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Abstract

We establish global existence for the energy-critical nonlinear Schrodinger equation on S3. This follows similar lines to the work
on T3 but requires new extinction results for linear solutions and bounds on the interaction of a Euclidean profile and a linear wave
of much higher frequency that are adapted to the new geometry.
© 2013 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

1. Introduction

We consider the question of global well-posedness for the defocusing energy-critical nonlinear Schrodinger equa-
tion on S*, namely

(i0y — Ags)u + |ul*u=0. (1.1)

The goal of this work is to apply the method introduced by Ionescu and the first author in [32,33] to the energy
critical NLS on the three dimensional sphere. We therefore follow the same general lines. The main novelty in this
paper is the proof of the extinction lemma for the linear flow and the bound on the interaction between a high-frequency
linear wave and a low frequency profile which in the case of the sphere requires new arguments related to the different
geometry.

The study of the Schrodinger equation on compact manifolds was initiated by Bourgain [11,12] for torii and
systematically developed by Burqg—Gérard—Tzvetkov for arbitrary compact manifolds, where the sphere appeared as
a natural challenging problem, somewhat complementary to the case of the torus. More precisely, on the torus, the
spectrum is badly localized, but still regular and with low multiplicity and there is a nice basis of eigenfunctions
coming from the product structure; on the sphere, the spectrum is as simple as it can be, but has very high multiplicity,
with eigenfunctions of different character which are in some sense as bad as can be. Informally speaking, on the sphere,
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the oscillations in time and in space appear as rather decoupled and have to be treated differently. We also refer to
[5,6,8,11,23,26,27,30,31,37,46,47] for other works on the nonlinear Schrédinger equation in different geometries.

On the torus T3, Bourgain [11] proved global existence for subquintic nonlinearities. Local existence for the
energy-critical problem was obtained in [29] and extended to global existence in [33]. Global existence for the defo-
cusing problem on S* was obtained for subquintic nonlinearities in [15], local existence for the quintic problem was
established in [28]. In this paper, we prove global existence for the energy-critical problem, namely

Theorem 1.1. For any ug € HI(S3), there exists a unique global strong solution of (1.1) satisfying u(0) = ug. In
addition, if ug € H® for some s > 1, thenu € C(R: HY).

Since the Cauchy problem is ill-posed in H ! for superquintic nonlinearities (see [16]), this completes the local
and global analysis of well-posedness in H I With the results in [21,31], this establishes global existence for the
energy-critical problem in R3, H? and S°.

For supercritical nonlinearities, classical compactness results yield global existence of weak solutions for (1.1), see
e.g. [19]. Their uniqueness (and regularity) is, however an open problem. In particular, the results in [1] suggest the
possibility of H* loss of regularity for weak solutions for some 1 <s < 3/2.

The proof of Theorem 1.1 brings together the different contributions developed in [15-18,28,29,33] which ad-
dress (among other things) the subcritical nonlinear Schrédinger equation, the analysis of products of eigenfunctions,
boundedness of the first iterate in the energy-critical case, global existence for large data for the energy-critical prob-
lem and global analysis of the corresponding problem in the case of the torus T>.

In the study of the nonlinear Schrodinger equation on a manifold, the (difficult) study of the linear flow is very
important and is presumably specific to each particular setting. This is one of the major ingredients that limit the gen-
erality of the present work and we do not add in new information on that aspect (and we do rely heavily on the analysis
developed in [12,16,28,29]). A “good” understanding of the linear flow should automatically yield global existence
for the defocusing energy-subcritical problem, and local existence and stability for the energy-critical problem.

In addressing the global existence for the energy-critical problem on the sphere, we need to revisit the main non-
linear ingredients in [33] and reinterpret them. While we are not yet able to give a general result, even conditionally
on a good linear theory, several aspects start to emerge for the key ingredients.

The first one concerns the application of the profile decomposition, which seems to hold in a very general context.
To properly work, it requires an extinction argument which is provided here by Lemma 4.4. Since one already has
sufficiently good Strichartz estimates, one only needs an improvement on the Sobolev inequality for the linear flow.
This comes from two aspects. On the one hand, by purely elliptic considerations, one can track down when the Sobolev
inequality is inefficient. Very precise estimate are available to quantify this (see e.g. [43,45]). Here, since we need to
beat this inequality by a fixed but large constant, we rely on the explicit formula for the eigenprojectors, but in general,
such information might follow from estimate of the Green function away from the diagonal.

Once this has been taken into account, we are left with a part of the solution that has more structure and we need
to use the fact that, under the linear flow, it cannot remain concentrated for all times, which, for the moment, we can
only do using some argument coming from the Euclidean Fourier transform, or from Weyl bounds, which are quite
sensitive to fine properties of the spectrum. This is done here in Lemma A.1.

The second main ingredient is an understanding of the linearization of the equation around an arbitrary profile for
certain initial data (the remainder in the profile decomposition). In general, we expect solutions to essentially follow
the linear flow. In the Euclidean R3 case, this would follow from local smoothing estimates. In a compact manifold,
this might follow for short time if one can get quantitative bounds on the concentration of eigenfunctions of Ag3 to
points, i.e. the absence of semi-classical measure concentrating on points (see e.g. [2]). Such information is provided
by Lemma 2.3 which is valid for an arbitrary smooth manifold. This is then used in Lemma 5.3 to control the first
iterate of the above mentioned linearization, but this latter result uses the particular localization of the spectrum on
the sphere in an essential way (see also [33] for a similar arguments relying more on the “Euclidean-like” localization
of the spectrum — in the sense that it forms a 3 dimensional lattice).

While the analysis in [32,33] can probably be combined with the new estimate on the linear flow in [14] to yield
global existence for the defocusing energy-critical Schrodinger equation on T#, let us mention several other open
problems with increasing (in our opinion) level of difficulty. 1) The analysis developed here might extend to the case
of Zoll manifolds provided one obtains the appropriate bounds on eigenprojectors, possibly from arguments in the
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spirit of Lemma 2.2. 2) The analysis of the same problem in the space S* x S! seems to require nontrivial adaptations
from the arguments given in [28,33] and here, even for small initial data. This is partly due to the failure of good L*
bilinear estimates for eigenprojectors. 3) The case of S* remains a challenging open problem where new ideas seem
needed due to the failure of the Li’ ,-Strichartz estimates which implies that the second iterate is unbounded, see [15].

Another interesting case that can be addressed with a similar analysis is the energy-critical problem in the unit
ball B(0,1) c R? with Dirichlet boundary condition and radial data." In Appendix A.2, we shall give the main
modifications required to prove

Theorem 1.2. Let s > 1. For any ug € H° N H$ (B(0, 1)) radial,’* there exists a unique strong solution of (1.1),
ueC®R: HY).

Global existence for finite-energy solutions to the nonlinear Schrodinger equation on two dimensional domains was
already obtained by Anton [3]. We also refer to [4,9,10,42] for other results in three dimensions and to [22,34,37,40]
for global existence and scattering results in the exterior of the unit ball.

