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Abstract

In this paper, we are concerned with the Cauchy problem for the modified two-component Camassa—Holm system in the Besov
space with data having critical regularity. The key elements in our paper are the real interpolations and logarithmic interpolation
among inhomogeneous Besov space and Lemma 5.2.1 of [7] which is also called Osgood Lemma and the Fatou Lemma. The new
ingredient that we introduce in this paper can be seen on pages 453-457.
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1. Introduction

In this paper, we consider the Cauchy problem for the modified two-component Camassa—Holm equation (MCH?2)

my +umy +2uym=—ppy, t>0,xeR, (1.1)
ot +wp)y=0, t>0, xeR, (1.2)
m(x,0) =mo(x), xeR, (1.3)
p(x,0)=po(x), xeR, (1.4)

where m(x,t) = u(x,t) — uxx(x,t), p(x) =1 — 83)(,5 — po). (1.1)=(1.2) are proposed by Holm et al. in [33] to
find a model that describes the motion of shallow water waves other than Camassa—Holm (CH) or two-component
Camassa—Holm (CH2) and has both similar and different dynamics of singular solutions compared with CH or CH2.
These equations allow a dependence on not only the pointwise density p but also the average density py.

When the evolution of the density is ignored, i.e. p = 0, the MCH2 reduces to the CH equation

my+umy +2u,m=0, m=u—uyy, (1.5)
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which models the unidirectional propagation of shallow water waves over a flat bottom, where u(x, t) represents the
fluid velocity at time ¢ in the spatial x direction [6,18]. (1.5) possesses the bi-Hamiltonian structures and is com-
pletely integrable [6,8,9,25] and has attracted the attention of many researchers, e.g. [2,6,10-17,19-21,31,32,36-40].
(1.5) possesses two remarkable properties. One is that (1.5) possesses the peaked solitary waves u(x, ) = ce ¥ ¢!,
¢ # 0 which is orbitally stable [15,16]. The other is breaking waves. More precisely, the solution remains bounded
while its slope becomes unbounded in finite time [10—12]. The existence and uniqueness of the weak solutions to the
Cauchy problem for (1.5) has been studied in [13,14,28,43,44]. The results of [2] and [32] implied that s = % is the
critical Sobolev index for the well-posedness in H* in the sense of Hadamard. The local well-posedness of (1.5) in
Besov space B, / has been proved by Danchin [20]. Bressan and Constantin [3,4] showed that after wave breaking,
the solutions can be continued uniquely as either global conservative or global dissipative solutions. Recently, the
initial-boundary value problem for (1.5) has been studied by Escher and Yin [23,24]. Very recently, the new and direct
proof for Mckean’s theorem [41] on wave-breaking of the Camassa—Holm equation has been given by Jiang et al. [34].
Withm =u — uxyx, o=y — Yxx and y = p — pg, we can rewrite (1.1)—(1.4)

my +umy + 2muy = —pyy, (1.6)
pr + (wp)y =0, (1.7)
m(x, 0) =mo(x) = uox — Uoxx, (1.8)
p(x,0) =yo(x) = Yoxx- (1.9)

Let G(x) = %e’m, x € R, then (1 — 8%)’1]‘ =G« f forall f e L>(R) and g % m = u, where * denotes the spatial
convolution. Defining Py (D) = —0d,(1 — 83)_1 and P,(D) =—(1— 83)_1, we can rewrite (1.6)—(1.9) equivalently as
follows:

1 1 1
ut+uux=P1(D)[u2+2ux+2y —nyz:|, t>0, xeR, (1.10)
Vi +uys = Pa(D)[(uxye)s +uxy], t>0, x€R, (1.11)
u(x,0)=up(x), xeR (1.12)
y(x,0)=pkx), xeR (1.13)

The mathematical properties of (1.10)—(1.13) have been investigated in many works, e.g. [27,29,30,45]. Guan and
Yin [27] proved that the system (1.10)—(1.13) is locally well-posed in H*(R) x HS’I(R) with s > % and presented
some blow-up results. By using Helly theorem and some a priori one-sided upper bound and higher integrability
space—time estimates on the first-order derivatives of approximation solutions, Guan and Yin [30] obtained the ex-
istence of global-in-time weak solutions. Guo and Zhu [29] established sufficient conditions on the initial data to
guarantee blow-up solutions. Recently, by using the transport equation theory and the inhomogeneous Besov spaces,
Yan et al. [45] established the local well-posedness in Bs X Bs , with s > max{1 + [1), g} 1< p,r<oo.

In this paper we will show that the system (1.10)—(1. 13) is locally well-posed in Bz/ 12 X B3/ 2 via the iterative

method and give a blow-up criterion. Now we give the outline of the well-posedness and blow -up of the system
(1.10)—(1.13) in our paper. Firstly, we construct a sequence of the approximate solution (1, ™) via the iterative
method. Secondly, by using the real interpolations and logarithmic interpolation among inhomogeneous Besov space,

we prove that (1™, ") is a Cauchy sequence in C([0, T; Bl/z) x C([0,TT; 81/2 o)+ This is the key step to prove
that (1™, y(")) is a Cauchy sequence in C ([0, T']; B]/z) x C([0,TT; Bl/z) The limit is the solution to (1.10)—(1.13).
Thirdly, we use the Osgood Lemma and the logarlthmlc interpolation and among the Besov spaces to establish the
uniqueness of the solution to the system (1.10)—(1.13). Finally, we give a criterion for the blow-up of the solution.
However, we notice that we cannot obtain the solution simply extracting a convergent subsequence since (1, y ™)
is an iterative sequence.

For s € R, we introduce

X;=By x By,  Yy=B) . xB .,
E5 (T)=C([0,T]; By ;) N C' ([0, T1: B).

[0y, = llullsg, +lvllss,-
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In this paper, C denotes the generic positive constant which may vary from line to line and C(0) = ﬁ, where
0 € (0, 1). In this paper, we denote by Lip the space of bounded functions with bounded first derivatives.
The main results of this paper are as follows:

Theorem 1.1. Let (uo, yo) € X3/2. Then the system (1.10)—(1.13) is locally well-posed. More precisely, for any
(o, y0) € X3/2 and any T > 0, there exists a unique solution in Eg/lz(T) X ES/IZ(T). The solution map which maps
(uo, yo) to (u, y) is Holder continuous from X33 to E;’/lz(T) X E;’/]Z(T).

Moreover,

uoll ,3/2 + 3/2
I oll,gz/I ||)/0||32‘/I

‘ + [y @ <
@1 g3+ Iy O g3 < 1= Cllluoll 32 + ol )t

fort [0, T].

Remark. We say that X3, is the critical Besov space for the well-posedness of modified Camassa—Holm system
based on the following two facts.

(1) The Cauchy problem for the CH equation is locally well-posed H*(R) with s > 3/2 [2,40] and is not locally
well-posed in H¥(R) with s <3/2 [32].

(2) Danchin [20] proved that the Cauchy problem for the CH equation is not locally well-posed in 323/020 in the
following sense.

32

There exist two solutions u, v € L*°(0, T; B)'%

) such that for any € > 0

|u(0) = v(©)| 32 <€ and fu—v]| >1.
2,00

L(0.T;B5'%)

These imply that the exponent s = 3/2 is a critical regularity exponent of Besov spaces Bj ., r € [1, +00].

