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Abstract

Let L = —div, (A(x)Vy) be a uniformly elliptic operator in divergence form in a bounded domain 2. We consider the fractional
nonlocal equations

Lfu=f, inQ, and Lu=f, inQ,
u=0, on 012, dau=0, onof.

Here L*, 0 < s < 1, is the fractional power of L and d4u is the conormal derivative of u with respect to the coefficients A(x).
We reproduce Caccioppoli type estimates that allow us to develop the regularity theory. Indeed, we prove interior and boundary
Schauder regularity estimates depending on the smoothness of the coefficients A(x), the right hand side f and the boundary of the
domain. Moreover, we establish estimates for fundamental solutions in the spirit of the classical result by Littman—Stampacchia—
Weinberger and we obtain nonlocal integro-differential formulas for LSu(x). Essential tools in the analysis are the semigroup
language approach and the extension problem.

© 2015 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In a bounded Lipschitz domain 2 C R”, n > 1, we consider an elliptic operator in divergence form
Lu = —div, (A(x)Vyu),
with boundary condition

Dirichlet: u =0, or Neumann: dqgu :=A(x)Vyu-v=0, onod<2,
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where v is the exterior unit normal to 9. The coefficients are symmetric A(x) = AY (x) = A/l (x),i,j=1,...,n,
bounded and measurable in 2 and satisfy the uniform ellipticity condition A{|&|> < A(x)&-& < As|&|?, forall £ € R”
and almost every x € €2, for some ellipticity constants 0 < A1 < Aj. In this paper we study interior and boundary
regularity estimates for the fractional nonlocal problem L*u = f in €2, subject to the boundary conditions above, in the
cases when f is Holder continuous, see Theorems 1.1, 1.3 and 1.4, and when f is just L? integrable, see Theorems 1.2
and 1.5. These estimates of course depend on the regularity of the coefficients A and of the boundary of 2. Our main
tools are the semigroup language approach as developed in [32] and the extension problem as introduced in [7]. We
obtain Caccioppoli type estimates that are combined with a compactness and approximation argument based on the
ideas of [5] to prove the regularity results.

Let us begin by considering the case of Dirichlet boundary condition. By using the L?-Dirichlet eigenvalues and
eigenfunctions (Ag, ¢k),‘;io, or € HO1 (f2), of L we can define the fractional powers L*u, 0 < s < 1, for u in the domain
Dom(L*) = H* (see Remark 2.1) in the natural way. If u(x) = Y 7o urdr(x), x € Q, then

Liu(x) = Z Ap gy (x).

k=0

Observe that u = 0 on 9$2. Equivalently, we have the semigroup formula

x
1 dt
s _ —tL
Luu)_FZQS/(e u@)—u@»ﬁ:p (1.1)
0
where {e~'Lu},- is the heat diffusion semigroup generated by L with the Dirichlet boundary condition and I" is the

Gamma function. See Section 2. It is clear that for f in the dual space H™* = (H*)’ there exists a unique solution
u € H* to the fractional nonlocal equation

{Uu:ﬁ in Q, (12)

u=0, on 0€2.

Starting from (1.1) and by using the heat kernel for e~/ we are able to obtain integro-differential formulas for Lu (x)
of the form
(L'u, y) = / / (u@x) —u(@) (¥ (x) — ¥ (2)) Ks(x, 2)dx dz + / u(x)y (x)By(x)dx, (1.3)
Q Q Q

where ¢ € H*, see Theorem 2.3. Observe that this formula is parallel to the weak form interpretation of Lu in
H(} (2). Estimates for the kernel K (x, z) and the fundamental solution G (x, z) of L® are contained in Theorems 2.4,
2.6 and 2.7. In particular, we show that the fundamental solution satisfies the interior estimate

Gy(x,z) ~ forx,z € Q,

|x _ Zln—2s >

when n # 2s, with a logarithmic estimate when n = 2s.
Similarly, we can define the fractional powers of Ly, the operator L subject to Neumann boundary conditions. In
this case we use the Neumann eigenvalues and eigenfunctions (1x, k)2, ¢k € H' (), to define LY u as

Liyu(x) = Z,u‘,iuk(pk(x). (1.4)
k=1

The formula in (1.1) is also valid for Ly in place of L. Then we obtain the integro-differential formula

<L§Vu,w>=//(u<x>—u(z))(wm—w<z>)KSN(x,z>dxdz, (1.5)
Q Q

where the kernel K fv (x,z) is given in terms of the heat kernel for e /LN Notice the difference between this for-
mula and the one in (1.3) for the Dirichlet case. This is so because for the Neumann boundary condition we have
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e 'IN]1 =1, while for the Dirichlet condition e L1 # 1. Now if fQ fdx = 0 then there exists a unique solution
u € Dom(L},) = H*(2) to

{Lsu =f inQ, (16)

dau =0, onodQ,

with fQ udx = 0. For the details see Section 7.

It is already known, see [33], that the fractional operators (1.1) can be described as Dirichlet-to-Neumann maps
for an extension problem in the spirit of the extension problem for the fractional Laplacian on R” of [7]. In fact, let
U=U(x,y): Q2 x (0,00) — R be the solution to the degenerate elliptic equation with A, weight

div(y*B(x)VU) =0, in £ x (0, 00),
{U:O, on 02 x [0, 00), (1.7)
U(x,0) =u(x), on 2,
where
B(x) := [A(()x) (1)} eRM xR and a:=1-2s€e(-1,1). (1.8)
Then, for ¢; = |T'(—s)|/(4°T(s)) > 0,
1 . . Ux,y)—Ux,0)
—Zylir{){ry“Uy(x,y)=—yli1})1+ = =c;Lu(x), xeQ.

Moreover, there are explicit formulas for U in terms of the semigroup e L. See Theorem 2.5 and the comments

before it. When A(x) = I and 2 = R" in (1.7) we recover the extension problem for the fractional Laplacian of [7].
By replacing the second equation for U in (1.7) by 04U (x, y) = 0 for all y > 0 we get the extension problem for the
fractional operator LY.

Fractional powers of elliptic operators as those above arise naturally in applications, for instance, in nonlinear
elasticity, probability and mathematical biology. Consider for example the following thin obstacle problem for an
elastic membrane U (x, y) : 2 x (0, o0) — R and an obstacle ¢ : 2 — R such that ¢ <0 on 02:

Uyy — LU =0=div(B(x)VU), inQ x (0, 00),

U(x,0) > p(x), on 2,
Uy(x,0) <0, on {U(x,0) = ¢(x)},
Uy(x,0)=0, on {U(x,0) > ¢x)}.

We also require for the membrane U to be at level zero (Dirichlet) or to have zero flux (Neumann) on 92 x [0, 0o0). The
classical case of the Signorini problem is when A(x) = I, so the membrane is a harmonic function in 2 x (0, c0). It is
cleat that the solution U (x, y) to the first equation above with the boundary datum u(x) := U (x, 0) and the Dirichlet
(or Neumann) boundary condition on 92 x [0, 00) is given by the Poisson semigroup generated by L (or Ly):

Ux,y) =e_y1‘|/2u(x), xe, y=0.

Observe that Uy (x,y) = —LY 2e’yLl/zu()c) (see [32]). Therefore we readily see that the membrane solves the thin
obstacle problem if and only if its trace u solves the fractional obstacle problem

u> e, in Q,
L'"2u>0, in{u=¢},
L'2u=0, in{u> ¢},

with u = 0 (or d4u = 0) on 9%, see [32]. This obstacle problem for L = —A and Q2 = R" was studied in [6,29].
Another application comes from the theory of stochastic processes. It is known that there is a Markov process Y;
having as generator the fractional power (—Ap)*® of the Dirichlet Laplacian —Ap on Q. Indeed, we first kill the
Wiener process X; at tq, the first exit time of X, from €2, and then we subordinate the killed Wiener process with an
s-stable subordinator 7;. Hence Y; = X7, is the desired process, see for example [30] and the references therein. For
a semilinear problem involving the fractional Dirichlet Laplacian see [9] and the references therein. By considering
nonlocal chemical diffusion in the Keller—Segel model one is led to a semilinear problem for the fractional Neumann
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Laplacian, see [34]. Finally, we mention that finite element approximations for the fractional problem (1.2) were
studied in [22] by using the extension problem.
‘We now present the interior regularity estimates.

Theorem 1.1 (Interior regularity for f in C%). Assume that Q2 is a bounded Lipschitz domain and that f € CO%(Q),
for some O <o < 1. Let u be a solution to (1.2) or (1.6).

(1) Suppose that 0 < o +2s < 1 and that A(x) is continuous in . Then u € C%**t25(Q) and

[M]CO,HZS(Q) = C(”M”LZ(Q) + [ulgs @) + ||f||c0.a(gz))-
(2) Suppose that 1 < o +2s < 2 and that A(x) is in C**T>~1(Q). Then u € CH*+>~1(Q) and

[M]CI,DH—ZS—I Q) < C(”M || Lz(Q) + [M]HS (Q) + ” f ” C0.a (Q))
The constants C above depend only on ellipticity, n, @, «, s and the modulus of continuity of A(x).

Theorem 1.2 (Interior regularity for fin L? ). Assume that 2 is a bounded Lipschitz domain and that f € L?(S2), for
some 1 < p < 00. Let u be a solution to (1.2) or (1.6).

(1) Suppose thatn/(2s) < p <n/(2s —1)T and that A(x) is continuous in Q. Then u € CO'“(Q),foroz =2s—n/pe
0, 1), and

[l coa(qy < C(llullr2q) + wlms@ + 1 flle@)-

(2) Suppose that s > 1/2, p > n/(2s — 1) and that A(x) is in CcO2(Q), fora=2s —n/p—1€(0,1). Then u €
CL*(Q) and

[ulcre(gy < C(lull 2 + [ulas@ + 1 fllLr@)-
The constants C above depend only on ellipticity, n, Q, «, s and the modulus of continuity of A(x).

The results above should be compared with the classical regularity estimates for the fractional Laplacian and
with the classical Schauder estimates for divergence form elliptic operators. If (—A)’u = f in R" and f € C* then
u € C*t25_ On the other hand, if Lu = f and the coefficients A(x) and the right hand side f are in C%, then u € C Lo
in the interior. If the coefficients are just continuous and f is in L?, for some n/2 < p < n, then u € C>~"/P_ while
if p > n and the coefficients are Holder continuous with exponent & =2 —n/p — 1 then u € C* in the interior. See
Proposition 5.1 and [15,18,29,31].

Notice that in Theorems 1.1 and 1.2 we require the coefficients to be continuous in part (1) and Holder continuous
in part (2). The idea behind these results is to compare the solution u with the solution of the equation with frozen
coefficients. In (1) we notice that u — c is still a solution in the interior for any constant c, so the regularity basically
comes from the right hand side as in the case of the fractional Laplacian. For part (2), if € is a linear function then
u — £ is not a solution of the same equation. Then Holder regularity in the coefficients is needed in order to gain a
decay in the oscillation of the remainder error in the right hand side.

Next we establish the boundary regularity in the case of Dirichlet boundary condition.

Theorem 1.3 (Boundary regularity for fin C* — Dirichlet). Assume that 2 is a bounded domain and that f € CO%(Q),
for some O <o < 1. Let u be a solution to (1.2).