In Section 2, we review some notation and introduce our main spaces. In Section 3, we review the local well-
posedness theory. In Section 4, we present the profile decomposition on S*. In Section 5, we prove Theorem 1.1.
Finally in Appendix A, we prove some additional results needed in the course of the proof and give the ingredients
for the proof of Theorem 1.2.

2. Notations and preliminaries

In this section we summarize our notations and collect several lemmas that are used in the rest of the paper.

Given two quantities A and B, the notation A < B means that A < CB, with C uniform with respect to the set
where A and B varies. We write A >~ B when A < B < A. If the constant C involved has some explicit dependency,
we emphasize it by a subscript. Thus A <, B means that A < C(u)B for some constant C(«) depending on u.

We write F(z) = z|z|4 the nonlinearity in (1.1). For p € N" a vector, we denote by O, ., (a1, ..., a,) a|p|-linear
expression which is a product of p; terms which are either equal to a; or its complex conjugate a; and similarly for
pjva]’2<.]<n

2.1. The three sphere

We can view S* as the unit sphere in the quaternion field and this endows S® with a group structure with the north
pole O = (1,0, 0, 0) as the unit element. This also endows S? ¢ R* with the structure of a Riemannian manifold with
distance d, which is also given by

dg(Pv Q) = L(Pv Q)v

where / (P, Q) denotes the angle between the rays starting at the origin and passing through P and Q. For Q € S,
we define R to be the right multiplication by Q™. This defines an isometry of S3.

We can parameterize S3 in exponential radial coordinates P > (0, w) where 8 =d, (O, P) and w € S?. In fact we
have the global mapping?’

[0, 7] x [0, ] x S's @, ¥, ¢) — (cos b, sinf cos Y, sinf sin ¥ cos ¢, sin 6 sin ¥ sin ).

In these coordinates, we have that

A zLi'zgi ;A 28_2 Zcosé’i ;A
S =096 " Y90 T e ¥ T 902 T sing 96 sine S
RN 1 a . 9 1 92

T 0 Sesmy 0y " oy T Sty 0g e

' The case of arbitrary data remains an outstanding open problem, where even the linear flow is still not satisfactorily understood [3,4.9,10,42].
2 Here H Il) is the completion for the H L_norm of the smooth functions compactly supported in B(0, 1).
3 Here by S! we mean [0, 2] with the endpoints identified.
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In these coordinates, we also have the explicit formula for the Haar measure

dvy = (sinf)*sinyddyrde.
2.2. Spherical harmonics

We will consider the operator L = —Ags + 1. For k € N*, we define & to be the space of k — 1-th spherical
harmonics. We have an L2-orthonormal decomposition

L) =P &
keN*

and 7, defined above is the orthogonal projection on &. These satisfy that for any ¢ € &, Ly = k?¢. We recall the
following bounds from Sogge [44]

g fFllrey Sa' 7P fll2gs). 4<p <o 2.2)
We then define projectors on I C R by
k
Pr=>)"m. Pey=Y)" U(N)Tfk, Py =Py — Pnp =Y nn(k)m, (2.3)
kel keN keN

for n € C°(R) such that n(x) = 1 when |x| < 1 and n(x) =0 when |x| > 2 and where ny (x) =n(x/N) —n(2x/N).
In particular all the sums over N below are implicitly taken to be over all dyadic integers, N = 2* for some k € N.
In fact, we can be more precise about the spectral projectors. We define the Zonal function of order k, Z; as

sin(k0)

sin@ ’
where O denotes the north pole. One may directly check that these are eigenfunctions of the Laplace—Beltrami oper-
ator on S? defined in (2.1). These allow to get the following classical result:

Zy(0) =k

Zi(P)=Zi(L(P, 0)), (2.4)

Lemma 2.1. The spectral projection on the k — 1-th eigenspace can be written as

1
[ f1(P) = M—Z/Zk(RPQ)f(Q)dVg(Q)- (2.5)

S3
Proof. Denote, for this proof only IT; as the operator defined by the right-hand side of (2.5). Using the symmetry

Zi(RpQ) = Zi(L(P, Q) =Zi(Ro P) = Zi(Ro P),

and the fact that since Ry is an isometry, /T, commutes with Ag3 and we see that LT f = k*ITy f. This also shows
that ITy is self-adjoint. Therefore it is sufficient to prove that for any g € C'9(S?), there holds that

g=Y Ig. (2.6)
k>1

Since IT; commutes with rotations, it suffices to prove that this equality holds at the north pole O. We switch to
exponential coordinates. Using Fourier analysis on [0, 7], we see that

T

sinf - g(0, w) = ch(a)) sin(kf), cr(w)= ; /g(@, ) sin(0) sin(kB) d6.
k>1 0

In other words,

in(k0
40, 0) = Zcuw)smifle).

s
k>1
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Integrating this over w € S? and letting & — 0, we find (since ci(w) €1 ,1 (k%) uniformly4 in w) that

3(0) = lim i/ o, a))dw_hmz / ex(w )Sm(ke)

S2 /1
=y = /kck(w)dw_zz 2// ©. w)ksm(ke) n26d6dw
>4 k=1 0 &
=ang<0).

k>1

This shows (2.6) and finishes the proof. O
The spectral projectors m, satisfy a convenient reproducing formula highlighted in [16]: for x € S(R) such that
x(0) =1 and x supported on [¢, 2¢],
XgTqg =TgXg =Tgq. Xg=X(WL—q). 2.7)

The interest of this comes from the following description of x,:

Lemma 2.2. (See [ 16, Lemma 2.3].) There exists &g > 0 such that for every ¢ € (0, &g), we can decompose

Xg=qT;+Ryy IRl 20 Sg7 10 (2.8)

and there exists § > 0 such that for any xo € S3, there exists a system of coordinates centered at xo such that for any
lx| <9,

T, f () = / 1D (e, y, ) () dy,
R3

where a(x,y, q) is a polynomial in 1/q with smooth coefficients supported on the set
{r,y) eV xV: x| <5<ke/C <yl < Cel.

In the study of the linearization of (2.10) at a profile, we will need the following quantitative version of the fact
that quantum measures do not concentrate on points.

Lemma 2.3. Let N > 1 be a dyadic number and fix P € S3, then there holds that

—1/2

11 pp,n-17q Nl 22 = |7 [1pp vy 1oy 2 SN T2+ q (2.9)

Remark 2.4. Note that this estimate is sharp when testing against zonal harmonics of degree p > N. In addition, the
proof holds on any compact smooth Riemannian manifold.

Proof of Lemma 2.3. This claim essentially follows from [16]. We give here the modification necessary to obtain it.
It suffices to prove the second bound as the first follows by duality. Also, we may assume that N > 1.
Using (2.7) and (2.8), remarking that

Tglpp,N-1) =47 Tqlpp N-1) + TgRg1pp n-1)s l7glli2spe <1,
we see that it suffices to show that

21\~ 1/2
ITy1pp n-tyll2p2 S (°N) ™77

4 Here we denote [ ,1 (k2) the set of sequences which are summable in k for the measure k2 dk. We also denote dw the Haar measure on S2.