Theorem 1.2. Let (ug, yo) € X3,2 as in Theorem 1.1 and (u,y) be the corresponding solution to (1.10)—(1.13).
Assume that T* is the maximal existence time. If T* < 00, then

T*
f[”“x”LOO + lyxllLo ] dT = +oo.
0

1

*

> .

Moreover, T 2 e ol a72)
By By

The remainder of this peiper is ofganized as follows. In Section 2, we give some preliminaries. In Section 3, we
prove the existence of the solution to the problem (1.10)—(1.13) with the initial data (19, y0) € X3,2. In Section 4, we
establish the uniqueness of the solution in X3/. In Section 5, we obtain continuity of the solution in C([0, T']; X3,2)
with the initial data (uq, y0) € X3/2. In Section 6, we prove the blow-up criterion.

2. Preliminaries

In this section, we will state some preliminaries. The proof of Lemmas 2.1, 2.3-2.5 can be seen in [5,19-22,42].
Let (x,¢) be two smooth radial functions, 0 < (x, ¢) < 1, such that x is supported in the ball B = {£ € R",
€] < %} and ¢ is supported in the ring C = {£ € R", 3¢ €] < %}. Moreover,

XE+Y ¢(277E)=1, VEeR"

j=0

and
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suppp(2~/-) Nsuppp (277 ) =@, if |j —j/| > 2,
supp x () Nsuppp(277/ ) =2, if j > 1.

For u € ./(R), define the nonhomogeneous dyadic block operators
Aju=0, ifj<=2,
A ju=x(Dyu=F; " xFu,
Aju=¢(27'D)=F'¢(27/&)Fu, YjeN,if j>0.

Lemma 2.1 (Littlewood—Paley decomposition).

(1) Foru € ' (R),

oo
u= Z Aju convergesin ' (R).
j=—1

(ii) Foru € H*(R),

o
u= Z Aju  converges in H* (R).
=1

Remark. The low frequency cut-off S; is defined by
j—1
Siu= Z Apu =X(27jD)u =9;1)((27j§)9xu, VjeN.
p=—1
Obviously, Yu, v € .’ (R)
AiAju=0, ifli—j|>2,
Aj(SicuAiv)y=0, if|i—j| =5,
IAjuller < lullLr, YueLP(R),
ISjuller < CllullLr, Yue LP(R)

where C is a positive constant independent of j.

Definition 2.2 (Besov spaces). Let s € R, 1 < p < 400. The nonhomogeneous Besov space B’

By, =B}, R)={f e R |flz, <o)

where || flig;, = 127 [ Ag fllLr)g=—1llr-
In particular, B)°, = (;cg By ;-

Lemma 2.3. Lets € R, 1 < p,r,pj,rj <00, j=1,2, then

D B‘;,’r is a Banach space and is continuously embedded in .’ (R).
1

S S . 1
(2) By = By, if pr<prandry <ryand sy =s1 —n(5- — ),

Pt P

S1 52 /
B, <= B, locally compactif sy <si.

(3) Vs>0,B,,N L is a Banach algebra. B, , is a Banach algebra iff By, , — L and iff s > % or (s >

r=1).

1
p

(R) is defined by

and
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@) () Fors >0,
N o
||fg||B;, C(|If||B;_,||8|IL°° + ||f||L°°||g||B;,,), Vf,geB, NL™.
(i) Vs1 < 5 <s2 (22 5 4
||fg||3;1 SCIfligy gl Yfe B).. g€B),
(5) V0 €0, 1] and s = 051 + (1 — 6)sy,
I/ 1Is,, C||f||9v1 AL, 32 , Vfe Bf;l,r mB;)z,r'

1 ifr=1)and s1 + 52 >0,

6) VO €(0,1), 51 > 82, s =051 + (1 — 0)sy, there exists a constant C such that

c® )

0 :
lullp | < ||u|| B, (e v2 , YueB)

(7) If (un)nen is bounded in By, , and u, — u in &' (R), then u € B), . and
||u||B;’ . < 11m1nf||un||BJp e
: min _

(8) Letm € R and W be an S™ -multiplier. Then the operator W (D) is continuous from Bp , into B;}m.
(9) The multiplication is continuous from B, 1/2 X (Bl/2 N L) to B, 1/2.
(10) There exists a constant C > 0 such thatfor all s € R €e>0and1 < p < oo

L1l gste

1 D, 00
1/ 1ss, C—IIfIIB,,OOln<e+ ) VfeBys.
115,

Remark.

(i) From (3) and (4) we see that 32 | is continuously embedded in Bl/ ey
(i) A special case of (6) that we shall frequently use is that for any 0 < 9 <1,

lluell 12 S IIMIIB__Q C(9)|Iu|I91/z a5 3/2 2.1)
200

2,1

(iii) (8) is the lower semi-continuity of the norm of B’ . It is also often called the Fatou Lemma.

(iv) We recall that a smooth function ¥ is said to be an S " -multiplier if Vo € N", there exists a constant Cy, > 0 s.t.
[0 (£)] < Co(1 + |E])"1¥! for all £ € R™.

(v) For any m >0, §; is an §"-multiplier. That is to say, for any m > 0, S; is continuous from B‘ into Bls,tm,
P>(D) is an S~2-multiplier. That is, P»(D) is continuous from Bj, . into B;ﬁz.

Below are some a priori estimates in Besov spaces of transport equation.

Lemma24.let1 < p,r <ooands > — mln{ L l} Assume that fo € Bp - Fe LYo, T; B;,r) and 0y v belongs

10 LY0, 5 B, ifs > 1+ L or10 110, T B””mLOO) otherwise. If f € L®(0, T; B, )N C([0, T]; ' (R)) solves
the following 1 -D linear transport equation:

fi+vfx=F, 2.2)
f(x,0)= fo, (2.3)

then there exists a constant C depending only on s, p, r such that the following statements hold:

dr) (2.4)

() ffr=lors#1+1,

t
cv
1/ls, <e m(ufongg,,, +[e
0
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where
1
V()= / [ve(@)| 5 dz (2.5)
0

withB:B,l,{,pﬁLOo ifs<1+%andB:B;,_,1 else.
Q) Ifs<1+ %, fo€ L™ and f, € L*((0,T) x R) and F, € LY(0, T; L), then

|rol

15O
t

<eCV0 (nfonB;,J + 1 foll o + / e CVOI|F (D)

0

1501

where V (t) is defined by (2.5) with B = B,l,{,p N L™,
(3) If v=f, thenVs > 0, (2.4) holds with V (t) being as in (2.5) and B = L*°.
@) Ifr <oo, then f € C([0, T]; B;’,). Ifr =00, then f € C([0,T]; B;’l)for all s’ <s.

Lemma 2.5 (Existence and uniqueness). Let p,r,s, fo and F be as in the statement of Lemma 2.4. Assume that
vE LP(O,T;B;O’}'IOO)forsomep > 1 and M > 0 and v, eLl(O,T;B;;l) ifs>1+ % ors=1+ % andr =1 and
vy € L1(0, T; Bll,{go NL®) ifs <1+ %. Then the problem (2.1)—(2.2) has a unique solution f € L*°(0, T, B;‘,’r) N

(ﬂs/<s c(o, Ty, B[S;’l)) and the inequalities of Lemma 2.4 are true. Moreover, if r < oo, then f € C([0, T]; B;,r).