(1) Suppose that 0 < o +2s < 1, Q is a C' domain and that A(x) is continuous in . Then
u(x) ~dist(x, 3% + v(x), for x close to 0€2,

where v € C%*2(Q). Moreover,

[W]coasas gy < C(1+ llull 2y + s @) + 1L fll o)
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(2) Suppose that s > 1/2, 1 <o +2s <2, Qisa CY*>~1 domain and that A(x) is in C**T>~1(Q). Then
u(x) ~dist(x, 90Q2) + v(x), forx closeto 92,
where v e CH*T23=1(Q). Moreover,
[U]Cl,(x+2s71(g_2) = C(l + ||u||L2(Q) + [ulgs @) + ||f||C0.a(§))-

In both cases, if f(xo) =0 for some xo € 02, then u(xo) = v(xo) and u has the same regularity as v at xoy € 0S2. The
constants C above depend only on ellipticity, n, Q, «, s and the modulus of continuity of A(x).

The result above should be compared with the boundary regularity estimates for the fractional Dirichlet Laplacian
(—AJIS)S in the half space R’} contained in Theorem 5.3. Observe that here an odd reflection can be performed to
compare with the global problem.

For the case of Neumann boundary condition the global regularity is the same as the interior regularity.

Theorem 1.4 (Global regularity for f in C* — Neumann). Assume that Q is a bounded domain and that f € C%%(Q),
for some O < o < 1. Let u be a solution to (1.6).

(1) Suppose that 0 < o +2s < 1, Qis a C' domain and that A(x) is continuous in Q. Then u € C**T25(Q) and

(] coasas gy < C(llull 2@ + Il ms@) + 1/ llcoag))-

(2) Suppose that s > 1/2, 1 <a+2s <2, Qisa Chot25=1 domain and that A(x) is in CO*t2~1(Q). Then u €
C],OH*ZSfl(Q) and

[lcratas—1(g) < C(”M”LZ(Q) + [ulgs@ + ||f||c0.a(§))o
The constants C above depend only on ellipticity, n, Q, «, s and the modulus of continuity of A(x).

Again this Theorem should be compared with the boundary regularity estimates for the fractional Neumann Lapla-
cian (—Aj\',)s in the half space R”, see Theorem 7.2. In this case even reflections can be used to relate the problem
with the global one.

Finally, for L? right hand side, both Dirichlet and Neumann cases have the same regularity up to the boundary.

Theorem 1.5 (Boundary regularity for fin L?). Assume that Q2 is a bounded domain and that f € LP(R2), for some
1 < p < o00. Let u be a solution to (1.2) or (1.6).

(1) Suppose thatn/(2s) < p <n/(2s— 17T, Qisa C! domain and that A(x) is continuous in Q. Then u € C** (),
forao=2s —n/pe(0,1), and

(U]l coe g = C(IIMIILZ(Q) + [ulgs@ + 1 fllLr).
(2) Suppose thats > 1/2, p>n/(2s — 1), Qisa CY domain and that A(x) is in CO%(Q), fora =2s —n/p—1¢
(0, 1). Then u € CY*(Q) and
[ erag < Clull 20 + s + 1 fllLr)-

The constants C above depend only on ellipticity, n, Q, «, s and the modulus of continuity of A(x).

We recall that if Lu = f and the coefficients A(x) and the right hand side f are in C* up to the boundary of
Q then u € C'* up to the boundary. If the coefficients are just continuous up to the boundary and f is in L” for
some 1/2 < p < n then u is globally in C2>~"/?, while if p > n and the coefficients are Hélder continuous up to the
boundary with exponent @ =2 — n/p — 1 then u € C up to the boundary. See [15,18].
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Some bounds at the boundary for the fractional Dirichlet Laplacian when f is just bounded and €2 is smooth where
obtained in [9]. For the particular case s = 1/2 in a smooth domain with a right hand side vanishing at the boundary see
also [4]. The regularity estimates for the Neumann case generalize the results for the fractional Neumann Laplacian
(—AN)'/2 obtained in [34, Theorem 3.5]. When the coefficients A(x) and the domain €2 are smooth, the L”-domain
and regularity of fractional powers of strongly elliptic operators was considered in [27,28], see also the recent preprint
[17]." For the fractional Laplacian on R” we know that the unique solution u € H*(R") of the Dirichlet problem

(=A)Y’u=1, in By,
{u:O, in R"\ By,
is given by u(x) = ¢, (1 — |x|?)%., see [14]. Thus in general u is globally in C* but not in any C¥ for & > s, see also
[25]. For this case the boundary regularity in fractional Sobolev spaces and in Holder spaces on smooth domains was
studied in [16].

Throughout the paper we will mainly focus on the case of the Dirichlet boundary condition. We explain only in
Section 7 how the case of the Neumann condition works by pointing out the main differences with the Dirichlet case.
In Section 2 we define in a precise way the fractional operator L*. By using the heat semigroup e ~'% and (1.1) we
obtain the integro-differential formula (1.3), with estimates on the kernel. The extension problem is explained. We
also include in this section the estimates for the fundamental solutions and comment about the Harnack inequality
of [35] and the De Giorgi—Nash—Moser theory for the case of bounded measurable coefficients. Section 3 contains
a Caccioppoli inequality that we use to prove an approximation lemma via a compactness argument. Here we also
prove a trace inequality on balls with explicit dependence on the radius that will be useful to prove regularity. Then
Section 4 is devoted to the proof of the interior regularity results (Dirichlet case). The case of the fractional Dirichlet
Laplacian in a half space is studied in detail in Section 5. We collect in Section 6 the proof of the boundary estimates
for the Dirichlet case.

Notation. The notation we will use in this paper is the following. The upper half space is given by R’} := {(x’, x,,) €
R” : x’ € R*~!, x, > 0}. For the extension problem we use the notation R’f’l ={(x,y) eR":x eR", y>0}. We
usually write X = (x,y) € R’jfl. For xp € R" and r > 0 we denote

By (x0) ={x e R" : |x — xo| <7},
B} (x0) = By (x0) N R,
B, (x0)* = B, (x) x (0,r) C R4,
B (x0)* = B/ (x0) x (0,r) C R’ x (0, 00).

We will just put B,, B;', etc. whenever xo = 0. The letters C, ¢ and d will denote positive constants that may change
at each occurrence. We will add subscripts to them whenever we want to stress their dependence on other constants,
domains, etc. The matrix B(x) and the parameter a are given by (1.8). The notation div and V stand for the divergence
and the gradient with respect to the variable X = (x, y) € Q2 x (0, 00).

2. Fractional divergence form elliptic operators

Throughout this section, unless explicitly stated, €2 will be a bounded Lipschitz domain of R” and the matrix of
coefficients A(x) will be uniformly elliptic, bounded and measurable.

2.1. Definition of L®

The operator L is nonnegative and selfadjoint in the Sobolev space Hé (£2). Therefore there exists an orthonormal
basis of L2(2) consisting of eigenfunctions ¢y € HO1 (), k=0,1,2,..., that correspond to eigenvalues 0 < A9 <
A <Ay <.-- S 00. Let us define the domain * = Dom(L*) of the fractional operator L®, 0 < s < 1, as the Hilbert
space of functions

1 We are grateful to Gerd Grubb for several interesting comments about the smooth case.
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W=y wpp =Y (. ) 20)bk € L*(Q),
k=0

k=0

with inner product

o0
(U, YV = Aurd.

k=0

where ¥ = Z/fio drdr € H’. Observe that for some positive constant C we have |[ull2(q) < C(u, u)gys = Cllullps,
for u € H*, so that (-, -)3s defines indeed an inner product in #*. For u € H*, let L*u be the element in the dual space
H~ := (H*) given by

00
L’u= Z)\iukd}k, inH™*.
k=0

Namely,

(LYu, ) =Y Auidy = (u, ¥)ps,

k=0

where (-, -) denotes the paring between H® and 7 ~°. By the Riesz representation theorem any functional f € H™°
can be written as f =Y ro fkek in H ™5, where the coefficients fi satisfy Y o At sz < 00. With these definitions
and observations, if f = ZZO:O fxdx € H™° then the unique solution u € H* to the Dirichlet problem (1.2) is given
by u=7y 72, A" ek € HY. More generally, if f € H" for r > 0 (here HO := L%(R2)), then there exists a unique
solution u € H' 25,

Remark 2.1. We use the following notation:

H' (), when 0 <s < 1/2,
H* :={ HJ*(Q), whens=1/2, 2.1)
Hi(S2), when 1/2 <s < 1.

The spaces H*(2) and Hj(2), s # 1/2, are the classical fractional Sobolev spaces given by the completion of CZ°(£2)
under the norm

2 2 2

where

(u(x) — u(2)?
[u]%‘lé(ﬁ):/ dedz, 0<S<1.

The space Hol({z(Q) is the Lions—Magenes space which consists of functions u in L2(2) such that [u] HI2(Q) < 00

and
f u(x)?
————dx < o0.
dist(x, 0L2)
Q
See [20, Chapter 1], also [22, Section 2] for a discussion. The norm in any of these spaces is denoted by | - || zs. We

will later see, by using the extension problem, that in fact we have H* = H*® as Hilbert spaces.
2.2. Heat semigroup and pointwise formula

Given a function u = Z;C:O:o urdr in L%(S2), the weak solution v(x, ¢) to the heat equation for L with Dirichlet
boundary condition
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vy =—Lv, in Q x (0, 00),
v(x,t) =0, on 92 x [0, 00),
v(x,0) =u(x), ong,

is given by

vix, ) =eTuix) = Z e Mugdr (x),

k=0

in the sense that, for every test function ¢ = Z,‘:io dyoy € HO1 (),

o0
(e u, W) 2y =D e M updy.

k=0

In particular, e ~"Lu € L2((0, 00); H] (£2)) N C([0, 00); L*(£2)), and d;e"Lu € L2((0, 00); H~1(Q)).

Lemma 2.2. Let u € H*. Then

—tL dt : -5
F( S)/ 1—+€ inH™.

More precisely, if € H* then

o0
dt
(L'u,¥) = F( 5 V)2 — (MJ/f)LZ(Q))m‘
0

Proof. We have the following numerical formula with the Gamma function:

o
dt
A8 = /(e—tl_l)tl+s, forh>0, 0<s<1.
—s
0

Then, if ¢ = thio dior,

o0

_—
Z urdy — urdy)
k=0

e
=Ty /( kukdk—z ukdk> T

0 =0 k=0

tl-l—S

¢)=X::0/\kukdk F( 5

which is the desired formula. The last identity follows from Fubini’s theorem, since u, ¥ € H*. O

Let W;(x, z) be the distributional heat kernel for L with the Dirichlet boundary condition, that is,

Wix.2) =Y e ™M@ () (c) = Wiz, x), >0, x,2€Q.
k=0

It is clear that W, (x, z) > 0 (see [10]) and that if u, ¥ € L(2) then

(e "y, V) = / / W (x, Du()y (x)dzdx = (u, e_’Ll/f)Lz(Q), t>0.

