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Abstract
Let u be a type I blowing up solution of the Cauchy—Dirichlet problem for a semilinear heat equation,

oru=Au+uP, xe2,t>0,
u(x,t) =0, x €082, t>0, (P)
ux,0)=9¢(x), xe£,

where £2 is a (possibly unbounded) domain in RY,N>1,and p > 1. We prove that, if ¢ € L°°(£2) N L9 (£2) for some q € [1, 00),
then the blow-up set of the solution u is bounded. Furthermore, we give a sufficient condition for type I blowing up solutions not to
blow up on the boundary of the domain 2. This enables us to prove that, if £2 is an annulus, then the radially symmetric solutions
of (P) do not blow up on the boundary 9£2.

© 2013 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

1. Introduction

This paper concerns the blow-up problem for a semilinear heat equation,
oru = Au + u” in 2 x (0, 7T),
ulx,t)=0 ondf2 x (0, T)if 982 # 0, (1.1)
u(x,0)=¢x) >0 in £,

where £2 is a (possibly unbounded) domain in RY, N >1, 9, =0/0t, p>1,T >0,and ¢ € L®°(£2). Let T be the
maximal existence time of the unique bounded solution u of (1.1). If T < oo, then

limsup | u(?) Loo(2) = OO
t—>T
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and we call T the blow-up time of the solution u. The blow-up of u is said to be of type I if
1
limsup(7T —¢)r-1 ||u(t) ||LOQ(Q) < 00.
t—>T

Furthermore, the blow-up of u is said to be of O.D.E. type if

o] Ly
limsup(T — )P T |u(®)| , 00,0y, =k Withx = <—> .
t—>T Lewn p—1
If the blow-up of u is not of type I, then we say that the blow-up of u is of type II. We denote by B(u) the blow-up set
of the solution u, that is,

Bu) = {x € £2: there exists a sequence {(x,,7,)} C 2 x (0,T)
such that lim (x,,%,) = (x,T), lim u(x,,t,) = +oo}.
n— oo n— oo

We remark that B(u) is a closed set in £2.

The blow-up set for problem (1.1) has been studied intensively since the pioneering work due to Weissler [32].
See for example [1-3,6-27,31-35], and references therein. See also [30], which includes a good list of references in
this topic. Among others, Friedman and McLeod [6] studied the blow-up set by using the comparison principle, and
proved the following (see [6, Theorem 3.3]):

(a) If £2 is convex, then the boundary blow-up does not occur, that is, B(x) N 9$2 = .

In [14-16], Giga and Kohn studied blow-up problem (1.1), and established a blow-up criterion for the solutions in the
case where (N — 2)p < N + 2. This criterion implies the following:

(b) If £2 is a (possibly unbounded) convex domain and (N — 2)p < N + 2, then the blow-up set B(u) is bounded
provided that ¢ € H'(£2);
(c) If £2 is strictly star-shaped about a € 962 and (N —2)p < N + 2, thena ¢ B(u).

For assertion (b), see [ 16, Theorem 5.1, Remarks 5.2 and 5.4] and for assertion (c), see [ 16, Theorem 5.3]. Assertion (b)
was also proved in [12] and [ 13] for the one dimensional case, with the initial function ¢ which deceases monotonically
to 0 and which satisfies 0 < p(x) < Clx |’2/ (=1 for some constant C. On the other hand, in [19], the second author
of this paper and Mizoguchi proved that a blow-up criterion similar to that of [14—16] holds for type I blowing up
solutions without the convexity of the domain £2, and obtained the following:

(d) If £ is a bounded smooth domain in RY and (N — 2)p < N + 2, then type I blowing up solutions do not blow
up on the boundary 952.

Unfortunately, if §2 is not convex, then there are few results, except assertion (d), identifying whether the boundary
blow-up occurs or not, and the following problem is still open as far as we know:

Let £2 be an annulus in R". Then does the radially symmetric solution

P
(P) of (1.1) blow up on the boundary 927

We remark that there exists a solution blowing up on the boundary of the domain for the equation
O = Uy, + k(um)x +u?mnt

where m > 1 and large enough k > 2/./m (see [4]).

In this paper we prove that the blow-up set of the solution # of (1.1) is bounded if the blow-up of the solution u
is of type I and the initial function ¢ € L*°(£2) N L9($2) for some g € [1, 00). Furthermore, we give a sufficient
condition for the solution u not to blow up on the boundary of the domain 2, and prove that, if §2 is annulus, then
the radially symmetric solution does not blow up on the boundary 9£2. In addition, we prove that, if §2 satisfies the
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exterior sphere condition and the solution u of (1.1) exhibits O.D.E. type blow-up, then the solution does not blow-up
on the boundary 042.

We introduce some notation. Let B(x,r) = {y € RV: |y — x| <r} for x € R¥ and r > 0. For any bounded contin-
uous function f on £2 and any constant 7, we put

M(fin):={xe2: f)=IflLew) —n}
For any ¢ € L (RN), let

_N _ iyl
(eo)ei=amnd [ T omay.
RN
For any A > 0, let ¢;, be a solution of ¢’ = ¢? with £(0) = A, that is,
i A—(p=1)

O.@):=k(S), —t) =T with S =

. 1.2

- (1.2)
Now we are ready to state the main results of this paper. The first theorem concerns the boundedness of the blow-up

set for problem (1.1).

