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Abstract

We prove the existence, uniqueness and non-negativity of solutions for a nonlinear stationary Doi—Edwards equation. The exis-
tence is proved by a perturbation argument. We get the uniqueness and the non-negativity by showing the convergence in time of
the solution of the evolutionary Doi-Edwards equation towards any stationary solution.
© 2015 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

It is well established that the modelling of non-Newtonian and viscoelastic flows bases on molecular theories. In
such theories, kinetical concepts are used to obtain a mathematical description of the configuration of polymer chains.
One of the most popular theories used to predict the behaviour of the melted polymers is that of Doi and Edwards
(see for example [8] and [9]). It makes use of de Gennes reptation concept [10]. In the Doi—-Edwards model, chains
of polymer are confined within a tube of surrounding chains, and chains cannot move freely. This description of the
entanglement phenomenon leads to the concept of a primitive chain (the tube centerline). The primitive chain is not the
real chain, and is shorter. Nevertheless, the goal of Doi—Edwards theory is to describe the dynamics of the primitive
chain. Basically, short time fluctuations of the polymer chain happen near the primitive chain in a wriggling motion,
while fluctuations on larger time scales (say ¢ > Tequilibrium» €€ [7]) account for the chain ability to move inside the
tube (roughly speaking, T,guitiprium s the time after which the primitive chain “feels” the constraints imposed by the
tube). This is the “snakelike” diffusive motion. Since diffusion concerns the primitive chain, the primitive chain finally
disengages from the original tube. This is a major complication in the theory, and for more details the reader is referred
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to [7.,8] and [9]. Nevertheless, notice that on the average (say on At = T,qyiliprium) the primitive chain and the real
chain coincide. Finally, for details on the thermodynamics of the model, see for instance [9,17].

From a mathematical point of view, a primitive chain is represented as a curve in R3. The position on the primitive
chain is given by a curvilinear coordinate s € [0, 1] (from now on, all the primitive chains are supposed to have the
same length which is normalised to 1). Moreover, the orientation for any s is given by a unitary vector u tangent to
the curve; we then have u € S, where S; is the unit sphere in R3, that is:

So={ueR® |u|=1}

where || - || is the Euclidean norm in R3. The tangent vector (s, u) is the microscopic variable of the model.

The rheology of such a fluid is obtained with the help of the so-called configurational probability density of the
molecules, denoted here by F'. It is a probability density with respect to the variable #. Assuming space indepen-
dence, we have F = F (¢, s, u) where ¢t > 0 is the time variable. In the general case F = F (¢, x, s, u) and one should
write equation (1.1) below with a convective term, i.e. replace d F/dt by the material derivative 0 F/dt +v - V F. It
would lead to serious complications since, in that case, a complementary equation (conservation law) is required to
determine v. Here, as usual, v stands for the macroscopic speed of the fluid.

The probability density satisfies the following PDE, known under the name of Doi—Edwards equation, and which
is of Fokker—Planck—Smoluchowski type:

OF [ O°F 3 (GF) — eFriu@u+e (F A(F)) 0on S, x 10, 1] (1.1)
_ = —_— —. —€rK:.u u € — K = n 5 .
ot as2  du s 2

The orientation at the chain ends is assumed to be isotropic (see [8]), which gives the boundary condition:
F(s=0=F(=1)=1/4n). (1.2)
We also have the initial condition:
F(t=0)= Fo(s,u) (1.3)

(see also [9,17] and [5]).

In the equation (1.1) D > 0 and € > 0 are physical coefficients and k =k (t) € M3(R) is the velocity gradient; in
order to comply with the hypothesis that F is independent on the space variable x we assume that « is a function of ¢
only. We also have

G=«xu—(k:uQuu

and

A(F)(s)=ffF(s/,u)u®ududs/.
0 S

The case € = 0 corresponds to the so-called Independent Alignment Approximation (IAA) for which explicit solutions
of the evolutionary configurational PDE are known (see [8]). In the case € > 0, the two mechanism described by the

terms —€ Fk : u ® u and e% (F K MF )) compensate, keeping constant the number of segments by unit length:

1
//[—GFK:u®u—|—eaa—s<FK:A(F))]du(u)ds:o (1.4)
0 S

In fact, we first obtain the following “non-integrated in s version” of (1.4):

f[—eFK:u®u+ei(FK:k(F))]du=ei fF(s,u)du—l K A(F) | (1.5)
as as
Sz 52

Integrating in s this inequality, we obtain (1.4) with the help of (1.2). In the present paper, we will make little use
of (1.4), but it is likely that a thorough analysis of the stationary problem (i.e. for large €) would appeal to such
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cancellation property. Note also that this is an “ad hoc” compensation since these two terms arise from two different
phenomena. The first one quantifies the creation of new segments, while the second one is due to the extension—
retraction mechanism by which the chain keeps constant its curvilinear length.

Existence, uniqueness, and regularity of solutions of (1.1), (1.2), (1.3) are proved in [5], as well as the fact that F is
a probability density. For existence results in the case of related — but different — molecular models, see [15,6,13]. As
an aside, notice that the Doi—Edwards model should not be mixed up with what is commonly called the Doi model
(see [16]), this latter being used for dilute polymers. In Doi theory, molecules are considered as rigid dumbbells.

In this paper we focus on the following stationary problem associated with (1.1), (1.2):

2F 9 9
— S5+ (GF) —eFkiu@u +€£<FK :A(F)) —0onS, x 10, 1[ (1.6)
F(s=0)= F(s = 1) = (1/47) (1.7)

In equation (1.6), we set D = 1, which is not restrictive, and we assume that the tensor « does not depend on #. Notice
that stationary Fokker—Planck equations with degenerate constitutive functions, but elliptic principal part, are studied
for example in [2,3] and [4].