Below we state some basic properties with respect to logarithm function that we shall use in the sequel. The proofs
are easy and thus are omitted.

Lemma 2.6.

(1) Let f(x)=x(1 —Inx), x € (0, 1], then f(x) is a monotonic increasing function for x € (0, 1].
(2) Forx € (0, 1] and o > 0, we have

1n(e+ %) <ln(e+a)(1 —Inx). (2.6)

(3) For x > 0and a > 0, we have that

) =xln<e+ 3) 2.7)
X
is a monotonic increasing function in x > 0.

Lemma 2.7. Let p be a measurable, nonnegative function, y a positive, locally integrable function and p a continuous,
increasing function. a > 0 is a real number. Assume that p satisfies

t
p(H) <a+ / y (o)) ds. (2.8)
4]
If a > 0, then we have
t
~2(p()) + (@) < f y(s)ds, (2.9)
0]

where
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1

.Q(x)—/ dr
)o@y

X

If a =0 and if u satisfies

1
/ dr n
= oo,
wu(r)
0

then the function p = 0.

Lemma 2.7 can be seen in Lemma 5.2.1 of [7] and [26]. Lemma 2.7 is also called Osgood Lemma.

449

(2.10)

@2.11)

Remark. In Lemma 2.7, when 0 < a, p < R, where R > 0 is real constant and u(r) = rIn(e + %), r>0,C=>0

which is a real constant, we claim that
(1) g P (~Ine+ ) fi v dn)
L= .
eR eR

Now we prove the claim. When a = 0, since

1
/ dr
——— =400,
rin(e + %)
0

by Lemma 2.7, we know that p = 0.
Now we consider the case a > 0.
From (2.9), we derive that

p(t) t

/L</ (v)dr
rine+ € )7 '

fo

Combining (2.6) with (2.13), we have that

p(1) p(t) p(t) t

R

a 0]
By (2.14), we derive that

p(t) t

T et € d
/m\ H<E+E>/V(T) T.

a fo

Solving (2.15) yields

(1) g e I+ R) [y (@ dr)
— | — .
eR [eRi|

We have completed the proof of the claim.

3. Existence of solution with data in X3,

/ dr < / dr / dr </' (1) d
X = X Y .
In(e+gr(—Ing) ~J ey &y J orine+3)

2.12)

(2.13)

(2.14)

(2.15)

(2.16)

In this section, we prove the existence of solution to (1.10)—(1.13) with data in X3/, with the following four steps.
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3.1. Approximate solution

Let (10, 0) € X3,2, via the iterative method, we will construct a solution. Starting from ',y @) = (0, 0),
we define inductively a sequence of smooth functions {(u™,y™)},en by solving the following linear transport
equations:

1 1 1
[0 +u™ 0 Ju ) = P1(D>[(u<”>)2 + 2 ) S ) = S () } (3.1)
[0 +u®a, ]y ") = PyD)[(uPy ™)., +u®y™], 3.2)
w D (x,0) = ulP (x) = Sy iuo(x), (3.3)
y ", 0) = "V () = Sps ). (3.4)

By the remark after Lemma 2.3, we have that (S,1u0, Sh+1%0) € ﬂseR X,. From Lemma 2.4, for all n € N, we can
show by induction that the above system has a global solution (u"*1), y®*+Dye N o CRT, X;).

3.2. Uniform bounds
Forall n € N, let H™ (1) = [u™ (1)l g2 + ly ™ ()| g3 and H(0) = [|uo]l z32 + [|¥oll z32. We claim that
2,1 2,1 2,1 2,1

t

H™ (1) <exp{CcU" (1)} (H(O) + C/exp{—cu"(r)}[H<”>(z)]2dr), (3.5)

0

with U™ = [ [lu®™| B2 dr.
Applying (2.4) of Lemma 2.4to (3.1), we derive

g <ol [0 g

+ / exp{C f |u(£') | gare d/}“ Fr(u™, ul, y™, <">)||33/2 dr, (3.6)
2,1
0

T
where

1 1 1
A7) = o) )+ ) 4 307 = 5]

Since P; (D) is continuous from B;,r into B;ﬁl and B 21 is a Banach algebra, B3/ 2o, le/ 12, we have

[ #2(®u?s7™y) | e
1 1
L L)’

2 2 2 2
< CJu [+ €l Py + Clly @ Lz + v

<Ol ™) 42 (u) +

)
BZ.l

<l e +Clly ™ an. 37

Similarly, applying (2.4) of Lemma 2.4 to (3.2), we have
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t
||y(n+1)(t)||B;/12 <exP{C/||M(")(f/) “B§/f dt/}“yO“B;/lz
0

t

t
+/exp{C/|}u(”)(t’) | g2 dt’}|| PaD)[ ™y ™) +u®y ]|
2,1
T

0

dt

3
2
By,

t
<eXP{CfHM(")(t/)”B;/lzdt’}||Vo||B§/|2
J , ,
t t
+/exp{C/|\u(n)(t/)}|B§(12 df’}||u(") [ g2l ™| g3 .
0 T

Combining (3.6), (3.7) with (3.8), we derive (3.5). Thus we prove the claim.
Fix a T > 0 such that

1

T<
ACluoll g2 + livoll g2r2)

and assume that Vr € [0, T']

u 32 + 32
(oll 32 + ol 32)

) O a2 < '
||u ” 3%2 + ”)/ HB;/IZ STZ 2C(||u0||B;/12 + ||J/0||B§/12)l‘

Recalling that U" = fot [l ™ ||B3/2 dt, by using (3.10), we have
2.1

exp{CU" (1) — CU" (1)}

f o ¢ Clluollgae +lvoll g32)
=exp C/ u™| spdry <exp / : : dr
H “Bzvl I=2Cluoll g2 + livoll g312)t'
T T N N

1= 2Cluoll oz + ol ) 172
— 2,1 2,1
( 1=2Cluoll g3 + lIvoll g3r2)1 )

and

! 12
exp{CU”(t)} :exp{C/”M(n) ”B;/IZ dr} < [ ! i| )
0

1-2C t
(IIMOIIBi/lz + IIVollB%z)
Inserting (3.10)—(3.12) into (3.5), we have
IIMOIIB;/Iz + IIVOIIB;/IZ

Hn+1(t) <
[1=2C(luoll g3 + lvoll g32)e1'/2
2,1 2,1

t

| Clluoll g2 + llvoll ar2)*
+ / 2,1 2,1 d‘[
[1=2Clluoll g3 + Ivoll 32112 ] [1 =2C (lluoll g3 + voll 532713/
2,1 2,1 0 2,1 2,1

uoll 32 + 1voll ,3/2
luoll 22 + l1yoll 37

< .
L=2C(luoll g2 + lIvoll g2r2)t

Consequently, we derive that {(u(”), y(”))}n€  is uniformly bounded in C([0, T']; X3,2). Noting that le

algebra and Bg/ ]2 (IS le/ 12, we have

451

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

2.
/1 is a Banach
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||u(n)u)(cn+1) ” le/lz < C”u(") ” le/lz ||u)(cn+1) ” le/lz < C”u(n) ” B;/lz “u(n-i-l) ” Bg/lz

