|x2—x1|.

Thus choosing first § small and then |x; — x| small the right hand side can be made arbitrarily small, showing the
continuity of I [#]. O

As a consequence we can now show the continuity of 4 on [0, co) as well as pointwise exponential decay near
x=0.

Lemma 3.3. The solution h is continuous on [0,00) and there exists ag € R and B > 0 such that |h(x)| <
Cx®0 exp (—,Bx’“)for all x € [0, 1].

Proof. We first show continuity on (0, 00). As h solves (5) we have 9, (I [h] (x) —xh (x)) = — (1 — p) h (x) in the
sense of distributions. Furthermore 4 € Lf:. ((0, 00)) according to Lemma 3.1. Thus 7 [h] (x) — xh (x) is of bounded

variation and for some xg > 0 and a.e. x € (0, c0) it holds
xh(x)=1[h](x)+ (1 — p)fh (y)dy — I'[h] (x0) + xoh (x0) . 47)

As the right hand side is continuous we obtain that x/ (x) and thus also /4 is continuous on (0, c0).

We now show that % is bounded on [0, 1] which will allow us to take xg = 0 in (47). Rearranging (5) we obtain that
h satisfies d,h (x) = %8)‘1 [A](x) — h(x) in the sense of distributions. Taking as test function (after approximation)
the characteristic function of [z, 1] and usmg the continuity of 4 and I [k] we obtain for z € (0, 1):

| F I () h(x)
h(Z):gl[h](Z)'Ff 2 dx+p/ ——dx—h () —=1[h](1). (48)

Z Z
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From Corollary 2.15 we obtain directly fz ! @dx < fol @dx < C. Furthermore considering I [h#] we obtain due to
Lemma 2.14 and Corollary 2.15 for x € (0, 1)

X
ITh] (x) < C[ (y_“ + y”) h (y)dy < Cx'~P exp (—éx™9). (49)
0
This shows that both %I [A] (z) and le %dx are bounded for all z € (0, 1). Thus we obtain from (48) that also &
is bounded in (0, 1) and we can take xo = 0 in (47) to get xh (x) =1 [h] (x) + (1 — p) f(f h (y)dy for all x € [0, 1].

Finally combining this with Lemma 2.14 and (49) we also obtain |/ (x)| < Cx® exp (—Bx~“) for suitable constants
apeRand >0. O

3.2. Large-mass behaviour

We first prove some moment estimate that will be used several times in the following and which is a consequence
of Corollary 2.15 and Lemma A.1.

Lemma 3.4. Let ro > 0 be a constant and o < p — 1. There exists a constant C > 0 such that the solution h of (5)
obtained in Section 2.4 satisfies

o0
/x“h (xX)dx <C(ro+n'"™ " forallr > 0.

r

Proof. For r <1 we use that due to Corollary 2.15 we have froo x%h (x)dx < fooo x%h (x)dx < C. Thus it suffices
to take C > C (ro + 1)?~17%. On the other hand for r > 1 we use that due to Lemma A.] we have froo x%h (x)dx <
Crite—r, Taking C > C (ro + 1)?~'~% we then obtain the claim using C (rg + ) 7477 > C (rg + D)1 Ho=P plta—r >
Crite—r

Before proving that /& has the expected pointwise decay behaviour for large cluster sizes, let us recall that 4 also
satisfies the lower bound obtained in Proposition 2.11, as this property is preserved under the limit procedure in
Section 2.4, i.e.

Remark 3.5. For each § > 0 the solution / satisfies fOR h(x)dx > (1 -9) R!=* for all R > R;.

Proposition 3.6. The solution h of (5) obtained in Section 2.4 satisfies h (x) ~ (1 — p) x ™" as x — o0.

