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Abstract

We consider a radially symmetric free boundary problem with logistic nonlinear term. The spatial environment is assumed
to be asymptotically periodic at infinity in the radial direction. For such a free boundary problem, it is known from [7] that a
spreading-vanishing dichotomy holds. However, when spreading occurs, only upper and lower bounds are obtained in [7] for the
asymptotic spreading speed. In this paper, we investigate one-dimensional pulsating semi-waves in spatially periodic media. We
prove existence, uniqueness of such pulsating semi-waves, and show that the asymptotic spreading speed of the free boundary
problem coincides with the speed of the corresponding pulsating semi-wave.
© 2013 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

We are interested in the evolution of the positive solution u(¢,r) (r = |x|, x € RN, N> 1), governed by the
following diffusive logistic equation with a free boundary:
u,—dAu:u(a(r)—,B(r)u), t>0,0<r<h(t),
ur(t,0)=0, u(t, h(t)) =0, >0,
B (1) = —pur(t, h(1)), t>0,
h(0) = ho, u(0,r) =uo(r), 0<r<ho,

(1.1)
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where Au = u,, + NTflur; r = h(t) is the free boundary to be determined; 4g, i and d are given positive constants;
ug € Cz([O, ho)) is positive in [0, hp) and ub(O) =ug(ho) = 0; the functions «(r) and B(r) are positive and satisfy the
following conditions:

(i) o, Be C"O([O, oo)) for some vy € (0, 1),
(ii) there exist positive L-periodic functions a and b in C*°(R) such that (1.2)
limy s oo (| (r) — a(r)| + |B(r) = b(r)]) =0.

Problem (1.1) may be viewed as describing the spreading of a new or invasive species with population density
u(t, |x|) over an N-dimensional habitat, which is radially symmetric, heterogeneous and asymptotically space-
periodic near infinity in the radial direction. The initial function u((|x|) stands for the population in its early stage of
introduction. Its spreading front is represented by the free boundary |x| = A (), which is a sphere d Bj,(;) with radius
h(tr) growing at a speed proportional to the gradient of the population density at the front: 4'(r) = —puu, (¢, h(1)).
(A deduction of this condition based on ecological considerations can be found in [6].) The coefficient functions
a(|x]) and B(|x|) represent the intrinsic growth rate of the species and its intra-specific competition respectively, and
d is the random diffusion rate.

Problem (1.1) was studied recently in [7], and when «, 8 are positive constants and the space dimension is one,
this problem was considered earlier in [10]. In both cases, it was shown that a unique solution pair (u, k) exists, with
u(t,r) >0and h'(t) > 0 for t > 0 and 0 < r < h(¢), and a spreading-vanishing dichotomy holds, namely, a spatial
barrier r = R* exists, such that either

e Spreading: the free boundary breaks the barrier at some finite time (i.e., 4(f9) > R* for some #y > 0), and then
the free boundary goes to infinity as r — oo (i.e., lim;,_, » i (f) = 00), and the population spreads to the entire
space and stabilizes at its positive steady-state, or

e Vanishing: the free boundary never breaks the barrier (2(f) < R* for all # > 0), and the population vanishes
(lim; oo u(t, r) =0).

Moreover, when spreading occurs, it follows from Theorem 3.6 of [7] that

h(t h(t
lim infﬁ >k, lim sup ) <k*
t—00 t t—00

for some positive constants k, and k* determined by the pairs (@, 8°°) and (@, Bx), respectively, where

Qo ;= liminfa(r), B :=limsup B(r),
r—0o0 r—o00

a® :=limsupa(r), Boo :=liminf B(r).
r—00 =00

It follows that if both lim,_, oo &(r) and lim, _, o B(r) exist, then lim;_, o @ = k exists, and one may regard k as
the asymptotic spreading speed.

The main purpose of this paper is to show that under condition (1.2), lim;_, @ also exists, and we will use
pulsating semi-waves (to be defined below) induced by (1.1) to determine this limit. These semi-waves are solutions

of the one-dimensional problem
ut—duxx=u[a(x)—b(x)u], teR, —oo <x <h(t), (1.3)
u(t, h(t)) =0, W(t) = —pux(t, h(1)), teR. ’

Asymptotic spreading in spatially periodic environment based on Cauchy problem models has received extensive
study recently. The spreading speed in such models is usually determined by the so called pulsating fronts, whose
existence, uniqueness and other properties have been investigated by many authors; see [1-5,12,14,16,22] and the
references therein for more details. In particular, a pulsating front of the reaction diffusion equation

up —dug, =ufa(x) —b(xu], (t,x)eR?, (1.4)

is a solution to this equation of the form u(¢, x) = ¥ (x — ct, x), where ¢ (the speed) is a positive constant and the
function ¥ (&, x) (the profile) is L-periodic in x; moreover, lim;_, o u(t,x) = 0, lim;—, 4o u(t, x) is the unique
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positive steady state of (1.4). It can be shown that u(¢, x) is strictly increasing in ¢. Let us also observe that u (¢ +
%,x) =u(t,x —L).

By a well-known result of Berestycki, Hamel and Roques [5], there is a minimal speed c, > 0 such that for each
¢ 2 ¢4, (1.4) has a pulsating front with average speed ¢, and no pulsating front exists with average speed ¢ < cy.
Moreover, it is well known (see [2,13,22]) that this minimal average speed c, is the spreading speed for the Cauchy
problem

VU — dUyy = v[a(x) — b(x)v], xeR, t>0; v(0,x) =vo(x), x€eR,

where the initial function vg(x) is nonnegative with nonempty compact support.

In contrast to (1.4), we will show that there is only one average speed C = C(u) for which (1.3) has a pulsating
semi-wave, and such a semi-wave is unique up to translations in ¢ (see Theorem 1.2). Moreover, as mentioned above,
this average speed is the spreading speed for the free boundary model (1.1) when spreading happens (Theorem 1.3).
Furthermore, we will show that as u — 0o, C(u) increases to ¢, (Theorem 4.2).

We now describe our results more precisely. Our definition below for pulsating semi-waves to (1.3) is motivated
by the notion of pulsating fronts, and ideas in [18,21].

Definition 1.1. We call (u(z, x), h(t)) a pulsating semi-wave of (1.3) if it solves (1.3) and

1) ut,x)=U@),h(t) —x)>0fort e R, x <h(t),
(ii) there exists T > 0 such that 4’ () is a positive T-periodic function and i(t + T) — h(t) = L,
(iii) U(z,&) e CH2(R x [0, +00)) is L-periodic in 7.

It will become clear below that C := L/T is the (average) speed of the semi-wave. Let us also observe that
u(t+T,x)=u(t,x —L).

Theorem 1.2. Problem (1.3) always has a pulsating semi-wave (u, h). The pulsating semi-wave is unique up to
translations in t. Furthermore, limy_ 1 oo h(t)/t = L/ T, u,(¢t,x) >0, and u(t, x) — ¢(x) as t = 400 uniformly in
any interval of the form (—oo, M1, M € R, where ¢ is the unique positive solution of

_d¢xx:¢[a(x)_b(x)¢], XERI.

Note that the existence and uniqueness of ¢ is a consequence of Theorem 2.3 of [11]; more general results can be
found in [4,20]. Using Theorem 1.2, we can deduce the following result on the asymptotic spreading speed determined
by (1.1).

Theorem 1.3. Suppose that (1.2) holds, (u, h) is the unique solution of (1.1) and lim;_, 5, h(t) = 00; then

h(t
tlim ¥ =L/T, whereL/T isthe average speed of the semi-wave in Theorem 1.2.
—00

We remark that Theorem 1.3 only gives the asymptotic speed of the free boundary |x| = h(¢). However, from its
proof, one sees that for any o € (0, C_l/];), where ¢ = min, a(r) and a = max, b(r), the set {x: u(x,t) > o} expands
to RY with asymptotic speed L/ T. Therefore this agrees with the spreading speed in the usual sense.

The existence part of Theorem 1.2 will be proved in Section 2, while Section 3 is devoted to the proof of the rest of
Theorem 1.2 as well as some further basic properties of the pulsating semi-wave. The proof of Theorem 1.3 is given
in Section 4, where we also show that the spreading speed L/ T increases strictly in x, and as y — 00, the spreading
speed converges to ¢, which is the minimal speed of the pulsating fronts to (1.4).

This paper is a sequel to [9], where the time-periodic case of the free boundary problem was considered. It turns
out that very different techniques have to be used to handle the space-periodic case, though some ideas in the time-
periodic case can be borrowed. Similarly to the approach in [9], we prove the existence of a pulsating semi-wave via
a fixed point argument. However, the techniques here are completely new. The proof for uniqueness of the pulsating
semi-wave is based on ideas introduced in [9], with considerable changes in the arguments. In [23], independently,
(1.3) and its corresponding initial value problem are investigated by a completely different method, which is based on
the approach developed in [12].
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Our analysis in this paper carries over easily when the logistic nonlinearity u[o () — B(r)u] is replaced by a more
general Fisher—KPP type function f (r, u), which is smooth and satisfies

(i) f(r,0)=0, f(r,q(r)) =0, where g(r) is bounded from above and below by positive constants,
(i) lim,— o[ f(r, u) — g(r, u)] = 0 locally uniformly in u € [0, 00), with g periodic in r,
(iii) f(r,u)/u is strictly decreasing in u, for every » > 0.

With care, one could further extend the results to the case that d Au is replaced by div(d(|x|)Vu), and p is replaced
by w(r), with suitable conditions on d(r) and p(r).

2. Existence of pulsating semi-waves

We use C} (R) to denote the set of all L-periodic C¥ functions and suppose that p,a, b € C} (R) for some v €
(0, 1), with both a and b positive. In order to prove the existence of a pulsating semi-wave, we consider the following
problem

{p(r)(uf +Ug) —dUgs =Ula(t —=§) =b(t = U], (z,§) € R x (0, 00),
U(r,0)=0, T elR.
The relationship between (2.1) and (1.3) is given in the following result.