(luoll g3r2 + llvoll g3/2) 2
< c[ = = } (3.14)

1 =2C(lluoll g3z + llvoll g32)t
2,1 2,1
Thus, from (3.7), (3.8) and (3.14), we have
1
”ut(rH— )”le/12 < |‘”(n)u)(cn+l)H321/12 + ” F (u("), u}({n)’ )/(") (n))

”BI/Z

(luoll g3/2 + lvoll g3r2) 2
C[ 2 X }
<

(3.15)
I =2Clluoll g2 + llvoll g312)t

Similarly, from (3.2), we have
[ Ly = A GE3), e+ 00

< LD ) gz + LI ) |+ €l gy 540

< Clu™] gaally ™ g2

(lluoll g312 + llvoll 3/2) 2
=2t )
1 =2C(luoll 3 + ||V0|| 31

3
B2
2 21

Consequently, for Vn € N, we have

(™, y™) e EH(T) x E3/(T). (3.16)

Remark. Forr € [0, T] and V(n, k) € N2, from (3.13) and (3.9), we have that
t
exp{C / ||M(n) ”Bg/lz d‘l,'}
0

1 12 1 1/2
< [ } < [ ] <2 (3.17)
1 =2C(luoll g3z + llvoll g32)t 1 =2C(luoll g3r2 + llvoll g32)T
2,1 2,1 2,1 2,1

and
[0 =u®) O] gz + [ =y ) O o2
<1 =)0 g + 6" =)0 g
< a0 O] gz + [P O gz + 1y OO g+ Iy PO 5y
2(lluoll g3r2 + 1ol g372)
STo 2C(IIMOII 32+ ||V0|| 3/2)t
2(lluoll 32+ lvoll 3/2)
STo 2C(Jluoll 4 2t lvoll 3/2)T

< 4[||M0|| 32 + ””0”33/12] (3.18)

since B3/2 > B3/2
We deﬁne

M =4[||u0||33/12 + ||V0||33/12]~ (3.19)
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3.3. Convergence of ™, y™)

Now we prove that (1™, ™), <N is a Cauchy sequence in C([0, T']; X1/2). We prove first that ™,y N is
a Cauchy sequence in C([0, T']; Y1,2). For (n, k) € N2, we derive that

(3t + u(”+k)8x)(u("+1+k) _ u<"+1))
= (™ — u )3, D Py (DY — ™) (R 4y )]
n %pl D[ — 1) (@™ 1y ™) ]+ %Pl DY[(y ") — y @) (" 1 0)]
n %pl DI[(y " — y ™) (0 100 ], (3.20)

(at + u("+k)8x)()/("+l+k) _ y(n+l))
— (u(n) _ M(n—i—k))axy(n+l) + P (D)[(u(n—i-k) _ u(n))xyx(n—&-k) + uin) (y(n+k) _ y(n))x]

+ PQ(D)[(M(’H_k) _ u("))xy(”“‘k) + u,(vn) (y(n-l'k) _ y(”))] (3.21)
We define
W k(1) = | (™0 = u®) (1) 2+ | (™0 =y ®) )| B2 (3.22)
and
Wy (£) = sup Wy, 1 (2), (3.23)
keN
as well as
W (1) = lim sup W, (¢). (3.24)
n—0oo

We will prove

W) =0, tel0,T] (3.25)

and that lim,,_, y oo W, (¢) =0.
By (3.24), for Ve > 0, we derive that Vn > N, there exists N € N such that

Wa(t) < W(t) +e. (3.26)
By using (2) and (3), (9) of Lemma 2.3 and (3.18), (3.19), we have
|| (u(”) - u("+k))3xu("+l)(t) ||B|/z
C” (u(n) u(n+k)) (n+1)(t)||Bl/2 .
” (u(") u(”+k))(t) ” Bl/z Lo "axu(n+l)(t) HBI/Z AL
< CH (u( u("+k))(t) ” 1/2 Hu(n'H)(t) ” B3/2 2 (Lip
() _ 4k (n+1)
<C|(u YO g [P O g

SCM | (™ —u" )0 112 3.27)
2,1

and
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[P =)+ a0y + PO =), 6 44) J0 g2
PO =y ) N0 + PO =), (0 )]
<O a0 |10 g+ 15 |z ]
O )0 ol g2 s+ [ L3y
I =01+ 17 ]
+ 0 =y O el ™™gy + 1 gz

<M )0 g+ 167 0l 328

”3”2

and
dxy
< C” (u('l) _ u(n-i-k))a y(n+1) H 1/2

I

” (u(n) _ u(n+k)) (n+1) ” 1/2

<C ” u® — etk H 8! (n+1) H B!

12 oo ”8x)/ 172

oNL>® ™ SNL>®

2y S Clu® = w0 i [y OV e
SCM[u® —u" 0 1 (3.29)
2,1
as well as
” P1(D)[(u("+k) _ M(n))xyx(nJrk) + u)(cn) (y(”l+k) _ y(”)) ]HB'/2
+ ” PQ(D)[(M(’H'k) _ u(n)) y(n+k) + u)(cn)(y(n+k) (n))] ” 1/2

< CLu" 0 = u® gy "N g oy ]+ ClIy 0 = (")HBl/zHu“Hw

ﬁsz] ﬂsz]

< CM[”u(n) — u o HBl/z + H)/(n+k) (n) ” 1/2] (3.30)
2.1

By using (i) of Lemma 2.4 and (3.27)—(3.30) as well as B, /2 — B3/2 N Lip, for t € [0, T'], we derive that
(n1+0) _ (1)
| u u" ) g

t

< exp{c / Hu(n-i-k) ’|B§,/0200Lipd‘[} ||u(()n+1+k) _ u(()n+1) H le/ozo
0
t t
vem [ exp{c i d} @ w )@ 2 de
0 T ‘ Y
t !
+ CM/exp[C / ||M(n+k) H B;{;le_p dl'/} ” (y(n+k) _ )/(”))(‘L’)” 321/12 dt
0
t
< ClIug™ =g g +lyy"™ =yl pya ]+ CM / | @ = u) @) 2 dr

0

t
+CM/|} (y o —y("))(r)l}Bzulz dt (3.31)

and
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” (y(n+1+k) _ (n+1))

14

t

S L L P 1 e e

,00 2,00
0

@) ”le/ozo

t t
+ CM/exp:C/”u(an) “Bg/z i dt/}[||u("+k) — ™ ” le/lz + “y(n+k) _ J/(n) ”le/lz]d.[
0 T - ’ ’
t
<Clug ™0 —ug P g + g™ =" P a1+ CM / [0 —u) @) 12 d
,00 , 00 0 N

t
+ CM/II ("0 =y )@ | g dz. (3.32)
J ,

Combining (3.31) with (3.32), we have
” (u(n+1+k) _ u("+1))(t) ”321/020 _|_ “ (,}/(n+1+k) _ )/(n+1))(t) ||le/020