Theorem 1.1. Let u be a solution of (1.1) which exhibits type I blow-up att =T. If ¢ € L°°(§2) N L9(82) for some

q €[1,00), then

sup |u(x,t)| < 00
x€\B(0,R), t(0,T)

for some R > 0. In particular, the blow-up set B(u) is bounded.

In the second theorem we give a result on the relationship between the location of the blow-up set and the level
sets of the solution just before the blow-up time. Theorem 1.2 also gives a sufficient condition for type I blowing up
solutions of (1.1) not to blow up on the boundary 952.

Theorem 1.2. Let u be a solution of (1.1) which exhibits type I blow-up at t = T. Assume
1im(T—;)ﬁ+%||w(t)||m9)=0. (1.3)
t—T

Then the blow-up of u is of O.D.E. type. Furthermore, for any n € (0, k), there exists a constant T' € (0, T) such that

Bwc () M((T =07 Tu(),n). (1.4)

T <t<T

In particular, the solution u does not blow up on the boundary 952, that is, B(u) N 9082 = .

Here we remark that, if £2 is a smooth bounded domain and (N — 2)p < N + 2, then the blow-up of the solution
is of type I and (1.3) holds (see Theorem 1.1 in [26]).
As an application of Theorem 1.2, we give the following result, which gives an affirmative answer to problem (P).
Corollary 1.1. Let
.Q:{xeRN: a<|x|<b}, O<a<b<oo.

Then the radially symmetric solution of (1.1) does not blow up on the boundary 052.
Furthermore, we give the following theorem with the aid of Corollary 1.1.

Theorem 1.3. Let 2 be a bounded domain in RV satisfying the exterior sphere condition. Let u be a solution of (1.1)
which exhibits O.D.E. type blow-up. Then the solution u does not blow up on the boundary 952.



234 Y. Fujishima, K. Ishige / Ann. I. H. Poincaré — AN 31 (2014) 231-247

In this paper we improve the arguments in [8], and give a blow-up criterion for the semilinear heat equations
with small diffusion (see Proposition 2.1). This blow-up criterion enables us to study the location of the blow-up
set for problem (1.1) by using the profile of the solution just before the blow-up time and to obtain Theorems 1.1
and 1.2. Furthermore, for the radially symmetric solutions of (1.1) in an annulus, we apply the arguments in [5]
and [28] with the aid of [26,27,29], and obtain the blow-up estimates of the solution and its gradient. Then we can
prove Corollary 1.1 with the aid of Theorem 1.2. In addition, we prove Theorem 1.3 by using Proposition 2.1 and
Corollary 1.1.

The rest of this paper is organized as follows: In Section 2 we give some preliminary results on the blow-up
problem (1.1). Section 3 is devoted to the proofs of Theorems 1.1, 1.2, and Corollary 1.1. In Section 4 we prove
Theorem 1.3.

2. Preliminaries

In this section we give preliminary results on the blow-up problem for the semilinear heat equations. We first give
a lemma on O.D.E. type blowing up solutions.

Lemma 2.1. Assume the same conditions as in Theorem 1.2. Then the blow-up of the solution u is of O.D.E. type.

Proof. We denote by T the blow-up time of the solution # of (1.1). Let € > 0 be a sufficiently small constant. Put

1 1
we(x, ) :=erTu(x, T —e+e€b), Ye(x):=erTu(x, T —¢€). 2.1
Then w, blows up at t = 1 and satisfies

dwe = €Awe +w?  in 2 x (0, 1),
we(x,1) =0 ondsf2 x (0, 1), 2.2)
we(x, 0) = e (x) in £2.

By the comparison principle we see that
|we®] ooy <G for0<t< Sy,
where Ae = [|@c || Lo(2), and obtain Sy < 1. This together with (1.2) implies
l@ellLoo() 2 K. (2.3)

Furthermore, since the blow-up of u is of type I, by (2.1) we can find a positive constant C such that

el = €7 [u(T = )y < €77 - C(T = (T =€) 7T <C. (2.4)
On the other hand, by (1.3) and (2.1) we have
.1 .1l
611_%62 VpellLo@) = 611_1)1})61’*‘ 2| Vu(T — )| L5o(2)

1

-5 Lits -
= lim (T — )77 [ Vu@®|| ooy =0- (2.5)

Then, by (2.3)—(2.5) we apply [7, Proposition 1] to problem (2.2), and obtain
lim S;, =1.

e—>0

This together with (1.2) yields lim,_, ¢ ||@¢|| L () = k, and we obtain
1 . 1 .
tli)n}(T —1)rt Hu(t) ||L°°(.Q) = EIL%G p=l ||M(T —€) HLOC(Q) = EILIR) ”gpé ”LOO(Q) =K.

