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Abstract

In this paper, we establish pointwise Schauder estimates for solutions of nonlocal fully nonlinear elliptic equations by perturba-
tive arguments. A key ingredient is a recursive Evans—Krylov theorem for nonlocal fully nonlinear translation invariant equations.
© 2015 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

MSC: 35R09; 35B65

Keywords: Integro-differential equations; Schauder estimates; Recursive Evans—Krylov theorem

1. Introduction

Integro-differential equations, which are usually called nonlocal equations nowadays, appear naturally when study-
ing discontinuous stochastic process. In a series papers of Caffarelli and Silvestre [6—8], regularities of solutions of
nonlocal fully nonlinear elliptic equations such as Holder estimates, Cordes—Nirenberg type estimates and Evans—
Krylov theorem were established. In this paper, we shall prove Schauder estimates for nonlocal fully nonlinear elliptic
equations of the type:

in£ /ﬁu(x,y)Ka(x,y)dy = f(x) in Bs, (1.1)
ac
R}‘l

where Su(x, y) =u(x +y) + u(x —y) — 2u(x), A is an index set, and each K|, is a positive kernel. We will restrict
our attention to symmetric kernels which satisty

K(x,y)=K(x,—y). (1.2)
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We also assume that the kernels are uniformly elliptic

2 — o)A 2 —o)A

<K(x,y) < (1.3)

[y|nte ly|rteo

for some 0 < A < A < oo, which is an essential assumption leading to local regularizations. Finally, we suppose that
the kernels are C2 away from the origin and satisfy

. A ’
|VlyK(x’y)|§W’ i=1,2. (1.4)

We say that a kernel K € Z(, A, 0) if K satisfies (1.2) and (1.3),and K € % (X, A, o) if K satisfies (1.2), (1.3) and
(1.4). In this paper, all the solutions of nonlocal equations are understood in the viscosity sense, where the definitions
of such solutions can be found in [6].

One way to obtain Schauder estimates is that first we prove high regularity for solutions of translation invariant (or
“constant coefficients”) equations, and then use perturbative arguments or approximations. In our case, the regularities
for translation invariant equations should be the Evans—Krylov theorem for nonlocal fully nonlinear equations proved
in [8], which states that: If « is a bounded solution of

inf /SM(x,y)Ka(y)dy =0 in Bs,
acA
Rn

where every K, (y) € (X, A, o) with o > o > 0. Then, u € C°+¥(By) for some @ > 0. Moreover,

lullcotap,y < NekllullLoomwn, (1.5)

where both & and N, are positive constants depending only on 7, 09, A, A. Note that & and N do not depend on o,
and thus, do not blow up as 0 — 2. The result becomes most interesting when o is close to 2 and o + o > 2. If we
let 0 — 2, then it recovers the theorem of Evans and Krylov about the regularity of solutions to concave uniformly
elliptic PDEs of second order.

Throughout the paper, we will always denote & as the one in (1.5) without otherwise stated.

In the step of approximations to obtain Schauder estimates at x = 0, it usually requires that the coefficients of the
equations, which in our case are K (x, y) and f(x), are Holder continuous at x = 0 in some sense. For the right-hand
side f(x), we assume f satisfies the standard Holder condition that

|f(x) = fO) =Mylx|® and [f(x)| <My (1.6)

for all x € Bs, where My is a nonnegative constant.
For the kernel K, one may impose different types of Holder conditions. Here, we focus on the (most delicate, as
explained below) case that 0 + @ — 2 > yp > 0, and we will assume the kernels satisfy

/ 1K (x,y) — K(0, )| min(|y|*, r5)dy < Alx|*r*~° (1.7)
Rn

forall r € (0, 1], x € Bs.
For s € R, [s] denotes the largest integer that is less than or equals to s. Our main result is the following pointwise
Schauder estimates for solutions of (1.1). Recall that & is the one in (1.5).

Theorem 1.1. Assume every K,(x,y) € (A, A, o) satisfies (1.7) with a € (0,a), 0 +a —2 > yg > 0 and
o +a —2| > ey > 0. Suppose that f satisfies (1.6). If u is a bounded viscosity solution of (1.1), then there exists a
polynomial P(x) of degree [0 + «] such that for x € By,

u(x) = P(0)] < C (lullzoe e + M) 1x|77%;
IV/P0)] < C (llull Lo@ny + My), j=0,---.[0 +al, (1.8)

where C is a positive constant depending only on A, A, n, &, o, g9 and yy.
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Roughly speaking, Theorem 1.1 states that if K and f are of C* at x = 0 in the sense of (1.7) and (1.6), respectively,
then the solution u of (1.1) is precisely of C7T* at x = 0. Moreover, the constant C in (1.8) does not depend on o,
and hence, does not blow up as o0 — 2.

Various Schauder estimates for solutions of some nonlocal linear equations were obtained before by R.F. Bass [3],
R. Mikulevicius and H. Pragarauskas [21], H. Dong and D. Kim [14], B. Barrera, A. Figalli and E. Valdinoci [2],
D. Kriventsov [18], as well as the authors [16]. The results in [2] contain bootstrap regularity and applications to
nonlocal minimal surfaces. The equations considered in [3,21,14,18] are of rough kernels, i.e., without the assumption
(1.4). Also in [18], D. Kriventsov proved C'*¢ estimates for nonlocal fully nonlinear equations with rough kernels
when the order of the equation s > 1 by perturbative arguments. Later, J. Serra [23] extended this result in [18] to
parabolic equations and used a different method. In [17], M. Kassmann, M. Rang and R.W. Schwab proved Holder
regularity results for those nonlocal equations whose ellipticity bounds are strongly directionally dependent. Recently,
X. Ros-Oton and J. Serra [22] studied boundary regularity for nonlocal fully nonlinear equations. One may see, e.g.,
[1,13,15] for more regularity results on nonlocal elliptic equations.

For the Holder condition (1.7) on the kernels, one can check that it will hold if the kernels satisfy the pointwise
Holder continuous condition |K (x,y) — K(0, y)| < AQ2 — o)|x|*|y|™"77. In the case of o + @ < 2, all of our ar-
guments still work except that one needs to change the condition (1.7) to (3.16) or (3.17), since the approximation
solutions will be of only C?+%; see Remark 3.3 and Corollary 3.4.

In the case of second order partial differential equations F (Vzu, x) =0, to show that u € C 2t we usually use
second order polynomials p(x) to approximate u (see [4,5]), in which one implicit convenience is that V2 px)isa
constant function. In the nonlocal case, to prove Co*tY estimates of solutions to (1.1) for & + « > 2, second order
polynomial approximation does not seem to work directly, since first of all, for a second order polynomial p(x), it
grows too fast at infinity so that ép(x, y) K (y) is not integrable; and secondly, in general fR,, Sp(x, y)K (y)dy will
not be a constant function for any cut-off p(x) of p(x) so that we cannot apply Evans—Krylov theorem during the
approximation and will lose control of the error. Another common difficulty in approximation arguments to obtain
regularities for nonlocal equations is to control the error outside of the balls in the iteration, which may results in a
slight loss of regularity as in [7] compared to second order equations. Instead of polynomials, we will approximate
the genuine solution by solutions of “constant coefficients” equations, which is inspired by [4,20]. In this way, we do
not need to worry about either polynomials or the errors coming from the infinity. But a new difficulty arises for fully
nonlinear equations (which does not appear in the case of linear equations): the Evans—Krylov theorem in [8] cannot be
applied to obtain the uniform estimates for the sequence of approximation solutions to those “constant coefficients”
equations; see also Remark 3.2. This leads us to establish a recursive Evans—Krylov theorem in Theorem 2.2 to
overcome this difficulty.

Our paper is organized as follows. In Section 2, we prove Theorem 2.2, a recursive Evans—Krylov theorem for non-
local fully nonlinear equations, where we adapt the proofs in [8] with delicate decomposition and cut-offs arguments.
In Section 3, we will use Theorem 2.2 and perturbative arguments to prove the Schauder estimates in Theorem 1.1. In
Appendix A, we recall some definitions and notions of nonlocal operators from [7], and establish two approximation
lemmas for our own purposes, which are variants of that in [7].

After we finished our paper, we learned from Joaquim Serra that he has a preprint [24] on estimates for concave
nonlocal fully nonlinear elliptic equations with rough kernels, where interior Schauder estimates are obtained inde-
pendently and by a very different method. Interior estimates of ||u || co+«(p, 1) Were obtained in [24] when the kernels
are rough for u € C*(R"), and when the kernels are C% in y for u € L°(R"). The proof in [24] uses compactness
arguments, combining a Liouville theorem and a blow up procedure.

2. A recursive Evans—Krylov theorem

We start with our motivation of the recursive Evans—Krylov theorem in Theorem 2.2. Recall that the idea of our
proof of Theorem 1.1 is to find a sequence of suitable functions approximating u in a desirable way.
Let u be a bounded viscosity solution of (1.1). We first approximate u by wo which solves

inf / Swo(x. »)Ka(0, y)dy = £(0) in By
acA
Rl’l
wo=u inR"\ By.
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Then the error estimate ||u — wgl| . (p,) can be controlled by the approximation lemmas in Appendix A. We need to
further estimate the error u — wq in the C?*% norm near 0. To do this, we scale the error:

Wi(x) = p~ O (u — wo) (px),

where p will be universally chosen, and look for a desirable approximation for W; in By. It follows from (1.1) that
W, satisfies

aig‘/ (8W1 (x,y) + p~ 5w (px, py)) KD (x, y)dy = p~* f (px),
Rl’l

where
K (x.y)=p " Ky(p'x. p'y). ieN.

