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Abstract

We prove invariance of the Gibbs measure for the (gauge transformed) periodic quartic gKdV. The Gibbs measure is supported
on H5(T) for s < %, and the quartic gKdV is analytically ill-posed in this range. In order to consider the flow in the support of
the Gibbs measure, we combine a probabilistic argument with the second iteration and construct local-in-time solutions to the
(gauge transformed) quartic gKdV almost surely in the support of the Gibbs measure. Then, we use Bourgain’s idea to extend these

local solutions to global solutions, and prove the invariance of the Gibbs measure under the flow. Finally, inverting the gauge, we

1
construct almost sure global solutions to the (ungauged) quartic gKdV below H 2 (T).
© 2015 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction
In this paper, we consider the periodic quartic generalized Korteweg—de Vries (gKdV) equation

1
du+ u = Za,c(u“), xeT, teR,
u(x,0) =ugx).

Here u is a real-valued function on T x R, where T = R/27Z is the one-dimensional torus. That is, T = [0, 277] with
the endpoints identified. We assume that the mean of ug is zero, and from conservation of the mean, it follows that
the solution u(z) of (1.1) (if it exists) has spatial mean zero for all # € R. Throughout this paper, we assume that the
spatial mean (0, ) is always zero for all # € R.

The system (1.1) is a special case of the gKdV equation

(1.1)

1
8,u+8§u=:|:—8x(up), xeT, teR, p>2integer,

p (1.2)
u(x,0) =up(x).
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The KdV ((1.2) with p =2) is a canonical model for dispersive waves in physics. This equation has a rich history and
the related literature is extensive. The modified KdV (mKdV, p = 3) has also appeared in physics, and it is closely
related to KdV through the Miura transform [13]. Higher power gKdV equations (p > 4) have been studied mainly
by mathematicians; there is interest in exploring the balance of a stronger nonlinearity with dispersion.

The system (1.2) has a conserved (if it is finite) Hamiltonian given by

1 1
H(u):= E /\u)zgd-x + m /Mp_de.
T pip T

Then (1.2) can be reformulated as

o = 0y —, (1.3)
du

where %—I; is the Fréchet derivative with respect to the L?(T)-inner product.” This Hamiltonian structure leads to a
natural question: is the Gibbs measure “du = e~ " gy invariant under the flow of (1.2)?

The Gibbs measure p for (1.2), first constructed by Lebowitz, Rose and Speer [27], is supported on H %’(’JI‘) =
M, 1 H*(T) (for p <5 only, with appropriate restrictions). To ask the question of its invariance under the flow, one
needs to prove that the evolution of (1.2) is well-defined (globally-in-time) for initial data in the support of .

Let us recall some well-posedness results for (1.1) and (1.2). In [1], Bourgain introduced a weighted space—time
Sobolev space X*?(T x R) whose norm is given by

lull s rniy = [ ) (x = )i, ) 2. @xmy (1.4)

He used a fixed point argument to prove local well-posedness (LWP) of KdV in L?(T), and automatically obtained
global well-posedness (GWP) by conservation of the L2(T)-norm.

The study of well-posedness for the periodic quartic gKdV (1.1) was also initiated in [1]; a fixed point argument
was used to establish LWP in H*(T), for s > % This was improved to LWP in H*(T) for s > 1 by Staffilani [44], and

then to s > % by Colliander, Keel, Staffilani, Takaoka and Tao [12]. In [12], they also proved analytic ill-posedness of

(1.1) below H 3 (T). That is, the data-to-solution map for (1.1) is not analytic in H*(T) for s < % In fact, it is not C*
(see also [2,11]).

Bourgain [3] rigorously proved the invariance of the Gibbs measure under the flow of KdV and mKdV, but to
the knowledge of the author, this problem remains open for (1.2) with p =4 and p = 5. For KdV and mKdV, he
used a deterministic fixed point argument to establish well-posedness in the support of the Gibbs measure. Recall
that the evolution of KdV is well-defined for all ug € LZ(T) [1] (see also [21]), so it is certainly well-defined for
upe H %’(T) (globally-in-time). For mKdV, Bourgain proved LWP in a modified Besov-type space, slightly larger
than H > (T) (where the Gibbs measure is also supported), but he could not use conservation of the L>(T)-norm to
extend solutions globally-in-time.

The main new idea implemented in [3] was to use the invariance of the Gibbs measure under the flow of the
finite-dimensional system of ODEs obtained by the projecting mKdV" to the first N > 0 modes of the trigonometric
basis (and an approximation argument) as a substitute for a conservation law, extending the local solutions of mKdV
to global solutions (almost surely in the support of the Gibbs measure), and subsequently proving the invariance of
the Gibbs measure w under the flow.

We are interested in proving the invariance of the Gibbs measure under the flow of (1.1). Following the strategy
developed in [3], the crucial ingredient is local well-posedness (and good approximation to the finite-dimensional
ODEs) in the support of the Gibbs measure. Unfortunately, the C*-failure of the data-to-solution map below H > (T)
[12] indicates that one cannot use the contraction mapping principle to establish LWP of (1.1) in H*(T) for s < %,
as this necessitates analyticity of the data-to-solution map. However, to establish local-in-time dynamics for (1.1) in

2 This is at least formally correct, for the rigorous definition of gKdV as a Hamiltonian system see [25].
3 In [3], Bourgain also proved the invariance of the Gibbs measure for periodic nonlinear Schrodinger equations, but we will focus on (1.2) in
this discussion.
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the support of the Gibbs measure, it suffices to prove something weaker: that (1.1) is locally well-posed almost surely
with randomized initial data given by

gn(w) o

uO,w(x) = |

neZ\{0}

(1.5)

where {g,};2 | is a sequence of independent complex-valued Gaussian random variables of mean 0 and variance 1
on a probability space (£2, F, P), and g_,, = g, (in order for ug , to be real-valued). The expression (1.5) represents
a typical element in the support of the Gaussian part of the Gibbs measure, also known as the Wiener measure (see
(1.10) below).

The analysis of well-posedness for (1.1) is simplified by a gauge transformation. This transformation preserves the
initial data, and it is invertible. A function u satisfies (1.1) if and only if its gauge transformation v := G (u) (see (1.14)
below) satisfies

{8,v+8§v=[@(v3)8xv, xeT, teR, (1.6)

v(x, 0) = uo(x),

where P(u) =u — % fT udx is the projection to functions with mean zero. The analysis of well-posedness for (1.6)

is simpler than for (1.1), but the data-to-solution map still fails to be C* below H 5 (T) [12].
To properly state our results we need a few more definitions. Consider the finite-dimensional Galerkin approxima-
tion of (1.6),

{ o™ + 3V =Py (P((u™))o,u), xeT, reR, 0

uN(x, 0) =Pnuo(x) € Ey, up mean zero.

Here Py denotes Dirichlet projection to Ex = span{sin(nx), cos(nx) : 1 <n < N}. We also consider an extension of
(1.7) to infinite dimensions, where the higher modes evolve according to linear dynamics. That is, we consider the
system

{a,u’\’ + 30N =Py (P((Pyo")?)o,PyvY), x€eT, reR, 08

1
vV (x,0)=vo(x) € H2~, vp mean zero,

and let @V (¢) denote the flow map of (1.8).

In this paper, we exhibit nonlinear smoothing for (1.6) when the initial data are randomized according to (1.5).
This is used to prove our first theorem: (1.6) is locally well-posed almost surely in H %_(’H‘). In the statement below,
S(t) :=eé' 193 denotes the evolution operator for the linear part of gKdV.

Theorem 1.1 (Almost sure local well-posedness). The gauge-transformed periodic quartic gKdV (1.6) is locally well-
posed almost surely with randomized data u ., (given by (1.5)). More precisely, for all 0 < 81 < 8, with § sufficiently
small, there exists 0 < 8 < 8 — &1, and ¢ > 0 such that for each 0 < T < 1, there is a set 21 € F with the following
properties:

(a) The complemental measure of 27 is small. More precisely, we have
P(25) =poup(5) <e 77,

where p is the Wiener measure (see (1.10) below), and the initial data (given by (1.5)) is viewed as a map
ug: 2 — HY*=(T).
(b) For each w € 21 there exists a solution u to (1.6) with data uy ., satisfying
(i) u € S()uo.w + C([0, T1; H/*F(T)) C C([0, T]; H'/2~(T)).
(ii) The solution u is unique in {S(t)uo.» + Bk}, for some K > 0, where Bk denotes a ball of radius K in the

1 1
1ys1os
space X7 ° .
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(iii) u depends continuously on the initial data, in the sense that, for each w € 2r, the solution map

@ :{uoo + {I - ”H%” <R}} > {SOuo0+ {I - ||C([O,T];H%+5) <R}}
is well-defined and Lipschitz, for some fixed R, R~1.
(iv) u is well-approximated by the solution of (1.8). More precisely,
lu — @Y uo.o| < NP, (1.9)

1
c(o,T;H2 ) ™~

For the definition of the X ST’b space, see Section 2 below.

Following the method developed in [3], we use the invariance of finite-dimensional Gibbs measures under the flow
of (1.7) and an approximation argument, to extend the local solutions of (1.6) (obtained from Theorem 1.1) to global
solutions, almost surely, and to prove the invariance of the Gibbs measure under the flow.

Theorem 1.2 (Invariance of the Gibbs measure). The gauge-transformed periodic quartic gKdV (1.6) is globally
well-posed almost surely with randomized data ug ,, (given by (1.5)). More precisely, for 53 > 0 sufficiently small, it
holds that given any T > 0, for almost every w € §2, there is a (unique) solution u to (1.6) with data uy ,, satisfying

u € S(tyuo,, + C([0, T1; H/22(T)) € € ([0, TT; H'/*~(T)).

Furthermore, the Gibbs measure | (given by (1.11) below) is invariant under the flow.
By inverting the gauge transformation, we obtain the following corollary.

Corollary 1.3 (Almost sure global well-posedness). The periodic quartic gKdV (1.1) is globally well-posed almost
surely in H'/?=(T). More precisely, given any T > 0, for almost every o € 2, there exists a (unique) solution u to
(1.1) for t € [0, T] with randomized data uy ., (given by (1.5)).

Remark 1.4. In terms of global theory, GWP of (1.1) in H*(T) for s > % was established in [12] using the /-method.
This is mentioned to emphasize that, to the knowledge of the author, Corollary 1.3 is the first result to provide global-

in-time solutions to (1.1) below H 8 (T). We further note that these solutions evolve from data at a spatial regularity

where even local theory is unavailable at present (below H 2 ).

Remark 1.5. The solutions of (1.6) and (1.1) produced by Theorem 1.2 and Corollary 1.3, respectively, are unique
in a mild sense only. For a technical description of the uniqueness of solutions to (1.6) produced by Theorem 1.2,
see Remark 5.9 in Section 5. This characterization applies to the gauge transformation (see (1.14) below) of the
solutions to (1.1) produced by Corollary 1.3, which provides a mild form of uniqueness due to the invertibility of this
transformation.

Remark 1.6. By composing with a modified and time-dependent gauge transformation G = G,, we can obtain a
time-dependent measure vy 1= o @, supported on H*(T) for s < 1, which (due to Theorem 1.2) satisfies ¥ (t)*v; =
w for each r > 0, where W (¢) is the evolution operator for (1.1) (well-defined in the support of the Gibbs measure by
Corollary 1.3). This leads to a natural question for future investigation: how is the time-dependent measure v; = 1 o G
related to the Gibbs measure ©? Do we in fact have invariance of the Gibbs measure for the ungauged quartic gKdV

(1.1)? This type of issue was recently explored for the periodic derivative NLS [30,32].

For the remainder of the introduction we provide more background on this problem, then outline the methods
involved and the challenges confronted in the proofs of Theorem 1.1 and Theorem 1.2.
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1.1. Background

The study of invariant Gibbs measures for Hamiltonian PDEs was initiated in [27] They constructed the Gibbs
measure for (1. 2) as a weighted Wiener measure. Recall that the Wiener measure,” p, is the probability measure

supported on H 2 ; ~(T) with density

dp:Z()_le*%f”iddeu(x), 1 mean zero. (1.10)

xeT

This is a purely formal expression, but it provides intuition. We can in fact define p as the push-forward of the
probability measure P under the map from 2 to H %_(T) given by @ — ug,, (as defined in (1.5), see Section 5 for
details).

In [27], it was shown that the Gibbs measure,’ W, given by

1 +1
dp = Kjulazmye® 7o T P dp

= 20" Xipuppzme O [ [ du). (1.11)

xeT

is a finite Borel measure on H %_(T) (for integer 1 < p <5, and with restrictions on B for p = 5) that is absolutely
continuous with respect to the Wiener measure p. That is, the Gibbs measure w for (1.1) was defined in [27], see
also [3].

1.2. Nonlinear smoothing for the second iteration

As discussed above, the Gibbs measure for (1.1) is supported below H 2 (T), and local well-posedness of the quartic
gKdV (both gauged and ungauged) cannot be established in H*(T) for s < % by applying the contraction principle
to an equivalent integral equation, as the data-to-solution map is not C* [12]. In this paper we avoid this obstruction
by exhibiting nonlinear smoothing under initial data randomization (according to (1.5)) on the second iteration of the
integral formulation of (1.6). In this subsection we compare and contrast our approach with other related strategies.

Nonlinear smoothing induced by initial data randomization was also exploited by Bourgain [4]. He considered the
Wick-ordered cubic NLS on T2, and proved invariance of the Gibbs measure under the flow. The Gibbs measure (in
two dimensions) is supported on H S(T2) for s < 0, and the Wick-ordered cubic NLS is ill-posed below L?(T?) due
to scaling. In order to discuss the flow in the support of the Gibbs measure, Bourgain considered randomized initial
data given by

~ gn(w) in-x
o, (x) = e, (1.12)
T

where {g,},cz2 is a collection of independent complex-valued Gaussian random variables of mean 0 and variance
1 on a probability space (£2, F, P), which represents a typical element in the support of the Wiener measure. He
exhibited a nonlinear smoothing effect induced by this randomization, and used this to construct local solutions to the
Wick-ordered cubic NLS almost surely in the support of the Gibbs measure.

Bourgain quantified the nonlinear smoothing effect by proving that, with high probability, the nonlinear part of the
solution to the Wick-ordered cubic NLS with randomized data i ,, lies in a smoother space — C([0, T]; H*® (Tz)) for
some s > 0 — than the linear evolution. In contrast, the linear evolution almost surely stays below L2(T?) for all time.
More precisely, for all T > 0 sufficiently small, he constructed a set 27 C §2 (corresponding to “good” randomized
data iig,), such that 27 is exponentially likely as a function of 7\ 0, and such that for each w € 227, he could
prove local existence and uniqueness of the solution to the Wick-ordered cubic NLS with data i, for ¢ € [0, T]

4 This is the mean zero Wiener measure, but we restrict attention to measures, data, and solutions with spatial mean zero throughout this paper,
and will often omit the prefix “mean zero”.
5 The Gibbs measure was constructed for NLS in [27], but the same method applies to gKdV, see [3].
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. 1
by performing a contraction argument in the space {e'’“iio ,, + B}, where B is a ball in Z;’ 2 c C([0,T]; H*(T?))
1
for some s > O (for the definition of the function space ZST'Z, consult Section 2 below). By taking an appropriate

union over sets of this type (with 7\ 0), he obtained local well-posedness almost surely for the Wick-ordered
cubic NLS below L?(T?). For other works that have used nonlinear smoothing to establish local dynamics (and other
properties) for dispersive PDEs in the support of measures on phase space, see (for example) Bourgain and Bulut [5,6],
Burq, Thomann and Tzvetkov [7], Burq and Tzvetkov [8—10], Colliander and Oh [14], Deng [15,16], Luhrmann and
Mendelson [28], Oh [34-37], Nahmod and Staffilani [33], Poiret [38], de Suzzoni [41,42], de Suzzoni and Tzvetkov
[43] and Tzvetkov [46,47]. For related results on Navier—Stokes equations, see for example, Deng and Cui [17,18],
Nahmod, Pavlovi¢ and Staffilani [31] and Zhang and Fang [51].

This paper considers (1.6) posed with randomized initial data of the form (1.5). To establish almost sure LWP, we
found that (due in part to using the temporal regularity b = %) we could not follow the method of [4] directly, and

perform a contraction argument for (1.6) (with exponential likelihood in 7') in {S(¢)uo,., + B}, where B is a ball in the
1

Banach space ZST’E. Instead, we will establish a priori estimates on the second iteration of the Duhamel formulation

of (1.6) in X%b, with s > % and b < %
1_s1_
More precisely, the local-in-time solution u to (1.6) will be constructed as the limit in X % 5278 (with0<d<k1)

of a sequence of smooth solutions u” evolving from frequency truncated data uév » = Pn(10,0). Each u® will satisfy
the Duhamel formulation

u (t) =SOuf, +DuN) @), (1.13)

where

t

D) (1) :/S(t — )N (v(s))ds

0
and N (u) = uy (u’ — % fT u3dx) is the gauge-transformed nonlinearity. We will simultaneously establish the con-

1 1 1 1

vergence of ¥ to u, and D(u™) to D(u), in X ;_8'7_8 and X ;+8,7—8’ respectively, as N — oo. Notice the increase
in spatial regularity from s = % —dtos = % + 8; this is the nonlinear smoothing effect induced by initial data random-
ization. During the proof of nonlinear estimates required to establish these convergence results, there is a troublesome
region of frequency space created by taking b < % In this region we will substitute (1.13) into an appropriately chosen
factor of the nonlinearity, and expand. Taking this approach will resolve the technical obstruction due to b < %, but
by considering a second iteration of (1.13) into just one of the factors, the nonlinear analysis expands from quartic
to septic. Indeed, we will establish probabilistic septilinear estimates on the second iteration of (1.13). This is the
trade-off involved in proving a priori estimates on the second iteration in X ?b with b < %: one can take b < % at the
cost of conducting a higher order multilinear analysis.

This approach (using b < % and the second iteration) was pioneered by Bourgain [2] in the analysis of KdV with
measures as initial data. The argument was adapted to the setting of randomized initial data by Oh [37], who proved
invariance of the white noise measure for the periodic KdV (see also [39]). Our approach is similar to [37], but we
consider the quartic gKdV and the Gibbs measure (as opposed to the KdV and white noise). The additional source

of difficulty for well-posedness of the quartic gKdV (including the C*-failure below H %(T) established in [12])
is the existence of distinct frequencies n,ni,---,n4 € Z, such that n =ny + --- + ng, |n| ~ |n1| ~ N > 0, but
such that |n3 — n? — = nil &« N?. This does not occur for KAV and mKdV, which have dispersion relations
with cubic factorizations, and it makes the nonlinear analysis for quartic gKdV more labor intensive.® Indeed, the
regions of frequency space where these conditions are satisfied require us to use b < % (and thus to consider a second
iteration of (1.13)). Furthermore, it is in these regions of frequency space where our nonlinear estimates will rely most
heavily on probabilistic lemmata (involving, for example, hyper-contractivity properties of the Ornstein—Uhlenbeck
semigroup, see Lemmas 6.4-6.6 in Section 6.2).

6 Let us remark that KdV and mKdV are strongly ill-posed (discontinuous data-to-solution maps) below H -1 (T) and LZ(T), respectively [29].
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1.3. Global-in-time solutions

To establish Theorem 1.2, we follow the scheme of [3]. Using the invariance of (finite-dimensional) Gibbs measures
under the flow of (1.7), we extend local solutions of (1.6) (produced by Theorem 1.1) to global solutions, almost surely,
and prove the invariance of the Gibbs measure under the flow. To be more precise, we follow the method of [7,49], and
use the invariance of a sequence of truncated Gibbs measures for (1.8). All of these truncated measures are defined on
a fixed infinite-dimensional space — they are Gaussian at high frequencies (see (5.2) in Section 5). This modification
makes the limit properties of these truncated measures more flexible. We combine the invariance of these measures
under (1.8) with the approximation (1.9) in order to extend local solutions of (1.6) globally-in-time, and to prove the
invariance of the Gibbs measure under the flow.

To show that the system (1.7) preserves the finite-dimensional Gibbs measure, we need to prove that the L?-norm
of u", the Hamiltonian H (x") and the Lebesgue measure on phase space (the space of Fourier coefficients) are all
invariant under the flow. The invariance of the Lebesgue measure is trivial (by Liousville’s Theorem) for a Hamiltonian
system, but the Hamiltonian formulation of (1.1) is disrupted by the gauge transformation (and the same is true in finite
dimensions). That is, the exact nature of the Hamiltonian formulation for (1.7) (if one exists) is not clear to the author.
Instead, we verify invariance of the Lebesgue measure under the flow of (1.7) directly. To extend from invariance of
the Gibbs measure for (1.7) to invariance of truncated Gibbs measures (Gaussian at high frequencies) for (1.8), we
also need to use the invariance of complex Gaussians under rotation.

1.4. The gauge transformation

Following the standard reductions of [44,12], we consider the gauge transformation

t
v, ) =Gux, 1) =u (x — /][ w(x',¢)dx'dt’, t). (1.14)
0T

This transformation preserves the initial data ug, and for fixed ¢ € R it is an isometry on H*(T). Also, it is invertible:

t
ux,0) =G (v(x, 1) = v(x + /][ v (x',1)dx'dr, t>. (1.15)
0T

That is, u solves (1.1) if and only if” v solves (1.6). Egs. (1.1) and (1.6) leave the same Hamiltonian

1 2 1 5 1 2 1 5
H(M)ZE uxdx-i—z—o udx:E vxdx+% v dx =: H(v), (1.16)

invariant under the flow.
As a final remark, note that since v’v, = %Bx (v*) and v, both have mean zero, so does P(v3)v,. We therefore

have P(v®)vy = P(P(v})v,). Then since f;v?v, = %fT(rﬁ)x =0, and fpvv, = %fT(vz)x = 0, we can subtract
3P(v) fT v2u, 4 3P(v?) JCT vv, from the right hand side of (1.6), with no effect, and rewrite (1.6) as

3

dv+0v :IP’(IF’(vS)vx) — SIP’(v)][vzvx — SP(vz)][vvx, xeT, teR, (1.17)
T

v(x,0) =up(x). T

The reformulation (1.17) of (1.6) will be needed during the proof of certain nonlinear estimates. Indeed, after gen-
eralizing the right-hand side of (1.17) to a specific multilinear function (see (3.1)—(3.2) and (6.1)—(6.4) below), this
reformulation removes resonant frequency interactions which would otherwise complicate our nonlinear analysis.
More precisely, the reformulation (1.17) is critical during the proof of Lemma 6.8 in Section 6. Lemma 6.8 is
a nonlinear estimate which will eventually be used during the proof of Theorem 1.1 (through Proposition 3.2 and
Proposition 6.1). The proof of Lemma 6.8 will involve nonlinear Fourier analysis, and the quartic nonlinearity in

7 Note that (1.15) is well-defined for v € X1/2—1/2— by the embedding x1/2=1/2= ¢ L;t, see Section 2.
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(1.17) will produce a convolution over quintuples of integer frequencies (n, n1, ny,n3, n4) such that n =ny + ny +
n3 +ny4, where n is the frequency corresponding to the derivative. The gauge transformation leading to (1.6) removes
interactions in this convolution where n = n1, and by replacing P(?)v, with P(P(v3)v,) we remove the interactions
where n = 0. The term P(v) JCT v2y . 18 subtracted three times in (1.17) to remove interactions where n = ny for each
k=2,3,4, and the terms of the type ]P’(vz) JET vv, are subtracted to remove interactions where ny = —n; for each
k =2, 3, 4. This procedure has redundancy (see the definition of {>(n) in (6.3)), but we are able to control the terms
created by this overlap.