320 B. Pausader et al. / Ann. 1. H. Poincaré — AN 31 (2014) 315-338

Now, using the notation of [16, page 12], we can decompose
)
_ r
T, = / Tq dr
r=>4

where for a finite number of charts covering S* and centered at points xi, there holds that

(150 Ty £1(Q) = / TP TN (0 exp,, (rw), q)k (1, 0) fr () dw,
SZ
£1(@) = f(expy, (rw)),

where « is a new smooth function. Applying Holder’s inequality in r, we obtain for any Q € B(xg, §)

1)
2 — 2
Ty (pp -1y Q] SNT! / T f(Q)| dr
r=34
since by the triangle inequality, for any xj, we have that
0eB(P,NY, dy(xk,Q)=r = dy(xx, P)—N""<r <dy(xi, P)+ N

The result then follows from [16, Lemma 2.14] which implies that
q”TqrfrHUrs”fr”LZ- O

2.3. Linear analysis

In fact, for simplicity of notations, we will replace Eq. (1.1) by
(id; + Lyu + |u*u=0. (2.10)

This is completely equivalent since a solution u(x, t) solves (2.10) if and only if v(x, 1) = e u(x, t) solves (1.1).
For solutions of (2.10), we recall the conservation laws

1 1
E(u) = E/I:|Vu(x)|2+§|u(x)|6:| dx, M(u)=/|u(x)|2dx. @2.11)
3

S3

Here and below dx refers to the Haar measure on S°. These conserved quantities provide a uniform in time control on
the H'! norm and motivate our choice of function spaces.

Function spaces. The strong spaces are similar to the one used by Herr [28], adapting previous ideas from Herr—
Tataru-Tzvetkov [29,30]. Namely

. 2
”u”)N('Y(R) = ( Z k2s ”eltkzj'[ku(t) Hi/lz(L2)> s

keN*
1

. 2
el s gy = ( 3K e ) |’%/[2(L2)) , (2.12)

keN*

where we refer to [25,28-30,39] for a description of the spaces U”(L?), VP (L?) and of their properties. Note in
particular that

X'(R) = Y'(R) — L®(R, H").

We denote by Uf (L?) the space Ly P(L?).
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For intervals I C R, we define X*([), s € R, in the usual way as restriction norms, thus
xX\(1) = {u cC(I:H"Y: ulxsy:= sup [ inf ||v||~5] <oo}.
( ) ) J<nJI<1 v-ly(t)=u-1;(t) X

The spaces Y*(I) are defined in a similar way. The norm controlling the inhomogeneous term on an interval I = (a, b)
is then defined as
1

/ &I p(s)ds

a

I2line = (2.13)

XN

We also need a weaker critical norm

1/p
lullzay:= > sup ( > NS—”/2||PNu<t)||,’j§t(ng,)) :

pelpo.p1}/SEWISTA N ok ke
po=4+1/10, p1 = 100. (2.14)
This definition, in particular the choice of the exponents pg, p1, is motivated by the Strichartz estimates from Theo-
rem 2.5 below. This norm is divisible and, thanks to sufficiently strong multilinear Strichartz estimates, still controls

the global evolution, as will be manifest from the local theory in Section 3. Moreover, as a consequence of Corol-
lary 2.6 below,

lullzcry S Nullxirys

thus Z is indeed a weaker norm.

Definition of solutions. Given an interval ] CR, we callu € C(I : H'(S%)) a strong solution of (2.10) if u € X'(1)
and u satisfies that forall #,s € I,

1
u(t) = IMu(s) +i f O () |u () |*) d.

N

Dispersive estimates. We recall the following result from [28, Lemma 3.5].

Theorem 2.5. If p > 4 then

3_5
N2 »

L
|| PNe” P (S3x[-1,1]) ,Sp ”PNf”LZ(S%

As a consequence of the properties of the U f spaces, we have:
Corollary 2.6. If p > 4 then for any dyadic integer N and any time interval I, |1 < 1
IPvullLr 3y §N2 ||uI|Ug(,,Lz)- (2.15)
We will also use the following results from Herr [28].
Proposition 2.7. (See [28, Lemma 2.5].) If f € L}(I, H'(S?)) then

I flven < / Fx DG D dxdr. 2.16)

{HU”Y 1(1)<1}

In particular, there holds for any smooth function g that

1

2
lgllx1 o,y S Hg(o)H[_p <Z||PN(iat+L)gHi}([0,1],Hl)) . (2.17)
N
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3. Local well-posedness and stability theory

In this section we present large-data local well-posedness and stability results that allow us to connect nearby

intervals of nonlinear evolution. This is essentially a modification of the results in [28]. We need the following notation
3 3

el zery = Nl el 2 - 3.1)

We start with the following nonlinear estimate:

Lemma 3.1. There exists § > 0 such that if uy, uo, u3 satisfy Py,u; =u; with Ny = Ny > N3 > 1 and |1| < 1, then

(N, 1 8 -
luruausllp2 goury < E-FVZ luillyocrylluzllz oy llusllz (3.2)

and, with po =4+ 1/10 as in (2.14),

NY/2=5/po N21/2*5/P0 N3] 0/po—

2
luruausll 2 3y S Ny lutllzayluzllzayluzllzry- (3.3)

Proof. Inequality (3.2) follows from interpolation between the two estimates

N3

§
||u1u2u3||L§J(S3X1) < (Fl + E) NoN3|lu; ||VL2(1)||M2||VL2(1) ||M3||VL2(1),

3 2
luruausll 2 gy S lu ||VL2(1)(||1"2||Z(1)||143||Z(1))5 (2l g1y luslixien) s -

The first is taken directly from [28, Corollary 3.7], while the second follows from the following modifications of its
proof. We start with the estimate

2

3
2 1/2=2/p1 s 14e—2 3765
lruwus 2 < [max(N3/Ny, 1)]2 2PN TN g o g s 2 (3.4)

~

valid for ¢ > 0 and 4 < py, p2, p3 < +oo satisfying 1/p; + 1/p2 + 1/ p3 = 1/2 which we borrow from the proof of
[28, Proposition 3.6]. Independently, using Theorem 2.5 and Holder’s inequality, we obtain

<
luruzuslly2 < llun IILg‘lr IIleng;[IIM3||Lz§[

5 1.5 1_5 51

3 5 1
27¢q 27 g 2743 @2 9 2
SNE TN, NG Pl (N2 el ) (NS sl ) (3.5)

where 4 < g1, g2, g3 < oo satisfy 1/q1 + 1/q2> + 1/q3 = 1/2.
In the case N < N22, we may choose

p1 =40, q1=q2> = p2=25/6, p3 =200/47, q3 =50, e=1/100

and apply [28, Lemma 2.4].
In the case N22 < Njp, we use (3.4) with the same exponents, while (3.5) is replaced by

||u1u2u3 ”L% . 5 ”I/t] “L?OL)ZC ”u2”Lf2Lf.° ||M3 ”LIML)?O
3
< 2
S (N2N3) P2 lull e 2wzl o Nlusll r2

