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Abstract
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1. Introduction

The aim of this paper is to develop localization techniques in order to establish regularity results for nonlocal
integro-differential operators and minimizers of fractional order s € (0, 1) and summability p > 1. Let 2 be a bounded
domain and let g be a function in the fractional Sobolev space W*7(R"). We shall prove general local regularity
estimates for the minimizers u, where u is minimizing the functional

F):= /Rn /Rn K(x, y)vx) —v(y)]” dxdy, (1.1)

over the class of functions {v e W*P(R") : v=g a.e.in R" \ Q}. Here K is a suitable symmetric kernel of order
(s, p) with just measurable coefficients, see (2.1). It is standard to show, which is in fact our Theorem 2.3 below,
that minimizers can be equivalently characterized by the weak solutions to the following class of integro-differential
problems

{Eu:O in Q,

u=g inR"\Q, (1.2)

* Corresponding author.
E-mail addresses: dicastro@mail.dm.unipi.it (A. Di Castro), tuomo.kuusi @aalto.fi (T. Kuusi), giampiero.palatucci @unipr.it (G. Palatucci).

http://dx.doi.org/10.1016/j.anihpc.2015.04.003
0294-1449/© 2015 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.


http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.anihpc.2015.04.003
http://www.elsevier.com/locate/anihpc
mailto:dicastro@mail.dm.unipi.it
mailto:tuomo.kuusi@aalto.fi
mailto:giampiero.palatucci@unipr.it
http://dx.doi.org/10.1016/j.anihpc.2015.04.003
http://crossmark.crossref.org/dialog/?doi=10.1016/j.anihpc.2015.04.003&domain=pdf

1280 A. Di Castro et al. / Ann. 1. H. Poincaré — AN 33 (2016) 1279-1299

where the operator £ is defined formally by

Lu(x)=P.V. /Rn K (x, ) —uP > @) —u(y)dy, xeR" (1.3)

the symbol P.V. means “in the principal value sense”. We immediately refer to Section 2 for the precise assumptions
on the involved quantities.

To simplify, one can keep in mind the model case when the kernel K (x, y) coincides with [x — y|~®*+5?)though
in such a case the difficulties arising from having merely measurable coefficients disappear; that is, the function u
reduces to the solution of the following problem

(—A);u =0 in€,
{ u=g inR"\ ,
where the symbol (—A)), denotes the standard fractional p-Laplacian operator.

Recently, a great attention has been focused on the study of problems involving fractional Sobolev spaces and
corresponding nonlocal equations, both from a pure mathematical point of view and for concrete applications, since
they naturally arise in many different contexts. For an elementary introduction to this topic and for a quite extensive
list of related references we refer to [8].

However, for what concerns regularity and related results for this kind of operators when p # 2, the theory seems to
be rather incomplete. Nonetheless, some partial results are known. Firstly, we would like to cite the higher regularity
contributions for viscosity solutions in the case when s is close to 1 proven in the recent interesting paper [1]; see,
also, [16]. Secondly, the analysis in the papers [3] and [18] considers the special case when p is suitably large — thus
falling in the Morrey embedding case when concerning regularity. See also [9] for some basic results for fractional
p-eigenvalues.

On the contrary, when p =2 and K (x,y) = |x — y|7"=2 that is the case of the well-known fractional Laplacian
operator (—A)*, the situation simplifies notably. Although having been a classical topic in Functional and Harmonic
Analysis as well as in Partial Differential Equations for a long time, in the last years the growing interest for such
operator has become really significant and many important results for the minimizer of (1.1) have been achieved. For
what concerns the main topic in the present paper, i.e., the local behavior of the fractional minimizers, it is worth
mentioning the very relevant contributions for the case p = 2 by Kassmann [12,13]; see also [31,30]. In particular,
among other results, Kassmann proves Holder regularity and a Harnack inequality “revisited” in the right form taking
into account the nonlocality of the fractional Laplacian operator; we refer also to [11] to discover how the classic
Harnack inequality fails in the fractional framework.

In the present paper, we will deal with a larger class of operators with a symmetric kernel K having only measur-
able coefficients, and, above all, satisfying fractional differentiability for any s € (0, 1) and p-summability for any
p > 1. For this, we will have to handle not only the usual nonlocal character of such fractional operators, but also
the difficulties given by the corresponding nonlinear behavior. As a consequence, we can make use neither of the
powerful framework provided by the Caffarelli-Silvestre s-harmonic extension [4] nor of various tools as, e.g., the
sharp 3-commutators estimates introduced in [5] to deduce the regularity of weak fractional harmonic maps, the strong
barriers and density estimates in [26,28,29], the commutator and energy estimates in [25,27], and so on. Indeed, the
aforementioned tools seem not to be trivially adaptable to a nonlinear framework; also, increasing difficulties are due
to the non-Hilbertian structure of the involved fractional Sobolev spaces W*-? when p is different than 2.

We will have to work carefully in order to obtain the needed local estimates. For this, we want to underline that a
specific quantity will be fundamental throughout the whole paper. Namely, we introduce the nonlocal tail of a function
v e W5P(R") in the ball Bg(xog) C R" given by

(1.4)

1

Tail(v; xg, R) := [R“"/ o) P |x —x0|_(”+‘”’)dx:| " (1.5)
R\ Bg (x0)

Note that the number above is finite by Holder’s inequality whenever v € LY(R"), g > p— 1, and R > 0. As expected,

the way how the nonlocal tail will be managed is a key-point in the present extended local theory. We believe that

this is a general fact that will have to be taken into account in other results and extensions in the nonlinear fractional

framework.

We are now ready to introduce our main results. The first one describes the local boundedness.



A. Di Castro et al. / Ann. I. H. Poincaré — AN 33 (2016) 1279-1299 1281

Theorem 1.1 (Local boundedness). Let p € (1, 00), let u € WP (R") be a weak subsolution to problem (1.2) and let
B, = B (x0) C Q2. Then the following estimate holds true

1
_(p=Dn )
sup u < 8Tail(uy; xg,r/2) +cs <][ uf_ dx) ' , (1.6)
By j2(x0) By (x0)

where Tail(uy; xo, r/2) is defined in (1.5), uy = max{u, 0} is the positive part of the function u, § € (0, 1], and the
constant ¢ depends only on n, p, s and on the structural constants A, A defined in (2.1).

