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Abstract

In this article, we establish the weighted Trudinger—Moser inequality of the scaling invariant form including its best constant and
prove the existence of a maximizer for the associated variational problem. The non-singular case was treated by Adachi and Tanaka
(1999) [1] and the existence of a maximizer is a new result even for the non-singular case. We also discuss the relation between the
best constants of the weighted Trudinger—Moser inequality and the Caffarelli-Kohn—Nirenberg inequality in the asymptotic sense.
© 2013 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction and main results

In this article, we shall establish the weighted Trudinger—Moser type inequality with its sharp constant and
consider the existence of a maximizer associated with the (weighted) Trudinger—-Moser type inequality. As is well-
known, a function in H'N([R) (N > 2) could have a local singularity and this causes the failure of the embedding
HMN@®RN) ¢ L (RY) although the continuous embedding H N (RY) < L4(R) holds for all N < g < oc.

As one of the characterizations of the critical embedding in HOI’N (£2), Moser [17] and Trudinger [25] established
the following: for any bounded domain £2 C RY with N > 2, there exists a positive constant C = C(N) such that, for

1

any0<a<ay:=N wfl, where wp_1 denotes the surface area of the unit ball in R, there holds

/exp(a|u(x)yN’)dx<C|sz| (1.1)
2
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for all u € Hol’N (§2) with [|Vu| v oy < 1, where N fi= % Concerning the existence of a maximizer associated
with (1.1), Carleson and Chang [6] showed the existence of a maximizer when £2 is a ball, N > 2 and « < ay,
although the problem suffers from a lack of the compactness when o = ayy, see also Struwe [24] for related works.
After that, the existence of a maximizer was proved for any bounded domain by Flucker [8] when N =2 and o =
op =4m and by Lin [16] when N > 2 and o = arpy .

There are several extensions of (1.1). As a scaling invariant form in RY, Adachi and Tanaka [1] proved the follow-
ing: for N > 2 and 0 < @ < oy, there exists a positive constant C = C (N, «) such that the inequality

N/

[ entalucol)ax < i, (12)

RN
holds for all u € H"N(RN) with || Vu| .~ gw) < 1, where

Oy(t) = Y — forr>0. (1.3)

j=N-17"

In [1], it was also proved that (1.2) fails if & > « . The inequality (1.2) was originally obtained by Ogawa [19] with
sufficiently small « when N = 2. Furthermore, (1.2) was extended to general critical Sobolev spaces in Ogawa and
Ozawa [20] and Ozawa [22], see also Kozono, Sato and Wadade [14], Nagayasu and Wadade [18] and Ozawa [21]
for related works. Moreover, another kind of the Trudinger—Moser type inequality is known. For N > 2, there exists a
positive constant C = C(N) such that for any 0 < « < ay, there holds

/Q§N(a}u(x)|N/)dx<C (1.4)
RN

for all u € H"N(RN) with llull 1. gy < 1. Li and Ruf [15] obtained (1.4) with the best constant ay for N > 3,
where the authors also proved the existence of a maximizer associated with (1.4) when o = ay. For N =2, (1.4)
was proved by Cao [5], and Ruf [23] showed the sharpness of & = ax(= 4). In Ruf [23] and in Ishiwata [13], the
existence of a maximizer associated with (1.4) was considered when N = 2 and it was also verified in [13] that the
non-existence of a maximizer occurs when N =2 and « is sufficiently small.

Keeping the historical remarks above in mind, we investigate (1.2) of the scaling invariant form into two directions.
Our first aim is to extend (1 .2) to the weighted inequality as follows: for N >2 and —co <s <t < N,

N(N=1)
[ entalucol™) 7 <l N e (1.5)
RN

for all u € LN (RN; x| = dx) N H'"N(®RN) with || Vu( v gy) < 1 with some positive constants o and C, where

LN (RY; |x|~* dx) denotes the weighted Lebesgue space endowed with the norm

¥
N _
lleell L RN = ) :=</|u(x)| x| de> ,

RN
see Theorem 1.1. This generalization from (1.2) to (1.5) is naturally motivated by the special case of the Caffarelli—
Kohn—-Nirenberg inequality obtained in [4], which states that, for N > 2, —co <s <t < N and N < g < 0o, there
exists a positive constant C = C(N, s, ¢, g¢) such that the inequality

N(N=1) [—NW=n

(N—s) (N—s)
el o vt sy < ClEIES o ey IV s (1.6)

holds for all u € LN (RV; |x|~* dx) N H'N (RY). We can regard (1.5) as a critical version of (1.6).

As another direction, we consider the existence of a maximizer associated with (1.5), which has not been discussed
even for the non-singular inequality (1.2) as far as we know. In Theorem 1.3, we shall establish the existence of a
maximizer to the above variational problem.

Next, we investigate the constant C in the Caffarelli-Kohn—Nirenberg inequality (1.6) including its asymptotic
sharp constant, see Theorem 1.5. Among others, in Ozawa [21], the author gave the explicit relation between the
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constants appearing in (1.2) and the non-singular case s =t = 0 of (1.6). We shall revisit the strategy developed
in [21] and apply it to the weighted inequalities obtained in Theorem 1.1.
Now we are in a position to give our main results. We often assume the condition for the exponents as follows:

1
N>22, —oco<s<t<N and O<a<ay,:=(N—toy . (1.7)

Theorem 1.1. (i) Assume (1.7). Then there exists a positive constant C = C(N, s, t, o) such that the inequality

N(N—1)
[ enelue ™) <l g (18)
RN
holds for all radially symmetric functions u € L™ (RV; |x|™5 dx) N HYN RN with IVullpy@ny < 1, where @y is
defined by (1.3).
(1) Assume (1.7). The constant ay ; is sharp for the weighted Trudinger—Moser type inequality (1.8). Indeed, the
inequality (1.8) fails if o > ay ;.