Q Q

(2.2)

2.3)
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Theorem 2.3 (Pointwise/energy formula). Let u, v € H*. Then (1.3) holds, where

o0
0= Ko 2)im g [ Wi o) = +
=AsXz T 20 (—=s)| 11X, 2 tl+s = |x — z|nt2s” rY7FL
0

and

1 r _ dt
By (x) ::m/(l—e ’Ll(x))tm > 0.
0

Proof. By plugging the heat kernel into (2.2),

7ol d
F(—S)<L‘Yu,1/f>=// /Wz(x,z)u(x)llf(z)dx—u(z)tlf(z) dztl%
0 Q

Q L

/ /Wz(x,z)(u(x)—M(Z))W(Z)dx-i-u(z)lﬁ(z) /W,(x,z)dx—l dz%
Q Q

LQ

[
[

d
//W,(x,z)(u(x)—u(Z))I/f(Z)ddetl%
Q Q

o
—ihy ) az- 2
+ u()y(z) (e (z) — ) ZF =:1.
0 Q
By exchanging the roles of x and z and using the symmetry of the heat kernel, we also have that

1=—/ffWt(x,z)(um—u(z>)w<x>dxdztfljs+/fu<z)w(z> (10~ 1) az 00
0 Q Q 0 Q

Therefore, by adding both identities for 7,

T d
2|F(—S)I(Lsus¢)=///Wz(x,Z)(M(x)—M(Z))(W(X)—Iﬁ(Z))dXdZtl%
0 Q Q

i _ dt
+ [ [uowe (1-ehie@) dz g
0 Q

775

2.4)

2.5)

(2.6)

To reach the final expression with the kernel K (x, z) and the function B, (x) we need to interchange the order of inte-
gration in (2.6). The estimate for the kernel K;(x, z) is contained in Theorem 2.4. Since u, ¥ € H* (see Remark 2.1)
it follows that Fubini’s theorem can be applied to the first term in the right hand side of (2.6). For the second term in
(2.6), take ¥ = u. Observe that 0 < e’ L 1(z) < 1, which follows from the maximum principle. This and the fact that

K, (x,z) >0 imply in (2.6) that

[e.e]

05//|u(z)|2(1—e—’Ll(z))dzt%
0 Q

=20 (=)L u, u) — / /(M(X) - M(Z))sz(x, 2)dxdz < 2|T(=s)||lullps < oo.
QQ

Then, by Fubini’s theorem,
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o0

0= [ [u@P(-e @iz = [u@PE @ <o
0 Q Q

with Bg(z) as in the statement. The same is true for when we replace u by ¢ and by u — . Thus, by writing
uy = %(u2 + wz —(u — w)z), it follows that we can apply Fubini’s theorem to the second term of (2.6). O

Theorem 2.4 (Estimates for K(x, z)). Let Ks(x, 7) > 0 be the kernel in (2.4).

(1) If the coefficients A(x) are bounded and measurable then

C
Ks(x,2) < 22
|x

w, X,2€R, x #2.

(2) If the coefficients A(x) are bounded and measurable in Q = R" then

Cn,s

Ks(x,2)~ m,

x,z€R", x#£z.

In this case the function Bs(x) of (2.5) is identically zero.
(3) If the coefficients A(x) are Holder continuous in 2 with exponent a € (0, 1) then there exist positive constants ¢
and n <1 < p depending only on n, o, Q2 and ellipticity, with c depending also on s, such that

N $o(x)¢o(z) 1 . $o(x)¢o(z) 1
¢ min| 1, <K;(x,z)<cmin| 1, ,
< lx =221 ) |x —z|n 2 (9 lx —z]% ) |x —z|"+2s
where Ly and ¢g are the first eigenvalue and the first eigenfunction of L. Here, for some constant C > 0 depending
on a, n, Q and ellipticity,
C~ N dist(x, 0Q)” < ¢o(x) < C dist(x, 9)".

(4) Under the hypothesis of (3), if in addition Q is a C'Y domain for some 0 < y < 1, then the estimate in (3) is true
for n = p =1 and c depending also on y. In particular, the estimate holds when L* = (—Ap)?*, the fractional
Dirichlet Laplacian in a C%Y domain.

Proof. We use the following known estimates for the heat kernel (2.3) and then integrate in ¢ in (2.4) via the change
of variables r = |x — z|?/1 € (0, 00).

(1) In this case there exist constants C, ¢ > 0 depending on ellipticity, n and €2 such that
e—lx—2l%/(e)

tn/2 ’

forall x,z € 2,t > 0, see [10, p. 89], also [3].

(2) For the case of bounded measurable coefficients in the whole space, the result of Aronson [2] establishes that
for some positive constants cy, ..., c4 depending on ellipticity and n,

Wix,2) =C

o=z /(e2r) o 1x =2/ (car)
Y SWz(X,Z)SCSTs

for all x,z € R", t > 0. See also [10, p. 97]. Moreover, in this case we have e_’Ll(x) =1, so By(x) =0.
(3) Under these hypotheses it is proved in [23, Theorem 2.2] that there exist positive constants n < 1 < p and ¢, ¢y,
¢z depending only on n, o, 2 and ellipticity such that

¢ "min (1’ b0 (x)o(2) )e—/\ot 6—61IX—z|2/[

N 1 A/2

1

=< Kt(x7z)

’

1ALP 1 An/2

for all x, z € 2, t > 0. The behavior of ¢ is also known, see [23, (1.2)].
(4) This follows from the fact that in the heat kernel estimate written in (3) above we can take n = p = 1, see [23,
Remark 1, p. 123]. O

—calx—z[?/t
<c¢ "min (1, ¢0(x)¢0(z)>exot ¢



L.A. Caffarelli, PR. Stinga / Ann. 1. H. Poincaré — AN 33 (2016) 767-807 777

2.3. Extension problem

We particularize to our situation the extension problem of Stinga—Torrea [33], which is in turn a generalization of
the Caffarelli-Silvestre extension problem of [7]. Let us explain the details, which can be found in [32,33].
Let u € H*. Consider the solution U = U (x, y) : Q x [0, 00) — R to the extension problem

U(x,y)=0, on 982 x [0, 00), 2.7
U(x,0) =u(x), on Q2.

The equation above is in principle understood in the sense that U belongs to C*°((0, 00); HOl (2)NC([0, 00); L2())
and

{ —LU + 24Uy + Uy =0, in Q% (0,00),

/A(x)VxU(x, YIVin(x)dx = f (§Uy +Uyy)n(x)dx, foreachy >0,
Q Q

for any test function 1 € HO1 (£2). The boundary conditions in y read
lim U(x,y) =u(x) in L*(Q), and lim U(x,y) =0 weakly in L*().
y—0 y—00

Notice that problem (2.7) can also be written in divergence form as (1.7). It was shown in [32,33] that if u =
> e ukPx then the solution to this problem is

25 S i 12
F(s);)xk uekCs O~ y) e (%), (2.8)

Ux,y)=y"

where Ky is the modified Bessel function of the second kind and parameter s. Equivalently,

o
2s
_ —y2/(41) 1L dt
U(x,y)—4sr(s)/e Y e u(x) e
0
17 d
_ —y2/(41) —1L 4
=T /e Y e "(Lu)(x) prmr (2.9)
0
By using the heat kernel one can show that
UG = [ P oud. 2.10)
Q
where the Poisson kernel Pj(x, z) is given by
s _ — t
Py(x,Z)—4SF(s)/€ Y Wt(x’Z)tlﬂ' (2.11)
0
In addition, by letting ¢; = 4F—(+z_r()) > 0, we have
- 1im+ y'Uy(x,y) =csL’u, inH™". (2.12)
y—0

It is easy to show, by using the representation with eigenfunctions and Bessel functions of (2.8), that U belongs to
the space H(}(Q x (0, 00), y*dX), which is the completion of CS°(R2 x [0, 00)) under the norm

o0
1015 2x(0,00, searx) = / f YU+ IVUP)dX.
Q0
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See [11,13], also [36], for the theory of weighted Sobolev spaces. It is known (see [9, Proposition 2.1]) that these
weighted Sobolev spaces have the fractional Sobolev spaces H® defined in (2.1) as trace spaces, that is,

1UC 05 = CoallUNl gt 0,000,003

Therefore, u(x) = U(x,0) € H®. This and the fact that the norm in H(} (2 x (0,00), y*dX) is comparable to the
natural energy for the extension equation given by (2.13) show that H* = H®, for all 0 < s < 1, as we already
mentioned at the end of Remark 2.1. We summarize all these considerations in the following result. See [32,33].

Theorem 2.5 (Extension problem). Let u € H*. There exists a unique weak solution U € HOl (2 x (0,00), y*'dX) to
the extension problem (1.7), where B(x) and a are as in (1.8). Moreover, U is given by (2.9), which can also be written
as (2.10), and it satisfies (2.12). More precisely, for each ¢ € H(} (2 x (0, 00), y*dX),

//y”B(x)VUVgodX:cs/LSu(x)go(x,O)dx.
Q0

Q

In particular, U is the unique minimizer of the energy functional
o0
j(U)://y“B(x)VUVUdX, (2.13)
Q0

over the setU = {U € H(} (2 x (0,00), y4dX) : U(x,0) = u(x)}, and for the minimizer U we have the identity

o0
ffy“B(x)VUVU dX = 1L ull}s g = lulliys,
Q0

and the inequality

o0
ffy“deX < Casluljag:
Q0

2.4. Scaling

For u € H* and A > 0, let
Ay (x):=A(x), u)(x):=u(Ax),
and call L, the operator with coefficients A, in 2, := {x : x /A € Q}. Then
(LSu)(x) =A% (LSu)(hx),  in Q.

In particular, if L has constant coefficients (as in the case of the Dirichlet Laplacian) then L*u; (x) = A3 LSu(x),
in €2,. We present two different proofs.

Proof using the semigroup. Let v(x,?) = e "Lu(x). Since L is a linear second order divergence form elliptic oper-

ator, it follows that v satisfies the usual parabolic scaling. This immediately implies that the heat semigroup for L) is
given by

e_tLAu;\(x) =v(Ax, Azt), x ey, t>0.

Now, by Lemma 2.2 and the change of variables r = A%, we see that the following identities hold in the weak sense:
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1 i d
L =5 [0 -uw) i
0

L dt
= F(_s)/(v(kx,kzt)—u(kx)) Tis
0
_ T ) 3) 2w
- F(—S)_/(v( x,r) —u( x)) s (L u)(Ax). |
0

Proof using the extension problem. Let U be the solution to the extension problem (1.7). Consider U, (x,y) =
U (Ax, Ay). This function is defined for x in 2, and y > 0. Then, by using the weak formulation of the extension
problem it is easy to check that

Uy(x,y)=0, forx € 92, y >0, 2.14)
Uy (x,0) =u,(x), for x € Q;,

where B (x) = B(Ax), x € Q). Since (2.14) is the extension problem for u, and the operator L7,

{ div(y* B, (x)VU,) =0, forxeQ;, y>0,

iUy = e,
in L2(2). To conclude notice that

—y“ayUk(x,y)‘ = 2B (W) Uy (Ax, 1y) = A ¥ (Lw)(x). O
y=0 (hy)=0

2.5. Fundamental solution

The fundamental solution G(x,z) = G%(x) (Green function) of L® with pole at z € Q is defined as the weak
solution to
L°G*=6;,, G=0, inQQ,
G* =0, on 0%2.

Then Gy (x, z) is the distributional kernel of L™*, namely,
o
1 . s
Gs(x,2) = Z )\—S(ﬁk(z)d’k (x) =Gys(z,x), InH™. (2.15)
k=0 "k
Indeed, for any = Y 2~ di¢r € H*, by the symmetry of L*,

N N - 1 N
(LYG3 W) = (G, Lyw) = ) —~ $e@hpdec = ¥ (D).
k=0 "k

The following result is in the spirit of Littman—Stampacchia—Weinberger [21]. The proof is done by using the
extension problem.

Theorem 2.6 (Littman—Stampacchia—Weinberger-type estimate). Fix the ellipticity constants 0 < A1 < Ay. Then the
fundamental solutions G of any of the operators L® that have ellipticity constants between A1 and A, satisfy the
following property. For any compact subset K C Q2 there exist positive constants C1, Cy, depending only on K, €,
A1, Ay and s such that, when n > 2s,

Cy )

<Gs(x,2) <
|x

|x —zn=2s = [P x,z€K, x #z.