The parameter § allows interpolation between the local and nonlocal terms. Armed with the Logarithmic Lemma
and the Caccioppoli estimate with tail introduced below, together with the deduced local boundedness, we can prove
our main result, that is, the Holder continuity theorem.

Theorem 1.2 (Holder continuity). Let p € (1,00) and let u € W5P(R") be a solution to problem (1.2). Then u is
locally Holder continuous in Q2. In particular, there are positive constants o, « < sp/(p — 1), and c, both depending
onlyonn, p,s,\, A, such that if By, (xg) C 2, then

ol :
osc u<c (—) Tail(u; xo, ) + lu|? dx
By (x0) r By (x0)

holds whenever o € (0, r].

The theorem above provides an extension of classical analogous results by De Giorgi—-Nash—Moser [6,24,23] to the
nonlocal, nonlinear framework. It also extends the recent aforementioned result by Kassmann [12] to the case p # 2.
Moreover, it is worth noticing that in the linear case studied in [12] a further boundedness assumption is required,
which is now for free thanks to Theorem 1.1.

In the proof of the Holder continuity the following logarithmic estimate plays the key role. We state it in the
introduction as we think that it might be extremely useful also in other contexts.

Lemma 1.3 (Logarithmic Lemma). Let p € (1, 00). Let u € W*P(R"™) be a weak supersolution to problem (1.2) such
that u > 0 in Br = Br(xo) C 2. Then the following estimate holds for any B, = B, (xo) C Br/2(x0) and any d > 0,

d
J, J, ke e ()|

! sp _
<cpnP {d“!’ (%) [Tail(u_: x0, R)]" ™" + 1}, (1.7)
where Tail(u_; xq, R) is defined in (1.5), u_ = max{—u, 0} is the negative part of the function u, and c depends only
onn, p,s, »and A.

dxdy

Then, we will show that the fractional p-minimizers, equivalently the weak solutions to the Euler-Lagrange equa-
tion associated to (1.1), satisfy the following nonlocal Caccioppoli-type inequalities.

Theorem 1.4 (Caccioppoli estimates with tail). Let p € (1, 00) and let u € WP (R") be a weak solution to problem
(1.2). Then, for any B, = B, (xo) C 2 and any nonnegative ¢ € Cgo (By), the following estimate holds true

/B /B K (6 9)wa ()6 () — wa (1) ()P dxdy

<c / | Ky max(s (), w0 I0) — S )17 drdy

+c / w+ (x)P? (x) dx ( sup / K(x, y)wi_l(x) dx) , (1.8)
B, R™\B,

Y €supp ¢

where wy := (u — k)+ and c depends only on p.
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Remark 1.5. The estimate in (1.8) continues to hold for wy when u is merely a weak subsolution to (2.3) and for w_
when u is a weak supersolution to (2.3).

Notice that, as expected, in the nonlocal framework one has to take into account a suitable tail; see, in particular,
the estimate in (5.14) below to see how the second term in the right hand-side of (1.8) is controlled by a tail as given
in definition (1.5). Also, it is worth mentioning that other fractional Caccioppoli-type inequalities have been recently
used in different contexts (see, for instance, [21,22,9]), although none of them takes into account the tails.!

Let us finally comment some recent results in the literature. In [7] we prove Harnack-type inequalities with tail for
weak supersolutions and solutions to (1.2). These can be applied to obtain Holder continuity of the solutions. However,
the proofs in [7] are heavily based on the tools developed in the present paper. Moreover, the regularity theory for
the inhomogeneous counterpart Lu = f have been settled in [14] in a general setting, including also the case when
the source term f is merely a measure. In turn, these results are partly based on the quantitative estimates established
here. The principal value definition (1.3) has been used in [17] to obtain regularity results in the context of viscosity
solutions. Also, for general existence results and other regularity issues, we refer to the very recent contributions

n [15], and in [2], where the related fractional p-eigenvalue problem has been considered.

The paper is organized as follows. In Section 2 below, we fix the notation by also providing some preliminary
results. Section 3 is devoted to the proof of the Logarithmic Lemma 1.3 and the Caccioppoli estimates with tail in
Theorem 1.4. In Section 4, we establish the local boundedness given by Theorem 1.1. In Section 5, we shall finally
prove the Holder continuity given by Theorem 1.2.

2. Preliminaries

In this section, we state the general assumptions of the problem we deal with in the present paper, we fix notation,
and we provide some definitions and some basic preliminary results that we will use in the following pages.
The kernel K : R" x R" — [0, 00) is a symmetric measurable function such that

A< K(x,y)|x —y|"P < A for almost every x, y € R", 2.1
for some s € (0, 1), p > 1, A > X > 1. Notice that such assumption on K can be weakened as follows

A< K(x,y)|x —y|""P < A for almost every x, y e R" s.t. [x — y| < I,

0 < K(x,y)|x —y|""" < M for almost every x, y e R" s.t. [x — y| > 1,

for some s, A, A as above, n > 0 and M > 1; see, e.g., [12,13]. For the sake of simplicity, we will keep the assumption
in (2.1), since such a choice will imply no relevant differences in all the proofs in the rest of the paper.
For any p € [1, 00) and s € (0, 1) we denote by W* 7 (R") the fractional Sobolev space, that is

lw(x) —v(y)|
x—ylrt

i.e., an intermediary Banach space between L”(R") and W17 (R"), endowed with the natural norm

1
. [v(x) —v(y)|? G
lvllws.p®ny = (/R [v|P dx) </H /n X — yp dxdy | .

In a similar way, it is possible to define the fractional Sobolev space W*?(£2) in a domain 2 € R". Furthermore, by
saying that v belongs to Wg’p (£2) we mean that v € WP (R") and v = 0 almost everywhere in R" \ Q.