The correct approximation (see Remark 3.2) of W; will be vy, which solves

i, [ (5010630 + 57" sw0(px. p9)) KO )y =0 FO) i B4
a
R’l
vi=W; inR"\ By.

From the approximation lemmas, we know that [v;| < 1 in R". If we can get a desired estimate for [|vi || co+a(p,), then

for wy (x) = p° v (p~'x), wo + w; approximates u better than wg does near 0.
We do one more step to illustrate the essential difficulty. Now we need to estimate the error u — wo — wq in the
C°*® norm near 0. We again further scale the error:

Wa(x) = p 2 (4 — wy — wy) (p?x).

Based on the equation of W, the correct approximation of W, will be vy, which satisfies

inf / (svz(x, Y+ p" 781 (px, py) + p 727V Sug(p x, pzy))K,?) (0, y)dy
ae
Rn
=p 2 f(0) inBy

such that vy = W, in R" \ B4, where vp = wg. We will know that |vp| < 1 in R”. If we can get a desired estimate for
V2]l coa (g, then for wy(x) = p2 v, (p~2x), wo + w1 + w; approximates u better than wo + w; does near 0.
Continuing this process, we can find a sequence of function {v¢};° |, where each vy, is defined recursively through
Vg, V1, - -+, Um—1 by solving an equation like (2.1).
We know that |ve| < 1 in R” for all £. If one applies the estimate (1.4) in [8] to vy directly, one will get their C+*
estimates depending on ¢, which blows up as £ — co. What we need is to find a universal p and obtain the estimate
lvell o+ uniformly, i.e., independent of €. This is what we call the recursive Evans—Krylov estimate.

2.1. Statements and ideas of the proof

If we re-examine the proof of the nonlocal Evans—Krylov theorem in [8], we can show the following theorem with
few modification.

Theorem 2.1. Assume that every K,(y) € (A, A,0) with 2 > 0 > oy > 1 and every b, is a constant. If w is a
bounded solution of

inf /Sw(x,y)l(a(y)dy—i—ba =0 in Bs,
acA
Rn

then, w € C°tY(B)), and there holds
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lwlicotap,) = Nek(lwll Loy + linfbal),

where both & and N, are the same as those in (1.5).
The recursive Evans—Krylov theorem we are going to show is the following.

Theorem 2.2. Assume that every b, is a constant, K,(y) € £ (A, A, o) with2 > o > oo > 1. For each m € NU {0},
let {ve}y_ ) be a sequence of functions satisfying

J
inf § [ 32 5 U0 0 (o, oK 5 dy 97, =0 i B @1
a

R =0

in viscosity sense for all 0 < j < m, where Kéj)(x) = pj(”+‘_7)Ka(pjx), p€(0,1), € (0,x). Suppose that
llvell Loy < 1 for all € and |infye A by| < 1. Then, v, € C°T*(By), and there exist constants C > 0 and py €
(0, 1/100), both of which depend only on n, og, A, A, & and o, such that if p < po then we have

||Ug||crr+&(Bl)§C VE=0,1,...,m. (22)

The rest of this section will be devoted to proving Theorem 2.2. The regularity of v;4 follows from the Evans—
Krylov theorem in [8]. But if one applies the estimate (1.4) in [8] to v, directly, one will get their C o+ estimates
depending on £ and p. Our goal is to prove the estimate (2.2) which is independent of both £ and p.

A constant C is said to be a universal constant if C only depends on 7, og, A, A, o and «. Throughout this section,
all the constants denoted as C will be universal constants, and it may vary from lines to lines.

Let M >> 1 be a universal constant which will be fixed later. Replacing v, by v, /M, we may assume that

”vf”LOC(R")Sl/M and |1nfba|§1/M
acA
Then our goal is to show that

||v€||ca+&(31)fl vVe=0,1,---,m.

The proof is by induction on m. When m = 0, then by Theorem 2.1, (2.2) holds for M = 2N,;. We assume that
Theorem 2.2 holds up to m =i for some i > 0, and we are going to show that it holds for i 4 1 as well.
It follows from the induction hypothesis and the i + 1 equations for vy, ..., v; that

||U(||Ca+o‘((31)§1, VE:O,l,,l

We are going to show

lvigtllcoracpy = 1. (2.3)

To illustrate the idea of our proof, let us first consider the second order fully nonlinear elliptic equations

F(D*w) = inf affui;=0 in Bs. (2.4)

where /C is an index set, and A1 < (ai(jl.c)) < AI for all k € K. By the Evans—Krylov theorem, for every viscosity
solution u of (2.4), we have

lullc2+a g,y < NekllullLoo(ss)-

Suppose that there exists a sequence of functions {v,}}._, satisfying

J
F(ZDz(p_(j_z)(z-m)vé(,Oj_zx))> =0 in BS
£=0
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in viscosity sense for all 0 < j <m, and ||vg| o (ps) < 1/M for all £. Suppose that up to m =i for some i > 0 there
holds

||v{||c2+&(Bl)§1 fOraHZZO,l,...,m.

We are going to show this holds form =i+ 1 as well. For £ =0, ..., i, we let P; be the second order Taylor expansion
polynomial of vy at x = 0. Let

1
Vip1 =vipl + Zp—(z+1—£)(2+a)(w — PO (p ).
=0

Then

i
G(D25i+]) — F<D2ﬁi+l + ZDZ(p—(i-i-l—Z)(Z-‘rOl)Pe(pl'-‘rl—lx))) =0 in BS-
=0

It is clear that G (-) is uniformly elliptic and concave. Since,

i
Z D? (p_(i+l_£)(2+“) Py (pi+l_£x)) is a constant matrix, 2.5)
=0
and
i
F(ZDZ(p—(i-H—Z)(Z-i-a)P[(pi—i-l—fx))) =0, (2.6)
=0

we have G(0) = 0. By the Evans—Krylov theorem,

10i+1 0l c2ta () < NekllVit1ll Loo(Bs)-

Since
: i+1—£¢)(2 i+1—¢ Z_i i+1—0)(x 53!0&_0[
I ZP_(H_ —( +a)(ve - PZ)(PH_ X))l LoeBs) <5 to ZP(H_ A =< m
=0 =0
i i
I Zp—(z’+1—@(2+o{)(w _ Pe)(piH_Zx)llczw(Bl) <4.52t Zp(iﬂ—e)(&—a)
=0 £=0
4 a—o
R
it follows that
3 B 54 ~
||Ui+1||C2+&(Bl) < Ngk(l/M + mpa—a> + mpa—a <1

if we choose M sufficiently large and pg sufficiently small.

From this proof for the second order case, we see that the idea is to decompose v, as (vy — Py) + Py, and apply
Evans—Krylov theorem to the equation for v;4; which is v; 1 plus those rescaled (v, — P¢). In this step, we used (2.5)
and (2.6).

In the nonlocal fully nonlinear case (2.1), we are going to use the same idea of decomposing v, and studying the
equation of v; 1. However, there is a difficulty that § P;(x, y)K (y) is not integrable and fR,, 8Py(x, y)K (y)dy will
never be a constant for any cut-off 1545 of Pg. Thus, we are not be able to use the Evans—Krylov theorem proved in [8].
Instead, we are going to employ the proofs in [8] to prove the C?*% estimate for v; 1. A delicate part is that we need
to decompose v, in an appropriate way. We start with some preliminaries in the following.
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2.2. Preliminaries
For a kernel K (y), we denote

Lu(x):/éu(x,y)K(y)dy,
Rn
We will also say L € 25 (A, A, 0) (or Zp(A, A, 0)) if K € Z5(, A, 0) (or ZH(A, A, 0)).

Lemma 2.3. Suppose that u € C*(B>) N L®°(R") and K (y) € (A, A, o). Then
ILullc2g,) < Clullcscsyy + lull Lo en),

where C is a positive constant depending only on «, og and A.

Proof. Letn e Cfo(Bg/z) and n =11in Bs/4. Then
Lu=L(nu)+ L({(1—n)u).

It is clear that 0;; (L (nu)) = L(9;;(nu)), from which it follows that
L) 2,y < Clull sy + lull oo eny)-

For the second term, we have 1 — n(x) = 0 if x € By, and thus

L1 —=nu)(x)= /(1 —nx + y)ulx +y)K(y)dy = / (I =n()u(y)K(y —x)dy.
R” R™\Bs/4

The lemma follows immediately since K (y) € £ (A, A,0). O

Lemma 2.4. Suppose that u € C°T*(R"), 0 < K(y) < (2 —0)A|y|™ ° and K (y) = K(—y). Then
| Lullce®ry < Cllullcotemny,

and C is a positive constant depending only on o, og and A.

Proof. First of all, it is clear that
| LullLoomny < Cllullcotarny-

In the following, we are going to estimate the C* norm of Lu. We first consider that ¢ + « > 2, which is the most
difficult case. Since

Lu(x)= 2/(u(x +y) —u(x) — Vu(x)y)K (y)dy
Rn

me=2/wwy—mm—vwmwK@m%
Rn

we have that, for r = | x|

Lu(x) — L(0)
— 5 = /((u(x +y) —u(x) — Vu(x)y) — (u(y) — u(0) — Vu(0)y)) K (y)dy
Br
+ / ((u(x +y) —ulx) —Vux)y) — @w(y) —u(0) — Vu(0)y)) K (y)dy
R™"\B,

=L+ 1.
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For I, we have that

1
I = /(u(x +y) —ux) = Vux)y — EyTV%t(X)y)K(y)dy
By

1
- /(M(y) —u(0) = Vu(0)y — EyTVZM(O)y)K(y)dy
B,

1
3 f O V2u()y — y T2 (0)y) K (y)dy.
B,
and thus

1| <2 / llull cora gy [V 17T K (0)dy + llull covayr® 742 / IYI?K (y)dy
B, B,

< (a4 A)llull corayr®.
For I, it follows from mean value theorem that
[((x +y) — u(x) — Vu(x)y) — @(y) — u(0) — Vu(0)y)| < [lull coregmlx|[y”T* "
Thus,
[2| < [lullco+ewnylx] / VT K (Ddy < (1— )l cora gy lx|*.
R"\By

For the case o0 + « < 2, one can prove them similarly and we omit its proof here. O

Lemma 2.5. Suppose that u € C°¥(B) NL®[R"), 0 < K(y) <2 —0)Aly|™" %, K(y) =K (—y) and |VK (y)| <
Aly|™"=°1. Then

| Lullce ) < Clullcotea(ny + llullLom@ny),

where

Lu = /(Su(x, Y)K(y)dy,
]Rn
and C is a positive constant depending only on «, og and A.
Proof. Let n € CZ°(B3;2) and n =1 in Bs/4. Then
Lu=L(nu)+ L((1 —n)u).
It follows from Lemma 2.4 that
ILmuw)llce(sy) < Clinullco+amny < Clullcote(py) + llullLoo®ny).

