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Abstract

We justify the smoothing effect for measure valued solutions to the space homogeneous Boltzmann equation of Maxwellian type
cross sections. This is the first rigorous proof of the smoothing effect for any measure valued initial data except the single Dirac
mass, which gives the optimal description on the regularity of solutions for positive time, caused by the singularity in the cross
section. The main new ingredient in the proof is the introduction of a time degenerate coercivity estimate by using the microlocal
analysis.
© 2014 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

Nous justifions 1’effet régularisant pour les solutions a valeurs mesures de 1’équation de Boltzmann spatialement homogene dans
le cas des molécules maxwelliennes. Il s’agit de la premiere preuve rigoureuse de 1’effet régularisant pour toutes données initiales
a valeurs mesures sauf la masse de Dirac seule, ce qui donne la description optimale de la regularité des solutions en temps positif
a causée par la singularité dans le noyau de collision. Le principal ingrédient nouveau dans la preuve est I’introduction d’unc
inégalité de coercivité dégénérée par rapport au temps en utilisant 1’analyse microlocale.
© 2014 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

The purpose of this paper is to analyze the regularizing effect of the Boltzmann equation without angular cutoff in
the general setting, that is, for measure valued solutions. Consider the spatially homogeneous Boltzmann equation
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O f(t,v)=Q(f, Ht,v), (1.1)

where f(¢,v) is the density distribution of particles with velocity v € R3 at time ¢, and Q(-,-) is the Boltzmann
bilinear collision operator given by

o(g. f)(v)=ffB(v—v*,0){g(v;)f(v’)—g(v*)f(v)}dadv*,
R3 §2

where the conservation of momentum and energy implies that for o € S?

;U4 vy v — vy , UVHv, v — vyl
v = o, v, = — o
2 2 2 2
In the following, we consider the Cauchy problem of (1.1) with a non-negative initial datum
F©0,v) = fo(v). (1.2)

Here, fy(v) is a density of probability distribution (more generally a probability measure).
The non-negative cross section B(z, o) in the collision operator depends only on |z| and the scalar product ﬁ 0.
Motivated by the physical model of potential of inverse power laws, we assume

vV — Uy b4
B(|v — v*|,0059) = <1>(|v — v*l)b(cosé), cosf = -0, 00 < —,
[V — vy 2
where
@(zl) = @, (Iz]) =1z|”, for some y > —3, (1.3)
b(cos0)0* > — K when 8 — 0+, for0 <s <1and K > 0. (1.4)

In fact, if the inter-particle potential U (p) is proportional to p~ @~ with ¢ > 2, where p denotes the distance between
two interacting particles, then s and y are given by

s=1/(g—D <1, y=l—ds=1-4/(g—1)>-3.

For this physical model, we have y =0 and s = 1/4 when g =5, which is called the Maxwellian molecule. Inspired
by this case, in this paper, we consider the Maxwellian molecule type cross section when

y =0, O0<s<l.

The angle 6 in the cross section is the deviation angle, i.e., the angle between pre- and post-collisional velocities.
Even though the range of 6 is in an interval [0, 7], as in [21], it is customary to restrict it to [0, /2], by replacing
b(cos @) by its “symmetrized” version

[b(cos 0) + b(cos(n — 9))]1()@)@1/2

because of the invariance of the product f(v') f(v}) in the collision operator Q(f, f) under the change of variables
o— —0.

One of the important feature of the cross section without angular cutoff is that b(cos 6) has the integrable singular-
ity, that is,

/2

/b( v ~a>d0=27[/b(cos@)sin@d@:oo.
[v — vyl 0

SZ

This kind of singularity leads to some difficulties in the study of the existence and solution behavior because the
gain and loss terms in the collision operator cannot be considered separately. Moreover, the angular singularity also
leads to the gain of regularity in the solution. For later analysis, as before, the case where 0 < s < 1/2, that is,
fon 2 0b(cosB)sinf df < oo is called the mild singularity, and another case 1/2 < s < 1 is called the strong singular-
ity. Note that to handle the strong singularity, some symmetry property of the collision operator should be used.
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The study on the homogeneous Boltzmann equation has a very long history, cf. [7,5] and the references in recent
work [12]. In particular, the smoothing effect of (weak) solutions to the Cauchy problem for the non cutoff homoge-
neous Boltzmann equation has been studied by many authors in [9,2,3,15,10,4,8], including Gevrey smoothing effect
in [16]. However, the problem for measure initial data has been studied only in [14], when it consists of a sum of four
Dirac masses.