As mentioned in the introduction, we define the nonlocal tail of a function v in the ball Bg(xy), a quantity which
will play an important role in the rest of the paper. For any v € WP (R") and Bg(xg) C R", we write

WHP(R") := {v eLP(R"): e LP(R" x R")}

1
-1

Tail(v; xg, R) := I:RSP/ ()P~ x = xo| "5 dx:| ' , (2.2)
R™\Bg(x0)

which is a finite number by Holder’s inequality since v € L? (R") and R > 0.

I we recently discovered that Kassmann proved similar Caccioppoli estimates with tail terms in the linear case, when p = 2; see [10].
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Let 2 be a bounded open set in R"” and g € W*P(R"), we will be interested in weak solutions to the following
integro-differential problems

{ Lu=0 ing, (2.3)

u=g inR\Q,

where the operator £ is formally defined in (1.3). Notice that the boundary condition is given in the whole comple-
ment of €2, as usual when dealing with such nonlocal operators. A model example we have in mind is the fractional
p-Laplacian, that is

— -2 —
LAY u(x) = 5. p) P'V./ ) — P2 —u )
= ox =yl

with s € (0,1) and p > 1.
Now, let us consider in W*-?(R"), the following functional

F(u) =/Rn /1.&" K (x, )lu(x) —u(y)|” dxdy. (2.4)

In view of the assumptions (2.1) on K, one can use the standard Direct Method to prove that there exists a unique
p-minimizer of F over all u € WP (R") such that u(x) = g(x) for x € R" \ Q. Moreover, a p-minimizer u is a weak
solution to problem (2.3) and vice versa (see Theorem 2.3 below).

To specify relevant spaces, for given g € W* P (R"), we define the convex sets of W* 7 (R") as

Kg (@) :={ve WPR" : (g—v)+ e Wy (@)}
and
Ke(Q):=KH (@ NK; () ={veWPR") : v—ge Wy (Q)}.

We recall that the functions in the space W(‘;”’ (€2) are defined in the whole space, since they are considered to be
extended to zero outside 2.

We conclude this section by recalling the definition of weak sub- and supersolutions as well as weak solutions to
problem (2.3).

Definition 2.1. Let g € W57 (R"). A function u € ICg (IC;{) is a weak subsolution (supersolution) to problem (2.3) if

/n /R” K (e, ) u(x) — u)P 2 ux) —u())(nx) — n(y))dxdy < (=)0 (2.5)
for every nonnegative n € Wy'” ().

A function u is a weak solution to problem (2.3) if it is both weak sub- and supersolution. In particular, # belongs
to ICq (R2) and satisfies

/ /R K (e ) lux) — eI u(x) — () () — () dxdy =0 2.6)
for every n € Wé’p(Q).
Similarly, we recall the definition of sub- and superminimizers of (2.4). We have

Definition 2.2. Let g € WP (R"). A function u € ICg’ is a subminimizer of the functional (2.4) over ICg’ if F(u) <
F(u + n) for every nonpositive n € Wé "P(Q). Similarly, a function u € ;C; is a superminimizer of the functional (2.4)
over IC;‘ if F(u) < F(u + n) for every nonnegative n € Wg’p(Q).

Finally, u € K, is a minimizer of the functional (2.4) over K, if F(u) < F(u + n) for every n € Wy'¥ ().
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2.1. Notation

Before starting with the proofs, it is convenient to fix some notation which will be used throughout the rest of
the paper. Firstly, notice that we will follow the usual convention of denoting by ¢ a general positive constant which
will not necessarily be the same at different occurrences and which can also change from line to line. For the sake of
readability, dependencies of the constants will be often omitted within the chains of estimates, therefore stated after
the estimate. Relevant dependences on parameters will be emphasized by using parentheses; special constants will be
denoted by co, c1, .. ..

As customary, we denote by

Br(xp) = B(xg; R) := ’x eR": |x —xg| < R}

the open ball centered in xop € R" with radius R > 0. When not important and clear from the context, we shall
use the shorter notation B := B(xp; R). We denote by BBr the concentric ball scaled by a factor g > 0, that is
BBg := B(xo; BR). Moreover, if f € L'(S) and the n-dimensional Lebesgue measure |S| of the set § € R”" is finite
and strictly positive, we write

1
(f)s 1=][ fx)dx = —ff(x)dX- 2.7
s IS| Js
Let k € R, we denote by
wi(x) := (u(x) — k)4 = max{u(x) —k, 0}, (2.8)
and
w—(x) == (u(x) —k)- = (k —u(x))+. (2.9)

Clearly w4 (x) # 0 in the set {x € S : u(x) > k}, and w_(x) # 0 in the set {x € S : u(x) < k}.
2.2. Existence and uniqueness of the minimizers
The proof of the existence and uniqueness for fractional minimizers is simple and it is recorded into the following.

Theorem 2.3. Let s € (0, 1) and p € [1, 00), and let g € WP (R"). Then there exists a minimizer u of (2.4) over Kg.
Moreover, if p > 1, then the solution is unique. Moreover, a function u € K4 is a minimizer of (2.4) over K, if and
only if it is a weak solution to problem (2.3).

Proof. The proof plainly follows by the Direct Method of Calculus of Variations. One can take any minimizing
sequence u; € Kg. Due to the assumptions on the kernel K, one can control the fractional seminorm of u, so that,
one can find by pre-compactness in L? (see, for instance, [8, Theorem 6.7]) a subsequence u j, converging pointwise
a.e. to a function u € ;. By Fatou’s lemma we deduce that u is actually a minimizer of (2.4) over K, . The uniqueness
in the case p > 1 follows from the strict convexity of the functional.

Furthermore, the fact that u solves the corresponding Euler-Lagrange equation follows by perturbing u € IC, with
a test function in a standard way. Indeed, supposing that u € K, is a minimizer of (2.4) over K, take any ¢ € Wg P (Q)
and calculate formally

d d
© Futi9) =f / K jux) — u(y) + 1@ (x) — ()P dxdy
t n JRn dr

t=0 t=0

- p/Rn /R K G, o) — a2 w@) = () @) — $()) dady .