Thus the blow-up of the solution « is of O.D.E. type, and Lemma 2.1 follows. O
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Next we consider the blow-up problem for a semilinear heat equation with small diffusion. Let u, be a solution of
o = € Au + u? in 2 x (0, T),
u(x,t)=0 onds2 x (0, T) if 082 # 0, (2.6)
u(x,0) =¢(x) 20 in £,
where N > 1, §2 is a domain in RV, p>1,€e>0,and g € L°(£2). Let T, and B be the blow-up time and the

blow-up set of the solution u. of problem (2.6), respectively. The rest of this section is devoted to the proof of the
following proposition, which is the main ingredient of this paper and a modification of [8, Proposition 4.1].

Proposition 2.1. Let u, be a solution of (2.6) with T, = 1 such that

sup sup (1 — t)P%l Hue(t)”Loc(Q) <Cy 2.7

O<e<epO<r<1

for some €y > 0 and Cy > 0. Let 2" be a domain such that 2 C 2" and {@¢ }o<e <<, a family of functions belonging
to W1-2°(82") such that

0< e <@e inS2 forall e € (0, ¢p), (2.8)
sup | @ellLoo(e2ry < 00. (2.9)
O<e<ep

Assume that there exists a constant n > 0 such that
Ge(x) <k —n ondR2 ifd2 #0. (2.10)

Then, for any § > 0, there exist positive constants o and €1 such that, if

1 -
sup €2[|Vee ||L°°({xe@:l(—n§<ﬁ€(x)gk}) <o, 2.11)
O<e<eg

then there holds
BcC{xef: ge(x) 2k —38}, O<e<er. (2.12)
Here the constants o and €1 are independent of the domain S2.
Let § > 0. Let 0 and €; be sufficiently small positive constants to be chosen later, and assume (2.11). Let o €
(0, min{x, n}/10). For any € € (0, €1), put
K—o ifx € 2" and @ (x) > k — «,
e (X ifxeR andk — 100 < @ (x) <k —«,
ve ()= fi 1)0a if x 2 2’ and G (x) <« fel(o;, 2.13)
k —10a ifx e RV \ 2.
By (2.10) and (2.13) we see that ¢} € WL (RN). Let B and y be positive constants to be chosen later, and put
2(x, 1) = (e 0f) (x), (2.14)
w(t) =k —3a)" PV + Bo(1-(1 —t)%), (2.15)
and
fy () = eyl(€2(P—l)V — e(p—l)yt)—ﬁ.
Here the function f, satisfies

L=y O+ f,®F), 0<1<2, (2.16)

and there exists a positive constant ¢, depending only on p and y, such that

¢y < inf f,(1) < sup f, (1) <c ' (2.17)
O<r<l1 0

<t<l1
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Furthermore, we define the following three functions v, vz, and v by
L
vi(x, 1) == (20, )P — (p — D) 7T, (2.18)
-4
va(x, 1) == (z0e, )P0 —w () TP, (2.19)

v (x, 0%+ £, (1) (2.20)

Then we prove the following proposition.

v(x, 1) :=v(x, t)—i—ai1

Lemma 2.2. Assume the same conditions as in Proposition 2.1. Then, for any a € (0, min{«, n}/10), there exist
positive constants B1, y, o, and €1 such that, if ¢¢ satisfies (2.11), then the function v defined by (2.20) satisfies

00 >eAV+ VP inE. (2.21)
forany B > By and € € (0, €1), where

_p-l
2

E.:= {(x,t) eRY x (0, 1): z(x, ) PV —w@r)>=C, ? ol —t)Z} (2.22)

| =

Here C, is the constant given in (2.7).

Proof. Let o and €] be positive constants to be chosen later, and assume (2.11). We first prove the following inequal-
ities,

Kk — 100 <z(x,t) <k —a inRY x (0, 00), (2.23)
[V2@)] ey, <€ 2o in (0, 00), (2.24)
vi(x,H)<C inRY x(0,1), (2.25)
=0l <CoT T+ 0T 4 £, + f7) inE, (2.26)

for all € € (0,¢€1), where C is a positive constant, independent of § and y. The inequality (2.23) easily follows
from (2.13) and the comparison principle. By (2.11) and (2.13) we have

~ _1
Sllp” VZ([) ||L°°(RN) ”V(pe ||L°°(RN) ||V€0e ||L°°({xe!7: K,]oag(ﬁe )<k —a}) < € 20"

and obtain the inequality (2.24). On the other hand, since

K—a)y P D (p—1)=(p-D[(1—k""a) """ 1] >0,
by (2.18) and (2.23) we have

010, ) < (e =a)™P7) —(p — 1))_ﬁ = [(1—kta) "7 1]_ﬁ,

and obtain (2.25). The inequality (2.26) is obtained by the same argument as in (3.19) of [8], and we omit its details.
Next we prove (2.21) by using (2.23)—-(2.26). Let 8 and y be positive constants to be chosen later. By (2.16) and
(2.20) we obtain

2 2
=

00— (€AV+07) > ———o 7w (v} -y (£, (1) + f, ()

=

2
- pevfpflz_2”|Vz|2 —2(p+ l)eoﬁvgpz_z”Wzl2 — (a7 —P)
for all (x, 1) € E¢. Then, by (2.23)—(2.26) there exists a constant C1, independent of 8 and y, such that