(2.1)

Proposition 2.1. If (2.1) has a positive solution U (t, &) which is L-periodic in t, and satisfies uUg (t,0) = p(t) >0
fort € R, then (u(t, x), h(t)) given by
h(r)

u(t,x) = U (h(t), h(1) — x), t:ofﬁdr 2.2)

is a pulsating semi-wave to (1.3).

Proof. Clearly

1=H() ie, K@) =p(h@).

p(h(@)’
We calculate to obtain
ur —duyy =h' (t)(Ur + Ug) — dUg
= p(h®))[Uz (h(1), h(t) — x) 4+ Ue (h(t), h(1) — x)] — dUge
=Ula(x) —b(x)U]
= u[a(x) — b(x)u],
and
n(t) = p(h(t)) = ng(h(t), 0) = —/Lux(t, h(t)).

It is evident that u(¢, h(¢)) = U (h(¢),0) = 0.
It remains to show that 4’(¢) is T-periodic for some T > 0 and h(T) — h(0) = L. We prove that /' (¢) is T-periodic
with

L
/ ds
T =] —.
p(s)

0

Indeed, from

h(t) h(t+T)

ds ds
t:/— and t+T = /
J p(s) , p(s)




Y. Du, X. Liang / Ann. I. H. Poincaré — AN 32 (2015) 279-305 283

we obtain
h(t+T)
/‘ ds
T = vy
p(s)
h(t)
Since p(t) is L-periodic and positive, we have

L h(t)+L

/‘ ds / ds
T = el _
p(s) p(s)
0 h(t)
Hence
h(t+T) h(t)+L

/ ds / ds
p(s) ps)’
h(t) h(t)
which implies that

ht+T)=ht)+L, WE+T)=h@).

Thus (u(t, x), h(t)) is indeed a pulsating semi-wave of (1.3). O

Let us note that the pulsating semi-wave given by (2.2) satisfies #(0) = 0. It is easily seen that for any fixed 7y € R,
(u(t + 19, x), h(t +t9)) is also a pulsating semi-wave to (1.3). It will be shown that the pulsating semi-wave is unique
subject to this kind of time shifts.

To prove the existence of a function pair (p(z), U(z, §)) such that (2.1) holds and p(t) = uUg(z, 0), we break
the argument into two major steps. In step one, we show that for any given positive p € C; (R), (2.1) has a unique
maximal nonnegative solution U? which is L-periodic in 7. This defines a mapping 7' : p — /LUEI7 (-, 0). In the second

step, we show that T has a fixed point p*, and thus obtain the required solution pair (p*, UP ).

In order to apply suitable fixed point theorems to the operator 7', it is convenient to consider nonnegative p, but
h(t) is not well defined for such p. To avoid this difficulty, we use a perturbation approach. For small € > 0, we
replace the original problem (2.1) by

{pem(Ur +Ug) —dUge =Ula(t — &) —b(t —E)U]. (1.£) €R x (0, 400),
U(r,0)=0, T eR,

(2.3)

where

pe(t) =max{p(1), €}.

We will show that (2.3) has a unique maximal nonnegative solution U?-¢(t, &) that is L-periodic in 7, and the operator
T¢:p— /LUSP (-, 0) has a fixed point p€. Moreover, we will show that there exists § > 0 such that p€ > § for all

small €. Hence (p€, UP*€) solves the original unperturbed problem when € € (0, 8], and UP*-€ is a positive solution.
2.1. Existence of UP-€

In this subsection we show that for any p € C} (R) and € > 0, (2.3) has a maximal nonnegative solution U”€. We
also determine exactly when this solution is positive. To this end, we need the following eigenvalue problem

LU =hxra(rt —&U, (1,&)eR?,

2.4)
where LU = pe(v)(Ur + Ug) — dUgs.

Proposition 2.2. The following conclusions hold.:
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(1) For any nonnegative p € C; (R), and € > 0, a € R, there exists a unique A(a, p,€) € R with corresponding
positive function Qg pe = P, p,e(T,€) € CL2(R x R), which is L-periodic both in T and &, such that (A, U) =

Ma, p,€), e“sqba,p,e) satisfies (2.4).
(2) Let

A (p,e) =sup{r eR: 3p € C2(R x R), ¢(1, &) is positive
and L-periodic in T, and Lc¢p > ra(t — f)qﬁ}.
Then there is a unique g € R such that 11 (p, €) = A(ao, p, €). Moreover, ag > 0.
(3) Suppose A = L, p, €) is the principal eigenvalue of the eigenvalue problem
{ LU=xa(t—-8U, (1,&)eRx(0,1]),

2.5)
Ut,§)=U(t+L,&), U(r,0)=U(r,])=0.

Then X, p, €) decreases to M (p, €) as | — +o0.
@) 1, p,e) iscontinuousin (I, p, €) and A(a, p, €) is continuous in («, p, €), wherel,e >0, ¢ e Rand p € CZ(R).
(5) A, p,€) is concave in .

Proof. All the conclusions here follow from the main results of [19], except that we need to prove that oy > 0 in
conclusion (2). By conclusions (4) and (5), A(«, p, €) is continuous and concave in «. Moreover, it is obvious that
(0, p, €) =0 (with corresponding ¢y, ¢ a positive constant). Hence, we only need to prove that there is some o’ > 0
such that A(a’, p, €) = 0. To show this, due to the uniqueness of the principal eigenvalue proved in [19], it suffices
to find a positive function ¢o(t, §) which is L-periodic in 7, and a positive number o', such that Uy := et ¢o(t, &)
satisfies LUy = 0. We now look for such a function ¢ of the special form ¢o(t, E) = ¥ (7). Then L Ug = 0 reduces
to

[PV (D) + [pe (e’ —d (&) Ty (x)}eE =0.

Hence

1/f’=o/[ L 1]w.
Pe(T)

Since ¥ (1) is L-periodic, we have

L

// d
o dt =1L,
De(T)

0

which implies o’ > 0. Clearly

[ do’
W(r)zexp/a[ —1]dr>0.
Pe(T)

This completes our proof. O

We also need the following auxiliary logistic problem
Pe()(Uy 4+ Ug) —dUge =Ula(x —§) —b(x —§)U], (1.6) €R>, (2.6)

The following result is contained in [20].

Proposition 2.3. Problem (2.6) has a positive solution UP€ = UP(t, &) which is L-periodic both in T and & if
and only if M(0, p,€) < 1. Moreover, for any nonnegative L-periodic continuous initial function ¥ = y(§) # 0,
the solution of (2.6) with U(0, &) = (&), denoted by U (t, &, V), satisfies limy_s 400 U (T, &, %) — UP<(1,£)| =0
uniformly for & € R.

Remark 2.4. If p(t) > € for T € R, then by the transformation in Proposition 2.1, u(t, x) = UP€(h(t), h(t) — x) is a
positive entire solution of (1.4), which is L-periodic in x and fOL 1/p(t)dt-periodic in . Hence it must coincide with
¢ (x), the unique positive periodic solution of —duy, = ula(x) — b(x)u], x € R.
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Now, we are ready to show the main result of this subsection.
Proposition 2.5. The following conclusions hold.:

(1) For any fixed p € C} (R) and any positive constant €, problem (2.3) admits a maximal nonnegative L-periodic in
T solution UP€ = UP“(t,&) in the sense that any other nonnegative L-periodic in T solution is bounded from
above by UP-€. Furthermore, UP-€ =0 if and only if .\ (p,€) > 1.

(2) Forany p € C;(R) and € > 0 with A1(p,€) < 1, UP>¢ is the unique positive L-periodic in T solution of (2.3).
Moreover, limg s 100 |UP (7, &) — UP<(t, &)| = 0 uniformly for t € R.

Proof. First, we make use of some simple facts whose easy proof can be found in Step 1 of the proof of Proposition 2.1
in [9]. Suppose that 1! is the unique positive solution of

—dugs =u(a —bu) 1in (0, ¢),
{ 133 ( v ) ( ) (27)
u(0) =0, u(f) = oo,
where
a=maxa(r), b =minb(r),

and 4™ is the limit of u’ as [ — +o00. Then u® = u™®(¢) < maxa/minb, and for every constant M > 1, Mu®
is a supersolution of (2.3). By a sweeping argument, any L-periodic in 7 solution of (2.3) is bounded from above
by sup u®°.

Let us now prove conclusion (1). When A1(p, €) > 1, by Proposition 2.2, there is some «g > 0 such that A1 (p, €) =
Alag, p, €). It is easily seen that the corresponding function e"‘ogqﬁao, p.e and its product with any positive constant are
L-periodic in t supersolutions of (2.3). Suppose that (2.3) has a positive L-periodic in t solution U. Then by the
boundedness of U, we can suppose that Me"‘ogqbao’p,g(r, &) > U(t,&) on R x [0, +00). We may assume that M > 0
is the minimal constant such that the above inequality holds. Since ¢ > 0, the equality must hold at some (79, &y) in
the above inequality. But the strong maximum principle shows that it is impossible. Hence the maximal nonnegative
L-periodic solution U?>€ is identically O when 1| (p, €) > 1.

In the remaining case A1 (p, €) < 1, by Proposition 2.2, there is some large / such that )Z(l, p,€) < 1. Suppose that
¢~JL p.e > 0 1is the corresponding eigenfunction of (2.5) normalized by max ¢~51, p.e = 1. Then for any sufficiently small
constant y,

V‘Pl,p,e(f’g -0, teR, §e[l,2],

0, TeR, EeR\[/,2]]

is a subsolution of (2.3). Therefore, we can find a maximal positive L-periodic in T solution U”-€ in the order interval

[, u®]. Since any positive solution of (2.3) is bounded from above by u*°, UP€ is the maximal positive solution.
Finally we prove conclusion (2). Let (7, £) be defined as above, with [ = kL for some large positive integer k, so

that it is an L-periodic in t subsolution of (2.3) for small y. For each nonnegative integer i we define

Yi(r,§) =v(r,§ —ikL).