< C[”u(()n+l+k) _ u(()n+1)H 321/020 + H yén+]+k) _ y0(n+l)H 321/020]

t 1
+ CM/H @ —u™) (@) | g2 dr + CM/” (y " —y ) (@) yrdr. (3.33)
2,1 2,1
0 0

By a direct computation, we easily obtain that

Hu(()n+l+k) _ u(()nJrl) ” 321/020

n+k n+k
14k (1) _ /2
< - = A, < 212 A
g ug | B)? Z io s Z j < _ 2. ’”0>
i=n+1 By} j=-1 i=n+1 L?
n+1+k o
<C Y 27294 uoll 2 < €27 fluoll 32 (3.34)
j:n 2,1
and similarly,
1+k 1 _
o™ = 7" g < C27" ol 2 (3.35)
since le’/f —> le/ozo From (3.34)—(3.35) and (3.24), we know that
W (0) = 0. (3.36)

For any (n, k) € N2, from (3.33)—(3.35) and (3) of Lemma 2.6, we derive that

Wa k= [ @0 a0 g + [ (/0 =y ) O e
2,00 2,00

1
< C2in[””0”B§/12 + ”7/0”33/12] + CM/[H (w0 — u(n))(r)||321/12 +[ (P =y ™)) le/lz]dr
N » 0 ’ ’
< C2_”[||uo||B§/12 + IIVollBg/lz]

@ —u®) (@)l 12 )
2,00

t
(n+k)y _ ()
+CM/|| (u u™) @ Bl ln<e+ [0 — M(n))(r)”le/2
0 oo
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Iy =y Y @) a2
2,00)

r
(n) _ ., (n+k)
+ CMO/H ()/ Y )('L')||le/o2O 1H<€ + (@ — 7/(n+k))(.t-)||le/2

t
< C27[lluoll 532 + lyoll 3/2]+CM/Wn k() In| e+ M drt
By By ’ W, k(7))
0
t M
<Cc2™ 3 3 CM | W, 1 dr. 3.37
[Iluollggflz + IIVOIIB;(IZ] + / n(7) n<€+ Wn(r)) T (3.37)
0
From (3.37), we have
i M
W, H<e2™ CM | W, 1 dr. 3.38
n+1(0) [””0”33{12 + IIVollBgflz] + O/ n(7) n(6+ W,,(r)) T (3.38)

By using (3.24), for Ve > 0, for large enough N, € N, from (3.38), we have that

t
_ ~ M
Wor1(t) < C2 ”[||u0||B;/lz + ”7/0”13%2] + CM/[W(‘L’) + e] ln(e + m) dr. (3.39)
0
From (3.39), we have that
; M
W(t) = limsup W, t <CM/ W(r +e€ 1n(e+~7>dt. 3.40
(#) H+£ n+1(7) O[ (1) +€] W) 1 el (3.40)
Letting € — 0 in (3.40) yields
t
~ ~ M
W <cm / W(r)ln(e + ~_) dr. (3.41)
W(r)
0

We define w(r) =rlIn(e + %). It is easily checked that w () satisfies (2.11). From Lemma 2.7, we have that
W) =0 (3.42)
for Vt € [0, T]. Combining the definition of VT/(t) with (3.42), we have that

lim W, =0. (343)

n—-+00

Thus, {(u™, y™)},en is a Cauchy sequence in C([0, T']; Y1,2).
Now we prove that {(u™, y ™), N} is a Cauchy sequence in C([0, T1; X1,2). By using (2.1), we have that

[ (@10 — D) @) | B < CO)|| (O — y D)) Hizlfo [ (10 — y D) | ;EZZC (3.44)
and
Combining (3.44) with (3.45), for V¢ € [0, T'], we have that

|| (M(n+1+k) — M(n+l))([) || 321/12 + || (y(ﬂ-‘rl-‘rk) — }/(n+1))(l) ||le/12 < (CM)l_QC(Q)Wf’ k(t) (346)

For Vt € [0, T'], from (3.46) and (3.27), we have that
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1(t) :=nli>rrolo sup| (u(n-'rl-i-k) — “("H))(t)HBZ{f + | (y(n+1+k) — y(n-i-l))(t)” 35/12]
<C€m'cEew@e) =o. (3.47)
From (3.47), for Vt € [0, T], we have that
T(t)=0. (3.48)

From (3.48) and the definition of T(t), we know that {(u(”), y(”))}neN is a Cauchy sequence in C([0, T]; X1,2),
consequently, (u™, V("))neN converges to some limit («, y) € C([0, T']; X1,2).

3.4. Existence of solution in Eg’/lz(T) X E;/IZ(T)

Now we need only to check that (u, y) belongs to E;,/E(T) X Eg’/lz(T) and satisfies (1.10)—(1.13). By using the

fact that (u™, ™), cy is uniformly bounded in L>°(0, T’ X3/2), from (7) in Lemma 2.3, we derive that (u, y) €
L*>(0, T; X3,2). By taking the limit in (3.1)—~(3.4), we obtain that (u, y) is indeed a solution to (1.10)—(1.13). From
Lemma 2.4, we infer that (u, y) € C([0, T']; X3,2). From (1.10) and (1.11), we have that (u,, y;) € C([0, T]; X1,2).

4. Uniqueness of solution in Eg/lz (T) x Eg/lz (T)

Now we establish the uniqueness of the solution to the problem (1.10)—(1.13).
The uniqueness of the solution to the problems (1.10)—(1.13) is a corollary of the following.

Lemma 4.1. Let (u), y ") € Ey/X(T) x E5/((T) be a solution to (1.10)~(1.13) with initial data (u"(x,0),

y D, 00) € BY2 x BY? (j=1,2). Let vixr, 1) = uDx, 1) — u®(x, 1), nx,0) = yDx,0) = y@(x, 1), vy =
v(x,0) =uP(x,0) —u®(x,0), no=nx,0 =yP(x, 0 —yP(x,0). We define
1 2 1 2
2= [u® 0l g gy + 1P 0Nz 0y, IO 0 g3 gy + PP 0 g3 g
and

Z= 4[| D0l g+ [u ¢ 0l g + Iy VOl g + [y 2 ¢ 0] ]

For some T* < T, then

v 12 + In@)|l 12 0, (D) Voll pi/2 + Inoll 12 \ F
Oty +1Olz fun,y e <|| Iy + I ||Bm> o

- < 4.1
eZ eZ @1
fort €10, T*], where
F(t) = exp[—CZ1].
If
loll g2 + llmoll g1z < (eZ)!~PICET, (4.2)
2,00 2,00

then (4.1) is valid on [0, T]. In particular, if vo(x) =0, no(x) = 0, then we have that uDx, 1) = u®(x, 1),
YW, n=y@@, .

Proof. Obviously, (v, ) solves the following Cauchy problems of the transport equations:

1
;v + u(l)axv = —vaxu(2) + P1(D) |:v(u(1) + u(z)) + Eaxv(axu(l) + 8xu(2)):|

1
+5 Py +7P) =y + ), ], (4.3)
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o +uVaun = —vdy® + PuD)[vxy? +une] + PaD)[y Pue +nu],
vo(x) =uD(x,0) —u®(x,0),
o) =y (x, 0 =y (x,0).