In the case n = 2s we must replace |x — z|~ =) by —In|x — z|.
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Proof. We do the proof for G, (x, 0), the fundamental solution of L® with pole at the origin, and for Q = Q1, the
cube with center at the origin an side length 1. We take K to be Q1,4 C Q1. Let U be the solution to the following
extension problem

div(y*B(x)VU) =0, in Q1 x (0, 00),

U(x,y)=0, on dQ x [0, 00),

—limy_,0 y*Uy(x, y) = ¢5s80,0, on Q.
Then, U (x,0) = G4(x, 0), see [32,33]. Because of theyeumann boundary condition at y =0, it is easy to check (see
the technique in [7] or [35]) that the even reflection U (x, y) = U(x,|y]), x € Q1, y € R, is a weak solution to the
equation

div(ly|*B(x)VU) = ¢;80,0. in Q1 x R,

U =0, ondQ x R.
This is a degenerate elliptic equation with A weight w(x, y) = [y|* in R"+1. By the result of Fabes, Jerison and
Kenig [12] (see also Fabes [11]), the Green function U (x, y) is comparable in Q14 to the quantity

1

S |x — 2|72 ifn > 2s,
—  ds~c . O
gnta+l "5 ] In \xizl’ if n = 2s.

[x—2]

One can also apply the language of semigroups to study the fundamental solution of L® as explained in [32,33]. If
we use the numerical formula

o0
,\—SzL/e—’* di . A,s>0,
I (s) tl=s
0

in (2.15), we see that the fundamental solution can be written as

o
1 e
GS(X’Z):—F(S)/Wt(X7Z) s inH™’, (2.16)
0

where W, (x, z) is the heat kernel for L, see (2.3). The next estimates should be compared with those of Theorem 2.4.
Theorem 2.7 (Estimates for G4(x, z)). Let G4(x, z) > 0 be the fundamental solution of L*.

(1) If the coefficients A(x) are bounded and measurable then

Cn,s
Gs(x,2) < m,

X, 7€, x #zZ.

(2) If the coefficients A(x) are bounded and measurable in Q =R" then
Cn,s

(3) If the coefficients A(x) are Holder continuous in 2 with exponent o € (0, 1) then there exist positive constants ¢
and n <1 < p depending only on n, o, Q2 and ellipticity, with c depending also on s, such that

¢ min <17 ¢o(X)¢o(z)> | 1 < G,(x.2) <cmin <17 ¢o(X)¢o(Z)> | 1

|x_Z|277 x_z|n—2s |X—Z|2p x_z|n—2s’

Gs(x,z) ~ x,zeR", x #z.

for x,z € Q, x # z, where hy and ¢ are the first eigenvalue and the first eigenfunction of L.

(4) Under the hypothesis of (3), if in addition 2 is a C1Y domain for some 0 < y < 1, then the estimate in (3) is true
for n=p =1 and c depending also on y. In particular, the estimate holds when G* is the fundamental solution
of the fractional Dirichlet Laplacian (—Ap)* in a CYY domain.

Proof. The proof is parallel to that of Theorem 2.4 by using the heat kernel estimates given there and then integrating
in 7 in the identity (2.16) via the change of variables r = |x — zI?/t. O
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2.6. Harnack inequality and De Giorgi—Nash—Moser theory

Let u € H*, u > 0 in Q such that L*u = 0 in some ball B CC 2. Then there exists a constant C depending on
B, ©, n and s such that

supu < Cinfu.
1
1B 2B

Moreover, u is a-Holder continuous in %B, for some exponent 0 < o < 1. This result can be proved by using the
extension problem of [33] as stated in Theorem 2.5. For details see [35].

3. Caccioppoli estimate, approximation, regularity of harmonic functions and a trace inequality

In this section we consider solutions U € H' (B*, y4dX) to

div(y*B(x)VU) =div(y*F), in By, 31
Uy, o= 1. on B, 3.0

where B(x) is given by (1.8) and F = (F, ..., Fy41) is a vector field on B’f such that
Fi(x) € L*(Bf,y%dX), i=1,...,n, and Fu41=0. (3.2)

Definition 3.1. A function U € H'(B?*, y*d X) is a weak solution to (3.1) if

/y“B(x)vuvde=/y“Fvde+/¢(x,0)f(x)dx,
Bf B} By

for every ¥ € H' (B}, y*dX) such that y =0 on 3B} \ (B; x {0}).

By a change of coordinates we can always assume that
BO)=1.
Lemma 3.2 (Caccioppoli inequality). Let U be a weak solution to (3.1) in the sense of Definition 3.1 with F as in

(3.2). Then, for every n € C*°(BY) that vanishes on 0 B} \ (B x {0}),

fy“n2|VU|2dXsc /y“ (1vnPU? +1FPr?) dx+/(n(x,0)>2|U<x,0>||f(x)|dx :
5 ' By
where C = C(A, A).

Proof. Take  =n°U € H' (B}, y*dX) as a test function. Then
/y“B(x)nZVUVUdX = —2/y“17UB(x)VUVn dX +/(n(x,0))2U(x,0)f(x) dx

+/y“n2FVUdX+2/y“UnFVndX.

Using the ellipticity and the Cauchy inequality with & > 0,
,\/y“n2|VU|2dX5 2A—8/y“U2|Vn|2dX+2A8/y“n2|VU|2dX+/n2|U||f|dx
by [yrirtax-e [ yepvupax
+Zig/y”n2|F|2dX+28/y”U2|V77|2dX.

The inequality follows by choosing ¢ such that (2A + 1)e/A < 1/2. O
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By a compactness argument we get the following consequence of the Caccioppoli inequality.

Corollary 3.3 (Approximation lemma). Let U be a weak solution to (3.1) in the sense of Definition 3.1 with F as in
(3.2). Suppose that U is normalized so that

/U(x,O)zdx +/y“U2dX <1.
B B}

Then for every ¢ > O there exists § = 6(e) > 0 such that if
/fzdx+/y“|F|2dX+/|A(x)—1|2dx <82,
By B} B,

then there exists a solution W to

{ div(yVW) =0, in B,

33
—yWy|,_y=0, on Bz, 3

such that
f U — Wy dX <&
B3,

Proof. We prove it by contradiction. Suppose that there exist &9 > 0, coefficients Ay, weak solutions Uy in B,
Neumann type data f; and right hand sides F¥, such that

/U,?dx+/y“U,3dX51,
B Bi“

and

1
/f,fdx+/y“|Fk|2dX+/|Ak(x)—1|2dx<k—2,
By

B BT

so that for any solution W to (3.3),

/ |Ux — WPy* dX > &, (3.4)
B3,

for all kK > 1. Let n be a test function which is equal to 1 in BST/4 and vanishes outside Bj. Then the Caccioppoli
estimate and the hypotheses imply that

/y“IVUkldegc, for all k.
B§/4

Therefore, {Ui}i>1 is a bounded sequence in H 1 (B;‘/4, y?dX). Hence, by compactness of the Sobolev embedding,
there exists a subsequence, that we still denote by Uy, and a function Uy, such that

Uy —> Us, weakly in HI(B§/4, y4dX), and
Uy — Uy, strongly in LZ(B;‘M, ydX).

We show now that U is a solution to (3.3), which will give us a contradiction. Indeed, for any suitable test function ¥,
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/y“Bk(x)VUkvdezfy“Fkvde+ f ¥ (x,0) fr(x)dx.

B§/4 B§/4 B3js

By taking the limit as k — oo along the subsequence found above we get

/ VIVUso Vi dX = 0.
B§/4

This contradicts (3.4) for W = Uy, and k sufficiently large. O

Remark 3.4 (Approximation up to the boundary). The following observation will be useful when studying the bound-
ary regularity for the fractional problem with Dirichlet boundary condition. We say that U € H'! ((Bf)*, y*dX)isa
weak solution to the half ball problem

div(y*B(x)VU) =div(y*F), in (B]J“)*,

=y Uy o= f. on B, (3.5)

U =0, on By N {x, =0},
if U satisfies the identity in Definition 3.1 with Bj replaced by Bl+. The test functions vanish on 8(B1+)* \ (B_1+ x {0}).
With this definition then it is clear that the Caccioppoli inequality of Lemma 3.2 holds for solutions U of (3.5) with
BlJr in place of Bj in the statement. This allows to prove an approximation lemma parallel to Corollary 3.3. Namely,

given ¢ > 0, there exists § = §(¢) such that if U is a solution of (3.5) that satisfies the hypotheses of Corollary 3.3
with Bl+ in place of Bj, then there exists a solution W to

div(y*VW) =0, in (By,)",
¥ Wy|,_g=0, on By, (3.6)
Ww=0, on B34 N {x, =0},

such that
/ YUV = WP dX < &2

(B3)*
Since we will apply Corollary 3.3, we need to understand the regularity of solutions to (3.3).

Proposition 3.5. Ler W € H' (B, y*dX) be a weak solution to

{div(y“VW) =0, inB},

—y'Wy |y=() =0, onBj.

(1) For each integer k > 0 and each B,(xp) C By,
X C
sup |IDW| < = 0sc W,
B,/2(x0)x[0,7/2) I By (x0)x10.r)

where C depends only on n, k and s.
(2) For each B,(xg) C By,

1/2

max Wl<M - a "% de ,
Br/2(x0)><[0,r/2)| = rnt+l+a YW
By (x0)*

where M depends only on n and s.
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(3) We have

sup [Wy(x,y)| <Cy,

X€B1)2

where C depends only on n and s.

Proof. It can be seen that W(x, y):=W(x, |y]), y € (—1, 1), is a weak solution to
div(|y|*VW) =0, in B x (—1,1),

see [7, Lemma 4.1]. Now (1) is contained in [6, Corollary 2.5], and (2) follows from [13, Corollary 2.3.4]. Finally
(3) is due to the fact that the Neumann type condition that W satisfies has a zero right hand side. Indeed, this follows
from the proof of Lemma 4.2 in [7, p. 1254]. O

Remark 3.6 (Regularity up to the boundary — Dirichlet). For a solution W to (3.6) we can perform an odd reflection
in the x,, variable, that we call W,, which satisfies

div(y*VW,) =0, in B;‘/4,
_ya(Wo)y|y:0 =0, on B34.

Therefore WV is smooth in B]J’/Z. Also, (W,)y grows like y near y =0, x, = 0. Hence W satisfies the same estimates
as those for harmonic functions contained in Proposition 3.5 up to the boundary Bj,2 N {x, = 0}.

In the proof of the regularity estimates we will need to use the following trace inequality on balls with explicit
dependence of the constant in terms of the radius.

Lemma 3.7 (Trace inequality in balls). There exists a constant C > 0 depending only n and s such that

PO GO s, < CIU g1 (g yeax): (3.7)

forall U € H'(B?, y*dX) and for any 0 < r < 1. The inequality is also true if we replace B, by Bt

Proof. It is enough to consider r = 1. For if (3.7) is true in this case then for the general case we need to take the
rescaled function V (x, y) = U(rx,ry). Recall that there exists a linear extension operator E : H 1 (Bf, [y|¢dX) —
H'(R"™!, |y|“dX), such that EU = U in B} and

||EU||H1(R}Z+1"y|adX) S C0||U||H1(B’f,\y|“dX)7 (38)

where Cq depends only on n and s. Also, EU has compact support. See for example [36, Chapter 2, Theorem 2.1.13].
Moreover, the following trace inequality of Lions [19, Paragraph 5]

1FC O oy = I1F € Oy + LFC O s ny < I gt gy

holds for any F € H! (R’fl , y*dX), with a constant ¢ depending only on n and s. Using this trace inequality with
F = EU and (3.8) we get

UG O 2s) = ICEUYC 020,y < ICEU)C, O s

< cllEUl g1 e+t yoaxy = CollUNlg sy, yeax)- O
4. Interior regularity

Theorems 1.1 and 1.2 are in fact corollaries of the more general results that we state and prove in this section.
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We say that a function f: Bj — Risin L2’°‘(0), for 0 <« < 1, whenever

1
[fTp2e) = SUP s f £ () = FO)Pdx <0,
<r<
£ |

1
where f(0) is defined as f(0) := lim
r—0 | By|

/ f(x)dx. It is clear that if f is Holder continuous of order 0 < o < 1

B
at 0 then f € L>%(0). If the condition above holds uniformly in balls centered at points close to the origin, then f is
a-Holder continuous around the origin, see [8].