It is easily seen that v; is a subsolution of (2.3). Let U = U(z, &) be a positive L-periodic in t solution of (2.3). For
each i > 0, there exists o; € (0, 1) such that U(z,£) > 0;Y;(t,€) fort e Rand £ > 0. For any o € [o07, 1], 0¢; is a
subsolution of (2.3). We claim that U (7, &) > o;(tr,&) forall T e R, £ > 0 and o € [0, 1]. Otherwise, there exists
oy € (0j, 1] and (74, &,) € (0, L] x ((i + 1)kL, (i + 2)kL) such that

U(t,8) 2 oxi(r,§) forteR, £§2>0; U(ts, &x) = 04 Vi (T4, &4).

We may then apply the strong maximum principle to conclude that U = o, V;, a contradiction. This proves the claim,
which implies in particular,

U(t,&) > yi(r,&) forteR, £€>0. (2.8)

Y(7,8) = {

Let {&;} be an arbitrary sequence increasing to 400 as i — 400, and define U;(t,§) = U (7, & + &;). By applying
standard L? theory (see [17]) to the equation satisfied by U; and Sobolev embedding (see Lemma 3.3 in [ 15]), one sees
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that by passing to a subsequence, U; — Uasi— oo locally uniformly in Rz and U is L- -periodic in t. Moreover,
if we write & = n; L + & with & € [0, L), and assume that & — &, then U(r, & — &) solves (2.6). Furthermore,
due to (2.8), we always have sup(r £)eR? U(r £ — &) > y. Therefore, U(r £ — &) isa positive L-periodic in t
solution of (2.6). Hence U(r,g 50) = UP(t, ). Clearly the above discussion implies that limg 40 |U(7,8) —
UP€(t,£)| = 0 uniformly for 7 € R.

It remains to show the uniqueness of U. We follow a standard argument. If there is another positive L-periodic in
7 solution U = U, then from the conclusion proved above, we have

Uz, §)
§—-+o0 U, &)

=1 uniformlyint € R. (2.9)

Moreover, by the Hopf boundary lemma, Ug (r,0) and lj/g (z,0) are bounded away from 0 and oo for all T € R.
Therefore there is some M € (0, 1) such that U (1,&) > MU (r, &) on R x [0, +oo) and we may assume that M takes
the maximal value such that this inequality holds (we may interchange U and U to guarantee M < 1). Due to (2.9),

either 0(10, &) = MU (19, &) at some 79 € R, & € (0, +00) or %—g(‘t(), 0) = MaU (10, 0), and the strong maximum

principle then implies U = MU. But M < 1 implies that MU is not a solution of (2.3). This contradiction completes
our proof. 0O

We may now define the mapping 7€ on C; (R) by T¢(p) = ;LU;’E(, 0).
2.2. T€ has a fixed point

We are going to use Schauder’s fixed point theorem to conclude that 7€ has a fixed point.
Lemma 2.6. T¢ is completely continuous on Cj (R).

Proof. First, we show that for any positive 6 € (0, 1), the norm of Usp “(,0) in Ci (R) can be controlled by || p|| CO®)

when all other parameters are fixed.
Set

s = f(7) :=/ﬂe(t)dl, V(s,8):=UP(f7'(),8)

where B¢ (t) = Then V (s, &) is periodic in s with period fo Be(t)dt, and is a positive solution of

Pe (t)
{vs+pe(f—‘(s>)vg—dvgg:v[a(f—l(s)—s)—b(f—l(s>—s)V], seR, £>0,
V(s,0)=0, s eR.

Since 0 < V < #® < maxa/minb, we can apply the L? estimates (see, for example, Theorem 7.15 of [17]) to (2.10)
to conclude that ||V (so + "')”W"Z([O 1%[0.1]) < Cforall sp e R, g > 1,1 > 0 and some constant C depending only on
q £ £

||p||C2(R), [ and g. By Sobolev embedding (see, e.g. Lemma 3.3 of [15]), we obtain, for every § € (0, 1),

(2.10)

1V (so + "')”cl*?"“([o,l]x[o,l]) <Cs; VsoeR.

Therefore, we have
U1, 0) — U™ (02,01 _ |Ve(f (1), 0) = Ve(f (1), 0)] | f(11) = f(t)I®
It1 —n® |f (1) = f()]? It — 12
<CBeO)eg gy < Ce ™.

This implies that, for any M > 0, {Usp’e(-, 0): ”p”CZ(R) < M} is bounded in Ci (R) for some § € (v, 1), and hence it
is pre-compact in C} (R). This proves that T¢ maps any bounded set of C} (R) into a pre-compact set in this space.
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Moreover, if p, — po in C} (R), then by compactness, by passing to a subsequence, UP"€ (¢, x) — UPo€(z, x) in

14v -
Cloc A (R x [0, 400)), where UP-€ is some nonnegative L-periodic in t solution of (2.3) with p = pg. It follows

that UE”’E(-, 0) — Ug’("(-, 0) in CY (R). What we need to show is that UP0€ is just UP0. If A1(po, €) > 1, then 0
is the unique nonnegative L-periodic in t solution of (2.3), and our conclusion holds. If 1{(pg, €) < 1, we can find a
sufficiently small constant y independent of p, such that

wn(r’é)z{ygbl,pn,é(rvg)v TERv ?;'G[O,l],
0, teR, £e(l,+00)
is a subsolution of (2.3) with p = p,, where ”(Z)I,PmS"CO(Rx[O,I]) = 1. It follows that UP"€ > " and hence

IUP" €]l comxfor00)y = ¥ > 0, which infers |UP€||comfo. 400y > 0. Thus UP0-€ = UPo€. This shows that T
is continuous. O

In order to use Schauder’s fixed point theorem to prove the existence of a fixed point of 7€, we look for an invariant
set of 7€ which is bounded, closed and convex. In the proof of Proposition 2.5, we have shown that UP€(z, &) <
u® (&) on R x [0, +o00) for any p € C} (R). We note that U#¢(z,0) =u>(0) =0

Lemma 2.7. There exists M = M, > 0 such that E. :=={p € C} (R): Ipllcy @y <M, 0< p(r) < w@®) (0)vVr e R}
is an invariant set of T€.

Proof. First, for any p € C; (R), 0 < UEP’G(I, 0) < (u®)'(0). Moreover, for p(-) € E :={p € C/R): 0< p(r) <
w@®) (0) Vr € R}, |plloo < u(u®)'(0), and from (2.3) we see, by standard L? theory for parabolic equations
(see [17]) that {UP-€} has a bound in qu’z([O, L] x [0,1]) (Vg > 1) that is independent of p € E. By Sobolev

embedding we know that {U” €} has a bound in C 5 1+l’([0 L] [0,1]) (v € (0, 1)) that is 1ndependent of pe E.
Therefore {Uéf’ -,00: pe E} is bounded in C; (R), say ”US ‘., 0)||C”(R) < M, forall p e E. Define E, := {pe

E: | p||Cv ®) < Mc}. Then clearly E. is invariant under T¢. O
Thus by Schauder’s fixed point theorem we obtain
Proposition 2.8. For any € > 0, T has a fixed point p€ in E..
2.3. p€(r) =€ forall small € >0

Proposition 2.9. There is some €y > 0 such that p€° (‘() > €9 on R and hence for p = p, (2.1) has a positive
L-periodic in t solution UP-€0 sych that p< () = /LUS 0.€0 (z,0).

Proof. We only need to show that liminf._, o min;cgr p€(7) > 0. We use two steps to prove this conclusion.
Step 1. We show that liminf_, || p* ”CQ(R) > 0.
Recall that

a =mina, a =maxa, b =minb, b = maxb.
First, we can find some &g small and [y > 0 large such that for each § € (0, §p] and [ > [y, the problem
—dU" +8U' =Ula—bU] in(0,]), UO)=U'(l)=0

has a unique positive solution U;, and U; satisfies U;(§) > 0 in [0, ). (The existence follows from a simple upper
and lower solution argument, and the uniqueness is a consequence of the concavity of the nonlinearity. The fact that
U/ > 0in [0, ) follows from U;(a — bU;) > 01in [0,]) and U/()=0.)

Define U(§) =U;(§) in [0,/] and U (§) = U; (21 — &) for & € (1, 2]], and §(§) = §sgn(l — &). Then it is easily seen
that U is a weak solution of

—dU" +8(E)U' =U(a—bU) in (0,21), U0)=U(2l) =0. @2.11)
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If p(r) <& in R, then clearly p(z)U’(§) < 8(&)U’(§) in [0, 21] for all 7. It follows easily from the comparison
principle that UP€(t,&) > U (&) forall T € R and & € [0, 2/]. Hence Usp'e(r, 0) > U’(0) for all 7.

If liminf._ ¢ ||ﬁ€||C2(R) =0, then we can find some ¢y < min{8, U’(0)} such that p€(t) < min{8, uU’(0)} for
all 7. This and UP€0(7, &) > U(£) on R x [0, +00) imply that MUfO‘O(r, 0) > uU’(0) > jp(t), contradicting

p0(x) = pUl" 0z, 0).

Step 2. We show that liminf._, o min;cr p€(r) > 0. Suppose by way of contradiction that this limit is 0. We are
going to derive a contradiction. Since 26 := liminf._,¢ || p€ ”CZ ®) > 0, for every small € > 0, there is some . € [0, L]
such that p€(t.) = 6. Set

1
max{pe (1), €}

s = fe(r) = /,360) dt with Bc(t) =

It is easy to check that f;l 0) =7, p<( fe’1 (0)) = 0, and if the function g(t) is L-periodic then g( f;l (s)) is periodic
with period S, := fOL Be(t) dt.
Denote

Ve, &) :=U(f71).8),  q“ ()= (£ ),
and
s, &) =a(f')—&).,  n5(s.&) =b(f7"(s) —§).
Then V€(s, &) is a positive solution of
{ Uy +max{q®(s), € }Us —dUge = U[n5(s, &) — n5(s,§)U], (5,€) € R x (0, 00),
U(s,0) =0, U(s,&) =U(s + Se. &), (s,€) € R x (0, 00).