We can remove the assumption of the radial symmetry on the functions for the special case s =0and 0 <t < N
in Theorem 1.1 by virtue of the rearrangement argument, which may not work for the case s # 0, see Section 2 and
Appendix A for the details. As a result, we obtain the following corollary of Theorem 1.1.

Corollary 1.2. (i) Assume (1.7) with s = 0. Then there exists a positive constant C = C(N, t, o) such that the inequal-
ity

/ w(fuen)] ) o < Cllalieny (1.9)
RN
holds for all u € H'"N (RN) with || Vu| v gny < 1.
(i) Assume (1.7) with s = 0. If « > an 4, then the inequality (1.9) fails.

Remark. The non-singular case t = 0 in Corollary 1.2 coincides with the result in Adachi and Tanaka [1, The-
orems 0.1-0.2]. Moreover, the inequality (1.9) in Corollary 1.2 was obtained as a particular case of the result in
Nagayasu and Wadade [18, Corollary 1.3] which does not include the consideration for its sharp constant with respect
to o. However, both of Corollary 1.2(i) and (ii) are new results for the singular case 0 <t < N.

Next, we shall discuss the existence of a maximizer associated with the Trudinger—Moser type inequality (1.8). We
define the sharp constant uy ;.o (RY) for (1.8) by

pnsia®Y) = sup  Fygia),
ueXY1 ;Zd
”quLN(RN)_]
where
Jew @ (lu)V') &
FN sta(u) = N(N ,) ) (1.10)
lull,

LN(]RN |x]=S dx)
and the function spaces X s’ and X! P ’m 4 denote the weighted Sobolev spaces defined by
XlN LN(RN x|~ de) HI’N(RN),

X;”Zd = {u € XE’N; u is radially symmetric},

respectively. Though the variational problem associated with . S,t,a(]RN ) is a subcritical one from the view-
point of the exponent « since o < oy, the problem suffers from a lack of the compactness due to the scaling
invariance of the inequality. To explain the non-compactness, let us assume there exists a strongly convergent
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N

maximizing sequence (w,) for ;LN,A,,,O,(RN ) in XAl’ 4 With [V, || LN@®RN) = 1 (otherwise we already have the non-

s, ra
compactness). Thus (w,) satisfies Fy s ;o(wy) — /,LN’SJ’D,(RN) and w, — w as n — oo strongly in X}’N. It is
easy to see that w # 0. Now let us define a sequence (u,) by u,(x) := w,(A,x) for x € RN with (A,) satisfying
Ay — 00 as n — oo. Then by the scaling invariance, we obtain Fy ;o Un) = FN 510 (Wp) — ,uN,m,a(RN) and
IVunllpy@wyy = IVwnll gy @y = 1. Furthermore, since [lupn |l 8 @®n.|x-s gx) = 0 @s Ay — 00, (u,) is bounded in

LN LN
X, aq @nd up to a subsequence u, converges 0 weakly in X' . However, we see as n — 00,

lunllrn 2= Nl Ly @y; x)=s ax) + IVinll Ly @)
> ||Vun||LN(RN) = ||an||LN(RN) = ||Vw||LN(RN) +o(1) >0,

which implies that u,, cannot converge to O strongly in XXI’N , and then we have the non-compactness of Fi s ;.o at the
level iy .00 (RN).
In spite of this difficulty, we can prove the following existence result by using a suitable renormalization argument.

Theorem 1.3. (i) Assume (1.7). Then /JLN,S,,,O,(RN) is attained.
1

(ii))Let N>22and0<a <any =ano= Na)E, and define for any domain D C RV,

Ip @N(oz|u(x)|N/)dx

fina(D):= sup N ,
ueH N (D), ”“”LN(D)
”Vu”LN(D)=1

where HS’N(D) denotes the completion of CZ°(D) over the norm || - || g1 (py- Then jin o(D) is attained if and only
if D=RV.

We can remove the assumption of the radial symmetry on functions in Theorem 1.3(i) when s =0and 0 <7 < N,
see Lemma A.l in Appendix A. As a consequence, we obtain the following corollary.

Corollary 1.4. Assume (1.7) with s =0. Then

"y d
N Jaw v (@lu)N) &
unora(RY)= sup e
MEHI’N(RN), ”u”LN(RN)
”VMHLN(RN):I

is attained.

Remark. (i) As far as we know, Corollary 1.4 is a new result even for the non-singular case ¢t = 0, which corresponds
to (1.2).

(i1) Theorem 1.3(ii) shows that iy (D) admits a maximizer only when D = RN . We here consider the case
s =t # 0 and D is aradially symmetric domain with 0 € D. Let

Jp @n(alu()V') &

AN,ta(D):=  sup N ’
LN lully n
ueX, (D), LN(D;|x|~" dx)

IVull, N =1

where X tl rl;] 4(D) denotes the closure of the class of radially symmetric functions in C 2°(D) over the norm
I - ||LN(D;‘X|—t ax) T IV - llLvpy- Then Theorem 1.3(i) yields the attainability of ﬁN,,,a(RN) since [LN,,,Q(RN) =
MN’,,,,D,(RN) by definition. On the other hand, [iy ;4 (D) is not attained if D # R¥. Indeed, assume that AN .1a(D)
is attained by up € X tlrlz 4(D) for some radially symmetric domain D # RV with 0 € D. By using the transformation