2 L
—1

—o T T 0w 4y (0 + £, (0)7)

30— (AU +P) >

2p

2
—Ciot = Clo Ty = Ci(o7 TR + o7 T + fy + fF) (2.27)
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for all (x,t) € Ec. Let y be a positive constant such that y > 3Cy. By (2.17), taking a sufficiently small o if necessary,
we have

(v = CO(fy () + f, (1)) = C10? 2 2C1(cy +cb) — C10* > Cicy.
This together with (2.15) and (2.27) implies that

+1 2 2
&5—(6A5+4W)2:pfio§j( — 072 4 Crey — Ci(o 70} + 2071 03) (2.28)
for all (x,7) € E..
Let
p=1
B =max{8(p — NC1C,7 ¢, P~V 4Ct(p - 1)*}. (2.29)

By (2.19) and (2.22) we have

1 (p—1) -1 el 1
v, P = (2, )P —w(n) T <267 o7 (1—-0)72,  (x,1) € Ee,
and by (2.29) we obtain

) 1t 1
2C1o 7 Tv)’ =2C10v) ™ Lo v 'v§+

p=1 +1 +1
<4cqc*2(1-0—%a%jv§+1g-——fl—-a.-n—%a%jv§+‘ (2.30)
2(p—1
for all (x,r) € E.. Therefore, by (2.28) and (2.30), we obtain
+1 2
atv—(eAv+vp) %aﬁj(l—t)_w +Cicy —Cior~Tv % (2.31)
p
for all (x, 1) € E.
Put
Eci={(x.0) € Ec: 2e,t)" PV —w(t) > 7o), Ecp=Ec\El.
By (2.19) and (2.29) we have
2 2 2 ~24
Cio7 vy < Cio71(B20) 7T =C1B7 71 < Ciey (2.32)
for all (x, 1) € E¢ 1. On the other hand, since
(l—t)*%>1, avé’q}a(ﬁ%a)il:ﬂ*%,
for all (x,1) € Ec 2, by (2.29) we have
n+1 2
Lalpj(l 1~ 2vp+l = L(1 - t)féovg_l -aﬁvg
2(p—1 2(p—1
12 ) )
> — p Fv%/Clal’*lvz
2(p—1
for all (x,?) € Ec ». This together with (2.32) implies
+1 2
p o T (1=0 20 4 Cre, > Cro 703 (2.33)

2(p—D
for all (x, t) € E.. Therefore, by (2.31) and (2.33) we have (2.21) for all (x, ¢) € Ec. Thus Lemma 2.2 follows. O

Let B; be the constant given in Lemma 2.2, and put

c-(r=D/2
} (2.34)

ﬂ:max{ﬁl,%



238 Y. Fujishima, K. Ishige / Ann. I. H. Poincaré — AN 31 (2014) 231-247

Let x be a C* smooth function in R such that
x()=1/4 forz <0, x(@) =z forz>1/2, 0< x'(z) <1inR,
and put

2
T

) TR,

2, )" P —w ()
C;(P*I)/zo.(l _ t)l/Z

Ue(x,t) =vi(x,t)+ Cy(1 — t)pllx(

This together with (2.20) and (2.22) implies that
ie(x,t)=v(x,t) in E..

Here we prove the following lemma.

Lemma 2.3. Let it be the function defined in (2.35). Then
Ue(x,0) > pe(x), xe€82.

Proof. For any x € £2 with ¢ (x) < ¥ — 2w, by (2.8) and (2.13) we have
e (x,0) = v1(x,0) = 97 (x) = Pe(x) = @e(x).
On the other hand, for any x € £2 with @ (x) > x — 2a, we have
z2(x,0) = @f (x) > k — 2.
Then, by (2.15) and (2.23) we have
2(x,00"P™D —(0) < (k — 20)" P~V — (k — 3a)~ P~V 0.
This together with (2.7) and (2.35) implies

0)-P=D _ w(0)\ 5T 0
e (x,0) > C, (Z(x L w“) — 1677,
072,

2 Cx Z ue(x,0) = gc (x).
Therefore, by (2.38) and (2.39) we have the inequality (2.37), and Lemma 2.3 follows.

Now we are ready to complete the proof of Proposition 2.1.

Proof of Proposition 2.1. Let 1 € C'(R) be such that
h(z)=—-1 forz<1, h(z)=1 forz>4, 0<h(z)<1linR.
By (2.7) we have
h( ue_(lx, ryp~1
cm -t

and see that u. satisfies

):-1 in 2 x (0, 1),

—1
ul

1
Oie = €A P+ —h
iUe = €Aue +u; + 2( <Cf_1(1 -

; 1>+1)G€(x,t) in 2 x (0, 1),
-

where
Ge(x, 1) =dite — (€ Aite +itl).
On the other hand, by Lemma 2.2 and (2.36) we have

dite > €Alic +u? indE., thatis, G¢>0 inE..