By using (1) of Lemma 2.4 and (4.3), we have

t

t t 4
||U(t)“321/ozo < llvoll g2 exp{C/”u(l)”Bg/;ﬁLipdr} +/exp{C/”u(l)“B;/joﬂupdr/}|:Z TJ} dt
’ ’ 0 ’ 0 T ' j=1

where
Ty = | —vdu® + P (D) [v(u® +u®)]| BV
T = | Pr(D) 0,00, (u® +u®)]| 112
3= P(D)[n(y" +7v?)] |5 12
Ty = || [PD)[ne (v D +¥?), ]]||Bl/2
By using (2), (3) and (9), (8) of Lemma 2.3, we have that

71 < Juaea® | e+ [P0 +uD)][ 1
2,00
< Jvaa®] e o+ PO +u@)] 1

o +u®)

NL>®

< vl l/zua u | i

5

ﬂLOO
< vl 1/2“14 2)||Bs/szoo—i—C||v|| 1/2||u(1)+u(2)ﬂ 1/201‘OO
< Clv|l 1/2||u )||Bx/2lep+C||v|| 1/2[||u(1)||321/020mL +””(2)H31/20L00]
< Clv|l 1/2[”14(1) H 33/2 2 Lip + ”M(z) H Bz/z ﬂsz]

and

Ty < C|| 9, vdy (u® +u®) | , -2 < Cllovl e |92 (@ +u®) | 12
.l 2,00

< Clv|l 1/2[||u(1)HB%/2 + ||u(2) HB%/z

soNLip ﬂLlp]

and
T <Clln(y® +y @) goe < Cllnll o [ (P +y ) g1z

< C||77||321,/12 [”V(l) ” B;{fomLip + H y(Z) ” By'? msz]
and

T4<C||77x( (1)+V(2) ||B*1/2<C”77x” 71/2“( (1)+V(2)) 1/2

I 512 oo
< Clalgally Pl gz gy + 17 @32 )

Combining (4.6)—(4.9) with (4.5), we have that
t

”v(t)Hle,/ozo < ”UO”le,/; CXP{C/||”(l)||33f;mLipdT}

0

t !
+Cfexp{Cf||u(l)||B;/2mLiPdr/}[||v||821/12+||77||le/]2]Z(7:)d‘c.
0 T ’ '

(4.4)

4.5)

(4.6)

4.7)

(4.8)

4.9)

(4.10)
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By using (1) of Lemma 2.4 and (4.4), we have
t
[ g2 <limoll 2 eXP{C / [« 32 ‘“}

t

0
t
+ [expl € [1u]n oy e’ oty @] e dr
T

t
4 / expl € / 4] 22y 07 Py +u@ ]2 d
T

2,00
0

13
+ [enl € [1u]ga PO s ] g2 e
J ,00
1

< ||r)0||321/02o eXP{C/||u(l)i| B;{;ﬂLipdT}
t

0
t

+/exp C/”u(l)”Bg/;mpdr/ ”U“le/fomw ||y(2)||B§/§OﬁLipdT
T

'
+/exp C/”"‘(l)HB;/z ﬂLipdt/ “[vxyx(z)—l—u)(Cz)nx]HBz_]/zdr
T

2,00
0

t
+ / expl € / [ o2 gy 7 LD P e+ e o e
4 ,00
t

< lmoll girz eXP!C/||“(1)}’B§{jOnLip df}
0
t

t
+ C/exp{C/””(l)”Bg/z mLipdT/}(”v”B;/]z + ||77||321/|2)Z(r)d1'.
0 T 1 ‘ ‘
Combining (4.10) with (4.11), we have

t
”v(t)”le,/fo + ||77(t)||,321‘/02c <eXP{C/||u(l)||33/§omLipdT}[llvollgzlgfo + IIUOIIBQ(;]
0

t t

+C/exp{C/‘Hu(l)“l;gv/;ﬁupdf/}(||v||321./12+||77||32|{12)Z(T)dr.

0 T
For V¢t € [0, T*], from (4.12) and (10) of Lemma 2.3 and (3) of Lemma 2.6, we have that

[o®] g2 + In@® ] 12

t
< exp{C/”u(l)” Bg/jomLipdT}[||v°||B§,/§o + ||770||B21{020]
0

459

@.11)

4.12)
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t '
vl g2
(Y] / B0
C/exp{C/”u ”Bi@mu,;dt }Z(r)||v||321{0201n|:e+ :|d1:
T

v
J I ”le,/fo
¢ t N lI71] B2
C/exp C/”u ”B;/;ﬁsz Z(™)lnll , l/2 ln|:e+ Inll 1/2 :|dr
0 T

t
< exp{C/”u(l)” Bg(jomLipdr}[||v0||le,/§o + IInollgzlgc)zo]
0

; t | ||v||B§/z
Xp C/”u( )"B;{;ﬂLiPdT/ Z(T)HUHle/ozo ln|:e+ . 100 i|d‘L’
T

Cfe =
_ 1 /
, xp{=C [y llu )||B§f;mLipdT Hvllirz
t
Ik

p | 71l 5372
Xp C/Hu( )HBgfoﬂLiPdT/ Z(t)||n||321(30 1n|:e+ - : j|dr
T

p{=C [y lu® 532 s 47 Ml 12

S Cexp / ()HBS/z ALip }[Ilvollelffo + IIHOIIB;(;]
0

1 5! . 4.13)
0 T ' 1 -

+C / !/”u(l)HB;/anl.pdt’}Z(I)[||v||Bl/z+||17|| 12 JA()dr

where

A() =1 [ + @) }
T)=1mn|e .
exp(=C Jg IVl g2 oy, TN 12 + 0l 12 ]

From (4.13), we have that

t
o€ [0y 10 g2 + 10
0
t

T
<[llvol g2 + IITIOIIBZI/z]+C/Z(T)GXP{—C/HM(DHB;/z mLipdT/}[llvllel/z +lnll 2 JA(D) d7.
, 5 0 y y Ne el

0
(4.14)
Let
t
W(t) :exp{—C/||u(1)||33/;mupd-,;/}[”v(t)” 2+ ||n(t)||321/§o]. (4.15)
0
By (4.14) and (4.15), we derive that
1
W(t) < W) + C/Z(I)W(T)ln(e + %) dr. (4.16)
0

From the definition of Z(¢) and (3.18) and Fatou’s Lemma, we have that
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W) < sup |:exp{ /”u()HB%/zﬂL }(||U|| +lnl 1 )]
telo, BZ,oo

<holl g+l y <[u®]y + a3+ + 12
2 2 BZ,oo BZ, 200 200
< 20 <AV 0 ya + [P0l a1y V0 gz + [P 6.0 o]
:Z (4.17)

Inserting (4.17) into (4.16), we know that

t

W(t) < W)+ c/ ZW(r)ln(e + %) dr. (4.18)
0

Applying Lemma 2.7 and (2.12) —(4.18) yields

(4.19)

~

l®lgrz + @l cjy Hu|||821/2 e ol g2 A lmol g2 \ Foy
, > 7 : :
eZ

eZ
for V¢ € [0, T*], where
F(t) = exp[—C Z1].

(4.2) implies that (4.1) is valid with T* =T.
We have completed the proof of Lemma 4.1. O

5. Continuity with respect to the initial data in X3/,

To prove the continuous dependence of solutions with the initial data in X3/, we shall use the following proposi-
tion.

Proposition 5.1. Assume that w'™ e C([0, T1; Bl/ 2) with n > 1 is the solution to

0 4 aMyw® — b, (5.1)
w®| _ =y, (5.2)

with wg € Bz/lz, hell O, T; Bl/z) If there exists some function o € LY(0, T) such that
Sup”a(n) HB3/2 <alt)
neN 2.1

1/2

and a™ tends to a® in L'(0, T B,'[) then w® tends to w® in C([0, T]; Bl/z)

For the proof of Proposition 5.1, we refer the readers to [21].