Moreover,

2.12)

qc(s) = MV;(S, 0) VseR.
Let €, — 0 be such that min;cg pe, (tr) — 0. Then from
0<g <pu(®)©0), a<n<a  b<ny<b
we see that, by passing to a subsequence,
q* — q weakly in Lz(Kl), nf” —n; and né” — 12 weakly in L2(K1 x K»),

for every compact set K1 C R and every compact set K> C [0, 0o). Clearly

0<g<p®) 0., a<m<a,  b<m<b

Moreover, applying L estimates to the equation of V< we find that {V '} is bounded in W;’Z(K 1 X K2) Vp>1)
with compact sets K1 and K5 as described above. Therefore by Sobolev embedding we may assume, by passing to a

1+v
subsequence, that V" — V in Cloi Y (R x [0, +00)) with 0 < v < 1. It follows that g€ (s) = ;,ng (s, 0) converges

to g(s) in C; (R) along € = €. Letting n — oo in the equation for V' we find that V' is a nonnegative weak solution
of

{ Vs +q()Ve —dVee = V[mi(s,6) —m(s,§)V], (5,6 € R x (0,00), 2.13)

V(s,0)=0, s eR.
We also have
q(s) =uVe(s,0), 0<V(s, &) <u>@E)<a/bVseR, V& >0.

Since V; 0,0) = p¢(f~1(0)) =6, we have Ve (0, 0) =6 > 0. Therefore by the strong maximum principle V must be
a positive solution. We consider the following two cases:
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Case 1. {Sc,} is bounded. Without loss of the generality, suppose that lim, o S, = L < +oo. In this case,
q(s),n1(s,&),n2(s, &) and V (s, &) are all I:—periodic in s. Since V is a positive solution of (2.13), the Hopf lemma
implies that Vg (s,0) > og > 0 for all s € [0, L). Hence V;” (s,0) > 09/2 for all s € R and all large n, and thus
per(r) = MV; "(fe, (1), 0) = noo/2 for all T and all large n, contradicting the choice of €.

Case 2. {S¢,} is unbounded. Without loss of the generality, suppose that lim,,_, o Se, = +00. Since

Se Se Se
fqe(s)ds=/ﬁ€(f€_1(s))ds</+dsz
0 0 0 ﬁe(fe (s))

we deduce that
fq(s) ds < L.
0

is uniformly bounded with respect

7 0, 11x[0.1])
to 5o € R. It follows that 0 < g(s) = u Ve (s, 0) is uniformly continuous in s. Hence from fooo q(s)ds < +o00 we can
conclude that g(s) — 0 as s — +00.

Recall that U is the unique positive solution of (2.11). Let so > 0 be chosen such that g(s) < § for s > sg. Then
choose o > 0 such that c U (§) < V (59, &) for & € [0, 2]. Since

q()Ue () <8(E)Ue(§) V& €[0,2],
we find that U = o U satisfies

Us +q(s)Us —dUsge <U[n1(5,&) —n2(s,6)U]  V(s,8) € R x (0, 00).

Applying L? estimates to (2.13) we easily see that ||V (sg +-,-) IIC 14+

Clearly U(O) =0=V(,0), 0(21) =0< Vs, 2l~) and U(S) < V(so, &) for all £ € (0, 2]). Hence we can apply the
comparison principle to conclude that V (s, &) > U (§) for all s > sg and & € [0, 2[]. It follows that

Ve(s,0) = Us (0) >0 Vs > sp.
On the other hand,
Ve(s,0) = u_lq(s) — 0 ass— oo.

This contradiction completes our proof. O
3. Uniqueness of the pulsating semi-wave and other basic properties

If (u(¢, x), h(¢)) is a pulsating semi-wave to (1.3), then (U(z, &), p(t)) given by

Ur.&)=uh ' (1), 1 —&),  p)=—puc(h™'(1).7)
solves (2.1) and p(7) = uUs(t,0) € C} (R) is positive. So

W)= p(h(t)) >minp(r) >0, and lim h(t) = to0.
teR t—+o00

Hence, due to the L-periodicity of p(t), we have

Recalling that 4’ (¢) is T-periodic with T = fOL ds_ e obtain

p(s)’
lim A(t)/t=L/T.
—>00



290 Y. Du, X. Liang / Ann. I. H. Poincaré — AN 32 (2015) 279-305

3.1. Uniqueness

To prove the uniqueness of the pulsating semi-wave, we let (!, h'y and (w2, h?) be pulsating semi-waves of (1.3),
and (U L pl), w 2, pz) be the corresponding pairs defined above. We have

hi Foas \ !
t .
lim ()=c’:=L / .S , i=1,2.
=00t p'(s)
0

We will show below that ¢! #* ¢? leads to a contradiction, and ¢! = ¢2 implies (u! (t,x), h! (t) = (u2(t +11, x), hz(t +
t1)) for some #; € R. Such a strategy has been successfully used in [9] for the time-periodic case. Here we show that
with adequate modifications, the strategy also works for the space-periodic case.

Theorem 3.1. Let (u', h') and (u?, h?) be two pulsating semi-waves of (1.3). Then (u'(t,x),h'(t)) = W3t +
1, x), hz(t + t1)) for some 1| € R.

Proof. After suitable translations in 7, we may assume that 2! (0) = h2(0) = 0. We now define (U’ p') (i =1,2) as
above. Then

hi(t)

ds .
t= —, =12,
pi(s)
0

. L
h' (¢ ; d
fim O i, T,-::/ > =12
0

and

100t pi(s)

We will show that ¢! = ¢? implies (u!, h') = (u?, h?), and ¢! # ¢? leads to a contradiction. This will be done in
three steps below, with the above two facts proved in Steps 1 and 2 respectively, under the assumption of a fact to be
proved in Step 3.

Step 1. ¢! = ¢? implies (u!, Yy = u?, h?).

Since ¢! = ¢2, we have T} = T». For convenience of notation we write 7] = Tz T. Then fz(t) =hl'@) — h2 @)
is a T-periodic function satisfying h(0) = h(T) = 0. If h =0, then clearly p! = p? > 0, which implies U' = U?
by applying Proposition 2.5 with € > 0 sufficiently small (so that p6 p'), and hence u! = u?, as we wanted. If
h # 0, we are going to derive a contradiction. In such a case, Cp := max;cr h(t) > 0. For each o > 0 we define
h ) :=h'@t) — hz(t + o) and C, = max,eRh (#). It is easily seen that C, is strictly decreasing in ¢ and there
exists a unique og > 0 such that Cy, = 0. Therefore by shifting ¢ to ¢ + o in (u2(t, x), hz(t)), we may assume that,

for some 1y € [0, T),
() <h*() VreR, h'(to+nT) =h*(to+nT), n=0,=£l1,+£2,....

Hence

d d
—h! T)=—h? 7). 3.1
T (to+nT) o (to+nT) 3.1

To derive a contradiction, we consider the function W (¢, r) := u®(r, x) —ul (s, x) for (t,x) € D := {(t,x) € R2: e R,
x € (—oo, h'(#))}. Then clearly W (¢, r) >, % 0 on 3 D with W (o, h'(t9)) = 0. We will show in Step 3 that this implies
W > 0in D, and W, (19, h' (o)) < 0, that is

d d
ul(to, k' (t0)) > u?(to, h*(t9)), ~ which leads to —h (r0)< hz(to)

a contradiction to (3.1). Thus the conclusion of Step 1 w111 follow if we can show that
Wi (to, h' (19)) < 0.
This will be done in Step 3 below.
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Step 2. ¢! # ¢? leads to a contradiction.
Without loss of generality, we assume that ¢! > ¢2. Then
@) R,

lim —— =c¢ > lim c. (3.2)
t—>to0 t t—+oo f

This implies that the curves x = h'(¢) and x = h2(¢) have an intersection point (fp, xo) with a smallest 7y value,
namely
h'(t) < h2(t) fort <1, h'(19) = h*(19) = xo.

It follows that
d d
—h'(19) = —h>(10). 33
o (7o) yr (7o) (3.3)

Define W(z,r) := u?(t,x) — u' (¢, x) for (t,x) € Dy :={(t,x) € R%: t € (—o0, o], x € (—o0, h'(¢))}. Then
W > 0on dDg\ {(t,x): t =19} and W (19, x0) = W (to, h' (t9)) = 0. By Step 3 below, we have W > 0 in Dy and
W (2o, x0) < 0, which implies that

d 1 d 2
Eh (fo) < El’l (to).

But this is in contradiction to (3.3). This completes the proof of the conclusion in Step 2, except that it remains to
prove Step 3.

Step 3. Let W be as in Steps 1 and 2, then W > 0 in D and Dy respectively, and W, (1o, h(1)) <O.

We consider the case in Step 1 first. Let us recall that, by Proposition 2.3 and Remark 2.4, fori =1, 2, ul (t,x) —>
¢ (x) uniformly as h'(t) — x — 4o00. Moreover, u' (t,x) > 0in D and u (¢, h' (1)) = —Uél (hi(7),0) < Oforallt € R,

with Ué (h' (1), 0) periodic in ¢ (of period 7;). Hence we can find a positive constant ¢y > 0 such that u?(t,x) >
coul(r,x) in D.
Define
c*:=sup{c>0: u*(t,x) > cu'(t,x) in D}.
We clearly have ¢* > ¢o > 0. Since u! (f, x) — ¢ (x) as hi(t) — x — +00, we also have ¢* < 1. Thus 0 < ¢* < 1 and
W*(t, x) = u’@t,x) — c*u'(t,x) >0 in D.
Using 0 < ¢* < 1, we easily deduce from the equations for (ui, hi) that
Wr—dW: +c(t,x)W* >0, teR, x <h'(),

3.4
W*(t, (1)) =, £0, t€R, GH

where c(t, x) = —a(x) + b(x)[u?(t, x) + c*u'(t, x)]. Thus we can apply the strong maximum principle to (3.4) to
conclude that the nonnegative function W* is positive in D. Since W*(to, h' (1)) = W (to, h'(t9)) = 0, the Hopf
lemma infers that W} (¢, h'(19)) < 0. If we can show that ¢* = 1, then W* = W and the required fact is proved.