Let us describe the benefit of removing these frequency interactions. During the proof of Lemma 6.8 we will order
the frequencies {—n, n1, ny, n3, n4} by magnitude using superscripts |n0| > |nl| > |n2| > |n3| > |n4|. For the quartic
gKdV, there is a region of frequency space where |13 — n? — ng - n% - ni| &« (n%)? (recall that this does not occur
for KAV and mKdV, which have cubic factorizations [1]). In fact, Lemma 6.8 is the nonlinear estimate which controls
the contributions from precisely this region. By considering the reformulation (1.17) we can control the contributions
from the subset of this region where n® = —n!. This is described in Case 1 during the proof of Lemma 6.8 (see
(6.17)). Without introducing (1.17), the regions of frequency space where n = ny for some k =1,2,3,4,orny = —ny

for some k = 2, 3, 4, would have produced the following subcases when n0=—nl:

(i) —n’=n=n; =n!, |n? —n? —ng —ng —ni| =3|nonzng| K (n

(i) n®=n; =—-ny=—-n', |n? —n? —n% —ng —n2| =3|nn3na| K (n

0)2
0)2

and similar cases when n = ny for k =2, 3,4, or n] = —ny, for k = 3, 4. These contributions are all problematic, as
the derivative produces a factor of n| in the nonlinearity, and the function spaces we will work with produce a positive
power of n in the numerator, so that division by the cubic expression |n> — n? - n% - ng - ni| due to dispersion does
not, in these cases, provide us with sufficient means for balancing these large factors. However, by introducing (1.17)
we can avoid these interactions completely.

By controlling the contributions from the region where |n> — n? - n% — ng - nil < (n°)? under the assumption
that n° = —n', we can reduce to the case where n® # —n'!. This reduction produces additional restrictions under the

condition |n3 — n? — n; — ng — nil < (n%)?2. Recall that n® + - - - 4+ n* = 0 is satisfied, so that

= 3}(—non1 +nz(n3 +n4) +n3n4) (n2 —i—n3 +n4) - n2n3n4|
R [n°|nt|n® +nt],

where the last inequality holds if both |n3| < |n°| and |n2n3n*| <« |n°||n'||n® + n'|. This is in contradiction with the
condition |n3 — n? — n% — ng — ni| <« (n%)? (since n® # —n'). Therefore we can assume that either |n3| ~ |n°] or
[n?n3n*) > |n0||n!||n® +n'| with [n3| <« |n°] (see Case 2 in the proof of Lemma 6.8), and this provides the analytical

leverage required to complete the proof of Lemma 6.8.
1.5. Notation

We include some brief remarks on notation.

For simplicity, the appropriate factors of 27 will often be dropped when we use the Fourier transform.

Let n € C°(R) denote a smooth bump function supported on [—2, 2] such that n =1 on [—1, 1], and write
ns (1) :=n(t/8). Also let x = x[—1,1] denote the characteristic function of the interval [—1, 1] and x, (t) := x (¢/8) =
X(—s,81(0).

We write A < B to denote an estimate of the form A < CB, where C is a general constant. Similarly, we write
A~ B todenote A < B and B < A and use A < B when there is no general constant C such that B < CA. Where
appropriate, we will modify these notations by A <, B (or ~,, <) to indicate that the implied constant depends on
a parameter €.

Lastly, we use a+ (and a—) to denote a + ¢ (and a — ¢), respectively, for arbitrarily small ¢ < 1.
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1.6. Organization of paper

The remainder of this paper is organized as follows. In Section 2 we present the basic linear estimates related to the

propagator S(t) := e~%" of the linear part of gKdV. In Section 3 we present the nonlinear estimates to be used in the

proof of local well-posedness (Theorem 1.1). In Section 4 we will prove Theorem 1.1. Section 5 contains the proof of
Theorem 1.2. Section 6 is devoted to the proof of the crucial nonlinear estimates using certain technical lemmata. The
proofs of these lemmata are included in Appendix A.

2. Linear estimates
In [1], Bourgain introduced a weighted space—time Sobolev space X*?(T x R) whose norm is given by
b A
lull sy = [60)* (e =0 a1, O 12 -

. 1 . . .
Since the X*2 norm fails to control L H? norm, a smaller space Z**(T x R) was also introduced, whose norm is
given by

||M||zsvb(1r><R) = ||u||X5~b(TxR) + ”u”Y“"”’%(TxR)’ (2.1)

where (-) =1+ |- [ and [lullyssrxr) = [{n)* (T — n*li(n, T)”l,%L;(leRy One also defines the local-in-time version
Z5" on T x [0, T1, by
el s = inf{ ||l zs.b vy : 10,77 =1}

The local-in-time versions of other function spaces are defined analogously.
In this section we present the basic linear estimates related to gKdV. Let S(¢) := e~ and T < 1 in the following.
We first state the homogeneous and nonhomogeneous linear estimates. See [1,22] for details.

Lemma 2.1. Forany s e R and b < % we have || S(t)uol| ys.» < T%_bl|u0||H.v.
T

Lemma 2.2. For any s, b € R, we have ||n7 () S(Ouoll xsb S7.6 lttoll m5-

Lemma 2.3. Forany s e R and b < %, we have

t

/S(t —1")F(x,1")dt’

0

< F b—1.
<7 IFl

s.b
XT

Forb € (%, 1) we have

t
/S(t —t')F(x,t')dt’
0
Also, for any b € R, it holds that

St Il
5,b
X

Hjs@_ﬂF@fwﬂ

ST N llyso-1.
s.b T
YT

We will also require the following lemma concerning the X ‘YT’b spaces, which allows us to gain a small power of T
by raising the temporal exponent b.
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Lemma 2.4. Let 0 < b < % s €R, then

1
1_p
el gso ST Nl 1
T X2
T

The proof of Lemma 2.4 can be found in [14]; it is based on the following property of the X;’b spaces, which

will be exploited throughout this paper. For any b < %, letting x[0,7] denote the characteristic function of the interval
[0, T'], we have

loell s~ W xeo, 7yl s - 2.2)

Most of the probabilistic lemmata found in this paper will be presented in Section 6.2. They will be needed during
the proofs of the crucial nonlinear estimates. Earlier in our analysis, however, we will require the following lemma re-
garding large deviations. This lemma is a special case of Fernique’s Theorem [19] (for discussion see [26], specifically
Remark 2 on page 104 and Theorem 3.1 on page 159), but it can also be proven by explicit computation.

Lemma 2.5. Fix y > 0, and let ug ,, be given by (1.5). There exists ¢ > 0 such that
2
E(exp(cnuo’wnH%W)) < 00.
Hence there exists ¢’ > 0 such that for each K > 0,

_C/KZ
P(”“O,w”H%,y >K)<e K.

Next we list some embeddings involving the X**? spaces, to be used throughout this paper. We will use the trivial

embedding

x50 - x5 (2.3)
for s > s’, b > b’. The spatial Sobolev embedding gives

X0=L2HS cL2LY (2.4)
where0<s <1/2and2<p < ﬁ or where s > 1/2 and 2 < p < oco. Also recall the energy estimate

XS C LPHS c LLY (2.5)
under the same conditions on s and p. This gives

X't cpte, (2.6)
Interpolating (2.5) with (2.6), for s > 1/2, we have

x /21724 - L;IL)rC 2.7
for all 2 < g, r < o0o. Next we claim that by interpolating (2.7) with (2.4) (for s =0 and p =2), we find

x1/2-8.1/2-6 L?,L;/ (2.8)

whenever 0 <8 < 1/2 and 2 <¢q’,r’ < 1/8. Indeed, for each 0 < § < 1/2, given any 2 < g’ < 1/8, we can select
y > 0and 2 < g < oo such that

i=1+1_25<1—1). (2.9)
qg 2 14+2y\g 2
This should be clear to the reader by checking that, for fixed 0 < § < 1/2, as a function of (y, g) € (0, c0) x [2, o<],
the right-hand side of (2.9) maps onto (8, 1/2]. Letting 6 = %, it follows that
1 = —9)l +91,
/ 2 q
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and
L s—a—eo+e(ty
2 °7 2T

The same computation applies with respect to the r’ parameter, and the conclusion (2.8) follows by interpolating (2.7)
with (2.4) (for s = 0 and p = 2) according to this algebraic scheme.
Recall the following Strichartz estimates from [1],

x01/3 - Li,p (2.10)
and

b ARl A (2.11)
We can interpolate (2.10) with (2.11) to obtain

x0+1/2-0 ~ Li,z’ (2.12)

whenever 4 <g <6 and o < 2(% — %).

Lastly we recall the following embeddings for the Y*? space, which are easily established from the definitions: for
s € R, we have

1
X727 cya®cc(lo, T1; H (T)). (2.13)
3. Nonlinear estimates

In this section we will formulate and state two key propositions (see Proposition 3.2 and Proposition 3.3 below).
These propositions provide multilinear estimates to be used in the proof of Theorem 1.1 (which can be found in the
next section). The proofs of Proposition 3.2 and Proposition 3.3 will be postponed to Section 6.

We begin by defining the multilinear functions which will appear in Proposition 3.2 and Proposition 3.3. In this
paper, we solve the integral formulation of (1.6) with data ug ,, (given by (1.5)),

u=_St)ug,,+Dwu). 3.1
Here D(u) :=D(u, u, u,u) and
t
Duy, uz, u3, ug) := / S(t — t/)./\/(ul, uy, us, u4)(t/)dt/, (3.2)
0

with N'(u1, uz, us, us) defined by its Fourier transform in space:

A . ~ ~ ~ ~
(Nt  uz, u3,u8))” (n,1) = > (inpDui(ny, Hua(nz, Hu3(n3, Hug(ng, 1),
(n1,n2,n3,n4)€8(n)

where ¢ (n) is a set of frequencies (n1, ny, n3, n4) satisfying certain restrictions (dictated by the nonlinearity of (1.17)).
The definition of ¢ (n) is slightly cumbersome, and we avoid it here. See (6.2)—(6.4) in Section 6.1 for details.
Taking the Fourier transform in time, we have

(N i uz,u3,u9)) (0, 71) =) / (in)idy(n1, 71) - - 1ig(n4, ). (3.3)
§0) r=g1 3y

Let A be the domain of integration in (3.3), given by

A:={(n,n1,...,n4,r,t1,...,174)€Z5 XRS:(nl,ng,n3,n4)€§(n), 'L'=T1+"'+‘[4}.

We will decompose A depending on the relative sizes of the dispersive weights o 1=t — 13, oy := 74 — ni, and the

spatial frequencies n, ng, for k = 1, ..., 4. Specifically, letting |omax| := max(|o|, |o1], |02], 03], |04]) and |nmax| :=
max(|n|, [n1], [n2l, |n3l, |n4]), we express A=A_1 U Ag U --- U Ay by letting
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A_1:=AN {|Umax| < |nmax|2},
Ao:=AN{lo| 2 Inmaxl*},
A= AN {lok] 2 1nmax|*} (3.4)

fork =1,2,3,4. We will use N (u1, uz, u3, us) to denote the contribution to ' (u1, uz, u3, us) coming from A, for
Jj=-1,0,1,2,3,4. Similarly we will use D;(u1, u2, u3, u4) to denote each contribution to D(u1, uz, u3, us).

The partition of type (3.4) is standard; see for example [23] in the context of KdV. In the analysis of KdV (and
mKdV), the region A_; is empty. However, in the analysis of (1.6) (with quartic nonlinearity), there are nontrivial
contributions from the region A_1. In fact, the counterexample which produces C*-failure of the data-to-solution map
for (1.6) in H*(T) for s < % is based on this fact (see [12]).

The multilinear estimates we establish in the region A_; will use a probabilistic analysis. These will be estimates
on the first iteration of the integral formulation of (1.6) (i.e. we do not require the second iteration in the region A_1).
That is, in Proposition 3.2 below, we will establish probabilistic quadrilinear estimates on D_1(u1, ..., us4). In the
regions Ay, ..., A4, we require both the second iteration and a probabilistic analysis. That is, we establish probabilistic
septilinear estimates on D1 (D(us, ug, u7, ug), us, u3, us), and analogous septilinear estimates on contributions from
the regions Ay, A3 and A4 (see Proposition 3.2 below). In the region Ag, however, we can use a deterministic analysis.
Indeed, we establish deterministic quadrilinear estimates on Do(uy, ..., us) (see Proposition 3.3 below).

Remark 3.1. There is a condition which we will implicitly impose in the statements of Proposition 3.2 and Proposi-
tion 3.3 below: in all cases, the input factors u ; have spatial mean zero for all time. All of the factors we will consider
in application of these estimates will be solutions (or differences of solutions) to (1.6) (equivalently (1.17)), or the
truncation of this system to finite dimensions, evolving from initial data with spatial mean zero. That is, this mean
zero condition will always be satisfied when these estimates are applied.

The probabilistic estimates established in the regions A_j, Ay, ..., A4 are grouped into the following proposition.

Proposition 3.2 (Probabilistic nonlinear estimates). For § > f > 0 sufficiently small, any o > 0 such that § > o,

and any 0 < T < 1, there exist ¢, C > 0 and a measurable set 27 C 2 satisfying P(825) < e 717 and the following
conditions:

(i) If w € 2T, then for every quadruple of Fourier multipliers Ay, ..., A4 defined by

A5 f(n) = xw;<ini<nt; f (), (3.5)
for some dyadic numbers Nj < M; < oo, and for every quadruple of real numbers
(81,...,84) € {(80,0,0,0),...,(0,0,0, 8},

we have the estimate

| D=1 (ur, uz, u3z, ug) “Xéﬂ%éo,%hﬁ

4
<cT P[]V + il gosmsygs |uj — S Aj(wo.0) ”x%““‘f%“‘)' (3.6)
j=1 7

270-0j.5—
T

(ii) If w € 271, then for every heptuple of Fourier multipliers A, ..., Ag defined by (3.5) for some dyadic numbers
Nj < M; < oo, and for every heptuple of real numbers

(82.....88) € {(%.0,....0)..... (0,....0.80)}.

we have the estimates
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[Py .09 25, 06)] v

8
- B
<cT PIT(v;7 + el goms s+ |uj—S@)A;(uo.0) HX%M?%,%?S). 3.7)
j=2 T T
(iii) Estimates analogous to (3.7) on Dy(uyi, D(us, ue, u7, ug), u3, u4), ..., Da(uy, uy, us, D(us, ug, u7,ug)) also

hold for w € 27.

The estimates of Proposition 3.2 are based on nonlinear smoothing due to initial data randomization. However, in
some regions (e.g. Ap), the choice of b = % -8 < % allows us to establish deterministic estimates.

Proposition 3.3 (Deterministic nonlinear estimates). For 6 > 0 sufficiently small, any 8y > 0 such that § > 8y, and
any T > 0, there exist 0, C > 0 such that

4
| Dot uz, u3, us)| Lisosgyos = cr’ 1_[ floejll Lo, dos (3.8)
Xy j=1 X7
4
| Do 1, uz, u3, us)| Lisospo = cr’ 1_[ floejll 1ss,ds (3.9)
Yy j=1 X7
and
4
0
| Dk 1, uz, u3, us) ||X%+5—50‘%+,s <CT IIMkIIX%_s_ak,%m H IIMjIIX%_s_ﬁjY%_A, (3.10)
T T Jj=1, j#k T
foreach k =1,2,3,4, and for all quadruples
(81,82, 83,84) € {(80,0,0,0), (0, 80,0, 0), (0,0, 8, 0), (0,0,0,80)}.
We also have
4
| Dr e, ua, uz,ug) | 1 =C l_[ lujll 151 s (3.11)
Xy j=1 Xy

foreachk=1,2,3,4.

Remark 3.4. In order to establish the crucial approximation (1.9) in the proof of Theorem 1.1, we will exploit
flexibility of the estimates stated above with respect to frequency truncation of the nonlinearity. For the most
part, this flexibility is implicit to the definition of the XST’b-norm (and Y;’b—norm), but this is less obvious when
we consider a second iteration of the integral formulation of (1.7), and attempt to use (3.7). In particular, it
should be mentioned that (for w € §£27) we also have an estimate analogous to (3.7) on the multilinear expression
D1(PnD(us, ue, u7,ug), uz, U3, us), and similarly for the contributions from A, Az and A4. For an explicit refer-
ence to our use of this flexibility, see line (4.52) in Section 4.

Remark 3.5. There is another flexibility implicit to the nonlinear estimates of Proposition 3.2. The time interval [0, T']
can be replaced with an interval I of length 7', and we do not need the randomized data S(¢)ug,, to evolve from the
left end-point of the interval /. In particular, we can take I = [tg, fp + T'], and prove Proposition 3.2 by replacing
S(#)uo,» with S(¢ + to)uo,, for any 7y € R, since the linear gKdV evolution S(#p) preserves the Gaussian probability
densities of the (independent) randomized Fourier coefficients in (1.5). However, by varying 7y the probabilistic set
21 = 27(tp) varies as well. That is, we can use this flexibility (varying 7o € R), but the measurable set of good
data produced by Proposition 3.2 changes. We will stick to the following notation: £27(#p) is the set satisfying the
conclusions of Proposition 3.2 on the time interval I = [f, #o 4+ T'] (instead of [0, T']) with initial data ug , posed at
time ¢t = 0.
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Remark 3.6. By using nonlinear estimates in X%b with b = % + 6 > % (as in (3.6)), and applying the embedding
(2.13), we will find (during the proof of Theorem 1.1) that the contributions to the nonlinear part of the solution from
the regions A_1, Ay, ..., A4 are automatically continuous in time with values in a Sobolev space of higher regularity
than the data (condition (i) in the statement of Theorem 1.1). However, for the contribution from the region Ag, we
will use the X%b estimate (3.8) with b = % -8 < %, and the proof of continuity will require a modified argument.

This is where the Y;’b estimate (3.9) will be needed.

Remark 3.7. There is one region of frequency space, produced by using the second iteration, which appears lethal, at
first glance, to the proof of (3.7). Luckily there is a cancellation in this region that saves the analysis. A technicality
emerges, due to this cancellation, that needs to be addressed in this section. In particular, the estimate (3.7) has poten-
tially different input functions u», u3, ..., ug, but the cancellation that we need to invoke in the troublesome region
of frequency space requires that all input functions are the same. This is not problematic, however, as we only need
multilinear estimates with different input functions in order to bound the difference of two expressions, each given
by D1(D(, -, -, ), -, -, -) evaluated with all input functions equivalent. We bound this difference using multilinearity
and a telescoping sum. Therefore, to incorporate the cancellation with different input functions, we simply define
D1(D(us, ue, u7, ug), uz, u3, usg) with the cancellation imposed in the troublesome region. For a more precise discus-
sion of this cancellation (and the proper definition of the multilinear functions appearing in Proposition 3.2 above) see
Section 6.3 (and, more precisely, Case 2.b.ii of the proof of Proposition 6.2).

The proofs of Proposition 3.2 and Proposition 3.3 are postponed to Section 6.
4. Almost sure local well-posedness

In this section we present the proof of Theorem 1.1. The key inputs for this proof are Proposition 3.2 and Proposi-
tion 3.3.

Proof of Theorem 1.1. We will construct the local solution to (1.6) as the limit of a sequence of solutions " which
evolve from frequency truncated data. Consider initial data of the form

1) () =Py (10,0 (x)),

where ug 4, is given by (1.5), and Py is the Dirichlet projection to Ex. Notice that uév » € H?(T) almost surely, for

every s € R. By Theorem 2 in [12], for each N > 0, almost surely, there exists a unique global-in-time solution u to
(1.6) with data u{)\fw. Then u? satisfies

u" =Suf,,+D", (4.1)

where DV :=Du™), D) = D(u, u, u,u) and D(uy, us, us, us) is defined by (3.2).

Here is an outline of the proof of Theorem 1.1: we show that for 0 < §; < § with § sufficiently small, 30 < 8 <
6 — &1 and ¢ > 0 such that for each 0 < T « 1 there exists 27 C §2 with P(Q;) < e_TLﬁ such that for w € 27, we
have the following: for every N > M > 0,

””N - ”M” b-s.1-s S Mﬁﬂv 4.2)
IDY —DM|| 0, SME (4.3)
X7

. R 148,58 .
These estimates show that u" and DV are Cauchy in X7 ~'? " and X7 2 °, respectively. Then we show that the

convergent u (of V) is a solution to (1.6), and proceed to prove continuity, uniqueness and stability properties of this
solution (properties (i)—(iv) in the statement of Theorem 1.1).
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We begin by constructing 27 C §2 such that if w € 27, we have

[ 1 51, <R, (4.4)

<R, (4.5)

for some constants R, R ~ 1 (independent of N). Then using the estimates (4.4) and (4.5), and imposing additional
constraints on 7', we will show that if w € £27, then (4.2) and (4.3) hold true as well. By (4.1) and Lemma 2.1, we find

™ y-s3-s < ISOugl s + PN 4osges
XT XT
SCoT‘Slluo,wH S+IPY e (4.6)
Next we use the triangle inequality and Lemma 2.4 to find
IPY] yisgos S 1P gisgos +o+ [Pa™)] yisyos
T XT XT
4
<[Do(™)| yusys + T 320 D) yisges 47
X7 k=—1k0 X7

By Proposition 3.2, for § 3> > 0 sufficiently small, choosing 6yp = 0 (for now), for any 0 < T < 1, there exist

¢, C > 0 and a measurable set .QO C £2 satisfying P((Q ¥) <e ~7F such that ifwe Q the estimates (3.6)—(3.7)
hold true. In particular using (3. 8) (with 8o = 0) and (3.6) with each u; = u™, and each A i = Py, we have that if
w€E .Qg then

”DO(MN)H %+6.%75+T5_“D—1(MN)“ L5 h+e
X7 X

T

<TK(1+ ||u ” 1ol + ”u S(I)M(I)\{w” %+5,%_5)4
X X7
T+ ™) bid- R L TS )" 4.8)
X7

We have used (4.1) in the last line, and taken k > 0 Vv (§ — B).

When we estimate Dy, (uN ), for k =1,2, 3,4, we consider a second iteration of (4.1) in the kth slot. For example,
in the region A; we substitute (4.1) into the first slot of D; (1), and estimate the contributions from the linear and
nonlinear parts of (4.1) separately. To estimate the linear contribution, we find by (3.10) (with §o = 0) and Lemma 2.2,

T°7 | Di(S@ug. o u™ u™, N)ll pindes ST e @SOu | gy g |0

| 51
151
2

X7

2

ST fufly |y ™ (b (4.9)
Next we estimate D (DY, u™, u™,u). Using (3.7) with each u; = u" and each A; =Py, and (4.1), we have for
w € .Qg,

75| Dy (DY, u, u¥, u™)|| 1o, (1+|yuN|| 1os) 6+”DNH IHLS)T (4.10)

2+<5 2+5 N
XT T T
Using the estimates analogous to (3.7) for k = 2, 3, 4 (also produced by Proposition 3.2), we have statements similar
to (4.9) and (4.10) (for w € 2%) to bound D, (™), D3(u") and D4(u"). Combining these estimates with (4.7) and
(4.8) we have

5, l,g,
T

DY) yoys =T 2 (g DY gy ) @i
T

for some k > O, where Z(x, y, z) is a polynomial of degree 7 with positive coefficients.
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Now, fix C > 0, and let
gn(w)e™
In|1=#

Qr :=9%n{weg‘
neZ\{0}

C}
| <_ﬁ
H2™ T2

We have by Lemma 2.5 (with y = § — g > 0) that for T > 0 sufficiently small P((£27)) < P((22)°) + e~ C(KT? <

efTLﬂ. Combining (4.6) and (4.11) with a standard continuity argument, if w € 27, then (4.4) and (4.5) are satisfied
for each N > 0. See Section 3.4 of [40] for details.
To establish (4.2) and (4.3) we impose further restrictions on 7'. For w € 27, consider

[ =] genges S ISOCE a6 gos s +1P7 = DY sy
=M [ D] et 4.12)
Then, using the multilinearity of D,
[P =D gy < [P0 -, N)||XT;+51 SR GG Ll FEP
e A
+ | D, u™ M — )||% s 4.13)
x?