N—1 ~
Mxyz(Q§Q7Tﬁﬂﬂﬁ%)wﬁhu@):ﬁﬂﬂxsw(ZﬁamiQAL“mommnﬂNmﬂD):ﬁN&ﬁLJDL“mae

D:={x eRV; |x|% = |y| for some y € D}. On the other hand, since 0 € D, by the scaling and the rearrange-
ment argument, it holds (iy .o (D) =) iy ¢ NLQ(D) =iy Nla(D)’ which implies that /i, Nia(D) is attained by
" N=1 *N—=1 *N=1
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N1
vo(x) = (M) ¥ ﬁ0(|x| N- t) € H1 N (D) with ug(x) = iio(|x|). However, this is a contradiction to Theorem 1.3(ii)

since D # RY yields D £RV,

(iii) On the contrary, when (s, t) # (0,0) and O ¢ D, we can guess that the corresponding assertion to Theo-
rem 1.3(ii) is not true. For instance, the attainability for the best constant of the Caffarelli-Kohn—Nirenberg inequal-
ity (1.6) was extensively studied, see e.g. Chern and Lin [7], Ghoussoub and Kang [9], Ghoussoub and Robert [10,11]
and Hsia, Lin and Wadade [12], where the authors proved the existence of a maximizer associated with the Caffarelli—
Kohn—-Nirenberg inequality for D with 0 € d D (e.g. the half-space) when (s, ) # (0, 0).

Next, we investigate the asymptotic behavior of the constant for the Caffarelli-Kohn—Nirenberg inequality (1.6)
with respect to the exponent g. Let us recall (1.6)
N(N— x) _ NWN-1)

q(N q(N—s)
||M||LQ(RN |x]=dx) X C”u”LN(]RN x|~ de)”VM”LN(RN)

forallu e X SI’N , where C depends only on N, s, t and ¢. Hereafter we fix N, s and . It is known that C = C; behaves
1
like C4 ~ Bg V' as g — oo for some B > 0, see e.g., Nagayasu and Wadade [18]. Now we define

) . ”u”L‘i(RN;\xr’ dx)
BN, = hfisolip sup 1 NV N(N=1) °
q . — (N=s) (N=s)
ueXy N0} g W7 ”””ZN(RfN;M*S dx) ”VMHLNEIRN)S

which we call the asymptotic best constant of (1.6), see Section 4 for the precise definition of By ;. The next theorem
gives By, explicitly and we obtain

N—1 =
ﬂN,t = <—;) .
eN(N — oy~

More precisely, under the assumption
N>2, —oco<s<t<N and B> By, (1.11)
we obtain:

Theorem 1.5. Assume (1.11). Then there exists a positive constant gy = qo(N, s, t, B) = N such that, for any q > qo
the inequality

. N(N=1) z) N(<N—t)
v q(N=s) q(N
”u”LQ(RN;pq*tdx) ,BCIN |u”LN(RN |x‘_5dx)||vu”LN(RN) (112)

holds for all u € Xsl"rlzd. Furthermore, the constant By ; is sharp for (1.12). Indeed, (1.12) fails if 0 < 8 < By s in the
above asymptotic sense.

In particular, the case s =0 and 0 < ¢ < N in Theorem 1.5 yields the following corollary by virtue of the rear-
rangement argument.

Corollary 1.6. Assume (1.11) with s = 0. Then there exists a positive constant go = qo(N, t, 8) = N such that, for
any q = qo the inequality
N—t N—t

ol e gt ey < BV Nl ey IVl o, (1.13)

holds for all u € H“N (RN). Furthermore, the constant Bn.: is sharp for (1.13). Indeed, the inequality (1.13) fails if
0 < B < BN.: in the above asymptotic sense.

Remark. In fact, we shall show the exact relation between the constants « in (1.8) and g in (1.12) explicitly given by

1
B = (e 1\}/&) N which was established in Ozawa [21] for the non-singular case of the critical Sobolev space with the

€1
fractional derivatives. Then Theorem 1.5 will be proved by noting By ; = (m) N,



302 M. Ishiwata et al. / Ann. 1. H. Poincaré — AN 31 (2014) 297-314

Here, we describe the organization of this article. Section 2, Section 3 and Section 4 are devoted to prove Theo-
rem 1.1, Theorem 1.3 and Theorem 1.5, respectively. Moreover, we shall collect several lemmas in Appendix A for
the proof of the main theorems.

2. Proof of Theorem 1.1

First, we consider the case s = ¢ in Theorem 1.1(i), and the general case s < ¢ can be obtained by using the
Caffarelli-Kohn—Nirenberg interpolation inequality (1.6). The case s = ¢ in Theorem 1.1(i) can be rewritten as fol-
lows. Throughout this paper, C is a positive constant independent of the function # and may vary from line to line.

Proposition 2.1. Assume (1.7) with s = t. Then there exists a positive constant C = C (N, t, a) such that the inequality

/ ( \M()C)| )7 X ” ”LN(RN x|~ dx) (21)

RN

holds for all u € xb d with |Vull gy gyy < 1.

1, ra

Once Proposition 2.1 has been established, Theorem 1.1(i) with s < ¢ will be its immediate consequence through
the Caffarelli-Kohn—Nirenberg inequality (1.6) with ¢ = N. Indeed, by combining the inequality

N—t N—t
||u||LN(RN |x| ’dx) C”u”LN(RN |X‘ Adx)”VMHLN(]RN) (2'2)

with the Trudinger—Moser type inequality (2.1), we obtain Theorem 1.1(i) with s < 7.