We use an indirect argument to show that ¢* = 1. Suppose by way of contradiction that 0 < ¢* < 1. Then by the
definition of ¢*, for any sequence of positive numbers €, — 0, there exists (t,, x,) € D such that

u’(ty, xp) < (c* +en)u1(t,,,xn) Vn > 1. (3.5)

We may write t, = m,T + i, with m,, an integer and 7, € [0, T). Then h'(t,) = h'(7,) + m,L and h(t,) = h(i,).
By passing to a subsequence, we may assume that 7, — 7 € [0, T]. Then fz(tn) = ﬁ(fn) — fz(f) as n — o0o. We claim
that 2! (t,) — x,, has an upper bound independent of 1. Otherwise by passing to a subsequence we may assume that
hl(tn) — X, — 00 as n — 00. Then

W2 (tn) = Xn = B (tg) — x4 — 00
and hence, fori =1, 2,

ui(tn»xn) —¢(x,) >0 asn— oo.
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It follows from (3.5) that

limsup(l - c*)¢(xn) <0.

n—00

On the other hand, there exists 19 > 0 such that ¢ (x) > ng for all x € R. Hence

limsup(1 — c*)¢(xn) = (1 — c*)no > 0.

n—00

This contradiction proves our claim. Thus by passing to a subsequence we may assume that 2! (t,) —x, — 7 € [0, 00).
Then

1 (tn) = Xn = h' (t0) = Xn = h(@y) = F = h(D)
and making use of (3.5), the relationship u! (t, x) = U’ (k' (t), h' (t) — x) and

U (R ) 1 () = xn) = U (B @) 1 (1) = ),
we deduce

U%(h* (D), 7 — h(D) < c*U' (W' (D), F),
that is,

w*(i, n'(7) —F) <0.
Since W* > 0 in D, we necessarily have 7 =0, W*(, 1! (f)) = 0 and W}(, h'(f)) < 0. By continuity we can find
positive constants €p and § such that

Wi, h' (1) < =280 Vi eli —e, i+ el
This implies that

W*(t,, xp) = W*(ty, X, —muL) > SO[hl(fn) — Xy + m,,L] for all large n, (3.6)
with

xp —myL =h'(F) +xn — h'(ty) = hY(E) +7 =h'(F) asn— oo,

due to 7 = 0 and 7, — 7. On the other hand, from u!(t, 2! (1)) = 0 and ul (¢, h' (1)) = —(U V) (h' (1), 0) < 0 we find
that

u' (tn, xp) = u' (n, x4 —myL) < Mo[h" (5) — x4 +m,L] for all large n,

where My = 2max,c(o,7) U, (h'(¢), 0). Thus for all large n, by (3.6), we have
2 * 1 17 «, % 1
u~(tn, xn) 2 cu (tnaxn)+80[h (tn) — Xn +an] z|c +ﬁ (tns Xn).
0

But this is in contradiction to (3.5). This proves ¢* = 1 and thus W > 0 in D and W, (¢, h'(19)) <0, as required in
Step 1.
The proof of the conclusion required in Step 2 follows a similar consideration. This time we define

c* = sup{c > 0: uz(t,x) > cul(t,x) Vi <1ty, Vx < hl(t)}.
We similarly have ¢* > ¢p > 0 and ¢* < 1. Thus
W, x) = u?(t,x) — Ful(t,x) =0 Vit <19, Vx <hl ().
Using 0 < ¢* < 1 and h2(t) > h'(¢) for t < 19, we easily deduce
Wi —dW}, +c(t, x)W* >0, t<ty, x <h'(t),

3.7
W*(t,h' (1)) > 0, t <1, o0

where c(t, x) = —a(x) + b(x)[u3(t, x) + c*ul(z, x)]. Thus we can apply the strong maximum principle to (3.7) to
conclude that the nonnegative function W* is positive in Dy = {(¢,x): t <19, x < R (1)}. Since W*(1y, h' (1)) =
W (to, h' (19)) = 0, the Hopf lemma infers that Wi(to, hl(t)) < 0. If we can show that ¢* = 1, then W* = W and the
required fact is proved.
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Suppose by way of contradiction that 0 < ¢* < 1. Then by the definition of ¢*, for any sequence of positive numbers
€, — 0, there exists (#,, x,) € Do such that (3.5) holds. We claim that #, has a lower bound that is independent of n.
Otherwise, by passing to a subsequence we may assume that 7, — —oo as n — 0o. Then from (3.2) we deduce
h2(ty) — xn = h*(ty) — h'(t;) — 400 as n — oo. It follows that
uz(t,,,xn) —¢(x,) >0 asn— oo.
On the other hand we can show that

! (g, xX0) < (xn)-
To see this, we compare u! with v(¢, x) which is the unique solution of the Cauchy problem

{ v — dvgy =v[a(x) —b(x)v], >0, xR,

v(0,x)=M, x eR,
where M > 0 is chosen such that ||u'|loo < M. It is well known that v(z, x) — ¢ (x) as t — o0. By the comparison
principle, we have, for any s € R!, ul(t + 5,x) < v(t, x). Taking s = 5o — ¢t we obtain ul(so,x) < v(t, x). Letting
t — oo it results u! (sp, x) < ¢ (x), and the required inequality follows by taking (so, x) = (¢, x»)-
Thus we can use (3.5) to deduce limsup,,_, ., (1 — ¢*)¢(x,) < 0. This contradiction proves our claim. Hence we

may assume, by passing to a subsequence, that t, — ¢ € (—00, o]. We can now easily see that x,, has a lower bound
independent of n, for otherwise we may assume that x,, — —oo, which leads to 4’ (t,) — x, — 400 and hence

ui(tm Xn) — @ (xy) = 0 asn— o0,

which again implies limsup,_, (1 — ¢*)¢ (x,) < 0. Thus we may assume that x, — x € (—o0, h(D)] as n - oo.
Letting n — oo in (3.5), we deduce u?(f, £) < c*u'(f, %), that is W*(7, %) < 0. Since W* > 0in D U {(t,x): x =
h@, 1 < to}, we necessarily have (7, %) = (to, B (19)) and W* (1o, ' (19)) = 0. By the Hopf lemma we have
Wi (to, hl(to)) < 0, and we can then derive a contradiction to (3.5) as before. The proof is now complete. O

3.2. Monotonicity in t
We show that if (u(z, x), h(¢)) is a pulsating semi-wave, then u (¢, x) is strictly increasing in .
Theorem 3.2. Let (u(t, x), h(t)) be a pulsating semi-wave of (1.3). Then u;(t,x) > 0 for x < h(t), t € R.

This theorem is a simple consequence of the following lemma, which implies u, > 0, but a simple application of
the strong maximum principle then shows u; > 0.

Lemma 3.3. Suppose that p € C/ (R) and p(t) > 0 in R. Let U(z, &) be the maximal nonnegative L-periodic in T
solution of (2.1). Then Uy + Ug > 0in R x (0, 00).

Proof. Since p(t) is periodic, there exists §o > 0 such that p(t) > &g for all T € R. Therefore (2.1) and (2.3) are
the same for € € (0, §g]. We fix such an € in (2.3). In view of Proposition 2.5, U(z, &) is either identically zero or
U(r,&) >0in R x (0, 00). In the former case, clearly U; + Us = 0.

It remains to show that Uy + Us > 0 in R x (0,00) when U > 0. Let u(t,x) = U(h(t), h(t) — x) with h(t)
determined by

W@y =p(h®).  h©)=0.
Then u is a positive solution to
u,—duxxzu[a(x)—b(x)u], teR, x <h(t), (3.8)

u(t,h(t)) =0, teR. )

Since u; = h'(¢)(Ur + Ug), it suffices to show that u; > 0, or equivalently, u(¢ + o, x) > u(t,x) for any o > 0.
Fix o0 > 0 and denote u° (t, x) = u(t + o, x). Clearly u? satisfies (3.8) except that /(¢) there should be replaced by
h(t + o).
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We first prove that there exists M > 0 such that Mu® (¢, x) > u(t, x) for x < h(z) and ¢ € R. From Proposition 2.5,
we have

: lim [U(r, &) — UP“(x, E)] =0 uniformly in T € R.

+00
By Remark 2.4 we have UP€ (h(t), h(t) — x) = ¢ (x), where ¢ is the unique positive periodic solution of

—ddyx =¢>[a(x)—b(x)¢>], x eR.
It follows that

li t,x)— =0 iformly.
h(f)f}crgﬂx)[u( X) ¢(x)] uniformly

Similarly

li Tt x) — -0 formly.
h(,)_}fgﬂo[” (t,x) ¢(x)] uniformly

Therefore, for any given Mg > 1, there exists R = Ry, > 0 such that 2(t) —x > R and M > M, imply

- My—1
Mu® (t,x) —u(t,x) > 2 ¢(x) > 0. 3.9)
For h(t) — x € [0, R], we have
u(t,x)=U(h(t),h(t) —x) <oy := max U(r, &) < +o0,
(7,6)€l0,L]x[0,R]
and
u"(t,x)=U(h(t+o),h(t+o)—x) >0 = min U(t,&) >0, (3.10)

(t,£)€[0,L]x[£0,5°]

where & = inf,cr[h(t + 0) — h(1)] > 0, £0 = sup,crlh(t +0) — h(t)] + R < +o0. Therefore, if M > M, satisfies
Mos > o1, then

Mu®(¢t,x) > u(t,x) forx <h(t), teR.
Define
M, :=inf{M > 0: Mu®(t,x) > u(t,x) forx <h(t), t € R}.

To complete the proof of the theorem, it suffices to show that M, < 1.
In the following, we assume M, > 1 and deduce a contradiction. By definition, we have

Mauu(t,x) >u(t,x) Vx<h@®),teR, (3.11)
and there exists (¢, x;) such that
xngh(tn)’ (M*_Gn)ua(tnvxn)g”(tnsxn)s n=172""’ (312)

where {€,} is a decreasing sequence converging to 0 as n — co. We may assume that M* — ¢; > 1.
Take Mg =M, — €1 and M = M, — ¢, in (3.9), we obtain

(M — en)u’ (t,x) > u(t,x) forh(t) —x > Ro:=Rum,, t€R.
It follows that

& =h(ty) —x,€(0,Ry), n=12,....
Write

h(t,) =k,L +1,, withk, aninteger and 7, € [0, L).
We may assume that

(tn» &n) = (Toos §00) € [0, L] x [0, Ro].
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Define

u(t,x)=u(ty, +t,x, +x) forteR, x, +x <h(t, +1).
Clearly

h(ty +1) — X = & + Iy ()
with

t
o) = ht,+ 1) =6 = [ plhts +5)d /p fn5) + 1) d
0 0

Moreover, u”" satisfies

u! —du’y, =u" [a(xn +x) —b(x, +x)u”] for x < &, + ha(t) =: hy (1),

and
u" (1, k(1)) =0,

with
a(xy +x) =a(h(ty) — & +x) = a(t, — & +x) =t a, (x),
b(xp —x) =b(ty — &n + x) =1 by (x).