1_2
< (N2N3)? P2 [lullys lluzllzllusllz

and we apply again [28, Lemma 2.4].
Finally, (3.3) follows from (3.5) with g1 = g2 = po and g3 =20pg. O

From here on, we have an estimate formally identical to the nonlinear estimate in [33, Lemma 3.1] and the following
lemma and propositions are proved using straightforward adaptation from [33, Section 3] (see also [32]).
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Lemma 3.2. Foru; € X'(I), k=1...5, |I| < 1, the estimate

5
[T

i=1

S lueylixin [T lueipliza

N({I) o0€eGBs Jj=2

holds true, where iy € {ug, uy}. In fact, we have that

5
Z Ppii 1_[ P<ppiij
j=2

B>1

5

o lurllxaeny [ [ lejllzay- (3.6)
N() j=2

We have a local existence result:
Proposition 3.3 (Local well-posedness).

(i) Given E >0, there exists 6o = 80(E) > 0 such that if ||¢|| g1 s3) < E and

”"’”L‘ﬁ”zu) <o

on some interval 1 50, |I| < 1, then there exists a unique solution u € XD of (2.10) satisfying u(0) = ¢.
Besides

”” - eitL‘f’”Xl(l) SE ||eitL¢||;/(21)'

The quantities E(u) and M (u) defined in (2.11) are conserved on 1.
(i) Ifu € X'(I) is a solution of (2.10) on some open interval I and

lullzy < +o0
then u can be extended as a nonlinear solution to a neighborhood of I and

lullx1y < C(E@), llullzmy)

Sfor some constant C depending on E (u) and ||u|| z(1).
The main result in this section is the following:

Proposition 3.4 (Stability). Assume I is an open bounded interval, p € [—1, 1], and & € X'(I) satisfies the approxi-
mate Schrodinger equation

(0, + L)+ plili|*=e onS®x 1. (3.7)
Assume in addition that

Wl zery + 11l oo 1, 11 (s3)) < M, (3.8)
for some M € [1, 00). Assume ty € I and ug € H! (83) is such that the smallness condition

|uo — (1) ||H1(S3) +llellnay <€ (3.9)

holds for some 0 < € < €1, where €1 < 1 is a small constant €1 = €1 (M) > 0.
Then there exists a strong solution u € X' (I) of the Schrodinger equation

(i0; + L)u + pulu|* =0 (3.10)
such that u(ty) = ug and

lullx1py + 1@l x1 ) < C(M),
lu = iilly1 () < C(Me. (.11
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4. Profiles
4.1. Analysis of Euclidean profiles

In this section we prove precise estimates showing how to compare Euclidean and spherical solutions of both linear
and nonlinear Schrodinger equations. Of course, such a comparison is only meaningful in the case of rescaled data
that concentrate at a point. We follow closely the arguments in [32,31], the main novelty being in Lemma 4.4.

Recall 7 defined” in (2.3). Given ¢ € H'(R?) and a real number N > 1 we define

Ty =fye H'(SY),  fv(y) =Nin(N"2de(0,)p(Nexpy' (1)) 4.1)
and observe that

Ty : HI(R3) — HI(S3) is a linear operator with | Tx ¢ |l 71(s3) < 161l 1 w3

and that
5
ITvellp SN2, ITndll 2 SNl 2.
We define also
1 1
Epi(¢) = 5/[|VR3¢|2 + §|¢|6} dx.

R3

We will use the main theorem of [21] (see also [36] and [13,24,38] for previous results), in the following form.

Theorem 4.1. Assume € HY(R?). Then there is a unique global solution ve C(R: HY(RY)) of the initial-value
problem

(i3 — Ag)v+vlu[*=0,  v(0) =y, (4.2)
and

VIl 22 Lo 3 xry) T IVRIVI (L0 L2nL216) 3 XR) S C(Ems())- (4.3)
Moreover this solution scatters in the sense that there exists y+> € HY(R?) such that

[v@) — e A= 1 sy = 0 (4.4)
as t — +00. Besides, if € H>(R?) then v e C(R: H>(R?)) and

fgﬂg””(”” HS@®3) S5 g3y |

Again, we emphasize that this extends readily to the case when —Aps is replaced by 1 — Aps.
Our first result in this section is the following lemma:

Lemma 4.2. Assume ¢ € H! (R3), Ty € (0, 00), and o €10, 1} are given, and define fn as in (4.1). Then the following
conclusions hold:

(1) There is No = No(¢, To) sufficiently large such that for any N > No there is a unique solution Uy €
C((—TON_Z, TON_Z) : HI(S3)) of the initial-value problem

(i3 — A+ 1)Uy = pUx|UnI*,  Un(0) = fy. (4.5)

5 The role of 7 is to avoid “tail” effects coming from the fact that ¢ might not vanish outside of B(0, R) for any R.
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(i) Assume &1 € (0, 1] is sufficiently small (depending only on Eps($)), ¢’ € H>R3), and ||¢ — ¢/||H1(R3) <é€p. Let
v € C(R: H3(R3)) denote the solution of the initial-value problem

4

(3 — Ags + V' =pV' ||, V() =¢"

For R, N > 1 we define

vr(e, ) =n(Ix|/R)V'(x,1), (x,1) R’ x (=Ty, To),

Vi n (6, 1) = N2VR(Nx, N%),  (x,1) € R x (=TyN~2, TyN~2),

Vv (1) = vk y(expp' 0).1) (3,0 €S x (~THpN~2, TyN?2). (4.6)
Then there is Ry > 1 (depending on Ty and ¢’ and &) such that, for any R > Ry,

limsup [Un = VR NIl x1(—1yn-2,1yN-2) SEgs (@) €1- 4.7
N—o00

In particular, for any N > Ny,
IUN X1 (—ron—2,108-2) SEpa@) - (4.8)

Remark 4.3. As is shown in [16, Appendix A] (see also [20]), for times 0 <t < N —2, the effect of the dispersion is
weak and a good approximation for (2.10) is the simple ODE

i0u= u|u|4 —u.
This lemma shows how to take into account the effect of the dispersion on the interval [N -2 TN _2] for T large, so

as to complement the conclusion of Lemma 4.4 below.