Proof of Proposition 2.1. Let 0 <o < ay,; and let u € xh
H'N(RN) through the formula such as for x € RV,

by md with ||Vul[p v gyy < 1. We define the function v €

N-1
N—t\ V N
v(x) = u(lx|v=1), 2.3
= (") ) 03
where u(x) = ii(|x|) for x € RV. Then direct computations show that
N \¥
R A e e

ix (2.4)

x|

/ D (au )V ) L

[ (5~

Thus substituting (2.4) into (2.1), we see that (2.1) is transferred to the non-singular form equivalently in terms of the
1

a|v(x)| )dx.

function v. Since 0 < %a < %a Ni=N wE, by the Trudinger—-Moser type inequality (1.2), we have

N N /
/ ( |u(x)| )|x|’ =N—t/q>N(N—ta|v(x)|N)dx

RN RN

N N
< C”U”LN(RN) = C”M”LN(RN;\xrtdx)’

where we used [|Vvl| ;v gyy < 1, and we finish the proof of Proposition 2.1. O

Next, we proceed to the proof of the optimality for the constant oy ; stated in Theorem 1.1(ii). In order to show
this, we shall construct a sequence of functions in X ; }IZ 4 S0 that the corresponding functional diverges.
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Proof of Theorem 1.1(ii). For k € N, we define a sequence uy of radially symmetric functions in x! sra d by
0 if x| > 1
N—t % 1 .k
up(x) = (wN_lk) log(m) ife V1 < x| <1,

(L) V()7 if0 < [x| < e 7.

For the non-singular case ¢ = 0, this sequence of functions u; € H LN(RN) was used in Adachi and Tanaka
[1, Theorem 0.2]. Then direct computations show that || Vug || v gyy) = 1 for all k € N and

”uk”LN(RN;IX‘—s dxy =o(l) as k — 00,

Ny dx _ won_q WN-1 -
& s TV pnk)e = 2 (1 = _kE il B
/ N (an, e |ur ()| )|x|’ N —q n(k)e N—1< e < 0j'>
RN

Thus we have

I R A A Y =

= - o(1)
—S
”uk”LN(RN;L\CFX dx)

as k — oo, which implies that (1.8) fails when o =« ;, and we finish the proof of Theorem 1.1(ii). O

At the end of this section, we shall give a proof of Corollary 1.2 below. Since a particular case s =0and 0 < < N
in Theorem 1.1(ii) directly implies Corollary 1.2(ii), it remains to prove Corollary 1.2(i).

Proof of Corollary 1.2(i). By taking s =0 and 0 <7 < N in Theorem 1.1(i), we see that (1.9) holds for all radially
symmetric functions u € H " LN(RNY) with || Vu/| LN(RN) < 1. To remove the radially symmetric condition for the func-

tions, we utilize the Schwarz symmetrization. Let ut e HLN (RY) be the Schwarz symmetrization of u € H" LN(RN).
Then we have, for any ¢ > N,

el o e, ey < 1 Lo, gty (2.5)

and
[ VM#HLN(RN) <NVl v gmy.- (2.6)

Among others, we refer to Almgren and Lieb [2, Theorem 2.7] for (2.6) and Bennett and Sharpley [3] for abundant
information on the Schwarz symmetrization. We will prove (2.5) in Appendix A for the completeness of the paper,
see Lemma A.1.

Since the integral on the left-hand side of (1.9) consists of a countable sum of the weighted Lebesgue norms
el .4 RN x|~ dx) with g > N through Taylor’s expansion, by using (2.5), (2.6) and Theorem 1.1(i) with s =0, we
see for any u € H'N(RN) with || Vu| v gy < 1,

/ w(efuo]” )| P> —|| W et e

BN j=N-17
© X v = [ Orlel )
J=N-— 1 RN
C“M#“LN(RN)_C”M“LN(RN)v

which completes the proof of Corollary 1.2(1). O
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3. Proof of Theorem 1.3

We distinguish two cases s = ¢ and s # ¢. The former case s = ¢ is more difficult to deal with compared to the case

s # t due to the non-compactness of the embedding X;Z s LN (RN; |x|~*dx) for s < N. Keeping this difficulty
in mind, we first prepare the following lemma.

Lemma 3.1. Assume (1.7) and let (uy,) be a bounded sequence ofX d with ||Vu, ||LN(RN) = 1. Moreover, assume

S, ra
up, —u  weakly in XN

as n — o0. Then it holds as n — oo,

[ (extatum) - l),w o)
RN
—>[<<1>N |u(x)| ) 1)‘|u( x)| )| 2 (3.1

Proof. Let Wy i o(7) := et Zk—o tV'J for t >0, where N > 2, k e NU {0} and 0 < @ < ay . Then the
desired convergence (3.1) can be rewrltten as

dx

/‘PNN 1a(|un|)|d)|ct /‘I/NN 1a(|ul)| T

RN RN

as n — 0o. A direct computation shows for 7 > 0,

1
Py N-14(D) = TN-TWN N-2,a(T).

N -1

Thus, by the mean value theorem and the convexity of the function ¥y y_2 4, We see for some 6 € [0, 1],

Uy N—1.a(ltnl) = ¥n N-1,a(Ju])]
Sy No1.a(Olunl + (1= 0)|u|)|un — ul

aN nu.
= —_1(9|un| + (1 =Dul) "Wy N2.a(Olunl + (1 —0)|ul) |y — ul

N
aN -
Sy 1 (O1unl + (1 = O)|ul) VT (0¥N N-2.a(ltn]) + (1 = O)¥N N—2.4(lul))ln — u
N S
< Na_ 1 (|un| + |"t|)1\]71 (II/N,N—Z,a(|u11|) + ljpN,N—2,oz(|M|))|un —ul. (3.2)

Take the numbers a, b, ¢ > 1 satisfying % + % + % =1, and then by (3.2) and the Holder inequality, we have
dx

‘ /(WN,N—l,a(Iunl) - "[/N,N—l,a(|u|))w
RN

N e d
< Na_ 1 /(lun| +1ul) T (v 2.0 (1) + O v—2.0(12])) it — ”'ﬁ
RN
<
TN- |||u,,| i |u|” 5T RN | dx)
*| WN’N‘“('””' + N2 (1) | o, o1 ey 10n = e pei -t - (3.3)

We now use



M. Ishiwata et al. / Ann. 1. H. Poincaré — AN 31 (2014) 297-314 305

N i\ b N-2 ;
gy B

for T > 0, see Lemma A.2 in Appendix A. Thus by using (1.8),

1
bdx b
”[I/N,N—Z,a(wnl)”Lb(RN;\xr’dx) = < /(WN,N—Z,(X(Wn')) W)