Proof. We have to show that % — 1 — 0 as R — o0o. We can estimate this expression in the following way:
‘ h(R) 1‘ - h(R) Rh (R) n Rh(R) 1
(I1—p)R™ TA=P R (= p) [Frooyde| |1 =p) R (x)dx
R
Rh(R)

< p 1—Rp_1/h(x)dx +w(R)
(I—p) fy h(x)dx

<§(@R)+ 1)+ |w(R)|

for all R > Rg, where we used the lower bound on 4 from Remark 3.5 and we denoted w (R) := %
—p) JFnx
Thus it suffices to show that w (R) — 0 as R — oco. Furthermore we assume § < 1/2 and R > 2 in the following.

Using (47) with xo =0, i.e. Rh(R) = (1 — p) fOR h(x)dx 4+ I [h] (R) we can rewrite w (R) to obtain

lw (R)| =

R [h](R).

I[h](R) 3 TR
(l—p)fORh(x)dx o (l—p)(l_a)Rl_p = l—p
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Thus it suffices to show I [#] (R) < CRY with v < 1 — p to finish the proof. This will be done in the following and it
turns out that we have to consider the two cases b < 0 and b > 0 separately, where the latter will be more complicated
and require more work. We have using Lemma 3.4 that

koo R/2 oo R oo
I[h](R):/f K(i’,z)h(y)h(z)dzdy:/ /(---)dzdy—l—/ /(---)dzdy
0 B~y 0 Ry R/2R-y
Rj2 oo R oo
SC/ / (y—azb—l+ybz—a—l)h(y)h(z)dzdy+c//y—azb—1h(y)h(z)dzdy
0 R/2 &0
R o
+C/ /ybz_a_lh(Y)h(z)dzdy
R/2R—-y
R/2 ® . .
TORTTPYTRTT - y
SC/ <y aRgb=rybg=a p)h(y)dy+C/y ah(y)dy_f_cfybm y
0 R/2 R
[ h(y)
1- b— —a—p~+max{0,b —a b y
e N A e s

R/2

Note that due to our assumptions we have b — p, —a — p + max {0, b}, —a < 0 it suffices to consider only the integral
expression on the right-hand side. Here we have to consider the two cases b < 0 and b > 0 and we start with b <0
which is the easier one. It holds

R
h
C/yb (») — dySClepr
2+ R =y
R/2

and as we assume b < 0 the claim then follows as before.
Consider now the case b > 0: By splitting the integral in equidistant pieces we can estimate

R R
h(y) h(y)
C b—d CRb _—
/ 2t (R—yy = Ct+ Ry
R/2 R/2

. (R k () , IR @
<CR" ) / Gr R SR Y Gy
+1

k=L§J+lk71 k=L§J

Here we use |x| := max{(—oo,x]NZ} and [x] := min {[x, o) N Z}. Furthermore for k € N we denote by a; :=

f kk_l h (x)dx. As shown in Lemma 3.7 it holds ay < Cok™" for b > 0 and thus using this and estimating the sum by
an integral we obtain

R (R [R+1

RO gy <R | -
ny<2+<R—y>)“+pdy5CR 2 arw—mee =CF @+ R=x)dx

R/2 k=| 4]+ | £]+1

l—p
__C o [(1 +R— FJ) —(1+R- rm)l—p}
1—0p 2
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RI\'"
<CRb? (1 +R— bJ)

<CR'"PRV—P,

As b — p < 0 we can argue as before and this finishes the proof. O
It thus remains only to prove the following Lemma.

Lemma 3.7. Assume b > 0. For R > 1 we define ap := flf_l h (x)dx. There exists a constant Cy > 0 such that
ag < CoR™" holds forall R > 1.

Remark 3.8. This result also holds for b < 0 but as we can estimate directly in this case as seen above we do not need
this here.

Proof of Lemma 3.7. Note first that it suffices to prove the claim only for R € N. To see this assume that a, < Con™"
for all n e N and let R € [1, 00) \ Z. We can then estimate

R [R] LR] [R]

aR=/h<y>dys [ h(y)dy = / h(y)dy+/h(y)dyséo(LRr”+rRr”)

R-1 R]—1 [R]—1 LR]

—p —p
< CoR™" ((L—?) + C—f) ) <Co(2°+1)R™".

