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Abstract
This article is concerned with the Zakharov—Kuznetsov equation
o + Ix Au 4+ udyu =0. 0.1)

We prove that the associated initial value problem is locally well-posed in H* (Rz) fors > % and globally well-posed in H LR xT)

and in H* (R3) for s > 1. Our main new ingredient is a bilinear Strichartz estimate in the context of Bourgain’s spaces which allows
to control the high-low frequency interactions appearing in the nonlinearity of (0.1). In the R2 case, we also need to use a recent
result by Carbery, Kenig and Ziesler on sharp Strichartz estimates for homogeneous dispersive operators. Finally, to prove the
global well-posedness result in R3, we need to use the atomic spaces introduced by Koch and Tataru.
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1. Introduction

The Zakharov—Kuznetsov equation (ZK)
o + 0y Au +uoyu =0, (1.1)

where u = u(x, y, t) is a real-valued function, r e R, x e R, y e R, T or R? and A is the laplacian, was introduced
by Zakharov and Kuznetsov in [9] to describe the propagation of ionic—acoustic waves in magnetized plasma. The
derivation of ZK from the Euler—Poisson system with magnetic field was performed by Lannes, Linares and Saut [11]
(see also [14] for a formal derivation). Moreover, the following quantities are conserved by the flow of ZK,

M) =/u(x,y,t)2dxdy, (1.2)

* Corresponding author.
E-mail addresses: LLuc.Molinet@Impt.univ-tours.fr (L. Molinet), didier @im.ufrj.br (D. Pilod).

0294-1449/$ — see front matter © 2014 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.anihpc.2013.12.003


http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.anihpc.2013.12.003
http://www.elsevier.com/locate/anihpc
mailto:Luc.Molinet@lmpt.univ-tours.fr
mailto:didier@im.ufrj.br
http://dx.doi.org/10.1016/j.anihpc.2013.12.003
http://crossmark.crossref.org/dialog/?doi=10.1016/j.anihpc.2013.12.003&domain=pdf

348 L. Molinet, D. Pilod / Ann. I. H. Poincaré — AN 32 (2015) 347-371

and
E(u):if |Vu(x,y, 1) —gu(x,y,t) dxdy. (1.3)

Therefore L2 and H' are two natural spaces to study the well-posedness for the ZK equation.

In the 2D case, Faminskii proved in [4] that the Cauchy problem associated to (1.1) was well-posed in the energy
space H'!(R?). This result was recently improved by Linares and Pastor who proved well-posedness in H* (R?), for
s > 3/4. Both results were proved by using a fixed point argument taking advantage of the dispersive smoothing
effects associated to the linear part of ZK, following the ideas of Kenig, Ponce and Vega [8] for the KdV equation.

The case of the cylinder R x T was treated by Linares, Pastor and Saut in [13]. They obtained well-posedness in

H(R x T) for s > % Note that the best results in the 3D case were obtained last year by Ribaud and Vento [16] (see

also Linares and Saut [ 14] for former results). They proved local well-posedness in H* (R3) fors > 1 andin 321’1 (R3 ).
However it is still an open problem to obtain global solutions in R x T and R3.

The objective of this article is to improve the local well-posedness results for the ZK equation in R? and R x T,
and to prove new global well-posedness results. In this direction, we obtain the global well-posedness in H!(R x T)
and in H* (R?) for s > 1. Next are our main results.

Theorem 1.1. Assume that s > % Forany uy € H*® (R2), there exist T = T (lluoll gs) > 0 and a unique solution of (1.1)
such that u(-,0) = ug and

1

weC([0,T1: H*(R?)) N x;7". (1.4)

Moreover, for any T' € (0, T), there exists a neighborhood U of ug in H*(R?), such that the flow map data-solution
1

S:ivpelUrveC([0,7]: H (RY))n Xy (1.5)

is smooth.

Theorem 1.2. Assume that s > 1. For any ug € H*(R x T), there exist T = T (|lugllgs) > 0 and a unique solution
of (1.1) such that u(-,0) = ug and

1
ueC([0,T]: H'R x T)) N x52". (1.6)
Moreover; for any T’ € (0, T), there exists a neighborhood u of ug in H* (R x T), such that the flow map data-solution
~ o 1
S:wellmvec([0,T']: HH®xT) N X721 (1.7)
is smooth.

Remark 1.1. The spaces X sT’b are defined in Section 2.

As a consequence of Theorem 1.2, we deduce the following result by using the conserved quantities M and E
defined in (1.2) and (1.3).

Theorem 1.3. The initial value problem associated to the Zakharov—Kuznetsov equation is globally well-posed in
H'(R x T).

Remark 1.2. Theorem 1.3 provides a good setting to apply the techniques of Rousset and Tzvetkov [17,18] and prove
the transverse instability of the KdV soliton for the ZK equation.

Finally, we combine the conserved quantities M and E with a well-posedness result in the Besov space le’l and
interpolation arguments to prove:
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Theorem 1.4. The initial value problem associated to the Zakharov—Kuznetsov equation is globally well-posed in
HS(R3) forany s > 1.

Remark 1.3. Note that the global well-posedness for the ZK equation in the energy space H!(RR?) is still an open
problem.

The main new ingredient in the proofs of Theorems 1.1, 1.2 and 1.4 is a bilinear estimate in the context of
Bourgain’s spaces (see for instance the work of Molinet, Saut and Tzvetkov for the KPII equation [15] for similar
estimates), which allows to control the interactions between high and low frequencies appearing in the nonlinearity
of (1.1). In the R? case, we also need to use a recent result by Carbery, Kenig and Ziesler [3] on sharp Strichartz
estimates for homogeneous dispersive operators. This allows us to treat the case of high-high to high frequency inter-
actions. With those estimates in hand, we are able to derive the crucial bilinear estimates (see Propositions 4.1 and 5.1
below) and conclude the proof of Theorems 1.1 and 1.2 by using a fixed point argument in Bourgain’s spaces. To prove
the global wellposedness in R3 we follows ideas in [2] and need to get a suitable lower bound on the time before the
norm of solution doubles. To get this bound we will have to work in the framework of the atomic spaces U§ and VS2
introduced by Koch and Tataru in [10].

We saw very recently on the arXiv that Griinrock and Herr obtained a similar result [6] in the R? case by using the
same kind of techniques. Note however that they do not need to use the Strichartz estimate derived by Carbery, Kenig
and Ziesler. On the other hand, they use a linear transformation on the equation to obtain a symmetric symbol &3 + 5>
in order to apply their arguments. Since we derive our bilinear estimate directly on the original equation, our method
of proof also worked in the R x T setting (see the results in Theorems 1.2 and 1.3).

This paper is organized as follows: in the next section we introduce the notations and define the function spaces.
In Section 3, we recall the linear Strichartz estimates for ZK and derive our crucial bilinear estimate. Those estimates
are used in Sections 4 and 5 to prove the bilinear estimates in R%2and R x T. Finally, Section 6 is devoted to the R3
case.

2. Notation, function spaces and linear estimates
2.1. Notation

For any positive numbers a and b, the notation a < b means that there exists a positive constant ¢ such that a < cb.
We also write @ ~ b when a S b and b < a. If o € R, then o4, respectively o—, will denote a number slightly
greater, respectively lesser, than «. If A and B are two positive numbers, we use the notation A A B =min(A, B) and
AV B =max(A, B). Finally, mes S or |S| denotes the Lebesgue measure of a measurable set S of R”, whereas #F or
| S| denotes the cardinal of a finite set F'.