RN
dx \? R
< ( / le N— 2bot(|un|)| |t> < C||un”LN(]1£N;\x|’S dx) <C, (35)
RN

where we took b > 1 sufficiently close to 1 so that ba < ay s, which is possible since o < ay ;. Similarly, we obtain
||lI/NvN_2’a(|u|)||Lb(RN;|x|”dx) < C. (36)
In the above arguments, we implicitly used
”VMHHLN(]RN) =1 and ”VM”LN(RN) < 1.
Hence, by using (3.3), (3.5) and (3.6), we have

‘/ Un N-1a(lttnl) — N N— la(|”|))|th

< Cun] + lul| 1 et = well e @ ax) - (3.7)

T (RN x| dx)

Furthermore, by the compactness of X ; }Z 2 L€ (RM; |x|~" dx), we have the convergence
||Mn —M”Lc(RN;lxl—tdx) -0 (38)

as 11 — 00 up to a subsequence for all ¢ > N, see Lemma A.3 in Appendix A. Then by the boundedness of X LN e,
LT (RN |x|~" dx) for all = > N, which comes from the Caffarelli-Kohn-Nirenberg inequality (1.6), we have

et | + Jul | C(llunll v + ullg1v) < C. (3.9)

LV RN, |x|~ dx )

Summing-up (3.7), (3.8) and (3.9), we obtain the required convergence. 0O
We are now in a position to prove Theorem 1.3(i) by using Lemma 3.1.
Proof of Theorem 1.3(i). Let (1,,) be a maximizing sequence for iy s ;.o (RM), that s, (u,) isa sequence of functions
in Xsl’rlzd with [Vunll gy gyy =1 and Fy s t.o(n) = MN’S’,,(X(RN) as n — 0o. Let us define a new sequence (v,) by
_N
N .

vy (x) 1= un(||u,, ”LN(RN = dn® ) for x € R". Then we easily see that

||VUn||LN(RN) = ||V’4n||LN(RN) =1, ”vn”LN(]RN;|x|*S dx) = L,
and

FN,s,t,oz(vn) = FN,S,t,a(un) — UN,st,a (RN)

as n —> 0o. Thus (vy) is also a maximizing sequence for u N,S,,’a(RN ), which is a bounded sequence of functions

in X'V Therefore, up to a subsequence, v, converges to some v weakly in X AIN and then v satisfies

s, rad
max{[[vll ¥ @ x5 axy- VOl Ly @y} < 1 (3.10)

In what follows, we distinguish two cases.
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Case 1. We assume s = 1. Let iy 5 ¢ (RN) := ,uN,s,s,a(RN) and Fy o) = Fy s5.q(u) foru e Xsl”rlzd. By applying
Lemma 3.1, we see as n — 00,

1o (BY) = Fy (o) + (1) = / v (e|oao) " )

RN
aN—l
:m+f< vl wl™) - 1)v|vn(x)| >| 5 Fo
RN
(XN71
=m+/< vleeol™) - 1)v| V()| )|x|v (3.11)

RN

Here, it is worth noting that uy s o (RV) > (N 1), Indeed, pick up ug € x!
trarily. Then we see

d satisfying || Vuo| ;v yy = 1 arbi-

S, ra

IRN (pN((X|M0(.X)|N ) xP

IJ‘N,S,(X(RN) P FN,S,O[(MO)
”uO”LN(RN x|~ dx)

Z/ =N-1 J' HMOHLN//(]RN x|~ dx)

||u0||LN(RN-|X‘7S dx)

o
. aN_l + ZJ =N ]l ”uOHLN/(RN x|~ s dx) aN_l
(N —1)! (N -1

||u0||LN(RN;|x|_-‘ dx)

Hence, (3.11) implies v # 0 in X N and then from (3.10) and (3.11), we obtain

s, rad’

N fan(@n (@lv@N) = e v oY) L
(N D! ol

fRN (pN (O{lU(X)'N ) X

”v”LN(RN;‘xl—s dx)

KN, s, (RN)

LN@®RN; x|~ dx)

= Fy s5,a(V). (3.12)

Therefore, it remains to prove || Vvl v gyy = 1. Since || Vv | v gy < 1 by (3.10), it suffices to show ||V || v gy 2 1.
By the definition of y 5.« (RY) and (3.10), we see

IU’N,S,O((RN) > FN,s,a <$>

”VU“LN(RN)
||VU||LN(RN) ( ‘ v(x) /) dx
”v”LN(RN x|~ de) ”vv”LN(RN) |x|s

IVolly,

)
i D ”U”L”’“RN 1

i
”v”LN(]RN'\xl’“'dx) j=N-1 J: ”VU”LN(RN)

o
. Z a] ”U“LN//(RN |)C‘ ﬁdx) ”V ”N_N/j
- LN (RN)
j=N

!
=N—1 J ”v”LN(RN |X\ sdx)
N/j
LN (RN x|~ dx)
G ol

_ o .
N—1 oN ”v”LNN(RN x5 dx) Vol N ol IVl
oll® LN(RN)

LN @RN;|x|=5 dx) j=N+1

o

=
N ™

LN @RN;|x|=5 dx)
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M . X o ”v”LN’J(RN x5 dix) _N 1 B ”U”LNN(]RN Ix|= dx)
T(N=1) v § v s
e Hl ”LN(RN x| dx) Vv ||LN(RN) I ”LN(RN [x|=S dx)
N 1 ol V)
LN'N(RN; x|~ Adx)
=F v) 4+ — —1 3.13
W2 (V) N'( )nvnN Volyos e
”V ”LN(RN) L (R |)C\ dx)
Thus by (3.12) and (3.13), we have
N 1 ol
RV x|~ d
MN,S,O((RN) > MN,S,O((R ) + W( - 1) - e ’
||Vv||LN(RN) PUEN g )

which implies ||Vv||LN(RN) 1, and then it follows [|Vv|| .~ g~y = 1. As a consequence, (3.12) shows that v is a
maximizer for uy s« (RM).