Proof of Lemma 4.2. In fact, we show that Vg x in (ii) gives such a good ansatz that we can apply the stability
Proposition 3.4 and obtain (4.7), which in particular implies (i). All of the constants in this proof are allowed to
depend on ER3(¢). Using Theorem 4.1

v ||Lj‘Lg°(IR><R3) + “VRW/H(L,DOL;mL,ZLg)(R&R) St

sup|| 0" ()| s g3y Sl s, 1 4.9)
teR
Let

er(x, 1) 1= [0 — Aga + Dvj — pvi|ve[ ] 1) = p(n(Ix1/R) — n(1xI/R)’)v' (e, )|/ (x, 1) [*

4
— R720'(x, )" (IxI/R) — 2R~ x| 7" (x, )0’ (1x|/R) — 2R~ Z 3-v'(x, )1’ (Ix|/R).
j=1

Since [v/(x,1)]| < ) 1, see (4.9), it follows that

191l 5 (3

3 3 3
lerCr, 0]+ 3 ker(e, 0] Siort s s, ir2m (1) [Iv’(x,nl + Yl ]+ Y Iakajvkml].
k=1

k=1 k,j=1
Therefore
Rli—>moo” ler| + |Vg3er] ||L§’°L§(R3><(—T0,To)) =0. (4.10)
Letting

er NG 0) = [G3) — Ags + D0y — oV y|vh ] 1 1) = Niep(Nax, M%),
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it follows from (4.10) that there is Ry > 1 such that, forany R > Rpand N > 1,
ller.n 1+ 1Vser NI 112 @ Cryn-2.7n-2)) < €1 (4.11)
With Vg y(y, 1) = v}“\,(expa1 (y),t) asin (4.6) and N > 10R, let
Ern(y.1):=[(id +L)Vgn — pVR,N|VR,N|4](y» r)
= er.n(expy' (¥).1) +2(1/¢ — 1/sing) (dp v v ) (expp' (). 1)
+ (1/¢* — 1/sin® ¢) (Ag v y) (expp (1), 1) (4.12)
where we have used the formula in (2.1). We remark that
|60V n (ex00' ). 1) 112 + [V (Bovk n) (€x05 (). 1) [ 1112 ST N72
| A2vin (ex05" (). 1) [ 312 + [V (Agavie ) (ex05' (00 1) [ 112 S N2
Using (4.11), it follows that for any Ry sufficiently large there is Ng such that for any N > Ny
1
|| IV ERy NI ”L}L}((Sf‘x(—ToN*Z,ToN*Z)) S 21 (4.13)
To verify the hypothesis (3.8) of Proposition 3.4, we estimate for N large enough, using (4.9)

sup  [Veow 0| 1 g3 < sup ol v 1 gy S (4.14)
te(=ToN—2,TyN~2) te(=ToN—2,TyN~2)

and using (2.17), (4.13) and

v’ ||L,°°HXI Sl

4
| VR~N|VR’N|4”L}H1 < UIHL“LS;O
we obtain that
IVenlxt S 1.
Finally, to verify the inequality on the first term in (3.9) we estimate, for Ry, N large enough,
” IN = VR~ (0) ||H1(S3) S ’|¢N - U%O,N(O) ||H1(R3) S ||’7(N%')¢ - v;eO(O) ||H1(R3)
1
S H(l - ”(Nz'))¢||H1(R3) + ”¢ - ¢/”H1(R3) + H‘f’, - v}eO(O) ||H1(R3)
<ey. (4.15)

The conclusion of the lemma follows from Proposition 3.4, provided that &1 is fixed sufficiently small depending
on Ep3(¢). O

To understand linear and nonlinear evolutions beyond the Euclidean window we need an additional extinction
lemma:

Lemmad4.4. Let ¢ € HY(R?) and define fn asin (4.1). For any ¢ > 0, there exist T =T (¢, €) and Ny(¢, ) such that
forall N > Ny, there holds that

e fn ”Z(TN*Z,T*I) Se (4.16)

Remark 4.5. Note that the analysis in [15] already gives the result on an interval of time of the form [T N2, N~!].
However for our application, it is important to obtain an upper bound independent of N.

Proof of Lemma 4.4. Using Strichartz estimates and interpolation, we see that it suffices to obtain this for p = co in
the definition of Z, i.e.

W M2 Pye’™t fiy e @xirn-21p S
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Fix ¢ € C*° (R3) such that

2
||¢_¢||H'(R3) Len.

From the boundedness of Ty in (4.1), we deduce that it suffices to prove that
sup M~/ | Pre oy ”Lmt <& on=Tno.
M *

Let Q = R? 4 &2, where R is the diameter of the support of ¢. Using Bernstein estimate, we observe that
10
-1 irL < itL < (M (N
M 2||PMe (pN”L;,?[ NM”PMe ‘pN||L,°°L§ Nm1n<N, I ) 4.17)
Thus, if (M/N) ¢ (Q_l, Q), (4.16) holds. From now on, we assume that
0 <M/N<Q.
We define
cp(x) =[mpen](x).
This decouples the oscillations in time and the variations in space as follows:
. i 2
Puet oy ()= Y nu(p)e” cp(x). (4.18)
p<2M
We consider two cases.

Case 1. When dg(0,x) > Q6 /N. In this case, we can use the explicit formula (2.4) to get that the function is far
from saturating Sobolev inequality

Y |mplen) (0] SeNz. (4.19)
M<p<om

From the formula (2.5) and the fact that in our case, for any Y in the support of gy, Z(Y,x) > Q°/N we obtain
that

44,3
7p @)@ S llenllip(N/Q°) S 207N "2 p.
Summing crudely over all p < 2M, we obtain that
1

3
SN2 Y e2p<eNt,
pP<2M

> (e e, (x)

pP<2M

which gives (4.16) in this case.
Case 2. When d, (0, x) < 2Q6/N. In this case, we claim that, uniformly in p, d, (O, x), there holds that
_1
lcp(0)| S Q'ONT2,
_3
|lep(x) —cpo1(0)] S Q1ONT2,

lep () = 2¢p-1 () + cpa(@)| S Q'ON7E. (4.20)

This follows from the explicit formulas
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Cp(Q)=/Zp(RQP)90N(P)dVg(P),

S3

cp(Q) —cp1(Q) = / Z9(Ro P)pn (P)dvy(P),
S3
cp(Q) —2¢p 1(Q) +¢p2(Q) = / Z5% (R P)gn (P) dvg (P),
S3
where

_Isin(p®)| _ 5
’ZP(0)|_p sing  ~ 7’
122(6)] = plsin(p8) =2 + cos(pe) + 2P DD < 14 poy,

sinf psinf

in(po
]ZZd(9)| =(p-1 s1zilp )[1 —2cos 6 + cos(26)]
i
in(26 2 0 — 20 in p6
+cos(ph)|2 — s1n'( ) + cos ,COS( ) sm.p [1—cos(20)]
in6 p—1 sinf psin6

< p*o* +o.