On the other hand, in [22] Villani conjectured that the regularizing effect for weak measurable solutions holds
for any measure initial data except a single Dirac mass. This is a much stronger statement than the previous works
on the weighted L? solutions because one has to consider measure valued solutions. The purpose of this paper is to
justify this conjecture, which is optimal in the sense that a single Dirac mass is a stationary solution of the Boltzmann
equation.

Let us now introduce some notations for function spaces and recall some related works on the existence and
uniqueness. For every 0 < a < 0o, we denote by P, (R?) the class of all probability measure F on R?, d > 1, such
that

/ [v|*dF(v) < oo.
R4

Concerning the Cauchy problem for the homogeneous Boltzmann equation of the Maxwellian molecule type cross
section, Tanaka [18] in 1978 proved the existence and the uniqueness of the solution in the space P>(R?) by using
probability theory. The proof of this result was simplified and generalized in [17,19].

The existence of solution with bounded energy was extended in [6] to the initial datum as a probability measure
with infinite energy. Precisely, following [6], introduce

Definition 1.1. A function v :R> — C is called a characteristic function if there is a probability measure ¥ (i.e.,
a positive Borel measure with 3 d¥ (v) = 1) such that the identity ¥ (§) = [p3 e~V d¥ (v) holds. We denote the

set of all characteristic functions by K.

Following [19], a subspace K for « > 0 was defined in [6] as follows:

K¢={pek; llg — 1o < o0}, (1.5)
where
—1
o — 1l = sup LE (1.6)

The space K* endowed with the distance

10— Flla = sup 12E — PG (1.7)
£cR3 |$|a

is a complete metric space (see Proposition 3.10 of [6]). It follows that % = {1} for all « > 2 and the embeddings
(Lemma 3.12 of [6]) hold, that is,

(lck*ckPcK’=K forall2>a>p>0.

The definition of the space K¢ is natural because we have the following lemma (Lemma 3.15 of [6]).
Lemma 1.2. Let ¥ be a probability measure on R® such that

Ja € (0, 2]; / [v|*dW¥ (v) < o0, and moreover, /v./ dv(v)=0, j=1,2,3, whena > 1. (1.8)
Then the Fourier transform of ¥, that is, ¥ (§) = fe”'”'sdlll(v) belongs to K¢.

The inverse of the lemma does not hold, in fact, the space K is bigger than the set of the Fourier transform of Py
(Remark 3.16 of [6]). So we introduce P, = F~1(K*) endowed also with the distance (1.7). The existence and the
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uniqueness of the solution in the space Py was proved in [6] for the mild singularity, and has been recently improved
in [14] for the strong singularity. Namely, if the cross section b(cos 6) satisfies (1.3) with0 <s < 1 andif 25 <o < 2,
then there exists a unique solution to the Cauchy problem (1.1)—(1.2) in the space C ([0, co), f’a) for any initial datum
in P, (see Theorem A.1 in Appendix A).

We are now ready to state the main results of this paper.

Theorem 1.3. Let b(cos ) satisfy (1.3) with 0 <s <1 and let « € (25,2]. If Fy € Py (R?) is not a single Dirac mass
and f(t,v) is a unique solution in C ([0, 00), P,) to the Cauchy problem (1.1)—(1.2), then there exists a T > O such
that f(t,-) € H®R3) for any 0 <t < T. Moreover, if Fy € P»(R?) then T = oco.