We use the notation |(x, y)| = v/3x2 + y2 for (x, y) € R%. For u = u(x, y, t) € $(R3), F(u), or @, will denote its
space—time Fourier transform, whereas &y, (1), or ()", respectively F; (u) = (1), will denote its Fourier transform
in space, respectively in time. For s € R, we define the Bessel and Riesz potentials of order —s, J® and D*, by

_ 24 _
Pu=3((1+]Gw])Fyw) and Du=F /(¢ w[ Fry@).
Throughout the paper, we fix a smooth cutoff function 7 such that
ne CSO(R), 0< n < 1, Mi=s/4,5/41 = 1 and Supp(ﬂ) C [_8/5’ 8/5]

Fork e N*=7ZnN[1, +00), we define
o) =n() —n28), dor (8, ) 1=¢(2_k|($,u)|)

and

ka E, pn,7)= ¢(2_k (‘L’ _ (53 + EMZ)))

By convention, we also denote

o1& w=n(E w|) and Y1, w0 =n(t — (£ +&un?)).
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Any summations over capitalized variables such as N, L, K or M are presumed to be dyadic with N, L, K or M > 1,
i.e., these variables range over numbers of the form {2¥: k € N}. Then, we have that

5 8
Zd)N(S,M)z L, supp(¢n) C {gN <|E w| < gN} =:Iy, N2>2,
N

and
8

supp(¢) C 1] w < sp=:h.
Let us define the Littlewood—Paley multipliers by

Pyu=9 (onFry@),  Qru=F""(yrFw). 2.1)

Finally, we denote by e /%% the free group associated with the linearized part of Eq. (1.1), which is to say,

Tay(e720) (6 ) = " EW T (9) 6, ), (2.2)
where w (&, 1) = &3 + £u?. We also define the resonance function H by

H(Er, 1, 62, w2) = wér + &2, i + p2) — wiér, w1) — wéz, u2). (2.3)
Straightforward computations give that

H(Er, 1, E2, o) = 36162051 + £2) + Eapu] + E1143 + 2(61 + E) i pa. 24)

We make the obvious modifications when working with u = u(x, y) for (x, y) € R x T and denote by ¢ the Fourier
variable corresponding to y.

2.2. Function spaces

For 1 < p < 0o, L?(R?) is the usual Lebesgue space with the norm || - ||z», and for s € R, the real-valued Sobolev
space H*® (R?) denotes the space of all real-valued functions with the usual norm |[u||gs = ||/ ull ;2. fu =u(x, y, t)
is a function defined for (x, y) € R2 and 7 in the time interval [0, T], with T > 0, if B is one of the spaces defined
above, 1 < p < oo and 1 < g < oo, we will define the mixed space—time spaces L’;Bxy, Lf Byy, L%L’; by the norms

T 1 1
> 1
el 25, = (/Hu(-,-,z)H’;dr) s, = </||u<-,-,r)ugdr)",
0 R

and
T q L
» 4 q
lull g, rr = (/(/‘M(X,y,tﬂ dt) dx) ,
R2 ‘0

if 1 < p, g < oo with the obvious modifications in the case p = +00 or ¢ = +o0.
For s, b € R, we introduce the Bourgain spaces X*? related to the linear part of (1.1) as the completion of the
Schwartz space $(R?) under the norm

1
2b 251~ 2 2
leell .0 = ( f(r —wE& W) (|6 w7 [aE w0l ds dudf> , (2.5)
R3
where (x) := 1 + |x|. Moreover, we define a localized (in time) version of these spaces. Let T > 0 be a positive time.
Then, if u : R? x [0, T] — C, we have that

el 2 -
||u||X;.b =1nf{||u||Xy,b. u:RxR—C, dlgayom =u}.
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We make the obvious modifications for functions defined on (x, y,#) € R x Z x R. In particular, the integration

over u € Rin (2.5) is replaced by a summation over g € Z, which is to say

o0 = (Z /(r —w(& )€ )76 q. 0| de dr)z,
qEZR2

where w(&, ¢) = &3 + £¢>.

2.3. Linear estimates in the X** spaces

In this subsection, we recall some well-known estimates for Bourgain’s spaces (see [5] for instance).

Lemma 2.1 (Homogeneous linear estimate). Let s € R and b > % Then
In@e™ | yon SIS ms-

Lemma 2.2 (Non-homogeneous linear estimate). Let s € R. Then for any 0 < § < %,

ST

Xx,7+5

t
n(t)/e—(t—z/)axAg(t/) dt’
0

Lemma 2.3. Forany T > 0, s € R and for all —% <b' <b< % it holds

b—b'
||”||X;,b’ ST Mull s

3. Linear and bilinear Strichartz estimates

3.1. Linear Strichartz estimates on R?

2.6)

2.7)

2.8)

2.9)

First, we state a Strichartz estimate for the unitary group {¢ "2} proved by Linares and Pastor (cf. Proposition 2.3

in [12)).

Proposition 3.1. Let 0 < € < % and 0 < 0 < 1. Assume that (g, p) satisfy p = % and q = % Then, we have

that
P P T
for all ¢ € L*>(R?).
Then, we obtain the following corollary in the context of Bourgain’ spaces.
Corollary 3.2. We have that
s, < Nl oo
forallu e X035+,
Proof. Estimate (3.1) in the case e =0 and 0 = % writes
le*ells, S lole

for all ¢ € L2(R?). A classical argument (see for example [5]) yields

3.1)

(3.2)

(3.3)
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Iy, S lull o y.e

which implies estimate (3.2) after interpolation with Plancherel’s identity ||ull,2 = [lullyo0. O
xyt

In [3], Carbery, Kenig and Ziesler proved an optimal L*-restriction theorem for homogeneous polynomial hyper-
surfaces in R3.

Theorem 3.3. Let I'(§, n) = (&, u, $2(€, 1)), where $2(&, ) is a polynomial, homogeneous of degree d > 2. Then
there exists a positive constant C (depending on ¢) such that

(/If(F(E,M))IZIKQ(S,u)I%dédu>2 <Cl fllgan, (3.4)
RZ

forall f € L*3(R3) and where

|Kq (&, w)| = |detHess (&, w)|. (3.5)

As a consequence, we have the following corollary.

Corollary 3.4. Let |K o (D)|% and D) pe the Fourier multipliers associated to | K o (€, u)|% and "2 EW e,

1 1
Foy(|Ke(D)|[P)E. 1) = |Ka &, 1)]? Ty (0)(E, 1) (3.6)
where | Ko (€, )| is defined in (3.5), and
Tay ("9 Pp) (E, ) = " TEW T () (., ). 3.7)
Then,
[[Ko D)3 Pg] 4 <l (3.8)

forall ¢ € L*>(R?).
Proof. By duality, it suffices to prove that

1.
f [Ka(D)[* P, y) f e,y 1) dxdyds S lolpz 15145 (3.9)
R3 ‘
The Cauchy—Schwarz inequality implies that it is enough to prove that

1 .
H /|KQ(D)|§8_”Q(D)f(x,y, 1) dt
R

S (3.10)
L)ZCV xyt
in order to prove estimate (3.9). But straightforward computations give
JE 1
&rx,y( f |KQ<D>|8e—”9<D>fdr><s,u) = c|Ka@E [ Feyu (N 1. 2, ),
R

so that estimate (3.10) follows directly from Plancherel’s identity and estimate (3.4). O

Now, we apply Corollary 3.4 in the case of the unitary group e /%4,

Proposition 3.5. Let |K (D)|% be the Fourier multiplier associated to |K (€, ) |% where

K€ w] =38 - . (3.11)
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Then, we have that

[ |K(D)|%e"a‘A<p||L;y, Sl (3.12)
for all ¢ € L*>(R?), and

[ \K(D)\%uHL;w Sl oy (3.13)

forallu e X013+,

~19:A s given by w(&, u) = £3 + £u?. After an easy computation, we get that

Proof. The symbol associated to e
detHessw(&, u) = 4(352 — /Lz).