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)
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Furthermore, since

<ze(x,t>—<”—1> —w()

1
)g— inRY x [0, 1)\ E,

C*_(p_l)/zo(l — 12 2
we have
ie(x,t) = 4/P Ve, 1 - VeP=D  (x,1)eRN x[0,1)\ E.,
and obtain
h(%) =1, (x,0)eRYx[0,1)\E.. (2.42)
1 =nt

Since & < 1, by (2.41) and (2.42) we have

1 T
dyite — |:6AL7€ +il + —(h(_l%i) + 1>Ge(x, z)}
2\ e -t

1 !
——(1-n—2 ) )G.(x,)=0 in2x(,1). (2.43)
2 1=t
*
Therefore, by (2.37), (2.40), and (2.43) we apply the comparison principle to obtain
ue(x,t) <ue(x,t) in$2 x [0, 1). (2.44)

Without loss of generality we can assume that § € (0, min{x, n}/2), and let
a=348/5¢€ (O, min{x, 17}/10).

Let 0 < € < €] and x. € §2 be such that @c(x¢) < k — §. Then there exists a positive constant R, depending on €
and x., such that

Ge(x) <k —8=Kk —5a, x€B(xs, R)NKN.
Then, by (2.13) we have

z(x,0) = ¢¥ (x) <k — 50 (2.45)
for all x € B(x,, R) N 2. Furthermore, by [7, Lemma 1], taking sufficiently small o and € if necessary, we have

- O o0 .
S0P sup [0 =20 e, <

This together with (2.45) implies that

z(x,t) <k —4a, (x,1)€e (B(xe, R)N §) x [0, 1), (2.46)
for all € € (0, €1). On the other hand, let C; be a positive constant such that
(k —4a)~P~D — (¢ = 3a)~ P~V > . (2.47)

Then, by (2.15), (2.34), (2.46), and (2.47), taking a sufficiently small o if necessary, we obtain
206,07 PD Z () > (e — 4a)"PD = [ = 30) PV 4 Bor (1= (1 = 1)?)]

1 C 1 et 1
>Cl—ﬂ0+,3<7(1—1)2>7+ic* o(l—1)2
_p-l
7

1 1
> max{icl, G Toll- t)%} (2.48)
for all (x,1) € (B(xe, R) N £2) x [0, 1). This implies that (B(x., R) N £2) x [0, 1) C E. (see (2.22)). Therefore,
by (2.17), (2.20), (2.25), (2.36), (2.44), and (2.48) we have

2 2
ue(x, 1) Site(x, 1) =0(x,1) <v1(x, 1) + 071 (C1/2) 7 +¢,' <Ca

for all (x,1) € (B(xe, R) N §2) x [0, 1), where C5 is a constant. This implies x. ¢ B.. Therefore, by the arbitrariness
of x¢, we have (2.12) for all € € (0, €1), and the proof of Proposition 2.1 is complete. O
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3. Proof of Theorems 1.1 and 1.2
We prove Theorem 1.1 and Theorem 1.2 by using Proposition 2.1.

Proof of Theorem 1.1. Let € be a sufficiently small positive constant. Put
1 1

ue(x,7):=erTu(x, T —e+e€1), 0e(x):=€erTu(x, T —e), M. := sup ”u(t)”Loo(Q),
O<t<T—¢

for all € € (0, €g). Then u. satisfies
druc =€Auc +ul  in 2 x(0,1),
ue(x,7)=0 ondf2 x (0, 1), (3.1
ue(x,0) =g@c(x)  in 2,

and u. blows up at T = 1. This implies that ||@c || () > k (see (2.3)). Furthermore, since the blow-up of the solu-
tion u is of type I, we have

dyi= sup [lpellLe(g) < oo. (32)

O<e<eg

On the other hand, letting ¢ = 0 outside §2, we apply the comparison principle to obtain
-1
0<u(x,n) <eM () (x) in2x(0,T —e). (3.3)
Furthermore, since ¢ € L9(RY), for any § > 0, we take a sufficiently large R so that
/ lo)|*dy <.

RM\B(0,R)

This together with the Holder inequality implies that
_N ey
(o)l <@t [ ol dy
RN

_N _l—l? q
= (4mt)” 2 + e” w |o|*dy
B(O,R) RN\B(0,R)

N _=R2 _N
<@rn e T ol gy, + BT (3.4)
for all x e RY \ B(0, R). Therefore, since § is arbitrary, by (3.3) and (3.4) we have

théo”“(T —€) ||L°°(.Q\B(O,L)) =0.
Then we can take a positive constant L, satisfying
0<pe(x) <k/2 (3.5)

for all x € £2 with |x| > L. For any x € RY, we put

lellLe(2) if [x] < Le,
Ge(x) =1 —(Ix] = L&) + lI@elle()y  if Le < x| < Le + l|@ellLoe(2) — /2,
k/2 if x| > Le + [|@ell Lo (2) — & /2.
Then we have
Ge e WHORY),  llgelio@) = 1@ellie@myy. V@l pomny < 1, (3.6)

and by (3.5) we obtain
@e(x) < @e(x) in £2. (3.7)
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Therefore, by (3.2), (3.6), and (3.7) we apply Proposition 2.1 with § = k /4, and obtain

B(u) = B(ue) C {x € 2: §e(x) > 3k/4} C B(0. Le + | pellL(2) — K/2)
for all sufficiently small € > 0. This means that B(u) is bounded, and the proof of Theorem 1.1 is complete. O
Proof of Theorem 1.2. We use the same notation as in the proof of Theorem 1.1. By (1.3) we have

. 1

lim €2[|Vge || Lo (2) = 0.

e—0
Then, for any n > 0, we apply Proposition 2.1 with g = ¢ and £2' = 2 to u., and have

B(ue) C M(ge,n), 0<e<eo, (3.8)

for some €p > 0. Therefore, since B(u) = B(u¢), by (3.8) we have

Bwc () M(eﬁu(T —€),1n).