Lemma 1.4. Let Fj € 13“ (R3) and f(t,v) € C([0, 00), I3a) be the same as in Theorem 1.3. If ¥ (¢, &) and Yo (§) are
Fourier transforms of f (t,v) and Fy, respectively, then there exist T > 0 and C > 0, such that for t € [0, T] we have

t/(€)25|h($)|2d§<C</<f (él )(1—;w(z £ )|)da>|h(s)| d§+/|h(§‘)| dg) forVhe L2,

R3 §?
(1.9)
where £~ = (€ — |E|o) /2.
With Lemma 1.4, the proof of Theorem 1.3 can be given as follows.
Proof of Theorem 1.3. It follows from the Bobylev formula that the Cauchy problem (1.1)—(1.2) is reduced to
E-o —
Y, §) =/b(—>(1ﬂ(t,é+)1/f(t,$ ) — ¥ (€. 5y (t,0))do
€1
S? (1.10)
_ +_ & l§l
V(0,86) =v0(5), where§™ = =5 + 5

By Theorem A.1, ¥ (¢, &) € C([0, 00), K%). Define a time dependent weight function

Ms(t,8) = (€N 482N (g2 =14 g%

where Ng = NT2/2 42, N € Nand § > 0. We multiply the first equation of (1.10) by M;(z, 5)21//(t, &) and integrate
with respect to £ over R?. Denote ¥+ = y (¢, £%) and MT = Mj(z, £1) to simplify the notation and note that

—2Re{ (YT — ) MY} = (IMy 2 + | MTy )P —2Re{y— (MTy ) MY ))

+ (1My ) — Myt ) +2Refy~ (M — MY)y )My )
=Ji+J+ J5.

Using the Cauchy—Schwarz inequality for the third term of Ji, we have

Nz (= )My P+ Myt ) > (0= ]Iy 2.
Therefore, by means of (1.9) we get
/ (é—l a)fldads+/|M¢|2dszr/<s>2S|Mw|2ds, (1.11)
R3xS2 R3 R3

where A > B means that there exists a constant Cy > 0 such that A > C¢B. If we use the change of variable & — £
for the term M in J,, by the cancellation lemma (Lemma 1 of [1]), we have

/2
5 : 1

R3x$?

5/|M1/f|2ds,
R3
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where A < B means that there exists a constant Cy > 0 such that A < CoB. Since |M — M| < sin? O/2)M™ (see
(3.4) of [15]), by the Cauchy—Schwarz inequality we also have the same upper bound estimate for J3 by using again
the change of variable £ — & for the term including M. Since

2
2Re<%M2W> = VL anttog(e) My,

and |£]%/log(€) — oo as || — 0o, we have

d
E/|Ma<r,s)w<t,s>|2dé5/|Ma<r,s>w<t,é>|2ds,
]R3 R3

which gives for t € (0, T']

/|<5>Nf2—4(1 +o1ER) Moy, 8 dz 5/|<$>_41ﬂ0(5)|2d§-
R3 R3

Letting 6 — 0, we obtain the first part of Theorem 1.3 because we can take an arbitrarily large N.

We now turn to the second part of the theorem when Fy € P»(R*). We notice that the energy of solution is uni-
formly bounded by that of the initial datum (see Proposition A.2 in Appendix A), so that we have f |2 f(T,v)dv <
f [v|?>d Fo(v) fora T > 0 given in Lemma 1.4. In view of f(T, v) € L°°(R>) we obtain

||f(T)||L10gL :=/f(T, v)log(1+ f(T,v))dv < oo,

sothat f(T) € Lé N Llog L. It follows from Theorem 1 in [20] that
sup (| £ @ [ 1+ 1 £ O] 10g1) < 0. (1.12)
t>T 2

which shows that there exists a ¥ > 0 independent of # > T such that

1= |y (t.8)] >« min(1, £]?),

by means of Lemma 3 in [1]. Therefore, for |£| > R for some R > 0 suitably large, we have

i [
/b(é—l.cr)(l—|1//(t,§_)|)do>2m( / b(cos9)|§—|2sin9dez|s|2 / 0172 a0 > £,
s2 0 0

which gives the standard coercivity estimate instead of (1.9). Hence this leads us to f(¢,v) € H OR3) for Vi > T by
the same argument used in [15]. O