Here we used that % > % for R > 1. Thus choosing Cy = C‘o (2” 4+ 1) the claim holds for general R > 1.

We now prove the claim for a, with n € N by induction. By choosing Co sufficiently large, i.e. fol h(x)dx < Co,
the claim already holds for n = 1 and we can assume n > 1 in the following. Taking Eq. (47) with xo = 0, dividing by
x and integrating from n — 1 to n we obtain

ay = /h(x)dx_(l—p)/ /h(y)dydx+/ f/ KO D 3y (2) dedydx

n—1 —1 0 x—y
<(1—,0)/ *de+c/ // —agb=l 4 ybgas l)h(y)h(z)dzdydx
— 0 x—y
[y Y (y)
o ] [ S ]
B M T Y A s
= (D) + U+, (50

where we used Lemma 3.4 in the last step. We estimate the three terms separately:

1 —-pP
(I)S(I—p)n"<1——) <21 —p)n~", (D
n
where we used n > 2. Furthermore using Corollary 2.15 we have
c n 1 —aj, X —aj, c n
an < —— _ YO g YR gy < / I+x'~Pdx
n—1 24+ @ =y~ Q2+ @x=y)r~ n—1
n—1 \0 1 n—1
< (14n'=) =, (52)
n—1
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using n > 2 and p < 1 in the last step. The third term cannot be estimated directly as b > 0 and will require some
iteration argument. Choosing 0 < § < a such that § + p < 1 we first of all get

yPh(y) yPh (y)
111 dydx
= —1//<1+ S /<1+< —y

C kb
< a,
—n—1k§(1+(n—k))5+/> ¢

(53)

Summarising (50)—(53) we have shown so far that there exists a constant C| > 0 that does not depend on n such that

1
_ CI < kb B C, % J nb
a, <Cin "+ ar=Cin "+ ay+Ci——a
" "—1;<1+<n—k>>5+pk 1 "—1,§<1+<n—k>>5+” =1

As b < 1 there exists Ny € N such that C1 S < 5 for alln > Ny (i.e. Ny > (2C1)' + 1 suffices). Thus for n > Ny
we get

—1

2C) X kb

a, <2Cin P + a
n= n—1;(1+(n—k))5“’k

(54)

Choosing now C‘o sufficiently large such that f0N° h(y)dy < C‘ON()_ P we immediately have a,, < é’on’/’ foralln < Ny.
We now finish the proof by induction, i.e. we show a, < C‘on_p for all n € N. The constant C‘o depends on Ny that
will be both fixed below.

For n < Ny the claim holds by the choice of C~’o. Assuming now that a; < C‘ok_p holds for all kK < n we have due
to (54)

2C, kb—r

) k? - 2¢1Co +
apt1 <2C1(n+ 1)~ +—Zmakfzcl(”+) + » Z(2+n—k)6+p

20,C 20,C
<20 (n+ 1)+ =L 02(2+k)“<2c1(n+1)/’ ! °/(2+x)5/’
k=0 e
2C,C 1l—8=r . 4C
<20 (4 1) 4 2C1C (D 1) <(2ci+C— e ).
1-6—p n 1-6—p

(55)

1/8
We fix now first Nop € N such that Ny > max{(ZCl)l -5 41, ( 8?1/)) — 1}, which in particular gives

lfaclp 14+n)~% < % for all n > No. Then we fix Cp > max ’4C1, Né) 0 No py ) dy], which in particular ensures
that 2Cy < % Using this in (55) we finally obtain

C

Y L) P A
2 2

finishing the proof. O
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Appendix A. Moment estimates

Lemma A.1. Let h € X, and o € R. Then one has the following estimates

1. fODx“h (x)dx < C ||h| D"+ forall D> 0if p — 1 < «,
2. [ x%h (x)dx < C||h| D'=P¥ forall D > 0 ifa < p—1,

where ||h|| is defined in (13).

Proof.