O<e<eg

This implies (1.4). Furthermore, by Lemma 2.1, we see that the blow-up of the solution « is of O.D.E. type, and
Theorem 1.2 follows. O

Next we prove Corollary 1.1 by using Theorem 1.2 with the aid of blow-up estimates of the solutions.

Proof of Corollary 1.1. Let 2 ={a < |x| < b} with 0 <a < b < co. Let u be a radially symmetric solution of (1.1)
blowing up at = T. Then, due to Theorem 1.2, it suffices to prove

1
sup (T — 1) 7T |u(t) ||Loc(m < 00, (3.9)
O<t<T
. 141 B
tll)n}(T — ) 172 ||Vu(t)||LOO(Q) =0. (3.10)

We first prove (3.9) by the same argument as in the proof of [5, Theorem 2.1]. For any ¢ € (0, T'), we put

_p=l
M) := |lull Lo (2% (0,1))s AR)=M@)” 7.

Since M(t) is a positive, continuous, and nondecreasing function on (0, 7') such that M(t) — oo as t — T, we can
define t(¢) by

t(t):=max{t € (0, T): M(x)=2M (1)}, O0<:t<T.
Then, similarly to [5], it suffices to prove that there exists a constant K such that
)\(t)’z(r(t)—t)gK, te(T/2,T). (3.1D)

We prove (3.11) by contradiction. Assume that there exists a sequence {¢;} such that
lim ()" (z(t)) — t;) = cc.
Jj—00

Forany j=1,2,..., we take a sequence {(7;, f/)} C la, b] x (0, ;] satisfying

N 1
u(rj,t;) > EM(IJ').

Put A; = A(¢;) and
2
vi(T,8) i=A0 " u(h T+, M +15) for (z,s) € I x (=A%, 22T =),

where I :={t € R: Aj7 +7r; € (a, b)}. Then v; satisfies
N —1

Os5v; =32Uj + Aj————07V; +v? in I x (—)\Tzl"\j,)»72(T —fj)).
T rj+kjr J J J
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Furthermore, we have

1
. PN ) ~
0<v; <2 inljx (=277, 477 (v @) — )], vj(0,0)>§-
Since
0<a<rj<bh, lim 1; =0, lim A7%(c(t)) — ) = o0,
j—o00 j—o00 J

by the same argument as in [5] we see that there exist an unbounded open interval H with 0 € H and a subsequence
{vj} of {v;} such that {v;/} converges to some function v in Cﬁ;cl(ﬁ X (—00, 00)) and

dv=202v+vP in H x (—00, 00), (3.12)

0<v<2 inH x (—00,00), (3.13)

v(t,5) =0 in(—o00,00)if Tt € dH, (3.14)
1

v(0,0) > > (3.15)

Then, by (3.12)—(3.14) we apply [29, Theorems A and 2.1] to obtain v =0 in H x (—o0, 00). This contradicts (3.15).
Therefore (3.11) holds, and we have (3.9).

Next we follow an argument in [28], and prove (3.10) by contradiction. Assume that there exist a positive con-
stant m and a sequence {(r,,, #,)} C [a, b] x (0, T) such thatt, — T as n — oo and

p+1
My = (T —t,) %00 |du(rp, ty)| >m >0, n=12,....

Put
p—1 2

1 - =1 .
= (T = t2)2 My "' wp(r,8) = u(rn 4 T ta + pps) in Iy x (—atp, O],

where I, = {t € R: uyt+r, €(a,b)} and o, = u;zt,,. Then w,, satisfies

Oswy, = afzwn +/Ln7_8twn + wr[:
Tn 4+ UnT

in I, X (—ay, 0]. By (3.9) we have

2 1

|wae. )| < Coh (T =ty — p2s) "7

2 20p-1) .

= Cp (T =ty = (T —t)M,, " 5) 77

2(p=1) 1 20p—1) 1

=C(Mn”+l —s) p=1 SC(m P —s)_l"1 < C(—») =

for all T € I, and s € (—ay, 0], where C is a constant. Then there exist an unbounded open interval I with 0 € T and
a subsequence {w,} of {w,} such that {w,} converges to some function w in Clzo’cl(f X (—00, 0]) and w satisfies

8sw:3,2w+wp in I x (—o0,0], w(t,s)=0 in(—o00,0]ift €9l. (3.16)
Therefore, by [27, Corollary 1] (see also [26, Corollary 1.6]) we have

w(t,s)=0 or w(t,s)=k(Ty—s)"YP=D  for some Ty > 0.
On the other hand, since |9; w;(0,0)| =1 for all n, we have |(Vw)(0,0)] = 1. This is a contradiction. Thus we
have (3.10). Therefore we have (3.9) and (3.10), and the proof of Corollary 1.1 is complete. O

By Theorems 1.1 and 1.2 we can obtain the following result.