Each of the terms in (4.13) will be bounded in a similar way; we proceed to estimate the first term explicitly. As above,
we will bound the contributions from each region Ag, k = —1,0, 1, 2, 3, 4, using Propositions 3.2 and 3.3. Consider
(3.6) and (3.8) applied with 8o =0, u; =u”™ —uM, Ay =Py — Py, and u; =u”, Aj =Py for j =2,3,4. This
gives, for w € 27,

o = ] gD )]
STMP o+ ¥ =] g+ [PV =DM bia )
XT
(U] gy DY g 175)3- (4.14)
T

To estimate Dk(u — uM, uV, ul, uN), for k =1,2,3,4, we again consider a second iteration of (4.1) in the kth

factor. This argument requires minor modification when we consider D @™ —uM N N, uN). We substitute
uN—uM:S(t)(uf)\fw—uf)‘in)+D(uN)—D(MM). 4.15)

Then to estimate Dl(S(t)(u(I)Vw U, w) u™, uN, uN), we proceed as in (4.9) above. To be precise, by (3.10),
Lemma 2.2, and the definition of £27, we have

T~ ”D1 (S(t)(u(l)\{w - u(l)v,lw)’ MN’ MN’ MN) ”X%M,%M

T

ST SO = ugl) | 151110 u;%,s,%,a

<T“M~ /3||u,|| (4.16)

] 1
625
T

Next we estimate D, (DN — DM yN N, uN). We find

210"~ DM, )| .

T+, L+

T

<21 (DG" ) )]y
Xy
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+HDl(D(uM,uN—uM,uN,uN),uN,uN,uN)“ s

5+
T

D1 (D~ ) )]
T

+||D1(D(MM,MM,MM,MN—MM), N, N, N “4.17)

)” é+8 ETh
T
Each of the terms in (4.17) will be bounded in a similar way; we bound the first term explicitly. Applying (3.7) with
So=0,us=u” —uM, As =Py — Py and u =ub, Aj =Py for j=2,3,4,6,7,8, we find
5— N _ MO N N Ny N N N
r ”Dl(D(u —u o u ut)u )” §+6§+5
T

STK(Miﬂ""””N_”M” l—s.l—a"‘“DN DM” 1+sl—8) (1+||”N|| 'sl—a"‘“DNH -+51_5)6'
X2 2
T

Using (4.17) this leads to the bound

T ”D] (MN — MM, MN, MN, MN)”XT%-HS.%M
18,55 + ||DN -pM ” %+5,%—8)

X2

( +||”N|| 1.} a+||”M” 5175+||DNH 2+a‘ 5+HDM” —+a 175)6'

ST M+ [u =]

With similar arguments, using the 1nequa11tles of Proposition 3.2, we find

P D )|
ST ] e DY py)
Yy 515+||uM|| Lot 1+ala+||DM|| )’ 19
forall k= 1,2, 3, 4. Comeming (4.14) andT(4. 18), preceded by Lemma 2.4, we have
D@ —u, u?, u®, V)| b
ST —uMnT R
y
P YL N DMH ) @19

where Zy(x, y, z, w) is a polynomial of degree 6 with positive coefficients. Each of the terms in (4.13) can be bounded
with similar arguments. This leads to

||DN—DM||X%+5.%7,;sclT”(M"’+||uN—uM||X% + D" - DY Mu)
T T
Zi(l™ ] gosgese D™ gosgese DN|| Lo DMH IMH) (4.20)
T T

where Z1(x, y, z, w) is a polynomial of degree 6 with positive coefficients. If we choose T > 0 sufficiently small such
that

|
CiT*Z(R,R,R,R) < 7 4.21)

we find from (4.20), (4.4) (4.5) and (4.21),

1 1
|V - DM” o S EaMT ﬂ+2|| MMHXT%"S’%*‘S' (4.22)
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Then combining (4.12) and (4.22), we have

¥ =]y <(CT" S+ )M P < MP,

~

T

by taking 7 < 1. With (4.22) this gives

AR N brags MO 2,
and we conclude that (4.2) and (4.3) hold for w € £27.

1g1_
By (4.2) and (4.3), u™ and DV converge in X7 5378

shown that, for w € 27,

1 1
lys 1 s ) .
and X7 % , respectively, for w € £27. It remains to be

(i) The convergent u of u® is indeed a solution to (1.6) with initial data Uo, -
(i) u — S(O)uo. € C(0, T1; H2*(T)).

(iii) u is unique in {S(*)ug,e + {Il - ”X7+5 1, =< R}}.
(iv) u depends continuously on the 1n1t1a1 data, in the sense that the solution map @ : {ug, + {Il - | A+ <K}}—>

{S@uo,e +{Il - |IC([0 - H2+5) K}} is Lipschitz.
(v) The solution u is well-approximated by the solution of (1.8). More precisely,

— Nt <SN7P.
[u =@ Ouooll o 1 ptn,

To establish (i), we need to prove that u = limy_, o u” satisfies

u=St)ug,w+ D), (4.23)

1 s 1_
where equality holds in the sense of distributions. Clearly, for w € 27, we have S (t)u(])V w =~ S(Oup,e in X % i 8.
Using a telescoping sum and the deterministic estimate (3.8), we have
lygl_
Do(u") > Dou) in X227 (4.24)

Also, by modifying the technique used to prove (4.3) (and invoking both (4.2) and (4.3)), we conclude that Dy (u”) is

l
Cauchy in X2 ™2 for cach k = —1, 1,2, 3, 4. That s,

548,548

Dy (uN) — v inX7} 4.25)

548,548

for some v € X7 ,k=—1,1,2,3,4. We can therefore express

u=SMHuow+Dow)+v_1+v+--+va. (4.26)

It remains to be shown that vy = Dy (u) foreach k =—1,1, 2, 3, 4.
First observe that by (4.2), (4.24) and (4.25), given the uniform bounds of (4.4) and (4.5), we have

||L,||X%_5’%_lS :NIEHOOHMNHX%—&%“S <R, 4.27)

T T

_ N ~
Lo s = im |27 s SR (4.28)
X7 Xz

4
HDO(M) + )

k=—1
k#0

Then to show that v_1 =D_1(u), we apply (3.6) with §o =0, u; = u — uV, A =1d — Py and uj=u, A; =1d, for
Jj =2,3,4, we find (by substituting (4.1) and (4.26)), for w € 27, we have



G. Richards / Ann. I. H. Poincaré — AN 33 (2016) 699-766 717

X%+5.%6)

T

”D,l(u — uN, u,u, u)”

X%+6‘%+6

T

+ || Do(u) + Z v —D(u?)

k=—1
k0

4

Sro(W ]
X
Do)+ Y w
k=—1

T
<1+||u|| 1) st
k£0

ST¢<Nﬂ+wkmNh%H%+}:MwJ%W”h%%4
T

+ ||D0(u) - DO(MN)”XéM,é—S)(] +R+R)?

—0, asN — oo.

Note that we have used (4.27) and (4.28) in the second last line, and the convergence to zero follows from (4.24)
and (4.25). Using a telescoping sum, we can apply similar arguments to conclude that v_; = limy_, oo D_1(uV) =

—1 (u)
It remains to show that vy = Dy (u), for each k = 1, 2, 3, 4. The justification is similar for each such k; we focus
on k = 1. We demonstrate this equivalence using a weaker norm. In particular, it is clear from (3.11) that Dy (u™)

1 g5 1_
converges to Dy (u) in X % .2 6, and therefore vi = Dj(u). In fact, by (4.25), it follows that D1 ™) converges to

. 148,148 . .
Di(u) in X%+ 2™ The same type of argument applies for k = 2, 3,4, and (4.23) follows. We conclude that u is
indeed a (mild) solution to (1.6) with data ug ,, for ¢ € [0, T']. The discussion of point (i) is complete.
To address point (ii), we remark that by (4.25) and (2.13), since each vy = Dy (u), if w € 27, then Dy (u) €

C(0,T1; H%M(’]I‘)) for all k € {—1,1,2,3,4}. For k =0, we have by (2.13), followed by a telescoping sum and
application of (3.9), that

| Do) = Do (™ S IPo@ =Do@™)| 1.0

)l C0.7T1HEH (D) 2

< TQHM —MN”Xl s %75R3'

With (4.2) we conclude that Dy(u) € C([0, T]; H%J”S (T)). Therefore, if w € 27, we have

U — S(t)ug,, = Du) € C([0, TT; H>+(T)).

Turning to point (iii) (uniqueness), we establish that, for w € £27, the solution u to (1.6) with data u¢ ., (obtained
as the limit of u"V given by (4.1)) is unique in {SHuo, + {1l - I Lislosr < R}}. Suppose #u is another solution to
(1.6) with data ug ,, that belongs to this function space. Following the methods used above, if w € £27, then we have

[P® D@ oy =T Wil g+ [PD D] 4y )

wa +ﬂ%,

bwm|_ﬂ4wm|%%4w wa 1) (4.29)

where Z>(x, y, z, w) is a polynomial of degree 6 with positive coefficients. With the definition of §27, we have
|Da@) — D(u)HXT%H_%ﬂS < T*|DG) - D(M)HXT%%%S -Z>(CT* +R,CT*+R,R,R)

1
<s[p@ - wa braos (4.30)

[\
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ligl_ 1_s1_

for T > 0 sufficiently small. We conclude that D(it) = D(u) in X%H’ 2 8, and thus u = it in X7 52 8, for w € 27.
The proof of uniqueness is complete.

Next we discuss point (iv). We will show that, for @ € §27, the solution map @ : {ug,, + {| - ||

Su .
(SOuo0 + 111 s,
v0||H 1y < R, we will demonstrate that:

<R})) -

g3t =

< R}} for (1.6) is well-defined and Lipschitz. That is, given vg such that |jug, —

(a) The solution to (1.6) with data vg exists, is unique in the sense described above, and satisfies
lvll 1515 <R, PO 1,515 <R.
X} 2 X} 2

(b) The map @ is Lipschitz.

To establish point (a), for N > 0 we let v(’)v := Pyvg. By Theorem 2 in [12] the solution v¥ to (1.6) with data vév
exists for all + € R. We will show that, if w € 27, then for all N > M > 0,

o] 1osios =R 4.31)
7
||D(UN)||XT%+5,%_5 <R, 4.32)
and
oY — UM||XT%751%75, DY) —D(W™) ”xé*‘*‘%*é —0, asM — oo. (4.33)

1 1
The existence of a convergent v € X %_6' 278 of the vV will follow from (4.31)—(4.33). Afterwards, the justification of
points (i)—(iii) for the convergent v can follow the discussion above (for u with data u¢ ) very closely, and we omit
details. We proceed to justify (4.31)—(4.33).
The solution v¥ to (1.6) with data v(l)v satisfies

o =S(t)v(])V —I—D(UN)
= SOup, + SO (vy —uf,) + DY), (4.34)

and

vV — oM =S Py — Pa)uo,w + SO Py —Pu)(vo — o) + DY) — D(vM). (4.35)
Using Lemma 2.2, the new contributions to (4.34) and (4.35) (i.e. contributions which were absent in the analysis of
the sequence u” above) satisfy, for any b € R,

[SO@ = ug )| yoss Slvo—wowll yos (4.36)

I gy

and

IS ®n = Par) (vo — uo,0) ”xl%[’ < [ dd = Pa) (o — o) ||H%+,;(T <Cy—0, (4.37)

2 )
T
as M — oo. The point is that, thanks to (4.36) and (4.37), we can estimate the contributions from (vyp — ug,) in

1 1

(4.34)—(4.35) using the X %M'EH norm (with spatial and temporal regularity s = b = % + §). In the proof of in-
equalities (4.31)—(4.33), this has two benefits. Firstly, we can estimate contributions from these terms as we did the
nonlinear terms (with spatial regularity s = % + 8) in our estimates above. Secondly, when we consider a second
iteration of (4.34) in some regions of frequency space (as in line (4.15) above for V), we cannot expand the con-
tributions from (vo — ug,,) in (4.34) and (4.35) into septilinear expressions (as we can for DN)); instead these
contributions can be bounded using (4.36) and (4.37) with temporal regularity b = % + 8, by applying the determinis-
tic estimates (3.10).
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Using this approach, we can establish

N ||
v 1

T
and if w € 27, then

1
2

-5 = COT(S_H“(])\{w”H%4 +CT° v — “(])\{w”H%M + ”D(UN)”XT%M,%—&’

PO gig-s < OT 22T g | g5 100 = 500400
T
[ E D(UN)”X%M‘%—LS)’ (4.38)
T T

where Z(x,y,z,w) is a polynomial of degree 7 with positive coefficients. Under the assumption ||v(])V -
u, “’”H 1.5 < R, we can repeat the analysis done for u, and (4.31)—(4.32) follows for T > 0 sufficiently small. To

prove (4.33), we proceed as above, using (4.34)—(4.37), Proposition 3.2 and Proposition 3.3 to establish, if w € £27,
then for all N > M > 0 we have

DY) - D")] xhros

<O\ Tf(M™ ﬂ+||S(t)(]P’N PM)(vo—MOw)|| bt

2+8

R WOTREL T R

T

Z3(T° gl gse T gy N_“O,w”H%w v = ugly | s
”vNHXé—a.%—(s’ ”vM ||XT7—5,%—6’ ”D(UN)“XéM,%—a’ ”D( )” 2+5 7—&)

where Z3(s, t,u, v, w, x, y, z) is a polynomial of degree 6 with positive coefficients. Then using (4.31), (4.32) and the
definition of 27, we find

”D(UN) ( )” +a‘ 6<C1TK(M ﬂ+CM+”D( ) D(UM)”X%H,%—s)
T

-Z3(CT*,CT*,R, R, R, R, R, R).

By taking T > O sufficiently small (followed by rearrangement of the last inequality), and using Cp; — 0 as M — o0,
we conclude that (4.33) holds true for @ € £27. This completes the justification of point (a): for w € £27, the local
solution v to (1.6) with data vo € {10, +{ll - ||H 1y < R}} exists and it is continuous and unique (in the sense described
above).

We proceed to establish point (b). That is, we show that the solution map

@ {uo.o + {Il- I 14 = R}} — {S®uo.w + {1l | <R}}

for (1.6) is Lipschitz. Suppose ug, vo € {uo.» + {|| - IIH%+5 < R}}andlet u,v € {S(t)up. + {Il - ”C([O,T];H%Jra) <R}}

C0.T]H2*)

denote the corresponding solutions to (1.6). As above, we have

llu — UIIX%,&%,B < ||S@) o —vo)| 1,3;,3 + |P@w) — DW)|| L,g_%,g

T

ST Nlug — voll _+5+|}D(u)—2><v>|| s

and if w € £27, then

[P@ =D 41y

SClTK(”"’O_UOHH%«S""”"’ gl 151_5—{—”1)(14)—17(1))” 1+51—5)

P gusy-s

(HMO_UOH l+5v”u” al 5’”1]” 1 51 5 |D(U)” 1+51 5)

T T
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where Z4(v, w, x, y,z) is a polynomial of degree 6 with positive coefficients. Repeating previous arguments, we
conclude that, if T > 0 is sufficiently small, then for w € 27, we have

llu — vl EREE ST luo — voll 145
T
| D) = D) || woyos ST Nwo = voll - (4.39)
Then we find

' +5

lu =0l o b, S ISO@o =] L oy + [ D@ =D :

C([0,T];

= lluo = voll 4.5 + [P =D 1 (4.40)
and using (2.13), Proposition 3.2, Proposition 3.3 and (4.40),
P60 =P 0

S [P - D) H
< Z | D) - D; <v>||

j=—1

4
= [P0 =Do@| o+ DL [P0 =D g b
v J==1,j#0
< (T  lluo — ol b T Bllu — || psdost Y HD(u) —D)| %%%75)
XT XT

- Za(lluo — voll 1455 Ilullxéﬂs,%w llvllxéﬂs,%w D(“)”XT%M.%W ’ID(U)HXT%JrS,%—B)
<T7|ug— vl 1.,Z4Q2R R, R, R, R)
S lluop — vollH%M- (4.41)

From (4.40) and (4.41) we conclude that the solution map @ for (1.6) is Lipschitz. This completes the discussion of
point (iv).

Lastly, we need to address point (v). To do this, we will compare solutions #" of the truncated system (1.7)
to the local solution u of (1.6) constructed above. Let us be clear that we will use #V to denote the solution to
the frequency truncated PDE (1.7), not to be confused with the solution u” of (1.6) with frequency truncated data.
Avoiding frequency truncation of the nonlinearity was useful above (to establish the existence of a convergent u), but
it remains to justify (1.9). We will use the notation DV :=PyD@@", ..., ") and D :=D(u, u, u, u).

Let us remark that the analysis applied to the sequence u” above, for fixed N > 0, applies to the frequency truncated
sequence iV as well (the X*-?-norm “behaves nicely” with respect to frequency truncation, since it is defined in terms
of Fourier coefficients, see also Remark 3.4). In particular, by proving (4.4)—(4.5) with aN (instead of u ) imply that
for w € 27 we have

||“N||XT; s <R
|V (b S R, (4.42)

for each N > 0. It should also be mentioned that the argument used above to justify point (iv) (Lipschitz continuity of
the data-to-solution map @) applies to the finite-dimensional data-to-solution map @V of (1.7) (for the same reasons).

Given 0 < §; < § as in the statement of Theorem 1.1, we impose the smallness condition 0 < 8 < § — §; on the
small constant 8 used above, and this has no effect on our prior analysis. We claim that the following estimates hold
forw e Q27:



G. Richards / Ann. I. H. Poincaré — AN 33 (2016) 699-766 721

~N

| —u] L2546, 1 s NP, (4.43)

f
T

|DY - D” s S NF. (4.44)

We proceed to ]ustlfy (4.43) and (4.44). In fact, we will establish, for each M > N > 0,

”ﬁN —ul ”X%—zwsl 1y SN 7 (4.45)
T
| DY — D I 1 o gt SNA. (4.46)

Then (4.43)—(4.44) follows by taking the limit M — oo, using (4.2), (4.3) and (4.23). The point here is that, to justify
(4.45)—(4.46), we can proceed with applications of Proposition 3.2 with #™ as input functions (instead of u) with
corresponding A ; =Py, because then M; = M < oo (as required to apply the estimates from Proposition 3.2 of the
form (3.7)).

We proceed to justify (4.45)—(4.46). Using the integral formulations of (1.6) and (1.7), the condition 0 < 8 < § — 41,
and the definition of 27, we have

” i ”
u' —u
X7—28+6| )

T

= ”S(t)(PM —Pn)uo.o “ %—25+51 15+ HﬁN -p¥ ” %72«5%1 1_s

2 2

<N~ o 61)”S(Z)(PM ]P’N)Mow” ! 51 8+||DN 'DM”

1+5] $-s
N B
7+ DY —D¥ || (4.47)
T2
Then
”DN DM ” +51 3-8 = ” (d — PN)DM ” 1.8 + “PN(ﬁN _DM) ”X%Jrsl.%—a-
T
We find
Jaa= 20D gy SN OINDV] g <N R @4
T

The estimate (4.48) illustrates how the slack in spatial derivatives due to the parameter §; > O can be used to
establish the~decay in N on the right-hand sides (4.45)—(4.46) (and thus (4.43)—(4.44)). Next, in order to es-
timate [Py (DY — DM)| % o dos by using a telescoping series it suffices to consider expressions of the type

IPAD@EN —uM, g™, gV, N )| R Furthermore, with the decomposition of frequency space from Section 3, it
T

is enough to consider expressions of the type |PyDy (@ — u™, a, aV, aV)|| for each k € {—1,0, ..., 4}.

1 1
2+al —5°
By Proposition 3.2, for § 3> B > 0 sufficiently small, choosmg 8o =268 — 41, for any 0 < T « 1, there exist ¢, C > 0

and a measurable set .Ql C §2 satisfying P((.QT) ) <e ~7F such that if w € .Ql the estimates (3.6)—(3.7) (with

8o =8 — 41) hold true. From here we redefine the set £27 above by intersecting with the set .Ql .
For k = —1 and k = 0 we have by (3.6) and (3.8) (with 69 =8 — 81 > 0),

k] s )

HPNDO(L;N—uM,ﬁN,ﬁN,aN)UX%HI_%,a+T5—|\IPND,](&N—MM i i ﬁN)|‘Xi i
T T

STONT + ||a? _”M||X%—2a+61,%—6 + DY —DM||X%+51V%75)(1 +R+R). (4.49)
T T

Then for k = 1 we find
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[PaDy @ =t @, @™ a)|
T

T R L e ]

i
g8

xhrd
and
[PADi((1d = Py, @™, i, N)H
~ [PaDy(ad - By DM, 2,7, >||
< |PyDi(D(Ad = Pyja)u™, u™, u, uA;), uN, "N’ﬂN)”xé”l*%*‘*

+ |Pa D1 (D(u™, (1d — Pyja)u™, ™, u™), aV, a", ﬁN)”XT%MI s

+ [Py Dy (D™, u™, Ad — Pyjayu™, u™), @™, @™, a") | (b

+ |Pa D1 (D (™, ™, u™, (1d — Py )u™), @V, @V, @) | e oo (4.50)

T
Once again, each term on the right-hand side of (4.50) will be bounded in a similar way, and we proceed to bound the
first term explicitly. Using (3.7) (with 69 = § — 1), we find

IPx D1 (D((d — Pyya)u™, u™, u™, u™),a™ i, a") |

X%+81 1-s
STYNT? + | Ad — Pyja)u™ H Ml% s+ ||ad =Py, DY| | 2+sl 1)

'(1+ ”"‘M” lfa,lfa + ”DM” l+a,l 5) (1+ ””N” —8.4-s + ”DN” ‘+a 175)3
T

<TK(N ﬁ+N 0= 51)(””M” = a+”DM“ 1+5' 5))(1+R+R)6

<TNPAQ+R+R). 4.51)
Next we find
[ 1 (B (@ =) V] g g = [P BB =DM |,
T

and by using a telescoping series, in order to estimate this expression it suffices to consider terms of the type
IPyD1 (P (D@N —uM, @, aV,aNy), aV, aV, aV)) g By the modification of (3.7) described in Remark 3.4

(with 8 = 8 — 8), we have i

||IPND1(]PND( M N N N)’ N N N)

| 1.
2+a. 15

<T(NP+|a" —u™| , b g + DY - DM || b g L)A+R+R)S. (4.52)
By (4.47)—(4.52), with a continuity argument, as in the proof of (4.2) (4.3) above, we arrive at (4.45)—(4.46).

Given (4.43)—(4.44), by following the approach taken in the discussion of point (ii) above (using an estimate of the
type (4.48) to control high frequencies), we can establish that for w € £27 we have

_DN < N—B
1D =By, SN

Notice that, by definition, we have @~ Ouo, = aN + S@)Id — Pxn)uo, o, and therefore
N ~N
Ju = 0 0 = = S~ @ = SOPv00) ] b,
=|p-DV <NP. 4.53
| lco.rpmben = (4.53)
This completes the discussion of point (v), and the proof of Theorem 1.1 is complete. 0O

C(0.T]HE )
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5. Global well-posedness and invariance of the Gibbs measure

In this section we will extend the local solutions produced by Theorem 1.1 to global solutions, and prove Theo-
rem 1.2 (invariance of the Gibbs measure under the flow of (1.6)). This section is divided into parts: 5.1. Construction
of the Gibbs measure, 5.2. Invariance of the truncated Gibbs measure under the flow of (1.8), 5.3. Global well-
posedness (almost surely) for (1.6), and 5.4. Invariance of the Gibbs measure for (1.6).