Theorem 4.1. Let u be a solution to (1.2). Assume that Q2 is a bounded Lipschitz domain containing the ball By and
let f € L>%(0), for some 0 < a < 1.

(1) Suppose that 0 < o + 2s < 1. There exist 0 < § < 1, depending only on n, ellipticity, o and s, and a constant
Co > 0 such that if

1
sup — [ |A(x) — A0)]>dx < 82,
0<r<l1 rnB

then there exists a constant ¢ such that
1
—n/ lu(x) — c|?>dx < Cr2@+29), for all r > 0 sufficiently small,
r
B,

where C1 + |c| < Co(llull12q) + [ulms@) + [f112a() + [ £ (0)]).
(2) Suppose that 1 < o + 2s < 2. There exist 0 < § < 1, depending only on n, ellipticity, o and s, and a constant
Co > 0 such that if

1

sup ————— [ |A(x) — A(0)|*dx < &2,
rn+2(zx+2s—l)/

O0<r<i B

then there exists a linear function £(x) = A+ B - x such that

1 )
— / lu(x) — () > dx < C1r2@t29  forall r > 0 sufficiently small,
.

B,

where Ci + | Al +|B| < Co(llull 2 () + [ulms @) + [f1 1200y + £ O)]).
The constants Co above depend only on [Al 2.0, (resp. [Al 2av25-1(q)), ellipticity, n, o and. s.

It is clear then that Theorem 1.1 for the Dirichlet case is a direct consequence of Theorem 4.1 after a dilation of
the variables if necessary. Indeed, the conditions on f and on the coefficients hold everywhere in €2 and therefore the
estimate for u can be obtained around every interior point.

We say that a function f : By — Risin L2254 (0), 0 <@ < 1, whenever

1
[f]%z,—z.v-%—a(o) = S / |f () dx < o0.

O<r<
By

Also, f isin L>~2%2+1(0), 0 < o < 1, whenever

2 o 2
[f]LZ,—2s+a+l(0) ._()il;llil rn+2(723+a+1) / |f(x)| dx < 00.
= B,
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We have the following consequences of Holder’s inequality.
o If feLP(By), forn/(2s) < p <n/@2s— 1), then f e LZ~2F*(0) and

[f]LZ.—2x+oc(()) < fllcr(sy)s
fora =25 —n/p.
e Ifs>1/2and f € L?(By),for p>n/(2s — 1), then f € L2,—2s+a+1(0) and
[f1p2-2s4at10) < N fllLpBy)s
fora =2s —n/p—1.

Theorem 4.2. Let u be a solution to (1.2). Assume that Q2 is a bounded Lipschitz domain containing the ball By and
let0<a < 1.

(1) Suppose that f € L>~>%%(0). There exist 0 < § < 1, depending only on n, ellipticity, a and s, and a constant
Co > 0 such that if

1
sup — [ |A(x) — A0)>dx < 8%,
O<r<i rt B

then there exists a constant ¢ such that
1
— / lu(x) — c|2dx < Clrza, for all r > O sufficiently small,
,
B,

where C1 + |c| < CO(”M”LZ(Q) + [ulms@) + [f]Lz,_zs+a(0)).
(2) Suppose that f € L>~212+1(0). There exist 0 < § < 1, depending only on n, ellipticity, o« and s, and a constant
Co > 0 such that if

0<r<l1

1
sup m/|A(x)—A(O)|2dx<82,
B,

then there exists a linear function £(x) = A+ B - x such that
1
— f lu(x) — E(x)|2dx < C1r2(1+0‘), for all r > 0 sufficiently small,
r
B,

where C] + |A| + |B| < C()(”M”LZ(Q) + [M]HA(Q) + [f]LZ.—ZeroHrl(O)).
The constants Cq above depend only on [A] 2.0 (resp. [Al 2.0 (), ellipticity, n, o and. s.

In view of the comments above, Theorem 1.2 is a direct corollary of Theorem 4.2 after a dilation of the variables if
necessary.
The rest of this section is devoted to the proof of Theorems 4.1 and 4.2.

4.1. Proof of Theorem 4.1(1)

It is enough to prove the regularity for u(x) = U (x, 0), where U € H'(B?, y4dX) is a solution to
div(y*B(x)VU) =div(y*F), in B},
—yaUy’yz():f, on Bj.

Here we take F to be a Bj-valued vector field in an appropriate Morrey space (see (3) below) such that F, 1 = 0.
Theorem 4.1(1) then follows by taking into account Theorem 2.5, where F' = 0.

“.1)
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It is clear that after an orthogonal change of variables we can assume that A(0) = /. We can also assume that
f(0)=0. For if f(0) £ 0 we take

Ux,y) =U(x,y) + 1259 7 £(0),
that solves (4.1) with Neumann data f(x) = f(x) — f(0) (recall that B,y ,+1(x) =1) and f(O) =0.
Let § > 0. By scaling and by considering
-1
~ 1
Ux,y)=U(x,y) / U(x,0)%dx + / yU*dX + 3 ([f]LZ,a(O) + [F]a’s) ,
B B}

we can suppose the following.

1
(1) (A has small L2(0) seminorm) sup — [ |A(x) — I dx < 6%
O<r<l1

. 1
(2) (f has small L>%(0) seminorm) [f]ila(O) = OiLrlEl Tl / |f|2 dx < 8%
< e

. . 1 a 2 2.

(3) (F has small Morrey seminorm at 0) [F]y s := oiLrIEl S v s / YUF|©dX <687
< B
(4) (U has bounded L? norms) / U(x,0)*dx + f YU?dXx <1.
By BT
Given § > 0, a solution U to (4.1) is called normalized if f(0) =0, A(0) = I and (1)—(4) above holds.
Now we prove that given 0 < o + 25 < 1 there exists 0 < § < 1, depending only on n, ellipticity, & and s, such that

for any normalized solution U to (4.1) there exists a constant ¢, such that

1 .
— / |U (x,0) — coo* dx < Cor? @29 for all r > 0 sufficiently small, 4.2)
’
B,
and |cso| < Co, for some constant Cy depending only on n, ellipticity, o and s.

Lemma 4.3. Given 0 < a + 2s < 1 there exist 0 < §, A < 1, a constant ¢ and a universal constant D > 0 such that for
any normalized solution U to (4.1) we have

1 1
}L—anU(x,O)—c|2dx+w—1+a/|y_c|2yadx < 320+2s),
B; B
and |c| < D.

Proof. Let 0 < ¢ < 1 to be fixed. Then there exist 0 < § < 1 and a harmonic function W that satisfy Corollary 3.3.
We have

/ W2y dX <2 / U —W|*y"dX +2 / Uy*dX <2e?+2<A4.
Bik/z BT/z BT/z
Define ¢ = W(0, 0). By the estimates on harmonic functions given in Proposition 3.5(2), there exists a universal
constant D such that |c| < D. Moreover, for any X € BI‘/4, by Proposition 3.5(1)—(3),
IW(X) —cl=[W(x,y) — W(x,0)|+[W(x,0) — W(0,0)]
< IWy (. )y + Ve WllLoo(s,0 X1 < N(Y* + x]) < NIX],

for some universal constant N. For any 0 < A < 1/4,
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1
W—Ha/|U—c|2y”dX
B}
2 2.a 2 2.a
fw—l-i-él |U—W|de+W—l+a |W—C|de
By B}

2¢? 2N? ) 2¢ o,
= oiira T omrrra | XY AX = S anad” (4.3)

On the other hand, we apply the trace inequality (3.7)to U — ¢ € H' (B}, y*dX) to get, forany 0 < A < 1/8,

A‘*“/|U(x,0> —cffax<c /IU—c|2y“dX+/|VU|2y“dX . (4.4)
B, : B;
Next we need to control the gradient in the right hand side of (4.4). To that end we use the Caccioppoli inequality in

Lemma 3.2 that ensures that, since U — c is also a solution to the extension equation with the same Neumann type
datum f,

/|VU|2y“dX§C /(|U—c|2+|F|2)y“dX+/|U(x,0)—c||f(x)|dx

* *
By 21 B,

<C / U = ey dX +IF 2y ogxy + CUUC Oy + el Bl )1 2 s,,)-
B},
Then, since we are in the normalization situation, in (4.4) we get
Alta / |U(x,0) —c|*dx < C / U —c|?y*dX + 8%+ C(1 + |c])8, (4.5)
By, B3,

where C depends only on ellipticity, n and a. Therefore, for any 0 < A < 1/8, from (4.5) and (4.3) we get

1 ) C ) 4 C+lch 2
)\’—n/IU(X,O)—Cw dxfw—lﬂ/|U_C|de+W(8+5)
B;, B3,
C82 2 C(1+D)
S)LnJrl+a + Cnad” + antl+a 8.
Hence, for any 0 < A < 1/8, from this and (4.3),
1 2 2.a : 2 Cs
A—n/IU(x,O)—c| dx+)hn+l+af|U—c| y dX<)\'n+l+a+Cna)\. +An+1+a,
By B}

where C depends only on ellipticity, » and @ and it is universal for any W. We first take 0 < A < 1/8 sufficiently
small in such a way that the second term in the right hand side above is less than %)»2(‘”23). Then we let ¢ > 0 small

enough so that the first term is less than %)\2(‘“’23 ). For this choice of & we take 0 < & < 1 in the approximation lemma

(Corollary 3.3) to be so small in such a way that the third term above is smaller than %)\2(‘”2&). Hence there exists
a constant ¢ bounded by a universal constant D > 0 and 0 < § < 1 such that for any normalized solution U and for
some fixed 0 < X < 1/8,

1 1
ﬁ/lU(x’O)_c|2dx+W—IM/W—CIZy”dX<)L2(°‘+2‘V)_ -

By B}
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Lemma 4.4. In the situation of Lemma 4.3 there is a sequence of constants ci, k > 0, such that
lck — g1 ] < DAKOTE),
and
1 1
I / |U(x,0) — c|>dx + aCEEw) / U — i Pyt dX < 22K@+29),

Bk B

Lemma 4.4 is enough to get (4.2). Indeed, let coo = limg_, o ck, Which is well defined because of the estimate
for ci. For any r < 1/8, take k > 0 such that A+l < Ak Then

1 2 2 2 2 2
[ 1000 = el dx = 2 [ 100, 0) =l dx + 5 [ e — e dx
r r r

B, B, B,
k
< (M) L |U (x,0) — cx|>dx + C, D*3.2K@+29)
— rn )\'kn ’ k n
N
< Cn,A,D)LZk(OH_ZS) < Cn,)»,Dr2(a+2S)- (46)

Proof of Lemma 4.4. The proof is done by induction. When k = 0, we take cop = c¢; = 0. Then the conclusion is true
because U is a normalized solution. Assume that the claim is true for some k > 0. Consider
UOrX) — ¢

U(X) = )L(a+2s)k ’

X € By,
where A is as in Lemma 4.3. By applying the change of variables X = AXZ in the weak formulation

/yaB(x)VdeX=/y“Fwdx+/f(x)w(x,O)dx,

B*, B, B,k
A A
we get, for B(x) := B(\*x), ¥(X) =y (OFX), F(x) =A% F(akx), F(x) =A% @+2=D Fky) and U as above,

fy”E(x)VFJVJ dX = / VEVY dX + / F)¥(x,0)dx.
B BY B

Thus U is a weak solution to
{ div(y*B(x)VU) =div(y*F), in B},

~ 4.7
_yaUy|y:0=f, on Bj. 4.7

Notice that A. 0 =1, Fn+] =0and f(O) = 0. Moreover, by changing variables back and using the induction hypoth-
esis,

1
Ky

/ (A(x) — D?*dx < 8%

B)»k r

1 N 2
r—n/(A(x)—I) dx =
B,

L fPdr = [ 1P dx < [fPany, < 5%
p+2a X = (Akr)n+2a = L2 (0) ’
B, Bk,

L [ eFrax = ! “FPdX <82
Jnitat2@rs—n | Y T (kpyn a2t y ’
B, Bk,
~ 1 (U@, 0)—cl

2 .
/U(x,O) dx = Skn S 2k(@+25) dx =1,

B B}J‘
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~ 1 U — cx?
arr2 _ a
/y U dX = ST / y S 2k@ ) dX <1.