The rest of the paper will be organized as follows. In the next section, we will prove Lemma 1.4 about the degen-
erate coercivity estimate which is the key estimate to show the smoothing effect. And in Appendix A, we will recall
the existence and uniqueness result obtained in [6,14] and show the continuity of the time derivative of the solution
which is needed in Section 2. It will be also shown in Appendix A that the energy of the solution for the initial datum
Fy € P>(R3) is bounded.

2. Degenerate coercivity estimate

To obtain the coercivity estimate for measure valued function which is not concentrated at a single point, we will
consider two cases, that is, the case when the measure is concentrated on a straight line and otherwise. Unlike the
standard coercivity estimate obtained in the previous works, the key observation is that the coercivity estimate is
degenerate in the time variable as shown in Lemma 1.4. That is, one cannot expect to have a gain of regularity of
order 2s uniformly up to initial time. For this, we need to consider the time derivative of ¥ (z, £ 7) in the case when &
is parallel to the straight line of the concentration of the measure. For clear presentation, the coercivity is estimated in
the following two subsections.
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A

bs

-
b

b2 Xb3

Fig. 1. £~ and three vectors by, by, b3.

2.1. Initial measure not concentrated on a straight line

We now consider the case when Fjy(v) is not concentrated on a straight line. In this case, without loss of generality,
we can assume that there exist three small balls denoted by A; = B(b;, §) with center at v = b; and radius § > 0 such
that fA,- dFy(v) =m; > 0, for i = 1,2, 3. Up to a linear coordinate transform, we can assume b; = 0, by and b3 are
linearly independent. That is

b, b;

no=1-|—=. 2>
b2l Tbs]

=1—|cosa| >0,
where « is the angle between by and b3 (see Fig. 1). Take two positive constants di < d» such that

0 < dymin{|by|, |b3|} < d> max{|ba|, [b3]} < 5

Put d = (d1 + d»)/2. Firstly, we assume that £~ varies on the circle
={6eR%; |5|=d, £L(by x b3)}. 2.1)
In the following discussion, we choose § > 0 to be sufficiently small.
Denote
/e—""f‘ dF(v)=mj(a;+ibj), j=1,2,3.
Aj
Note that |a; +ib;| < 1. With the above notations, it is straightforward to check that

(a1,b1) =(1,0) +eq,
(a2, b2) = (cos(|&~|ba] cosy1), sin(|& ™ |Iba| cos 1)) + €2,
(a3, b3) = (cos(|&~|b3] cos y2), sin(|& ~||b3| cos y2)) + €3,

where y; is the angle between the vectors £~ and by, y» is the angle between the vectors £~ and bs, |e;| = 0(1)3,
i =1,2,3. Notice that y, = y| & «. With the above choice of parameters, we have when § is sufficiently small,

(a1,b1) (a2, b2) ‘ (a1,b1) (a3, b3)
1@ bl (a2, )] (a1, b)) |(a3, b3)]
=2 —cos(|€ 7 ||ba| cos y1) — cos(|& | b3| cos(yi £ @) +0(1)8 = como,

where co > 0 is a constant independent of §. Hence, if ¥¢(§) = f e V€ d Fy(v) and £~ varies on C defined by (2.1),
then we have
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Yo(0) — |[Yo(§7) | =1—

/ eV dFy(v)

A\ Sl A

3
>3 [ aro) -
/=1A

2;/*wfd%w)

/1A

3
—|> mj(aj+ibj)

J=1

3
=Y m
j=1
3

Z(aj +ibj)

j=1

>min{m1,m2,m3}<3—

)