5.1. Construction of the Gibbs measure

We begin by defining the Wiener measure in finite and infinite dimensions. The finite-dimensional Wiener measure
pn on Ey = span{sin(nx), cos(nx) : 1 <n < N} is the push-forward of P under the map from (£2, F, P) to Ey
(equipped with the Borel sigma algebra) given by @ +— Pyug ., where ug , is defined in (1.5). Fix § > 0, the Wiener

measure p° on H %’S(T) is the push-forward of P under the map from (£2, F, P) to H %"3(’]1‘) (equipped with the
Borel sigma algebra) given by

> UQ - 5.1)

Next we define the Gibbs measure p for (1.1). We consider the truncated Gibbs measure uy on H 58 (T) defined
as the push-forward under the map (5.1) of the weighted measure

_ 1 S
o™ r®Nm0 0Ny =8 d P (@). (5:2)

We recall a crucial result from [27,3].

Proposition 5.1. (See [27,3].) Let B < 00, then for each r > 1, we have
e 0oy y gy € LT(92).

In particular the Gibbs measure 1, defined as the push-forward under (5.1) of the weighted measure
e 0Oy =y d P(),

is absolutely continuous with respect to the Wiener measure p.

The proof of Proposition 5.1 first appeared in [27]. A different proof can be found in [3].

Remark 5.2. It is easily verified from the proof of Proposition 5.1 in [3] that we also have the following conclusion:
there exists 0 < C < oo such that for all N > 0,

[ o= 30 Jr(®yug o) dx

XUBxuowlo<B) | 1) = € < 00

Having defined these measures, we establish a convergence property to be used in the proof of Theorem 1.2. The
application of this proposition (and its proof) are inspired by similar arguments appearing in [10].

Proposition 5.3. Set

_1 5 _ 1 5
fay=e 0l y 0 gy and  fy(u) = e o JrEve@Ords L <B)-

Then

Jim / | fv @) = f)|dp () =0.
1_s

H?2

8 We will state the results required for the proof of Theorem 1.2. For more details about the Wiener measure, and Gaussian measures on Banach
spaces, see [26,50].
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Proof. We first claim that fy(«) — f(u) in measure with respect to p, and this follows from showing that fy (1) —
f(u) p-almost surely (by Egorov’s Theorem). Clearly we have

X{IPyul2<B}) — X{llull<B)

p-almost surely. By continuity of the exponential function, we need only verify that Pyu — u in L>(T), p-almost
surely, and this follows easily from the Sobolev embedding L3(T)— H ) (T) (for § > O sufficiently small).

Next fix any ¢ > 0, and let Ay . :={u € H%_‘s (T) : | fn(u) — f(u)| <e}. We apply Cauchy—Schwarz followed by
Proposition 5.1,

/ |fN(u)—f(u)|dp(u)§</~I—/)|f/v(u)—f(u)|dp(u)
Ae

3T AN
< / | v @) = fa]dp@) + 11 fx = Fll2ap) (P(Afv,s))%
AN,s
<e+2C(p(45,))

Then since fy(u) — f(u) in measure with respect to p, we have ,o(AfV .) — 0 as N — 00, and the proof of Propo-
sition 5.3 is complete. O

We have the following useful corollary of Proposition 5.3.

Corollary 5.4. For any Borel set A C H 3-8 (T), we have

pn(A) = lim puy(A). (5.3)
N—o00
5.2. Invariance of the finite-dimensional Gibbs measure

Consider the frequency truncated and gauge-transformed quartic gKdV (1.7). We can write (1.7) in coordinates as
asystem of N complex ODEs (for the Fourier coefficients) ¢, := u¥ (n), 1 <n < N. This system is locally well-posed
by the Cauchy—Lipschitz Theorem, and it is easily verified that the Z?-norm of the solution u” to (1.7) is preserved
under the flow. This provides an a priori bound on the £2°-norm of the Fourier coefficients {c,}1<n,<n, and it follows
that the solution u™ to (1.7) is global-in-time.

Recall that @ % (¢) is defined as the flow map of (1.8), and let N (t) denote the flow-map of (1.7). Let E IJ\; denote

the orthogonal complement of Ey in H%_‘S. Then &V (1) = (5N(t)]P’N, S()(Id — Py)) is defined as the flow of

(1.7) on Ey and the linear flow (i.e. the solution to linear KdV) on E 1Jv_ In this subsection we establish the following
proposition.

Proposition 5.5. For each N > 0, t € R, the map ®" (t) is measure preserving on H 3-8 (T) equipped with the Gibbs
measure Ly (as defined by (5.2)).

We define the (truly) finite-dimensional Gibbs measure iy on Ey by the density djiy = fydpn. Notice that we
can write duy =din X d,of\,-, where pﬁ denotes the Wiener measure on E ﬁ

Lemma 5.6. For each N > 0, t € R, the map oV (t) is measure preserving on Ey equipped with the finite-dimensional
Gibbs measure [Ly.
itd?

Lemma 5.7. For each t € R, the linear propagator S(t) = e "' is measure preserving on Eﬁ equipped with the

Wiener measure pi
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Then, since duy = dfiy x dpy and &N (1) = (@Y (1)Py, S(t)(Id — Py)), Proposition 5.5 is immediate from
Lemma 5.6 and Lemma 5.7. We proceed with the proofs of these lemmata.

Proof of Lemma 5.6. Suppose u”" " solves (1.7). We can write (1.7) in coordinates as a system of N complex ODEs
(for the Fourier coefficients) ¢, := u® (n), 1 <n < N (recall that c_, = ¢,). We verify the invariance of it in the co-
ordinate space C, and this extends to Ey by its definition. Straightforward computations verify that the Hamiltonian
H ("), the L2-norm of u", and the Lebesgue measure [ [, - y da,db, on CV are invariant under the flow of (1.7).
See Section 3.5.2 of [40] for details. The proof of Lemma 5.6 is complete. O

Proof of Lemma 5.7. This proof follows the argument of [49] (see also [41,47]), and it is essentially a consequence
of the invariance of complex Gaussians under rotation. For M > N > 0, we consider the measure p% on

EM .= span{cos(nx), sin(nx) : N <n < M},

defined as the push-forward of P under the map w — (Py — Py)uo, », where up 4, is given by (1.5). It holds that, for
any closed F C E+,

px (F) > limsup pX (F N EY). (5.4)

M—o00

The inequality (5.4) follows from the complementary statement: for any open U C E 1%,,
px (U) <liminf o} (U N EY). (5.5)
M— o0
To justify (5.5), recall that for any open U C Ev,
o o0
U Climinf{u € Ey : P U= Ey:P U},
C/{/Inilgo{ue v:PuueU} MLJIMﬂM{ue v:PuueU}
=1 M=

so that yy <liminfy_, o XueES Pyuety: Then by using the definition of ,011‘\;1 , and applying Fatou’s lemma, we have

liminf o7 (U N EY) =lim inf / XiueEh Byyuct) PN (5.6)
Ey
.. 1
z/lgﬂjgofx{ueE;:PMueU}de (5.7
Ey
> [ xwdes = o0 (5.8)
Ey

Note that for each fixed n € Z, t € R, the KdV propagator S(¢) = et 8} acts as a rotation on the 2-dimensional
real vector space V,, = span{cos(nx), sin(nx)}. Thus any centered Gaussian measure on V,, is invariant under S(z),
and it follows that S(¢) is measure preserving on E % equipped with plﬂ\;’ , since p% is defined as a product of centered
Gaussian measures. |

Let B, denote the ball of radius € in E ﬁ equipped with the H2™ (T) topology. Then, since S(¢) is a linear isometry

on H %_(']I‘) which leaves E ﬁ invariant, we have
S@)((F+B:)NEY)C(SOF +B)NEY. (5.9)
Then using (5.4), (5.9) and the invariance of ,01"\;’ under S(t), we have
o (S F + Be) > limsup o/ ((S()F + Be) N EN)
M — o0
> limsup py (S()((F + Be) NEY))
M— o0

=limsup py ((F + Bo) N EY). (5.10)
M—o00
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Note that F 4 B is open in E L 5o that by (5.5) we have
liminf o} ((F + Be) N EYf) = pii(F + Be) = pyy (F). (5.11)
—00

By combining (5.10) and (5.11) we have ,oN(S(t)F + B.) > ,oN(F) for every closed F C EL By taking ¢ — 0,
it follows from the dominated convergence theorem that ,oN(S O F) = py L(F), and by time reversibility of S(¢) we

conclude that p N(S(t)F )= pN(F ) for every closed F C E L. By standard approximation arguments this passes to
measurable sets, and the proof is complete. O

5.3. Extending to global-in-time solutions

In this subsection we establish a proposition that uses the truncated Gibbs measure invariance (Proposition 5.5),
and an approximation argument, to extend the local solutions of (1.6) (produced by Theorem 1.1) to global solutions.
Recall that " (¢) denotes the data-to-solution map for (1.8).

Proposition 5.8. VO < ¢ < 1 and T* > 0,38; > &2 > B > O sufficiently small and a measurable set Ag 1+ C
H%_‘SI(T) such that /L(A;YT*) < & and Yug € Ag 1+ there exists a (unique) solution u € S(t)ug + C([0, T*];
Hi+% (T)) c C([0, T*]; H1 % (T)) to (1.6) with initial data ugy. Furthermore, for all N > 0, we have

lu — @™ (tyuo| SCe)NP. (5.12)

C([0,T*]: H2+“2(T))

Remark 5.9. Regarding the uniqueness of the solution in Proposition 5.8, recall that, for w € 27, the local solution
produced by Theorem 1.1 (with § = §; and T = Tp) is unique in a ball in X 20+T8 1] el centered at the randomized data
S(#)uo,. For the solution produced by Proposition 5.8, this characterization is extended to 1ntervals of size Ty for
some Ty > O sufficiently small. That is, foreach j =1, .

(with data u(jTp)) in a ball in X[ZJ; 1(12+1)T centered at S(t — jTo)u(jTp).

g , u is the unique solution to (1. 6)f0rt eljTo, (j+1)Tol

The proof of Proposition 5.8 (using Theorem 1.1, Proposition 5.3 and Proposition 5.5) follows the method of [4].
See also [8] and [10]. For the details consult Section 3.5.3 of [40].

5.4. Invariance of the Gibbs measure

In this subsection we prove Theorem 1.2.

Proof of Theorem 1.2. Given n,j e N, let Tj = 2/ and En,j = ﬁ Also let Asn’j,TJ. be the subset of H%"Sl(T)
produced by Proposition 5.8 with ¢ = ¢, ; and T* = T;. Define X, := ﬂf‘;l Ag, ;,1;» 50 that u (X)) < l . By taking
X :=Up2 Zn, it follows that £ (X¢) = 0. Moreover if ug € X, we have ug € ﬂj’il A
globally well-posed with data u( by the conclusions of Proposition 5.8.

Next we prove that the Gibbs measure p is invariant under the flow. For ug € X, let @ (¢) denote the data-to-solution

enjoT) for some n, and (1.6) is

map of (1.6). One formulation of invariance is the following: for all F € L'(H 5= (T), dw), we have

/F(q)(t)(u))du(u)=/F(u)du(u) (5.13)

X X

for all + > 0. It suffices to establish (5.13) on a dense set in Ll(H%_‘Sl (T),dw), in particular we choose H C

LY(H el (T),dw) given by the subset of bounded and continuous functions. Fix F € H, and « > 0. Recall that
duny = fndp and du = fdp, where fy and f are defined in Proposition 5.3. Boundedness of F' combined with
Proposition 5.3 implies that for N > 0 sufficiently large we have
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‘/F(u)du(u)—/F(u)dMN(u)
X X

£ (5.14)
< —. .
2

+ ‘ /F(‘P(t)(u))du(u) —/F(‘D(f)(u))dMN(u)
b b
Let n > 0 be such that % < m Then we have

‘ / F (@) ) dpy ) - / F(@" (1)) dpy ()

I\, I\Z,

K
<2||Fllzoepn (Z\ Zp) <2||F e pn (Zy) < T
for N > 0 sufficiently large, where we have used Corollary 5.4 in the last line.

By continuity of F, there exists y > 0 such that if ||®(#)ug — ¢N(t)u0||H

(5.15)

o <V then |F(®(H)ug) —

30 ()

F(@N(t)u0)| < +§ For ug € X, we fix t > 0 and from (5.12) it follows that for all N > 0,
8u(H27°1(T))

|® (t)uo — ¢N(r)u0||H% <Cm)NP.

+6p (T)

Taking N > 0 sufficiently large, we have ||® (f)ug — @V (t)uo||H% <7 and |F(®(H)ug) — F(®N (H)ug)| <

-8 (T
K is satisfied. This gives

1_s
8u(H27°1(T))

‘ [ Femw)dun - [ F@N o)) <4, (5.16)
Zn

Z‘n

for N > O sufficiently large, where we have applied Corollary 5.4 once more.
We also have, by Proposition 5.5,

[ e ow)anve = [ Faduw. (5.17)
b5 b
By combining (5.14)—(5.17), we conclude that for N > 0 sufficiently large, we have

<K.

‘ [ Feww)du - [ Faduaw
P b))

Since « was arbitrary, we conclude that f » F(@@)w)dp(u) = f 5 F(u)du(u), and the Gibbs measure p is invariant
under the flow of (1.6).

We have now established global well-posedness of (1.6)onaset ¥ C H 3= (T) of full ;-measure, and invariance
of the Gibbs measure under the flow. This is easily extended to global well-posedness almost surely, with randomized
initial data given by (1.5) (see [40]). The proof of Theorem 1.2 is complete. O

6. Proof of nonlinear estimates

In this section we prove the crucial nonlinear estimates (Proposition 3.2 and Proposition 3.3). In Subsec-
tions 6.1-6.3 we establish Proposition 3.2. In Subsection 6.4 we present the proof of Proposition 3.3.

6.1. Setup
Here we will prove Proposition 3.2 using two sets of estimates: quadrilinear estimates (see Proposition 6.1 below)

and septilinear estimates (see Proposition 6.2). The proof of Proposition 6.1 can be found in Subsection 6.2, and the
proof of Proposition 6.2 is in Subsection 6.3.
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We begin by identifying the exact form of the expressions appearing in the estimates of Proposition 3.2. Following
the reformulation (1.17) of (1.6), we consider the multilinear function

NGt uz, s, ug) = P[(un)s Plugusug)] — Plua) ][ (un)suzies — Plu3) ][ (u)sizus
T T
— P(uyq) ][(ul)xusz — P(uzuq) ][(MI)XMZ — P(uzuy) ][(ul)xus
T T T

— Plugua) ][ () sta. 6.1)
T

With this definition, the integral formulation of (1.6) with data ug 4, is given by
u=St)uow+ D), (6.2)

where D(u) is defined in (3.2). For fixed n € Z\ {0}, t € R, consider the nth Fourier coefficient of N (u1, u2, u3, us)(t)
(we suppress the dependence on time)

(N (ur, uz, uz,ug)) ()
= Y (in)ii(nn)(Pluguzug))” (my) — (Pu2))" (n) ][ (1) U3y
T

n=ni+mi

— (P(u3))" () f (u1)uzus — (P(us))” (n) ][ (w)xuous — (P(uzus)) (n) ][ (1)t
T T T

~ (Pluzus) (n) ][ (un)sus — (Paus)) () ][ (1) sta
T T

4 4
:( Z _Z Z —Z Z )nlbﬂ(nl)lfz(nz)@(w)ﬁ(m)

n=ni+--+ng k=1 n=ni+--+ng k=2 n=ni+--+ny
n#0 0#£n=ny n#0,n1=—ny

= ( > - Z)nluﬁ(m)»?z(nz)@(ngm(m). (6.3)
¢i(n)  &(n)
To obtain (6.3) we have used the identity fT w = w(0), and have taken
t1(n) = {(nl,nz,n3,n4) €Z*:n =n1+ny+n3+nyg, n#ng foreach k € {1, 2, 3,4},
and nj # —n; for each j € {2,3,4}},
and
o (n) == {(n1,n2,n3,n4) € Z* :n = ny +ny + n3 + na, with ng, nj € {n, —n1},
for some k # j, k, j €{1,2,3,4}, whereny =nifk=1 (andnjzniszl)}.

We define ¢ (n) := {1 (n) U2 (n), and abuse notation by writing Z;(n) = Zil )~ ZQ n)- Reinserting the dependence
on time, this gives

(N1 uz uz ug)) (0, 6) =Y (in)idy (01, it (na, i3 (n3, )ita(na. 1). (6.4)
¢(n)

Let us also recall the mean zero condition on each factor in our nonlinear analysis, as described in Remark 3.1
(prior to the statements of Propositions 3.2 and 3.3). This condition allows us to assume that:

eachny #0, fork=1,2,3,4. (6.5)

To avoid cumbersome notation, we will not carry this restriction with us explicitly.
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Proposition 3.2 will follow from standard linear estimates (Lemmas 2.1-2.4) and the probabilistic multilinear
estimates given by the following propositions.

Proposition 6.1. For § > 0 sufficiently small, and any 0 < T < 1, there exist §,C,c > 0 and a measurable set

Q7 C 2 satisfying P(225) < e 1F and the following conditions: if w € 2, then for every quadruple of Fourier
multipliers Ay, ..., A4 defined by

Aif(n) = XN; <|n|<M; fo,

for some dyadic numbers N; < M; < 0o, we have the following estimate:

[Ny (o, 71 xpo, 7142, X[0, 7113, X(0,7114) ”x%”‘*%”
T

T T

4
<cr* ,Ell(Nj_ﬁ + lluj ||X%_5,%_5 + uj — S Aj(uo.0) ||X%+5‘%_5). (6.6)

Proposition 6.2. For § > 0 sufficiently small, and any 0 < T < 1, there exist §,C,c > 0 and a measurable set
Q7 C 82 satisfying P(£25) < e 17 and the following conditions: if w € 2t, then for every heptuple of Fourier
multipliers A,, ..., Ag defined by

Aif(n) = XN; <|n|<M; fo,

for some dyadic numbers N; < M; < 0o, we have the following estimates:

[NU(D o, 7115, X10, 71465 X10, 7147, X[0,7148)+ X[0,T1U2, X[0, 7143, X[0,T]U4) ||X%+5’7%+6
T

8
<CTPTT(N; P + iy yogs i = SOA; 0| yinys)- (6.7)
j=2 X7 X7
Analogous septilinear estimates also hold in the regions Ay, Az and Ag.

Remark 6.3. Notice that in Propositions 6.1 and 6.2 we have taken 5o = 0 (compared with the estimates of Propo-
sition 3.2). This is done to avoid cumbersome notation throughout this section. It is not hard to verify that, for the
set £27 produced by these propositions, if w € 27, then the inequalities (6.6) and (6.7) hold for any fixed 0 < 3§y < &
(where these estimates are modified to incorporate §q as it appears in the estimates of Proposition 3.2). Indeed, the
proofs of Proposition 6.1 (or rather, of Lemma 6.8 found below) and Proposition 6.2 will be flexible with respect to
this particular manipulation.

Let us expand on this claim. If we wish to prove the statement analogous to (6.6) with 0 < g < §, then on the
left-hand side of the inequality, we will have lowered the spatial Sobolev regularity to s = % + 6 — o from s = % +94
(e.g. in the line (6.23)). This amounts to having the factor |n| 2+8=8 in the numerator of the nonlinear estimates below,
instead of |n|%+‘s.

In every case of the proofs (found below) of Lemma 6.8 and Proposition 6.2 (excluding Case 1 in the proof of
Lemma 6.8, and Case 2.b.ii in the proof of Proposition 6.2, which we discuss in the next paragraph), we control the
factor |n|%+8 using the estimate |n| < N°. That is, we control this factor using terms in the denominator that are
known to be the size of the largest frequency N (see, for example, (6.37)). This means that, for each estimate we
establish in these proofs, we can replace |n|%+‘; with |n|%+5_50|nk|50, forany k =1,2,3,4 (or k=2,3,4,5,6,7,8
for Proposition 6.2), and the proof we present still applies. Establishing an estimate with an extra factor of |n|%
in the numerator of the left-hand side corresponds to lowering the spatial Sobolev regularity of the u; factor on the
right-hand side by the same amount §y > 0. That is, we can establish the same nonlinear estimate with 0 < §p < &
included as in the statement of Proposition 3.2.

We should comment that, in Case 1.b during the proof of Lemma 6.8, and Case 2.b.ii in the proof of Proposition 6.2,
the reasoning of the last paragraph does not apply. However, it is easily verified that we can still lower the spatial
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regularity of any one of the factors on the right-hand side by a small amount §y > 0, as the estimates in these cases
have some room to spare in each factor.

Before we prove Proposition 6.1 and Proposition 6.2, let us use them to establish Proposition 3.2.

Proof of Proposition 3.2. Apply Proposition 6.2, and suppose @ € £27 so that the estimate (6.6) holds true. Note that
by the equivalence
xi0,71Dui, ... ua) = xj0,11D(xj0,1111, - - - X[0,T1U4),

we have

| D1y, ua, usz, ua) | Ly dis = D1 (xt0, 1111, X[0,1112, X[0, 7143, X[0,T114) | Lysdis
XT XT

Applying Lemma 2.4, Lemma 2.3, and (6.6), we find

| D=1 (o, ryuns - - -, xp0,77u4) | Lysdes
XT
SIP-1Gao s - - xo,riua) | Vs oo
XT
< INZ o, s - - xpo,rus) | Las—La
XT

4
STOTTOMG + sy

5 —8,
Jj=1 r

1t ””I - S(Z)A-/(uo’w)”X%H,%—a)-
T

2

The proof of (3.6) is complete. The justification of (3.7) follows from (6.7) using the same type of argument. This
completes the proof of Proposition 3.2. O

6.2. Probabilistic quadrilinear estimates

In this subsection we present the proof of Proposition 6.1. We begin by presenting some probabilistic lemmata to
be used in the proof. In each lemma, we are considering the probability space (£2, F, P) with P = p o ug,,, where p
is the Wiener measure defined in (1.10), and the initial data (given by (1.5)) is viewed as amap uq,, : 2 — H 12= ().

Lemma 6.4. Lete, B >0, T < 1, and {g,(w)};2 | be a sequence of independent C-valued standard Gaussian random
~ ~ _ L ~
variables. Then there exists 21 C §2 with P(.Q;) < e TP, such that for w € 27, we have
B
|gn(@)| <CT™2(n)°
foralln e N.

Proof. Recall from [34] that

P(sup(n)_8|g,,(a))| > K) < e—K?
neN

for K sufficiently large. Lemma 6.4 follows by taking K ~ T’g. O

Lemma 6.5. (See Thomann and Tzvetkov [45], Tzvetkov [48].) Let d > 1 and c(ny, ...,nx) € C. Let {y,(w)}1<n<a
be a sequence of independent R-valued standard Gaussian random variables. For k > 1, denote by A(k,d) =
{(ny,....np) efl,....dY*:ny <---<nyg), and

Sk@) =Y e, ... n)Yn, (@) i (@).