Since u is a minimizer, the term on the left is zero and hence u € K, is a weak solution to problem (2.3). For the
converse, let u € Ky be a weak solution to problem (2.3) and take ¢ =u —v € W(‘;’p (€2), where v € KCg. Then, by
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Young’s inequality,
0= [ [ K@ plut — a2 - um) @) - ¢ drdy
= [ [ K - umir axdy
[ RGP0 — w0 - o) dedy
= [ [ Kl —ueir avay

1
——/ f K(x, y)lvx) —v(y)]”dxdy,
P Jrr JRr

and hence u is a minimizer of (2.4) over ,. O
3. Fundamental estimates

In this section, we establish some relevant estimates that we will use in the following. We believe that these
results could have their own interest in the analysis of equations involving the (nonlinear) fractional Laplacian and
related nonlocal operators. The first of them states a natural extension of the well-known Caccioppoli inequality to the
nonlocal framework, by showing that in such a case one can take into account a suitable tail, in order to detect deeper
informations.

Proof of Theorem 1.4. For the sake of generality, we would point out that the present proof is also valid when p = 1.
Let u be a weak solution as in the statement. Testing (2.5) with 1 := w4 ¢, where ¢ is any nonnegative function
in C3°(B,(x0)), we get

oz/B /B K, ) lue) — u(n)]?~2
X () — u ()W (PP (X) — w (1) () dxdy

+2f K (x, y)|u(x) —u(y)|P~>
R"\B, J B,

x (u(x) —u(y)w(x)¢” (x) dxdy (3.1

Note that 7 is an admissible test function since truncations of functions in W*-?(R") still belong to W* 7 (R").
Let us consider the integrands of the two terms above separately. In the first term, we may assume without loss of
generality that u(x) > u(y); otherwise just exchange the roles of x and y below. We have

lu(x) — (P72 w(x) — u() (wy ()P (x) — wi (PP (y))
= (u(x) — )P (W) = k) 9" () = w(y) =147 ()

(w4 () —wyYNP N wr()P? (x) —wr(MPP (), ux), u(y) >k
= (u(x) — Lt(y))p’1 wy ()PP (x), ulx) >k, uly)<k
0, otherwise

> (w4 (x) — wi (MNP Wi ()PP (x) — wi ()PP ().

For the second term in the right hand-side of the inequality in (3.1) we instead have
lu(x) —u(IP 2 wx) — u())wi(x) = —uy) — u(x))i_l(u(X) —k)+
= —(u() — Y W) = b+

= —w ()" wix),
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and estimating further we obtain

/ , / K (e () — uO))P2@(x) — u(»)wo ()¢ (x) dedy

> / / K Gyl () (0P () dxdy
"8, JB,

Z—( sup /Rn\g K(x,y)wfil(y)dy>f w4 (x)¢? (x) dx.

X esupp ¢

We thus deduce from (3.1) that
0> /B /B K (e, )l (6) — w (0]

X (W () — Wi (1) (W (VPP (¥) — w (NP (1)) dxdy
—2( sup / K(m)wi“(y)dy) f w (07 (x) dx. (3.2)
xesupp ¢ JR"\ B, B,

Let us then consider the first term in the inequality above. If wy(x) > w4 (y) and ¢ (x) < ¢(y) in the integrand,
we appeal to Lemma 3.1 below and get

PP x) = (1 —cpe)d?(y) — (1 +cpe) e Plp(x) —p(y)|” (3.3)
for any ¢ € (0, 1] with the constant ¢, = (p — 1)I"(max{1, p — 2}). Thus, by choosing
. 1 W (x) — w4 (y) € 0. 1]
max{1, 2cp} w4 (x)

we get
(W (x) = wi )P~ wi (NP (1) = (Wi () — wi ()P~ wo (x) (max{p (x), (1)
1
— 5 Wi (x) = w4 (y)? (max{g (x), p(»H”

— c(max{w4 (x), wr(MHP1P(x) — (M7

with ¢ = ¢(p). Recall that in the estimate above we assumed that ¢ (x) < ¢(y), max{¢ (x), ¢ (¥)} = ¢ (y). However,
when 0 = w4y (x) > w4 (y) >0 or wi(x) > w4 (y) and ¢(x) > ¢ (y), the estimate in the display above is trivial and
hence we conclude that it holds also in these cases. It follows that

(Wi (x) —wi (M~ (Wi @)P? (1) — wi (NP ()
> (i (x) — wi(y)? (wy (¥)(max{p (), p(MNH? — wi(3)6” (1))
— 3 04— Wi () (maxlg (), p)
— c(max{w (x), wi (MNP 1) — ()7
= 2 04 () — wi () (maxlg (), 9

— c(max{w (x), wy MH?[P(x) —p()I”

whenever wy (x) > w4 (y). If, on the other hand, w4 (y) > w4 (x) in the integrand, we may interchange the roles of x
and y in the display above by analogous reasoning. Hence we arrive in all cases at
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f [ K (x, Y)|wi (x) — wi (3)]P 72
X (W4 (x) — wi (M) (W ()PP (x) — wi (¥)d? (y)) dxdy

1
> 5/ / K(x’y)|w+(x)_w+(Y)|p(maX{¢(x),¢(y)})pdxdy

— C/B /B K (x, y)(max{wy (x), wr () D? | (x) — ¢ (y)|? dxdy. 3.4)
Observing finally that

wi ()P (x) — wi(NSMIP <27~ wy (x) — w ()P (max{e (x), ¢ (1))
+ 277 (max{w, (x), wy NP 16 ) — ¢

and combining this with (3.2) and (3.4) concludes the proof of (1.8) for w.
In order to prove the estimate in (1.8) for w_, it will suffice to proceed as above, using the function n = —w_ ¢,
instead of = w4 ¢, as a test function in the weak formulation of problem (2.3). O

Above we made use of the following trivial but very useful small lemma.

Lemma 3.1. Let p > 1 and ¢ € (0, 1]. Then
lal? <|blP +cpelbl” + (1 +c,,5)817p|a —b|?, cp:=(p— DI'(max{l, p —2}),
holds for every a,b € R™, m > 1. Here T stands for the standard Gamma function.