For the second term, we have 1 — n(x) =0 if x € By, and thus

LA —-nu)(x) = /(1 —nx+y)ulx +y)K(y)dy = / (I =n()u(y)K(y —x)dy.
R” R™"\Bs/4

The lemma follows immediately since |[VK (y)] < Aly|™°~l. O
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Lemma 2.6. Let v € Cg+&(B1/2) such that ”U“C‘.’*&(B]/z) <1, and p(x) be the Taylor expansion polynomial of v at
x =0 with degree [0 + a]. For every L € Zy(A, A, 0), there exists P € C2°(B12) such that P(x) = p(x) in Bys,
”P”C4(31/2) < C and

LP(0)=Lv(0),
where C is a positive constant depending only on n, A, A, oy and a.
Proof. Let n € C2°(By3) be such that n = 1 in By/4. Let h(x) € CX(B1,2 \ B1;3) be such that h(x) = 1 for Byy24 \

Bgj24 and 0 < h < 1in Byyp. Let P(x) = n(x)p(x) + ¢ - h(x), where t = L(v — np)(0)/Lh(0). Then we are left to
show that |t| < C, which depends only on n, A, A, 09 and @. On one hand, it is clear that

Lh(0)> 2 —o)C™ L.

On the other hand, since |v(x) — p(x)| < C|x|° " for x € B4, we have

IL(v —np)(0)| = f [v(y) — pWIK (y)dy + / () —n(MpIK(y)dy

By4 B1/2\Bi/a

<CQ2-o0) / ly[7 Ty + C(2 — o)
By
<CQ2-o),

from which it follows that || < C. O
2.3. Decompositions

We shall adapt the proofs in [8] with delicate decomposition and cut-off arguments indicated in Section 2.1 to
prove Theorem 2.2. Recall that we are left to show (2.3).
For a function v, we denote v,(x) = p~ @ty (px). Set

i
R(x) = Zp—(i—é)(o—&-a)w(pi—zx)_
=0

By (2.1),
inf {Lg TV Ry () + p” D} =0 in By,

Ll(liH)

where is the linear operator with kernel K éiH) € (M, A, o). Hence, there exists an a € A such that

0<LYTVR,(0) + p~+Dp; < p¥=. 2.7)
Let no(x) =11in By/4 and ng € C°(Bj,2) be a fixed cut-off function. Set

ve(x) =veno + ve(1 —no) =: vél) + vf).

Let p¢(x) be the Taylor expansion polynomial of vél)(x) at x = 0 with degree [0 + @]. By Lemma 2.6, there exists
Py € C°(By/2) such that Pe(x) = pe(x) in Byys, || Pe llc4 B, ) = €0 (a universal constant, independent of £) and

LY P0) = L0 (0). 2.8)
Set

ve= ;" — P)+ @ + Py =v" +v?.
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We have
1 2 1
IV Ol ey + IV @y <co+ 1, VP (©0) =0,
1 0 1 2
ViV e ot (B, IV licoragn + IV llgosags,) < 4o+ 1),

Vg(l) =vg — p¢in By, Ve(z) = p¢ in By, IVe(l)(x)l <4*(co+ DIx["T inR".

Decompose R(x) as

R(x) =RV (x) + RP(x),

where
i
R (x) = Zp—(i—f)(0+a)vg(1)(pi—£x)
=0
i
_(i— 2, i
R®(x) = ZP (=00t y ) ity
£=0

By change of variables, we have that for each a € A,

i
. i 1 o
L;H—l)RK()l)(x):Zp (i+1 @)Ol(LL(IZ)VK( ))(pH—l Ex)’
=0

i
) o 2 o
L§I+I)R/()2)(.X) — Zp (i+1 K)O((L‘(f) VZ( ))(pl+1 Kx)'
=0
By (2.7) and (2.8), we have
i+1
Lng )Rl(ol)(o) — O,
0< LL('zi+1)Rl()2)(O) +,0_(i+1)ab[1 — Lg‘i‘l)Rp(O) +,0_(i+1)abé < p&—a‘
It follows from Lemma 2.4, (2.10), (2.11) and (2.9) that
@+ p(1 7@+ p(1 i+ p(1
LR )l =1LV RY 0 = LT RED (0))

l
[ 1 i+1— 1
S Zp (l+1 Z)Oll(Lée)V[( ))(pl-‘rl fx) _ (Léz)vg( ))(0)'
=0

i
7 i+1—0)(@— 1
< Claf® Y p =00y D) s gy
£=0

o0
< C|x|a‘p5‘_”‘ sz(&—a)
=0
<Cp**x|* forx eR".
Similarly, it follows from Lemma 2.5, (2.10)and (2.9) that
i+1 i+1
|Lg+ )Ré2) (x) _ Lél+ )RéZ)(ON

1
(41— 2 41— 2
< Zp (i+1 Z)(X'(LEZ)VK( ))(pl+l Z.X') _ (L,(IZ)V@( ))(O)|
£=0

i
& i+1—0)(@— 2 2
< Clx(® Y pH=0CD (VD ora) + 11V Lo @e)
=0
<Cp*%|x|* forx € Bs.

(2.9)

(2.10)

@2.11)

2.12)

(2.13)
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Thus, by (2.11), we have
ILSTDRD () + p~ D] < Cp**(Ix|” + 1) for x € Bs.
Let
Vit] = Vg1 + Rl(,l).
Hence, the equation of (2.1) involving v;1 is
inf(L{HD it + Ryp) + o~ Dby} =0,
which is equivalent to
inf(L{ ) @1 + RP) +p~ D) =0 in Bs.

It follows from (2.12) and (2.14) that

vig1(x) > —Cp¥®

LSV 41(x) = —=Cp*™ in Bs,

Lty in Bs,

where C is a universal positive constant.
2.4. C? estimates

Define the maximal operators

M(J)FM(X) = sup f5u(x, YK (y)dy,
KGZO(A,A,J)Rn

M;u(x) = sup /(Su(x, Y)K (y)dy.
KeLs(, 0,004,

1385

(2.14)

(2.15)

(2.16)

And one can define the extremal operators M and M, similarly. Let n; € CZ°(Bs) be a smooth cut-off function

such that n; = 1 in B3. We write (2.15) as
~ (+1) =~ —~+Dap y_q i
inf {L; " 0;+1 +ha(x)+p bs} =0 in B3,
acA

where

ha(x) =i (x)LYTVRD (x).

(2.17)

Lemma 2.7. Let K be a symmetric kernel satisfying 0 < K(y) < (2 —o)A|y|™"=°. Then for every bump function n

such that
0<n(x)<1 inR",
n(x)=n(—=x) inR",
nx)=0 inR"\ B;p,

we have

ME ([ s KOOIy | 2 -0 in B
Rn
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Proof. Let ¢, be the L! function dr = XR"\B, /kK (y)n(y), where xg is the characteristic function of a set E. For
every a € A, we know from (2.17) that

LUtV (x0) +ha(x) +p~ TP, =0 ¥ x € Bs.

It follows that for all x € B32,

0< (LI +hg 4+ p D%, 5 g (x)
< LD @41 % 1) (0) + g % i (x) + 0~ 0% el 1
It also follows from (2.17) that
inf (Il .1 (LIADG 1 (x0) + ha(x) + p~ TV} =0 Vx € Bs.
a
This implies that for all x € B33,
sup LIV (041 % g — 10kl Di 1) (x) + sup {hy % ¢ (x) — 1ok || 2, ha(x)} = O.

acA acA

For any x € B3/, any a € A, by using (2.10) and change of variables we have

2|ha % i (x) = PxllL, ha ()]

<| / SLETIRD) (x, 1)K (1)1(y) dy]
B32\Bi/k

i
o N
<) pltrt=he / BLL VIV, p ) K (n)n(y) dy
=0 B32\B1/k

i
. _ _ 2 . _ o _
S Zp(l+1 K)(U Ot) / |5(LL(1€) Vg( ))(pl-‘rl KX, y)|K (l-’rl @) (y) dy

=0 By it1—ep\Biti—t

i
TR _ 2 —(i+1—
<) plitt-olee / LV N2, lyPK 0 () dy

=0
B3pi+1—£/2

i AQ2—0)

i+1—¢)(o— (@)
p(l )(o D‘)HLGVZ ”CZ(B]/s) / Wd)’
=0 B

IA
~

3pit1—))

. _ _ 2 2 i — —
< C p(l-‘rl ) (o a)(“‘/e( )||C4(Bl/4) 4 ”ve( )||L°°(R”))p(l+1 0)(2—0)
£=0

oo
_ 2 2 _
<o UV lleaga, + 1V, NLo@n) Y p
=0

< Cp*,

where K ~0+1=0(y) = p=+1=Om+o) g (p={+1=0 ) "and Lemma 2.3 was used since Vl(z)(x) = p¢(x) in By4.
Consequently,

M @it * b — el D) (x) = —Cp* .