We may now use (4.18), (4.20) together with Lemma A.1 (with K = Q 10N_%) to find an acceptable T as in (4.16).
More precisely, we fix Ty > &3, which forces either (a,q)=0,1)org > £~ 2 and then choose T > Ty in such a way
as to satisfy (4.16). O

In the process, we have seen from (4.17), (4.19) and the end of the proof above that if ¢ € C2° (R3), then, for any ¢,
there exist 7y > 0 and Ny such that, whenever T > Tp and N > Ny, there holds that

Z M_1/2 ||eilLPM(TN¢) ”LOQ(S:;X(TN’Z,T*l)) S, £. (421)
M>1

We conclude this section with a proposition describing nonlinear solutions of the initial-value problem (2.10)
corresponding to data concentrating at a point. In view of the profile analysis in the next section, we need to consider
slightly more general data. Given f € L>(S%), 1o € R and xo € S* we define

(I x0) f () = (e7 01 £) (),

where r@f(x) = f(Ryyx).
Let F, denote the set of renormalized Euclidean frames®
Foi= {(Nk, te, Xi)is1: Ni € [1,400), t — 0, x¢ €S, N — +oo0,

and either #; =0 for any k > 1 or klim Nkzltkl = —i—oo}. 4.22)
—00

Proposition 4.6. Assume that O = (Ni, ty, )i € Fe, ¢ € H'(S?), and let Uy (0) = My, (Tn, $)-

(1) There exists T = t(¢) such that for k large enough (depending only on ¢ and Q) there is a nonlinear solution
Uy € X' (=1, 1) of Eq. (2.10) with initial data Ui (0), and

MUkl 1 (—2,0) Skgs @) 1 (4.23)

6 We will later consider a slightly more general class of frames, called Euclidean frames, see Definition 4.7. For our later application, it suffices
to prove Proposition 4.6 under the stronger assumption that O is a renormalized Euclidean frame.
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(i1) There exists a Euclidean solution u € C(R : H! (R3)) of

(id; — Ags + Du +ulul* =0 (4.24)

with scattering data $+>° defined as in (4.4) such that the following holds, up to a subsequence: for any & > 0,
there exists T (¢, €) such that for all T > T (¢, €) there exists R(¢, e, T) such that for all R > R(¢p, e, T), there
holds that

”Uk - ﬁk ”Xl({|t—l‘k|<TNk_2}ﬂ{\t|<T71}) <e, (425)

for k large enough, where

1
it (x, 1) = N2 n(Nidg (xi, x)/ R)u(Ni expy,! (x), NE(t — ).

In addition, up to a subsequence,7

+
[0 = Tyt e Tvd™ | ey 271y S € (4.26)

for k large enough (depending on ¢, ¢, T, R).

Proof. This follows from minor adaptation of the proof in [33, Proposition 4.4]. Here Lemma 4.4 is used in an
essential way. O

4.2. Profile decomposition

In this section we show that given a bounded sequence of functions f; € H'(S?) we can construct suitable profiles
and express the sequence in terms of these profiles. The statements and the arguments in this section are very similar
to those in [33, Section 5]. See also [32,31,35] for the original proofs of Keraani in the Euclidean geometry and [7,41]
for earlier results.

The following is our main definition.

Definition 4.7.

(1) We define a Euclidean frame to be a sequence F, = (N, tg, Xk)k With Ny > 1, Ny — 400, tx € R, 4 — 0,
xx €S3. We say that two frames (Ng, #x, xx)x and (My, sk, yi )k are orthogonal if

. Ni 2
1 In — N7 |t — Nid , = .
k_:lfoo< an‘Jr e — S| + Nidg (x yk)) +o00

Two frames that are not orthogonal are called equivalent.
2) If O = (Ng, t, X )k is a Euclidean frame and if ¢ € H!(R?), we define the Euclidean profile associated to (¢, O)
as the sequence ¢o,

60, (X) 1= My o (Tn, D).

The following lemma summarizes some of the basic properties of profiles associated to equivalent/orthogonal
frames. Its proof uses Lemma 4.2 with p = 0 to control linear evolutions inside the Euclidean window and Lemma 4.4
to control these evolutions outside such a window. Given these ingredients, the proof of Lemma 4.8 is very similar to
the proof of Lemma 5.4 in [31], and is omitted.

7 The definition of Ty is given in (4.1).
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Lemma 4.8 (Equivalence of frames).

1) IfO and O’ _are equivalent Euclidean profiles, then there exists an isometry T : HY(R?) — HY(R?) such that for
any profile I/IOI/(, up to a subsequence there holds that

limsup |79 o, — Vol s =0. 4.27)

k— 400

(ii) If O and O’ are orthogonal frames and JO/{’ 5(9,; are corresponding profiles, then, up to a subsequence,

lim (Yo, o) nixmisy) =0,

k— 00
. s 3 9~ 3 _
k_li{iloo(WOU > |¢OI,<| >L2><L2(S3) =0.
(iii) If O is a Euclidean frame and J@k, @0, are two profiles corresponding to O, then
klim (||1/f(9k||L2(§?) + 190, Il L2(s3) ) 0,

kkT@(Wok, ¢0k>H1 xH(S3) = <1/fa w)HlXHI(R3).

Definition 4.9. We say that a sequence of functions { fi}x € H'(S?®) is absent from a frame O if for every profile Yo,
associated to O,

/(fk%k +ViVTe,)dx — 0

as k — +oo.

Note in particular that a profile associated to a frame O is absent from any frame orthogonal to O.
The following proposition is the core of this section. Its proof is similar to the proof of [32, Proposition 5.5], and
is omitted.

Proposition 4.10. Consider { fi}x a sequence of functions in H'(S?) satisfying

limsup || fill g1 s3) S E (4.28)

k——+00

and a sequence of intervals Iy = (—Tx, T*) such that |Iy| — 0 as k — +o0. Up 1o passing to a subsequence, as-
sume that fi — g € H'(S®). There exists a sequence of profiles woa associated to pairwise orthogonal Euclidean

frames O% such that, after extracting a subsequence, for every J > 0

_ Ta J
fe=g+ Y Ve + R (4.29)
1<a<d

where R,g is absent from the frames O%, a < J, and is small in the sense that

lim sup lim sup[ sup N_% |(ei’L PNRkJ)(x) |] =0. (4.30)
J—>+400 k—>+00 - N>1,tel;,xeS3

Besides, we also have the following orthogonality relations
2
1ficll 72 = llgll72 + | RL |72 + ox (D),
2 2
IV £l = 1Vl ge + D [ Ve v [y + | VRY |72 + 0 (D),

aJ

1 felSe — gl — D 188 o] =

aJ

hm lim sup
100 kst

(4.31)

where or (1) — 0 as k — +00, possibly depending on J.
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The proof of the last bound in (4.31) relies on the estimate

lim sup lim supH R,{ H 163 = 0.
J—>+00 k—4o00
This is a consequence of (4.30) and the bound

1£18 6 sy SIFIZ sup N~V2 | Py £ ) (4.32)
LO(S3) ~ HI(S?) N>P1 NJ llpee(s3y ) » .

forany f € H'(S?), see for example [32, Lemma 2.3] for a similar proof.
5. Global existence
5.1. Induction on energy

We follow a strategy derived from [38]. From Proposition 3.3, we see that to prove Theorem 1.1, it suffices to prove
that solutions remain bounded in Z on intervals of length at most 1. To obtain this, we induct on the energy E (u).
Define

A(L) =limsupsup{||ul| ), E@w) < L, [I| < 7}
7—0

where the supremum is taken over all strong solutions of (2.10) of energy less than or equal to L and all intervals [ of
length |/| < t. In addition, define

Epax =sup{L: A4(L) <+oo}. (5.1)

We see that Theorem 1.1 is equivalent to the following statement.
Theorem 5.1. E,,;x = +00. In particular every solution of (2.10) is global.