The two points that are addressed in the sequel are the well posedness and the non-negativity of solutions of
equations (1.6)—(1.7) (remark that, in contrast with F > 0, equality f s, F(u)du(u) =1 can easily be obtained in
formal manner by integrating (1.6) on $> and making use of (1.5) and (1.7)). We will essentially restrict to |e| small,
since global estimates on the sphere S> do not seem easy to obtain for |€| large. As a matter of fact, even for € = 0, well
posedness of the stationary problem may not be obvious due to the lack of ellipticity in the # variable. Moreover, due
to the probabilistic features of the equations, the problem has to be well posed in L!(S5), with some extra smoothness
due for instance to the FLog(F) entropy estimates on the associated time dependent problem (see for instance [6]).
But L?(S,) estimates are not expected. Anyhow, proceeding as in [8], i.e. writing

f(s,u):=F(s,u) — % =Y fulwsin(ns)

neN*

the original problem (1.6)—(1.7) with € = 0 is reduced to a set of well posed problems in L"(S>) with » — 1 > 0 small
enough (see Section 3):

9
E-(an)—}—nznzfn:gn, neN* (1.8)

Therefore, we proceed as follows. We first introduce our main functional space (Section 2), and prove an existence and
uniqueness theorem in the case € = 0 (Section 3). The existence result is extended in Section 4 to the case |€| small,
by means of the implicit function theorem. Notice that the proof provides quite strong L"(S>) estimates frequency
by frequency with » > 1 close enough to 1, but not for » = 2, due to the low frequencies. This excludes all the
usual Hilbert spaces as suitable working frames. We use instead a subspace of WI’OO(O, 1, L’(Sz)), subspace which
is not easily characterised in term of the classical functional spaces. As a matter of fact, the restriction » < 2 on low
frequencies also causes some difficulties in the proof of the positivity of F.

The above arguments could be used to show uniqueness of solutions of problem (1.6)—(1.7) by duality. Never-
theless, we proceed differently and prove at the same time the uniqueness and the non-negativity of F. In order to
establish this last result, we show that the solutions of problem (1.6)—(1.7) are the limits when ¢ — oo of solutions of
the time dependent Doi—-Edwards problems (see Section 5 and Section 6). In fact, these evolutionary solutions are al-
ready known to be probability densities (see [5]). The proof of the above convergence consists essentially in bounding

0
globally in time nonlinear terms such as 35 (F Kk MF )).
s

2. Presentation of the problem and of the main results

Throughout this paper we write Q = ]0, 1[ x S>. Making use of the Riemannian metric induced by the canonical

inner product . of R3, we can define the usual surface measure du (or du(u)), the gradient % and the divergence

%~ operators on S (see [1]). Since S is a Riemannian submanifold of R3, the gradient of a smooth scalar valued

function g : §> — R can alternatively be defined as the following projection (see [12]):
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0 s (vas
ﬂg— ug_( Mg~u)u

where g is any smooth extension of g in a neighbourhood of S5 in R? and V, is the usual gradient in R3. Similarly,
for any smooth vector valued vector field of S, identified with X € C I(Sz, R3) with X - u = 0, the divergence of X
can be defined as (see [12]):

9
— X = VXqu
ou

where X is any smooth extension of X in a neighbourhood of $; in RR3. Notation X’ stands for the usual Jacobian
matrix of X. In what follows, we will essentially use Stokes formula:

g d
/X-Edu_—/(a—u-X)gdu 2.1)

Sz $2

valid for any smooth functions X : S» — R3 with X - u =0, and g : S» — R. In particular, for g = 1, we get:

/(%-X)d,u:O (2.2)

Y]
Formulas (2.1) and (2.2) will be used to neglect or discard terms coming from — (g f )

1
Using the following change of unknown function f = F — P and making use of:
4

9 G 3cusu 23)
ou
k:ldy=tr(k) =0 (2.4)

problem (1.6)—(1.7) becomes a problem with homogeneous Dirichlet boundary conditions:

2f

—S oo G e u®u+6—<f/c ()

+—/K:v®vf(s,v)du(v)=3+€K:u®u0nQ (2.5)
4 T

fs=0=f(s=1)=0 (2.6)

In the following, we use a Hilbertian basis of eigenvectors of the Laplacian in ]0, 1[ with Dirichlet boundary condi-
tions. Namely, family (H,),cN+ is defined by

H,(s) = «/Esin(nns)
For any g € L (Q), n e N*, we write g, (u) = fol g(s,u)H,(s)ds. For any r > 1, we define the vector spaces X, by:

X.=|{ge W]’OO(O, 1, L"(S2)) such that for any n € N*,

X a
G- agn € L"(S2) and sup (” “g”“L'(SZ)) o ( Hg m

neN* neN* au

Lr(&)) < ) 2.7)

We will see in Section 3 that X, is a Banach space when endowed with its natural norm ||.|| x, :

2.8)

dg
lglx, = sup (#*llgallirisy) + sup (n] g =2

neN* neN* ou Lr(SZ))

Moreover, we shall prove that any g € X, satisfies the homogeneous condition (see Remark 3.1 below):
gs=0=g(s=1=0

Remark also that if 7, > r; > 1 then X, is continuously embedded in X,.
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Remark 2.1. a) Definition of X, is a simple but useful step in our analysis. Classical spaces such as wleeo, 1;
WLr(S,)) cannot be used in place of X,. In fact, L"(S;) estimates are not likely to be obtained directly from (2.5)
(with € = 0) since we cannot take advantage of the s-elliptic term —%ZT{. In contrast, after a Fourier decomposition
in s we shall get the needed estimates. Notice that after such partial decomposition, the non-elliptic divergence term
83—14 - (G f) is still controlled by integration on S,.

b) The space X, is formally obtained by counting the powers of n in the equation obtained from (2.5) by formal
expansion in the (Hy),cn* basis. Notice for instance that we write n3 llgnllzr(s,) in place of n2||gn lr(s,) as a corre-
sponding term to —d2 f/ds>. This gain of one power in definition of X, arises from the right-hand side of equation

(2.5), which does not depend on the s variable. Indeed, for any n € N*:

1
|/(K ‘u@u)sin(nms)ds| <C/n
0

supplying one power of n.