1. The case a > 0 is clear by definition of X,. For a € (o — 1, 0) one has, using a dyadic decomposition, that

D 27"D 27"D

/x“h(x)dx =Z / x%h (x)dx < Zz—“<”+1>D“ / h (x)dx
02 n=0

0 n=Y%—-wm+1)p 2—(n+1) p
(0.¢] | 00 L
S ”h” Zz—a(ﬂ-‘rl)DD{ (2—nD) —p — 2—0{ ”h” Dl+0(—p Z (21+0l—p)
n=0 n=0
=C (o, p) [n] D' ",

2. This follows similarly using again a dyadic decomposition. O
Appendix B. Dual problems
B.1. Existence results

In this section we show the existence of solutions to some dual problems arising in the proof of the lower bounds.
Throughout this section we will use the following notation: M will denote the space of finite measures, ME_“ is the
space on non-negative finite measures. Furthermore C; denotes the space of bounded n-times differentiable functions
with bounded derivatives. Let w € (0, 1), A € R and consider the equation

r 1
f 0= P [ g G0 = @]y =0 B.1)
0
together with initial value f (x,0) =6 (- — A).

Proposition B.1. There exists a (weak) solution f € C ([0, T], Mg_n) of (B.1) with initial value fy=245(- — A). Fur-
thermore this f satisfies supp f (-,t) C (—o0o, A] and fR fC,tydx=1forallt €[0,T].

Proof (Sketch). First we consider the regularized equation
)
o f(x,t)="P /
0
fG.0)=45(—-A4A) (B.2)

m[f(x—l—y,t)—f(x,t)]dy
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with v > 0. In the second step we will pass to the limit v — 0. We can reformulate (B.2) as the following fixed-point
problem:

t [ee}
_p 00 1 dy d 1
fl} (x,l‘)=8(x—A)e fO yl+w+v }+/ (t S)f) 1+w+v y/mf(x—i—y)dyds (B3)
0 0

It is straightforward, applying the contraction mapping theorem, to obtain a solution f € C ([0, T], M‘}r“) for any
T > 0. Furthermore, one obtains fR fV(x,t)dx =1 for all t > 0 and v > O (by integrating the equation, see below).
In addition f satisfies Eq. (B.2) in weak form, i.e.

t [ee}
1
/f”(x,t)%ﬁ(X)dx=w(A)+///mf” (x,8) [¥ (x = y) — ¥ ()] dydxds (B.4)
R 0 R O

for all ¢ € Cp (R) and for 0 < @ < w taking ¥ (x) =
obtain (by approximation)

/f (0 (x)dx < |A|° + // W(x_y)_W(xﬂf”(x,s)dydxds

y1+w+v
0RO

Fmin {1517 Iy}
<|A|‘”+C/// [V (x,s)dydxds < C(T,w, ®, A).

1+w+

s and using [y (x = ) — ¥ (0] = Cmin{1y1%, 1y1] we

0 R O

Thus fR 1+|;“ —= f" (x, 1) dx is uniformly bounded (i.e. independent of v and 7).

Using this and that {f"},.( is uniformly bounded by 1, we can extract a subsequence {f""}, oy (denoted in the
following as {f"},cn) such that f” (-, ) converges in the sense of measures to some f (-, #x) for all kK € N, where
{tthken =10, T1NQ.

We next show that f” is equicontinuous in ¢ as a distribution, i.e. from (B.4) we obtain for any ¢ € C Cl (R):

t o0
1
/(fn(x,t)_fn(x,s))w(x)dx = //fn(x,r)/m[w(x—y)—lp(x)]dydxdr
s R 0

R
\ vl 720yl
f//f (x,r) mdy—l—/mdy dxdr
s R 0 1
=CW)lt—sl,

where C (v) is a constant independent of v but depending on v and v/’. Using the equicontinuity of f” (as a distri-
bution) one can show that f” converges to some limit f (in the sense of distributions) for all ¢ € [0, T'].

Using furthermore the uniform boundedness of fR |x |‘7) f" (x,1)dx one can show that " converges already in the
sense of measures by approximating and cutting the test function for large values of |x|.