By By

Therefore U is a normalized solution to (4.7). Hence we can apply Lemma 4.3 to U in order to get

1 ry 2 1 ry 2.a 2(a+2s)
A—ﬂ/lU(x,O)—d dx+W_—H_a/|U—c|de<A .
By, B}

Now we change variables back in the definition of U to obtain

/ U (x,0) — cpp1|*dx < 22EFDE@F),

A k+Dn
B, k+1
and
1 ~
A&+ (n+1+a) / U = €t |2ya aX < )‘Z(HI)(WHS)’
B;k+l

where

Chpl = Ck + )Lk(oz+25)c'

Obviously, we have |cy 11 — cx| = |cA¥@+29)| < DA*F25 This proves the induction step. I
4.2. Proof of Theorem 4.1(2)

As in the previous subsection, it is enough to prove the regularity for u(x) = U (x, 0), where U € H'(B*, y*d X)
is a solution to

div(y*B(x)VU) =div(y*F), in BY, 43
_yaUy}yz():f, on Bl. ( . )
Here F is now a Bj-valued vector field that belongs to an appropriate Campanato space (see (3) below) and such that
F(0)=0.
As before, we can assume that A(0) = I and f(0) = 0. We can also suppose the following for § > 0.

1
(1) (A has small L2*t2~1(0) seminorm) sup D / |A(x) — I>dx < 8%

0<r<l1

B,
1
2, : 2 _ 2 2,
(2) (f has small L~*(0) seminorm) [f]LZ"X(O) = Oiljgl o / | fl-dx <&
< 5

(3) (F has small Campanato seminorm at 0) sup v F |2d X < 8%

0<r <1 rn+1+a+2(a+2x71)/
< B
(4) (U has bounded L? norms) / U(x,0)dx +/y"U2dX <l1.

B BT

Observe that assumption (1) on the coefficients A(x) is equivalent to ask for the matrix B(x) that

1
pht+l+a+2(a+2s—1)

sup
O<r<l1

/y”lB(x) —1%dX < &%
By

Now we prove that given 1 < o +2s < 2 there exists 0 < § < 1, depending only on n, ellipticity, & and s, such that
for any normalized solution U to (4.8) there exists a linear function £, (x) = Ao + Boo - X such that
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1 )
— / |U(x,0) — loo|>dx < Cor* @29 forallr >0 sufficiently small, (4.9)
,

B,

and |Ax| 4 | Bo| < Cp, for some constant C depending only on n, ellipticity, & and s.

Lemma 4.5. Given 1 < o + 2s < 2 there exist 0 < §, . < 1, a linear function
(x)=A+ B -x,
and a universal constant D > 0 such that for any normalized solution U to (4.8) we have
)\in f |U(x,0) — £(x)>dx + ﬁ f U — €)2y* dX < 22@t29),
B; B}
and |A| + |B| < D.

Proof. Let 0 < ¢ < 1 to be fixed. Then there exist 0 < § < 1 and a harmonic function W that satisfy Corollary 3.3.
As before we have

/ W2y dX <4.
BT/z

Define £(x) = W(0,0)+ V,W(0,0)-x =: A+ B -x. By the estimates on harmonic functions given in Proposition 3.5,
there exists a universal constant D such that |A| 4 | B| < D. Moreover, for any X € Bi"/4, by Proposition 3.5,

[W(x,y) — )| = |(W(x,y) — W(x,0)) + (W(x,0) — W(0,0) — Vy W(0,0) - x)|
< Wy (x. &)y + 5| DI W, 0)||x[?
< C8y + 51 DIW |l ooy 11 < NIX P,
for some universal constant N. For any 0 < A < 1/4,

1
W—IM/|U_£|2yadX
B}

2 2.a 2 2.a
S)\jl"r—l'i‘a |U—W| y dX+)\jl—F—l-i-a |W—£| y dX
B} B}

262 2N? 4 a 2¢? 4
S S ita + it X"y dX < e + cnal” (4.10)

B;

On the other hand, apply the trace inequality (3.7)to U — £ € H'(B*, y*dX) to get, forany 0 < A < 1/8,
y q y y g y

/\1+“/|U(x,0)—z(x)|2dx§c /|U—K|2y“dX+/|V(U—£)|2y“dX ) 4.11)
B;, B} Bj

Next we control the gradient in the right hand side of (4.11) by using the Caccioppoli inequality. Notice that U — £ is
a solution (in the sense of Definition 3.1) to

div(y*B(x)V(U — £)) =div(y*(F + G)), in Bf,
{_ya(U_E)y|y=0=fﬂ OnBI,

where the vector field G is given by

G=((I —AX))Vy£,0) eR"™  and G(0) =0.
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Then, by the Caccioppoli inequality in Lemma 3.2,

/|V(U—E)|2y“dX§C /(|U—£|2+|F+G|2)y“dX+/|U(x,0)—£(x)||f(x)|dx

* * R
By 2% By,

<cC / U =Py dX + CIIF + Gl T2y gy + CUIUC Ol 2z + 1l 23,0 1/ 12282,
By,

< c/ U —€?y*dX + C8* + C(1 + D)s.
By,

Plugging this into (4.11) and taking into account (4.10) we see that, for any 0 <A < 1/8,

A—n/|U<x,0>—z(x>| dxsw—mfw—m Y AX 4 (604 0)
B fo

Ce? . C8
= an+l+a +enat’ + antl+a’

Hence, for any 0 < A < 1/8, from this and (4.10),

1 2, 1 204y Ce? . Cs
)L—n |U(x,0)—€(x)| X+W—I+‘I |U—£|y X<)\n+—l+a+cn,a)\ +—)Ln+l+a’
B, B¥

A

where C depends only on ellipticity, n and a and it is universal for any W. We first take 0 < A < 1/8 sufficiently
small in such a way that the second term in the right hand side above is less than %kz(a+25 ) (recall that we are in the

situation where 1 < o + 2s < 2). Then we let ¢ > 0 small enough so that the first term is less than %k2(“+25). For this
choice of ¢ we take § > 0 in the approximation lemma to be so small in such a way that the third term above is smaller
than %)»2(‘”23). Hence, there exists a linear function £(x), whose coefficients are bounded by a universal constant D,
and 0 < § < 1 such that for any normalized solution and for some fixed 0 <A < 1/8,

1 1 ‘
A—,,/IU(x,O)—Z(x)lzdx+W/|U_g|2yadX<)L2(a+25)' -

B;, B}

Lemma 4.6. In the situation of Lemma 4.5, there exists a sequence of linear functions
Lp(x) =Ag + B - x,
for k >0, such that
x% / U(x,0) — & (x) > dx + ﬁ / U — Py dX < 22Kt
Bk 5,
and

| Ak — A1l A¥| B — Brat | < DAKEF2),
Before proceeding with the proof, let us show how this claim already implies (4.9). Let
Loo(X) = Ao+ Boo - X 1= ( lim Ak> + ( lim Bk> - X.
k— 00 k— 00

Notice that A, and B, are well defined because of the Cauchy property they verify. Observe also that for any k > 0,
since 1 <o +2s < 2, we have
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[€oo(x) — Le(x)] < Cas DA x| < 2K
For any 0 < r < 1/8, take k > 0 such that A+l <2k Then, in a parallel way to (4.6), (4.9) follows for small r.
Proof of Lemma 4.6. The proof is done by induction in k > 0. When k = 0, we take £o(x) = £1(x) = 0 and the
conclusion is true because U is a normalized solution. Assume that the claim is true for some k& > 0. Consider

Urx, 2ky) — 2 (0 x)

Ulx,y) = L (@t25)k ’

(x,y) € BY,

where 2 is as in Lemma 4.5. Then, for B(x) := B(\*x), ¥ (x) = v (WFx), f(x) = A% f(3*x) and F(X) =
A —k@+2s=D) Pk X)) we have

/y“E(x)vﬁV{}dx:/f(x)a(x,O)dx+/y” (F+ %WO Vi dX.

B} B BY
Thus U is a weak solution to
div(y? B(x)VU) = div(y*(F + G)), in B}
—y‘lUy|y=0 =f, on By,

where

& (1 — B(Xx)

- WVQ,O)eR““, and G(0) = 0.

Certainly A (0)=1 and ]7 (0) = 0. By changing variables and using the hypotheses,

1

a\ - ~2
a2+ 2s—1) /y |F+Gl7dX

By
= ()Lkr)n+l+al+2(ot+2s—1) / y’l <|F|2 - B(x)|2|Bk|2) aX <1+ D2c2)82,
Bk,
where we used that
k 00
Bl <) 1Bj = Bjil <Dy 1/ D = pe.
j=1 Jj=0

Also,

pn2a |fI7dx = ()\kl’)2°‘+" [rdx <1f L2 (0) <05
By

B}Lkr

U (x,0) = e(x)I*

~ s, .
/U(x,O) a’x—w S 2k@ i) dx <1;
B By
~ 1 U —
arr2 _ a
/y Utdx = k(i 1+a) /y S 2k(a+25) X <1.
B} By

By Lemma 4.5 (that can be applied to l~]/(1 + D?c?)), there is a linear function £ such that

L 1 ~
o 00— tPart s [10 - ey ax < i,
B, B*
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So changing variables back in the definition of U we get

1 1
PG / U (x,0) = er1(x)|*dx + P / U — g1 Py dX < p20FD@29),

B+ B:k+1
where £;41(x) = £ (x) + AK@F29¢(3=kx). By construction,
ki1 (X) = L ()| = A CO201007Fx0)) < DA (1 4+ 37F)x ).

When x = 0 we get |Agy1 — Ag| < DA¥@F29_ On the other hand, again by construction, | By, | — Bi| < DA ~Kpk@+2s),
This finishes the proof. O

4.3. Proof of Theorem 4.2

This proof is done by following exactly the same lines of the proof of Theorem 4.1, but with easy changes in
the exponents. Indeed, for part (1) we have to replace in the proof of Theorem 4.1(1) the exponent « that appears
everywhere there by —2s + «. For part (2), along the proof of Theorem 4.1(2) we need to replace the exponent « by
the new exponent —2s + o« + 1. Observe that we do not need the reduction to the case f(0) =0.