Estimate (3.12) follows then as a direct application of Corollary 3.4. O

Remark 3.1. It follows by applying estimate (3.1) with € = 1/2— and 6 = 2/3+ that

1
6 ,— 1A
||Dx6€ e (P”Lg;[ S ”‘p”LZ»
for all ¢ € L2(R?), which implies in the context of Bourgain’s spaces (after interpolating with the trivial estimate

a2, = llull xoo) that

1
[DFul s, Sl oz (3.14)

forall u € XO’%JF.
Estimate (3.13) can be viewed as an improvement of estimate (3.14), since outside of the lines |§| = %| |, it

allows to recover 1/4 of derivatives instead of 1/8 of derivatives in L*.

Remark 3.2. A similar estimate to (3.13) (with a loss of a small positive number €) could also be deduced from the
decay estimates in [1].

Remark 3.3. it is interesting to observe that the resonance function J{ defined in (2.4) cancels out on the planes

— _ — M2 — M1 — _ K2
61=—4 6 =) and (§ = 4, 6 =~ 1),
3.2. Bilinear Strichartz estimates

In this subsection, we prove the following crucial bilinear estimates related to the ZK dispersion relation for func-
tions defined on R and R x T x R.

Proposition 3.6. Let Ni, N», L1, Ly be dyadic numbers in {2": k € N*}U({1}. Assume that u and uy are two functions
in L*(R?) or L*(R x T x R). Then,

|(Pn, Qryu1) (P, Qryu2) | 12
1
S (L1 AL2)Z(Ny AND|IPNy Qryutll 2| Pry Qryuall 2. (3.15)
Assume moreover that Ny > 4N or N1 = 4N». Then,
”(PN1 QL]ul)(PN2 QLzuZ) || 12

_ (N1 A N2

1 1
S (L1V L)2(L1 AL)2 || PNy Qriutll 2| Py Qryuzlif2. (3.16)
N1V Ny
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Remark 3.4. Estimate (3.16) will be very useful to control the high-low frequency interactions in the nonlinear term
of (1.1).

In the proof of Proposition 3.6 we will need some basic lemmas stated in [15].

Lemma 3.7. Consider a set A C R x X, where X = R or T. Let the projection on the p axis be contained
in a set I C R. Assume in addition that there exists C > 0 such that for any fixed uo € I N X, |A N {(&, wo):
wo € X}| < C. Then, we get that |A| < C|I| in the case where X =R and |A| < C(|I| + 1) in the case where
X=T.

The second one is a direct consequence of the mean value theorem.
Lemma 3.8. Let I and J be two intervals on the real line and f : J — R be a smooth function. Then,

. 1]
mes{x e J: f(x)el}<

<—— (3.17)
infgey | f/(8)]

In the case where f is a polynomial of degree 2, we also have the following result.

Lemma 3.9. Let a # 0, b, ¢ be real numbers and I be an interval on the real line. Then,

1
112
mes{x € J: axz—l—bx—i—cel}gL (3.18)

1
la|2

and

1

.2 1112
#{geZ: ag”+bg+cel} < — +1. (3.19)

la|2

Proof of Proposition 3.6. We prove estimates (3.15)—(3.16) in the case where (x, y,t) € R3. The case (x, y,t) €
R x T x R follows in a similar way. The Cauchy—Schwarz inequality and Plancherel’s identity yield

||(PN1 QL]ul)(PNz QLZMZ)”LZ = ||(PN1 QLlul)/\ * (PN2 QLZMZ)/\”LZ

1
Sosup A 21PN Qryuill 2| Ph, Qi 2, (3.20)
(6,1, 7)€R3

where

Ag e = {1 1, 1) € R |EL )| €Dy, | — &L p— )| € Iy,
It —wE L )| el [t -1 —wE—&,u—pn)|elL,}

it remains then to estimate the measure of the set Ag ;, ; uniformly in (§, u, 7) € R3.
To obtain (3.15), we use the trivial estimate

|Ag uol S (L1 A L) (Ny A Np)?,

forall (&, u, 7) € R3.
Now we turn to the proof of estimate (3.16). First, we get easily from the triangle inequality that

|Ag ol S (L1 A L) Bg el (3.21)

where

B e = {1 n) eR: |G p)| €y, |G =& — )| € I,
|t —wE w) —HELE—E, wi.nw—pn)| SLiV L} (3.22)



L. Molinet, D. Pilod/ Ann. I. H. Poincaré — AN 32 (2015) 347-371 355

and H (&1, &, 11, wo) is the resonance function defined in (2.4). Next, we observe from the hypotheses on the dyadic
numbers N and N, that

oH
ag, G108 —E =) = 367 + 17 — (3¢ —€D)> + (1 — w1)?)| 2 (N1 v No).
Then, if we define Bz , - (u1) = {§1 € R: (§1, u1) € Bg ¢}, we deduce applying estimate (3.17) that
LivVv L
(N1 Vv N2)%’
for all ;1 € R. Thus, it follows from Lemma 3.7 that
Ni ANy
(N1 V Np)?
Finally, we conclude the proof of estimate (3.16) gathering estimates (3.20)—(3.23). O

|Be e (u)| S

|Be, el S (L1 A Lo). (3.23)
4. Bilinear estimate in R x R
The main result of this section is stated below.

Proposition 4.1. Let s > % Then, there exists § > 0 such that

s @) g Sl g 100 g (.1

forall u,v:R3 — R such that u, v € XS’iJ“S.
Before proving Proposition 4.1, we give a technical lemma.

Lemma 4.2. Assume that 0 < o < 1. Then, we have that

|1+ &2, + )| <@ 10| = @, 1) [P + (@) max] ), (42)
forall (€1, 1), (&2, n2) € R? satisfying

(1—0) 2 V3lE| < il < (1 —) 331, fori=1,2, (4.3)
and

§1652 <0 and pip2 <0, 4.4)

and where f is a continuous function on [0, 1] satisfying limy_, f () = 0. We also recall the notation |(€, u)| =

Proof. If we denote by it = (§1, 1), iz = (&2, up) and (i1, Uz). = 3&1&2 + 141 p2 the scalar product associated to | - |,
then (4.2) is equivalent to

liiy + iia|* < [l — li2*| + f (@) max{|i |, |ida]*}. (4.5)
Moreover, without loss of generality, we can always assume that

£ >0, w1 >0, £ <0, w2 <0 and |ui| > |uz]. (4.6)
Thus, it suffices to prove that

i1 + i, i) < - (2“) liiy 2. (4.7)

By using (4.3) and (4.4), we have that
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(U1 + Uz, u2)e =3(E1 + £ + (1 + H2) 2