Before giving the weak formulation of equations (2.5)—(2.6) in the X, functional frame, notice that for any
g.h € X, we have A(h) € W>>(0, 1) and g € W*°(0, 1, L"(S,)) which implies:

0
forany g, h € X,, B—(glc : A(h)) is well defined and belongs to L>(0, 1, L' (S2)) (2.9)
s

Definition 2.1. We say that f is a weak solution of (2.5)—(2.6) if f belongs to X and satisfies:

o 08 o e
/[aa_fg.5—eft<.u®u¢+68s[flc.A(f)]¢+4n/K.v®vfdu(v)¢>]dQ
o $2
3+4¢€ 1 2
== [ciuugd0 Ve H (0.1, H(S) (2.10)
0]

The main result of this paper is:

Theorem 2.1. There exist €y > 0 such that, for any € € 1—eq, €[, there exists a unique weak solution f. of equations
(2.5)—(2.6). Moreover:

e There exists r>1 suchthat fc.eX, Vee]—e, el (regularity result)
e fo+ (1/4m) is a probability density on Sy. That is, for any s € 10, 1[, we have

(f +i)(s)>0ae inueSgand/(f +i)du(u)=1 (2.11)
< 4x - < dn .
$2

In the sequel, we often drop the index € (or » > 1) in the notations. In particular, from now on, we write f in place
of fe.

The above theorem is proved in two steps. In a first step, the existence of a solution is established via the implicit
function theorem. The rest of the theorem is obtained by showing that solution F of problem (1.6)—(1.7) is the limit
for t — 400 of a family of density probabilities (F (t)) ;0> Namely, the solution of an evolutionary Doi—Edwards
equation.

3. Thecase e =0

We give results related to the functional spaces used in this paper. The existence part of Theorem 2.1 for € = 0 will
follow from a priori estimates in these spaces.
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Lemma 3.1. For any r € [1, +0o0[, X, is a Banach space, continuously embedded in WI*OO(O, 1,L" (Sz)). Moreover,
for any ¢ € X, we have:

G (s, u) ="y n(u)Hy(s) 3.1)

n=1
with absolute convergence in Wl'OO(O, 1, Lr(Sz)).
Proof. It is clear that ||.||x, is a seminorm on the vectorial space X,. The fact that |.|| x, is a norm will be a straight-

forward consequence of equality (3.1).
Let ¢ € X, and n € N*. Then:

ollx,
én Hullw1.(0,1,1r(5,)) < C1(1 +7n) e
<G ||¢||2X,
n

It implies that 220:1 ¢n (1) Hy (s) is absolutely convergent in W1’°°(0, 1,L" (Sz)).
Now, for any ¢ € L’/(Sz), r~l4+ (Y"1 =1and N € N*, we have:

/

00 1
=/¢N(u)¢(u)du(u) —Z/%(u)lﬁ(u)du(u)/Hn(S)HN(S)dS=0 (3.2)
0

Sy n=lg,

[ [6600 = 3 0ut0t6) v 510 s
n=1

N

due to the absolute convergence of Z;’loz] &n )Y (u)Hy(s)Hy (s) in L™ (O, 1, L} (Sz)). This proves (3.1) and the fact
that X, is continuously embedded in W!->°(0, 1, L (S»)).

It remains to prove the completeness of the space (X,, 111 Xr)' Let (¢?) pen be a Cauchy sequence in X,. Since
X, is continuously embedded in W!'>°(0, 1, L"(S2)), (#”) pen is also a Cauchy sequence in W1->°(0, 1, L"(S,)). We
denote by ¢ its limit in Wl’OO(O, 1, L’(Sz)). For any n € N*:

1
167 = dullLrisy) < V2 / 167 — BllLr (s, (s)ds — O when p — +00
0

Hence, ¢,’,7 — ¢, in L"(S3) when p — +00, uniformly in n € N*. We also have that (Q . a{?j);;eN* is a Cauchy
sequence in L"(S,), hence convergent in L" (S,). By identification, we deduce that G - % belongs to L"(S>) and that
G- 8;?5‘) —G- 8:;" in L"(S,) for p — +o0. From the inequalities:
167 = @ llrsy < (1/n)ld” — 7 x,
and
By Ay 1
o5 —g.2n] < ier ey,

we classically deduce, taking ¢ — 400, that ¢ € X, and ¢p” — ¢ in X, for p > +0c0. O

Remark 3.1. Formula (3.1) implies that ¢ (s =0) = ¢ (s = 1) =0 for any ¢ € X,.
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Let us define for any r > 1 the space:

Z, =1{¢ € L' (Sy) such that G - z—‘l’j e L' ($h))

which is clearly a Banach space with norm

191, = I$lercs + |G- 22|

L"($2)

The space Z, will be used in the existence proof for € = 0. In order to perform estimates in Z,, we first establish a
useful formula (Lemma 3.2). Since this formula shall also be used for the evolution Doi-Edwards equation, we add
the variable ¢ in the statement. Notice also that Lemma 3.2 cannot be reduced locally to the case Giocal charr = Cst due
to the zeros of G on S;.