Case 2. We assume s < . By Lemma 3.1 and the compactness of the embedding XY ad < > LNY@RV; |x|~" dx), see

Lemma A.3 in Appendix A, up to a subsequence, we obtain the convergence as n — 0o,

l/LN,s,t,a(RN) = FN S,t, a(vp) +o(1)

=/ w(@fon)]" )W+ (1)—/ vl )| 0

RN RN

which implies v # 0 in XY Thenin a quite same way as in Case 1, we can prove ||[Vv|ngnv) =1 and v is a

s rad
maximizer for ,u,N,SJ,a(]R ). O

Proof of Corollary 1.4. Corollary 1.4 is an immediate consequence of the special case s = 0 in Theorem 1.3(i) and
the rearrangement inequalities (2.5) and (2.6). O

We proceed to the proof of Theorem 1.3(ii). Since the attainability of & N,Q(RN )= N’o,o,a(RN ) has been already
shown in Corollary 1.4 with t = 0, it remains to prove that fix o(D) admits a maximizer only when D = RY,

Proof of Theorem 1.3(ii). Now assume that jiy o (D) with D # RY is attained, and we derive a contradiction. With-
out loss of generality, we can assume u > 0 in D. Let v(x) := u([lu v p)x) for x € R¥, where ii is a zero-extension

of u to R¥. The scale-invariance of the problem yields iy o (D) = in (RM). Thus we have

o]

ol v@vy=1 and Z || ||LN/J(RN) Fy o) = jino(RY), (3.14)
j=N-1

where I:“N,a(v) = Fn.0,0,«(v) by (1.10). A direct computation yields

e¢]

~ 1 Olj ri
<dFN,a>w(¢>=—(N’nwnZN(RN) > G- f lwN P we dx
” ”LN(RN) j=N-1 J 'RN

oo
_N/|w|N—2w<pdx y e || ||LN,J(RN))

RN J=N-— 1
for all w € HLN(RN) \ {0} and ¢ € H'"V(RY). The Lagrange multiplier rule together with (3.14) and the relation

above show the existence of A € R satisfying

e ¢]

j N
_Asz,\(N/ Z (j‘i1)’|v|Nf—2v—NﬁN,a(RN)|v|N—2v> in RV, (3.15)
el !
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where Ayv :=V - (|[Vv|¥Y~2Vv). Multiplying v by (3.15), integrating over R" and using (3.14), we see that

o o
N N
||Vv||LN(RN)=A<N’ 2 G 1),nanN,,(RN) NIy gy D 5 ||v||LN,(RN)>
j:N—l j=N— 1
=N Z ( )n VI gy

]Nl

whence A > 0 follows. Consequently, (3.15) gives
o
—ANV+ ANy o RY) N P =2aN" >
j=N-1

ot /s .
- V720 >0 inRV.
(G-t
This relation together with the strong maximum principle for the degenerate elliptic operator, see e.g., Vazquez

[26, Theorem 5], yields v > 0 in R, which is a contradiction since v =0 in {x € RY; ||M||LN(D)X ¢ D}. This com-
pletes the proof of Theorem 1.3(ii). O

4. Proof of Theorem 1.5

Proof of Theorem 1.5. Let o be the supremum of « > 0 such that the inequality

N(N )
/ ( |u(x)| ) |l \C”u”LN(RN \X| de) (41)
RN

holds for all u € X s.ra d for some C > 0. Also let By ; be the infimum of g > 0 satisfying the following: there exists
qo = N such that, for any g > qo the inequality

N(N=1) _NWV-1)
q(N=s) q(N=s)
”u”LtI(RN;M\_’dx) \IBQN/ ”u”LN(RN;Ix‘—s dx)” ”LN(]RN) (42)

1
holds for all u € XS] Z 4- Then Theorem 1.1 implies o := an,s = (N — t)a)N 1» and hence, our goal is to prove the

exact relation between ap and By, such as

1 \¥ N—1 e
B = (—N/a > = (—. ) : (4.3)
e oo eN(N — Dol

The deﬁnition of «( guarantees that for any 0 < o < «p, there exists a positive constant C such that (4.1) holds for
allu e XY vaq With [[Vu | v vy < 1. By (4.1) without the normalization || Vu/|| v gy < 1, we have

N(N—1)

N’
u xS N—s
C(” I s o d’”) >/¢N<a<7lu(x)l ) )—dxt
||vu||LN(RN) o ”vM”LN(RN) |)C|

i o < |u”LN’k(RN |x—rdx))N/k S Otj (”Lt“LN/I'(RN;lx_’dx))N/j
vl IVull Ly gy ~ ! IVull v g,

k

forall u e X" d \ {0} and all integers j > N — 1. Thus we obtain

S, ra

j' _N(N=1) N(N—-t)
: (N—s)N’ (N—s)N'j
||u||LN/_f(RN;|x|—t dx) g (Ca_f) ” ||LN(RNJ|X| vdx)”VMHLN(RN) ! (44)
forallu X d and for all integers j > N — 1. Moreover, for any g > N, there exists an integer j > N — 1 satisfying

N'j<g< N ( j +1). Then by Holder’s 1nequa11ty, it holds

”u”L‘I(]RN [x]7dx) X ”u”LN/f(]RN Ix|— 'dx)”M”LN/(J“)(]RN x|~ ’dx) (45)
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where the interpolation index 0 € (0, 1] enjoys = N, 7 + N,( 7 +1) Combining (4.4) with (4.5) yields