<6(E +E)6 —3ebie +3((1—a)' = 1)&]. (4.8)
On the other hand, the assumptions &, > 0, & < 0, |i| > |i2| and (4.3) imply that
s =512 1-g@)&l=—(1-g@)s 4.9)

with

1

()—1—( 2= )7—>0
sO="" k== ) aso

Thus, it follows gathering (4.8) and (4.9) that

(i1 + i, 2)e < 6g(@)EF — 3ak162 +3((1 — )~ — 1)&7,
which implies (4.7) by choosing

f(a)=128(0)+6¢1+6((1—a)71 — 1)—>0. O

a—0

Proof of Proposition 4.1. By duality, it suffices to prove that

FSlullpe Mol Awlipe (4.10)
where

— ELLTL ~ ~
I [ I8 B R 1) 2, T
RO
u, v and w are nonnegative functions, and we used the following notations
s 1 R R
rEem = || wl) )72 2| @ ) o0 727 w2 ) (o) 727,

dv=déd& dududrdr, &r=§&—&, M2 = [ — L1, n=1—T1,
o=t—wé,u and o;i=1—w,u), =12 (4.11)
By using dyadic decompositions on the spatial frequencies of u, v and w, we rewrite I as
I= ) INN.N. (4.12)
Ni,N2,N

where
IN,NI,NZ2/F;l,lfirl’nPNw(E»/LsT)PNIU@l,Ml»TI)PNZU@Z,//«Z,Q)dV-

R6

Since (¢, u) = (&1, n1) + (&2, u2), we can split the sum into the following cases:

(1) Low x Low — Low interactions: N1 < 2, N» <2, N < 2. In this case, we denote

I = Z IN.Ny.Ny-
N<4,N <4,N, <4
(2) Low x High — High interactions: 4 < N, N1 < N2/4 (= N2 /2 < N < 2N3). In this case, we denote

Iisn = > IN NNy -
A< N2, NI SN2 /4, N2 /2N 2N,
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(3) High x Low — High interactions: 4 < N1, N» < N1/4 (= N1/2 < N < 2Ny). In this case, we denote
IHr 1 = Z IN NNy
4<N1,N2<N /4, N1 /2SN 2Ny
(4) High x High — Low interactions: 4 < N1, N < N1/4 (= N1/2< N2 <2Np)ord < No, N < N2 /4 (= Nyp/2 <
N1 < 2N). In this case, we denote
Inp—>1 = > IN NN, -
AN NN /4,N2 2N <2V,
(5) High x High — High interactions: N» >4, N1 >4, N2/2 < N1 < 2N, N1/2< N <2Njand N»/2 < N <2N;.
In this case, we denote

Igg g = E IN Ny, N, -
N2 /2< N 2N, Ny 2N <2N1 L N2 2SN 2N,

Then, we have

I'=I s +Irgsuy+1yrsu +1Iggsr + Igp—H- (4.13)

1. Estimate for 11—, . We observe from Plancherel’s identity, Holder’s inequality and estimate (3.2) that

Pyu \" Py,v \"
INNLN S H (—]]) (—21 IPvwliz2 S I1Pyyull 2l Py, vll 2 | Pywll g2, (4.14)
(0.1>7+3 L4 (O'2>7+8 L4
which yields
I Sllullgz vl 2wl 2. (4.15)

2. Estimate for I1 g, g . In this case, we also use dyadic decompositions on the modulations variables o, o1 and o>,
so that

L,Li,L
Inwin, = Y. TNy (4.16)
L,Li,L,
where
IL,Ll,Lz _ I-vflylllvfl P/\ P/\ P/\ d
NN, = | Te e PNOQrLw(E, w, T) Py Qriu(Ey, 1, 1) PN, Qr,v(52, 2, T2) dv.
RO

Hence, by using the Cauchy—Schwarz inequality in (§, i, T), we can bound / ,\L”Lvi,L\,zz by

sy —1 —3—8 —2=5
NaNT L7242 2 L 2 (P, QL) (P, Q1) || 2 1 Py Qrwll .
Now, estimate (3.16) provides the following bound for I1 5 1,

S P, Y S S —(s—1y
Yo LRI > N PPN Quyull 2l Pry Qo 2l P Qrwll 2.
L,Li,Ly N~Ny, N1 <N, /4

Therefore, we deduce after summing over L, L, L, N1 and applying the Cauchy—Schwarz inequality in N ~ N,
that

I S lullz Y 1PNyl 2 Pywll g2
N~N,

1 1
2 2
§||u||Lz<Z||PN2v||iz) (ZHPquiz)
N> N

Sl vl 2wl g2 (4.17)
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3. Estimate for Iy . Arguing similarly, we get that

Iyr—n Sllullp2 vl 2wl 2. (4.18)

4. Estimate for Igg—. 1. We use the same decomposition as in (4.16). By using the Cauchy—Schwarz inequality,

L,Ly,Ly
we can bound /"y "y by

L_s NS+

L_%+25L7%*5L77 ”(P )P )” | P I 4.19)
1 2 NSNS Ny QL]“ NQLw L2 NZQLZU L2 )

where f(é, w, )= f(—§&, —u, —7). Moreover, observe interpolating (3.15) and (3.16) that

|(Pxn, Qr,u) (PN Qrw)| ;2
< (N /\N)%(1+0)
~ (N v NI

for all 0 < 6 < 1. Without loss of generality, we can assume that L = L Vv L (the case L1 = L Vv L is actually easier).
Hence, we deduce from (4.19) and (4.20) that

1 1
(Ly v L2y ALYZ| Py, Qryull 2| Py Qrwll 2, (4.20)

L,Ly,L -5 _9 0
Lywe SLTL, I LB NAONTO O 0wl Py Qw2 Py, Ol 2. (4.21)

Now, we choose 0 <0 < 1 and § > 0 satisfying 0 <26 < s — 5 and 0 <4 < 4 It follows after summing (4.21) over
L, Ly, Ly and performing the Cauchy—Schwarz inequality in N and N that

1

—(s—1-20) 2 \?2
Inpor SY Ny ° ||PN1u||Lz(Z||PNw||L2) vl 2 S lull 2wl 2 ]l 2. (4.22)
Np N

5. Estimate for Iyy— . Let 0 < a < 1 be a small positive number such that f(x) = 101W’ where f is defined in
Lemma 4.2. In order to simplify the notations, we will denote (&, u, 7) = (&0, L0, To). We split the integration domain
in the following subsets:

(G 80 €RE: (1— )2 V315 < il < (1 — ) 2V3IE], i = 1,2},
Dz={(sl,m,n,u,é,r>eﬂ@: (1 - )2 V3l5] < |l <<1—a>—fﬁ|si|, i=0,1},
Dy = {1, 1.7, 1,60 € R (1— ) 2316 | < il < (1— ) 2V3l5 ], i =0,2),
®4=R6\O®j.
j=1
Then, if we denote by / IJ;HH  the restriction of Iyp ., g to the domain D j» we have that

4
Ingon =Y Iy - (4.23)
j=I

5.1. Estimate for Iy, . ;. We consider the following subcases.
(i) Case {£1& > 0 and 1y > 0}. We define

Dia= {(fl,m,fl,/i,fyf) € Dy: &1 > 0and pypz > 0}

and denote by 1 HH_) g the restriction of [ HH_) g to the domain D1,1. We observe from (2.4) and the frequency
localization that

max{|o|, |o1], o2l} 2 |H(E1, w1, &2, w2)| 2 N} (4.24)
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in the region Dy ;. Therefore, it follows arguing exactly as in (4.14) that

1,1
Iy g S lullzz vl llwll 2. (4.25)

(1) Case {18 > 0and iy <0} or {£1&6 < 0and iy > 0}. We define

Dip={¢E . n1.061)eD: §16>0, puz <0oréé <0, wius >0}

and denote by / 11113» g the restriction of / A,H%  to the domain D >. Moreover, we use dyadic decompositions
on the variables o, o7 and o> as in (4.16). Plancherel’s identity and the Cauchy—Schwarz inequality yield