5. Case study: the fractional Dirichlet Laplacian in the half space

In this section we study the global regularity and the growth near the boundary for solutions to the fractional
Dirichlet Laplacian of the half space.

5.1. Global regularity
Let us recall the Schauder estimates for the fractional Laplacian on R".
Proposition 5.1. Ler 0 < s < 1 and 0 < a < 1. Assume that f € C%%(R") and that u € L™ (R") is a solution to
(=A)’u=f, inR"
(1) Ifa+2s <1, then u € CO*t> (R™) and

llull coaras gy < C(llullzoo®ny + 1L f Il coa gy )-

() If1 <a+2s <2, thenu € CH¥t>~1(R") and

llull crasas—1 @y < C(llullLoo@ny + 1| f 1l coagny)-

(3) If2 <« +2s <3, then u € C>*t2=2(R") and
||”||c2,a+2s—2(Rn = C(||”||L°°(R”) + ||f||c0,a(Rn))~
The constants C above depend only on n, a and s. In particular, if f =0 in a ball B, then u is smooth in B, ;.

Proof. For (1) and (2) see [29, Proposition 2.8]. The statement in (3) is proved analogously by taking into account
the range of the exponents. The details are omitted. O
Recall that the Zygmund space A, (R") consists of all bounded functions # on R” such that

lu(x +h) —2u(x) +u(x — h)|
[u]A, Ry := sup < 00,
x,heR" |h|

under the norm ||u|| o, ®r) := [t || Loowny + [u]A,®n), see [37] (also [31, Chapter V] or [24]).
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Proposition 5.2. Let 0 < s < 1. Assume that f € L*°(R") and that u € L>*(R") is a solution to
(=A)’u=f, inR"

Namely, assume that u € L°°(R") is given by

@]

_(_ —5 _ L tA
u(x)=(=A)"fx)= re) ) ¢ f(x)t
0

dt
1—s’

where the integral is well defined for almost all x € R" and for some f € L*(R").

(1) If0 <2s < 1 then u € C%* (R") and

lluell co.2s gy < C(llullLoony + 1L f oo ®n)-
(2) If2s =1 then u is in the Zygmund space A(R") and

lulla, @y < C(llullLom@ny + | fllLo@n))-
(3) If1<2s<2thenue CLB-L(R") and

llullcras—1 gy < C(llullLoogny + | f Il oo @n))-
The constants C above depend only on n and s.

Proof. Parts (1) and (3) of this result, that is, when 2s # 1, are already contained in [1, Theorem 6.4].2 Here we
present a proof that works for every 0 < s < 1 and includes the Zygmund space.
For @ > 0, let A, be the space of bounded functions u on R” for which

1-a/2y 1A

[u]lan, ;== sup |t u(x)| < oo.

xeR" >0

It is known that

COYR"), if0<a<l,
Aoy =1 AL (R, ifa=1,
che-lrRm), ifl <a <2.
Moreover, the norm on all these spaces is equivalent to ||u||;0m®n) + [u]a,. See [24] where this result is proved for

the torus. In [31] a similar characterization is proved by using the Poisson semigroup instead of the heat semigroup.
The proof in [24] can be easily adapted to the case of R”. It is enough to show that

la,, = sup |t 08" (=A) S F(O)I < Cllf ooy,
xeR™ 1>0

for some constant C depending only on n and s. Consider the heat kernel W, (x) = (47rt)_”/2e_|x|2/(4’), xeR" t>0.
Notice that the following simple estimate

~ |

, t>0,

/|8,Wt<x)|dxs
Rn

implies that

e’ f(x)] < §||f||Loo(Rn>, forall x € R", 1 > 0.

Thus, with this and the semigroup property ¢/2e”2 f = ¢+ £ we obtain

2 We are grateful to Mark Allen for pointing out this to us.
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dr

A -
awew f(x)‘wzt-l,-r pl=s

10,6 (— M) F ()| < Ct /
0

e ¢]

< Ctll fll /

0

1 dr
t+rrl=s

o
1 dp
=Ct'|| fllz=mn 5,0 = Cll fllLoe@mt®,
0

where C is a constant that depends only onn and s. O

In the half space R’} we consider the Laplacian with homogeneous Dirichlet boundary condition on R’ =
{x, = 0}. We denote this operator by —AJIS. Then —AJIS is a nonnegative and selfadjoint operator on HOl (R%) for
which the spectral theorem applies. For a function u defined on R”, with u(x’,0) =0 and for 0 <s < 1 we have

o
1 + dt
+1: _ A
(—AD)Vu(x)—m/(et Du(x)—u(x))m, XGRK. (51)
0
Here v(x, ) =¢' AEu()c) is the heat semigroup generated by —A‘L’; on the half space, namely, v is the solution to

v(x,0) =u(x), onRY,

{v,:Av, forx eR’,1>0,
v(x,0,t) =0, fort>0.

Let x* = (x/, —x,), for x € R". Denote by u, the odd extension of u to R” with respect to x,:

_ u(x), lf.xn 2 Os
o) = { —u(x*) = —u(x’, —x,), ifx, <0.

By using the reflection method we see that

etABu(x) =eu,(x), t>0, xe€ R%,
so that, from (5.1) we observe that

(—AD) u@) = (=A)uy(x), xeRY, (5.2)
where (—A)* is the fractional Laplacian on R". Moreover, since

1
(4mt)n/?

e[ABu(x) = / (e_lx_z‘z/(‘m - e_‘x_z*lz/(‘”))u(z) dz, xeR],
R}
from (5.1) we obtain the following pointwise formula:

1
|x _ Z|n+2s - |x _ Z*|n+2s

(—AD) u(x) =cp s / (u(x) —u(2)) (

Ry

) dz, xeR].

Also, from the fact that

Aty _L/Oom dt
(=Ap) f(x)_F(s) eI
0

we get, when n # 2s,
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_ATyS _ 1 _ 1 n
(=AD" f(x) =dns / f @) <|x s x _Z*|n2S) dz, xeR]. (5.3)
R

The constants ¢, s and d, s above can be computed explicitly.

Theorem 5.3 (Global regularity in half space — Dirichlet case). Let u be a bounded solution to

(—A)u=f inRL,
u=0, on IR = {x, =0},

where f € CO’“(IR—i), O<a<l.

e Suppose that f(x',0) =0, for all x' € R"~!. Then
(1) Ifa+2s <1thenu € CO*T>[R™) and

el co.avas oy = C(llwll Loy + ||f||Co.a(R—gr))-
2) Ifl <a+2s <2thenu e Cl""”S’I(R_’i) and

el cravzs—1 oy = C(llull Loy + ||f||Co.a(@))-
B) If2<a+2s<3thenue C2""+zs’2(R_’}r) and

el 222 oy < C(llullLooqmry + ||f||Co.a(]Rj))-

o If f(x',0) #0 at some x' € R"~! then
(i) If0 <2s < 1 thenu € C**(R) and

”u”Co,Zr(@) < C(||M||L°°(R1) + ||f||L°°(1R<1))~
(i1) If2s =1 then u is in the Zygmund space A*(R_'_;_) and
Nl o, ) = Cllwll ooy + 11 Lo gey)-
(iii) If 1 <2s <2 thenu € CH¥~1(R") and

||14||01,2171(R—1) < C(||M||LDO(R1) + ||f||L°°(R1))-
All the constants C above depend only on n, o and s.

Proof. From (5.2) we see that (—A) u,(x) = (—Ag)su(x) = f(x) when x € R’}.. On the other hand, for x = (x', x,,)
with x, < 0 we have

1 T d
AV = = f (2100 6) = o)) 11
0

1 r N L At
= F(_S)/(u(x ) — e bu(x ))tm
0

=—(=A}) u*) =—f(x").
Hence,
(=AY’ uy(x) = fp(x), forall x e R". 5.4)

Now we apply the results by Silvestre to u, (which coincides with # when x,, > 0). For (1)—(3), we notice that the
condition f(x’, 0) = 0 ensures that the odd extension f, is globally in C 0.@(R™). Then we can recall Proposition 5.1.
As for (i)—(iii), we can only assure that f, is just bounded (it has a jump discontinuity at x;,, = 0) and the conclusion
follows from Proposition 5.2. O
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5.2. Particular one dimensional solutions

In this subsection we study the growth near the boundary of solutions to the one dimensional fractional problem

{ (=D2)’u(x) = f(x), forx >0,
u(0) =0,

where — D2 denotes the Dirichlet Laplacian on the half line [0, co) and

_ L when 0 <s < 1/2,
/= X[0.11(x), when1/2<s < 1.

5.2.1. CaseO0<s<1/2and f=1
From (5.3),

o0
) / 1 1 J
ux)==c —
s x—z[- x> )%
0
C

o0

g / 1 1 .,
= l-2s M—z/x| 2 [1+z/x12 )%

— CSXZS

1 1
— do.
<|1—w|1—zs |1+w|1—2s> ’

The last integral above is finite. Indeed, since s > 0, the integral converges at the origin. On the other hand, let @ > 2.
Consider the function ¢(t) = (w — 1)1, for —1 <t < 1. Then

0\8 o

gD —p(=D =1 -0 — I +o* " =2¢/¢) < C;0* 2,

which implies that the integral converges at infinity for s < 1/2. We conclude that
u(x) =cx®, xeR'Y, 0<s< 1/2,

for some positive constant ¢, that can be computed explicitly.

5.2.2. Cases=1/2and f = x[0,1]
Let 0 <x < 1/2. We can write

1 1

u(x):c/(ln|x+z| —ln|x—z|)dz=c/(ln|x(1+z/x)| —In|x(1 —z/x)|)dz
0

0
1 1/x
:c/(ln|1+z/x|—ln|l—z/x|)dz:cx/(ln|1+w|—ln|1—w|)dw
0 0
1/x
=cx c+f(m@+n—m@—nMw
2

=cx[c+ (D) m(E+1)—(=1)m(L-1)]
=c[Cx+0+x)In(1+x)— 1 —=x)In(1 —x) —2x1nx].

It is clear that

u(x)=—"2cxlnx+wkx), 0<x<1/2,
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where w is smooth up to x = 0. Recall that, In(1 +x) ~x and —In(1 —x) ~x, when 0 <x < 1/2. Alsolnx ~x — 1,
when 0 < x < 1/2. Therefore,

u(x)~x, asx—0".

523 Casel1/2 <s <land f = x0,1
From (5.3),

1

u(x) = ¢ / (Ix —y* ' = (x + 9> ) dy
0

X 1
= ¢y /(x _ y)2s—l dy + /(y _ x)2s—l dy _ 2l_S((x + 1)25‘ _xzx)
0 X

Cs

= (2x25 +(1-x)¥—-( —i—x)ZS) .

It is clear that, for some constant ¢ > 0,

u@x)=cx® +wkx), 0<x<1/2,

where w is smooth up to x = 0. By taking into account the series expansions of (1 & x)?* it is easy to check that
ux)~x, asx— 0T,
5.3. Behavior near the boundary for half space solutions

Our next step is to consider the problem for the fractional Dirichlet Laplacian in the half space R” , n > 2,

_AFNS,,, — : n
(—Ahrw=g, R, (5.5)
w(x’,0) =0, on 0RY,
in the cases where
_ , L when 0 <5 < 1/2,
g(-x) _g(-x 1xn) - { X[O,l](-xn)y When 1/2 SS < 1 (56)

To that end we apply the following result.