Using similar arguments we can also show that for the limit f* — f we have f € C ([0, T], ME‘L“) and taking the
limit n — oo in (B.4), f satisfies

t o0
1
[renvwas=v@+ [ [ [ sl e ==yl (B.5)
R 0RO

for each ¢ € C,l (R) and all t € [0, T'].

From the construction of f using the contraction mapping principle we immediately get supp f (-, ) C (—o0, A]
forall r € [0, T]. To see f]R f (G, t)dx=1forall € [0, T] we integrate Eq. (B.1) over R and use Fubini’s theorem to
obtain o, fR G (-, 1) dx = 0. Thus together with the initial condition the claim follows. O
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Remark B.2. The analogous result holds true if fo = —§ (- — A).

As a direct consequence of Proposition B.1 we also obtain smooth solutions for smoothed initial data. Therefore
for k > 0 we denote in the following by ¢, a non-negative, symmetric standard mollifier with supp ¢, C [—«, k].

Proposition B.3. Let fo:= 68 (- — A). Then there exists a solution f € C' ([0, T, C*® (R)) to (B.1) with initial datum
Jo*xoe =@ (- — A).

Proof. This follows directly by convolution in x from Proposition B.1. 0O

Proposition B.4. There exists a strong solution f € C'([0,T],C® R)) to (B.1) with initial datum fy =
X(—00,A] * Pk

Proof. Let G be the solution given by Proposition B.3 for Gg := 8 (- — A) * ¢,. Then f (x,1) := fxoo G (y,t)dy
solves (B.1) with the desired initial condition. O

In the same way as in the proofs of Proposition B.4 and Proposition B.4 we obtain the following existence result:
Proposition B.5. Let ¢ > 0, L > 0 and A1, Ay > 0 be two constants (depending on some parameters). Then there exists
a weak solution G € C ([0, T], Mﬂ_n) and a strong solution W € C ([0, T], C*®) of the equation

1

al w (é? t) - f
0
together with initial condition G (-,0) =8 (- — A) and W (-, 0) = X(—c0, A] * Pr-

he (2)

[M 46+ +e)”] [W (g + % t) W, z)] dz=0 (B.6)

Remark B.6. The measure G has the same properties as the measure f in Proposition B.1.

Remark B.7. By convolution we also obtain a strong solution G € C ([0, T], C*) of (B.6) with initial condition
G(,0=8C—A)*q,.

For further use we denote the integral kernels occurring in Proposition B.1 and Proposition B.5 by

he (2)
Z

No(2):=z"'"? and N, (z):=

[M (z+e) "+ (z+s)b]. (B.7)

Proposition B.8. Let n € N, R € R and N;:(0,00) — Rxq either of the form N, for some w; € (0,1) or N;
given by (B.7) (and then continued by 0 to (0,00)) for i =1,...n. Let N := Y _?_, N;. Then there exists a solution
feCl(0,T],C*®(R)) to the equation

a f (x,1) =/N(z) [fG+2) - f0)]dz (B.8)
0

either with initial datum fo = X(—oco,R] *" ¢ OF fo =0 (- — R) *" ¢\, where x"* denotes the n-fold convolution with ¢,.

Proof. It suffices to consider the case n = 2 (otherwise argue by induction). Then by Proposition B.3 and Propo-
sition B.4 there exist solutions fi to Eq. (B.8) with N replaced by N; and initial datum fol =§(-) * ¢ and
f()2 = X(—o0,R] * @i (OF f()2 =8 (- — R) * ¢,). A straightforward computation shows that the convolution f := f!x f?
satisfies (B.8) together with the correct initial condition. O

Remark B.9. Let G, and f; be the solutions given by Proposition B.8 with initial condition G (-,0) =8 (- — A) %" @,
and f (-,0) = X(—c0,4] ¥" @«. Then from the construction in the proof of Proposition B.8 and Proposition B.1 we
obtain:



B. Niethammer et al. / Ann. 1. H. Poincaré — AN 33 (2016) 1223—-1257 1255

1. G, =0 on R (in the sense of measures) and 0 < f, <1 forall ¢ € [0, T],
2. supp G (-, t), supp fi (-, 1) C (—oo0, A +nk] forallt € [0, T],

3. [gG(.nydx=1forallze[0,T],

4. f, is non-increasing.