L,Li,L _s, L —Ll_s —l_s
Iy SN LT L 2L T (P, Qry ) (P, @y v) | 2 w2 (4.26)
Next, we argue as in (3.20) to estimate ||(Py, Qr,u)(Pn, Q1,V)|l;2. Moreover, we observe that

a%¢ ,
M(Sl,é — &1, o — pD)| =2|ué1 — n2kal 2 N

in the region D ». Thus, we deduce from Lemma 3.7, estimates (3.17) and (3.20) and (3.21) that

1 1 1
[Py, QL u)(Pny Qryv)|| ;2 SNT2(L1 Vv L) 2 (L1 A Lp)2 || Py, Qryull 2] Py, Qryvll 12 (4.27)

Therefore, we deduce combining estimates (4.26) and (4.27) and summing over L, Ly, Ly and N ~ Ny ~ N,
that

1,2
Iiop S Nl 2l 2 lwll g2 (4.28)

(iii) Case {1862 <0 and p1py < 0}. We define

Dis= {(51,M1,11,M,§,t) €Dy: £1& < 0and iy <O}

and denote by / 1;13—> g the restriction of [, I}IH—>  to the domain Dy 3. Moreover, we observe due to the frequency
localization that there exists some 0 < y < 1 such that

2, 12)” = |1 )| = y max{| 1w [ €2 1)) (4.29)

in D1 3. Indeed, if estimate (4.29) does not hold for all 0 < y < 101W’ then estimate (4.2) with f(a) = 101W would
imply that

1

& W < R (G LY 1))’}

which would be a contradiction since we are in the High x High — High interactions case. Thus, we deduce
from (4.29) that

2

)

0H
7, G~ b — )| = &2, u)|* = |1 )] 2 N

We can then reapply the arguments in the proof of Proposition 3.6 to show that estimate (4.27) still holds true in
this case. Therefore, we conclude arguing as above that

1,3
Igi g S lullz2llvll 2 llwllze. (4.30)

Finally, estimates (4.25), (4.28) and (4.30) imply that

Lo S Mull 2wl 2wl 2. (4.31)

5.2. Estimate for I,%H%H and IEIH%H. Arguing as for IIIJH%H, we get that

Dgn + g Sl 2l 2wl 2. (4.32)
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We explain for example how to deal with 17, . It suffices to rewrite Iy n, v, as

IN,NI,Nz:/Féllifﬁl’nPNw(E,M,T)PNlu(gl,ﬂlyfl)Psz(éz,Mz,Tz)df/,
D>

where
dv=déd&dudusdrdr, Ei =6 —&, i =p — u, f1=1n-r,

and F;l;xlrl’fl is defined as in (4.11). Moreover, we observe that

H=F(E 6 — &,y o — 1) = w2, p2) — w(E, 1) — w(Er — &, ua — W)

satisfies
OH - dF s -
‘E =367 + n* — (381 + iif)| and ‘%'=2ISM—§1M1I~

Therefore, we divide in the subregions {£&; > 0, uji| > 0}, {£€; < 0, wit; > 0}, {€&; > 0, wit; < 0} and {£&; <0,
w1 < 0} and use the same arguments as above.

5.3. Estimate for I;‘IH_) - Observe that in the region D4, we have

2

|u%—3§i2|>%|(si,ui)|2 and |M§—3§]2|>%|(§/»Mj) , (4.33)

for at least a combination (Z, j) in {0, 1, 2}. Without loss of generality,l we can assume thati = 1 and j =2 in (4.33).
Then, we deduce from Plancherel’s identity and Holder’s inequality that

~(s—3) [ Py )Y L[ Py )Y
LinonS 3, Ny 7 K(D)s(ﬁ) K(D)s( =) | wlle,
Ny~N; (01> 2 L (UZ) 2 L4

where the operator K (D)é is defined in Proposition 3.5. Therefore, estimate (3.13) implies that

Lo S lull g2 llvll 2wl 2. (4.34)

Finally, we conclude the proof of estimate (4.1) gathering estimates (4.13), (4.15), (4.17), (4.18), (4.22), (4.23),
(4.31), (4.32)and (4.34). O

At this point, we observe that the proof of Theorem 1.1 follows from Proposition 4.1 and the linear estimates (2.7),

1
(2.8) and (2.9) by using a fixed point argument in a closed ball of X ST 2+ (see for example [15] for more details).
5. Bilinear estimate in R x T
The main result of this section is stated below.

Proposition 5.1. Let s > 1. Then, there exists § > 0 such that
ENCIDL INEPASY L7 IO L WS (5.1)

forallu,v:R x T x R— R such that u, v GXS’%J“S.

' In the other cases, we cannot use estimate (3.13) directly, but need to interpolate it with estimate (3.2) as previously.
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Proof. By duality, it suffices to prove that

<
S ”u”LE,w ||U||L§W ”w”L?c,y,z’ (5.2)
where
£1.91.T1 ~ ~ ~
I= Y / Iy iE, g, DG, g1, 10E, g2, 12) dv,
q.91€2* g4
u, v and w are nonnegative functions, and we used the following notations

e G A ([ D (GRS
dv=d¢dédrdr, &H=(-&., @=q-q. wn=Tt-1,

oc=1t—wé,q) and oi=1—w,q), i=1,2. (5.3)
By using dyadic decompositions on the spatial frequencies of u, v and w, we rewrite J as
J= Z IN, N Nos (5.4)
N{,No,N
where

IN.N N, = Z /Féé,]é?rl’rIPNw(gaq,T)PNIM(&,QLfl)Psz(Ez,fh,Tz)dv-
Q»QIEZZ]Rét

Now, we use the decomposition

J=Ju-sr+Jinsu +Jur—-u + Juns1r + Jun— ., (3.5)

where Ji1 1, JiH—>H, JHL—H, JHH— L, tespectively Jyy—, i, denote the Low x Low — Low, Low x High — High,
High x Low — High, High x High — Low, respectively High x High — High contributions for J as defined in the
proof of Proposition 4.1.

1. Estimate for Jrg— g + Jur— v + JaH— 1 - Since Proposition 3.6 also holds in the R x T case, we deduce arguing
asin (4.17), (4.18) and (4.22) that

Jinsu +Jar—u + Jua—1 S lullp2 vl 2 lwll 2. (5.6)

2. Estimate for Jyp— . We recall that N ~ N ~ N3 in this case. We divide the integration domain in several
regions.

2.1 Estimate for Jyy— p in the region || < 100. We denote by J. IliH%  the restriction of Jyy . g to the region
|£] < 100 and use dyadic decompositions on the variables o, o1, 02 and &, so that

_ L.Ly,L;
INn =20 D0 Ik (5.7)
k>0 L.L1.Ly

L,Ly,Ly .. - :
where Jy"y ", ¢ is given by the expression

> f rE M Py Qrw(E. q.7) Py, Or,u(Er. g1 1) Py, O, v(82. g2, 12) dv,
a.qelr g,

with & = {(&, &, 7, 71) € R*: 2=*+D100 < |€] < 27%100}. Thus, by using the Cauchy—Schwarz inequality, we get
that

L.Li,L Ckar—sy 1 15 —1-s
TN SN LT L L, T (P, QL) (P, @y v) | 2wl 2. (5.8)
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Next, we argue as in (3.20) to estimate ||(Py, Or,u)(Pn,Q1,V)|l;2. Moreover, we observe that

2

ﬂ(éé )| =6l ~27F
3512 »S51,4,41)| = .