The result follows from Lemma 5 in [7] by taking the limit as k — co. O
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Lemma 2.8. Let K be a symmetric kernel satisfying 0 < K(y) < (2 — o)Aly|™"=?. Then for every smooth bump

function n such that
0<nx)<1 inR", nx)=n(=x) inR",
nx)=0 in RH\BMS, n(x)=1 in By,

we have

N o 1 .
M3 TI(X)/5vi+1(x,y)K(y)dy >—C(p” “+M) in Bys.
B

Proof. Define
Tv(x) = [5v(x, YK (y)dy.
By
It follows from Lemma 2.7 that
M (T5i41)(x) = —Cp*™® in B2,

Let L be any operator with kernel K e L (A, A,0).Forx € By /5> we have

1:(77Tl7i+1)(X)=/5(T17i+1)(x,Y)E(y)dy—/S((l =T 1) (x, Y)K (y)dy
RI’L Rll

> L(T0i41)(x) — 2[(1 —n(x = yNTi41(x — YK (y)dy.
Rn

Now we estimate the second term in the last inequality. Recall that v; 1 = vj4+1 + RS). It is clear that

/Tvi+1(x — (1= n(x — YK (y)dy
Rn

Z/Ui+1(x_y)T((l_77()5_'))k('))(Y)dy§C||Ui+l||L°° =C/M.
Rn

By change of variables, we have for all x € R",

ITRD (x)| = |/6R,§‘><x,y>1<(y>dy|
B

i
(it1— 0, i+l (41—
= / pH1=0agy D (pi+1=te ) g=GH=0(y) gy
ZZOBPi+14

where K ~(H1-0 () = p=(+1=0@t0) g (n=(+1-0) 1)
By triangle inequality, we have

i
(i _ 1 1 — 1 —(i _
ITRD ()| <Y p= =00 / GV (o, y) — sV (0, y) KO (y) dy)

[=0 Bivi-e

i
+ pr(kﬂfe)a' / SVE(I)(()? y)K*(H»lf() (y) dy|
=0

Bit1-¢

(2.18)

(2.19)



1388 T. Jin, J. Xiong / Ann. I. H. Poincaré — AN 33 (2016) 1375-1407

i i ;i
! % (41-0@G— —(+1— 2—o)AlyT*
< C Z ”V[( )||Ca+&(Rn)|.x|ap(l+l O)(a—a) 4 CZIO (i+1-0a / HT dé-
£=0 =0 B iti_¢ Y
piTi—

<Cp* (1 +|x|% forall x e R", (2.20)

where we used Lemma 2.4 and (2.9) in the second inequality.
It follows that for x € Bj/s,

/(1 G — TRD (x — »)R(y)dy
Rn

= /(1 —nONTRP (K (x — y)dy

RV!
- / (1= nOGNTRD MR (x - y)dy
R\ B34
a—ao 2-o) a—a
<Cp < , 2.21)

|y|n+o—& -
ly|>1/64

where we used that ¢ > 09 > 1 > @. Taking the supremum of all K in % (A, A, o) in (2.19) and using (2.18), we
complete the proof. 0O

Lemma 2.9. We have

< _ 1
1 — .
|L;’+ i1 (x)] < C(o° °‘+—N,) in By.

Proof. Let n;(x) > 0 be a smooth cutoff function in B, with n; =1 in B;. Then

i+1 i+1
/L,(;Jr Dvigin = / vi+1L£{+ 01 < Cllvisillz@ny < C/M.
R R
By (2.16), LYV, 1 > —Cp® in By, we have
i+1) i—a | 1
/lL,} Vg1l < C(*" ™" + M)'
By
Let
i+1 i+1
7" )vzfav(x,y)Kg’+ )(y)dy.
By
It is easy to see that

1
).

[+1 i+1 57—
/|T;l+ ’v,-+1|sf|L§-J+ Dviil + Cllvigille < C(p® ‘4o

B B
It follows from (2.20) that for all x € R",

ITSHDRD (0] < Co% (1 + [x[9). (2.22)
Since Vi1 = vit1 + R,(,l), we obtain

Ty L _ 1
/ T D501 < COF + ) (2.23)
B
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Let n be the cut-off function in Lemma 2.8, and denote v(x) := r}(x)Té(iH)ﬁiH (x). It follows from Lemma 2.8 that

- 1
M;v(x) >—C(p* "+ M) in B3s.

@+
a

It follows from (2.23) and Theorem 5.1 in [8] that v < C(p&_“ + %) in Byjz. Butv =
proved that

Vi1 in By, so we have

, ] 1
1) ~ _ .
13" Vi <™+ ) inBip.
By (2.22), we have T, TP v; 1 (x) < C(p%* 4 L) in By, and thus,

- . 1
1 — .
L i () < C ™+ o) inBipa.

We complete the proof together with (2.16). O

Lemma 2.10. There is a universal constant C such that for every operator L with a symmetric kernel K satisfying
0<K®©®)<@2—0)Aly|"™, we have

a—o 1 .
[Lvip1 ()| = C(™ "+ —) in By.
M
Proof. We will prove the estimate in Bj 6, and the general estimate follows from scaling and translation arguments.
By Lemma 2.9 we have

i1 o 1
L R e T

Note that [[vit1ll1®e,1/(14(yp+oy) < CllvigtllLe < C/M. From Theorem 4.3 of [8], we have L2 estimate for every

linear operator L with kernel K € Z(x, A, o),

= 1

We split the integral of Lv; 1 as
Lvi+1(x)=/+f8vi+1(x,y)K(y)dy-
B Blc
It is clear that
| / $vi1(r. YK () dy] < Clluisi | < C/M.
By

Hence, we have L? estimates for the first one

; 1
/Sv”l(x’Y)K(y)dy =CO*+ 10

B L2(B1/3)
It follows from (2.20) that
|/5R§})(x, WK (y)dy| < Cp*~% forx € By. (2.24)

B

By triangle inequality, we have

- 1
<C(p* %+ M) (2.25)
L2(By)3)

/35,-+1(x,y)K(y)dy
By
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For a smooth cut-off function c(x) € C°(B1,3), ¢(x) = c¢(—x), and c(x) = 1 in By4, we define

v(x) :=c(x) / 3vi41(x, y)K(y)dy.
By
It follows from the proof of Lemma 2.8 that M;v >—-C(/M + ,05‘_“) in By/5. By (2.25) and Theorem 5.1 in [8]
we have v < C(1/M + ,05‘_"‘) in By /6, and thus

[ st K@y < Cam T i
B
Since (2.24) holds for x € By, we have that

f Svie1(v K () dy < C/M + p5%)  in Byje.
B
Consequently,
Lviy1 < C(1/M+p*) in By
Consider the kernel
2 1
i+
K;=-K: ——K
=30 A
and the corresponding linear operator Ly, where 0 < K < (2—o0)A|y|~"~?. Then K satisfies the ellipticity condition
Q—-o)|y|T" 7 <Kg(y) <2 —0)2A/N)|y|7"7°. The same proof as above yields that
Lgvig1 < C(1/M + p*~*) in Byss.

Since Lg+1)v,~+ 1 is lower bounded by (2.16), we obtain a bound from below for L in By/s

A _
L1 =2 L5 vien = ALgvis1 = =C(1/M +p*~%) in Byje.

Similarly, if we consider Kd = %K éi+1) + %K , we obtain that Lv;+1 < C(1/M + p&""). In conclusion, we obtained
that |Lv;+1| < C(1/M + p* %) in Byjg. O

The above lemma immediately gives
Corollary 2.11. Mgvi+] and M vi 11 are bounded by C(p**+ %) in B1. In particular,

. 1
IVit1llLoe (B n) < C(0* ™% + 7 (2.26)

and consequently,

5 L, 1
IVOit1llLoe(B,n) < C(0* ™% + 7 (2.27)

Proof. The first conclusion is clear, from which (2.26) also follows immediately since ¢ > og > 1. To prove (2.27), we
notice that Ve(l) = vél) — P e Cg*é‘(Bl /2), and Vz(l) = vél) — pe in By 4 where py is the Taylor expansion polynomial

of v!" at x = 0 with degree [0 + &]. Hence, |V V" (x)| < C|x|°*%~ 1 in By 5. Thus, for all x € By 2,

i
(41— 1 i1
VRO ()] = [V Y pr(H=00Fay D piti—t )
£=0

l
< C Z p—(i+1—l)(0'+0t—l) |pi+1—lx|a+6:—1 < C,O&_a.
=0
Thus, (2.27) follows immediately. O
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Theorem 2.12. We have
2-o0) G 1 .
/ |5Ui+1(x7)’)||y|ﬁ dy <C(* ™+ M) in By.
Rll

Proof. Given Lemma 2.10 and Corollary 2.11, it follows from the same proof as that of Theorem 7.4 in [§]. O
2.5. CotY estimates

For brevity, we write
U =741 and u= l~)i+1

in this subsection.
Let n be a bump function as in Lemma 2.8. For each measurable set A with —A = A, we write

wa(x) =n(x) /(5ft(x, y) —3du(0, y))Ka(y)dy,
By

where
2-o0)
Kaly) = WXA ().
For x € By, by Lemma 2.4 and change of variables, we have

| [ 6RY w) = 5RD 0. Ka )
By

i
—(i+1— D, itl1— i+1— 1 i1—
_ |Zp (i+1 Z)(a+a)/(5‘/@( )(pz+1 Zx7pl+1 zy) _(We( )(O’pz+1 Zy))KA(y)dy|
=0 B

i
(i _ 1 i — 1 {—1—i
=) pliHi=om / GV (e, y) —sv V0, KT () dy)
=0

Bit1-e

i
o . PN
<D0 OVl gosa gy p O
=0
< Cp*%|x|®. (2.28)

Then it follows from Theorem 2.12 that
lwal < C(0* % +1/M) in R". (2.29)
Also, it follows from Lemma 2.10 as well as (2.20) that
[ 570,90k a0 dv) = o7 + 1/,
B
Together with Lemma 2.8, we have
M;wA >—C(P*“+1/M) in B35 uniformly in A.
As in [8], we define

2—-o0)
ly|rte

’

V@) = sup () = 1(x) / (8ii(x. y) — 8 (0, y))*+
By
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) i _ _2-0)
N™(x) :=slj‘p—wA(x)=77(X)/(5M(x’y)_5“(0’y)) e O

By

Lemma 2.13. For all x € By4, we have

N~ CO 1Ml < N () < %N—u) +COoP 4 1/M)x].