Proof. By the triangle inequality and convexity we obtain

lal? < (Ib] + la — b))?

1 e la—>bl\?
=(1 P b
(1+e) <1+8| |+1+8 € )

1 p-1
<(I+&)P b + (i> la — bl .
€
Estimating

I+e
A+ '=14(p- 1)/ tP72dr <1+ e(p— Dmax{1, (1 + )"},
1
and then iterating, to get the Gamma function bound, concludes the proof. O

We would like to recall that, as in the classic local case, the proven Caccioppoli estimates with tail encode basically
all the informations deriving from the minimum property of the functions u for what concerns the corresponding
Holder continuity.

We next show the validity of the second main tool, that is the Logarithmic Lemma 1.3.

Proof of Logarithmic Lemma 1.3. Let d > 0 be a real parameter and let ¢ € Cgo(B3r /2) be such that
0<p<1, ¢=1inB, and |Dp|<cr 'inB, C Bgp.

We use in the weak formulation of problem (2.3), the test function 1 defined by
n=(u+d)'P¢r.

Note that since # > 0 in the support of ¢, the test function is well-defined. We get
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0=/ / K e, )lux) — w1772 (u(x) — u(y))
By J By

[ ¢r (x) ¢P(v) ]
X - dxd
@) +d)P=" (u(y) +d)r-!
+2‘/Rn\32r \/BZr K(x’y)h/t(X) u(y)| (u(x)'i_d)p*l(b ('x) dxdy
=1L+ D (3.5)
If u(x) > u(y), for the integrand of /1, we use the inequality in Lemma 3.1, by choosing there a = ¢ (x), b = ¢ (¥)
and
_ 540 —u0)
T u) +d
since u(y) > 0 for any y € B, C Bg. It follows that
Pr)  ¢PO) }
u@x)+d)P='  (u(y) +d)r-!
u(x) —u(y) 3 (u(x) +d>p—l
u@)+d  \u(y)+d

€(0,1), withse(0,1),

K (x, »)u(x) — ()P~ u(x) — u(y)) [

) —uy)r!

=K e T

o7 (y) |:1 +cé

+ c8"PK (x, I (x) —d ()17,

where ¢ = c(p). Observe that the first term that appears in the right-hand side of the previous inequality can be
rewritten as

+cé|=:Jq. (3.6)
n)+d
ulx)+d Z(in

1=p
1— u(y)+d
u(x) —u(»\?’ (u(x)+d

K(x,y) <4 'V | —— o
Now, consider the real function ¢ — g(¢) given by

=77 p-1
1—1t 1—1t¢

1
g = / ™ Pdr, Vte(0,1).
t

We have that g is an increasing function in ¢, since

1 1
tr—)—/ t Pdr

is a decreasing function (recall that p > 1). Thus
gy =—(p—1) Vre(,1.

Moreover, if t < 1/2, then

—1 ¢l=pr

21—t

gty <=L

Therefore, if

u(y) +d
t= m € (0, 1/2];
that is,
ux)+d
s
then, since (u(x) — u(y))w(y) +d)?~1/(u(x) + d)? < 1, we get

u(y)+d<
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p—1)\ [u@) —u) 1"~
Ji = K(x,y) (65— X >[ u(y)+d } " (y). (3.7
Choosing
p—1
= T, (3.8)
we get

Jl S _K(-xsy)

p—1Tu@) —u@]!
2p+1 u(y)+d
If, on the other hand,

u(y)+d
=——€e(1/2, 1
M(X)ere(/, )s
that is,
d
u<y>+d>%,
then

_ P
Ji < K(x,y)[es— (p— )] [%—f(f} ¢ (y),

and so, by the choice of § in (3.8), we finally get

@ = D(p =1 [u@) —um»]’

B =K@y [ T } 97 () (3.9)
Furthermore, if 2(u(y) +d) < u(x) +d, then

- ap - p—1

L u(y)+d) | u(y)+d
holds with ¢ = c¢(p). On the other hand, if 2(u(y) + d) > u(x) + d, recalling that we have assumed u(x) > u(y), then

[ (ux)+d\]” u(x)—u(y))r (u(x)—u(y)>”

1 =11 1+ — 2P /= 11

_°g<u(y>+d>_ [Og( Tumra )] =T Cuora ) G1D

where we have used
ulx) —uy) _ 2[u(x) —u(y)]
u(y)+d —  ux)+d
Thus, combining (3.6) with (3.7), (3.9), (3.10) and (3.11), we conclude with
P (x) dP(y) }

_ p—2 _ _
K (x, ) lux) = ()P @) ”(y’)[(u(x) T T GO T

log(1+£) <& VE>0, with &=

1 d\1?
< K@y [mg(“("” )] SP(y) + 8P K (x, )b (x) — ()7
c u(y) +d

Observe that when u(x) = u(y), then the estimate above holds trivially. If, on the other hand, u(y) > u(x) we can
again exchange the roles of x and y in the computations above. We finally get for the first term in (3.5) that

u(x) +d
1 —_— K 1
1= /B/B (o) °g< <)+d)

+C/ K@, g x) —¢()|F dxdy (3.12)
Boy J By

¢P (y) dxdy

for a constant ¢ = ¢(p) by the choice of §.
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For the second contribution in (3.5), namely I, we can proceed as follows. First of all, notice that when y € Bg,
u(y) >0 and so

- p=l
%51 forall x € By, y € Bg.