Thus, it follows from Lemma 3.7, estimates (3.18), (3.20) and (3.21) that

ko % 1 1
Py, QL) (PN, Qryv) |2 S29NE(Ly AL2)2 (L1 V L) 3 || Py, Qryull 121 Py, Qryvll 2 (5.9)
Therefore, we deduce combining (5.8) and (5.9) and summing over L, L1, Ly, N ~ N; ~ Ny and k € N that

T S lull 2 ol 2 llwll . (5.10)

2.2 Estimate for Jyy— g in the region |&| > 100, and |&1| A |&2] < 100. We denote by JI%,H_) g the restriction of
JuH— g to this region and use dyadic decompositions on the variables o, o1, 02, so that

_ L,Ly,L;
N = Y I (5.11)
L,Li,Ly

LLiLy ;- :
where Jy"y "y, is given by the expression

> / [ Py Qrw(E, q. 1) Py, O, (1. q1. 1) Py, O, v (2. 2. T2) d. (5.12)
q!‘IIEZZR4

Thus, the Cauchy—Schwarz inequality implies that
L,Li,L _1 s —1_s
TN SLT L L, T (P, Q) (P, @y v) | 2 lwll 2, (5.13)
where we used the bound || < N ~ N; ~ Nj and s > 1. This time, we observe that

92K

—(Eﬂglaq’ql) =2|§| Zl
Bqlz

in order to estimate ||[(Py, Qr,u)(Pn,Qr,V)|l;2. Then, since |£1] A |§2] < 1, it follows from Lemma 3.7, estimates
(3.19), (3.20) and (3.21) that

1 1
|(Pxn, QL) (Pr, Qryv)|| 2 S (L1 A L2)2(1+ (L1 V L2)#) || Py, Qryull 21| Py Qryvll 2 (5.14)

Therefore, we deduce combining (5.13) and (5.14) and summing over L, L1, L, and N ~ N1 ~ N, (here we use the
Cauchy—Schwarz inequality in Ny) that

T n Sllull 2ol 2wl 2. (5.15)

2.3 Estimate for Jyg— g in the region |&;| > 100 for i = 1,2, 3. We denote by JE,H_) g the restriction of Jyg . g
to this region. Once again, we use dyadic decompositions on the variables ¢, o1 and o7 as in (5.11). In order to
simplify the notations, we will denote (£, g, T) = (0, qo0, 7o) Next, for 0 < § < 1, we split the integration domain in
the following subregions

Fz1={(.&.7.11.9.q) e R* x Z*: |&] > 100, Vi € {0, 1,2}

and 3. j) € {0, 1,2} with ||(&. g)|* — |(&. ¢ )|*| = NL?},
Fzo={(. &, 7. 11.9.q) e R* x Z%: |&] > 100, Vi € {0, 1,2}

and ||(&, q)|” — |, )| < NL®, VG, j) €10, 1,2})

and denote by J. 131_}% 1> Tespectively J, 2“3% 1> the restriction of Jyg - g to 3.1, respectively J3 5.

2.3.1 Estimate for J:I’I_}_) - Without loss of generality, we can assume that

|6, | = |G qn]| = NLD. (5.16)
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By using the Cauchy—Schwarz inequality and the fact that || < N ~ N ~ N, and s > 1, we obtain that

1 1
L,Ly,L i =
Tkl < LB T L (P O, u) (P Qrw) | 21 P, Qv 2, (5.17)

where f (&,q9,7t)= f(—&, —q, —1). Moreover, we observe arguing exactly as in the proof of Proposition 3.6 and by
using (5.16) that

H(PNT/QLluxPNQLw)H L
< WM /\Nz)

S ﬁ(L V L)Ly AL)?||Py, Qull 2] Py Qrwll 2. (5.18)
2

Therefore, we deduce combining (5.17) and (5.18) and summing over L, L1, L, and N ~ N ~ N3 (by using the
Cauchy—Schwarz inequality in N) that

3,1
T n S lull2llvll 2wl 2. (5.19)

2.3.2 Estimate for Jﬁ,ﬁﬁﬂ. In the region 33 2, it holds that

|G g = |Ejap)|P| < NL®, VG, j) €10, 1,2} (5.20)

Then, we deduce from the definition of H in (2.3), the definition |(£, ¢)| = v/3&2 + g2 and the assumptions (5.20)
that

:}C(év Shqv f]l) = (é - gl - 52)’(51’0, Clio)’2 - 655152 + @(é’ Slv q, (Il)
=—66615+ 0, 61,9, q1), (5.21)
for ig € {1, 2, 3} such that |§;,| = max{|§;|: j =1,2,3} and ©(, &1, g, q1) satisfies

0E E1.q.qD] <Y 16| a0 = |62 a)| ] < 1mea NL. (5.22)
i#ig
It follows combining (5.21) and (5.22) that
|H (&, 81,9, qD)| > |Emedl (6Emaxl Emin| — NL®). (5.23)

Then, we subdivide the region J in the following subregions

Fs21 = &1.1.711.9,91) € F1.20 |Emaxl|Eminl > NL®},
F302={E 6. 7.711,4.91) € F12 [EmarllEmin] < NL®},

and denote by J ;hz,_l) 7> Tespectively J, ;5_2) - the restriction of J, 1313_) g 1o F3.2.1, respectively F3.25.

2.3.2.1 Estimate for ]1?113—1>H Due to (5.23), we have that

max{lo|, lo1], 021} 2 [Eninl Emax|*, (5.24)

in F3.5.1. Without loss of generality,” we assume that max{|o |, |01, |02|} = |o|. Then, by using the Cauchy—Schwarz
inequality, we deduce that

-5 —1-s

L,Ly,L
TN SN - Ly : Ly” || (Pny Qryw) (P, Qryv) || 2wl 2, (5.25)

1
where we used that [|&|N} S(Iémmzléminl) +33| <1fors>1and0 <8 <« 1. Moreover, we use that

2 1In the other cases we need to interpolate (5.26) with (3.15) as previously.
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2

0°H >
3—512(5,51,%611) =652 1,

Lemma 3.7, estimates (3.18), (3.20) and (3.21) lead to

1 1 1
|(Pn, QL) (PN, Qryv) | 12 S N (L1t A L) (Ly V L) || Py, Qryull 21| Py, Qry vl 12 (5.26)

We deduce combining (5.25) and (5.26) and summing over L, L1, L, and using the Cauchy—Schwarz inequality in
N1 ~ N; that

3,2,1
TS n S lull2llvll 2wl 2. (5.27)

2.3.2.2 Estimate for J;I_?_z) - This time, we perform also dyadic decompositions in the &, & and & variables.
We denote by Rk the Littlewood—Paley projectors, i.e. Rk is defined by Rgu = 3";1 (@(K~'E)TF (), for any dyadic
number K > 1. Then, we have that

L.LiL L.LiL
IN NN = Z In N (K1, Ko, K3), (5.28)

100<K . K2, K3 <N
where Jlslf,i[L\,i (K1, K7, K3) is defined by the expression
TN (K1 Ky K= ) / rFT Py 0 Rgw)NE. q. 7)
4,91€2%R4
X (PN, QL Rx,w)" (§1. g1, T1) (PN, Q1, Rk, 0) " (62, g2, T2) d.
By using the Cauchy—Schwarz inequality, we can bound J 16/1%/1 % (K1, K2, K3) by