Proof. For some x € By, let i1, (z) =u(x + z). It follows from (2.17) that

M3 @iy — 1) (0) = —sup(ha(x) = ha(0), M3 (itx — i@)(0) < sup(hq(0) — ha(x)).

Note that for x € B3,

i
. i Mo i1
ha(X)ZLE,’H)Rf)Z)(X):ZP (i+1 m(LgZ)Ve( ))(pz+1 )
=0

and thus for px € Byy4

i
Iha(x) = ha(0)] = | Y p~TH=00(L OV (pEH1=0x) — LOVP (0))]
£=0

1
—(i+1— 2 2 i+1—
<CY NNV Nl cap 1V o)l O]
£=0

o0
<Cp'* > p Vx|,
=0

where Lemma 2.3 was used in the first inequality. Hence, we have
M5 (ix =) (0) = =Cp' x|, My (i —@)(0) < Cp' ~*|x].

For every kernel K € % (X, A, o), we have

Ly — #)(0) = / (8ii(x. y) — 8 (0, y)K () dy

Rﬂ
=/(5ﬁ(x,y)—Sﬁ(O,y))K(y)der / (Bu(x,y) —du(0, y))K(y)dy.
B R™\By

Now we estimate the second term of right hand side: for x € By /4

1
; / (Bii(x. y) — 5(0, y)) K () dy

R"\ B,
= [FK G =085 =0 = KOsy 0y = @ — o) [ Ky
R~ R\ By

- 1
< / iWIIK (5 = x) = KW dy + il 21,0 f K dy+C(o™ + )l

R\ Bi4x| B 1x\B1—x|

- 1
<C* ™+ 2 b

(2.30)

2.31)

where in the first inequality we have used (2.27), and in the last we used that |[VK (y)| < (2 —o0)A ly|™"=°~1 and
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()] < lvig1llzoe@n + RSP )]

=

S

=0

=

<[ =

£=0

1 _ _
< Cp% o—Hx-
<47 TEP DI

Therefore, for every kernel K € £ (A, A, o), we have

/ (8ii(x. y) — 8ii(0, y)) K () dy < / (8ii(x, y) — 8(0, y))K () dy + C(p** +

R~ B

Taking the supremum and using (2.30), we obtain

- ~ ~ ~ a—ao 1
—Cp' x| < M (i, — i) < sup/(Su(x, y) =80, y)K (y)dy + C(o** + - D)lxl.
K

By

In particular, if we take the supremum over all kernels K € £y(A, A, o), we still have

i 1
sup f(&?(x,y)—5ﬁ(0,y))K(y)dyZ —C(pa_“+ﬁ)IXI,

A2-0) _ g - AC2—0)
[yPFe ==y te By

which is equivalent to

ANT(x) = AN~ (x) > —C(p** + %)m.

The same computation with M, (i1, — )(0) < C (% + %)|x| provides the other inequality. O

i
il D, iael—
+ C Zp (i+1 l)(UJrD()IVZ( )(Iol+1 Zy)|

i
+C Z p—(t+l—£)(0+a)|pz+1—ly|a+oz

M

1
.

1393

One may consider wy = (C(1/M + ,05‘_"‘))_1 wy (rx), where C is the constant in (2.29). For every &1 small, we

can choose r smaller so that

forevery set A: |wa| <1 inR",

for every set A : M;rwA >—g; in B

ao A
TN = el < NF() < SNT@) +eilx.

Note that w4 and w4 share the same Holder exponent.

Lemma 2.14. We have for x € B4,

Nt(x) < C(/M + p*~*)|x|*.

Proof. It follows from exactly the same proof of Lemma 9.2 in [8].

Proof of Theorem 2.2. For x € B4, we have

| — A5 (x) — (=A) D41 (0)]

=CINT(x) =N~ (x) + / (80i41(x, ) —80;41(0, y) K (y)dy

R™\ By

(2.32)
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) 1 : 1
<C(*" "+ M)IXI”‘ +C(p*" " + M)IXI

_ 1 _
<C(* "+ M)IXI“,

where in the first inequality we used Lemma 2.14, Lemma 2.13 and (2.31).
On the other hand, it follows from the computations in (2.28) and Lemma 2.4 that

_ 1 _
(=) 2RV () = (=) PRPO)] = C(o" ™ + Dl

Thus,
_ 1 _
[(=A) 2041 (x) = (=A) 2041 (0)] < C(p* ™% + AL

It follows from Lemma 2.10, standard translation arguments and Schauder estimates for (—A)"/ 2 that

G 1
||vi+l ||C0+6:(Bl) < C(,Oa o —+ M)

This finishes the proof of Theorem 2.2 provided that pg‘_“ <1/2C)and M >2C. 0O

Lastly, let us discuss the case 0 < 09 < o < 1. In this case, the Evans—Krylov theorem in [8] does not provide any
improvement with respect to the C** estimate in [6]. However, we do not know how to use the incremental quotients
method as in [6] to prove our Theorem 2.2. But we still can find some & > 0 so that Theorem 2.2 holds. Recall that in
the proof of Theorem 2.2 above, there are two places where we used o > 1:

(1): In (2.21), we used o > 0y > 1 > & so that the integral there is universally bounded.
(ii): In (2.26), we have the gradient estimate for v; 1| when o > op > 1. This was used in proving (2.31) in the proof
of Lemma 2.13 and (2.32).

It is clear that the use in (i) is not essential, since we can assume that @ < oy when 0 < 0y < o < 1. The use in (ii) is
not essential, either, since we can proceed using the Holder estimates in [6] that

o 1
vitilles s, < COO“* + M) (2.33)

instead of (2.26), where B8 € (0, 1) is a constant depending only on n, og, A, A. Consequently, the statement of
Lemma 2.13 becomes

A = A =
XNf(x) —C(* +1/M)xlf <N*(x) < XN*(X)—FC(/)O[*“-F 1/M)|x|P ¥ x € Bya,

and (2.32) becomes

AN B~ Nt A g
XN (x) —e1lx|P <N (x)ixN (x) +er]x|”.

The same proof of Lemma 9.2 in [8] will give that there exists some 8 > 0 depending only on o, 1, 4, A such that
N*() <CA/M +p*)x)P Vx e B,

and we will choose @ = 8 (which might be smaller than the one in (1.5) when o < 1 if one consider the best possible
one due to the C1* estimates in [6] even for o very small).
Thus, we can prove that

Theorem 2.15. For o € (0,2) and o € [00, 2), there exists a constant & € (0, 1) depending only on n, oy, > and A so
that Theorem 2.2 holds.
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3. Schauder estimates

In this section, we will prove the Schauder estimates in Theorem 1.1. We start with a lemma. It follows quickly
from comparison principles and we omit the proof here.

Lemma 3.1. Suppose that every K,(y) € 5\, A, o) witho > oy > 0, cq is a constant. Let u be the viscosity solution

of

inf fSu(x, VK,(y)dy =co in By
acA
Rn
u=g inR"'\B.

Then there exists a constant C depending only on A, A, n and o¢ such that
llullLoe @y < ClIg Il Loo®n\By) + |col)-

Proof of Theorem 1.1. The strategy of the proof is to find a sequence of approximation solutions which are suffi-
ciently regular, and the error between the genuine solution and the approximation solutions can be controlled in a
desired rate. We divide the proof into four steps.

Step 1: Normalization and rescaling.

Let wg be the viscosity solution of

lowo(x) := aigfx/ Swo(x, y)Kq(0, y)dy — f(0) =0 in By
Rn
wo=u inR"\ By.

Then by Lemma 3.1 we have that
lwoll Loo®ny < C(llullLoo®ny + Il fllLoo(Bs))-
Thus by normalization, we may assume that
lwollLoony < 1/2, llullpso@®ny + I fllLoosy) < 1/2.
For some universal small positive constant y < 1, which will be chosen later in (3.15), we may also assume that
[f(x) = f(O)] <ylx|* and
[ 1K) = Ka0 ) minGy sy < yixtr (1)
Rl’l
foralla € A, r € (0, 1], x € Bs. This can be achieved by the scaling for s < 1 small that if we let
K (x, V) =s"T9 K, (sx,sy) € Lr(h, A, 0),
w(x) =u(sx),
fx) =57 f(sx), (3.2)
then we see that
li(x) = inf Lai(x) = f(x) in Bs,
acA
where

Laii(x) := /Sﬁ(X, y)fa(x, y)dy.
Rﬂ
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It follows that if we choose s sufficiently small, then
|F(0) = FO)] < Mps™*|x|* < ylx|* <5y,

and
/ |Ka(x, y) = Ko (0, y) min(ly[?, r?)dy < 2A5%|x|*r?77 <y |x|*r*™°
RV!

foralla € A, r € (0, 1], x € Bs. Thus, we may consider the equation of i instead.
Consequently, it follows from (3.1) that (]| - ||« is defined in (A.1) in Appendix A

11— Ioll« < 25y.
Indeed, if x € Bs, h € C2(x), |||l ooy < M, |h(y) — h(x) — (y —x) - VA(x)| < & |x — y|? for every y € Bi(x), we

have

1
1 —1 < su
I oll« _MBI ]

/|3h(x,y)||Ka(x,y)—Ka(O,y)Idy
]Rn

M
SSHPI /Iyllea(x,y)—Ka(O,y)I+4 / [Kq(x,y) — Kq(0, )]
a 1+ M
B R"\By
<Sylx|* <25y. (3.3)

Step 2: From now on, we denote

p = po as the one in Theorem 2.2, which is a universal constant.