>lm1n{m1 - m3}{ (a1,b1) (a2, by) | | (a1,b1) (a3,b3) }
3 ' [(a1,b1)| (a2, b2)l [(a1,b1)| (a3, b3)]
1
> gmln{ml,mz,mﬂcono =Ko, (2.2)

because |a; +ibj| <1 and

3
Z(aj +ibj) (lal +iby| +Z|a, bj|
j=1

j=2

(a1,b1)  (aj,bj) ?
(a1, b)) [(aj, b))l

@.b)  (a.b) ?
[(aj,bj)|

(a1,b1) (aj,bj) 2_|_ :
(a1, b))l [(aj. b)) =2
(a1,b1) (aj,bj)

I(G,/,bj)l '

Since ¥ (z, £) is continuous (see Theorem A.1 in Appendix A) and ¥ (0, &) = ¥o(§), by means of (2.2), there exist
@ >0,e>0and T > 0 such that for any £~ belonging to the set

+ (23: la;

j=2

<1+Z

@.b) (b)) ?
b))l (aj, b))l

n by x b3
Cue= eR: d— w<|nl<d+u, —<—>'<e} (2.3)
e { § il \Tbs x bs]
we have
1— |y (t.67)| >ko/2 fortel0,T]. (2.4)

Take a R > 0 such that (d + u)/R = ¢/10. Let |€] > R, and for w = £/|£| € S? take the coordinate o = (0, ¢) €
[0, 7 /2] x [0, 2] with the pole w. Write

__& k&l
§=2- 2= 0.9).

If 6 satisfies
0
d—p<[E0.9)| = lglsing <d+p.

then there exists an interval I, C [0, 27r] such that £~ (0, ¢) € C, , for ¢ € I, because 6/2 < sin”!'(d + ) /R < ¢/5
and the set

{2670, ¢) €R%; ¢ €[0,27]1,0< A < 1}
intersects the plane spanned by b, and bz when |w - (b2 x b3)/|bs X b3|| < cos6/2 (see Fig. 2).
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¢ = normal to the plane

& on the plane

Fig. 2. Intersection between {& ~} and the plane spanned by by, bs.

It is obvious that the interval I,, plays the same role for & € S? close to w. Therefore, for any & belonging to a conic
neighborhood of w

§
— —w

1€

with a sufficiently small ¢, > 0, we have

sz{seR3;

< Ew, |§|>R}

2sin~! (d+p) /||

/(/b(é_"G)(l_W(I’S_'))d(’)'h@”zdg2f</d") / 9_1‘2S%d9)lh<s>|2ds

lo 2sin~'(d—p)/I£]
> | &%) a,
Iy
which together with the standard covering argument on S? yields
f(fb(é_—' -o)(l - |w(t,s—|))da)|h(s>|2ds+f|h<s>|2ds zf<s>2f|h<s>|2ds,
R3 S2 R3 R3
ift €[0, T].

2.2. Initial measure concentrated on a straight line

We now consider the case when Fy(v) is concentrated on a straight line and not equal to a single Dirac measure.
By means of a suitable choice of the coordinate we may assume that Fo(v) = 8(v") Fo3(v3) and its Fourier transform
Yo(&) = Yo3(€3), where 3 is the Fourier transform of Fy3. Since Fp3(v3) is not a point Dirac measure in R, it
follows from Corollary 3.5.11 in [11] that there exists a £y3 > 0 such that |yo3(£&03)| < 1, in view of Y (—&) = W
By means of the continuity of i, there exist 0 < x < 1 and 0 < a; < ap such that

[Wo(¢',63)| <1—k, forVe eR%, V& e Rwithar < |&] < ap. 2.5)
We now split the discussion into two cases.
2.2.1. The case when &~ is almost orthogonal to the third axis

For the sake of simplicity, we denote £~ by & throughout this subsection except for the case when confusion might
occur. We also denote ¢ instead of 1y for brevity.
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€3

Fig. 3. £~ with B =By and x € [x0, ™ — X0l

Note that

(8,|w|2)(0,§)=2Re/ (é )(w*w v —|y*)do
Z_/ <|§| >(|1/’+| +IVP = 2Refy” W‘“)d”/ <|§| )”WP_W)CIU
<= [o{igy o) u - Dv P wiyan+ [ oo )uF - wyas