1o sy -1 18 13
KK Kyt NTSL720L 27027 (P, Q) (P, Qr,v) | w2, (5.29)

min

since K in Kmax < NL in the region J3 5 ». Moreover, noticing that

2K
—2($7%‘1’ q, CII) :6|§| Z K,
9q;

Lemma 3.7, estimates (3.19), (3.20) and (3.21) yield

|(Pxn, QL ) (PN, Qryv) |2
1 1 1 1
S (K1 AK2)2(Ly ALy)2(1+ K™4(Ly v L) #) || Py, Qryull 2| Ph, Qryvll 2. (5.30)

Now, we observe that

K(KiAK) K LK1 < g2 531
( 1A 2) min" T max ~v min* ( )

Assume without loss of generality that K,,;, = K. Therefore, it follows combining (5.28)—(5.31), summing over L,

Ly, Ly and K, and applying Cauchy—Schwarz in K| ~ K> and in N| ~ N, that

3,2,2
Tidon S ) Y IPn Riull 2| Py, Riy vl 2| Pywll 2
N~N1~N2 100<K~K2 <N

1
2 )? 2 \°
S Y Rkl ) (Y 1P R I ) Twlle
Ni~Ny “K1<Ny Kr<N,
1

1
2 2
2 2
5(2 ||PN1u||L2) <§ ||PN2v||L2) lwll 2
Ny Ny

Sl vl 2 lwll 22 (5.32)
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Thus, we deduce combining (5.10), (5.15), (5.19), (5.27) and (5.32) that

Jar—nu S lullzvlizlwl 2. (5.33)

2.3 Estimate for Jij— 1. We get arguing exactly as in the cases 2.1 and 2.2 that

Jei—r S lull 2 llvll 2 llwll 2. (5.34)

Finally, we conclude the proof of estimate (5.1) gathering (5.5), (5.6), (5.33) and (5.34). O

We observe that the proof of Theorem 1.2 follows from Proposition 5.1 and the linear estimates (2.7), (2.8) and

o L
(2.9) by using a fixed point argument in a closed ball of X ; 2+ (see for example [ 15] for more details).
6. Global existence in H* (R3) for s > 1

In this section we prove the global well-posedness in H* (R?) for s > 1. To this aim we combine the conservation
laws (1.2) and (1.3), a well-posedness result in the Besov space le’l(R3) and follow ideas in [2] (see [19] for the
same kind of arguments). One crucial tool will also be the atomic spaces U? and V? introduced by Koch and Tataru
in [10]. Recall that the Besov space le’l (R3) is the space of all functions g € 8 (R3) such that

I8l g1 =D NlIPygle < oo, 6.1)
N

where the Fourier projector Py is the R3-version of the one defined in (2.1).

Before stating the local existence theorem, we give the definition of a “doubling time”. Let be given a Cauchy
problem locally well-posed in some Banach space B with a minimum time of existence depending on the B-norm
of the initial data and let Cy > 1 be given. For any ug € B we call “doubling time”, the infinite or finite positive real
number

Tcy (uo) = sup{t > 0: |u(®)]| ; < 2Colluol 5 on [0, £1}.

Theorem 6.1. The Cauchy problem associated to (1.1) is locally well-posed in H*(R3) for s > 1. Moreover, there
exist Co > 1 and C > 0 such that for any ug € H*(R>), the doubling time Tc, satisfies

C

B
ol

Tcy(uo) = (6.2)

Remark 6.1. The local well-posedness of ZK in H*(R?) for s > 1 was already proven in [16]. The only new result
here is the estimate from below of the doubling time.

With Theorem 6.1 in hand we will now prove Theorem 1.4. The proof of Theorem 6.1 is postponed at the end of
this section.

Proof of Theorem 1.4. Let us fix s > 1. For any g € H*(R?) and any k > 1 it holds

k—1 00
Il g =Y 2/ 1Paigllz + Y 272 Posgllz S Vgl + 24 lglae.
j=0 Jj=k

In(1+(lglls)

Therefore, taking k = G-z We get

I8l < Cs (14 gl [In(1 + ligllz) ) 6.3)

for some C; > 0.
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Now, let ug € H*(R?) and u be the solution of ZK emanating from uq. Combining Theorem 6.1 and (6.3) we get
C
L+ lluoll 3, In(L + lluoll as)

Ty (uo) >

If T¢c,(up) = +oo then we are done. Otherwise we set u := u(T¢,(uo)). In the same way as above we have

C
U flag 13, I+ g gs)

Tey(ur) >

From the definition of the doubling time, it holds ||u1 || gs = 2Colluo|| gs. Moreover, we have from the definition of E
in (1.3) that

2 _ 2 1 3
||'41||Hl—||'41||L2+2E(ul)+3 uydx.

1 1
Thus, by using the Gagliardo—Nirenberg inequality [luy||;3 < [u1 I|Z2 [[Vuq|

22, Young’s inequality and the conserva-
tion of the quantities M (u) and E (u), we infer that

il < C'(luill3s + lurllS, + E@y) = C(luolly2 + luollS, + E(uo))
for some positive constant C’ independent of u|. Therefore, we obtain that

C

Tey(uy) 2 .
’ 1+ C'(E(uo) + lluol12, + lluolI$,) In(1 +2Colluol +)
Repeating this argument n-times (assuming that all doubling times T¢,(ux), k =1,2,...,n — 1, are finite, since
otherwise we are done), we get
C 1
Tey ) > —— 5 < > - (6.4)
1+ C'(E(uo) + lluoll;, + lluoll} ) In(1 + 2Co)" lluollgs) 1

Since Y 1/n = 400 this ensures that for any given T > 0 there exists n > 1 such that ZZ;& Tc,(ug) > T and thus
the solution is global in time. O

Remark 6.2. Actually, it is not too hard to check that the lower bound (6.4) leads to a double exponential upper bound
on the solution u, i.e. there exist constants K|, K> and K3 only depending on ||ug]|| gs such that for all r > 0,

|u@®)] s < Kiexp(Kaexp(K3t)).

6.1. Proof of Theorem 6.1

6.1.1. Resolution spaces
We start by recalling the definition of the function spaces U 2 and V2 (see [10] and [7]).

Definition 6.2. Let Z be the set of finite partitions —oco =1y < t; < --- < tg = +00. For {tk}f:O € Z and {qbk},fgol -
L2(R3) with Y"¢ ' ¢/, = 1 and ¢ = 0 we call the function a : R — L2(R?) given by

a= Z L 1.1 Pk—1

k=1
a U?-atom and we define the atomic space

o0 o0
U?:= u:ijaj: ajUz—atom and A; € R with ZIA” < 00
j=l1 J=1

with norm
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oo o0
lluelly2 :=inf{ ZM,’I: u= Z)Ljaj with A ; € R and ajUz-atom}.
j=1 j=1

The function space V2 is defined as the normed space of all functions v: R — L%(R3) such that lim;_, o0 V(2) exists
and for which the norm

1/2
lvlly2:= sup <Z||U(lk)_v(tk 1)||L2)

{lk}k ()EZ' k=1

is finite, where we use the convention that v(—o0) = lim;_, _ o, v(¢) and v(4+00) =0