A(k,d)
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Then, for each p > 1, we have
k
ISkllr2) < Vk+1(p = D2 ISkl 12(0)-

The proof of Lemma 6.5 can be found in [45]; it relies on hypercontractivity of the Ornstein—Uhlenbeck semigroup.

Lemma 6.6. (See Tzvetkov [48].) Let F : H %_(T) — R be measurable. Assume there exist« >0, N > 0, k > 1 and
C > 0 such that for all p > 2,

~ k
I Fllzr@py < CN%p2. (6.8)

Then there exist § > 0, c1 independent of N and o such that

20 2
/ NI gpw) < 1.
HI™(T)
As a consequence, for all . > 0,

<20 2
P(we 2:|Fupw)|>r) <cre™®™ 4 (6.9)

The proof of Lemma 6.6 can be found in [48]. We will also need the following basic observation from linear
algebra.

Lemma 6.7. Let A = {a; j}1<i j<n be a square (N x N) matrix with complex entries. Then

1

2
1Al < sup |an‘n|+<2|an,n/|2) :

1<n<N netn!

where || - || denotes the matrix 2-norm.

Our application of this lemma will follow the analysis found in [4]. The proof of Lemma 6.7 is omitted (the analysis
required is straightforward).

For the proof of Proposition 6.1, we will use a dyadically localized estimate. That is, we will establish probabilistic
quadrilinear estimates which are independent of the Fourier multipliers Ay, ..., A4 appearing in the statement of
Proposition 6.1. In the following, subscripts with capital letters denote dyadic localization; i.e. uy; = ( X|,,_/|~Njﬁ}-)v
for N; dyadic. Let

Joji=lunll 1y s
XT

fl,j = N;ﬁ + ||MN.,' ||XT%75,%—5 + ||MN.i - (S(t)uo'w)Nj ”X

1 1 .
2858
T

Here is the dyadically localized probabilistic quadrilinear estimate.

Lemma 6.8. For § > 0 sufficiently small, and any 0 < T <K 1, there exist o, B,k,C,c > 0 with o, B,k K §
such that for every quintuple of dyadic frequencies N, Ny, ..., N4, 32N Ny, N, 7 C §2 with P(Q]‘;,’Nl Ny )<
1 .
(NNp-—-Ng< & 7 2H e s S = 2al FERaN, Ny ooy
CcTF

_ ~N (U u u u <—
HN Hinj~nN Uy, UNy, U N, N4)HXT%+6,,%+5_ (NN, Na)?

4
[ [ minCfo, . f1.0). (6.10)
j=1

where 27 is the set obtained from Lemma 6.4.
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Remark 6.9. For simplicity, we have dropped implicit factors of x[o,r] from the left-hand side of (6.6) and will
reintroduce them when needed.

We proceed to prove Proposition 6.1 using Lemma 6.8. Then we present the proof of Lemma 6.8, followed by the
proof of Proposition 6.2.

Proof of Proposition 6.1. Fix any dyadic N; for j € {1, 2, 3, 4}. Observe that
min(fo,j, f1.)) = M; "+ el s yos & luj =S4, (M()w)H - (6.11)
Indeed, suppose N; € [M;, K ;] = supp(Aj), then we have
fij= N;ﬁ + ””NJHX%—S.%—S + [un, — (S(t)uosw)N_, ”X%+

T

<M gl gy g = SO A @] iy
XT XT

1
8,56

On the other hand, if N; ¢ [M;, K], we have
Jo.j = llun;ll Ldbs
T
=, ~ (S04 0y | 11
T
= M; il 11+ ug = S@OA;wow)|| 1451 s
X2 2 X2 2

T T

and the inequality (6.11) holds true.
We proceed to build a set 27 C 2 (satisfying the necessary conditions) where the estimate (6.6) is satisfied.
Consider a dyadic decomposition of the nonlinearity,

(RSTCINTNTENT] R
XT

< > V=l ey vy und| gy (6.12)
T

Now let 27 := 27 (ayadic N.N;.....N; 2N.Ny.....Ns.T- Then

1 _c _
c C
P(.QT) < Z (QN Ni.. N4,T) < Z 7(]\]1\71 - -N4)"e P <e TP,
N,Ny,..., Ny N,Ni,..., Ny
where ¢ = ¢(¢, k) > 0. Furthermore, if w € 27, then for every combination of dyadic scales N, Ny, ..., N4, the
conclusion (6.10) holds true. With (6.11), this gives
_ 4
6.12) < min o
©125 (NNI o | H (fo.j> f1.)
N,Ni,..., Ny
75 4
< Y mn (M} P4l s s+ uj =S4 (“0w)|| b 1)
N,Ny,..., Ny j=1
4
STPT](m;? +||ujll 1o+ up = S0A; (u()w)“ Ml_g) O (6.13)

Before we proceed with the proof of Lemma 6.8, let us highlight an important property of our frequency space
restrictions:
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If (n,n1,n2, n3,n4, 7,71, 72, 13, 14) € Ay, then (n1, n2, n3,n4) € £1(n). (6.14)
To justify (6.14) recall that in the region A_; of frequency space (defined in (3.4)), the condition |3 — n? ——= n3| <
Inmaxl2 is satisfied. To establish (6.14) we show that this condition necessitates (n1, no, n3, ng) € £1(n) (see (6.3) for
the definition of ¢1(n)). In fact, we show the contrapositive; that (n1, na, n3, na) ¢ ¢1(n) implies |n3 — n? — = ni| >

|nmax|2. Recall from (3.3) that in the domain of integration we have (n1,ny,n3,ns) € £(n) = ¢1(n) U &(n), and
(n1,n2,n3,n4) ¢ £1(n) is therefore equivalent to (n1, no, n3, na) € {2(n). Suppose (n1, ny, n3, n4) € {2(n), then there
are six possibilities (up to permutations of (n2, n3, n4)):

() n=n1=ny
(i) n=ny =n3
(i) n=n; =—ny
(iv) ny =—no, = —n3y
V) n=—n1=np
(Vi) n=ny,n; =—n3y
We proceed to show |n3 — n? — = nil > |nmax|? in each circumstance. Suppose possibility (i) holds, and we have
n=ny=ny. Thenn =n; +--- 4+ nq gives ny + n3 + n4 =0, and we find

3 3 3 3 3 3
n’> —ny—---—ny =—n; —n3 —ny =—3nn3n4. (6.15)

Recall that each n; # 0 by the mean zero condition (6.5). If |n3| ~ |n4| ~ |nmax|, then by (6.15), and the mean zero
condition, we have |n> — n? — = n;”1| = [Nmax |2, which is impossible in the region A_j. Therefore, we must have
[n] = |n1| = |n2| = |nmax|- Then ny + n3 + ng = 0 gives (without loss of generality) that |n3]| ~ |n2| = [nmax|, and
again we arrive at In3 — n? — = n§1| P Inmax|2. We conclude that possibility (i) cannot occur in the region A_j.
It is straightforward to verify that the same argument rules out (ii)—(v); only (vi) remains to be considered. Suppose
(vi) holds, and we have n = n, ny = —n3. Then ny =n — n; — np — n3 =0, which is impossible by the mean zero
condition (6.5). Therefore, in the region A_j, we cannot have (n1, ny, n3, ns4) € ¢£2(n), and we conclude that (6.14)
holds true.

Proof of Lemma 6.8. Throughout this proof, all factors uy; are dyadically localized, and we simplify notation by
taking uj = uy;. Also, we have dropped the x[o 7 from in front of each factor u;, but may reintroduce them as
needed.

This proof is based on multiple decompositions of frequency space. In each region of frequency space we impose
one of the following two conditions: for each j € {1, 2, 3, 4}, either

1 1
. 78,58
@) quX% 2 ,

or

1 1_
(i) u; — &(SOuo.w)n, € X227, for cach £; € {0, 1}.

The additional parameters &; € {0, 1} are introduced in order to establish a single result for variable & ;, which produces
factors of fy ; with §; = 0 and factors of f1 ; with &; = 1. That is, by keeping each &; variable, we will produce the
right hand side of (6.10).

Contributions to the left-hand side of (6.10) from a region where u ; satisfies condition (i) produce a corresponding
factor of ||u; || 151,00 the right-hand side of the inequality. For contributions from regions where u; satisfies

condition (ii), We establish probabilistic bounds, using what will be referred to as a type (I)-type (II) analysis (see
[4,14]) by writing

uj=&(SWuow)y, +u; =& (SOu0w) y,

type (I) type (II)
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We show that each type (I) contribution produces a factor of &; N ~# on the right-hand side of the inequality, for

.....

side. Combining the contributions from (i) and (ii), each u ; will produce a factor of

N7+ 1osgs T i = €5 (SOu0.0) | 1051 s (6.16)
X7 IUX}?

Notice that (6.16) S fo,; for&; =0, and (6.16) = f1,; for &; = 1. By establishing these estimates for all combinations

of §; €{0, 1}, j =1, 2,3, 4, we can always choose the smaller of the two bounds, and each u; contributes a factor of

min(fy, j, f1,;) to the right-hand side of our inequality.

.....

PR ~
P(.Q]‘;,,N1 ’’’’’ N4’T) < me 78 such that for allw € 27 N2y n,,..., N, 7 We can, throughout frequency space, ei-

ther bound each u ; deterministically, using condition (i), or probabilistically, using condition (ii) and Lemmas 6.4-6.6
(the type (D—type (II) decomposition).

In the break down of cases that follows, as we estimate the left-hand side of (6.10) using the method just described,
each factor u ; may be declared to be of the following types

o type (I) (rough but random): u ; = (S(t)uo,w)Nj,

1 1_
e type (II) (smooth and deterministic): u; € X %Jﬂg’ 278

In a given case, if u is declared to be of type (I) or type (II), this means that we are choosing to use condition (ii) in
this factor, and according to the decomposition above, we must consider each case of u; type (I) and u ; type (II). If
we make no declaration about a particular factor u; in a given case, it means that we are imposing condition (i) in that

1-81-8
factor: u; € X7

We will use superscripts nk (N k), k=0,1,...,4,toindicate frequencies (and corresponding dyadic blocks) which
have been ordered from largest to smallest. That is, % > |n!|>--->|n* (and N > N! > ... > N*). Note that we
order the frequency n as —n (e.g. if n is the frequency of largest magnitude, then n® = —n). Also, by symmetry of
N(uy, uz, u3, us) in (up, us, usg), we can assume that |ny| > |n3| > |ng4l.

We begin with an overview of each case to be considered in the proof.

e CASE1.1n°=—n!.
e CASE 2.1n° # —nl.
e CASE 2.a. N3 < N%and N2N3N* < NON'[n® +nl|.
We will find that there is no contribution from this case.
e CASE 2.b. N3 ~ NO.
We will use a type (I)-type (I) decomposition in the uy factor for k =1, 2, 3.
e CASE 2.b.i. At least two u; of type (I),i =1, 2, 3.
That is, uy, ua, u3 of types (N(I)(D), (H(D)(ID), (HAL)(I) and AT)(T)(D).
e CASE 2.b.ii. One of u; of type (I), i =1, 2, 3, others type (II).
That is, ug, us, uz of types (H(AD(ID), (AD)(I)(IT) and (ID)(ID)(D).
e CASE 2.biiii. u1, u, us all type (II).
e CASE 2.c. N3 < N and N2N3N* > NON!'|n0 +nl|.
We will use a type (I)-type (I) decomposition for each k =1, 2, 3, 4.
o CASE 2.c.i. u; type (I) and at least two of uz, u3, us type (I).
Thatis, u, u2, u3, us of types (DMHAND), (HMIOAD, (HIDADI) and (HADD().
e CASE 2.c.ii. u; type (Il) and uy, u3, ug type (I).
e CASE 2.c.iii. Two of u1, us, u3, us type (I) and two type (II).
o CASE 2.c.iv. At least three of uy, us, u3, us4 type (I).

We proceed with the analysis of each case.
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e CASE 1.70=—nl.

By (6.14) we have (ny,na, n3, nq) € ¢1(n), and therefore n # n; for all i € {1,2,3,4}, and n| # —ny, for all k €

{2, 3,4}. It follows that if n% = —n!, we must have n® = ng=-—-nj= —n! for some k, j €1{2,3,4} (recall that we
have ordered the frequency n as —n). By the condition |n2| > |n3| > |n4] it follows that n® =ny = —n3 = —n'. With
ny = —n3, we have n = n| + n4 and

max(|o |, |01, loal. lo3l. loal) 2 lo — o1 — 03 — 03 — 04| = [n* — n} —nd —nd —nj|

= |n3 —n? —ni| =3|nnnal.

In this case we establish:
1 4
< - 000 ,
[NVZ1lcasE 1 (ui, uz, uz, us) ||XT%+8‘7%+5 S NN Nae ,l—|1 llue T%fa.%ﬂv (6.17)

We consider various subcases.
e CASE l.a. |o| 2 |nnna|.

In this case we find

1
548
n|2 n 1

61278 n1 |20 mpy58 ~ (NN1IN2N3Ng)*

Using this estimate, (6.17) follows from

usu < u u . 6.18
11 fouzuall 2, < ||f1IIXO,%_SIIlelx%_@‘%_B|| 3||X%_5,%_5|| 4||X%_5,%_5 (6.18)
We can establish (6.18) using Holder, (2.8) and (2.10),
<
||f1f2u3u4||L§J S ”Li, ||f2||L;?, llusll iz ||M4||LQ,
< u u , 6.19
N||f1||XO’%_5||f2”x%_66‘%_5|| 3”X%_5’%_8” 4||X%_5'%_5 ( )

for § > 0 sufficiently small.
e CASE 1.b. |o}| Z |nnin4| for some k = 1,2, 3, 4.

The analysis of this case is similar to the previous one. For details see [40].
e CASE 2.n0# —n!.

Before we proceed with each subcase, let us identify a useful restriction which holds throughout Case 2:
No two integers in the set {—n, n1, na, n3, n4} sum to zero. (6.20)

Indeed, recall from (6.14) that in the region A_1, we have (n1, n2, n3, ns) € {1(n), and it follows that n 7 ny for all
k=1,2,3,4 and n| # —ny for all k =2, 3, 4. The only pairs of integers that could sum to zero are within the set
{no, n3,n4}. Suppose, for example, that n, = —n3, then by the restriction n° #* —n! we must have Ny, N3 < NO.
Then n =n| + n4 and we have

3 3 3 3 3 3 0\2
|n —n1—~~-—n4|=|n —nl—n4|=3|nn1n4|z(N),
in contradiction with restriction to the region A_ in this case. The same argument applies if no = —n4 or n3 = —naq,

and (6.20) follows.

e CASE 2.a. N3 < N%and N2N3N* < NON|n0 +nl|.
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Recall that we have taken n = —n¥ for some k € {0,1,...,4}, so that n® + ... +n* =0 is satisfied. Then
Wt = [ ) = () == ()
= 3\(—n0n1 + n2(n3 + n4) + n3n4) (n2 + n3 + n4) - n2n3n4|

> NON![n® + !

since N3 « N, N2N3N* <« NON'n® + n!| (recall n® # —n'). Then
max(|a|, lotl, ..., |o4|) pe |n3 —n? — —ni| pe NON1|n0+nl‘ > |nmax|?,

and we cannot be in the region A_;. That is, there is no contribution to A/_; from this case, and we proceed to the
next one.

e CASE 2.b. N3 ~ NY.

We consider a type (I)-type (II) decomposition in the u; factor for k = 1,2, 3. With N > N3 > Ny, the restriction
N3 ~ N¥ implies, in particular, that

N3~ N°, (6.21)
e CASE 2.b.i. At least two u; of type (I), i = 1,2, 3. That is, u1, us, uz of types (D)D), (H(DHAD), (HAI)I) and
ID@MD).

Suppose uy, us are type (I). We will comment on adapting these arguments to the other cases afterward. We will use
N_1]2..i to denote the contribution to the nonlinearity from this case. We establish the estimate:

[NV b, uz, uz ug) | 1,y 1y,
Xz 2

T8
“(NNp--- Ng)®

By changing variables and taking out a supremum, we find

(NIND) Pllusll 151 ylluall 151 5 (6.22)
X% 2 XZ 2

T

IN= 112001, uz, u3, us) ”Xr%%f%ﬁ

(n)a+o
o)} 5N71|2.b‘i(ul,uz,ua,u4)(n,f)
o)~

<n>%+8 N 3
= X{|A|<(N0)2}<)L>—18N71|2.b.i(ul,Mz,M3,M4)(n,)»+n)
1-

2
Liinp~ny.e

2
L{\tl|~N},A

S(NO)(S sup ’|~/\771|2.b.i(u17'/12,143,“4)(’1,)»4‘”3)” Ly - (6.23)
[A]<(N0)2 Hy oy

1515 . . . . . )
For the factors us, ug € X % 2 7, we will use the following standard representation for functions in X s.b (see [24],

for example). Given a function v(x, ¢), we can write v as

1
v(x,t) = /(A)*b <Z(n)zs (A)2b|ﬁ(n, n® + )»)|2> i {ei“ Zak(n)e"("xw%) }d)» (6.24)

n

~ 3 . .
where ay (n) = O(n.n"+1) -. Notice that 3, (n)*|a (n)|*> = 1. For v € X, with b < %, we have
O, (> [0 (n,n34+1)2) 2

1
<A>‘b<2<n>zs WP o(n.n + A)|2> LS KE Pl (6.25)

Al<K n
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by Cauchy—Schwarz. In our context, for each j = 3,4, we have u; = y[o,71u; € X%"S’%"s, and |t; — n3.| < (NO)Z.
Using (6.24) we can write

~ _1
ujnj,tj) = / (Aj) 2+‘scj()nj)a)\j(nj)8(rj—n;—Aj)dkj,
2j1<(N0)2

with Y, (m)F|ax(m))> =1and ¢; (k) = O, (M) =2 )12 i (n, n + 2)12)2. Inserting this representation for u3,
u4, and the assumption that u| and u» are type (I), we have

2 n; ) i~ 3
) B

(6.23)= N7 (N’ sup
A< (N2

{Inj|~N;}N(6.20) i=1
4 1
[T i pas, np)s(zj —n) — x;)da; (6.26)
Pl el <(N02 I=3 Liyen
By Minkowski in A3, A4, we find
1 s 4 1
(6.26) < N33 (NO) [T "2 le;plda,
Pl gl <(N02 I=3
. 8ny (W) gn, ()
sup Z (in) =" a4 (n3)ay, (n4)
|M,|)»3|,|)»4|<(N0)2 {|nj\’ij}ﬂ(6.20) |n1||n2|
. /// 8(ti —n?)é(tz —n%)S(n —n3 —13)
71,172,173
3()» +n®— T1—T2— 13 —n4 )\.4)df1d1’2df3 (6.27)
|n\eN
For fixed n, ny, na, n3, A, A3, Ag, we find
/]/ 5(‘[1 —n?)(S(‘Q — 3)8(1’3 —n3 A3)8(k+n —T1—T—13 —n4 )»4)d‘[1d‘l.’2dl’3
T1,72,73
:{1, ifA—A3 —ra+nd—n—- —nd =0,
0, otherwise.
Then we have
(6. 27)<N2+5 N0 // l_[ . %+8|Cj()\.j)|d)\.j
Pl ral<(N0y2 I=3
. 8n (@)gn, (@)
: sup (in1) =" 0y (n3)ag, (na)
|M,|)»3|,|)L4|<(N0)2 *(1AAha+0e) |nl||n2| L|2n|€N
1 38 4 &ny (@) gn, (@)
N [T esl gy sup || D7 Gnp) ™2, a, , (6.28)
. X5 || <3(N0)2 (0t 10) |i’l]||l’12| L\zn\eN
by (6.25), where Y, [n;|'"*|ay, |* =1, for i =3, 4, and
#(n, w) := {(n1,n2,n3,n4) € Z* | Bach |n;| ~ N, (6.20) is satisfied, and u =n> —nj —--- —n3}. (6.29)

When we fix numbers other than n, u, for example n1, we let
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#(n, w,n1) := {(n2, n3, n4) € Z* | Bach |n;| ~ N;, (6.20) is satisfied, and p=n> —nj —---—n3},  (6.30)

and define x(n, u, ny, n3) C 72, *(n, u,ny,n2,n3) C7Z,...,etc., similarly. Notice that we have dropped the depen-
dence on A3, A4 in (6.28); this is justified a posteriori by using estimates which are independent of A3, A4.
Now for each fixed [n| € N, |u| < 3(N°)?, we write

) 8m (@) (@) ?
> S @),
«(n,1) 2
1 )8 (@), (@) 2
= Z Ingl2 aan4 __3< Z (in %aw
[n4]~Ny 4|2 *(n,4,n4) "2
gm (U))gnz (w)
< ( - . . b
Z |n4|1 —26 Z 1) (n2) n3
[n4|~Ng *(n,1u,nq)
by Cauchy—Schwarz in n4. For each fixed |n4| ~ N4, p < 3(N92, we write
| @8, () o 2
2| 2 Gn D ) | T Yo X ot (6.31)
[n|~N"x(n,u,ng) 2 [n|~N" |n3|~N3

where o,:’f‘,,’f is the (n, n3)rd entry of a matrix "4 (for n4, u fixed) with columns indexed by |n3]| ~ N3, and rows
indexed by |n| ~ N. These entries are given by

oyt = Z (inl)Mgm(ﬁs. 632)
(n1,n2)ex(n,n3,ng,in) (n1)(n2)|n3z|2
Recall the following property of matrix norms: [|A*A| = ||AA*|. Using Cauchy-Schwarz, the condition

Zn3 In31'=?%|az(n3)|? = 1, and applying Lemma 6.7, we find

631) < H (0n4,u)*an4,ﬂu — Hgm,#(gm,u)*u

n4M n4u ”4M
< sup E |Gn 3 ( E ‘ E (Tn n 3

1
InI~N [n3|~N3 n#n’ [n3|~N3

2) 2
[nl,|n’"|~N

=:I1(ng, u) + Ir(ng, ). (6.33)
To recap, combining (6.23), (6.26), (6.27) and (6.28), we now have

INZ1l2piCur, uz, us, us)| Lis—l4a
XT

1

4

38 4,1 1 2

SNOPNTP [T lusll 1y sup ( > m(11<n4,m+12<n4,m)) : (6.34)
=3 X7 II<3(ND2 N\ ~n, M4

and we estimate the contributions from I (n4, 1) and I(n4, t) separately.
We remark that the sum in (6.32) has at most two terms. Indeed, for n, n3, n4, and u fixed, if (ny,ny) €
*(n, n3, n4, L), then ny is determined by n; through the condition n =n| + --- 4 n4, and n; satisfies the equation

w= n3 — n? — = ni. Since n1 # —ny (recall (6.20)), this is a non-degenerate quadratic equation in n1:
u:n3—n?—-~~—ni:n3—n%—(n—nl —n3—n4)3—--~—n‘3‘
=-3(n—n3— n4)n% —3(n —n3 — n4)2n1 +nd— (n—n3— 114)3 — ng — ni, (6.35)

with n —n3 —nqg =n1 + ny # 0, and this equation has at most two roots n7.
Then to estimate [ (n4, 1), for n, n3, n4, u fixed, we bring the absolute value inside the sum of (at most) two terms
in (6.32) and apply Lemma 6.4 (with e = 8) to obtain, for w € £27:
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11112180, (@)1 gn, (@)]
I1(ng, n) < sup Z <n1>2(n2)2(n3)12—25

n|~N
Il [n3|~N3

(ny,n2)€x(n,n3,n4, 1)

_ In1|?
<T p sup
In|~N Z (n1)27B (n2)?=B (n3)1=2

[n3]~N3
(n1,n2)€x(n,n3,nq, i)

TP 1 T-B
< - <
U T R (6.36)

where we have used N3 ~ N° and N; > N3 > Ny in the second last line. Then we can estimate the contribution to
(6.34) coming from I1(n4, i) by

4

1
T_7N2+5 1 2
a1 o 2 )

T [ng|~Ny
N2+‘S

1
1 2
S— (No)l NIy — n”ldj”XT%a,;s( Z n l+y>

[ng|~Ny 4)

T8
S (NiN2)™ ﬁllu3|| e lluall 3oy, (6.37)
(NNy--- Ng)® x2 "2

To estimate I>(n4, it), note that

12(n4,M)=( > Z( » Um)gm(w)gnlz(c;)))

ntn'Insl~Ns Sx(nangingg (11)(02)(n3)2

|n],|n'|~N
1
(=in)) g (@)gy () |7\
. ( Z ; /1 / 12,5 ) . (6.38)
sz gy (1) (5)(M3)2
For each fixed n, n’, ng, u, let
, o
11| &ny (@) &ny () 8, () g1 (W)
Fn,n’,n4,,u(w) o Z 1 2 n n

(n1)(n2)(n)(ny)(n3)! =22

[n3|~N3
ny,n2€*(, 1,n3,n4)
nynhex(n’, unz,ng)

Notice that Fy, 7 ny, 0 (@) := Fy 4 5y, (10,0) 18 p-measurable (it is a polynomial function of the randomized Fourier
coefficients). By Lemma 6.5,
2
1 gt e llr2) < V50 = D21 Fyna il 1202)

for each 2 < p < 0o. Then by Lemma 6.6 (applied with N= U Fn g ||L2(Q))_l, o =1 and k = 4) it follows that

F.