We claim that we can find a sequence of functions w;, i =0, 1,2, - - -, such that for all 7,
i
inf [ > Swe(x, »)Ka(0, y)dy = f(0) in By, (3.4)
ae Y 10
and
i
(=Y we)(p'x)=0 forallx eR"\ By, (3.5)
1=0
and
llw; || oo gy < p@ T,
IDwillLes, i< crp@teDig=l
1D willes, ,, < c2p e Pie72,
2 —&)i_—4
[D wi]ca+a—2(3(47”_ﬂi) < CZ,O(a O[)lf ,
(3.6)
and
i
e = " well Loy < pFOEHD, (3.7)
£=0
and
1
[ =Y welceis, ,, » <8ep @ eic™h (3.8)

=0
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where 7 is an arbitrary constant in (0, 1], @1 and ¢ are positive constants depending only on n, A, A, yp and &, and
¢y is the constant in (2.2).

Then Theorem 1.1 will follow from this claim and standard arguments. Indeed, we have, when 1 <o 4+ o <2 and
for p'*! < |x| < p',

ux,0) = > we(0,0) = Y Vewe(0,0) - x|

=0 =0

< lux,0) = > wex, 0)| + 1) welx, 00 = Y we(0,0) = Y Viwe(0,0) - x|

=0 =0 =0 =0

+1 ) we(0,0)+] Y Viwe(0,0) x|

{=i+1 {=i+1
i 00 00
Sp(0+a)(i+1)+c2|x|22p(a+a—2)l+ Z p(a+a)lf+|x| Z Czp(a+a—1)€
£=0 L=i+1 L=i+1
< Colx|7He.

When o+« > 2 and for p'*! < |x| < p',

o0 oo o0 1
() = 3 we () = 3 Dwe(©0) - x =Y —x" D?uy (0)x|
£=0 £=0 £=0
<Y we) =Y we(0) = Y Dwe(0)-x — ) %xTDzwe(0>x|
£=0 £=0 £=0 £=0

) =Y we@) 1Y we©]+] Y Dwz<0)-x|+%| > x"D?w(0)x|

=0 l=i+1 I=i+1 {=i+1
) i ) 9] oo
fp(0'+(1)(l+l)+262|x|0'+0[ Zp(a—a)ﬁ_’_ Z p(0+a)€+|x| Z Czp(0+ot—l)€
=0 l=i+1 l=i+1
00
+|)C|2 Z Czp(O'JrOt*Z)K
{=i+1

< Cslx|7**.

This proves the estimate (1.8).
Now we are left to prove this claim. Before we provide the detailed proof, we would like to first mention the idea
and the structure of (3.4)—(3.8):

e Solving (3.4) and (3.5) inductively is how we construct this sequence of functions {w;}.
e (3.7) will follow from the approximation lemmas in Appendix A, where (3.8) will be used.

e (3.6) will follow from (3.7), maximum principles and the recursive Evans—Krylov theorem, Theorem 2.2.

Step 3: Prove the claim for i = 0.

Let u be a viscosity solution of (1.1). It follows from the Holder estimates in [6], standard scaling and covering
(contributing at most a factor of 4/t) arguments that there exist constants o € (0, 1), ¢ > 0, depending only on
n, A, A, yo, @, such that for 7 € (0, 1]

lullcor gy oy < 1t (llull Loorny + 1 fll oo (By)) - (3.9)
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Let wq be the one in Step 1 and ¢, be the constant in (2.2). Then by Theorem 2.2, standard scaling, translation and
covering arguments that

-1
lwoll Loy <1, IDwollo(B,_,) < 2T,

ID*wollLo(By) <212, [D*wolcota—2(p, ) <c2t ™ (3.10)

Let us set up to apply the approximation lemma, Lemma A.1, in Appendix A. Let ¢ = p> < p®*® and M = 1.
Let us fixed a modulus continuity w;(r) = r*'. Then for these w1, &, M, there exist 1 (small) and R (large) so that
Lemma A.1 holds. We can assume that the rescaling in (3.2) make the equation hold in a very large ball containing

Byg and |u(x) —u(y)| < w1(|x — y|) forevery x € Br \ B4 and y € R" \ By4. The latter one can be done due to (3.9).
We will choose y < 11/25 in (3.15). Then by the rescaling in Step 1, we can conclude from Lemma A.1 that

lu — wollL(p,) <& <p° T,

and thus,

llu — woll Loo ey < llu — wollLoo(py) <& < p”H.

This proves that (3.4), (3.5), (3.6) and (3.7) ho]d fori =0.
Let v(x) = u(x) — wo(x). Since wo € C° ¢, v is a solution of

19y = inf / Sv(x, y)Ka(x,y) + 8wo(x, ) Ka(x, y)dy — f(0)
ae
]Rn

— f(x) = £(0) inBa.

It is clear that 1 is elliptic with respect to £y (A, A, o). Moreover, for x € B4_»z,

190] = | inf f Swo(x, ) Ka(x, )dy — £(O)]
acA

Rn
— |int / 5(wo(x, ) Ka(x, y)dy — inf / 5 (wo(x, ) Ko (0, y)dy|
ac A acA
R}‘I Rn

IA

SUP/|3wo(x,y)||Ka(x,y)—Ka(0, y)ldy
aeARn

< sup /czr—2|y|2|l<a<x,y)—Ka<o,y>|dy+4 / IKa(x,y) — Ka(0, y)|dy
aeA B, R B,
<y@+dx|%t 7 <yd(+HTt %<1, (3.11)

where (3.10) was used in the second inequality, and (3.1) was used in the third inequality, and (3.15) was used
in the last inequality. It follows from Holder estimates established in [6], standard scaling and covering arguments
(contributing at most a factor of 4/7) we have

Ivllcar (B 5y < 1T 7 (@77 +4y + 1) < 8ci7 4,
and thus,
[u — wolce (By_s,) < 8e17 2.

This finishes the proof of (3.8) for i = 0.

Step 4: We assume all of (3.4), (3.5), (3.6), (3.7) and (3.8) hold up to i > 0, and we will show that they all hold for
i+ 1 as well.
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Let

i
W(x) — p—(i+l)(0+ol) (l/l _ Z w[) (,Oi_Hx),
£=0

—(o+a)t

v =p we(p'x),

and

K(i+])(x,y) =p(”+”)(i“)K(p"+1x,pi+]y).
Since wy € C o+ for each £, then W is a solution of

7D W Zp—(i-i-l)ozf(pi-i-lx) . p—(i+1)af(0) in By,
where

i
160w = inﬁ\/ <5W(x,y)+Zp‘("“>("+"‘)5wz(p"“x,p”ly)) KD (x, y)dy — p~ D £(0)
ae
i =0

i

— 122/‘ <8w(x’y)+Zp—(i-‘rl—@)(O'-HX)(SvZ(pl'-‘rl—fx’pi+l—(y)> KL(,H—I)(X,y)dy—,0_(i+1)af(0).

a
Rn =0

It is clear that 7¢+D jg elliptic with respect to Zp(A, A, o). Denote

i

1§+ = 125\/ <8v(x, W+ Y p CDEFO sy, (ot Ly, p”]y)) KTV, y)dy — p~ D £ (0)

a
R £=0

i
= inf / (au(x, WA p OO D sy, (o, p’*“fy)) Kg 00, y)dy — p~ D £(0),
aeARn =0
which is also elliptic with respect to £ (A, A, o). Let v;4 be the solution of

Vi1 = 0 in B4

vip1 =W inR"\ By.

@i+1)
Iy

It follows that
lvitillLoo@ny < [WllLeowny < 1. (3.12)

Indeed, we first know from the nonlocal Evans—Krylov theorem that v; 1| € C°T and thus Iéiﬂ)v,ur] can be calcu-
lated point-wisely. Since I(g"H)O = 0 which follows from (3.4), we have for x € By,

. 7 7 1 .
inf /(Sv,-+1(x,y)Ké”“”(O,y)dySlé”r Jvip1(x) < sup/5vi+1(x,y)K§’+”(0,y)dy-
acA acA
R~ R7
We also know from then boundary regularity in [7] that v;1; € C (Ba). Suppose that there exists xo € B4 so that
Vit1(x0) =maxg, viy1 > W] Loo®n By). Then

sup [ bvi110 NKS VO, )y <0,
acA

RYI
which is a contradiction to ISIH)UH 1(x0) = 0. It follows from similar arguments that v; 1 (x) > —||W /|| o ®m\ B, for
X € By4. This proves (3.12).
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Again, by our induction hypothesis (3.4), it follows that forallm =0, 1, -- -, i,

m

inf / (Z pmOF s (p" pm‘fw) K" (0. y)dy=p"""f(0) inBy.

ae
R =0

It follows from Theorem 2.2 and standard scaling arguments that

—1
I1DvitillLoB,y  <c2t
2 -2
ID“vi1llLeB, ) =<cat™ 7,
2 —4
[D vi+l]ca+&72(34ir) S T .