0
Lemma 3.2. Forany T >0,r > 1and ¢ € L"(]0, T[ x S2) with G - a—¢ e L"(]0, T[ x S3) we have
u
0 0
oI sen@)G - 20 =G (1) (3.3)
u ou

Proof. Using local charts, this amounts essentially to prove that for any open bounded set @ C R?, A € C*®(Q, R?),
Y e L () with A -V € L™ (Q2), we have:

Pyl sen()A - VY = A-V(Iyl) (3.4)
Let us consider a sequence (wn)n oy in €(2) endowed with the two following properties (see Lemma IL.1 of [11]):
Y, — ¥ in L"(Q) for n — +00 (3.5)
A-Vy, > A-Viin L"(Q) forn — +00 (3.6)

and, for any § > 0, define functions 45 : R — R and js: R — R by hs(y) =+/y2+6 and j5(y) = y// 2+ 8. We
classically have:

r[hs )] s A - Vi = 49| (hs )’ | (3.7)
(8 >0,n e N¥%).
We extract a subsequence of (lﬁn)neN* , still denoted by (w")neN*’ such that:
Y, — Y ae. forn > +oo (3.8)
[Yul < ¥* ae., with ™ e L(Q) (3.9)
Fix § > 0. Our goal is to pass to the limit when n — 400 in (3.7). We have:
n— n +
s (i) — hs ()] < A 2e— Y II¥n £ ¥
VVE+8+/v+3
<Y — ¥l
Hence, from (3.5), we get [hg(lﬂn)]r — [hg(lﬂ)]r for n — oo. It implies that, for n — +4-o00:
A v[hs(wn)’] SA- V[h(;(lp)’] in 7'(Q) (3.10)
Observe that:
s llhs W)~ < [ 5]
<[y +o] el @ (3.11)

with 7’ € [1, +o00] such that r =} + '~ = 1. For r > 1, using the dominated convergence theorem, we deduce from
(3.8) and (3.11) that:
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Js@Wrnhs (W) ™" = js(Whs () " in L™ () for n — +o0 (3.12)
Using (3.6) and (3.12), we conclude that, for r > 1:

JsWUdhs (W) T AV, — js(Whs() M A -V in LN(Q) for n — 400 (3.13)
For r = 1, we easily obtain:

Js(Wn)A -V, — js(W)A - Vi in L'(Q) for n — 400 (3.14)
We deduce from (3.7), (3.10), (3.13), (3.14), that:

rhs@] ™ isA - vy =4 V| ()| (3.15)

for r > 1. In order to pass to the limit § — 0 in the above equality, notice that:

lhs ()| <|¥|+1ford <1 (3.16)

For § — 0, we have hs — |.| everywhere. Due to (3.16), ¥ € L"(2) and the dominated convergence theorem, we
conclude that, for any r > 1:

hs (W) — |¥|" in L' () when § — 0 (3.17)
for any r > 1. Arguing similarly, we also prove that:

Js(Whs (W) LA VY — sgn(y) || AV in LY(Q) when § — 0 (3.18)
Using (3.17), (3.18) and (3.15), we obtain the result. O

Let us introduce for any r > 1 the following space of L” (S>) sequences:
Yy = {(@nnetic such that: Y & N, ay € L7 () and. sup (n||an|| L’(Sz)) < o0}
neN*
It is clear that Y,, when endowed with its natural norm:
l@nerelly, = sup (nllanllirisy)
neNx

is a Banach space. Next, we introduce the linear, bounded operator .9 : X, — Y, defined for any g € X, by %(g) =
(@n)nen+ with:

d
ap = n2n2gn +—-(Ggn)
ou

where we recall that
1

8gn =/g(S)Hn(S)ds (3.19)
0

This operator is formally obtained by projecting the left-hand side of equation (2.5) for € = 0 on the Hilbertian basis
(Hp)nenw of L*(10, 1D.

In order to study %, we first introduce the following unbounded linear operator defined for any n € N* and r > 1
by:

Ly:L"(8)— L"(S2)
where D(L,) = Z, and forany h € Z,:
0
Ly (h) =n*n%h + e (Gh)
u

It is clear that L, is closed and densely defined.
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Let us consider ' > 1 such that

—+—=1. (3.20)

ror

One can easily prove that the adjoint operator
L L7 (S2) — L (S2)
is such that D(L}) = Z,» and for any € Z,:

Yy

Ly =n’m’y =G -

Lemma 3.3. There exists ro > 1 such that L,, : Z, — L"(S,) is a Banach isomorphism for any r € 10, ro[ and n € N*,
Moreover, there exists C > 0 such that

1L\ W)llz, < CIIY Il sy (3.21)
_ C
1L, (W)L sy < n—zlll/fllL"(sz) (3.22)

forany ¥ € L"(S2), n €e N* and r € 10, ro[.

Proof. Letr’ > 1 satisfying (3.20). The surjectivity of L, is a consequence of the following a priori estimate:
VoeZy, ||¢||Lr’(52) <C ”L;: (¥) ”L’,(Sz) (3.23)
In order to prove (3.23), set h = L} (¢). We have:

9
nrle—G. L —p (3.24)
u

We multiply this inequality by |<p|’/_1 sgn(g), integrate over S; and use Lemma 3.2 and we get:

: 1 al¢" 1) "
nznz/kﬂl’du— ;/Q- » duz/hkplr sgn(p)du (3.25)
Sz Sz SZ

Using the Stokes formula and Hélder inequality we obtain:

3 / /
2_2 . r r'—1
/(n 7= Ziu@u)lpl d < g, ol ol
hY)

Taking r’ large enough, that is » — 1 small enough, we get (3.23), which proves that L, is surjective.
We now prove the injectivity of L,,. Let us denote ¥ = L, (g), with g € Z,, ¥ € L"(S3). Hence:
0
ou
Using Lemma 3.2, we get:

n’nlg + (Gg)=v (3.26)
ad d 1 0
r—1 I — r_ . —c. 2 r
gl sen(e) = - (Gg) =Igl" - G+ ~G - ——(Igl")
d - 1 d
- . Z-1G- =(lg|" 3.27
o (G181) + (2 =1)G - - (1sl") (3.27)
We now multiply (3.26) by |g|"~! sgn(g) and integrate over S, to get:

3(r—1) p _
/ (w7 = =k u@u)lgl du < 1V llresy sl s, (3.28)
$
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Taking again r — 1 small enough we obtain at the same time that L,, is one to one and estimate (3.22). Estimate (3.21)
follows from equality

a
g~3—g=1/f—(n27t2—3/<:u®u)g
u
(see eqgs. (3.26) and (2.3)) and estimate (3.22). O

Remark 3.2. In the above proof, the condition nzr’j large enough is required. Hence, we can take r large provided
that n is large enough. This limitation on low frequencies forbids to work in a Hilbertian frame (r = 2).