The spaces U2 and V2 are Banach spaces. They will serve as substitutes of the Besov type spaces 321/ 21 (L2(R3))

and Bl/ 2, "°(L2(R?)) that where first used in [20] in the context of Bourgain’s method. Denoting by A ; the Fourier
multlpher by’ ¢ (277 1) for j > 1 and 5(z) for j =0, these last spaces are respectively endowed with the norms

||u”é21/2"(L2(R3)) = ZZI 1A jullp2we)
j=0

and

leell 317200

. /2
@y = s_l;%zf/ A jull 2@
]z

The crucial point for us will be that, from the definition of the function space V2, for a smooth function ¥ € CX(R)
and any 0 < T < 1, it holds

/T pasy STV U or2y STV Flyes VS € CO(RY), (6.5)
whereas we only have
[T 2@y ST 2T s oy VS € CE(RY).
This last inequality would lead to a lower bound
1

2
”uO”le,l | 111(||Mo||321.1)|2

T (uo) 2

of the doubling time that will not be sufficient to get the global existence result. This is the reason why we will
work with the couple of spaces U2 and V? and not with the more usual couple of spaces Bl/ 2 l(L2(]R3)) and
B2
) (LA RY)),
Then denoting by S(r) := e~"%2 the linear group associated with ZK, we define the spaces

Us=S(U? withnorm ullyz = | S(—=u > and
=S(V? withnorm lullyz = | S(=ul..
The properties of these spaces we need in the sequel are summarized in the following propositions (see [7]).
Proposition 6.3. Let y € C°(R) then
v SCuol vz S luoll2. Vuo € L*(R?)

and

< sup VfEC?O(R4).

2 lvlly2=1
Ug Vg

t
pr(t)[S(t =) f(t,-)dr
0

[
R4

3 See Section 2 for the definition of ¢ and 7.
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Proposition 6.4. Let Lo : L> x --- x L> — L} (R3; R) be an n-linear operator. Assume that for some 2 < p, q < 00,

loc

[£0(SO1, - SOG) | 1 s paceny S [ L1112
i=1

Then there exists C : U§ X ooe X U§ — Lf’(R; L9(R3)) satisfying

n
| e un) | oy ST il

i=1
such that L(uy, ..., uy)(t)(x,y,2) =Lo1(t),...,u,(t))(x,y, z) almost everywhere.

We are now ready to define our resolution spaces: we denote by ¥!! the space of all functions u € 8'(R*) such
that

lullyr =Y Nl Pyullyz < oo
N

and by Y2 the space of all functions u € 8'(R*) such that

12
lullysa := (ZNzXHPNuH?]g) < 0.

N

Here, the Fourier projector Py is the R3-version of the one defined in (2.1), i.e. P; localized in frequencies 3& LR
w? +n? < 1 while for N > 2, Py localized in frequencies 382+ 2+ 2 ~N.

6.1.2. Local existence estimate
Note that Proposition 6.3 ensures that

| ()SOuoyin S lluoll g, VYuo € By (R?), (6.6)
2
and
[vSOuolysz S luolims,  VYuo € H (R?). (6.7)

Moreover, Proposition 6.4 lead to the following estimates in Ug:

Lemma 6.5. Let v € C°(R). Forany u € U? it holds
IYullps < lleell2-
For any couple u,v € U§ and any couple (N1, N») of dyadic number such that N1 > 4N> it holds

Ny
1 Pn,uPnyvllze S VIIIPNIMIIUgIIPszHUg.

Proof. The first estimate is a direct combination of the Strichartz estimate for the ZK equation in R (see [14]%)

SO age S lgl2@s) (6.8)

with Proposition 6.4. To prove the second estimate we notice that since

4 Estimate (6.8) would correspond to the case € =0 and 6 = 1/2 of Proposition 3.1 in [14], but the case € = 0 is not included in the hypotheses.
Note however that this case follows by arguing exactly as in [14].
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0%
a5,
=32+ + 0 — (3¢ —&D> + (u— ) + (n—n1)?)| 2 N,

where K is the resonance function in dimension 3, the R3-version of the bilinear estimate (3.16) reads

E1,6 — &1, 1, — 1, M1, (0 — 1))

N, 1 1
| (PN, Qryu1)(Ph, Qryud) |2 S N, L1V L) LA L) Py, Oyl 2Py, Qatil 2.
Since for Y € C°(R), g € L?(R?) and any dyadic number L > 1 it holds
loLySOgl . S L gl

this ensures that

N
| (¥ Piy SO2) (W Piy SO )| 12 S Ff 1Px, gl 21 Py £l 2.

The desired estimate follows by applying Proposition 6.4. 0O
We are now in position to prove the needed estimates on the retarded Duhamel operator.

Proposition 6.6. Let 0 < T < 1. For all u, v € Y with compact support in time in | — T, T it holds

I/J(I/T)/S(t—t’)ax(uv)(t’)dt/ ST ullyra vl (6.9)

Yl,l

Forallu,v e Ys’z, s > 1, with compact support in time in | — T, T[ it holds

w(t/T)/S(t—t/)ax(uv)(t’)dt/ ST (lullyrillvllyss + llullysallvliy). (6.10)
0

Ys,2

Proof. We separate the contributions of )y .y, PvuPn,v and 3y .y, PnuPy,v. We use Proposition 6.3,
Lemma 6.5 and (6.5). For the first one we assume without loss of generality that N1 > 4N» to get

2 2

N Ni=4N,

t
N w(t)/S(t—t’)axPN(PNluPNZv)(t’)dt
0

Ug
_ Py,
w<T> m L2)

1/2 1/2
ST'Y? sup ( > N ||PNlu||Uz||PN2v||Uz||PN1w||Vz)5T/||u||y1,1||v||y1.1.
Iwlly2 =1\ Ny >4,

< sup ( > Ni||o(PyuPrv) |
hwlly2 =1\ Ny >4,

Whereas the contribution of the second one is easily estimated by

t
> > N”w(t)/S(t—t’)axPN(PNluPsz)(/)d/
0

N N1~N22N

Ug

sup (ZN2 > 1Pl Pryvliy w(;)mw )
IIWHVZ 1 e 2
STV YN Y 27 NN Pryull2) (N1 Py vlly2) S T ullyrallolly .
Ny 120

Finally the proof of (6.10) follows the same lines and thus it will be omitted. O



370 L. Molinet, D. Pilod / Ann. I. H. Poincaré — AN 32 (2015) 347-371

Note that the definition of the function space U§ ensures that for any 0 < 7T < 1 and any smooth function
Y € CE(R) it holds

[v /T 2 S lullyz, Vue UZ.

Therefore, combining (6.6) and Proposition 6.6, we deduce that for any 0 < T < 1, the functional

t

1
Gr(w)(t, ) = YOS Ouo — 5 / S(t —1)a: (v ./ Tyw)> (¢, -) dr’

0

maps Y1 into itself and satisfies
1/2
|7y S ol gro+ T2 1wl

This ensures that there exists C > 1 such that, for T < ||ug ||_1 1, Gr is strictly contractive in the ball of Y I-! centered at

the origin of radius 2C [Jug || Bl By the Banach fixed point theorem it follows that G has got a fixed point u satisfying

lullyir S 2C |uoll gll- Since Y11 < L® B2 , this proves the local existence and uniqueness in the time restriction
2

space Y%’l of the solution u € C([—-T,T1; B21’1(R3)) of ZK emanating from ug € B21’1(]R3) with a doubling time
satisfying (6.2) for some constant Cy > 1. The result for ug € H*® (R3), s > 1, follows by noticing that (6.10) implies
that G maps as well Y* 2 into itself with

1Sr )|l yez S luolizs + T2 [wlyrilwlysa.

This completes the proof of Theorem 6.1.
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