Theorem 5.2. For any & := (uo, yo0) € X3/2, there exists a T > 0 and a neighborhood V of &y in X3,2 such that the
solution map @ : (ug, yo) — (u, y) where (u, y) is the solution to (1.10)—(1.13) with initial data (uo, yo) in X32, is
continuous from V into C([0, T]; X3,2).

Proof. We will prove Theorem 5.2 with the following two steps.

First step: We firstly establish continuity in C ([0, T']; Xy,2). If (o, yo) € X3, and r > 0, we show that for (ué), yé) €
X3/2 with

4o = uoll g2 + o = vol| p32 <, (5:3)
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there exist 7 > 0 and M > 0 such that (u', y’) = @ (ug, yy) of (1.10)—(1.11) with (ug, y,) satisfies the following
inequality
/ /
||u ||L°°(0,T:B§/12) + ”7/ “Lw(O,T;Bg./lZ) <M.
Indeed, following the proof of (3.9) and (3.10), we can choose
1

= (5.4)
ACluoll g2 + lIvoll a2 + 2r)
and
M= 2(||u0||33(12 + ||)/0||B;/12) + 2r. (5.5)
Combining the above conclusions with Lemma 4.1, we have
/ /7
[ @o. y0) = @ (g 1) [ 512 12
. lug = uoll g1z + 1175 = voll g172 \ exvl-cMT
_ ’ / ,00 ,00
= =ull gz +1y" =yl g <CMe ( i ) (5.6)
Combining (5.6) with (2.1), we obtain
|® (o, v0) — @ (ug, v0) || B2 )2
/ /
= — + —
[ =ul g+ 1y =7
1-6
<CMMT[ug] o + ol a2 + vl gz +llvoll g2 ]
llug = uoll g2 +l1vg = voll g2 \ 0 expl—CMT]
% : :
eM
llug = uoll g2 + llvg = voll g1z \ @ expl—cmT
< CMZQeCMT< 2,00 2,00 )
eM
if
uy—u + |ug —u < (el == M,
4o = uol 2 + g = wol| g2 < ean)
Thus @ is Holder continuous from X3, into C([0, T']; X1,2).
Second step: We establish the continuity in C ([0, T']; X3,2). We assume that (u(()oo) , )/O(OO)) € X3, and (u(()”) , 7’0(”) IneN

tend to (uéoo), yo(oo)) in X3,2 and W™, y(")) is the solution with the initial data (ugl), yo(")). By the first step, it is easy

to find T, M > O such that for all » € N,

(n) (n)
:zg[“” " ”1);0(33/2) + ”V " HL‘T’O(B3/2)] <M, (5.7

2,1 2.1

where (1™, ™) is defined on [0, T'] x [0, T']. To prove that (™, ™) tends to (u®, ) in C ([0, T]; X3/2), it
suffices to prove that (v™, y™) = (3,u™, 3,y ™) tends to

(v(OO), y(OO)) = (3xu(00)’ 3xy(00))
in C([0, T1; X12). It is easily checked that (v™, y™) solves

dv™ 4 u™y ™ = Fl(n), (5-8)
aty(n) + u(")axy(n) — Fz(”)7 (5.9
v ™| =, (5.10)

Yo =01y (5.11)
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1 1 1
0t maof - ] L]

X

Ey” = —u™y® + Pr(D)[(uPy ™), +uy™]. (5.13)

By the method of [35], we can decompose

(n) _(n) (n) _(n)
™y ™) = " n") + (0" %,")
with
oo™ +u™a ™ = M — F) (5.14)
8;)’{”) +u™y, y(") = F(") - Fz(oo), (5.15)
01"y = e = D™, (5.16)
YW o= 0 — 0™, (5.17)
and
0y vén) + M(n)axvén) = Fl(oo), (5.18)
hys” +u®ay s = F, (5.19)
(")| = deug™, (5.20)
| = 0evp™ (5.21)
By using the fact that le/ 12 is a Banach algebra, for Vi € N, we derive that
2 2 1 2 1 1 ’
[E ] g = | =)+ PUD) | ()" + 5 (™) = 50| + PuD)| 5 ()
2.1 2 2 N 2 N le/lz

<N @) e +

1 1
axi’l(D)[(u“”)2 +50") =3 (") }

+ (0. Py (D)[%(ufc"))z}

1/2

BZI,I BZ,I
2 2
<Clu g+ Clly ™ (5.22)
and
I g5 = =+ PO ), 7]y < a7 g 523
In addition,
PO _ o9 (@ _ 1)(8xu(”> — 0,) (1™ + 8,
+3xpl(D)[ (1) 3, (50) () 4, 4 %(y(m — ) (™ +y<oo>)]
— 3 P (D)[ (n) _ (OO))X (y(n) + 7/(<><J))Xi| (5.24)

and
Fz(n) _ F2(°°) — (u,(rOO) _ u)({n)) (00) 4 u(")( (00) _ (n)) + Pl(D)[(u(”) _ u(oo))x(yx(n) + y(”))]

+ PD)[ul[(y™ —y) + (¥ —y©)]]. (5.25)
By (1) of Lemma 2.4, (5.14) and (5.15), we derive that
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t
10 (2) | 512 gexp{C/“u(n) ||B;/12dr}||8xu(()’l) — deul® [ 1
0

t t
+CexplC [[u ] adrt [Ju® = | palla® ] o + [ 2] ae
0

0
t 1
+Cexp C/Hu(") P /||3xu(”)—3xu(°°)!|321{12[||3xu(”) [ 512 + 195 1] de
0 0
t

t
rcesnfc [T gpae] 150 = o Laally @ ags + 1y el
0 ’ 0 ’ ’ ’
t

13
+CexpyC / Ju] g3z d / [ =7 ) l grallvil gz + 17 | gra]dr - (5.26)
0 0 ’ '

and

t
b0l,gz <onfe [l gpar T -0
0
t t
rcemle [l ygart (16 =), |pally® e + [y el ar
0 0 ’ ’ ’

t t
Cexpl € [ ade 16 =y @) yelu ] ypde
0 0

t t

+Cexpy C / I P / 16 =y ) g [ g + [ ] de. - 5.27)
0 0

Combining (5.26) with (5.27), we have

[l gz + 197" O 2

<ML a,ul — 3, ||le/12 + 8y ™ = 8,y H321/12]

'
+ CeCMT /[”u(") —u®® || B2 + || deu™ — 9,u> ||le/12]d'[

0
t

+CeMT [ [y =y [y = 0y o] 629)
0

Since (u™), N is uniformly bounded in C ([0, T; 323/12) and tends to 4* in C([0, T'1; le,/lz), Proposition 5.1 tells

us that

(vén)7 yé")) N (U(OO), y(OO)) (5.29)
in C([0, T']; X12). That is to say, for Ve > 0, there exists N € N such that Vn > N,

[057 = v g+ [337 =y gz <e. (5.30)
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Thus, for e > 0, for large enough n € N, since (u™, y ™) — @, ) in C([0, T]; X1,2), we have