Clearly

an(X) = oo (X) 1= a(Too — oo + X), bp(X) = boo(x) :=b(Te0 — Exo + X)
in Ci (R). Since ﬁn(-) is uniformly continuous, by passing to a subsequence we may assume that fz,,(-) — ﬁ(-) in
C)) (R). It follows that
t
Jin (t) = hoo() :=/p(ﬁ(s) +1Tx)ds in CL (R).
0

We may now apply standard parabolic L? estimates to the equation satisfied by u" to conclude that, subject to passing
to a subsequence, u" — u™ locally uniformly in {(¢, x): x < ho(?), t € R}, and u®° satisfies

—du$s = uoo[aoo(x) — boo(x)uoo] for x <heo(t), t €R.

Moreover, one may straighten the boundary x = h,(¢) in the equation of ©” and then apply the regularity theory
to the modified equation near the straightened boundary to conclude that u®° is smooth up to x = heo (), with
u>(t, hoo(t)) =0.

Similarly, by passing to a further subsequence, u®" (¢, x) := u° (t, +1, x,, + x) converges to some function v°>°(z, x)
which satisfies

—dv{ = voo[aoo(x) — boo(x)voo], X <hs(t+o0), teR,
voo(t,hoo(t+0))=0, teR.
By (3.11) and (3.12), we obtain
M v, x) >u®(@,x) forx <heo(t), t €R,
and
M,v*°(0,0) = u(0,0).

By (3.10), we have v*°(0, 0) > o5 > 0. Therefore 4> and v® are positive solutions, and 0 < %o (0). Since M, > 1,
VX = M, v satisfies

—dV 2 V¥ doo(x) — bos(x)V®]  forx < hoo(t +0), t €R.
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Thus z := V> — u® satisfies, for some bounded c(¢, x),
Zr —dzyy 2 c(t,x)z, z=0forx <hs(t), t eR,

and z achieves its minimum 0 at (0, 0). Since (0, 0) is an interior point of the domain {(#, x): x < hoo (), t € R}, by
the strong maximum principle, we deduce z = 0. But z is continuous and is positive on x = Ko (¢) (note that A is
strictly increasing). This contradiction completes our proof. O

3.3. Continuous dependence on parameters

In this subsection, we show that the pulsating semi-wave (u(f, x), h(t)), when normalized by requiring 2(0) =0,
depends continuously on (d, i, a, b) € R? x cy (R)2.

Theorem 3.4. Suppose that, as n — oo, (d,, U, an, by) — (do, Ko, ao, bo) in R? x CZ(R)Z, with do, o > 0,
ao(x),bo(x) > 0. Let (u",h"™) denote the unique normalized pulsating semi-wave of (1.3), with (d,u,a,b) =
(dy, n,an,by), n =0,1,2,.... Then lim,_ oo[h"(t) — ho(t)] = 0 uniformly in R, and lim,_co[u"(t,x) —
u(1,x)]=0 locally uniformly in {(t,x): x < W@, re R}.

Proof. Choose positive constants A and B such that A > maxa,, B < minb, forn =0,1,2,.... Let v(§) be the
unique positive solution to
—v"=v(A—Bv) for&>0, v(0)=0.
Then it is well known (see [10]) that v’(£) > 0 and v(4+00) = A/B. We define v, (§) = v(§/+/d,). Clearly
—dyv) = vy (A — Bu,) for& >0, v,(0) =0.
Let (U"(z, &), p" (7)) be the corresponding pair to (1" (x), A" (¢)), as before. Then
P (UL + Ug) — dpUlly = U"[an(t — ) — by (t —6)U"],  (1.8) € R x [0, 00),
U"(t,0)=0, p”(r):,unUS”(r,O), T eR,

and much as at the beginning of the proof of Proposition 2.5, we can use a comparison argument to conclude that
U'(t,&) <v,(&) for T e R and & > 0. It follows that Ug’(r, 0) < v;,(0) and hence

In
0< p"(t) < v (0) = V'(0), n=0,1,2,....
P (7) < pnv, (0) Ji 0)
Thus {p"} is bounded in C 2 (R). Checking the proof of Proposition 2.9 we find that there exists € > 0 independent
of n such that p"(r) > € forall t € R and n =0, 1,2, .... Therefore, in view of 0 < U" < v, < A/B, we may

apply standard L? theory for parabolic equations to conclude that {U"} is a bounded set in qu’2([0, L] x [0, M])

1+,
(Vg > 1,YM > 0). By Sobolev embedding we see that {U"} is a bounded set in C¥’1+”0([0, L] x [0, M]) with
vo € (v, 1). Therefore by passing to a subsequence we may assume that p"(7r) = ng(r, 0) = p(r) in C} (R). By

a standard diagonal process and by passing to a further subsequence if necessary, we may assume that U”" — U in

=S | AA .
Ci ([0, L] x [0, 00)). Thus (U, p) satisfies

PO)(Ur + Ug) — doUsg = Ulao(r — &) —bo(r —&)U],  (z.£) € R x [0, 00),
U(z,0) =0, p() =poUs(z,0), teR.
Therefore (ii(t, x), h(t)) defined by

i, x)=U(h@), h(t) - x), t=/ —dt

is a normalized pulsating semi-wave of (1.3) with (d, i, a, b) = (dy, 1o, ag, bo). By uniqueness, necessarily (i, fz) =
(%, h%). This implies that the entire sequence (u”, h"™) converges to (u, hY) as stated in the theorem. O
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4. Spreading speed

In this section we study the spreading speed determined by (1.1) when spreading occurs. We also investigate how
this speed varies with j.

Let (&, h) be a pulsating semi-wave of (1.3), which is unique up to a translation of z. Let the function pair (U, p)
be given by

Uw§)=a(h ' (0.1 =§),  p@) =—piai(hi~'(1),7).

Then we have

L
- - ~ d
W) =p(h()) and lim h(t)/t=L/T withT =/ iy
t—00 p(s)
0
Let us note that the first identity in the line above implies that
h(tg+1)
s
—— =t Vi, teR.
p(s)

h(to)

This implies that if (U p) is obtained from a pulsating semi-wave which is a shift of (i1, h) in 7, then p(7) is identical

to p(t + to) for some 7y € R. Since p(t) is L-periodic, we find that fo is independent of the choice of (i, h)
Thus the quantity L/ T is uniquely determined.
Our first main result of this section is the following.

Theorem 4.1. Suppose that (u, h) is the unique solution of (1.1) and lim;_, oc h(t) = +00. Then

lim PO _ oy BO L @.1)

t—oo t t—oo T

Proof. Fix € > 0 small and for o € {€, —e}, we denote by (u, A7) the unique pulsating semi-wave of
{u,—du”=u([a(x)+a]—[b(x)—a]u), x <h(t), t eR,
n@)=-1 —o);mx(t,h(t)), u(t,h(t)):O, teR,
normalized by 47 (0) = 0. Define

ﬁ“(t,x):u"( ! ,x), ﬁ"(t):h"( ! )
l1—0o l1—0o

Then
(1 —0)i? —dil, =i’ ([a(x) + o] - [b(x) —o]id®), x <h’@), t R,
(h°)' (1) = —pais (1, h° (1)), i (t,h° (1)) =0, teR.

Set
(@€ (1, x), A€ (1)) = (@t + C1, x), K (1 + C)),
(u(t, x), b€ (1)) = (A (t + Ca2, x), A€ (1 + C2)).
We will show that, for all small € > 0 and suitable C;, Co, M € R,

u(t,r)y<u(t,r)y<<uc(t,r) fort>M, re[M,Qf(t)], “2)
R () < h(t) <hE(t) fort > M. '
If (4.2) is proved, then we have
he Ee
lim 2 ()< lfﬁ<1 up M0 o iy 2O

—00 t tﬁoo t t—00 t
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Clearly
m hft(t) _ i P DL _ (1411,
and
i O _ g BGHCO/A =) e

—00 t t—00 t

where T, = fOL %, with p€(r) := —pus((h€)~1(r), 7); T€ is defined analogously from (€, h€).
It follows that

h(t h(t
1+e)7'L/T. < fiminf " < 1imsupﬁ <A —e)'L/Te.
t—oo t {500 t
Letting € — 0, we deduce
. h(t) L
lim — = —,
t—oo t T
as desired.

It remains to prove (4.2). This will follow from the comparison principle by showing that (€, 7€) and (u€, h€) are
respectively upper and lower solutions to (1.1) for # > M. We break the argument below into several steps.
Step 1. For any large R = R, > 0 satisfying

€ € € €
a(r) € [a(r)—i,a(r)Jrﬂ, B(r) € [b(r)—i,b(r)Jrﬂ Vr > R,
there exists g > 0 such that
u; —dAu® <uf [a(r) — ,B(V)f], re [rR, h¢ (t)], 4.3)
if —dAu® > ufa(r) — ()], relw, k0], (4.4)

with the inequalities satisfied for all ¢ such that 1€(r) > 7z and h€(t) > g, respectively.
To prove (4.3), we note that

u* {[atr) — €] = [b) + e} + Su°
Sufla(r) —Bruc] forre[R, h°®)].

Therefore, in view of the equation satisfied by u€, (4.3) will follow if we have
N -1
H —d(zﬁr +— zi)

< (1 +eus —du, + %uf for r € [tr, h(1)],

or equivalently,
N -1
r
From the identity u€ (¢, h€(t)) = 0, we deduce
s (t,r) + (h€) (Ous(t,r) =0 forr=h().
Therefore

—uf(t, ) =[(r) O] ut,r) >0 forr=h).