P(|Fop ng (@)= 1) < —CllFy nmle(m

Taking A = || Fy /g el Lz(m(NO)Zﬂ T—28, we have
0\28 —28 —c#

P(| ot gt @) = I o mgpll 1202y (NO) T F) <™ 1

Let
2, _
QNN N T = N Ut nei @) < 1 gl 2052 (N0) P T 726}
|n|~N,|n'|~N

[n4|~Na, || <3(N®)2
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Then

P((.QNJ\/1 ,,,,, N4,T)c) < Z e C 1P < (NO)Seic 7B
[n|~N,|n'|~N
Ina|~Na, || <3(N%)?
< (NO) %778 < (WNj -+~ Ng) e 77,
for some ¢(B), k (B) > 0. Furthermore, if w € 2y, n,,....N,.T, then for each |n4| ~ Ny, |u| < 3(N9%2, we have

1

2
L(ng, p) = ( Z ’Fn,n/,n4,u(w)’2)

n#n’
Inl,|n"|~N

1

2

4 _

<( P L N L 4’3)- (6.39)
n#n’

[nl,|n'|~N

Next we compute

2
” Fn,n’,n4,p¢ ||L2(Q)

_ Z (_nln/l)(_mlm/])
= (m1)n2) ) ) n3) =20 () ) (m ) ) () =23
(n1.n2)€x(n.pan3.ng), (n).nh)€x(n’ .3 ng)
(my,mp)ex(n,u,m3,nyg), (my,my)exn’,,m3z,ng)

E (81, (0) 8y (@) 87 ()G (@) By (@) By (@) it (@) gt (@)
1
S o 2

[n3],Im3|~N3
/ / !
(n1,n2)€x(n,pu,n3,n4), (n,ny)€x(n’, w,n3,n4)
(my.mp)ex(n,pw,m3,ng), (my,mh)ex(n’, i, m3,ng)

(80, (@) gy (@) B (@) B () Zomy (@) Gy (@) G, ()8 (@) - (6.40)
Then combining (6.39) and (6.40) we have

1

2
b= Y |Furnal)

n#n’
|nl,|n'|~N

Y
< (N0)3—25-28 Z
n#n', n|,|n'|~N, |n3|,|m3|~N3
(ny,n2)€x(n,,n3,n4) (n},ny)€x(n’,ju,n3,n4)
(m1,n2)€s(n,a,m,ng) (m,m)y)Ex(n’ . m,ng)
1
2

|E(&n, (@) 8ny (@) 87 (@)1 (@) 8y (@) &y ()8 (0) iy () })

T2
- 6.41
= (No)%72872,3 ( )

by the following lemma.
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Lemma 6.10. Let

N, |n3], |m3| ~ N3,

S(na, w) :={(n,n1,n2,n3,n', 0, n, mi,my, m3, m'y, m) | n#n',
(n1,n2) € x(n, w,n3,n4), (n),n5) €x(n', u,n3,ng),
(my,my) € x(n, u,m3, nyg), (m/l,m’z) € *(n/, /L,m3,n4),
and E(gn, () gn, (@)8y, (@) 8, (@) &y (W) 8y () &/ (@) &y, (@) #0}.

Then #{S(n4, )} < (N3.

The proof of Lemma 6.10 can be found in Appendix A. Using (6.41) (which was established with Lemma 6.10), if
N,,T» We can estimate the contribution to (6.34) coming from I>(n4, 1) by

1
T ﬂN2+3 1 2
flu || 1 ( —)

(No)% —55—p 4 l_[ uj 6,58 |n42~:N4 <n4>1—25
1
T /3N2+‘S 4 1 2
il 1 51 ( 7)

(NO) 68 B—y 1_[ J 2 8,56 n%[ﬂ <n4>1+2y
T8

Sm(NlNz) 5”143” —75 l75”’44” %75,%75- (6.42)

T XT
Combining (6.34), (6.37) and (6.42), if w € SNZT N 2N, n,,....N,,T» then the estimate (6.22) holds true.

It is straightforward to check that the crucial inequalities in lines (6.36) and (6.41) remain true (using (6.20) and
(6.21)) under permutations of the roles of (n1, nz, n3) in the preceding analysis. The analysis of Case 2.b.i is complete.

e CASE 2.b.ii. One of u; of type (), i =1, 2, 3, others type (I).

We will begin by assuming u is type (I), and u3, u3 are type (II). We will discuss modifications for other possibil-
ities afterwards. In this case we establish the estimate

INZ1l2biiCur, w2, uz, ug) | Lis—dus
XT

ST7P luall ypsasllusll syt sluall 1oy (6.43)

|
(NNp- NoeN{ 7 x7 x? X7
With the condition (6.21) and N > N3 > N4, we have Ny ~ N3 ~ NO, and for y, o, B K § this gives

In 2y _ I Y 1
1377 g 387 g |37 g 7407 g 20y (N
! ! (6.44)
™ |nlY (NNy---Ny)*(NpF- '
Using (6.44), (6.43) follows from
. .3
|gn](w)|eln1x+lnlt 3
< T7-B
H( | 3 e fafaual 7%+5NT 120y g -s IS5 g lluall gt s (6.45)
nip|~Ng
To establish (6.45), notice that by Lemma 2.1 and Lemma 6.4, if w € §T, then
in1x+in3t 1
Y Ll S X ) ST 640
[ni|~Ni |n1|7+y X272 Ini|~Ny il

by taking 8 = B(y) sufficiently small. Then using duality, Holder’s inequality, (2.12) and (6.46),
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(w) elnlx-‘rmlt
’/v( S lsm |1+ > fsusdxd
In1l~Ny Iny277
; i3
|gn](w)|em|x+m1t
<lvlgs, | D " T s, el
P Iny|277 Lyt j=23 ' '
|gn (w)|eln1x+mlt
Sholl_y o) D>, = [T A 7 slluall v
~ ¥l 1 1 Hxg.2-8 7278
X Iy I~Ni |n1|2+)/ X722 5j:2,3 X X
< T8
ST a2l gl s luall gosy s

and (6.45) holds for w € 27.
It is easy to verify that the crucial inequality, (6.44), remains true (by (6.21)) if we permute the roles of (n1, n2, n3)

in the preceding analysis. The analysis of Case 2.b.ii is complete.

e CASE 2.biiii. uy, us, us all type (I).

In this subcase we establish the deterministic estimate

3
1
V=12 Gens wa s, ua) | 115 S —o——— [ |l 1sn sluall 151, (6.47)
xz? (NN Na)® o) X7 "2 xz 2
Using (6.21) we find
13| 1 I
1|3 g 3597 [ 0y~ (NOP 3 ] (NN - Ny
Then (6.47) follows from
3
Ifrf2fsuall -, -5 S 1_[1 Iy gslluall 1oy s
j=
By duality, the last estimate is equivalent to
(6.48)

3
. < .
/ v fifafsuadxdt| S0l 1 1"[] IFill s lall 3 sy
]:

We obtain (6.48) with Holder’s inequality and (2.12)

3
. < .
/ v fifafsusdxde] < Qvllgs TTA s sl

j=1

3
Sl 1‘[l IFill s lall sy
J=

This concludes the justification of (6.47), and case 2.b. is complete.
e CASE 2.c. N3 < N% and N2N3N* > NON|n® +nl|.
We perform a type (I)-type (II) decomposition in each factor. Observe that the assumptions of this case provide the

additional condition
(6.49)

N3N*> N,
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otherwise we would find (N©)?2 < NON! |n0 + n1| < N2ZN3N* < NON3N* « (N9)2, a contradiction. In this region,
we also have

NaN3Ny 2 N2N3N* 2 NONn® 40| ~ (NO)?[n +n'|. (6.50)

Then we find, by (6.50),
1

|2+ |n | o WO 1

1_ 1_ ~ 1_ ~ 0YVs°’
In112 P |nanzng|272 7 |n0 42720 7 (NT)

6.51)

unless |70 +n'| < (N9) % If (6.51) holds, we can proceed with (a modification of) the method used in case 2.b.iii
to establish

”N 12.c.(u1, uz, M3au4)” 1+57%+5 N N )(x l_[ flu j”X%ﬂs % s

T

We therefore assume that
165
|n0 + n1| < (NO) 145 (6.52)

for the remainder of Case 2.c.

e CASE 2.c.. u; type (I) and two of uj, us, usq type (I). That is, uy, uz, u3, usg of types (H(D(DD), (H(DHDHAL),
MHOADT) and HADHAYD).

Let us assume that u1, u> and u3 are all type (I). We will discuss the other possibilities afterwards. In this case we
establish

INZ1l2.cilur, uz, uz, ug) HXT%”’*%”

1
ST : 6.53
~ (NN -+ Ng)® (N;NoN3)P lua] %—51%—5 (6.53)
Using the representation (6.24) for u4, we apply the Minkowski inequality in A4 to find
INZ i uz uz ug) || 151
x2 2
s
S luall oA l,s(NO)
T
80 ()8 (@)gn; (@) gk
sup Z |n|l+23 Z (ln])gnl 8n; 8nj a)\4(n4)
A LK (NO)Y? |n|~N *(n,u+rq)NCase 2.c <nl><n2)(n3)
sl o (NP N
T
213
sup Z (inl)gn' (@) gn, () gns (@) n, 7 (6.54)
R&K(N0)? [n|~N"%(n,p)NCase 2.c (n1){n2)(n3)

where >, . |n4|1_2‘3|an4 |> = 1. We have dropped the dependence on A4 in the previous expression; this is justified a
posteriori by obtaining estimates which are uniform in A4. For each fixed p, we consider

2
2 = 2 | X oIl

[n|~N |[n|~N" n4

(6.55)

Z (iny) 8ny (a))gnz(w)gm (w)
(n1)(n2)

#(n,u)NCase 2.c

where o,ﬁf ny 18 the (n, ny4) entry of a matrix o, (for p fixed) with columns indexed by |n4| ~ N4, and rows indexed by
[n] ~ N. That is, the entries of this matrix are given by
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[ —
Opong =

Z lnlgn] (a))gnz (a))gng ((,())
*(n,n4,n)NCase 2.c (n1)(n2)(n3)n4| 3=

Then by Lemma 6.7

(0.55) < [ (o) omtn, | = oty (@) |
¥
=< sup Z|Urﬁn4|2+<z Zarlan4 O iy )
[n|~N ny n#n'' N4

=NL(w) + L(w). (6.56)

To recap we have

5.1 1
INZ1l2e. Gty uz, uz, us) | Los-hoo Slluall 151, (NO)’N2P2 sup  (Li(w)+ D(w)2. (6.57)
X7 Xy 1] <(N0)2

To estimate 11 (1) = SUp, i~y 2, lo' .12, we consider Fy , (@) := 0py, (), then by Lemma 6.5,

3
I Fnnguller2) < P2 Fongplli2 2

for each 2 < p < co. Applying Lemma 6.6 it follows that

N

P(|Fn,n4,/¢(a))| E)L) <e —c|| ””4M”L;(mk

Wi

Taking A = || Fy n,, M”LZ(.Q)(N )? ¥ T~ 7, we have

3 _ O
P(|Funi @) = 1Funipll 2y (N) 2T~ T ) <™ 0

. 36, 38
Then letting 2, Ny Ny, Ny g i, T 2= {1 Fnng, (@) = 1y ull 1200y (NO) T T~ 7} and

2N, N, Ny, N3, Ny, T = m £2n, Ny, Ny.N3.ng, . T s
[n|~N,|ng|~Ng,|pn|<(N0)?
we have
_ .0 WOs _d
P(QJLV,NI,NZ,Ng,N4,T) = Z PN (N0)4e LS (NO) e 17,
[n|~N,|ng|~Ng,|n|<(N0)2
Then for each |u| < (NO)Z, if € 2N Ny, NyNy, Ny, T
3 _
= swp Y |Fanu@)]” S (NPT sup 3 1 ul2a0) (6.58)
Inl~N [n4]~Ny Inl~N [n4]~Ny
We compute that
. 2
(in1)gn) (@) gn, (@) gns (@)
||Fn,n4,;l.”i2(9) - ]E( ‘ Z o = lnj(s
(n1,n2,n3)€%(n,nq,w)Ncase 2.c. (n1){n1)(n1)Ingl?

< )3 i
~ A 1-25
(ny,np,n3)€x(n,ng,u)Ncase 2.c. (N2N3) N4

(my1,mp,m3)ex(n,nq,u)Ncase 2.c.

E(gn, (@) gny (@) &n3 (@) Gy (@) Gy (@) &y (@) ] (6.59)

To bound this sum we use the following lemma.
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Lemma 6.11. Let
S, w) :={(n1,n2,n3,n4,my, my, m3) | |ng| ~ Na,
(n1,n2,n3) € x(n, ng, ), (my,my, m3) € *(n,nq, U,
E(gnl (@) gn, (@) g5 (w)%(w)%(w)%(w)) #* 0}-
Then #{S(n, u)} < min(N;Np, N1 N3, Ny N3).

The proof of Lemma 6.11 can be found in Appendix A. By combining (6.55)—(6.59) and Lemma 6.11, the contri-
bution to (6.57) from I (w) is bounded by

1 T_%(NO)(H_%N%—HS

1 1
luall 151 (NN sup (h(w)? § ——luall 11
Xr 1l <(N0)2 (N2N3)2 N} Xy
T——(N0)25+ N2+5
< O [lzeall 151
XT
r-¥

(N\NoN3) P lluall 151,
X2 2

T

T (NNp---Ny)*

It remains to control the contribution to (6.54) from I5(u). Consider

1 1
fz<u>=(2 > OO )2=(Z>Gn,nau<w>lz)z, (6.60)

n#n'" [ng|~Ny n#n’

where, for each fixed n, n’, u, we have taken

Gn,n/,u,(w) = Z

|ng|~Ny
(n1,no,n3)ex(n,nq,u)NCase 2.c
(n).ny.n})ex(n’,ng, p)NCase 2.c

=117 8ny (@) 8ny (@) 8ns ()8 (©) 8 (@) 8y, ()
(n1)(n2)(n3) (n})(ny) (n3) (na) =2

By Lemma 6.5 we have

1Gnw ullLr(@) < P2 NGu,pull 22y
for each 2 < p < 0o. With Lemma 6.6 it follows that

_1 1
— 3 3
e C”Gn,n’.uuLz(Q)A .

P(‘Gn,n’,u(w)’ > )\) =<
Taking A = |G pll 122y (NO)*P T, we have

_e w0
P(‘Gn,n’,u(w)’ = ”Gn,n’,u||L2(_Q)(N0)3ﬂT_3ﬂ) <e o .

Then letting 2, ¥, No, N3 Nae, T 5= (G 1 (@) = Gl 122y (NO)*P T3P} and

2N N\.Ny.N3.Na T °= ﬂ 8200 N1, N2, N3 Nauu. T
Inl,In'|~N, |ul<(N)?
we have
w98 OB J
¢ —c 04 —c 0\0— —==
P2 vy NyNsNpT) = > et T S(NY) e S (NO) e TP,

Il I/ |~N, || <(N0)2

for some ¢’ > 0. Then for each || < (No)z, if e 2N N Ny N3Ny T
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1 1

2 2
bW S ( > !Gn,n/,m)\z) < T—W(NO)”( > ||Gn,n/,ﬂ||";2(9))

n#n’ n#n’
We compute that

2
D MG ulyag

n#n’
S5 ( ‘ 5 —111 gy (@) 8y (@) &y (©) Z () Zt (@)1 () 2)
- NN (] 1-25
= i, {n1)(n2) (n3) (n}) () (n'y) (na)
(n1,n2,n3)€x%(n,n4,n)NCase 2.c
(n},n}y,n)ex(n’,ng, u)NCase 2.c
1 o
S > WE(gm (@) 82 (@) g0y (©) 8 (@) 8, () 2 (@)

n],|n'|~N,|n4l,|mg|~Ny
(ny,n2,n3)€x(n,n4, 1)
(n,n)y,n)ex(n’,ng, 1)

(my,mp,m3)€x(n,mq, 1)

(') mfy,m5)€x(n’ ,my. 1)

By (@) 8y (@) 8 (@) gyt (@) s, (@) gy (). (6.61)
Using (6.21) we have

2448 2448
1 _ N < N < L
(NaN3)ANFH (N2aN3Ng* ™ (N3 T (N0)6-4

(6.62)

To further control (6.61) we establish the following lemma.

Lemma 6.12. Let

S(u) :={(n,n',n1,n2,n3, 0}, ny, ny,my, ma, m3, mfy, my, mh) |

Inl,

n'| ~ N, |ngl, lma| ~ Na, (n1,n2,n3) € x(n, g, 1),

(n/l,nlz,ng) € *(n', ng, M), (m1, my, m3) € x(n, mq, 1),

(m/] , i, mg) IS *(n’, ma, ,u), with \no +n! \ < (NO)% in all quintuples,

E(gn, (@) gn, (@) gns (@) 8y (@) 8n; (@)1, () &y (@) 8y (@) 8y (@) &yt (@) 8ty (@) &y, (@) #0}.

It holds that #{S(1)} < (N°)** 13,
The proof of Lemma 6.12 can be found in Appendix A. By combining (6.62) with Lemma 6.12 we have

6.61) < (6.63)

(N())3—45— %

Then from (6.63) we can estimate the contribution to (6.57) coming from I(u) by

T—% (NO)(H-%N%-HS

s 1 1
luall 3 5ys(NO) N2 sup  (B(w)? < lluall 1oy
Xr 1] <(NO)2 Xy

_38
<__Ir
T (NNy---Ng)©

-4 3 88
(N0 915

(NIN2N3) P llusll y o1,

X3 2
for §, B, « > 0 sufficiently small. It is clear that the previous analysis applies upon permutation of the variables ny, n3
and ny, as we did not use the ordering N> > N3 > N in this case (see Remark 5.4 in [40]). The analysis of Case 2.c.i
is complete.
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e CASE 2.c.ii. u; type (II), and u», u3, us type (I).

In this case we proceed precisely as in Case 2.c.ii, swapping the roles of n and n4. The analysis requires modifi-
1-25

cation in the lines (6.59) and (6.61), where we need to include the factor Nliz instead of

VNND) In order
to estimate (6.59), by N» > N3 > N4 and (6.50), we find

1
(N2N3)2N) %"

1 1 1
2 = 4< 8
NN3Na — (NaN3Na)s — (NO)3

~

and we have

0428 A71428 A7 128
(NOPNVENTE 1
N3N3Ny ™ (N0)3-2

By combining this inequality with Lemma 6.12 (with n; and n4 swapped) we can estimate the contribution to (6.57)
from 7 (1) as we did in Case 2.c.i.
In the modification of (6.61), we consider

W> NP
(N2N3Ng* ™ (NS~ (V0o

which is precisely the conclusion we reached in Case 2.c.i. These are the only modifications required, and the analysis
of Case 2.c.ii is complete.

e CASE 2.c.iii: Two type (I), two type (II).

We will consider four subcases, and begin with a description each of them.

CASE 2.c.iii.a: u; type (I) and u4 type ().

That is, u1, us, usz, us types (IDMADHT) and ADHADHD(D).
CASE 2.c.iii.b: uy, uy, uz, uq of types (INM)(I)(ID).

e CASE 2.ciii.c: uy, up, uz, uq of types (DADHAD)(D).

e CASE 2.c.ii.d: u; type (I) and u4 type (II).

That is, uy, uy, uz, ug types (DADI)(IT) and D)(I)AT)(IT).

We proceed with the analysis of each subcase.
e CASE 2.c.ii.a: u; type (II) and u4 type (I). That is, u1, ua, u3 and u4 types (ID(DAD)(I) and ADHADD)(D).

Let us assume u1, uz, u3 and ug are types (II(AD)(I)(I), respectively. It is easily verified (a posteriori) that the
analysis of this subcase is symmetric with respect to the functions u» and u3, and the preceding assumption holds
without loss of generality.

In this case we exploit one more condition which restricts the size of N4. Specifically, we notice that if Ng >

(N®)3*53_then we have, using N > N3 > Ny,

NO 14368 1
1_2s 1_2s S (3 ')25 2458 S §_3082 " (6.64)
1127 ngnzng 3720 (N0 GG T (N0) 5=

1
In|28|n |

Once again, if (6.64) holds, we can proceed with (a modification of) the method used in Case 2.b.iii to establish

4
1
N_i1(uy,uz, uz, ug)|| 1 L, S eejll 1 51 -
£ ) ) 1 —= ~ J 2—8,2—
” HX%H 3+8 (NNI"'N4)ajlj[1 X2 d.5-8
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We therefore assume for the remainder of this proof that

2
§+58'

N4 < (N°) (6.65)

Using (6.50), we have

N1+, NIFON(N3Ng? (N0 NS
1,118 -5 = T = 1 115
(N1N2)ZTT2(N3Ng)2™ 12 (N1NaN3Ng)27 12 (N2N3Ng)2 ™ D2
- (NO)YI+HF (N0)(G+59) 5 1
I L T (VOB
By using (6.66) and (a straightforward modification of) the methods of Case 2.b.iii we establish

(6.66)

IN=1l2.citaur, uz, uz, ua) || Yo Lo
XT
T8

- -p
S AL (N3Ng) P lluy ||X7%+5%,a ||u2||X%+5,%,5, (6.67)

T

and the analysis of Case 2.c.iii.a is complete.
e CASE 2.c.ii.b: u and uy4 type (IT). That is, u1, uy, uz and uy types (IDDD)(ILD).

In this case we can obtain a stronger restriction on N4. More precisely, we have

L L 1
|n|2 || _ 2P (O

1,5 1_ 1_ los o, 1 ~ ) ~ 0yVy '’
112787 (|27 (03|27 ng| 2077 |ngnang|2 7 |ngd T Ny (VDY

(6.68)

unless N, jf < (N%% If (6.68) holds, we can proceed with a straightforward modification of the method in Case 1.b.ii.
Therefore, by taking y = y(§) > 0 sufficiently small, we may assume that

Ns < (N9)°, (6.69)

for the remainder of this case.