Proof. Suppose for contradiction that E,,;, < +00. From now on, all our constants are allowed to depend on E,;,;.
By definition, there exist a sequence of intervals [, and a sequence of solutions uy such that

E(ur) = Emax, [ Ik| = 0, lurllzcy = +00 (5.2)

and 0 € Iy. We now apply Proposition 4.10 to the sequence {u (0)}x with I. This gives a sequence of profiles J%a ,
k
o, k=1,2,..., and a decomposition

_ Ta J
u@ =g+ Y U +R{.
1<y
Using Lemma 4.8 and passing to a subsequence, we may renormalize every Euclidean profile, that is, up to passing
to an equivalent profile, we may assume that for every Euclidean frame O%, O% € F,, see definition (4.22). Besides,
using Lemma 4.8 and passing to a subsequence once again, we may assume that for every o # B, either N’/ N,f +
N,f/N,‘g‘ — +ooask — +ooor N = N,f for all k and in this case, either ¢ = tf as k — 400 or (N,‘j‘)zlt,‘j‘ — t£| —
400 as k — +o0.
From (4.31) and Lemma 4.8(iii) we see that, after extracting a subsequence,

Ly— 1 ~a
E(x):= kLHBoo E(lﬁog) € (0, Emaxl,

lim [ > E@)+ lim E(R,(J):|§Emax—E(g). (5.3)

J—+00
1<aJ
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We consider also the remainder and note that, for p € {po, p1} and g = (po +4)/2 > 4,

ZNs—p/Z ” PNeitLRkJ “if,(S&lk)

N
[ =i 1r—q B i
Sl e R L R B D L LT { Pyt |
[ i 1p—a
S slAlle—% [ PR oo goreny | DN PR [,
] ' i N
S :SlltPN_% et Py R{ ”Lg?[(gsxlk):piq.
Therefore
imsuplimsupl &Y |, =0 64

J—>+00 k—4o00

Case I. {u;(0)}; converges strongly in H 1(S3) to its limit g which satisfies £(g) = Ej4. Then, by Strichartz esti-
mates, there exists 7 > 0 such that, for k large enough

e Fur ) g < €8 1y + 06 (D) < .
where 8y is given by the local theory in Proposition 3.3. In this case, we conclude that [|u|l z(s,) < 280 which contra-

dicts (5.2).

Case IIa. g =0 and there are no profiles. Then, taking J sufficiently large, we get that, for k large enough,

| uk @] 5., < S0,

where &y is as above. Once again, this contradicts (5.2).

Case IIb. g =0 and there is only one Euclidean profile, such that

ur(0) = Yo, +ox(1)

in H! (83)~(see (5.3)), where O is a Euclidean frame. In this case, we let Uy be the solution of (2.10) with initial data
Ui (0) = ¥, and we use (4.23) to get, for k large enough

WUkl zay < WUkl z(-s.5) S 1 and kilrfoo” Ur(0) — uz (0)|| ;1 — 0.
We may use Proposition 3.4 to deduce that

lukllzay S ||uk||x1(1k) Sl
which contradicts (5.2).

Case IIl. E(g) < Ejgx and E(a) < Epgy for any o = 1,2, .... Up to relabeling the profiles, we can assume that
forall o, E(x) < E(1) < Epax — 17, E(g) < Epgx — 1 for some 1 > 0. Now for every linear profile 1//%?, we define

the associated nonlinear profile U}’ as the maximal solution of (2.10) with initial data U (0) = 1/7%(1 A more precise
k

description of each nonlinear profile is given by Proposition 4.6. Similarly, we define W to be the nonlinear solution
of (2.10) with initial data g. In view of the induction hypothesis

Wz + | UE ] 5y gy S3AEma—1/2,2) S 1,

where from now on all the implicit constants are allowed to depend on A(E,,;.x — 1/2,2). Using Proposition 3.4 it
follows that for any o and any k > ko(«) sufficiently large,

Wl -1+ U gy S 1 (5.5)
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For J, k > 1 we define
J

J .
Upraf,k = W + ZU]?.

a=1

We show first that there is a constant Q such that

J J
10l oty F IW ey + MU gy + DNUE = € 01y < O (5.6)
a=1 a=1

uniformly in J, for all k > ko(J) sufficiently large. Indeed, a simple fixed point argument as in Section 3 shows that
there exists 8o > O such that if

@1l 153y =3 < do
then the unique strong solution of (2.10) with initial data ¢ is global and satisfies

lullxi o0 <28 and [u—e™ @]y _,, S8 (5.7)

From (5.3), we know that there are only finitely many profiles such that E(«) > 8o/2. Without loss of generality, we
may assume that for all @« > A, E () < 8p. Using (4.31), (5.5), and (5.7) we then see that

|Gugalrcn =W+ 3 U

X(=1,1)

1<aJ
SIWlxr 1y + Z ”Ulfl’|xl(—l,l)+ Z (U =" Uz )
1<e<A A<a<<T X'(—1,1)
+ " > UR)
A<a<J xX'=1LD

SI+4+ ) E@+
ALaJ

> UFO

ALaJ

<1.
H!

The bound on Za ue?
We now claim that
Ulox =W+ > UZ+e""R]
1<a<J

X1(—1.1) is similar (in fact easier), which gives (5.6).

is an approximate solution for all J > Jy and all k > ko (J) sufficiently large. We saw in (5.6) that U has bounded

qwk
X!-norm. Let & = 8(2Q2) be the constant given in Proposition 3.4. We compute, with F(z) = z|z|4,

e= (0, + L), — F(Ug, 1) =F (U, i) — F(W) — Z F(Ug)
1<aJ
= F(Uerof,k + eitLng) - F(Uprof k) + F(Uprof k) FW) — Z F(Ulg)
1<a<J

and appealing to Lemma 5.2 below, we obtain that

limsup [lelln) < €/2
k—+00

for J > Jy(e). In this case, we may use Proposition 3.4 to conclude that u; satisfies

il S | appk“X'(Ik) <|u rokaX]( T | “RY ||X‘(71,1) S
which contradicts (5.2). This finishes the proof. O

We have now proved our main theorem, except for the following important assertion.
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Lemma 5.2. With the notations in Case 111 of the proof of Theorem 5.1, we have that, for fixed J,

limsup | F (U, ) = F(W) — > F(Up) =0. (5.8)
k—400 ’ 1<a<J N(Ik)

Besides, we also have that
limsup limsup| F (U rof kT S A (Upmf ‘) ||N(Ik) =0. (5.9)

J—400 k—+00

The proof of this lemma is identical to the proof in [33, Section 7], with [33, Lemma 7.1] replaced by Lemma 5.3
below. ~
Recall from Section 2 that D4 | (a, b) denotes a quantity which is quartic in {a, @} and linear in {b, b}.