—d us < euf + %f for r € [T, h°(D)]. (4.5)

Moreover, the functions u€ (¢, h€(t)), us (t, h*(t)) and u; (¢, h€(¢)) are periodic in ¢ (recalling the transform u (¢, x) =
U(h(t), h(t) — x)). Hence, from the uniform continuity of u¢, u{ and uf on (¢,&) = (¢, h°(t) — r), we can find
8 = 8¢ > 0 such that

—ul(t,r) <oous(t,r) forre[h®(t)—8,h°(1)], 1 €R,
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where o9 = 2max;cr[(h€)(1)]~L. It follows that (4.5) holds in the range r € [A€(t) — 8, h€(¢)] provided that s€ (1) —
8 > Ry, where Ry :=d(N — 1)ogp/e.
For r € (—o0, h¢(t) — 8], we have u€ > o1 > 0 and |u¢| < 02 < +o00. Thus (4.5) holds for r € [tg, h€(¢)] with

2d(N — 1
M,RI,R},

TR ‘= max
€01

The proof of (4.4) is similar and we omit the details.
Step 2. There exist Ry > tg and T7 > 0 such that,
he(T) > h(T1),  h*(T1) < Ro < h(T)
and
u(t, Ro) = u(t, Ro), u®(t, Ro) <u(t,Ro) fort>Ti.
For o € {¢€,0, —€}, let ¢ (x) be the unique positive solution of
—dore = ¢{[a(x) + 0] — [b(x) —o]p}, xeR.
Then ¢ is L-periodic and ¢¢ > ¢° > ¢—. Hence there exists § = 8. > 0 such that
() —28>¢°(x) = (x)+25, xeR.
Let (u(z,r), h(t)) be the unique solution of (1.1), for which spreading occurs. By Theorem 2.4 of [7], we have

tlim u(t,r)= ﬁ(r) locally uniformly for r € [0, 00),
—00
where U is the unique positive solution of

" N-1 ’ ’
—d(U +TU>=U[a(r)—b(r)U] for r € [0, 00).U’(0) = 0.

For any sequence r, — 00, write r, = my, L 4+ r,, with m,, an integer and 7, € [0, L), and define U, (r) = U(rn +7r).
Then by passing to a subsequence one may assume that 7, — r,. Applying the L? theory to the equation of U,,, and
using Sobolev embedding, one finds that by passing to a further subsequence, U,, — U in Clluc (R), and U, satisfies

—dU! =U*[a(rs +r) = b(r« + 1)Us] inR.

A simple upper and lower solution consideration shows that U, > 0. Therefore necessarily U, (r) = ¢O(r* + r). This
implies that

lim [0(r) —¢°(n] =0.
It follows that, with the above chosen §, there exist Ry > tr and Ty > 0 such that
u(t, Ro) € [¢°(Ro) — 8, 8" (Ro) + 8] fort > Tp.
On the other hand, we have

lim  [@(t,x) — ¢ (x)] =0, lim  [uf(t,x) — ¢~ “(x)] =0.

heé(t)—x—00 he(t)—x—o00
It follows that

Jlim [#(1, Ro) = ¢ (R)| =0, lim [u(t, Ro) — §~“(Ro)] =0.
Therefore by enlarging Ty properly we may assume that

u(t, Ro) = ¢“(Ro) — 9, u(t, Ro) <¢p~“(Ro) +8 fort > Tp.
Hence

7€ (1, Ro) = ¢°(Ro) + 8 > u(t, Ro),  u(, Ro) <#°(Ro) — 8 <u(t, Ry) fort>Tp. (4.6)
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Recall that
_ t+C t+C
Ry =he (CEEN) e = (L2,
14+e€ 1—€

and in the above discussion, we only used an arbitrarily fixed pair (C1, C2). Next we choose Ci and C; to meet the
required inequalities of this step. Since u€ (¢, x) and u€(¢, x) are both increasing in ¢, we find that the inequalities
in (4.6) remain valid when Cj is increased and C» is decreased. We first choose 71 > Ty such that A(T}) > Ry. We
may then increase C| and decrease C; properly to guarantee that

he(Ty) > h(T1),  h(T1) < Ro.

This completes the proof of Step 2.
Step 3. Completion of the proof.
Since h¢(T1) < Ry < h(T)), there exists T > T} such that

h¢(T2) = Ry < h(T»).
Therefore we can find 1 > 0 sufficiently small such that
Ro<h“(Tr+n) <h(Ta+n),  uS(Ta+n.r)<u(Tr+n,r) forre[Ro, h(Ta+n)].

We may now use the conclusions in Steps 1 and 2, and apply the comparison principle (see Lemma 3.3 in [7]), to
conclude that

h(t) > he(t), u(t,ry=>u(t,r) forr €[Ro,h (1)), t =>To+n.
Let V (¢, r) be the unique solution of
Vi —dAV =V]a(r) = B()V], rel0,00), V,(t,0)=0, V(0,r) = lluollco-

Then it is well known that lim,_, ||V (¢, ) — 0(')||L°°([O,oo)) = 0. By the comparison principle we have u(t,r) <
V(t,r) forr € [0, h(z)], t > 0. It follows that limsup,_, ., u(t,r) < 0(r) uniformly for r € [0, 0c0). Therefore, if Ry
and Ty are large enough in Step 2, we have

u(t,r) <) +8 <¢(r) =8 forr € [Ro,h(1)]. t > To,

where § > 0 is as in Step 2. If C is sufficiently large, we can guarantee that
u(Ty,r) = ¢°(r) —8 >u(Ty,r) forre[Ro, h(T1)].

Therefore we can apply the comparison principle (see Lemma 3.2 of [7]) to conclude that
he(t) > h(1), u¢(t,ry>u(t,r) forre [Ro, h(t)], t>T.

The proof is now complete. O

Next we investigate the dependence of the spreading speed on the parameter w. To stress this dependence, we will
write T = T () and C () = L/ T (). We will prove the following result.

Theorem 4.2. C () is strictly increasing in |, and lim,_, oo C (1) exists and equals cy, which is the minimal speed of
the pulsating fronts for (1.4) obtained in [5].

The proof of this theorem is broken into several lemmas.
Lemma 4.3. Suppose that 0 < 11 < po. Then C (1) < C(u2).
Proof. Let (u1, 1) and (u2, hy) be the unique solutions of (1.1) with u = | and w,, respectively. Suppose that

h1(00) = co. By Theorem 3.5 of [8], we see that i1 () < ha(t) for t > 0. It follows from Theorem 4.1 that C (1) <
C(n2).
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It remains to show C (1) # C(u2). Let (!, hYy and (w2, h?) be pulsating semi-waves corresponding to (u1, k1)
and (u», hy) respectively. By Theorem 4.1,
. h@®
lim

t—>oo t

=C(ui), =12

Arguing indirectly we suppose that C(u1) = C(u2); we are going to deduce a contradiction. We follow the argu-
ment in the proof of~Thcor05n 3.1. Asin §tep 1 there, our assumption implies that 4 (¢) := @& —h%@)isa T -periodic
function satisfying 2 (0) = h(T) = 0. If h =0, then ' =a% and

d
d—h () = —prur(t, k' (1)) = —pqul (e, 12 (0)) = ——h @) < h @),

WhiCh~IS a contradiction.
If 4 #£ 0, then as in Step 1 of the proof of Theorem 3.1, we can shift ¢ in hz(t) so that, after the shift,

h'(t) <h*() VieR, h'(to+nT)=h*(to+nT), n=0,+1,+2,....
It follows that

d d
- —hY(tg+nT) = —h2(t0+nT)

On the other hand, if we define
W(t,x) =u*(t,x) —u'(t,x) for(t,x) e D:={(t,x): teR, x <h'()},
then the same arguments as in the proof of Theorem 3.1 yield
W(t,x)>0 inD and W(to,h'(t0)) <O0.
It follows that
uy(to. h' (t0)) > u3 (to, h* (1)),

or equivalently
d d
-1 1 -1 2

— —h (1 — —h“(1p),

My (o) > —u, T (t0)
which implies, due to 1 < o,

d d

—h'(t0) < —h>(19).

yr (0)<dt (to)

Again we reach a contradiction.
Since every possibility leads to a contradiction, we conclude that C(u1) # C(u2). O

Lemma 4.4. Suppose that 0 < 1 < pa, and (u', k), (u*, h?) are the unique pulsating semi-waves of (1.3) with
W= 1, 2, respectively, which are normalized by h' (0) = h*>(0) = 0. Then h' (1) < h?(¢) fort > 0 and h' (t) > h?(1)
fort <O.

Proof. From the previous lemma we find that

1 O N 2 (5]
lim < lim .
—>00 t —>00 t

Hence 0 < h'(t) < h%(t) for all large positive ¢, and 0 > hl'(t) > h2(t) for all large negative ¢. Therefore there
exists a smallest to > 0 such that hl(z) = hz(to) and h'(r) < h%(r) for 1 > to We show that ty = 0. Otherwise
to > 0 and due to £1(0) = h2(0) =0, Cy := max;e[0,z] h(t) >0, where h(t) =hi(t) — h2@). If Cy =0 then clearly
v th (to) = jthz(to). If Cy > 0 then we can shift 7 in h2(¢) suitably to guarantee that for the shifted h?, still denoted
by h2(t), and some new fo > 0, one has ' (r) < h%(¢) for t > tg and h'(r) < h2(¢) for ¢ € [0, 1p]. Hence again we have

d d

d_h (ty) = —h (o), h'(t0) =h%(to), h'(t) <h() fort >0, 4.7)
with strict 1nequa11ty holding for ¢t > t.
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Define
W(t,x) =u*(t,x) —u'(t,x) for(t,x) e D:={(t,x): t>0, x <h'®)}.
Then we can argue as in the proof of Theorem 3.1 to conclude that
W>0 inD and Wy(to, h'(t9)) <O.
It follows that
L1 tg) = —purae (10, ' (09) < = (10, W2(10)) = 2L L
dt FA SR W dt

a contradiction to (4.7). This proves that 2! (¢) < h2(¢) for t > 0.
The proof for the fact that Rl () > h%(¢) for ¢ < 0 is similar, and we omit the details. O

d
"2 (1) < Ehz(m)

Set
a :=supa(r), o = inf a(r),
r>0 r=0
B :=sup B(r), B := inf B(r).
20 - 20

By Propositions 2.1 and 2.2 in [6], for each k € (0, 2+/ad), the problem
—dV”+kV’=V(&—f_3V) in (0, 00), V(0) =0, V(co)=a/B

has a unique positive solution Vi (x), and for each u > 0, there exists a unique ko = ko(u) € (0,2+/ad) such that
/LVk’O (0) = ko. Moreover, ko(u) strictly increases to 2+/ad as p increases to oo.