If we put £ = Aey (A > 0) in the above estimate and take the polar coordinate o = (28, x) € [0, 7/2] x [0, 27 ], (Where
x starting from &3 = 0, see Fig. 3) then

n/4 ¢
(3:1¥12)(0, re2) <—2/d;3/dx b(cos2)(sin2p) (1 — ),
0

because ¥ (rez) = 1 and || < 1. Choose 0 < 81 < B2 <7 /4, xo € (0, 7/2) and A > 0 such that

B2
Acos B sin xo = ay, Acos B =ay, 2/b(cos2,3)(sin2ﬂ)d,3:co > 0.
Bi
Then it follows from (2.5) that
B2 m—x0
(8,|1//|2)(O, rer) < —Z/dﬂ / dy b(cos2B)(sin2B)k = —kco(mw — 2x0).
B1 X0

Since ¥ is symmetric around &3 axis, we have

(3:1¥17)(0,§) < —reo(m —2x0), if€-e3=0and |§] =2

If we set ¢y = kco(r — 2x0), then there exist ¢ > 0, T > 0 and § > 0 such that

(319 1%)(t,&) < —c1/2,  when (1,€) € [0, T] x {§GR3; — Al <8, e

<28} =[0,T] x T,

because of the continuity of ¢ and 9,y (see Theorem A.l in Appendix A).
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& fecnia=o
/

Fig. 4. £ € £2¢ and £~ almost orthogonal to &3.

In what follows we use the notation £~ = (£ — |£|o) /2 to obtain the microlocal time degenerate coercivity estimate.
If (¢, £7) belongs to the region [0, T'] x I, then it follows from the mean value theorem that there exists a p € (0, 1)
such that

1— |y, e _1(
2

o) >

Set Rp = (A +8)/e and

= .6 = @) o 67)1) > G

3 £ 267 .
20=1&€R’; || > Ro, |1 — E~e3 < — (see Fig. 4). (2.6)
T
If o = (0, ¢), we notice that || = |£|sin(6/2). Moreover, the fact that £ € £2p and sin% < (A +6)/1&] implies

||§—:| - e3| < 2e¢. Therefore, if r € [0, T] and if h(§) € Lf,(R3), then we have the microlocal coercivity estimate in £2¢

2sin~! (A+8) /€|

/(/b<é—|'f’>(1—Iw(z,s—)|)da)|h(s)|2dsz/( / 9“—28%”619)}/1(5”2615

R3 §? 20 “2sin 1 (A—8)/|¢|

zrf|s|25|h(s)|2ds.
20

2.2.2. The microlocal coercivity estimate in §2;
In this subsection, we consider the case when & belongs to
£ 2¢2 '
1—|—=-e3||>—1t C$.
IR NN R
Fix an arbitrary @ € S> N £2; N {w - e3 > 0}. Take a A > 0 such that Asiny = (a; + a2)/2, where y > 2¢/7 is the
angle between w and e3. If we take the polar coordinate o = (0, ¢) € [0, 7 /2] x [0, 27r] with the pole w = &£ /|| and
¢ starting from the plane & = 0 (see Fig. 5), then we have

91={seR3;

0 0
£ .e3=|.§|<cos§cos¢>siny+sin§cosy>, 2.7)
where £~ = (£ — |€]o0)/2. There exist § =3, > 0, ¢, € (0, 7/4] and 6,, € (0, /4] such that

a; < (A —38)cos(6,/2)cos gy, siny < (A +8)(siny + tanb,,/2) < as. (2.8)

Put R, sin6,/2 =X + 8, and let & = |&|w with |E] > R,,. If |§7| = |&|sinf/2 € [A — §, A + 5] and |&| > R, then
6 < 6,. Moreover, when |¢| < ¢, we have
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& .‘
N 0/2 “‘\

X itemn{a =0}

51/ &

Fig. 5. Case: [§7 - e3|cos(6/2) = (a1 +ap)/2 and £~ € {£1 =0}.