1 N(N-1) _NWN-»
~7 - N—s N—s
el o,y vy < T (G D) TNl R g IV (4.6)

forall u € X d and for all ¢ > N. Now we investigate the positive constant which appears in the right-hand side
of (4.6). Notmg v = J, we see
. 1 1 q %
(G+D)T=rG+27<r(15+2)
where I denotes the Gamma function. Here let us recall Stirling’s asymptotic formula
lim re+1 _
t—+oo /2 ( )

Thus we can compute as g — +00,

1 q 441 1
q q q =+ 1\ WV q

1
=(1 +o(1))< N/>N. .7)

Hence, summing-up (4.6) and (4.7), we have as g — +o00,

q \7 -2
Nl Lo @@ e~ dx) S (1 +0(1)) eN'a ||M||LN(RN x| dx)”VM”LN(RN) )

7

=

which implies By ¢ < ( ﬁ) for all & € (0, ag), and then we obtain

1 l
N’
BNt < N > (4.8)

Next, we shall prove the reverse inequality of (4 8). Take B > By ; arbitrarily. From the definition of By ;, there
exists go = N such that (4.2) holds for all we X 5 ra d and for all ¢ > go. Then for positive o which will be chosen

appropriately later, we see for any u € x!

[ entelun ")

d with IVull gy @myy < 1,

S, ra

RN
N (Xj N dx
/< 2 _W)' ]>| ; f( 2 gl ])Wz”l“z'
N<N' j<qo, RN N j>q0, :
jeN jeN

As for the estimate of Jl, we have

= J—n o s e
NN j<qo,
jeN
which consists of finite weighted Lebesgue norms. For each integer j with N < N’j < g, it holds by Holder’s
inequality,

||u||LNj(RN x|t dx) ”u”LN(RN x|~ ’dx)”u” qo(RN |x|~* dx)’ (49)

where the interpolation index 6 € (0, 1] enjoys N,j = N + q__o' Furthermore, by the assumption, (4.2) holds with
g = qo, that is, we have
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1 N(N-t) N(N-1)
qo(N—s) qO(N s)
”u”LqO(RN;Lﬂ_’ dx) X IBq ” ”LN(RN;‘xl—S dx) ”Vu”LN(RN)
N(N=1)
qo(N—s)
< ﬂq el (4.10)

LN (RN |x|~5 dx)
forall u € Xv g With ||Vu||LN(]RN) 1. Thus by (2.2), (4.9) and (4.10), we obtain

N(th)

-5
”u”LN/J(]RN x|~ dx ) C||M||LN(RN;|X|7st)

forall u e XS vaa With [[Vu| v gvy < 1 and for all integers j with N < N'j < go. Thus we can estimate J; as

ol N(N-1) N(N N
J <c( 2 )nunLN(RN s o = CI N G, s (4.11)

N<N'j<qo,
jeN

We proceed to the estimate of J>. Applying (4.2), we see

b= _” ”LN’/(RN x|~ dox)
N'j>qo,
jeN
al 1 NW=p) N
=5 N7j(N=s) J
< Z F(ﬂ( )N ” ”LN(RN;le—sdx))
N'j>qo,
jeN
jj , N(N—1)
:< Z F(Q'N:B ) )"u”LN(RN lx|=$ dx)* (4.12)
N'j2qo,
jeN

We now take positive a satisfying a N’V ' 1 so that the power series in (4.12) converges. Therefore, by (4.11) and

(4.12), we get o > for all B > ﬂN ts Wthh implies

N/ﬂN’

1 1 N
> ——— orequivalentl > . 4.13
o = eN,B N quiv y Bwnu: (eN’(x0> ( )
Hence, by (4.8) and (4. 13), the desired equality (4.3) can be obtained, and we finish the proof of Theorem 1.5. O

Proof of Corollary 1.6. Corollary 1.6 is an immediate consequence of the special case s = 0 in Theorem 1.5 and the
rearrangement inequalities (2.5) and (2.6). O
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Appendix A
In this section, we collect several lemmas for the proof of the main theorems.
A.l. For Corollary 1.2, Corollary 1.4 and Corollary 1.6
First, we establish the rearrangement inequality (2.5). Precisely, the Schwarz symmetrization will be defined as

follows. For a measurable function u on RY, g, : [0, c0) — [0, 0o] denotes the distribution function of u, that is, for
L>0,

a,(A) := |{x €

>3],
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where |£2| means the Lebesgue measure of a measurable set £2 C RY. Then u*: [0, 00) — [0, co] and u®: RN —
[0, oo] are defined as

u*(t) :=inf{A > 0;a,(A) <t} fort >0,
u¥(x):= M*(%MN) for x e RV.
N
We call u* and u* the rearrangement and the Schwarz symmetrization of u, respectively. We now prove (2.5) below.

Lemma A.l. Let N >2,0<t <N and q > N. Then it holds
#
letll Lo v 1 axy < ”” ”Lq(]RN;lxl*’ dx) (A.D
for all functions u so that u* € L1(RY; |x|~" dx). Furthermore, the inequality (A.1) becomes the equality for the

non-singular case t = 0.

Proof. Note that

o
dx dx
q —1
”””Z(RN;lxrfdx):/|”(x)| W=¢1/( / W)” dx (A2)
RN

0 {xeRN;|u(x)|>1}

holds. Therefore, in order to obtain (A.1), by recalling the fact that the functions # and u® have the same distribution
function since they are equi-measurable, it is enough to show the following inequality

dx dx
S A3
2 foid

for all measurable sets 2 C RY with |£2| < oo, where £2¥ denotes the ball centered at the origin satisfying | 2| = |£2%|.
Clearly, if t = 0, then the inequality (A.3) becomes the equality, and then by the representation (A.2), we obtain the
equality (A.1).