Theorem 3.1. Let 2 be a (possibly unbounded) smooth domain in RN . Let u be a solution of (1.1) which exhibits
type I blow-up att = T. Assume

@ € L*(R2)NLI(2) forsomeq €[1,00), (N—-2)p<N +2.
Then the blow-up set B(u) is compact in 2. In particular, B(u) N 952 = @.
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Proof. By Theorem 1.1 we can find a positive constant R satisfying

sup |u(x,1)| < oo, (3.17)
x€2\B(0,R), te(0,T)
and obtain
B(u) C 2 N B(0, R). (3.18)

Then, by (3.17) we apply the gradient estimates for parabolic equations to obtain
|Vu(x,0)| < C (3.19)
forall x e 2\ B(O,R+ 1) and ¢ € (0, T), where C is a constant. FErthermore, the solution u satisfies (1.3). Indeed,
if not, there exist a positive constant m and a sequence {(x;, t,)} C 2 x (0, T') such that
+1
My = (T — )70 |Vu,, t)| >m >0, n=1,2,....

By (3.19) we can assume that {x,} C £2 N B(0, R + 1). Then, by using the similar argument as in the proof of
[28, Theorem 2.1] with the aid of the Liouville type theorem (see [26] and [27]) we can obtain a contradiction (see
also the proof of Corollary 1.1). Therefore, by Theorem 1.2 we have B(u) N d£2 = ). This together with (3.18) implies
that B(u) is compact in §2, and Theorem 3.1 follows. O

4. Proof of Theorem 1.3

In this section we prove Theorem 1.3 by using Proposition 2.1 and Corollary 1.1. In order to prove Theorem 1.3,
we prepare the following lemma.

Lemma 4.1. Let €g > 0 and {Mc}o<e<¢, C (0, 00) be such that

0< inf M, < sup M, <oo.
O<e<ep 0<e<ep

Let 2 ={x € RY: R < |x| < R2} with 0 < Ry < Ry < 00. For any € € (0, €p), let uc be the blowing up solution of
u=cAu+u’ in2x(0,T,),
ulx,t)=0 ond$2 x (0, Ty),
u(x,0) =M, in £2,

where T¢ is the blow-up time of uc. Then there exists a constant € € (0, €y) such that

1
sup limsup(Te — )77 |[ue(®) | oo ) < 0, A.1)
O<e<e; t—T¢
1 1
lim 6%(T€ — t)ﬁ+7 || Vue(t) || woron =0 uniformly for € € (0, €1). 4.2)
1T, Loo($2)

Proof. We prove Lemma 4.1 by modifying the arguments in the proof of Corollary 1.1. We first prove (4.1). Let
€1 € (0, €g) be a sufficiently small constant. Then, by [8, Proposition 2.1] we have

O0< inf T < sup T <oo. 4.3)

O<e<e O<e<e
For any ¢ € (0, T¢), put
M) = luello@xos  he(®) = M) ™7
Then, for any ¢ € (0, T¢), we define 7.(¢) by
(1) :==max{t € (0, To): Mc(r) =2Mc(1)}.
Similarly to (3.11), we prove by contradiction that there exists a positive constant K such that

he() P (re() —1) <K (4.4)
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forall t € (T¢/2, T) and all € € (0, €1). Assume that there exist sequences {€;} C (0, €1) and {¢;} C (0, Téj) such that

lim €; =0, jli)n;okej (;j)*2(rej (tj) —t;) = o0.

]—)OO
Forany j=1,2,..., we can take a point (r;, fj) € [R1, R2] x (0, ¢;] such that

1
S Me, 1)),

Put 2 :)\ej(tj) and

uej(rpt])

2 1 R R _ R

vi(t,s):= A;’fluej(ejz)\jr +rj,)\§s +tj) for (z,s) € I; x (—A;ztj,kj2(T€_j —tj)),

1

where I; :={7r €R: ej?kjt +7rj € (R1, R2)}. Then v; satisfies
1 N-—1
2 . —22 .2 A
d5vj = 07v; +6jz j————0.v; ~|—v in/; x (—Aj 1, 25 (T —1i))
ri+e€za;t

and

0<v; <2 inlj x (=277, 272 (xap) — 1)), vj(0,0)>

mH

Then, by the similar argument as in the proof of (3.9) we obtain (3.12)—(3.15), which yield a contradiction. Therefore
we have (4.4), which implies (4.1).

Next we prove (4.2) by contradiction. Assume that there exist sequences {€,} C (0, €1) and {(r,, #,)} C I x (0, T,)
and a positive constant m such that €, — 0, |t, — T,,| — 0 as n — oo, and

1 1 1
My =67 (T, — ta) 712 |Qtte, (rns ta)| 2 m >0, n=1,2,....