Since for any g € X, we have (%(g)), = Ln(ga) Where g, is given by (3.19), we easily obtain the following:
Corollary 3.1. There exists ro > 1 such that for any r € 10, rol, % is a Banach isomorphism.
4. Proof of the existence result for ¢ small

For |e| small enough, existence of solutions for the problem (2.5)—(2.6) will be a consequence of Corollary 3.1 and

the implicit function theorem for an appropriate operator .7 : R x X, — Y. In order to handle the nonlinearity of
such an operator, we prove a preliminary lemma. Notice first that for any n € N*, due to Remark 2.9:

1
0

/g pic: M(Y)](5) Hy (s)ds (4.1)

0

is well defined and belongs to L"(S2) for any ¢, ¥ € X,..

Lemma 4.1. Forany r > 1 let B : X, x X; — Y, be given by B(¢, V) = (by)nen+ Where by, is given by (4.1).
The function B is well defined, bilinear and continuous. Moreover, for any ¢, € X, and r > 1 we have:

C
1onllzr sy = -5 1611x, 1]l x, (4.2)

where C > 0 is a constant.

Proof. In order to prove inequality (4.2), we integrate by parts equation (4.1). We get:

by = —/2nn / bk : A(W) cos(nms)ds 4.3)
0

Hence, we just have to prove that:

. C
|| / B AWM sl < 19l 1 x, (4.4)

for any n € N*, with C > 0 independent of n, ¢, ¥.
Observe that:

K AW (s) = // P v®vzwq(v)H (s )]dvds

0 $

= \/_Z{ 1 — cos(gms) /llfq WKk:v® vdv} 4.5)
$

We have by definition of ||.||x, and Holder inequality:
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C
|/1/fq(S)(v)K v @udy| < q—3||1!fllx, (4.6)
$
Hence:
o
Z{—|/1/fq(v)/c:v®vdv|]§C||1/f||xr 4.7)
-4
q S»
It follows from (4.5), (4.6) and (4.7) that:
KAW)(s) =) Apet™ (4.8)
PEZ
with:
e For p =0, [Aol = Cll¥llx, 4.9)
C
'FOTPEZ*,MMSFHKUHX, (4.10)

As a consequence, Zpez )»pei””s is absolutely convergent in L°°(0, 1).
On the other hand, we can write:

$(s) =) oy sin(grs)
g=1
=3 ggeem 4.11)

qeL

with ¢o = 0, ¢Sq = —(i/2)¢, for g > 0 and ng = (i/2)¢_, for g < 0. Hence, for any g € Z*:

~ 1
ldgllLrsy) < zldgllLr(sy)
1

<—l¢lx, (4.12)
2|q13

It follows that ) ez qsqe"q” ¥ is absolutely convergent in L°°(0, 1, L"(S3)). Invoking a classical result on the product
of absolutely convergent series in Banach spaces, we find that:

P h(P) =Y hpe"
nez
with absolute convergence in L>°(0, 1, L"(S,)). Moreover, since, for any n € Z we have:
hn = hn—q®q (4.13)
qeZ

we can write, restricting to n € N* and making use of inequalities (4.9), (4.10), (4.12):

Ml sy < oll@ullrsy + D Pagll@glirsy + D, Pagllléglliresy

lg1=(n/2) 0<lgl<(n/2)
C 1,,2:3 1,,2.4
<l Il [5+ € @)+ D]
keZ* qeZ*

C
= slelx, 1¥ix,
n

This implies (4.4). Due to equality (4.3), we finally get (4.2). O
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Let r > 1. We introduce the operator:
T Rx X, =Y,
defined for any € € R and g € X, by J (¢, g) = (dp)nen+ with:

0
d, =n’n g,,—i—a— (gg,,)—elc u®ug,,+6(B(g g))

3+¢€
+— K:vQ®uvg,(v)dv — K:u®ul, “4.14)
4 T
S

In this writing, g, is given by (3.19). Coefficient 1, is such that 1 = ZneN* 1, H,(s), with convergence in LZ(O, 1),
that is:

1, = ﬁ/sin(nns)ds
S

2
— £[1 —(=D"] (4.15)
nmw

We can formulate problem (2.5)—(2.6) in term of operator .7 :

Lemma 4.2. Let (¢, f) € R x X, withr > 1. Function f is a weak solution of (2.5)—(2.6) if and only if 7 (¢, f) =0

Proof. Let f € X, be a weak solution of (2.5)—(2.6). Taking in (2.10) ¢ (s, u) = ¥ (u) sin(nms) with arbitrary ¢ €
H?(S>) and n € N*, we obtain after integration by parts in s that 7 (¢, f) =0
Conversely, let us consider f € X, such that (9 (e, f ))n = 0 for any n € N*. This implies that for any ¢ €

Hé (0, 1, HZ(SZ)) and any m € N* we have:

32f(rn)
// ¢ — f<’">g ef(’")/c uQup—+eh™¢

3
+— / k:v@uf™ (v, $)du(v)p — e u® ul(’”)qﬁ]dsd,u(u) =0 (4.16)
4 4n
In the above equation, exponent ™ indicates an L? projection on span(Hj, ..., Hy), i.e.:
m
fme=>"[ / f(@)Hy(0)do | Hy (s),
“ 3
R (s) = Z [/ a(fK :A(f))(a)Hn(a)da]Hn(s),
n=1 0

1 (s) = " 1y Hy(s).

n=1
We integrate by parts with respect to the s variable the first term of (4.16). Using convergences f — f in

wh °°(0 1 L’(Sz)) (see (3.1)) and A — — (fK A(f)) in L°°(0, 1,L" (Sz)) (see (4.2)), we obtain the result. O

We are in position to prove the existence and regularity parts in Theorem 2.1:
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Proof. We consider r € ]1, ro[ with rg > 1 given by Lemma 3.3. It is clear from Lemma 4.1 that .7 is a C*° function.

3
Remark that, for any g € X,, (0, g) = Z(g) —a where « € Y, is given by o, = 4—/( :u®ul,. Now, Corollary 3.1
T

ensures that the hypothesis of the implicit function theorem are satisfied. It provides the existence part as well as the
regularity part in Theorem 2.1. O

Remark 4.1. In the case € =0 we have f;,, € L"(S,) for r € [1, ro[. But we also know, from Remark 3.2, that there
exists N € N* such that f, € L2(S,) for n > N. Hence for « € [0, %[ we have:

00 N—1
1> 0% @) Hy ) 20,1175y < D 2 I fullresyy + Cl Z n® fu () Hu () 120,12 2250
n=l1 n=l1 n=N
00 1/2
2 2
<C(N,a)+C ( Yol ||L2(Sz)> <400
n=N

since || fullp2(sy) < n% for n > N. It follows that f € H>/27%(0,1; L" (S,)) for any 6 > 0 arbitrary small.

In contrast, we are unable to obtain such smoothness for € £ 0. It comes from the non-linear term e%(F k:A(F))
which couples the “bad” low frequencies with high frequencies.

The main issue in the following is the non-negativity of F, the other properties could be obtained by rather simple
means. For instance the uniqueness can be proved by Holmgren’s principle, but we now argue differently.

5. Some results on the evolution problem

We prove in the sequel (Sections 5 and 6) that the solution F = f + (47)~! obtained in Theorem 2.1 is the L' (Q)
limit as t — +o0 of a family (( fe+ (471)’1)(t)> 0 of probability densities which is solution of the corresponding
>

evolution problem. In the rest of this paper, we mostly restrict to exponent r = 1, in order to get uniqueness in the
L (S>) frame. To begin with, consider the following evolution problem associated with equations (2.5)—(2.6):

Find f°(¢, s, u) solution of (5.1), (5.2), (5.3):

afe azfe . d (e
S T (G - 6fi<.u®u+e£<fx.)»(f))
+i//<:v®vfe(s,v)du(v)=3+6K:u®uon or (5.1)
4 4
$
fés=0=fs=1)=0 (5.2)
ffa=0=f (5.3)

with Q7 =[0,T] x Q, T > 0. Function f : O — R is the initial data.
Existence and uniqueness results for problem (5.1), (5.2), (5.3) have been obtained in [5]:

a e
Theorem 5.1. Assume that f € L?*(Q) and Bf

0
L? (O, T, H0 (Q)) with % € Lz(O, T,H™! (Q)) in the following sense:

_/fe%_(fdQT_/f(f(p(t:O)dQ-l-/[a;c: ?;f (gf)
Or 0 or

€ (LZ(Q))3 Then, there exists a unique variational solution f¢ €

—eK:u®ufe¢+i//<:v®vfedv¢—6fel<:A(fe)a ]dQT_i K u@updOr (5.4)
S or
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forany ¢ € H! (0, T: HOI(Q)) with ¢ (t = T) = 0. Moreover, if:

1 1
fo+-—=0ae (s,u) € Qand / (f(f—i-—)d,uz lae se]0,1]
4 4
$2
then:
e, 1 .1
o4 — >0ae (t,5,u) € Or and (f n —)duz Lae. (1,5) €0, T[ x 10, 1]
4 4
$2
€ 1 : e 1 e 1 :
From now on, we assume that fj € H,(Q) with fy + o > (0 and sz (fo + 4—>du = 1. From Theorem 5.1, this
4 T
implies the very useful estimate (uniformin r € R;):

/|fe|du§2a.e. (t,s) e Ry x]0, 1] (5.5)
S
As a consequence, we deduce from (5.5) that:
IACF N oo o, 7:w000,17) <2 (5.6)
with C > 0 independent of 7' > 0. We also have:

o o0
Y Pl sy S C DIl s, <00 (5.7)
n=1 n=1
where
1
fon= / 1§ () Hu(s)ds (5.8)
0

for any n € N*. For n € N*, let us denote f; = fol fe(s)H,(s)ds € LZ(O, T, Hl(Sg)). In (5.4), taking ¢ (¢, s, u) =
W (t, u)H,(s) with y € H! (O, T,H! (Sz)) and ¥ (t = T) = 0 as a test function, we easily obtain, for any n € N*:
afe d
%—i—rﬂyﬂ "e+8_u (G f5) —e/cu(g)uf,f—i-%//c:v@vf,f(v)dv
S
: 3
— V2enn / (fk 2 A(f))(s)cos(nms)ds = 4+ €
T

0

K:u®ul, 5.9

All the terms appearing in the above equality belongs to L2(0, T, Lz(Sz)).
For the initial data, we have:

L=0)=fs, (5.10)
where fg , is given by (5.8). For future reference note that:

FEt s, u) ="y FE(tu) Hy(s) (5.11)
n=1

with convergence in L? (0, 1,L%(0, T, H! (Sz))>. Last:

%f(s) :;nnﬁfj(s)cos(nns) (5.12)

with convergence in L2(Q7).
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It is well known that for the heat equation, estimates of two derivatives with respect to the space variables can be
obtained in suitable spaces. From that point of view, estimates with respect to the s derivatives in Theorem 5.1 do not
seem to be optimal. The following simple estimate will be enough for our purposes:

Lemma 5.1. With the notations, and under the hypothesis of Theorem 5.1, there exist €y > 0 such that:

T
o
> f 1l £y (O1F1s,dt < C(T) < 00 (5.13)
n=1 0
forany T >0 and € €10, eo[

d
Proof. Letus denote g¢ = s I:fEK : A(fe)]. Function g€ is an element of LZ(Q7) due to (5.6). For n € N*, we write
s

as usual g; = ]Ol g°(s)H, (s)ds. Function g5 belongs to L2(]0, T[ x S»), and by the Holder and Bessel inequalities:

o0 o0
e e e2
Dol iri (s < € D €200, 71y = ClENT200,) (5.14)
n=1

n=1

We multiply (5.9) by sgn(f,¥) and integrate on S,. It gives, for n € N* and € small enough:
d
sy + 721 S sy < Cell sy + lglliesy + Cllal (5.15)

d
In the above inequality, we have used Lemma 3.2 with r = 1 and identity |, $ 9, (g | fy |)du = 0. Remark that
u

I/ L1 (s, belongs to H'(0, T). Now, we fix m € N*, multiply (5.15) by n2||f,f||L1(52) and take the sum fromn =1
to m. Using the fact that:

2.4

men
(g lzrcsy + Clal )2l £l sy < I sy T 28001 s, +2C7 1l (5.16)
we deduce from (5.15) for € small enough and using also (4.15) that:
d m m o0
2 2 2 4 2 2
rl OBLR P Y B SV VA TR By POV (5.17)
n=1 n=1 n=1

with C > 0 independent of m € N*. Integrating this inequality with respect to ¢ and appealing to (5.7) and (5.14), we
obtain the result. 0O

6. Proof of uniqueness. Function F is a probability density

We denote by f¢ = f¢ — f. As before, function f is a stationary solution constructed in Section 4 and f¢ is the
solution of the evolutionary Doi—Edwards equation (see Section 5). We now prove that () — 0 in a suitable norm
when t — +o00. This will provide at the same time uniqueness of f and the fact that f + (4)~! is a probability
density. Notice that long time behaviour of some systems arising in the theory of polymeric fluids (Hookean model
and FENE model) are studied for instance in [14].

Since
feeH' (0.1,12(10, 7 x 52)) ©.1)
and
fe W1’°°(0, 1, L"(82)) with r € [1, o] (6.2)
we have:

fleH! (o, 1,L2(0, T, L’(Sz))) (6.3)
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We also have:
A= flHy(s) (6.4)
n=1

with convergence in H! (0, 1, LZ(O, T, L’(Sz))), with f,fl = f¢ — fu (see (5.11), (5.12), and Lemma 3.1). Remark
that from Lemma 5.1 and the fact that f € X; we have:

o T
an4||f,:’(r>||il(sz)dr <C(T) < 0.
0

n=1

Now, from (5.9) and equality 7 (¢, f) = 0, we obtain:

ﬂ—}—nznzfd—}— 9 . (gfd) —e;cu®ufd+i//c:v®vfd(v)dv
ot " du n " An n
S
1 1
+e/aa—s K :k(fd)f](s)Hn(s)ds+e/ %[K:A(fe)fd](s)Hn(s)ds =0 (6.5)
0 0
for any n € N*. Remark that:
1
Iin :=/88—S[K A(fO) f]Ha(s)ds € L2(10, T[, L (S2)) (6.6)
0
and:
1
/({f—s [ : A(f) f]Ha(s)ds € L=(10, T[, L' (S2)) (6.7)
0

3
due to (6.1), (6.2), (6.3) and (5.6). Notice also that 5|| FHLis,) € L*0, T). We multiply (6.5) by sgn(f) and

integrate on Sy. Using Lemma 3.2 with r = 1, we obtain:

||fn 1) +n’r ||fn 21 sy) <2€/ |k :u ®uff|dﬂ+f||lln||Ll(52) +e€lllanllpi(s,y) (6.8)
S

The goal is now to multiply (6.8) by n?| fnd 21 (s,) and take the sum from n =1 to co. We will need some preliminary
lemmas.

Lemma 6.1.

o0
D on2 £ sy il sy < € Zn 1071 s, (6.9)

n=1 n=1

with C > 0 independent of t.

Proof. We have:

L, u) =) agn(®) f{ (¢, 1) (6.10)

q=1
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0
where ag, (t) = fol a[l( : A(f)Hy(s)] Hy(s)ds. The right-hand side of (6.10) is convergent in L*(0, T, L'(S,)) due

to the convergence in H' (0, 1,L%(0, 1, L! (Sz))) of Zzozl f;Hq. From (6.10), we deduce:

11011 s,y < Z lagn O FED 11 sy,
g=1
Now, we observe that, due to (5.6):

o0
0
D lagnl® =l (i 2PV Hy )2 ) < Co?

n=1

with C > 0 independent of 1. We deduce from (6.11) that

o
anllff(l)llu(sz)||11n||L1(52)_ZZH lagalll £ 1 sy £ L1 sy

n=1 n= lq 1

|agn]
ZZ L s @ 15 L s

Using Cauchy— Schwarz inequality, we obtain:

Zn LA O sy 1l sy < (ZZ o) (St )
n=1

n=1¢g=1
With (6.12), this gives the result. 0O

Before giving bounds on || 12,11 s,), we establish the following:

Lemma 6.2. There exists C > 0 such that for any N € N*, we have:

C
|| / F)cosNrs)dsl sy = Ll
0

Proof. We have:
1

/f(s)cos(an)ds—«/—Z fp/sm(pns)cos(an)ds

p=1 0

_\/_Z 1+( 1)P+N+l]fp

p;éN

Now, from definition of || f||x, we have:

1
I [ $©cosNadsiisy <22 I Y 5w
p*lps — N7
0 p#N
Next, remark that:
Y
2 2_N2
San PP I
1 1 1
I R M e
2192 _ N2
ISlp?,\,k,v/zp [p—Nl|lp+ N| 1<p§(N/2)p|p NZ|

2.

p=(3N/2)

1

p?p* — N?|

6.11)

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)
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2\2 1 4 /31 4 1
SO D) ()
N N/2<p<3N/2 N 3N p=1 p SN p=1 p
C
< —
<2

Together with (6.16), (6.17), this ends the proof. O
As a consequence, we have the following estimate on the nonlinear term:

Lemma 6.3. There exists C > 0 such that for any g € N*, n € N* we have:
1 s

ad
||/g[/Hq(r)dtf(s,u)]Hn(s)dsllLl(Sz) fC%“f”Xl
0

0
— V2 - :
Proof. Since fo Hy(t)dt = — [1 - cos(qns)], we obtain, integrating by parts:
qm
s

1 ad n
fa—[/ Hy (DdTf (5, 1) | Hy()ds = L (E1+ B2+ E)
0 0

=)

where:

o Ey=—2[) f(s)cos(nms)ds
o Er= fol f(s)cos ((n+q)ms)ds
o F3= fol f(s)cos ((n—q)ms)ds

Using Lemma 6.2, we have:
C .
IEjllpi(s, =< ﬁllfllxl, for j=1,2
and also:
o |E3ll 15,y = Cllfllx,, forg=n
C
o [E3llpi(sy = m”f”xl, forg #n

Now, notice that:
1 1
1+

In—ql n

<2— for g#n
Hence:

2
q
IE3llzisy < C 51, Ya.n e N".

From (6.19), (6.20), (6.23), we get the result. O

We deduce from Lemma 6.3 the required estimate on |[ 12, || 17 (s,):

Lemma 6.4.
o o
2 d 4 d 2
YA sy I allzisy < €Y nt I 17,
n=1 n=1

with C > 0 independent of t.

(6.18)

(6.19)

(6.20)

6.21)

(6.22)

(6.23)
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Proof. We can write

1 s
Sl 9
La=3"« :)\(fl;l)/g[/Hq(r)drf(s)]Hn(s)ds
q=1 0 0
where we denote

Afh = / fl vvevdy.
Sz

Using Lemma 6.3, we deduce:

o0
q
I2nlziesy) < D 1G Neigsy 1 Iy
g=1

which gives:

o [ olNe o]
2 fd d d
E n”|l fy ||L1(S2)||12:1||L1(52) = E E nqll fy ||L1(S2)||fq ||Ll(sz)||f||xl

n=1 g=1n=1
00

= [ o | 10,

n=1

From Cauchy—Schwarz inequality, we get:

= d o L1721 4 pay2 172
Yot =[] [ 1 sy ]
n=1 n=1

n=1

Inequalities (6.24) and (6.25) provides the result. O

We finally give the proof of the last part of Theorem 2.1.

1371

(6.24)

(6.25)

Proof. We multiply (6.8) by n2||fnd L1 (s,) and take the sum from n =1 to m € N*. For €| small enough, and using

Lemma 6.1 and Lemma 6.4, we obtain:

%smmﬂm(r) < Clelx(r)

where we denote

En(@) =Y IO,

n=1

(@ =Y A O,

n=1
0 =) n’lIf O,
n=1
x@ =Y 1A O,
n=1

Let 7 € [0, T]. We multiply (6.26) by e?/?, integrate from 7 =0 to T = ¢ and we get:

t

t t
En(t)e'/? — % / En(T)e™?dT + / xm (Ve 2dT < Cle| / x(0)e"2dt + £,(0).
0 0 0

(6.26)

(6.27)
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Now we pass to the limit m — 400 in (6.27), which gives for |e¢| small enough

t

t
1 1
E()e'? — Efs(z)ef/zdr +3 / x(0)e™?dr < C.
0 0

Since x(t) > &(r) we deduce £(r) < Ce™"/> which implies that £(f) — 0 when r — +o00. Since by the Cauchy—
Schwarz inequality and the definition of function £ we have:

S IA Oy s[> niz]Uz[anllf,f(t)llil(SZ)]l/2
n=1

n=1 n=1
=CV&@) (6.28)
we finally get (see (6.4)):
IF O o 0.1.21 52y — O When t — +00 (6.29)

As a consequence,

d
1d H 0 when 1
H/f()MLOO(O,l)_) when t — 400
Ay

Recall that fsz fé(t)du = 1. Hence fsz fdu =1 for almost every s € 0, 1[, and in fact for every s € [0, 1] due to
(6.2) and Sobolev embeddings. The uniqueness follows also from (6.29) since for another solution g of (2.5)—(2.6),
we have that || f — gl p(0.1,1(s,)) = 0 when 7 — +00, hence f =g.

It remains to prove the non-negativity of f + #. To do that, let us consider an arbitrary function ¢ € C(S2) with
¢ >0 on S2. We have

/<f+$)<pduzf(fe+$)¢du—sff"¢du (6.30)

S2 S

Since f¢ + % > 0 we obtain with the help of (6.29) that sz (f + %)cpd,u > 0 for almost every s € ]0, 1[, and in
fact for every s € [0, 1]. This completes the proof. O
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