The analysis of this case closely follows the method of Case 2.b.i, with the roles of u1 and u3 swapped. Indeed,
1

2

1
... . . . . 5+8,7—=6 .
the analysis is identical until the line (6.34), where, due to the assumption u1,uq4 € X % (instead of u3, uq €

1_sl_5
X; 7 ), we obtain
V=1 l2.ciib(ur, uz, us, us) | 15— Lis
XT
1 3
1
14s
SN T lujllygsssr- sup ( > m(ll(n4,u)+12(n4,u))> : (6.70)
j=1,4 <32\~ 4
where
2
Ling, )= sup Y |ons[",
N vy
and

1
N2
nq,pu N4,
Z On.ny On’iny ’

[n1|~Ny

12(n4,u)=( >

n#n’
nl,|n'|~N

with
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gl — Z (iny) gnz(a))gm(w) .

n,nj 1
1+s
(na,n3)ex(n,ny,na, i) [n1]127°(n2)(n3)

Next when we estimate /1 (n4, 1) as in line (6.36), we apply Lemma 6.4 to obtain, for w € §T:

3 1n11218n, (@)1 gns (@)

Ii(ng, u) < su
’ b 125 32 3 2

~N
Il [ny|~Ny
(ny,n3)ex(n,ny,nq,u)NCase 2.c

_ In
<T P su E _
\n|~gv In2|>=Pln3|>~#
(ny,n2,n3)ex(n,nq,u)NCase 2.c

|1728
6.71)

We will need the following lemma.

Lemma 6.13. Let
S(n,nq, 1) = {(nl,nz, n3): (ny,no,n3) € x(n, ng, 1) and (6.52) holds}.

Then we have |S(n, ng, )| < (NO)%.

The proof of Lemma 6.13 can be found in Appendix A. Combining (6.71) and Lemma 6.13 we have
6 6 _
N T Ul )
NPNITP T Ny PNTTPNGTP
28 22— - - _
Nll 25N4 B - T_/g N]I 28 (NO)Z(S Bs < T B (6 72)
(N0)4’25’% ~ (N0)4’2‘3’% ~ (N())37(2+8)/37%

Ii(ng,p) <T7P

<77°

Notice that we have applied (6.50) and (6.69) in the previous lines. From here the estimates on the contribution to
(6.70) from I (ng4, i) proceed as in Case 2.b.i.

In the analysis of the contribution to (6.70) from I5(n4, 1), we have to modify our analysis once again. In particular,
in the line of inequalities in (6.40), we need to obtain the same prefactor of (N%)~(®=)_ This is done quite easily by
following the approach used in (6.72) above. We find

2.2 2—45 74
nimj < Ny Ny
(n1)123(n3) (n3) (nf) (ny) (m1) 1728 (ma) (m3) (m}) (m3) ~ (N2N3Ng)*
248 ; n70\48
< N{7TP(NY) < 1 ’
~O(ND Y (NO)S

and from here the analysis proceeds as in Case 2.b.i. This completes the analysis of Case 2.c.iii.b.

e CASE 2.c.iii.c: u1 and u4 type (I). That is, uy, uz, uz and ug types (I)(IDAL)(D).

We find

1 1 1
11240, | < 2P n ]2 [ng)?
1 1 1 ~ 1
11277 [ngns 2507V (g 27V |ngnsng| 20TV
1 1
< 2400|2777 |y ® Ny < 1
~ (NO)1+28—2y ~ (NO)B—Z)/ ~ (NO)%_3),_552‘

(6.73)

In the preceding inequalities, we have applied both (6.50) and (6.65). Using (6.73), we can proceed with a straightfor-
ward modification the method from Case 2.b.ii.

e CASE 2.c.ii.d: u type (I) and u4 type (II). That is, uy, u2, u3 and uy types (D(DHAD)(ID) or (HAD)(D)(ID).
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Let us consider the case (I)(I)(IT)(IT), and briefly describe the adaptation to (I)(I[)(I)(IT) throughout. Once again,
the analysis of this case closely follows the method of Case 2.b.i. Indeed, the analysis is identical until we estimate
I1(n4, ) as in line (6.36), and apply Lemmas 6.4 and 6.13 to obtain, for w € £27:

1n11218n, (@)1 gn, ()]

I1(n4, n) < sup E

K= 21 2.l 1428

~ n n n

In|~N <N In1]%|n2l*|n3|

(n2,n3)ex(n,ny,n4,u)NCase 2.c

Iny|?
<T7P sup E -
In|~N Ina|2=Fln3|1+28

(ny,np,n3)ex(n,nq,u)NCase 2.c

166 168
g INPONOTS o (NPT N

~ |N2|27ﬁ|N3|]+28 ~ |N2|17ﬂ728 (N0)2+48
T8
N N0yI R 1082 -p 1 ©79

In the previous lines, we have used (6.50) and (6.65). The inequality (6.74) is enough to estimate the contribution
from I (n4, 1) as in Case 1.b.i. Indeed, it is easily verified that, from the inequality (6.74), we only require a negative
power of N° with magnitude greater than 1. Note that, by taking § > 8 > 0 sufficiently small, this is exactly what we
have accomplished. Let us pause to remark that the analysis above is easily accomplished with types (I)(ID(I)(IL) as
well.

Before we estimate the contribution from I>(n4, 1), let us first observe that, in the case of types (I)(DII)(ID), we
can obtain a stronger restriction on the size of Ny. More precisely, we have

1 1 1
]34 | Il g 2 P

T T Ty, ~ T
In11277 [n2| 277 [n3ng 2077 Inansng|2H0-Y
1 1
518 3tV 8 8
5|n| |’111|2(s 2Inzl < é\’i < 15 ’
(NO)yI+26=2y (NOYP=37 ™ (N0oy5=3y

(6.75)

unless Ny = (N 0)% .If (6.75) holds, we can proceed with a modification of the analysis in Case 2.b.ii. We will therefore
assume, for the remainder of this case, that

Ny > (NO)%. (6.76)

Turning to the contribution from I (n4, 1), we proceed with the approach of Case 2.b.i until (6.40), where we find,
”Fn,n’,n4,u ”iz(Q)

using (6.76),
2
- )

_ 3 (=n1n}) (=mym’)

(n1){(n2)(n)(n) (n3) 142 (my) (ma) (m') (m)) (m3) 1 +29

3 =111 gny (@) 8ny (@) 8y (@) 81 ()

(n1)(n2)(n)(ny)(n3)1+2

[n3|~N3
(ny,np)ex(n,p,n3,n4)
’ ’
(n,ny)ex(n’,ju,n3,ng)

[n3],lm3|~N3
’ ’ ’
(n1,m2)€x(n,1,n3,n4), () ) Ex(n’ 1,n3,m4)
(my,ma)ex(n,p,m3,ng), (m'),ms)ex(n’, u,ms,n4)

(8 () (©0) ot () Zo (@) Gy (@) G (@) 8yt (@) 8 (@)
1
T (N0 S NI mg,%%

(n1,n2)€x(n,1,n3,n4), (n},ny)€x(n’,j1,n3,n4)
(my,mp)ex(n,u,m3,nyg), (my,my)ex(n’,u,mz,ng)

I (8, ()83 (@) g1 (@)1, () Zomy (@) By () Zorr (@) B (@) - (6.77)
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Then combining (6.39) and (6.77), we have

1

2
12(n4,m=( 2. IFn,nf,m,u(w)}z)

n#n’
[nl,|n'|~N

T2
< 8 71428 Z
0y5
(N¥)5 N3 nsn', nl, ' |~N, [n3],lm3 |~ Ny
(n1,n2)€x(n,,n3,n4), () ny)ex(n’ p,n3,na)
(my,n)ex(n, n,m3,ng), (m),ms)ex(n’,u,ms,n4)
1
2

|E(gn, (@)gn, (@) 8t (@) 8, () 8y (@) 8my () gyt (@) &), (®)) !)

T2
S o8 Sup >
(NF)5 Insl.lmsl~Ns (n,n1,n0)€x(1a,n3,n4), (0,0, ny)€x(1,n3,n4)

(n.my,ma)ex(u,m3,ng), (n',m},my)ex(1u,m3,ng)

—28 —28
T < T

1
2

(6.78)

328

T 0T T o)
by taking § > O sufficiently small. Let us remark that, to obtain (6.78) above, we have applied Lemma 6.13 and

(6.76). With (6.78), we have established an estimate superior to (6.41), and the remaining analysis of this case follows
Case 2.b.i.

With the combination of types (I)(ID)(I)(IT), we can follow the same scheme to estimate the contribution from
I>(na, 1), but the roles of ny and n3 are swapped (including (6.76), which in this case restricts the size of N3). This
completes the analysis of Case 2.c.iii.

e CASE 2.c.iv: At least 3 of uy, us, u3z, us of type (II).
We will consider three subcases.

e CASE 2.c.iv.a: uy, usz, u3, ug of types (DADHAD)(ID).

We use (6.50) to find

1
|28 |n, | 1 6.79)
1y lys—y ™ (N0)8—3y : :
|27 |non3ng|?
With (6.79), we may proceed as in Case 2.b.ii.
e CASE 2.c.iv.b: uy, us, us, ug of types (IDHAD(ID), AD)AT)(DAT) and ADHADAD)(T).
Suppose uy, uz, usz, uq are of types (IL(D)(AD (D). We find
1 1 1
n| 2% |n, | < |24 |0y |27 [y |9
1255 a2 [nang 29 T ngnsng) 2y
B
al” 1 (6.80)

~ (NO)25—3)/ ~ (N0)5—3y :

Again, using (6.80), we may proceed as in Case 2.b.ii. It is trivial to verify that this approach applies with types
ADAD(@)(ID) and AD)(IDAL)(I) as well, and this case is complete.
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o CASE 2.c.iv.c: uy, us, u3, us all type (I).

It is obvious that the analysis of the last two cases applies here as well. This completes the analysis of Case 2.c.iv,
our final case, and the proof of Lemma 6.8 is complete. O

6.3. Septilinear estimates

In this subsection we prove Proposition 6.2. This proof will involve some probability theory, but the analysis will
be simpler than what was used in the proof of Lemma 6.8. In particular, we will invoke Lemma 6.4, but will not need
Lemma 6.5.

Proof of Proposition 6.2. We split into cases depending on the relative sizes of the spatial frequencies n, n», ..., ng,
where n = np + --- + ng. Recall the defining condition of the region Aj: |o1| 2 |nmax|2, where |fmax| =
max(|n|, |n1], |n2], |n3|, |nal). It should be emphasized that we cannot assume that |nmax| > |15], |n6l, |27], |ng|. Here
is a list of the cases to be considered.

We use a type (I)-type (II) decomposition in the us factor.

e CASE 1. us type (ID).
e CASE l.a. |nmax| = |ns].
o CASE 1.b. |nn.«| < |ns).
e CASE 2. us5 type (D).
e CASE 2.a.n # ns.
o CASE 2.a.i. [nmax| > k| forall k € {5, 6,7, 8}.
o CASE 2.aiii. |ni|, |n ;| 2 |ns| for some distinct &, j € {6, 7, 8}.
e CASE 2.aiiii. [ng| ~ |n5| > |nmax| (equivalent WLOG to |ng| ~ |n5| > |[nmax| for some k € {6, 7, 8}).
e CASE 2.a.iii.a: ug type (II).
e CASE 2.a.iii.b: u¢ type (I).
e CASE 2.b. n = ns.
e CASE 2.bi. [o] > [n]VZ, |ox| = |n]V? or |nk| = |n|V?? for some k € {2,3,4,6,7,8).
e CASE 2.bii. [o] < 1|V, |ox| < [n]V?® and |ng| < [n|V? for all k € (2, 3,4, 6,7, 8).

We proceed with the analysis of each case.
e CASE 1. u;5 type (ID).

In this case we establish

8
|MU(Dus, w6, uz, ug), ua, w3, ua)lcase 1| 1os1ps Sllusll v pny [T sl 151, (6.81)
x2 2 x2"270 x27 "2
T T j=2 T
J#5
e CASE l.a. [npa| > |ns).

We use o7 | Z |nmax|2 z |l’l5|2 to estimate

1

Lis
n|2 nil|in
|n| |1||5|<

(6.82)
1
o1l Ins |2+
Using (6.82), the inequality (6.81) follows from
8 8
V2N 1 ] =y ey | 7 I e (6.83)
Jj=2 L)zm j=2

‘l_
J#5
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Then (6.83) is obtained with Holder, (2.8) and (2.10),

8
. < <
fsﬂzuj 1£51 e, 1"[||u,||Lz4 I1fs Ol,sl_[||u,||
/:

L)zc,t Jj=2 Jj=2
J#5 J#5

e CASE Lb. [nmax| < |15].

Since |nmax| < |ns| and n; =ns5 + - - - + ng we must have (without loss of generality) that

|nel ,Z [n5] > [nmax].

With (6.84) we find

1
pl =l _

5~ |n|)’

jo1 1512+ g2~
Using (6.85) and duality, (6.81) follows from

8
‘/v-f5f6 [] ujdxd
';é:56

Sl g5l 5] 01_5||f6|| H [y
j=2
J#5,6

Then (6.80) is easily established using Holder, (2.8), (2.10) and (2.12).

e CASE 2. u5 type (D).

From here we proceed with a dyadic decomposition in all factors. That is, we assume that |n| ~

753

(6.84)

(6.85)

(6.86)

~ N;, and as

in the proof of Lemma 6.8, we will order the frequencies (and corresponding dyadic shells) from largest to smallest

using superscripts.
We remark that it can be assumed that

lok| <K (NO)Z.
Otherwise we have |ox| = (N 02 and this gives

1
In|2 | ny ||ns| 1

1_ ¢~ 0V268 °
lolo | |ns| 270 (ND)

With (6.88) (and dyadic summation) we can establish

8
[N (D(us, u, w7, ug), uz, us, u4)|2aH 5,_%% H”uj” %_5%_5
j=2
using the methods of previous cases.

e CASE 2.a.n #ns.
e CASE 2.a.i. [npax| 2 |ng| forall k € {5, 6,7, 8}.

(6.87)

(6.88)

(6.89)

In this subcase we show there exists 8 > 0 and 27 C £2, with P(£27) <e Tﬂ , such that if w € £27, then we have
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NG (DS st s ). s, |y
T

8
B b
ST7PN; 1_[ il g yos (6.90)
j=2 T
j#5

Recall that As is the Fourier multiplier corresponding to the characteristic function of the interval [N5, Ms] in fre-
quency space, for some dyadic integers N5 < M5 < oo.

Using the representation (6.24) for u; and Minkowski in A, for each j =2,3,4,6,7,8, we find (letting n =
Z?-:z,j# Aj — A, and invoking (6.87)),

[MI(D(S@ Asuo.w. ue. ur. ug). ua. us. ua) | sy
T

8 8
65 1 —11158n5(®)
SO TT sl ysus- sup 2% Y- W [Tan| - (6.91)
=2 Xq p<C(NO)V2 (1) 1S =2 g
J#5 n#ns J#5
where a,; := ay; (nj) (we have removed the dependence on A j because our estimates will hold uniformly with respect
to these parameters), and
*(n, 1) = {(nz,nz,m,ns,na,n%ns) €7 : (n1,n2,n3,n4) € £(n),
8
(ns,n6,n7,n8) € £ (1) and n® — 3 "n3 =u}.
j=2
By bringing the absolute value inside and applying Lemma 6.4, for each w € Q27 we have
1 —ninsgns(w) i
|n|7+8 Z Tnni 1_[ Qn;
*(n, 1) H7S j=2 2
ns#n J#5
2\ 4
T-5/2 8 2
Sm sup02 Z Z Hlan,-l ; (6.92)
(N%)2 Il<CNO2 N\ ||~ N w(np) j=2
ns#En j#5
where we have used the condition |o| > (N?)%. With repeated applications of Cauchy—Schwarz, we find
1
T—8/2 8 1 2
(6.92) < ———— sup > [l
(NP U ccVO2\ oo g Ve k=2.3.4.6.7 =2 Il
{(ns,n8):(n2,...,ng)€x(n,u),ns#n} j#5
1
T7-8/2 ( 8 1 2
= T4 WP ) [l —=
(NO2707F uj<cvoy? Ve k34678 j=2 ]
{(n,ns):(n2,....,ng)€*x(n,),n#ns} j#5
T—8/2
S—. (6.93)
(N0)2=707F

Notice that, in the first line of (6.93), we have used the condition n5 # —ng. This condition holds without loss of
generality, since at least one of the integers ny, n3, n4, ne, n7, ng is not equal to —ns, otherwise the inequality (6.93)
holds trivially. Then, for fixed n, ny, n3, na4, ne, n7 and u, ns is determined by ng, and ng satisfies a non-degenerate
(since n5 # —ng) quadratic equation with at most two roots. We have used the same argument (with n  ns) to avoid
summation with respect to n and ns in the last line of (6.93).

Combining (6.91)—(6.93), the inequality (6.90) follows by dyadic summation, and Case 2.a.i is complete.
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e CASE 2.aiii. |ng|, |nj| 2 |ns| for some distinct &, j € {6,7, 8}.

In this subcase we find

1
n12 %% ny [|ns|

<1, (6.94)

1 1,8 1,8
lo11ns| 270 g |33 |nj 33
and by using (6.94) we can establish an estimate of the type (6.89) with the methods of previous cases.

o CASE 2.aiiii. |ng| ~ [n5] > [nmax|-.
e CASE 2.a.iii.a. ug type (II).

In this subcase we establish

1

[N (Dus. ez, us), uz,us,us)y il ooy
T

8
Sllusl sy [T sl 151, (6.95)
X7 2 i x7 2
J#6
Notice that we have
1
348
2
In| 1'”1””51' <L
lo1||ns]2 2 ng 240 Inl”

and from here we can establish (6.95) using the method of Case 1.b.
o CASE 2.a.iii.b. u¢ type (I).

In this subcase we establish the estimate

[N (D(S(0) Asuo .. S(1) Astto.. u7. ug). 2. u3 ua) |, , i ||XT%+6,—%+5

8
ST PMsMe) ™ T il 4 sy (6.96)
4 x7 2
j=2 T
J#5.6

Using the representation (6.24) for u; and Minkowski in A ;, for each j =2,3,4,7,8, we find (letting u =
Z?‘:lj;ﬁiﬁ Aj — A, and invoking (6.87)),

INU(D(S @) Asuo,w. ) Agtto,w, 17, ug), uz, u3, us) Hx%“‘_%”

T

8 8
65 1 —7117158n5 (@) gng (@)
SO TT gl ysyse sup 2™ - . |’: 0 |”" [T a, (6.97)
j=2 X7 1<C(NO)V2 (1, 10) 1in51i%e j=2 12
J#5,6 n#ns J#5.,6
By bringing the absolute value inside and applying Lemma 6.4, for each w € 27 we have
! —1758ns (@) gng (@) T
|n|21+? Z - |’;5 i |”6 l_[ an;
(1, 0) 1i%511%6 j=2 2
ns#n Jj#5,6
2\ L
T-B/2 8 2
< - sup Yo lanl] ) (6.98)
(Nmax)2 T (NOI=28 ) <cvo2\ |0 Tn | s 2

ns#n  j#5,6
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where we have used the conditions |o7| 2 (Nmax)? and |ng| ~ |ns| > Inmaxl, |n7], Ing|. With repeated applications of
Cauchy—Schwarz, we find

T-8/2 8 1 2
(6.98) < : - sup > [l —=
(Nmax)2 2 (NO)1=28 |1 <c(n0y2 [n|~N, [ng|~Ng, k=2,3,4,7,8  j=2 In;1
{(ns5,n6):(n2,...,ng)€x(n, 1), ns#n}  j#5,6

T-B/2

S (N())lm' (6.99)

Notice that we have used the condition n5 % —ng (in order to avoid summation in these variables). This holds because
if (ns, ne,n7,ng) € {(ny), then ns # —ng unless we also have n| = ns, n5 = —n7 or ns = —ng, but this is impossi-
ble given the assumption |ng| ~ |[n5| >> |nmaxl, |77, |ng|. Combining (6.97)-(6.99), the inequality (6.96) follows by
dyadic summation, and Case 2.a.iii.b is complete.

o CASE 2.b.n =ns.
e CASE 2.bii. [o] > [n|Y2, |ox] = 1n]VZ or [ng| = |n]V? for some k € {2,3,4,6,7, 8).

In this subcase we will not use the assumption that us is type (I). Instead we establish a deterministic estimate
of the type (6.89). Suppose |ni| = |n|m for some k € {2,3,4,6,7,8)}. Since n = ns in this case, we have |o]| 2
|nmax|2 = |n5|2 and find

1
In2°|ny]Ins|

: <I. (6.100)
lo1[ns|2 2 |y [V28

Using (6.100), an inequality of type (6.89) follows from

8
[
j=2

8
S o sl 1 ymas T 1A 11y (6.101)
XT2 X2 2 X72‘ 2

7 j=2
J#5.k

2
Lx,re[O,T]

Then (6.101) is obtained with Holder, (2.8) and (2.10), as in previous cases. If |ox| = |n|m or |o] 2 |n|m, the
justification of (6.89) follows the same method.

e CASE 2.bii. [o] < [n]V2, |nk| < |n|V? and |oy| < [n]V?? for each k € {2,3, 4, 6,7, 8}.
In this subcase we establish an estimate of the type (6.90). This is the region where we will exploit a deterministic

cancellation (see Remark 3.7). We proceed to identify the cancellation, and to properly define N (u1, uz, u3, us) and
N1(D(us, ug, u7,ug), uz, us, ug) with different input functions. First suppose all factors are the same, and consider

8
N1(D(u,u,u,u),u,u,u)A(n,t)= Z XAI_Ullns Hﬁ(nj,rj). (6.102)
j=2

(n1,n2,n3,14)€5(N) 77y 1.4 14
(ns,ne,n7,n8)€¢(ny)

We will induce cancellation in the contribution to (6.102) from when ns = n and the remaining frequencies satisfy
certain smallness conditions. Consider
8 8
A e ={(n,na,n3,n4,n5,n6,n7,18, 7, 72, 13, T4, 5, T6, 77, 8) € (Z\ {0})" x R® : n =ns,
T=Tp+ - +718, np+n3+ng+ne+n;+ng=0, no+n3+ng#0,

o] < 1n[V%, Jox] < [n[Y%, ng] < In|Y? fork =2,3,4,6,7,8). (6.103)
Notice that, if (n,n2,...,n8,7,12,...,18) € A1, then (n1,n2,n3,n4) € $1(n), (n,n6,n7,n8) € {1(n1) and (n, ny,

np,n3,n4,T,T1, T2, 73, T4) € Aj. Indeed, the restrictions |ny| < |n|m for k =2, 3,4 and n, + n3 + n4 # 0 guarantee
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that n # ny for k =1,2,3,4 and n| # —ny for k = 2, 3,4, thus (n1,ny,n3,n4) € £(n). Similarly |ng| < |n|m for
k=6,7,8 and ne + n7 + ng # 0 guarantees ny # n, ny and n # —ny, for k =6, 7, 8, and thus (n, ne, n7, ng) € ¢1(n1).
Lastly using the restrictions |o|, |ok|, |nk| < |n|m fork =2,3,4,6,7,8 and n = ns, we can easily show that |o| >
|nmaX|2, and therefore (n,ny,no,n3,ng, 7,71, 72, 73, T4) € Aj.