Moreover, when y € R" \ Bg,
@) — ()™ <277 P ) + (w(y)”™'] forall x € By,

Therefore,

’252/ /K(x,yxu(x)—u(y»i‘l(d+u<x>)“P¢P(x>dxdy
Br\Bar J By
+2 / / K (e ) () — u())2 ™ (d + ()PP (x) dxdy
"\Bg J By,

<c f K(x, )¢ (x) dxdy
R”\Bz, BZr

+ed' 7P / / K (e, y)@(y)” " dxdy (3.13)
"\Bg J By
follows for ¢ = ¢(p). By the assumptions on K and the fact that the support of ¢ belongs to B3, /2, we have
/ / K(x,y)¢p? (x)dxdy < c¢ sup r" / K(x,y)dy <cr*™? (3.14)
"\By, J By XE€B3; 2 R\ By,
| @™
/ / K@ y)u()”  dxdy <c|B,| =
"\Bg v By, R"\Bg |y _x0| P
r" . -1
<co [Tail(u_; x0, B)]" ", (3.15)

where we also used that, for any x € B,, y € R" \ Bg and 2r < R,

— X X — X
ly O'S | ol 1+ <2
ly — x| lx =yl — R—r

By combining (3.13) with (3.14) and (3.15), we obtain

h<c / K)o ) — $ ([P drdy + cr"=
By, J By

+ed" =P " R [Tail(u_; xo, B,
which, together with (3.12) in (3.5), yields

() +d
K
/Bz,/gz, (x y)‘ (()+d>

SC/ / K (e, 9)lp) — ¢ ()P dxdy
By, J By

#P(y)dxdy

+ed" PPt R [Tail(u—; xo, R)]7 ™" 4 er" =P (3.16)
Finally, in order to conclude the proof, we need the following estimate
f f K, 0l @x) =P drdy < er™? / — y| 7P dady
By, J By By J By

—— 71 *P|By, 3.17
fpa_) B2y, (3.17)
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where we used the bound from above on the kernel K and the fact that we are assuming | D¢| < cr~!. The proof of
(1.7)is finished. O

A first consequence of the Logarithmic Lemma is the following

Corollary 3.2. Let p € (1,00) and let u € WP (R") be the solution to problem (2.3) such that u > 0 in Bgr =
Br(xp) C Q. Leta,d > 0, b > 1 and define
v :=min {(log(a +d) —log(u +d)), , log(b)} .
Then the following estimate holds true, for any B, = B, (x0) C Br2(x0),
sp _
][ o= @glPdx<cfa™? (£) 7 [Tailtoixo, R + 1}
B,

where Tail(u_; xq, R) is defined by (2.2) and c¢ depends only on n, p, s, A and A.

Proof. By the fractional Poincaré type inequality (see, e.g., Proposition 5.1, Formula (6.3) in [20]) and the assumption
in (2.1) for K we get

][ lv— (g, [P dx < cr”’*"/ / K(x, y)lvx) —v(y)]” dxdy
BV Br Br

with a constant ¢ = c(n, p, s, A, A). Now observe that v is a truncation of the sum of a constant and log(u + d) and
hence it follows that

3 » u(y)+d>
fB, /B,K(x’y)'”(x) ()P dxdy < /B /BrK(x,y)‘log<—u(x)+d

At this stage, in order to conclude, it just suffices to apply the estimate in (1.7). O

p
dxdy.

4. Local boundedness

In this section, we prove the local boundedness for the fractional p-minimizers of the functional (2.4), as stated in
Theorem 1.1.

Proof of Theorem 1.1. Before starting, let us give some definitions. For any j € N and r > 0 such that B, (xo) C €2,
=52y =T
Bj = By, (x0). Bj=Bs,(xo). “.1)
Moreover, take
¢ €C(Bj), 0<¢; <1, ¢;j=1onBj;1, and |Dep;| <2/3/r,
kjy1+k;
I
Wj=(u—kj)r and w;=u—kj);. (4.2)
By the fractional Poincaré inequality applied to the function w ;¢ ;, as defined above, together with the properties
of the kernel K, we plainly get

(7[3. 1 ()b ()P dx) - ‘ ][B} 0;(0; (x) dx

ki=k+(1—-2"Dk, kj= keR" and k R,

p

J

P

c (7[3 (055 — (@ ;0,05 17 dx)

J

IA

7P
c—

IA

ri‘l

[ Ko, = 0,006, 0017 axay, ws)
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where p* =np/(n — sp) is the critical exponent for fractional Sobolev embeddings, so that we are now dealing with
the case when sp < n.
Using the nonlocal Caccioppoli inequality with tail given by (1.8), with w = w; and ¢ = ¢; there, we arrive at

(][B_ 50 1 dx)

<ot f [ Ky maxtng 0., 007160 = 8 )17 drdy

+cr”’][ wj<y>¢§’<y>dy( sup / K(x’y)wf_l(”dx)
B; R™\B;

YESupp ¢

+ c][ [W;(x)pj(x)|” dx. (4.4)
Bj
By the definition of ¢; and the assumption (2.1), we obtain the following estimate for the first term in the right
hand-side of the inequality above,

5P ][B. /B_ K (x, y)(max{; (x), ©; ()N’ |¢;(x) — ¢;(3)]” dxdy

. }’SP dx
<c2 T fBj w; ) </B, |x_y|n—p(l—s)>dy

c2ip
S N
p(l - S) Bj
For the second term on the right in (4.4), we get

cr”’][ w/<y)¢§’(y>dy( sup f K(x,ym;"l(x)dx)
Bj R™\B;

YESupp ¢

wj?(x) dx. 4.5)

P p—]
cmmmpn(§ O N e
B; (kj —kj)r~! Ri\B; X0 — x["+P

2J(ntsp+p=1)

<c——— [Tail(wg: x0.7/2)]" ][ wf (y)dy, (4.6)
kp=1 B;

where we have just used the definitions in (4.1)—(4.2), the facts that w; < wf/(l;j - kj)f”_1 and that y € Bﬁj =supp¢@;
and x e R" \ B; yield

|x — xol < |x — y| + |xo — x| <14 r/~ < 2t

x =yl =yl =7

The left hand-side of (4.4) can be estimated from below as follows
P P

" r* - P-pp P
(][B_|wj<x>¢j(x)|f’ dx) > (k1 — )T (fB wfﬂ(x)dx)

J

P*=pp v

=\ 5% ][B‘+1 wj_H(x)dx . 4.7)

By combining (4.4) with (4.5), (4.6) and (4.7), we obtain

~1_ * p 2 : . p-1

il=r/p Aj;_* < epflmtspp=D 1 4 [Tall(wo,xo,r/Z)] 1) a”