Lemma 5.3. Let O € S? and assume that B, N > 2 are dyadic numbers and o : S> x (=1, 1) — C is a function
satisfying |Vj(,()| < N]+l/21{dg(x,0)<N71,|l|<N72}’ ] = 0, 1. Then

||D4’1( ”LP>BNf) ”Ll(( 1.1).HY - ||f||H'(S3)

Proof. The general strategy of the proof is similar to the one in [33] on T3. We may assume that | f | His3) =1 and
f = P-pn f. We notice that
irL itL
”94»1 (“’ e P>3Nf) ”Ll((—l,l),Hl) S ”94,1(“” Vel f) ||L1((—1,1),L2)
irL 3
+ ”el f”LtmL; ”w”L;‘L;o |||Va’| + |“’|”L;‘L;°

S “9471(“’1 Veith) ||L1((—1,1),L2) +B7.

Let xy =10 an-1y and W(x, 1) := N* xy (x)n(N?*t) and write

”534‘1(60, Ve”Lf) 2

_ L i 2
”Ll((fl,l),Lz) SN 2||W2V€”Lf||Lz(S3

x(—=1,1))
3 1

-2 itL itL
SN Z/W 0jf, We'' 0 f) 2, 123 dt
/=1_1
1

3
<N Z<a,~ 1, [ /e*”L weltl dt] dj f>
Jj=1 A

L2xL2(S?)
Therefore, it remains to prove that
1Kl 2% 123 S N*B™' where K = Pogy / e "Wl p_py dt. (5.10)

R

We look at the Fourier coefficients
Kpg=7mpKmy

=N*(1—=n(p/BN))(1 —n(g/BN) /e W=y (N2t) dr - [y xmg)
R
=N*(1=n(p/BN))(1—n(g/BN)A(N"*(p* — ¢°)) - [mpxnmy).
Using Schur’s lemma, it suffices to prove that

sup > (1 =nq/BN)|[A(N2(p* = a*))Impxnmgll 22 S B
pz g€’
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The new ingredient we need is the following

I xngll2m 2 SN+ min(p, q) > (5.11)

which is a consequence8 of (2.9). Assuming (5.11), we finish the proof as follows: for any p > BN,

S (1= n@/BN) AN = a))Impxnmglen 2 S Y N1+ N2 p2 =27
qe q>2BN
< > N1+ Blp—q/N]T
g=BN
<SB!

which finishes the proof. O
Appendix A
A.l. Weyl sum estimate

For a sequence ¢ = (cp) p, we define the linear difference operator § by
bc)p=cp—cp-1
and for j > 1, §/tle =8(87¢). The following lemma is essentially from [11] in a slightly different formulation.
Lemma A.1. Assume that (c)), satisfies
|8/c| SKNTI, 0<j<2,
and that

{p: cp #0) C[-QON, ON].
Forte|—m,m]lett/r =a/q+ B, 0< |a|l <q < N and |B| < 1/(Ngq) be its Dirichlet approximation. Define

S(t) — Z cpeitlp|2’
p

then there holds that

3 N
RGIESY g} ——— (A1)
Va1 +N2|B)
Proof. We may assume that K = 1. We first compute
N Zéacbeit“blz_'“'z] = Z el
a,b m
Om = Z E,,c,,+me”2mp.
P
We shall not use the oscillations that might be present in the above sum beyond the following claim:
NQ
|o7m | (A2)

<
~ [1 + Ndist(mt /7, Z)]?"

If N dist(mt/m,7Z) < 1, the bound is clear. Otherwise, we simply observe that, letting z = ¢’ Zmt and C p = CpCpim,
there holds, uniformly in m,

8 Note that we use both bounds in (2.9).



336 B. Pausader et al. / Ann. 1. H. Poincaré — AN 31 (2014) 315-338

(1=2)) CpzP =) (5C)pz?,
P p

(1=2)*) CpzP =) (8°C) 2*
P p

57Cp| SN, o< <2
This gives (A.2).
Now, we can finish the proof. We may assume that a > 0 and || # 0. For any m € Z, we define
b(m) =am modgq, b(m)eZys=1{0,1,...,q —1}.

Since (a, q) =1, a is invertible in Z, and the mapping r + b(r) is a bijection Z; — Z,. We now distinguish two
cases.
The nonresonant case’: b(ry¢ R={0,1,...,30,9g —30,...,9g —2,q — 1}. In this case, since |m| < 20N and

mt/n—7+m,3 Z-I—@—i—[ 20 2Q:|,

)

q9 49

we may use the oscillations in b(m) since

distont /7, 7) = 22 4 mp > §min{@, ‘1_7”(’”)}

so that, we can estimate the corresponding contribution by

Y ’ Y Q’¢* N
> deml Sy X GanE S 2y ¥ L2l ooy

m: b(m)¢R m: b(m)¢R k>=2m: b(m)=k

which is acceptable.
The resonant case. In this case, we are left with a worse bound in (A.2), but fortunately, there are only 6Q of them
and we can estimate them one by one. Thus, from now on, we assume that b(m) is fixed. Then, clearly,

{dist(mt /7, Z): b(m) =k}

is contained in at most 1 + Q/q arithmetic sequences of length O(N) and increment 2¢|8|. Hence its contribution
can be estimated by

(N NQ <2 (N_2 1 )
Qmm(qQN’Z<1+N2kq|ﬂ|>2>NQm‘“ o2 N D S

k=0 2kq|BIN<1 2kq|BIN 21
N? 1
< 0? min(—, —)
q qlBl

A.2. The case of the ball with Dirichlet boundary conditions and radial data

Again, this is acceptable. O

Here we give the main ingredients to prove Theorem 1.2. The analysis of the Dirichlet problem on B(0, ) is not
so different from the analysis on S* due to the relation

62 sin® @
(1 — ASK)f - mARS Q—Zf

where 6 denotes the distance to the origin.'” This leads to the relation

9 This case is of course vacuous if g <10Q.
10 Here we identify functions on S? with functions on B(0, ) through the relation f(x) 2 f(exp¢ x), where O denotes the north pole.
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—itA 3 ; @ sin(6)
(e "0p) =g-e’“(§), 8(0.0) == (A3)
Since we also have that
H g — llgll 25
8l

we can directly transfer the linear estimates on S? to estimates on the ball with Dirichlet condition. In particular, we
recover all the results of Section 3. In Section 4, we also see that Lemma 4.4 holds directly, while the other lemmas
do not depend on the geometry and hence trivially hold. Note in particular that the radial Sobolev inequality

1

x| )2
—— ) ux)| < ||Vu ,
(ﬂ_m ()| S IVullr2p)

valid for all functions vanishing at 7 forces all the Euclidean profiles to only concentrate at the origin. In Section 5,
the main novelty is in the linear Lemma 5.3, which again holds equally, thanks to (A.3). The other parts of the proof
need only minor modifications.
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