B.2. Integral estimates for subsolutions

In this section we will always assume that the integral kernel N is given as the sum of kernels of the form N, or
N, and we will prove some integral estimates that are frequently used.

Lemma B.10. Let w € (0, 1) and G the solution of

;G (x,1) = P/Nw @G (x+2)—G(x)]dz

GHO)=0(—-A)*p=pc(x—A) (B.9)

given by Proposition B.3, where P is a constant. Then for any u € (0, 1) one has

A-D

K\ M Pt
/G(x,t)dng(B) +Cﬁ forall D > 0.
—0oQ

Proof. By shifting with A we can assume A = 0. Let Z > 0. Then testing Eq. (B.9) with e?®~) (note that this is
possible as supp G C (—00, k]) one obtains

Oy / G (x,1)e?6)dx = p / [ NoW[Gx+y)—GC (X)]ez(x”‘)dydx

R R 0
oo
P/Nw O (e —1> dy/G(x,t)eZ(""‘)dy =:Mw(Z)/G(x,t)eZ(x_K)dx.
0 R
Furthermore
/GK (X,O)ez(x_'()dx=ffﬂx (x)e?C ) dx.
R R

Thus we obtain [ G (x, 1) e?“ ) dx = [ ¢ (x)e?@dxexp (—1 |M,, (Z)|). Estimating M,, (Z) we obtain

o0 (o)
1—e 2 P o\ 9,
|Mw(Z)|SP/Wdy=—;/(1—C y)@(y “)dy

0 0
00
PZ PZ(D rda-—
/y—we—ydyZP ( a))Zw
a) y@ ® a)
0
=CPZ".

Using that G =0 on (k, co) we get

K

f G (x,1) (1 - eZ<x—K>) dx

—0o0
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:/G(x,t)dx—fG(x,t)eZ(x_K)dxz 1 —/% (x)e?F ) dx exp (—1 | My, (Z)))

R R R

IA

1- / P () e“Tdx | + f P (x)e“5dx M, (2)|t
R R

As suppg C [—«, k] we can estimate e ~>%¢ < fR @ (x)e?¥~dx < 1. Then choosing Z = % and using also the
estimate for M,, we obtain

/G(x,t)dxff (x, r) 7 dx</(

—00 —00
<! (1 5)+cpr : <c(5) veltog
e j— e _ _
T l—e "D D® |~ "\D Do’
We now consider the situation of Proposition B.8 where the integral kernel is given as the sum of different kernels

Lemma B.11. In the situation of Proposition B.8 with n =2 one has

A-D A-D/2 -D/)2
/ G(x,t)dx < / G (x,t)dx + / Go (x,t)dx
—o0 —o0 —o0

forall D > 0.

Proof. We consider again only the case A = 0, while the general result follows by shifting. One has

-D

/G(X,t)dx=//X(—oo,—D](X+y)G1(x,t)Gz(y,t)dxdy
—00 R R
—D—y
/ / G (x,t) Gy (y,t)dxdy
—0oQ
oo —D-y -5 -D-y
=/ / Gi(x,t)Ga(y,t)dxdy + / f G1(x,1) G2 (y,t)dxdy
—b o0 —00 —00

< / G (x, t)dx/Gg(y t)dy + / G (y, t)dy/Gl(x t)dx

NS

i~}

—00 —00 R
-D/2 -D/2
< / Gi(x,t)ydx + / Go (x,t)dx

—0o0 —0o0

where in the last step we used that G; is normalized fori =1,2. O

Remark B.12. By induction we can prove the corresponding estimate for n > 2 with D/2 replaced by D/2"~! and «
replaced by nk (and of course summing over all G;,i =1, ..., n on the right hand side).
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