PPN i+1 = i '
s | A p(1—s) k-

<=

where we have set A; := <7FB]_ wf (x) dx)



A. Di Castro et al. / Ann. I. H. Poincaré — AN 33 (2016) 1279-1299 1293

Now, by taking

k>6 Tail(wo; xo,r/2), 8 €(0,1], (4.8)
we get
p
. % _ . (n+sp+p—1 | s .
(AJ];])p < 811)175157* ZJ(T)Jr’f)—Ij;], 4.9

»*—=p) -

2 2
where c=2" 7 ¢ Q2+ (p(1—s)"1)r.
(n+sp+p—Dn S
Setting 8 :=sp/(n —sp)=p*/p—1>0and C:=2 posp - tap > 1, the estimate in (4.9) becomes
. -pp* N\ B
At T <ﬂ>

k k

Thus, it suffices to prove that the following estimate on Ag does hold

AO (p=Dp* 1
T <8 2 ¢ BC

and, by a well-known iteration argument, it will follow A; — 0 as j — oco. Since

1
82

(p—Dp* _p—1 n n—sp (p—Dn
B p* p n—ps sp sp?

we choose

- _(p=Dbn

1 L
k =8 Tail(wo; x0,7/2) +8 ° HAg, with H:=cFC#H,

which is in accordance with (4.8).
We deduce

supu <k +k
B2

1
_(p=Dbn 7
=k +8Tail((u — k)4; x0,7/2) +8  ° H<][ (u—k)i)p,
B,

which finally gives the desired result by taking k = 0.
The remaining case, that is when sp = n, can be treated exactly as above, just replacing p* by a suitable power ¢
in the left hand-side of (4.3) and consequently adjusting the exponents in the rest of the proof. 0O

Remark 4.1. Similarly, it is possible to prove that the weak solutions to problem (2.3) are locally bounded from
below, satisfying an estimate analogous to the one in (1.6). The proof is exactly as before: one has just to work
with @; = (kj — u); and w; = (k; — u) instead of the auxiliary functions defined in (4.2) and make use of the
corresponding Caccioppoli estimate (1.8) for w_.

5. Holder continuity

This section is devoted to the proof of the Holder continuity of solutions, namely Theorem 1.2. As in the local
framework, an iteration lemma is the keypoint of the proof. However, as before, we have to handle the nonlocality
of the involved operator and thus a certain care is required. In the proof below, all the estimates proven in previous
sections will appear.

Before starting, let us fix some notation. For any j € N, let 0 < r < R/2, for some R such that Br(xg) C €2,

rji= o/ % o € (0, 1/4] and B := By, (x0).

Moreover, let us define
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Jot0 =3 0(3) =Tl +e(f ura)’

—w(rg) ==w(=):=Tail(u; xg, r ,

2w 0 2a) 5 u; xo c N ul?P dx
with Tail(u; xo, r/2) asin (2.2) and ¢ as in (1.6), and

N
w(rj) = <:—(J)) w(rp), for some o < T

In order to prove Theorem 1.2, it will suffice to prove the following

Lemma 5.1. Under the notation introduced above, let u € WP (R") be the solution to problem (2.3). Then

oscu = supu —infu < w(r;), Vj=0,1,2,.... (5.1)
Bj B; Bj

Proof. We will proceed by induction. For this, note that by the definition of w(rg) and Theorem 1.1 (with § =1
there), the estimate in (5.1) trivially holds for j = 0, since, in particular, both the functions (#)4 and (—u)4 are weak
subsolutions.

Now, we make a strong induction assumption and assume that (5.1) is valid for all i € {0, ..., j} for some j > 0,
and then we prove that it holds also for j + 1. We have that either

12Bj+1 N{u > infp, u +w(r;)/2}| - 1’ (5.2)
12Bj+1] 2
or
2Bjt1 N{u <infg, u+w(r;)/2 1
| j+1 {u B U w( J)/ H > (5.3)
12Bj+1] 2

must hold. If (5.2) holds, we set u j :==u — infBj u, and if (5.3) holds, we set uj ;= w(r;) — (u — infBj u). In all cases
we have that u; > 0 in B; and

12Bjr1 Nfuj = w(rj)/2}| . 1 (5.4)
2B 11| 2
holds. Moreover, u; is a weak solution satisfying
sup |u | <2w(r;) Viefo,...,j}. (5.5)
We now claim that under the induction assumption we have
[ Tail(uj; xo, rj)]p_l <co P DiprHPt, (5.6)

where the constant ¢ depends only on n, p, s and the difference of sp/(p — 1) and «, but, in particular, it is independent
of 0. Indeed, we have

j
[Tail(u; x0,7)]" " =rj”Z/ Juj () [P~ o — xo| P dx
1Y Bi—1\B;

i=1 1

+ rj”/ ()P = x| P dx
© JR™\By

J
<r’ > Isup fu; 17~ / |x — xo| 7" 7P dx
B R\ B;

| — i—1

+ rjP/ Juj )P x = xo] 7P dx
R™\ By

: i o . p—1
<cy () LGP,
i=1 !
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where on the last line we used (5.5) and
—1 —n—
/ luj GNP~ x — xo| ™" dx
R™\Bo
< erg P suplul?™ + erg o (o)) + c/ ()P~ x = xol " dx
By R"\ By

<cry Ploo]’ ™"

Estimating further as

J N\ SP
3 (’—’) [w(ri—D]?™!
:

i=1 !