We want to apply Lemma A.2 to the equations of W and v; ;1 so that we have |W — v; 11| < p° 7% in By.
First of all, [W| < 1in R", W =0in R" \ By/,, and [Wlce1 (8, s,,,) < 8c10% 7“1~ <8c1p 3%, Secondly,
it follows from similar computations in (2.28), and making use of (3.6) and Lemma 2.5 that

LD R, 1caip,y < Mo VaeA,

where M) is a universal constant independent of i,

i
L= / b0, NKLTVO, )y, Ry(x) =3 p~ 0 (o),
£=0
R}‘l

Lastly, we are going to show that we can choose y sufficiently small so that
. it )
9D — 1V <y in By (3.13)

and we can apply Lemma A.2, where 7 is the one in (A.2) with ¢ = p3 < p°t% Myasabove, M| =1, Mp = 8c1,0_3
M3 =C).

For x € By, h € Cz(x), Al poomny < M, [h(y) — h(x) — (y —x) - Vh(x)| < %|x — y|2 for every y € By(x), we
have

)

[ i+1
||I(t+1) _ Iél-i- )||>!<

< sup | [ 8h(x, KISV (x,y) — KD (0, y))dy]

a,h,x
Rll

i
+ Y sup| | p OO s, (o1 x, p ) (KD (x, y) = KD (0, y)dy]
1—pa€A
Rn
=1+ Db.
It follows from the same computations in (3.3) that
1] <25y.

Forae A, ¢=0,1,---,i and for x € B—27)/p, we have, similar to (3.11),

| / Swe(p™x, p Iy (KT (0, y) — KITD (x, y))dy]
R)‘l

< p?@*D / 8w (0™, K0, ) = Kalp ™ x, y)ldy
RV!

< pol+h / c2pr D292 K, (0, y) — Ka(p' T x, y)|dy

szr
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4 polith / pOFTIULIK (0, y) — Ka(p'Tx, y)|dy
R”\szf
< Io(o-—‘,-ot)(i-i-l)y(C2 + 4)p0[@l.—(7 |x|0t’ 3.14)

where we used (3.6) in the second inequality. We choose y such that

(25 +(c2+44) p“@> y <min(1/25, 12). (3.15)
£=0

It follows that (3.13) holds (here we can choose 7 = 1). By Lemma A.2 we have that

IW = vigillLoo@ny = |W — vig1llzo(sy) <& < p .

Let
wig1(x) = pTOH Dy, (o~ D),

Thus, we have shown in the above that all of (3.4), (3.5), (3.6), (3.7) hold for i + 1. In the following, we shall show
that (3.8) hold for i + 1 as well. Let

i+1
V=W-—v= p—(z‘+1)(a+a) (u _ Zwe> (,oH'lx).
£=0

Thus, for x € By

i+1
](i+1)V — igif[av(x’ y) + Zp—(i+l)(a+a)5we(pi+1x, )Oi+1y)]KL(,i+l)(xa y)dy — p—(i+1)ozf(o)
a
R £=0

= p T f(p ) — p= D £ (0).
Moreover, for x € B4,

i+1

|I(i+l)0| = inf f[zp_(i+l)(g+a)8w£(,0i+lx, ,OH_ly)]K‘gH_l)(x, y)dy _ p—(i+l)af(0)|
aeARn =0
i+1
=1 inf, / [Y o™ TFDEF 5wy ("  p ) KD (x, y)dy
Rn £=0
i+1
_ inf /[Zpf(i+1)(o+a)8wl(pi+1x,pi+1y)]Kl§i+l)(07 y)dy|
aEARn =0
i+1
<sup Yy f p~UTDEF 5w (o x, p T IKITD G y) = KETD(0, y)Idy
acA 1=0fn
<mt 7,

where in the last inequality we have used (3.14) and the choice of n; in (3.15). Thus, by standard scaling and covering
arguments,

[VIca (By_s) < 8c1T ™™

Hence, (3.8) holds for i + 1.
This finishes the proof of the claim in Step 2. Therefore, the proof of Theorem 1.1 is completed. O
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Remark 3.2. In the step of approximation, one cannot use

i

Iy vi= inf / <6v(x, ¥+ Y p 05y, p"+”y)) K0, y)dy — p~ 0 £(0)

a
Rn =0

to approximate 7+ W, since one can check that féiﬂ) will not be close to ¢+, This is the main reason why we
need Theorem 2.2.

Remark 33 In the case of 0 > 0¢p > 0 and 0 + @ <2 — yy for some yp > 0, our approximation solutions {w,} are of
only C°*+¥ but may not be C2. Thus, instead of (1.7), we need the following (stronger) assumption on K,:

/ Ko (x, y) = Ka(0, y) min(ly|”*, roF%)dy < Alx|*r?, (3.16)
Rll
which will be used in (3.11) and (3.14). Then, with the help of Theorem 2.15, for |oc +a — 1| > v, o € (0, @) and

o +a — 1| > &g, the same proof shows that the Schauder estimate (1.8) holds under the conditions (3.16) and (1.6),
where the constant C there will additionally depend on oy.

Let og € (0, 2). A unified Holder condition on the kernels K for all o € [0p, 2), which is slightly stronger than both
(1.7) and (3.16), would be

|K(x,y) = K0, y)ldy <(2—0)Alx|*r™° (3.17)
B2r\Br

forall r > 0, x € Bs.
Combining Theorem 1.1 and Remark 3.3, we have this corollary.

Corollary 3.4. Let og € (0, 2). There exists a € (0, 1) depending only on n, A, A and oy such that the following
statement holds: Assume every K,(x,y) € £ (A, A, o) satisfies (3.17) with o € [09,2), @ € (0,Q), |0 +a — j| >
yo>0and|o +a — j|>ey>0for j=1,2. Suppose that f satisfies (1.6). If u is a bounded viscosity solution of
(1.1), then there exists a polynomial P(x) of degree [0 + «] such that (1.8) holds for x € By, where C in (1.8) is a
positive constant depending only on X, A, n, 0g, @, a, &y and yp.

An application of our Schauder estimates is another proof of the following Evans—Krylov type estimates for vis-
cosity solutions of nonlocal fully nonlinear parabolic equations:

up(x, 1) = ini /M(x,y;t)Ka(y) dy ¢ in B x (=2,0], (3.18)
ae
Rn
where Su(x, y;t) =u(x+y,t)+u(x—y,t)—2u(x,t), Ais anindex set, and each K, € % (A, A, o). These estimates
for more general nonlocal parabolic equations have been established by H. Chang Lara and G. Davila [12]. The
definition of viscosity solutions to nonlocal parabolic equations and their many properties can be found in [9,10].

Theorem 3.5. Let u : R" x [-2, 0] — R be a viscosity solution of (3.18). Suppose that u is Lipschitz continuous in t
in (R"\ By) x [—2,0] and ||./\/l(j)tu(-, —2)||Loe®ny < Co. Then there exists B € (0, 1) depending only on n, A, A such
that for o + B —2 > yo > 0 we have

luellca, g, xi—1,01 +||V)%”||C‘Z,(le[—1,0]) < C(llullzoorx—2,01) + lltrll Lo (®m\By)x[-2,01) + Co)s (3.19)

X, X

where & = yoB/2 and C is a positive constant depending only on n, ., A and yy.
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Proof. It follows from Theorem 6.2 in [9] and Theorem 4.1 in [10] that there exists some B € (0, 1) depending only
on n, A, A such that

Ve eCl (B x [—1,0]).
In particular, the right hand side of (3.18) is Holder in x. By the Schauder estimates in Theorem 1.1 (and adjusting B
if necessary), when o + 8 — 2 > y9 > 0, we have for all r € [—1, 0]

VZu(-, 1) e CIHP2(By).
By Lemma 3.1 on page 78 in [19], we have for all x € B,

V2u(x, ) € CPOHPDICH-D 1 o c c¥ (-1, 0.

Thus, Vfu € Cf’[ (B1 x[—1,0]), and the estimate (3.19) follows from the estimates in Theorem 6.2 in [9], Theorem 4.1
in [10] and the Schauder estimates we proved. This finishes the proof. O

The estimate (3.19) is not written in the scaling invariant form for the purpose of convenience in its proof. Note that
Example 2.4.1 in [10] shows that the assumption of the Lipschitz continuity on u in (R" \ By) x [—2, 0] is necessary
to obtain Holder continuity of u; in By x [—1, 0]. The constant C in (3.19) does not depend on o, and thus, does not
blow up as o0 — 2.

One also can replace the condition on the initial data u(-, —2) in Theorem 3.5 by the following global Lipschitz
type assumption:

lul ) —ult = Ol 1w,
<

[M]CO’I((tl,l‘z];Ll(a)g)) = sup o0, (320)

(t—7.11C(1.12] T
where [[v]l11 ¢, ) = Jge [0 min(l, [y|~"~7)dy.
Theorem 3.6. Let u : R" x [—2, 0] — R be a viscosity solution of (3.18) and satisfy (3.20). Then there exists Be(0,1)
depending only on n, A, A such that for o +  —2 > yy > 0 we have
2
””l”Cf_,(le[—l,O]) + ”qu”Cf,,(le[—l,O]) < C(llullLoo®rx[—2,01) + [u]COvl((tl,tz];Ll(wo)))s

where & = yoB/2 and C is a positive constant depending only on n, ., A and yy.

Proof. It is the same as the proof of Theorem 3.5, except that we use Corollary 7.2 and Corollary 7.4 in [11] instead
of Theorem 6.2 in [9] and Theorem 4.1 in [10], O

Conflict of interest statement
We declare that there is no conflict of interest.
Acknowledgements

We would like to thank Professor Luis Silvestre for many useful discussions and suggestions. We also thank
Professor YanYan Li for his interests and constant encouragement.