Put
_p-l 2

Mn = (Te,, tn)zM pH wy (T, s) —/Ln7 Ue, (rn +€n UnT, Iy +Mn ) in I, x (—ay, 0],

where I, ={t € R: e,lj UnT +ry, € (R1, Rp)} and o, = u;ztn. Then we have

1 —_
2 3 P
oswy, = ar Wn + €7 Un 1 Orwy, + wy

'+ an MnT
in I,, X (—ay, 0]. On the other hand, by (4.1) we have
_ 1
|wn(77, s)| Cﬂn (Te,, — I — Mﬁs) !
2 _2(p-D

__1
=Cup  (Te, —tn — (Te, —t)M,, """ 5) 7771

2(p—1) 1

1
I

2(p=D) 1 _ _
=C(M,""" —s) 7T <C(m r7T —5) 7T < C(=5) 7™
for all (z, s) € I, x (—ay, 0]. Then, by the similar argument as in the proof of (3.10) we obtain (3.16), which yields a
contradiction. Therefore we have (4.2), and the proof of Lemma 4.1 is complete. O
We are ready to prove Theorem 1.3.

Proof of Theorem 1.3. The proof is by contradiction. Let u be a solution of (1.1) which exhibits O.D.E. type blow-up
at t = T. Assume that there exists a point

ae€Bu)Nas2. 4.5)
Since £2 satisfies the exterior sphere condition, there exist a point xo € RY and positive constants R| and R; such that

a € 9B(xg, R1), B(xog, R\)NKL2 =0, RcR = {xeRN: R <|x—x0|<R2}.
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In what follows, we can assume, without loss of generality, that xog = 0. Let € be a sufficiently small positive constant
and put
1 1
ue(x, 1) =e€rTulx, T —e+e€1), Qe (x) =€ Tu(x, T —¢).

Then u, satisfies (3.1). Furthermore, since the blow-up of the solution u is of O.D.E. type, there holds
1
Bim e (@) = Hm (T = 7T ()| oo ) = - (4.6)

Let ve = ve(x, T) be a radially symmetric blowing up solution of
;v =¢€eAv+vP in 2’ x (0, T,),
v(x,7)=0 on 32" x (0, T,), 4.7
v(x,0) = [|@ellLe(@) in 2,

where T¢ is the blow-up time of v.. Then the comparison principle together with (4.6) implies

1
O0<uc<ve in2 x(0,T), 3 < S)ige < T <1, (4.8)

Lo ()
for all sufficiently small € > 0. By (1.2), (4.6), and (4.8) we have
Ve :=2max{l — T, e} >0 ase—0. 4.9)
Furthermore, by Lemma 4.1 we can find a positive constant €1 such that
1
sup sup (Te = )P [ve (@) | oo 1) < 00, (4.10)

O<e<e O<t<Te

. 1 141
Jlim €2(Te - 1) [ Voe@) | ooy =0 (4.11)

uniformly for all € € (0, €1). Put
1 1 1

e, 8) =08 U, L= ve +ves),  @f ) i=vl ul(x, 1=ve),  Ge(x) =08 ve(x, 1 —ve).
Then u? = u}(x, s) is a solution of
osu =eveAu+u? in 2 x (0,1),
u(x,s)=0 on 352 x (0, 1), (4.12)
u(x,0) =@} (x) in £2,
and blows up at s = 1. Furthermore, it holds
0<pf(x) <Pel(x) in 2. (4.13)
On the other hand, it follows from (4.9) that
Ve
Te_(l_ve)>?’
and by (4.10) we have
1
lim sup ”@E ”LOO(Q’) =lim sup vep—l ” Ve (1 —ve) ||Loo(_Q/)
0

e—0 €e—
1

<limsup27-1(T. — (1 — ve))ﬁ [ve(X = ve) ||LOO(_Q,) < 0. (4.14)

e—>0

Similarly, by (4.11) we have
) [ L gt
Elgr(l)(evE) 2 ”V(;OG ”LOO(.Q/) = SIE)I%)E 2 Ve || Vvé(l - vé) HLOO(.Q’)

< Tim 27 T e (T, — (1 — ) 77T | Ve (1 —

e—>0

V) | ooy = 0- (4.15)
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Furthermore, since the blow-up of u is of type I, there exists a constant C such that

[

(U= )7T [uf )] powgy = (1 =TT €7 (T = € + €l = ve 4 1e9)) | 1o

_1 1
<cd —s)ﬁvg’“eﬁ (eve(l—9) 7T =C (4.16)

for all s € (0, 1). Therefore, by (4.9), (4.13), (4.14), (4.15), and (4.16) we apply Proposition 2.1 to u¥, which is a
solution of problem (4.12), and obtain

B(u) C {x € 2': ge(x) >«/2} 4.17)

for all sufficiently small € > 0. Here we remark that the blow-up set of u} coincides with B(«). On the other hand,
since a € 982’, we have ¢ =0 at x = a and

a¢ {x €2 Pe(x) 2/(/2}

for all sufficiently small € > 0. This together with (4.17) implies a ¢ B(u). This contradicts (4.5), and Theorem 1.3
follows. O
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