§" -e3e(ag,az). (2.9)
Since (2.8) still holds for other y close to y, we have (2.9) for any £ belonging to a conic neighborhood of w
_ 3. | &
I'y=1&€eR’; E_w <&w, 1§12 Ro >

with a sufficiently small ¢, > 0, if (8, ¢) varies in the same region as above. Since (¢, £) is continuous, it follows
from (2.5) that there exists a T, > 0 such that for any ¢ € [0, T, ] we have

W) <1-3 if|sT[eh—8.a+0]and§™ e € a1 aal.

Therefore

b0 2sinTl(a+8)/IE|

/(/”(% 'U)(l— \w(fvé‘!))dﬁ)lh(s)fdéZf( / dg / G_I_Z‘Ygd9>|h(é)|2ds

PN Fo =00 2sin7'(1=8)/¢]
. 2
z/|s|2*|h(€>| dg.
Iy

The estimation for w € S? N 21 N{w - e3 < 0} is similar, so that we omit it for brevity.

2.2.3. The conclusion
By means of the covering argument, we have for a sufficiently large R > 0 and a sufficiently small 7 > 0,

/(/b(%.g>(1—\w(z,g—)})do)|h(§)|2d§zz / €% |hE)|*de, 1€l0, T,
O (€[>R)

This together with the coercivity estimate obtained in the first subsection concludes the proof of Lemma 1.4.
Before ending this subsection, we remark that if ¥(§) = f e~V d Fy(v), then for a large R > 0 we have the
following degenerate coercivity estimate

f(/b(% -o>(1 - |wo(s—)|)do)|h<s>|2dsz f (1617 + 16 + 1&1)°|n )| dt. (2.10)
R} §? {IE|=R}

Indeed, it follows from (2.7) that

2 2\ 1/2
£ -e3~|&|(0y cosp +6%) ~ |s|{e<%) cos¢+92}

for sufficiently small y and 6, and we have
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/b(% .a)(l -~ |¢0(§)|)d021<1912"d6d¢,

S2
where A = {(0, ¢); £ - e3 € [a1,az]}. However, this degenerate coercivity estimate is not sufficient to show the
smoothing effect because the continuity in ¥ (¢, §) does not imply (2.10) with ¥o(§ ™) replaced by ¥ (¢,£7).
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Appendix A

In this appendix we first recall the result given in [6,14], and prove the continuity of d;v (¢, £). For this, assume
Jag € (0,2] such that (sin®/2)*b(cosH)sind € L' 0, 7 /2)), (A.1)

which is fulfilled for b(cos 8) with (1.4) if 25 < «p. As stated in the proof of Theorem 1.3 in the introduction, it follows
from the Bobylev formula that the Cauchy problem (1.1)—(1.2) is reduced to (1.10), if Yo (§) = fR3 e~ € dFy(v) and
¥ (t, &) denotes the Fourier transform of the probability measure solution.

Theorem A.1. Assume that b(cos 0) satisfies (A.1) for some ag € (0, 2]. Then for each « € [y, 2] and every Yy € K
there exists a classical solution yr € C([0, 00), K%) of the Cauchy problem (1.10). The solution is unique in the space
C([0, 00), K*). Furthermore, if a € [ag, 2] and if ¥ (¢, &), @(t,&) € C([0, 00), K%) are two solutions to the Cauchy
problem (1.10) with initial data vy, po € K%, respectively, then for any t > 0 we have

lv @) —e®], <™ Ivo — @olla, (A2)
where
/2
0 L0 .
Ag =27 / b(cosé){coso‘ 5 + sin® > 1} sinf d6. (A3)

Furthermore, 0:v (¢, &) is continuous in [0, 00) x R3.