Appendix A. Approximation lemmas

Our proof of Schauder estimates uses perturbative arguments, and we need the following two approximation lem-
mas, which are variants of Lemma 7 in [6]. We will do a few modifications for our own purposes, and we decide to
include them in this appendix for completeness and convenience.

To start with, we recall some definitions and notations about nonlocal elliptic operators, which can be found in
[6,7]. Let g € (0, 2) be fixed, and w(y) = (1 + |y|*+0)~1. We say u € L'(R", w) if fR" lu(y)|w(y)dy < oco. Let Q
be an open subset of R”. Let us recall Definition 21 in [7] for nonlocal operators. A nonlocal operator / in 2 is a rule
that assigns a function u to a value I (u, x) at every point x € 2 satisfying the following assumptions:
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e I(u,x) is well-defined as long as u € C?(x) and u € L' (R", w).
o If u e C2(2) NL'(R", w), then I (u, x) is continuous in 2 as a function of x.

Here u € C?(x) we mean that there is a quadratic polynomial p such that u(y) = p(y) + o(]y — x|?) for y close to x.
An operator is translation invariant if t,/u = I (t,u) where 7, is the translation operator ,u(x) = u(x — z).

Given such a nonlocal operator 7, one can defined a norm || || as in Definition 22 in [7]. We also define a (weaker)
norm ||/ ||, for our own purpose:

11l == sup{| 1 u, )|/ (1 + M) : x € Q,u € C*(x), ul| Loy < M,
M
lu(y) —u(x) = (y = x) - Vu@)| = —|x = yI? for every y € By (x)}. (A.D)

We say that a nonlocal operator [ is uniformly elliptic with respect to %y(A, A, o), which will be written as £y (o)
for short, if

MY V) S T +v,x) — I, x) <MY, o),

where
N ) Adv(x, )T — Asv(x, y)~
M«iﬂo(ﬁ)v(x) - Leg}of(a) bty =@- 0)/ ly["te @
Ril
Asv(x, )T — Adv(x, y)~
Mjc_fo(a)v(x) = sup Lv(x)=Q2-— U)/ |y|nto dy
LeZy(0) i Y

It is also convenient to define the limit operators when o — 2 as
Mypv) = im Mg, )0
+ — 1 +
/\/la%(z)v(x) = (}1_)1112./\/120(0)1)@).
It has been explained in [7] that M.}o(Z) is a second order uniformly elliptic operator, whose ellipticity constants A

and A depend only A, A and the dimension n. Moreover, M}O(Z)v < M1 (V2v), where M+ (V2v) is the second

order Pucci operator with ellipticity constants A and A. Similarly, we also have corresponding relations for M:% X

Our approximation lemmas will be proved by compactness arguments, where we need the concepts of the weak
convergence of nonlocal operators in Definition 41 in [7]. We say that a sequence of nonlocal operators [ — I weakly
in 2 if, for every xo € 2 and for every function v of the form

_Jpx) if|x —xol =r;
v(x)_{u(x) if |x — xo| > r,

where p is a polynomial of degree two and u € L'(R", w), we have I} (v, x) — I (v, x) uniformly in B2 (xp).

Lemma A.1. For some o > o9 > 0 we consider nonlocal operators Iy, 11 and I uniformly elliptic with respect to
L (o). Assume also that Iy is translation invariant and I5(0) = 1.

Given M > 0, a modulus of continuity w1 and ¢ > 0, there exists n1 (small, independent of o) and R (large,
independent of o ) so that if u, v, lo, I and I, satisfy

Io(v,x)=0, L(u,x)>-n1, Db@u,x)<n inB
in viscosity sense, and
11— Doll« <m, 2= 1Ioll« <m in By,

and
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u=v inR"\ By,
u(x)| <M inR",
lu(x) —u(y)| <wi1(|x —yl) foreveryx e Bg\ ByandyeR"\ By,

then lu — v| < ¢ in Bj.

Proof. It follows from the proof of Lemma 7' in [7] with modifications. We argue by contradiction. Suppose the
above lemma was false. Then there would be sequences o, Iék), 1 l(k), Iz(k), Nk, Uk, Vg such that oy — o € [0, 2],
nk — 0 and all the assumptions of the lemma are valid, but supp, |ux — vk| > €.

Since Iék) is a sequence of uniformly elliptic translation invariant operators with respect to .Z (%), by Theorem 42

in [7] that we can take a subsequence, which is still denoted as (k), that converges weakly to some nonlocal operator
Iy, and Iy is also translation invariant, and uniformly elliptic with respect to the class -£y(o).

It follows from the boundary regularity Theorem 32 in [7] that u; and v; have a modulus of continuity, uniform in
k, in the closed unit ball B;. Thus, ux and v have a uniform (in k) modulus of continuity on Bg, with Ry — co. We
can subsequences of {uy} and {v}, which will be still denoted as {u;} and {vy}, which converges locally uniformly in
R" to u and v, respectively. Moreover, u = v in R" \ By, and sup B lu —v|>e.

In the following, we are going to show that

Io(u,x) =0=Ip(v,x) in By, (A.2)

from which we can conclude that u = v in By, since /y is translation invariant. But we know that supg |u —v| > e.
This reaches a contradiction.

The second equality of (A.2) follows from Lemma 5 in [7]. The first equality actually follows almost identically
from the proof of Lemma 5 in [7]: we only need to notice that the sequence {u} is uniformly bounded by M, and thus
the conditions that ]1(k> (U, x) > —n, Iz(k) (Ug, x) < nk, ||11(k) - Iék) I« — 0 and ||12(k) — Iék)”* — 0 are sufficient to
show Iy(u, x) =0 in Bj as in the proof of Lemma 5 in [7]. O

Lemma A.2. For some o > oo > 0 we consider nonlocal operators Iy, Iy and I, uniformly elliptic with respect to
L (o). Assume also that

Ioo(@) = inf / 5u(x. y)Ka()dy + ha(x) §  in By,
a
R”

where each K, € £ (o) and for some constant B € (0, 1),
[halcs g,y < Mo and in.gha(x) =0V x € By.
ae

Given My, My, Ma, M3 > 0, Rg > 5, B,v € (0, 1), and ¢ > 0O, there exists n> (small, independent of o) so that if
u,v, lo, I1 and I, satisfy

Ip(v,x)=0, ©Li(u,x)>-n2, ©DL(u,x)=<ny inBy,
in viscosity sense, and

Iy — Tolls <m2, |2 —Ioll« <n2 in By,
and

u=v inR"\ By,
u=0 inR"\ Bg,,

' The statements of Lemma 7 and Lemma 8 in [7] should be read under the condition that I is translation invariant (see [25]), which does not
affect their applications in [7].
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lul <M; inR",
[ulcv(sr, o <Mat™ VT e (1),

Ivllcots(p, ) <Mzt Y1e(,),

then |u — v| < ¢ in By.

Proof. This lemma can be proved similarly to Lemma A.1. Suppose the above lemma was false. Then there would be
sequences ok, I(gk), Il(k), Iz(k), Nk, Uk, Vg such that oy — o € [0y, 2], nr — 0 and all the assumptions of the lemma are
valid, but supp, [ur — vi| > €.

By our assumptions, it is clear that, up to a subsequence, u; converges locally uniformly in Bg,. Since u; =0 in
R™\ Bg,, it converges almost everywhere to some function u in R". Since vy is bounded and has a modulus continuity
on Bs\ By, then by the boundary regularity Theorem 32 in [7], there is another modulus continuity that extends to the

closed unit ball By4, and thus, v converges uniformly in By, as well as in cothr

loc
o+B—n
loc

(By) for any arbitrarily small & > 0.

Therefore, v; converges to some function v € C
and supg, lu —v| >e.

(B4) almost everywhere in R"”. Moreover, u = v in R"” \ By,

We are going to show that there exists a subsequence of {Iék)}, which is still denoted as Iék), that converges weakly
in B4 to some nonlocal operator Iy, and Iy is uniformly elliptic with respect to the class %y(c). Then it follows
from the proof of (A.2) that u and v solve the same equation Iy(u, x) = Ip(v, x) = 0 in By in viscosity sense. Since

vE ngﬂ “H(By) is a classical solution and u = v in R” \ B4, we have u = v in By, which is a contradiction.

The proof of that there exists a subsequence of {Iék)} weakly converges in B4 will basically follow from the proofs
of Lemma 6 and Theorem 42 in [7].

Claim 1. Let ¢ be a function

_ p(x) in B,
(p(x)_{GD(x) inR"\ By,

. . . k;
where r > 0, p(x) is a second order polynomial, and ® € L' (R”", w). Then there exists a subsequence {Ié ’)} such

that fi; (x) := Iékj )go(x) converges uniformly in By 3.

Proof of Claim 1. Since I\ (0) = 0, by uniformly ellipticity, f; is uniformly bounded in B, >. We are going to find
a uniform modulus of continuity for fj in B, /2 so that Claim 1 follows from Arzela—Ascoli theorem.
Recall 7,¢(x) = ¢(x + z). Given x, y € B,/; with |x — y| < /8, we have

feto) = fi(y) < M (0 = T30, %) + Molx — yIP,

where the first term has a modulus of continuity depends on ¢ but not Iék) as shown in the proof of Lemma 6 in [7].
This finishes the proof of Claim 1.

As long as we have Claim 1, it follows from the proof of Theorem 42 in [7] identically that there exists a subse-
quence of {I(gk)}, which is still denoted as Iék), that converges weakly in B4 to some nonlocal operator Iy, and Iy is
uniformly elliptic with respect to the class Zp(o). O
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