Therefore, it remains to prove (A.3) for 0 <t < N. By decomposing 2 = (£2 \ 2%) U (2 N 2%) and 2* =
(2%\ 2)U (2% N 2), (A.3) is equivalent to

dx dx
/ 7 < / - (A4)
x| x|
o\t 2h\Q
. #
> dlamz(.Q )

Since x € £2 \ 2% implies |x| , we have

/ e (2 __ l|9 2*| A5
|x|’\<diam([2#)> \ 27 (A5)

o\ef

: #
On the other hand, since x € 2% \ §2 implies |x| < %, we have

["_">(72 )tm# 2| (A6)
x|t = \ diam(§2%) \ 2. '

fozaVe)

By noting |2 \ o = |02 \ £2| and combining (A.5) with (A.6), we obtain (A.4), and then we have proved (A.1). O
A.2. For Theorem 1.3

Next, we shall prove an inequality (3.4), which will be needed to show Lemma 3.1.
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Lemma A.2. It holds
v(@P < fubr) (A7)
forallN>2,b>1andt >0, where fy(t) :=e" — Y17 ;—’,

Proof. For N =2 and N = 3, it is easy to see that (A.7) holds. Now assume that (A.7) is true for Ny > 3. For t > 0,
let

8No+1(T) i = fg1 (BT) — g1 (D).
Since for any T > 0 and N > 3,

N-3 ‘L’j

fu@=e=>" =3 = fni®),

j=0 7

we obtain for any t > 0,

ENg+1(T) = by 11 (BT) — bf g+ (T)b_lfI(,OH(I)
=b(fwo (07) = Frig+1 (D"~ fny (0) = (i (1) = Fvig41 (D) fvy (1)
=Dbfn, (T)(fNo(T)bq - fNo—&-l(T)bil) >0,

where we use fin,(t) = fny4+1(t) for T > 0. Also, we have gun,+1(0) = 0, hence the inequality above yields
8No+1(t) = 0 for T > 0, that is,

Fre+1(0)° < fg1(bT)

for all T > 0. By the induction argument with respect to N > 3, we have (A.7) forall N > 3. O

Finally, we shall prove the compactness of the embedding corresponding to the Caffarelli-Kohn—Nirenberg in-
equality, which will be used to prove Theorem 1.3.

Lemma A.3. Let N > 2 and let (s, t, q) be exponents satisfying either
—oco<s<t<Nand N<g<oo or —oo<s=t<NandN <q < 0.
Then the embedding
Xl’Nd > Lq(RN; x|~ dx)

s, ra

is compact.

Remark. By the Caffarelli-Kohn—Nirenberg inequality in [4], the continuous embedding X erlz g LY RN |x|™" dx)
holds for all exponents (s, ¢, g) satisfying —oo <s <t < N and N < g < oo. However, Lemma A3 fails if s = and
q = N, which includes the well-known case of the non-compact embedding X, (1)2/1 g=lueH LN(RN); u is radial} <
LY (RM).

Proof of Lemma A.3. The Caffarelli-Kohn—Nirenberg inequality in [4] states that forany N > 2, —oco <s <t < N
and N < g < 00, there exists a positive constant C such that the inequality
”u”Lq(RN;M‘—t dx) < C”””ZN(]R?N;M\’S dx) ”VM”LN?RN; (AS)

holds for all u € X" For any u € lerIZ 4» We define the radially symmetric function v by the formula

N-1

N — N N
e (=) )
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where u(x) = ii(Jx|) for x € RN, Then direct computations show that v € H'"¥ (RV) and

IV 0l v vy = IVull v s

S
1ol g =<—)|lu|l e
LY (RY) N LN (RN; |x|~5 dx) (A9)

N—-1
+AL

vl N s lu|
v _N(@—s) =\ —— Ul 7qg(MRN-|y|—t .
Lo@N: - S22 ) N L4(RN:|x|~ dx)

Q=

N(t s)

Thus by plugging (A.9) into (A.8) and by letting 7 := € [0, N), (A.8) can be transferred equivalently to

N—i N-—7

”v”Lq(RN |x‘—1 dx) C”v”LN(RN)”VUHLN(RN)

for all radially symmetric function u € H'"(RV). Therefore, without loss of generality, we may assume s = 0 in
order to prove Lemma A.3.
When s =t =0, it is well-known that the embeddings

X(l)’zd = {u € Hl’N(RN); uis radial} s L4 (RN)

are compact for all ¢ > N. Thus in what follows, we consider the case 0 <t < N and N < g < oo. Let (u,) C
H'N(RN) be a bounded sequence of radially symmetric functions, and take a number p arbitrarily so that 1 < p < %
By the compactness, up to a subsequence, we have

u, —u weakly in HI’N(RN),
, (A.10)
u, — u strongly in L (RN)
as n — 0o, where we used gp’ > N. For any R > 0, we decompose ||ty — u|l g N : (x|t 4x) 3
_ g 4x dx
lup —u W— |un_u|w+ |up —ul? Ix |[
{Ix|<R} {Ix|=R)}
Since t > 0, we see
dx \4 L _t
lun — M|q|x—|t SR Tup —ullpgmyy <R ¢ (||Mn||Lq(RN) + ||u||Lq(RN))
{IxI=R}
_t _t
< CR™ (llnl gow vy + Il v gny) < CR9 (A1)

for all » € N and all R > 0. On the other hand, by using the Holder inequality and the latter convergence in (A.10),
we see for any R > 0,

1 1
d / i »
lup —ul? | Tt << / |ty — u|?P dx)p < / |x|_tpdx>p
{lx|<R} {lx|<R} {lx|<R}

N_; / #
< CR? lup —ul?” dx )" =0 (A.12)
RN

asn — 0o, where we used 1 < p < ﬂ for the local integrability. Thus combining (A.11) with (A.12), we have

n—oo

_t
11msup/|un—u|q T < q.

Then we have the desired strong convergence in L4 (RY; |x|~" dx) by letting R — co. O
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