The assumption (A.1) with & = g can be written as

(1—0)*2p(r) e L'([0, 1)), (A.4)

by the change of variable 7 = cos . Theorem A.l ameliorates Theorem 2.2 of [6], where (A.4) is assumed with o /2
replaced by «g/4, see (2.6) of [6]. In what follows, we only prove the last statement of Theorem A.l because other
parts are already given in [14].

Proof of the continuity of 3,9 (¢, §). If weput¢ = (§*- é—l) é—‘ and consider £t = ¢ — (61 — ¢) (which is symmetric
to £7 on S2, see Fi 2. 6) as in [14], then the first equation of (1.10) can be written as

1 . ~
6= (57 (e 8) 4 w08 =20 0.0) o

]
SZ
E.o0 &0 n _
bl — , ) — , d bl — , , —1)d
+S[ <|s| )(w(r ) — (1, 8)) U+s[ <|s| )x/f(ts Y (r7) — 1) do
— L6 + B, &) + B, ), (AS)

Putting n™ =&+ — ¢, we have, under the notation d F; (v) = f(t, v) dv,
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Fig. 6. cosf = R nt=¢t—¢.

[t eN)+y(t,E7) —2¢ @, 0)| =

/e—i{‘v(e—iﬂﬁ"v el 2)dF;(v)
R3

[l — et - vy ar
R3

=2—=vy(t. ") —v(t —n")
L2[1=y ], [n]" <26 11 = olla (1] sin(6/2))”,
because |n*| = €T |sin(0/2) and (A.2) with gg = ¢(t) = 1. Hence
/2
|11, &) < dme |1 — yollo €] / sin® (0 /2)b(cos ) sind db,
0

which together with the Lebesgue convergence theorem shows

lim  L(t, &) =11 (t, &).
(t,8)— (t0.%0)

In order to show similar estimates hold for I, I3, we recall (19) of Lemma 2.1 in [14], that is, the fact that if ¢ € K
then we have

&) — o +m)| < llo — (41612 n1*? + 1n|%)  forall £, neR>. (A.6)
Thanks to this with n = ¢ — &,

/2
|12(t, $)| < 10mwe™ |1 — yollo)E|* f sin® (0 /2)b(cos 0) sin do,
0
because [ — &| = |§|sin2(9/2). Note that similar estimate holds for /3. Hence, we obtain the continuity of

Y (1, 6). O

Proposition A.2. Assume that b(cos0) satisfies (A.1) for some ag € (0,2]. If Fo € P> (R3) then the unique measure
solution F;(v) € C([0, 00), P») belongs to P> (RS)for each t > 0, more precisely,

/ lv|?dF,(v) < / ] d Fo(v). (A7)

Furthermore, if ag < 1 then the equality holds, that is, the energy is conserved.



442 Y. Morimoto, T. Yang / Ann. I. H. Poincaré — AN 32 (2015) 429—442

Proof. As a standard practice, we consider the increasing sequence of bounded collision kernels
bn(cos6) = min{b(cos6), n} (A.8)

and denote by V¥, (¢, £) the solution in C ([0, 00); K?) to the Cauchy problem (1.10) with b replaced by the cutoff b,,,
for the same initial datum (&) = f e~ VE d Fy(v). Tt follows from Lemma 2.2 of [17] that

/ I dE® (v) = / vl dFo(), (A9)

where F,(") = F ', (t,-). As proven in [17,6,14], we have the equi-continuity of {y,(¢, &)} on [0, o0) x {|&| < R}
for any fixed R > 0. Since |,| < 1, the Ascoli-Arzeld theorem gives a convergent subsequence {1, }7>; and the
solution ¥ = 1lim— o0 ¥, . Take a x (v) in C§°(R?) satisfying x = 1 on {|v| < 1}. Since Y, (1) — ¥ (1) in S'(R?) for
each t > 0, it follows from (A.9) that for any m € N

f P <3> dF(v) = lim / v (3) dF"™ () < / v dFo(v).
m k— 00 m

Letting m — oo we obtain (A.7). In the mild singularity case, g < 1, we can use Theorem 2 of [13] and its proof to
show the reverse inequality of (A.7). O
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