(T a(p—1) J o \9PD rj sp—a(p—1)
= [w@))?~ | = — —~
eto)] (VO> Xl:( Ti ) <Vi)
1=

j—1
= [w(,»j)]l?—l o= Z olp—alp=1)
i=0
o—ap=D

IA

[w(rp]P™!
gsp—a(p=1)

<

~ log(#)(sp —a(p—1))

where we have used the factthato <1/4and @ < sp/(p —1). Hence (5.6) is proved with ¢ depending only on n, p, s
and the difference of sp/(p — 1) and «.
Next, consider the function v defined as follows

vi= minHlog <%)i| , k} , k> 0. 5.7
J +

Applying then Corollary 3.2, obviously with a = w(r;)/2 and b = exp(k), we get

1 — gsp—a(p=D

R CICH)

NP
][ v = (2g;, I"dx < ¢ {dl_” (r;—H) [Tail(u; x0,7)17 7" + 1}.
2B]'Jrl j

Thus, as a consequence of the estimate in (5.6), we arrive at
][ lv— (v)28,., IPdx < ¢ {dl—posp—a(p—l)[w(rj)]p—l T 1} .
2Bj1 '

Therefore, choosing d = e w(r;) with

sp

g:=or1 7,
we get
][ v — ()25, 1dx <, (5.8)
2Bj1

where the constant ¢ depends only on n, p, s, A, A and the difference of sp/(p — 1) and c.
To continue, denote in short B = 2B, and follow the path paved in [19, Lemma 2.107], together with (5.4) and
the definition of v given in (5.7). We obtain
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1
ke — /
[BN{u; >w@j)/2} JBnujzww))/2)

kdx

= — ! / kdx
|BN{uj>aw(rj)/2}| JBn{w=0)

< i/(k—v)dx = 2[k — ()3l
|B| JB

By integrating the preceding inequality over the set BN {v =k} we obtain

|Bm{v=k}|k< 2 /

= < — [k — (v)3]dx
|B| 1Bl J5 =) 5

2
sTf = @)ldr <e,
|B| JB

thanks to (5.8). Let us take

_ wj)/2+ew(r)) _ 1/2+¢ ~ l
k_1°g< 3ew(r)) )_1"“”( 3¢ > log(es)’

so that
BN{v=k
Mk <c
|B|
yields
|l§ﬂ{uj§~28w(rj)}| < G G (5.9)
|B| k

a(2)

where the constant c|o; depends only on #n, p, s, A, A and the difference of sp/(p — 1) and « via the definition of €.
We are now in a position to start a suitable iteration to deduce the desired oscillation reduction. First, for any
i=0,1,2,..., we define

5 B'=By. B'=By

0i =Tj+1+27'rj41, 0ii=
and corresponding cut-off functions

¢i € C(B), 0<¢i <1, ¢y =1on B, and |Dg;| <co; "
Furthermore, set
ki=(04+2Dew(r;),  wii=Gk —uj)y,
and
_IB'N{uj <k}l |B N {w; >0}
|B'| |B!|
The Caccioppoli inequality in (1.8) now yields

A

/B K80~ wi (1P dxdy

B!

SC/:‘/:‘ K (x, y)(max{w; (x), wi W) HP¢i (x) — $i (y)|7 dxdy

+ c / . w,-(x)d)f(x) dx ( sup / K(x, y)wl-pfl(x) dx) . (5.10)
B R

i yefi’i "\ B

We can estimate the term on the left below as
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P
p

1 * * I)*
AT i — ki) = — / (ki —kis)? 97 (x) d
|Bit1| ¥ BN {uj<kiy}

P

s¥</ w? (0)p! (x)dx)*
|Bi+l|7* i

;’_?H"/ / K (x, y)|wi (x)¢i (x) — wi (y)$i (y)|” dxdy.

Recalling that |D¢;| < ¢2ir>, the first term on the right in (5.10) can be treated as follows,

frst

]+1/ / K (x, y)(max{w; (x), wi (V)HP¢i (x) — $i(y)]” dxdy

1
<27 pkp/ / ——dydx
Jj+1 j+1 i Biﬂ{ujiki} Bi |x_y|—l7+n+sl7
< 2P [8w(rj)]p |B' N {u; <ki}l.
Moreover,
/, w; ()@ (x)dx < c[ew )] 1B N{uj <k}l

holds. To tackle the third integral in (5.10), we first have

rih SUP/ K, )wP T ) dx | < 2/ [Tail(w;; xo, 74 1))
veBi JRN\BI

using

—x
inf |y — x| > |xo — x| inf v | > 271y — x|
yeBi yeBi |xo — x|

for all x € R" \ B’ and the fact that
By, ,=Bjz1CB" = R'\B CR"\Bj.
Recalling (5.6) and the facts that w; < 2esw(r;) in B; and w; < |u ;| + 2ew(r;) in R", we further get

[Tail(w;; xo, 7j4+1)]"

sp
A _ o ritl .
_cr;[jA/ wlp 1()c)|)c—)c0| " Spdx—i—C(L) [Tall(wi;xo,rj)]p
Bj\Bj41 Ty

-1

<ce?lo@r))P ! +coP [Tail(u; x0, 7)]"~

o sP—a(p=1) o
<c (1 + T [sa)(rj)]

<clewrp]’,

by the very definition of ¢. Combining the estimates above, we deduce that

rih ( sup / K (x, y)wip_l(x)dx) < ¢2itmtsp) [ea)(rj)]p_1 )
5i JRM\Bi

y€ B!
Putting together (5.10), (5.11), (5.12), (5.13) and (5.15), we arrive at

2 .
Al ki — kip))P < 21T [ew ()] A,
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.11

(5.12)

(5.13)

(5.14)

(5.15)
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which yields

Aip1 < 2l (n+@+s)plp*/p g1+
_ 1

with 8 :=sp/(n — sp) by the definition of k;’s. Now, we recall that if we prove the following estimate on Ao,

VB In+ Q) pIp* [IpF?] .

_ 1B N {uj <2ew(r;)}l -
|B B

then we can deduce that

Ao , (5.16)

Ai—0 as i— oo.

Indeed, the condition (5.16) we can guarantee by (5.9) choosing
o= mln{1/4’ exp(_clog/V*)}a

which then depends only on n, p, s, A, A and the difference of sp/(p — 1) and «. In other words, we have shown that

oscu <(l—-g)w(r;j)=1-c¢) <r_]> i) =~0~- s)o_“w(rj+1).
Bji Tj+1

Taking finally « € (O, %) small enough satisfying

sp
—=—a
0*>l—g=1—0r T ",

then, clearly, o depends only on n, p, s, A, A and

osc u <w(rji1)
Bjt1

holds, proving the induction step and finishing the proof. O
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