Because of this, we can consider the following contribution to (6.102),

MDD, u,w,w), uyu,u)” (0,74,

8
= —n? Z / XA nﬁ(nj,rj)

23 +natnetn7+n8=0 1=y f vy 41y frstre T+ j=2

n—ny—n3—n4
T—m-n—u—(m—n—n3—ng)’)

Inserting the assumption that u5 is type (I), we have

M (D(S(I)A5uo,w, u,u, u), u,u, u)A(n, la,,
8

= —ngn(w) Z / XA l_[ inj, ;)

”2+”3+"4+”6+”7+"8=0r=12+r3+r4+n3+r6+r7+rg J=2,j#5

. n B ny+n3+ny
T—T—n—T—MN—ny—n3—ns)>? T—T—13—14— 1 —ny—n3—ny)s
= Ki(u,...,uy(n,t)+ Ky(u,...,u)(n, ), (6.104)
where we have defined K and K> by expanding the parentheses in the second last line. We will only need cancellation

to control K| (K, will be estimated directly). Let us now describe this cancellation. We swap the variable names
(n2, n3, n4, 12, 13, 74) With (ne, n7, ng, 16, v7, t3) and use the invariance of A . under this modification to obtain

Ki(u,...,u)(n,t) = —ngnz(w) > / XAy

ny+n3+ng+ne+ny+ng=0

T=Ty+13+74+n3 +re+T7+18
8

. 1
uni, t;
jzl;[# o ])<T_T6_T7_TS_(’1_”6_”17_”8)3
1
+ . (6.105)
T—1—13— 14— (n—ny—n3 —ng)’
Using n —ny; =ny +n3 +ng = —ng — ny7 — ng, we find
1 1
3+ 3
r—rﬁ—t7—rg—(n—n6—n7—ng) r—tg—rg—r4—(n—n2—n3—n4)
—6n(n—n))+o 1
— ( ! = ) (6.106)
T—16—T7—1g—(n—ng—n7—ng)’ T—1—13—14— (n—ny—n3—ny)’
This gives
KiG, ..o u)(n, 7) = 282 > / Xir.
2 1,¢
ratrytnatngtnytng=0 t=n+n+utnd et
8 . —6n(n —n)?+o
[1 u(nj’rj)f_%_77_778_(71_”6_”7_”8)3
J=2.j#5
1
(6.107)

T—0—13— 14— (n—ny—n3—ng)’
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Now, as anticipated, we will define N (u1, u, u3, us) and Ny(D(us, ug, u7, ug), uz, u3, us) with (non-equivalent)
input functions by extending the definition of Ki(u,...,u)(n,t) according to (6.107). The expression
N (uy,uz,u3,usg) is defined piecewise through a decomposition in frequency space. The region of integration A
is divided into A_j, Ag, A1, A2, A3 and A4. In the regions Ay for k = —1,0, 2, 3, 4, we interpret Ny (uy, uz, u3, ug)
directly. In the region A, we insert an equation satisfied by u (the second iteration). When the inputs are equivalent,
we interpret the expression directly, and exploit a cancellation in the region Aj . (it is straightforward to verify that the
cancellation is not required in A,, A3 and A4). When the inputs are not equivalent, the definition of N7 (u1, uz, u3, u4)
will vary with the equation satisfied by u.

The algorithm for determining this definition is straightforward. During the proof of Theorem 1.1, the factor u
will satisfy an equation of the form (4.1), or one of its variants. The important point is that the equation satisfied by
uy will always be decomposed into contributions of type (I) (linear part, rough but random) and type (II) (nonlinear
part, smooth and deterministic). The contributions from the type (I) part of u; are always interpreted directly. For the
contributions from the type (II) factor, we either (i) bound this factor using the higher temporal regularity b = % + 26,
via the estimate (3.10), in which case the nonlinearity is interpreted directly, or (ii) we expand the type (II) contribution
into a septilinear expression. Thus in situation (ii) we are considering a nonlinearity as in Proposition 6.2, and in all
of the prior subcases of this proof (in particular in the complement of A; ), we interpret K directly, as in (6.102).
For the contribution to situation (ii) from Case 2.b.ii, we will force the cancellation (6.106). That is, for each n > 0
and 7 € R, with |t — n?| < |n|m, we define

N(D(S(1) Asutg,eo, g, u7, us), uz, uz, us) " (n,7)la,
=Ky (up, u3, uq,ue, u7,ug)(n, v) + Ko(uz, us, us, ueg, u7, ug)(n, v) (6.108)

where K3 is given as in (6.104) (but with potentially non-equivalent factors u ;), and

Ki(up, u3, ug, ug, u7,ug)(n, v)

n(@)
::—% Z / XAI,(‘

notnytnatnetnytng=0 _ 4o i3 tre 4t

8 . —6n(n—n))+o
H uj(nj’rj)f — 16 — 17 — 1§ — (n — ng —ny — ng)>
J=2,j#5
1
. . (6.109)
T—T—13— 14— (n—ny—n3 —ng)’
Let us comment on properly justifying that, with equivalent inputs u» = - - - = ug, the cancellation (6.107) can be

used to control the entire contribution to the left-hand side of (6.90) from the region A . in Case 2.b.ii. Inverting the
Fourier transform, the cancellation (6.107) certainly holds over a sum of finitely many . Luckily, in this subcase, we
have n = ns, with us a type (I) factor, and thus |n| < Ms < oco. That is, we are justified in using the representation
(6.107) for the entire contribution to the left-hand side of (6.90) from the region A . in Case 2.b.ii because M5 < oo
(by assumption in the statement of Proposition 3.2).

We proceed to justify an estimate of the type (6.90). The restriction of this subcase indicates that

(n9n29 e 7n87 Tv TZ’ L] 18) € Al,C!
as given in (6.103), and therefore, according to our definitions above, the nonlinearity is defined through the expres-
sions (6.108)—(6.109).

Notice that, using |o |, |nr| K |n|m and |o1] 2 (NO)Z, we have
In||—6n(n —n1)> + o 1
It —t6—17—18— (n—ng—n7—ng)’| |t —12—13—14—(n—ny—n3—ny)?
<L
~ (N0)2—y

(6.110)

and
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1
[n2 +n3 + ny| < 7 (6.111)
o] (NO)2=r
for some small 0 <y =y (§) < 1.
With (6.108)—(6.109) this gives, for each fixed n, 7,

N (D((S(Duo,0) y, - w6, w7, us), w2, uz, ug)(n, 02l

8

1 A~
< (N0)2-2y |gn(@)] Z / l_[ uj(nj, ;)

ny+n3+na+ne+ny+ng=0
Injl<(N0)V®

i
r7n3=‘r2+‘[3+f4+tﬁ+f7+tg 5755
loj]<(NO)¥2?

Next we use the representation (6.24) for u j, and apply Minkowski in A ;, for each j € {2, 3,4, 6,7, 8}, and this gives

NG (DS O00) ot 7, 15,03 0) sy 1
T

8 8
1 |
548
V25312 l I ot S-sd-s” sup n|2* |8n(60)| E | |anj
j=2

)

~ (NOY2—y—6
(N ' X7 |l <C(N0)V2 *(n.N(n=ns) j=2
J#5 Injl<(NOY*  J#5

I

where a,,; := a;; (n;) (we have removed the dependence on A ; because our estimates will hold uniformly with respect
to these parameters). Then by Lemma 6.4 (with ¢ = $) and repeated applications of Cauchy—Schwarz, we have for
we€ R T,

N (D((S000) ). 23, 00) | gy

XT
_8 8 8
T2
< [T 0l 1y sup []an,
~ 3 3/2 J 5—8,5—8 nj
0\ 32—y —6+/283/2—5— 27%2
(NO)2~7 P X Wl <CNYYB | xnnin=ns) j=2  II2
J#S Injl<(NO)* J#5
_8 8 8
T 2
< [T 0wl s sup []an,
~ N0y -y —64/283/2—§— A S "
(ND)I—r B j=2 X7 [n|~N,|u|<C (N | w(n, 1)N{n=ns} j=2
J#5 Injl<(NO)y  J#5

i

> H jan;|

< r: |8| o
Uu; 1 1 su
~ (NO)I—V—6\/§53/2—5—ﬁ 2 J X?—S,f—a p

= N g nstngtngtnrtng=0 j=2
J#S Inj|<(NO)* J#S
B
< T : 6.112
u; 1 1 o, .
™ (N0)1-2y—6v2532=75-p 2” f”XTz—f‘vz—“ ( )
J:
J#s

and (6.90) follows by dyadic summation. This completes the analysis of Case 2.b.ii. The proof of Proposition 6.2 is
complete. O

6.4. Deterministic nonlinear estimates

In this subsection we present the proof of Proposition 3.3. We require the following calculus inequality:

Lemma 6.14. Let 0 < §1 < 8, satisfy §1 + 2 > 1, and let a € R, then
o0

/ do < 1
©)Y1(a—60)2 "~ (a)*’

—00

where a =81 — (1 —82)4. Here (M) 4 =2 ifA>0,=e>0ifA=0,and =0if A <O.
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The proof of Lemma 6.14 can be found in [20].

Proof of Proposition 3.3. We establish Proposition 3.3 with §o = 0 (see Remark 6.3). We begin with the proof of
(3.9). In fact, we establish

4
INo (i, wa, us, ug) ||Y%+5,71 ST ||u,||X%7S’%7%. (6.113)

T j=1 T

Then (3.9) follows easily from (6.113), Lemma 2.3 and Lemma 2.4 with 0 = 2§—.
Using || - [l 56 < lIx10,71(?) - lys» it suffices to establish
T

4
||N0(u1, up, us, u4)HY%+8”l < T 1_[ ”ujHX%*a 13, (6.114)
j=1

where each u ; satisfies u ; = x[o,771(t)u ;. We proceed to prove (6.114).
Let

(ni,tj):=( ,)%—8 . 3%_376"( )
fimj, ;)= (n; Tj —nj uj(nj,t;

for each j = 1,2, 3, 4. To prove (3.9) it is enough to show that

|3+ i)l :
— > [ e mi [T < T, 6.115)
n=n|-+--+nyg =1 bty j=1 |I’l]|2 (O’j)2 2 l,%L} j=1
Using the condition |o| > |nmax|?, we have
1
11s
n|27\n 1
[n|27°|n | < 6.116)

15~ —176— 4 ’
(o)1 =607y 270 I g Inj 7

Applying (6.116), and subsequently removing all restrictions in frequency space (notice we have brought absolute
values inside), we have

1 5 AL o 10, )l

<O->66+y|n|1717875y 1

LHS of (6.115) < 3 1 3%
177 2tV (o)2T2
n=nitetng oo Yoy (o1)27 2 j=2 ;127" (o)

Ly

1

1 4 2
<0>65+y|n|1—178—5y( Z / H|fj(”jﬁfj)|2>

n=nitetng g oy j=1

R 1 :
. ( Z / <01)1738 L |nj|1+2y <Uj)138>

n=n1+‘-'+n4r=r]_,’_“__i_.[4 Jj

IA

(6.117)

Ly

by Cauchy-Schwarz in ny,nj,ns3, 11, 72, 13, for fixed n, 7. Next we fix t,n,n,ny,n3, and repeatedly apply
Lemma 6.14 to obtain

/ dtidtydt;
(r1 =)y = n3) 1y =) T~ — -y )

71,72,73

1
< (6.118)

~NO T3 3 3 3128
(t —n{ —n3 —n3 —ny)

Using (6.118) we have



G. Richards / Ann. I. H. Poincaré — AN 33 (2016) 699-766 761

1

4 2
1 2
6.117) < <0)68+y|n|1—178—5y< > / ]_[|fj(n,-,rj)|>
n=n|—+--+ny4 =114+41 Jj=1
1
(¥ e )
: 3 3y1-128 142
n=nj+--+ng {r— T n4> Jj=2 <n]> ’ 2L}
4 5 : 1
< ( Z / l_[|fj(nj,fj)’ ) SUP T [T—T75-3y
n=nj+--+ny =14 +14 Jj=1 L%J n#0

1

1 4 1 2
' : 6.119
(/ Z (0)12542 (v —p3 — ... — p3)1-128 E[z|nj|1+2y> ( )

n=ni+-+ngq Jj

In the last line we applied Cauchy—Schwarz in t, and took out the supremum in n afterward. Applying Fubini we
compute that

4 3 4
H( > / [T17@;. f./)|2> =TTz, (6.120)
n=n L2 j=1

1Fetnd oo Vg J=1 nT

It remains to estimate the second factor in (6.119). We change the order of integration and summation, and integrate
in 7 for fixed n, n1, nz, n3. By Lemma 6.14 we have

/ 1 < ! <1
3 3\1— ~ 3 3 -
/ (‘E _n3)126+2y<r —ny—--- _n4>1 126 (n3 —ny— - —n4)2V

This gives

1 1 4 1 2
i AT (/ Z (0)126427 (z —pd — ... —p3)1-128 1—[ |nj|]+2y>

n#0 T n=nipteetng Jj=2

1

4 2
1 1
< sup |n|1=176=57 ( Z l_[ |nj|l+2y') <L (6.121)

n#0 n=nj+--+ng j=2

Combining (6.117), (6.119), (6.120) and (6.121), we obtain the estimate (6.115). The proof of (3.9) is complete.
Next we establish (3.8). First we prove that

4
Lisodos S I1 ||u,||XLa,%7%. (6.122)

|NoGur, uz, us, uq) | 1
XT ]=] T

Then (3.8) follows from Lemma 2.3, (6.122), (3.9) and Lemma 2.4,

|Dour, ua, u3, us) Hx%“’%*‘s < | NoGui, uz, uz, ug) |

1, + H./\/'o(ul,uz,u&uzl)H %+a,7175
2 Y.

1
1,5 1_
)
XT T

]:1 T T

4
26—
ST [Tl sy

j=t X

N 1_[ IIMjIIX%_A 1yt |Nour, uz, us, u4)||y%+51_,

We proceed to justify (6.122), which is equivalent to
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4
0
[ Mo Ger ez s wd) | gy STOT TG0 3y (6.123)
Jj=1
where each u ; satisfies u; = xjo,71(t)u;.
Using the condition |o| > [nmax|?, we have
1
348
ni2 n
_mETml o (6.124)
()2 |27
With (6.124) it suffices to show that
4
lwigusuall 2 S lwilly 35 [Tl 1251 (6.125)
j=2

The inequality (6.125) is obtained with Holder’s inequality, (2.8), (2.10) and Lemma 2.4,

4

lwiwouzuall 2 < lwillgs T il e
j=2

4
< ||lw H U; 1,
S 1||X0,%. l ,;||X%_é,%_b,
j=2

for 6 > O sufficiently small. The proof of (6.122) (and thus of (3.8)) is complete.
It remains to justify (3.10) and (3.11). We consider the case k = 1, the adaptation to other cases is straightforward
using the techniques of previous cases. With the condition |o1| > |nmax |, We have

1
5448
727 |ny | 1
———— 5. (6.126)
Ing|2 =P oy |22 7 nl

With (6.126) and duality, (3.10) follows from

4
| / v frugusuadxdt| S vlls 3 A2 [Tl sy (6.127)
xrel0.T] - X
J=2

T

Then (6.127) is established using Holder, (2.8), (2.10) and (2.12) (as in various proofs above). The proof of (3.11) is
omitted, as it follows the same strategy. The proof of Proposition 3.3 is complete. 0O
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Appendix A

A.l. Proofs of lemmata

Here we present the proofs of Lemmas 6.10, 6.11, 6.12 and 6.13.
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Proof of Lemma 6.10. We will prove that the estimate | S (n4, ©)| < (N 0y3 is satisfied by enumerating the set S(n4, 1)
with a specific algorithm. This algorithm will count the number of elements in S(n4, ) by selectively fixing the
integers {n,ny,ny,n3,n’, n|,n,, my, my, m3, my, m,} one at a time, ensuring that the conditions required to remain
in S(n4, p) are satisfied at each stage. This process will terminate once we have fixed an element of S(n4, n); from
here we work backwards, counting how many choices were made to determine the size of |S(n4, ©)|. This algorithm
is designed to keep the number of elements in our count below (N)3, and this is clearly satisfied as long as no more
than three of the integers in the set {n, n1, n2,n3,n’, n|, ny, my, ma, m3, m}, m}} (all with magnitude < N9 need to
be selected in order for the algorithm to terminate. Therefore, in the analysis that follows, as we enumerate S(n4, 1),
we simply need to ensure that we are required to select at most three integers.

Fix n and n3 (from here we will only select one more integer in the set {n1,na,n’, ny, n}, my, ma, mz, m\, ms}).
Then n, is determined by n| (since n =ny + - - - + ny4), and n| satisfies a non-degenerate (since n| # —n») quadratic
equation with at most two roots (see (6.35)). We recall the following identity, which can be proven using the moment
generating function of the complex Gaussian:

E(gn (@) gn(@)") = 8k 1k, (A.1)

where 8y ; is the Dirac-delta function. Using (A.1), in order for the non-zero expectation condition

E(gn, (@) gy (@) 21 (@) 2t (@) By () omy () Zrr (@) (@) # O

to be satisfied, it must be possible to arrange the indices {n1, na,n}, n,, —m1, —ma, —m’, —m’} into pairs, such that
the sum of the indices is zero in each pair. Since n| # —n3, these integers cannot be paired with each other. We have
therefore determined (at least) two of the integers in the set {n/, n}, —my, —ma, —m}, —m/}, and we proceed with
various subcases, listed as follows:

e CASE 1: n} and n), are determined.

Notice that n” has already been fixed since n’ = n’| +n/, + n3 4 n4. Fix m3 (we cannot fix any more integers); then
m is determined by m», while m, satisfies a non-degenerate (since m| # —m») quadratic equation with at most two
roots. The same is true for m| and m).

e CASE 2: m| and m, are determined.

Notice that m3 is determined in this case by m3 =n — m| — my — n4. Fix n’ (we cannot fix any more integers).
Having specified n’, n3 and ny: n, is determined by n/, while n| satisfies a non-degenerate (since /| # —n’) quadratic
equation with at most two roots. With m3 determined, the same is true for m’] and m/2

e CASE 3: m/ and m/, are determined.

Having specified m}, m} and n4, n’ is determined by mj3, and mj3 satisfies a non-degenerate (since n’ # m3)
quadratic equation with at most two roots. From here all integers are determined, and we only count (N°)? elements in
this case. Indeed, with n, m3 and n4 specified, m is determined by m3, and m satisfies a non-degenerate (m| £ —m>)
quadratic equation with at most two roots. The same reasoning applies to the pair ) and nJ.

e CASE 4: 1 and m are determined.

Fix m3 (we cannot select any more integers). Having specified n, m1, m3 and n4, we observe that m; is determined
by my =n —my —m3 — n4. Then having specified n/, n3 and n4, the integer n’ is determined by n/,, which satisfies a
non-degenerate (n’ # n) quadratic equation with at most two roots. Lastly, with n’, m3, and n4 specified, m| and m/,
are determined by the same argument (since m/ # —m).

Remaining cases will be similar to case 4 (with two integers in distinct quintuples determined). We can always
proceed as in case 4: by fixing m3, and determining all remaining integers as the solutions to non-degenerate quadratic
equations. The details are omitted, and the proof of Lemma 6.10 is complete. O
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Proof of Lemma 6.11. This proof will rely on the property (6.20), which is satisfied here by the definition of (74, 1)
(see (6.29)—(6.30)). The main advantage of this property is that the integers ny, n, and n3 (and m, m and m3) now
play symmetric roles in Lemma 6.11, and thus in the remainder of this proof. Indeed, it now suffices to show that
#{S(n,mu)} < N1 N;.

As in the proof of Lemma 6.10, we will prove that #{S(n, u)} < N1N, by enumerating all elements of the set
S(n, n) with a specific algorithm. This algorithm will require that we select |n1| ~ N; and |n2| ~ N», and the remain-
ing integers {ns, n4, m1, mo, m3} will be determined by the conditions required to remain in S(n, ) (the estimate
#{S(n, w)} < N1N, follows).

Select |n1| ~ N1 and |na| ~ Ny (we will not select any more integers). With n, ny and n, determined, n4 is
determined by n3, which satisfies a non-degenerate (since n3 # —n4 by (6.20)) quadratic equation with at most 2
roots. Then, due to (A.1), the non-zero expectation condition

E(8n, (@) gny () 8ns (@) 8y () By () Gy (@) ) # O

requires that the indices in the set {n1, na, n3, —m, —m>, —m3} can be organized into pairs such that the sum of the
integers is zero in each pair. By the condition (6.20), with n1, n> and n3 determined, it follows that m1, m, and m3
are determined. All integers have been determined, and we have enumerated S(n, u) with only Ny N, selections. The
proof of Lemma 6.11 is complete. O

Next we prove Lemma 6.13, then we will use a similar method to prove Lemma 6.12.
Proof of Lemma 6.13. If n and n4 are determined, there are two cases to consider.

e CASE1: n=n"orn=n'.

0 or ng = n'. Thus, we

Without loss of generality, suppose n = n0. Since |n4| < |n3| < |n2|, we cannot have ngy =n
must have n; = n! for some k € {1, 2, 3}. Suppose n; = n'. By the condition |n 4+ n| = [n° + n!| « (NO)%, with
n fixed, there are at most (N 0)% possible values for n1; we make this choice and fix n;. Having determined n, n|
and ng4, n, is determined by n3, which satisfies a non-degenerate (since ny # —n3, recall (6.20)) quadratic equation
with at most two roots. All integers have now been determined, and we proceed to the next case.

e CASE2:n=n% n=norn=n"

Since |n4| < |n3| < |n2|, we must have n4 = n* for some k € {2, 3, 4}. In particular, with n and n4 fixed in this case,
two of the integers in the triple (n%, n>, n*) have been determined. Suppose 15 is the remaining element in this triple

that has not been determined. Then by the condition |n + ny + ny4| = [n? + n’ + n*| <« (NO)%, with n and ng

168
determined, there are at most (N 0)m possible values ny; we make this choice, and fix n;. Then n is determined
by n3 which satisfies a non-degenerate (by (6.20)) quadratic equation with at most two roots. Having determined all

168
integers with at most (N°)7=# selections, the proof of Lemma 6.13 is complete. O

Remark A.1. We remark that, in the proof of Lemma 6.12 below, we will intentionally avoid using the restriction
Ny > N3 > N4. More than that, we will not impose any conditions on n4 to distinguish it from ny, ns, n3, and thus
one can restate (and prove) lemmata analogous to Lemma 6.12 with the role of n4 swapped with ny, ny, or n3.

Proof of Lemma 6.12. The crucial ingredient to this proof is the probabilistic restriction

(0, (@) 8y (@) 8y (@) By () Zy () Zo () Zomy () Fory (@) B (@) 8yt (0) it () 8 (@) 7 0.
According to (6.17), this restriction allows us to pair the indices in the set {n, ny,n3, —n}, —n), —n} —my, —ma,
—ms3, m/1 m’2 m’3} such that the sum of the indices is zero in each pair. Once again, due to (6.20), two elements of the
same quintuple (e.g. {—n, ny, n2, n3, nq}) cannot belong to the same pair.
Fix n and n4. As long as we do not have {—n, n4} = {n°, n'}, the method used in the proof of Lemma 6.13 applies,

168
and all integers in the set {—n, ny, na, n3, n4} are determined by at most (N5 selections. If {—n, ng} = {n°, n'},
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we fix one of the smaller variables {n{, ny, n3} = {n2, n3, n4} and use n =n| + ny + n3 + ng4, and |n2 +n3+ n4| <
(N9 % Only six undetermined elements remain in the set {n/, n, nim1, ma, m3, m\, m),, m5}. It is easily verified
that, in all cases, we can fix one more variable such that only (N O)% choices remain afterward. The size estimate
produced by this algorithm is #{S(u)} < (N 0)3+% , and the proof of Lemma 6.12 is complete. O
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