[ = 30N g+ 0™ = 527 )0

<e+ CeCMT[“a u(n) Oy u(oo) ||Bl/2 + ”E)x (m) 3x)/0(00) ||B1/2]
2.1

t
4+ CeCMT Haxu(") P ACY) ” 2+ H Ay ™ — 3y ” pdt .
By} By
0

Applying Gronwall’s inequality to (5.31) yields

(@ = 0@ [ + (3 = 2y )0 2

C(M+D)T
[¢

< CeCe + “3 u(n) — Oy u(oo) “BI/Z + |}8xy0(") — XJ/OOO) ||Bl/2]

(5.31)

(5.32)

Combining the first step with the second step, we have completed the proof of Theorem 5.2. O

6. Proof of Theorem 1.2
We define

E(u,y) :/[u2+u§ +)/2+)/xz]dx.
R

Proof of Theorem 1.2. Applying A, to (1.10) yields

1 1 1
O Agu+ulguy = [u, Agluy + Aqu(D)|:u2 + 2ux + 2)/ - ny{|

6.1)

6.2)

Multiplying (6.2) by 2A,u and integrating by parts and by using the Cauchy—Schwartz inequality, we have that

d
EHAquHiZ :fux[Aqu]zdx+2/Aqu[u, Agluy dx
R R
2 1 2 1 2 1 2
+2 | AjuAgPi(D)|u”+ zuy+ zy" — sy |dx
2 2 2
R

<l llzoe | Aqullya + 20 Aqull 2| T, Aglu |2

+2(Aqullz2

A, P1(D) 2,1 1oL
gl u Zux+2y zyx

L2 .
From (6.3), we know that

d
T lAgull 2 < Nl Agull 2 + |l Mgl 2 + ‘

A, Pi(D)| u? eyl
g1 u+2ux+2y

Applying (A.9) of A.2 in [19] to (6.4) yields
_3
T 18qule S Nluxllzell Aqullz2 + Ccy2 2qlluxllLooIIMIIBS/lz

1
2“”Jr

)

"

Ay Pi(D) |:u2 +

1 1,
SV on

where > ¢>—1¢% =1.Integrating with respect to the variable  yields

L2

1 |
2 2
__y

6.3)

6.4)

L2

(6.5)
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t t
3
lAqull;2 < ||AqMO||L2+[||ux||L°<>||Aqu||L2d?7-|-CCq2 2qf||Mx||L°<7||M||B;/12d7-'
0 0 ’

t
1 1 1
+/HAqP1(D)|:u2+ Euﬁ e —yf} dr.
0

2 2 L2

Multiplying both sides of (6.6) by 2%‘1, taking ¢! norm yield

1 1 1
P(D) [u2 + Eui + Eyz — E"XZ}

t t
ull 32 < lluoll ,32 + Uyl poo||u(T 3zdx+C/
lall g3z < lluoll 3 / [P I )HBz,/l
0 0

By
By using (4) of Lemma 2.3, we have that

1 1 1
H Pl(D)[M2 + E”)zc + 5)’2 - nyzi|

32
By

< C[IluIIB;/lz + IIJ/IIBS/IZ][IIMIILOO + lluxllzee + Iy e + llvelize]-

Inserting (6.8) into (6.7) yields

t

leell g2 < llueoll g2 + C/[IIMIIB;/IZ + ||V||B;/12][||M||L°° + lluxlizee + 1yl + llyxllLe] dz.
: , ) : :
Applying A, to (1.11) yields

0 Agy +ulgye =[u, Aglyx + Ay PZ(D)[(uxyx)x + uxy]-
Multiplying (6.10) by 2A,y and integrating by parts with respect to the variable x yield

%HAquiz =2/ux[Aqy]2dx+2/Aqy[u,Aq]yxdx+2/AquqP2(D)[(uxyx)x—i—uxy]dx
R R R
<2MuxlizellAgy 125 + 201 Ag v 12 [, Agly | 2
+218¢¥ 12| g PAD)[(ayi)x + uxy ]| 1o-

From (6.11), we know that

d
1Ayl SlluxlizellAgy liz2 + [T, Aglyx| 2 + | Ag Po(D)[(xvi)x + uxy ]| L2

Integrating with respect to the variable ¢ yields

t t
[IAVHA VERS IIAqulle+/IIMxIILooIIAqVIIdeT+/H[u,Aq]VxHdef
0 0

t
+ [18 D)y + syl
0

Multiplying both sides of (6.13) by 2%‘1, taking ¢! norm yield

(6.6)

(6.7)

(6.8)

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

t t t
e < ol + [l iige + € [ 8q1il ode + [P0 s + sy ]l e
’ S0 ’ 0 ’ 0 '

(6.14)
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By using (2.54) of Lemma 2.100 in [ 1] and (4) of Lemma 2.3, respectively, we have that

[T, Aglye ”33/2 Cllluxlizelly 32 +llyelloollull 3/2] (6.15)
and

| P2 [uevids + ey Y gy < ClIelleosly Wl gare + vallzos el o + 1y oo el 2], (6.16)

Inserting (6.15), (6.16) into (6.14) yields
t
”V”B,j/f < IIVollB;/lz + C/.[”Mx”Lw +llullze + lyxlize + II)/IILOO][IIMIIBZI,/IZ + IIVIIBZg/IZ]dT. (6.17)
0
Combining (6.9) with (6.17), we know that

t

fluell 3/2+||J/|| 32 S [Iluoll 3/2+||)/0|| 3/2]+C/[|IM||B§/12+IIJ/IIB;/lz]

0
x [llullzoe + luxlizoo + 1y oo + llyeliLe ] dz. (6.18)

By Gronwall’s inequality to (6.18), we have that

”u” 3/2 + ||J/|| 3/2 [””0” 3/2 + [yl 3/2] Cf(;[”u||L°°+””xHLOO+|‘V||L°°+”VXHLOC]dT' (6.19)
From [29], we know that

lull3, 4+ 1y 13 = EQu, y) = Euo. vo) = lluoll3, + llvoll3:- (6.20)
Since H'(R) = L*®(R), from (6.20), we have that

lullzoe + NIy llzee < lull g+ Iy g < 2EY (o, o). (6.21)
Inserting (6.21) into (6.19) yields

lull gz + Iyl g3 < UWM|wz+umnan]cﬁ”E“WmW”“th+W”””“. (6.22)

From (6.22), we have that if T* < oo, then fOT (x|l + lyxllLe]dt < 0o which yields that

[ (T g3z + [ ()| g2 < o0 (6.23)

(6.23) contradicts with the fact that 7* is the maximal time of existence. Thus, if T* < oo, then fOT*[||ux||Loo +

l¥xllLe]dt = oco. Since B21/12 < L%, from (6.18), we have that

t
2
lluell 32 +llvig, 32 S [lluoll 32 + llyoll 3/2] +C/[||M||B;/12 + ||J/||B;/12] dr. (6.24)
) : :
Solving (6.24) leads to

u 32 + 3/2
I 0||,32/I ”VOHB/.

| ) t _ ‘ : . 6.25
el g + Iy @] g2 1= Clluoll gz + ol )t o

From (6.25) and (6.22), we know that T* C(Iluo\l z/zl+|h/o|| 3/2)

We have completed the proof of Theorem 1.2. Ij
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