Lemma 4.5. C(o0) :=lim, 00 C(1) < 2V ad.

Proof. Denote by (i, 1) the unique solution of (1.1) with (a(r), B(r)) replaced by (@, B). Since the modified problem
is set in a homogeneous environment, we could apply the result of [7] to conclude that

h(t
lim Q =ko(n) <2+~ad,
t—>o0 t

for any u > 0. _
By the comparison principle in [7], we deduce h(¢) < h(t) and u(t,r) < u(t,r) for t >0 and r € [0, h(?)]. Tt
follows that C(u) < ko(t) < 2+/aid for all > 0. Therefore C(00) =limy 00 C() < 24/ad. O

Lemma 4.6. Let (u”*, h'*) be the unique normalized pulsating semi-wave of (1.3). Then

d
Eh“(t) <ko(uw+1) <2vad forallt € R.

Proof. Fix an arbitrary so € R. We show that there exists #y € R such that

h*(s0) = ko(u + 1)so + 1o, h* () <ko(u+ Dt 419 fort > sg. 4.8)
Clearly this implies

d

Eh“(So) <ko(n+1) <2vad.

Thus it suffices to prove (4.8).
Since

lim
t—=+o00

hl"’
t(” — C(w) < ko(w) < ko(u + 1), “9)

we have, for any 7y € R,
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h* () < ko(u + 1)t + 19 for all large positive ¢,
h*(t) > ko(u + 1)t + 19 for all large negative ¢.
Therefore there exists a minimal s = 5(¢p) € R such that
h(s) = ko(u + 1)s + 1o, (@) <ko(uw+ Dt 41 Vt>s.
We claim that strictly inequality holds, namely
(@) <ko(u+ Dt +19 Vt>s.
Otherwise there exists s; > s such that 2* (s1) = ko(u + 1)s1 + 9. It then follows that

%h“(sl)zko(u—i-l). (4.10)
Define D :={(¢t,x): t > s, x < h*(t)} and
i, x) = Viguany (A1) = x),  h() =ko(u + D)t +1o.
We note that
iy (8,1 (1)) = =V (11)(0) <0,
and u’ (¢, B (1)) is negative and periodic in ¢. Moreover,
lim 4@, x)=a/p, lim  [u(t,x) —¢(x)] =0, 4.11)

h(t)—x—00 i (1) —x—00
where ¢ (x) is the unique positive solution of —d¢” = ¢[a(x) — b(x)¢] in R, and the limits are uniform. Moreover

a/B< ) <a/p.
Therefore there exists ¢y > 0 such that

u(t,x) > cou™(t,x) in D.
Taking the limits along h* (1) — x — oo we deduce

coa/B < cod(x) <&/B.

ap

Hence ¢y < T Define
c* = sup{c > 0: u(t, x) > cut(t, x) in D}.
Then
ap X .
co<c* < 'B, and 4 >c*u* inD.

ap
We show that ¢* > 1. Otherwise ¢* < 1 and for any positive sequence €, — 0, there exists (#,, x,) € D such that
ﬁ(tnvxn)<(C*‘i‘en)uu(tn»xn), n=12,....

Using (4.11) we easily see that {t,} and {x,} are bounded sets in R. We may then argue as in Step 3 of the proof of
Theorem 3.1 to reach a contradiction.
Hence ¢* > 1 and

W, x):=u(t,x) —u*@t,x)>,20 in D, W(s1 , h“(sl)) =0.

From the equations for iz and u* we see that W satisfies, for some bounded function c¢(z, x),
Wy —dWyx +c(t,x)W >0 in D.

Hence we can apply the strong maximum principle and the Hopf lemma to conclude that
W >0 in D with Wx(sl, h“(sl)) <0.

It follows that

d
Eh"(ﬂ) = —patlf (51, h* (1)) < Vi g1y 0 < (4 DV (41 (0) = ko(p + 1).

But this contradicts (4.10). This proves our claim.
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We now examine how s(#p) varies with #y. The property of s(f9) proved in the above claim implies that it varies
continuously with fy € R. By (4.9), we see that

lim s(tg) = —o0, lim s(fp) = +o0.
fo—>+00 thy—>—00

Hence for each sg € R, there exists fy such that s(fg) = sg. The conclusions in (4.8) now follow from the claim. O
Lemma 4.7. C(00) = c4.

Proof. Let {1} be an increasing sequence converging to oo as n — o0o. To simplify notations we write (1", h") for
the unique normalized pulsating semi-wave (u#, h*") of (1.3) with u = u,, and denote by (U"(z, &), p" (7)) the
corresponding pair of (u" (¢, x), h"(t)).

Making use of Lemma 4.6 and p"(h"(¢)) = %h”(t), we obtain p" () < 2+/ad for all T € R and n > 1. Moreover,
since {1, is increasing, by Lemma 4.4 and using suitable shifts, it is easily seen that if A"(r) = h"+1 ('), then
%h" (1) < %h"“(r’). It follows that p™(7) < p™*!(r) for all t € R. Therefore we may assume that p* — p* with

Pl <p*(m)y<2vad,  p*(t)=p*(t+L) VreR

As in the proof of Theorem 3.4, by a simple comparison consideration we see that {U"} is a bounded set in L*°(R x
[0, 00)). Therefore we may apply the L? theory for parabolic equations to the equation of U”, much as in the proof

L= |
of Theorem 3.4, to conclude that, by passing to a subsequence, U" — U* in Cloi‘ v ([0, L] x [0, 00)), and (U*, p*)
satisfies

P (U7 + Uf) —dUf =U*a(t —§) —b(r —§)U*), (1,£) €eR x [0, 00),
U*(1,0)=0, t€R.

From the identity p"(t) = u, Ug’ (z,0), we deduce
Ug‘(t, 0)=0.

Since U* > 0, the Hopf lemma infers that U* = 0.

We now examine the sequence {(u",h")}. Let us note that for any t9 € R, (u" (¢t + 19, x), h" (¢t + 1p)) is also a
pulsating semi-wave to (1.3) with = p,. For fixed n > 1, since (0, 0) = 0, lim,_, o0 u"(t, 0) = ¢(0) > /B, and
u" (¢, x) is strictly increasing in ¢, for fixed ¢ € (0, Q/B), there exists a unique #, > 0 such that u" (¢, 0) = . We now
replace (1", h'™") by its shift (u" (¢t + t,,, x), K" (t + 1)), and still denote it by («”, h"). Then clearly

u"(0,0)=¢ >0, h'0)>0 Vn>l.

We claim that #,, — 00 as n — oo. Otherwise by passing to a subsequence we may assume that ¢, — ¢*. Then from
the boundedness of {%h”} we conclude that, subject to a subsequence, A" — h* in Cl’;c (R). Since |luylloo = 1U" |0
has a bound independent of n, we may apply L? theory to the equation of u” to conclude that, by passing to a

1+v
subsequence, u" — u* in Cl(}; A (D), with D = {(t, x): t € R, x < h*(¢)}. Moreover, we have u*(0,0) = ¢ > 0. On
the other hand, by the discussion above for the corresponding pairs (U", p"), we must have u* = 0. This contradiction
shows that 7, — 00, as claimed.

Clearly the above proved claim implies that 4" (t) — oo as n — 0o, uniformly for t € [-M, co) for every M > 0.

We may now once more apply the L? theory to the equation of u" to conclude that, by passing to a subsequence,

N . .
u" — u*in C, V(Rz), with u*(0, 0) = ¢ > 0. Moreover, u* satisfies

1

2
oc
u; —dul, = u*[a(x) - b(x)u*] for (¢, x) € R%.

Recall that %h” () is T,-periodic, with C(u,) = L/T,, and u"(t + T,,, x) = u" (t,x — L). Since C (i) = C(00),
we obtain 7,, — T* := L/C(00). It follows that

w*(t+T* x)=u*(t,x — L) forall (t,x) e R (4.12)

Due to u}(t, x) > 0, we obtain u; (¢, x) > 0. By the strong maximum principle, we easily see that either u} > 0 or
uf =0.If u} =0, then necessarily u*(¢, x) = ¢ (x). But we have u* (0, 0) = { < min¢(x). Hence we necessarily have
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uf(t,x) > 0. From these properties of ™ we can now conclude that u* is a pulsating front of (1.4). By (4.12), the
speed of u* is C(00). Therefore we must have C(00) > cy.
We show next that C (00) < c. For this purpose, we consider the auxiliary one-dimensional free boundary problem

U —diyy = u[a(x) — b(x)u], t>0, xe (g(t), h(t)),
u(t,g0)=0, g =—pu(r,g(n), 1>0,

u(r, h(1)) =0, B (1) = —puy(t, h(t)), >0,

—&(0) = h(0) = ho, u(0,x) =uo(x), x €[—ho,hol.

Comparing (4.13) with the same problem where (a(x), b(x)) is replaced by the constant pair (mina(x), max b(x)),
one easily sees from [10] that for all large u > 0, spreading occurs for (4.13). Moreover, a similar (but easier) analysis
to that of Theorem 4.12 shows that
—g(t h(t
fim =29 — i M0 _ o).

t—00 t t—oo

(4.13)

Let (¢, x) be the unique solution of the corresponding Cauchy problem to (4.13). Then by the comparison principle
we have u(z, x) < i(¢, x), which implies that C (1) is no bigger than the spreading speed determined by this Cauchy
problem. By [2] the spreading speed determined by this Cauchy problem is the minimal speed of the pulsating fronts
of (1.4), namely c,. Therefore we have C(u) < c. It follows that C(c0) < cy. O
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