Lemma 5.4. Let g : R" — R be a function depending only on the x,-variable, that is, g(x) = ¢ (x,) for some function
¢ :R— R, forall x € R". Then the solution to

(—A)’w=g, nR",

is a function that depends only on x,. More precisely, w(x) = vV (x,) for all x € R", where ¥/ : R — R is the solution
to the one dimensional problem

(=2 )y =¢, inR"

Here —92,_ is the Laplacian on the real line R.
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Proof. Notice first that

‘A < e—‘Xn—Zn|2/(4t) 2 (41 ,
e g(X)=/Wfb(zn) /6 W@ gz | dz,

—00 n—1

e_‘xn_znlz/(‘”) —t32
= / Wfﬁ(Zn)dZn:e e (xp),
—0o0

192

where {e™'%xx},- o denotes the heat semigroup on the real line. Hence,

dt
1—s

o avsoen LA
wx)=(-A)"gx) = F(S)/e g(X)t
0

dt
1—

=L/e—faﬁx¢(xn) = (—02) ¢ =¥ (). O
r'(s) =
0

In view of the previous Lemma, the one dimensional results and the relations (5.2) and (5.4), we get that the
solution w to (5.5) with g as in (5.6) satisfies the following properties:

cx,%s, forallx e R}, when0 <s < 1/2,
w(x) =9 —cxpInx, +n12(x,), forallx eRY, x, <1/2, whens =1/2, 5.7
ex 4+ n(xy), forall x e R%, x, <1/2, when1/2 <5 < 1.

In the last two cases, 11,2 and 1 are smooth up to x, = 0. Also,

min{2s,1}

’ , asx, — 0", uniformly in x’ € R" 1. (5.8)

w(x) ~x
Finally, it is clear that the solution W to

div(y*VW) =0, in R% x (0, 00),
—y'Wy |y:0 =0g, onRY, (5.9)
W =0, on IR’} x [0, 00),

with g asin (5.6) and 0 € R satisfies
W(x,0)=0w(x), xeR].

6. Boundary regularity — Dirichlet case

Theorems 1.3 and 1.5 for solutions to (1.2) are consequences of the more general results that we state and prove
here.

Throughout this section we assume that  C R} is a bounded domain whose boundary 9<2 contains a flat portion
on {x, = 0} in such a way that Bl+ C Q.

We say that a function f: B1 N {x,;, >0} > Risin Lig (0), for 0 < @ < 1, whenever

1

L1 sup ——— f |f () = f(O)Pdx < o,
B+

2,a =
Lig©® oo peq 1t

1
where f(0) is defined as f(0) := lin}) ﬁ / f(x)dx.Itis clear that if f is Holder continuous of order « at 0 then
r— r
B

fe L%’g (0). If the condition above holds uniformly in balls centered at points of 92 close to the origin, then f is
a-Holder continuous at the boundary near the origin, see [8].
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Theorem 6.1. Consider the half space solutions w given in (5.7). Let u be a solution to (1.2). Assume that f € ng 0),
for some 0 <o < 1.

(1) Suppose that 0 < o + 2s < 1. There exist 0 < § < 1, depending only on n, ellipticity, a and s, and a constant
Co > 0 such that if

su i _ 2 2
p [A(x) — A0)["dx < 57,
O<r<l1 "

B}

then

1
— / lu(x) — FOw)|>dx < Cir2 @2 forall r > 0 sufficiently small,
,
B
where C < Co(1 + lull g2y + [ulas @) + [f]ng(O) + £ (0)]).

(2) Suppose that s > 1/2 and 1 <« + 2s < 2. There exist 0 <& < 1, depending only on n, ellipticity, @ and s, and a
constant Cy > 0 such that if

1 2 2
sup 7_f|A(x>—A(0)| dx <82,
0<r<1 rn+2(a+2§ 1) B;r

then there exists a linear function £(x) = BB - x such that

1
— / lu@x) — fO)Ywx) — Lx)[>dx < C1r2@r2)  forall r > 0 sufficiently small,
,

BF

where C| + |B| < Co(l +llullp2q) + [ulas @ + [f]ng(O) + |f(0)|)~
The constants Cy above depend only on [A]Lz,o 0 (resp. [A], 204251, ), ellipticity, n, o and s.
100 Lyo 0)

Observe the extra term 1 in the estimates for C1 and C; + |B| that comes from the H® norm of w.

Theorem 1.3 is a consequence of Theorem 6.1. Indeed, first notice that the conclusion of Theorem 6.1 can be
translated to any point xg at 9€2. We can first flatten the boundary of Q2 at xp and then rescale (and rotate if necessary)
the resulting domain so that B]+ (x0) C 2 with Bi(xo) N {x, =0} C 92. Then v :=u — f(xo)w has the desired
regularity around xo (remember that u(xg) — f(xo)w(xg) = 0). By taking into account the growth of w near the
boundary (5.8) and going back to the initial variables the conclusion follows.

In a similar way as we did for Lg’g (0), we can define L%’Q_zs'm (0) and Lﬁ’g_zﬁaﬂ(O). It is clear that if f €

LP?(B;) then parallel remarks as those preceding Theorem 4.2 hold for L;gzs”‘ (0) and Lé’S;ZH‘HI (0), with the
same exponents p and o.

Theorem 6.2. Let u be a solution to (1.2).

(1) Suppose that f € L;nga (0). There exist 0 < 6 < 1, depending only on n, ellipticity, « and s, and a constant
Co > 0 such that if

1 2 2

sup — | |A(x) — A0)|“dx < §°,

0<r<1 "
B
then

1

— / |u(x)|2dx < C1r2“, for all r > 0 sufficiently small,
r

B

where C1 < Co(llull 12 + [ulas @) + [f]ngz-”“(O))'
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2,—2s+a+1
(2) Suppose that f € Ly ="

Co > 0 such that if

(0). There exist 0 < § < 1, depending only on n, ellipticity, o and s, and a constant

1 / 2 2
sup —— [ |A(x) — A0)|“dx < &7,
0<r<1 rn+2aB+

then there exists a linear function £(x) = B - x such that

1
— / lu(x) — E(x)|2dx <y, for all r > 0 sufficiently small,
,

B

where C1 + |B < Co(llull () + [ulus (@) + [f1 220001 g))-
The constants Co above depend only on [A], 2.0, (resp. [A], 2.« ), ellipticity, n, o and s.
Lio©) Lig 0

Notice that in Theorem 6.2 we do not need to subtract w from u to obtain the regularity up to the origin. Observe
that Theorem 1.5 in the Dirichlet case follows from this last result after flattening the boundary.
The rest of this section is devoted to the proof of Theorems 6.1 and 6.2.

6.1. Proof of Theorem 6.1(1)

It is enough to prove the result for u(x) = U (x, 0), where U € Hl((BI")*, y?d X) is a solution to

div(y*B(x)VU) =div(y*F), in (Bl+)*,
¥ Uy o= f. on B, 6.1)
U=0, on By N{x, =0}.

Here F is a (Bf)*—valued vector field such that ;1 = 0 and satisfies the Morrey condition

1
n+14+a+2(a+2s—1)

sup
O<r<17¥

f Y FPdX < oo.
(B )+

After a change of variables we can assume that B(0) = 1.
We compare U (x,0) with W(x,0), where W is the solution to (5.9) with 8 = f(0). In particular, W €
H' ((Bl+)*, y*dX) is a solution to

div(y*VW) =0, in (B},
—y*Wy|,_o=f(0), onBf,
W =0, on By N {x, =0},

and W(x,0) = f(0)w(x), for x € B, with w as in (5.7).
Let V=U — W. Then

div(y*B(x)VV) =div(y*H), in (B])*,

—y*Vy|,_g=h. on B, (6.2)

V =0, on By N{x, =0},
where h = f — f(0), so that #(0) =0, and H = F + (I — B(x))VW, with H,41 = 0. Given 6 > 0 we can always
assume that the conditions (1)—(4) in Subsection 4.1 hold with the appropriate changes: B, h, H, V, B1+ and (B1+)*
in place of B,, f, F, U, By and B¥, respectively. Under those hypotheses and the proper normalization for the L>
norms of V and its trace, we call V a normalized solution.

Now we prove that given 0 < o + 25 < 1 there exists 0 < § < 1, depending only on n, ellipticity, « and s, such that
for any normalized solution V of (6.2) (recall that V (0, 0) = 0)
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1 )
— / |V (x, 0)|2 dx < Cr¥@t2)  forallr >0 sufficiently small,
,

B

and C < Cy, for some constant Cy depending only on n, ellipticity, « and s. The strategy of the proof is the same
as the proof of Theorem 4.1(1) presented in Subsection 4.1. Here we explain the changes that need to be made. We
follow parallel steps as those in the proof of Lemma 4.3. Indeed, by using Remarks 3.4 and 3.6 we can prove that
there exist 0 < §, A < 1 such that

)\n+l+a
BF (B;H*

1 1
A—n/|V(x,0)|2dx+— / YUV dX < Z2et2s)

Notice that in the present case we have in Lemma 4.3 that ¢ = 0. Now the rescaling process of Lemma 4.4 comes into
play, but now we must take c; = 0 for all k > 0. Every step goes through by just changing balls by half balls, because
when we rescale we always get a normalized solution to (6.2).

6.2. Proof of Theorem 6.1(2)

As in the proof of part (1), we just have to check that there exists 0 < § < 1 such that in the proper normalized
situation for (6.2) there is a linear function £+, (x) = B - x such that

1 o
pry / [V (x,0) — £oo(x)|?dx < Cr2@+2),
’
B
for r > 0 sufficiently small. Now we suppose that F(0) =0 and that we have the Campanato condition

1

SuPl Pl a+2@+2s—1)

O<r<

/ Y FI?dX < §°.
(B
But again we can follow parallel steps as those of the proof of Theorem 4.1(2). Observe that in our case the independent
term A in the linear function that appears in Lemma 4.5 is O since for the approximating harmonic function WV we

have W(0, 0) = 0. This is essential in the iteration process in order to always have a rescaled solution that is 0 on
By N {x,, = 0}. Further details are omitted.

6.3. Proof of Theorem 6.2

As before, it is enough to prove the result for u(x) = U (x, 0), where U € H! ((Bf)*, y*dX) is a solution to (6.1),
where F,, 11 = 0. For part (1) we assume the Morrey condition

1

a 2
ey | R <o
B (B

while for part (2) we suppose that F(0) =0 and that we have the Campanato condition

1 a 2
SUP i Trat2a / VIF X < co.
- (B

Now the proof follows exactly the same steps of the proof of Theorem 4.2, by just replacing B, by B;". We also
observe that in this case the constant ¢ and the independent term A that come from the approximating harmonic
function W are both 0. We omit further details.
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7. The case of Neumann boundary condition

In this section we sketch the proof of the results in the case of the Neumann problem (1.6). Recall that the domain
of Ly is the Sobolev space H'!(S2). There exists an orthonormal basis of L?(2) consisting of eigenfunctions ¢ €
HI(Q), k=0,1,2,..., that correspond to eigenvalues 0 = po < 1 < up <--- /1 00 of Ly. The domain of the
fractional operator L%, is the Hilbert space H3, of functions u € L?() such that [yudx =0 and Y jo, uiui =
i g, §0k>L2(Q)|2 < 0o. We define L} u by (1.4) in the dual space H," := (#})". Notice that (L u, 1) =0.
The heat semigroup generated by Ly is given by

o0
e Ny (x) = Ze*”‘kukwk(x) = / WN (x, 2)u(z) dz,

where WIN (x, z) is the corresponding heat kernel. Observe that e LN 1(x) = 1 for all x € 2, ¢ > 0. As in Theorem 2.3
we can prove that (1.5) holds for u, ¢ € Hf\, and

oo
1 dt
KN(x,2)i= ——— | WN(x, .
s (5:2) 2|F(—s)|f D

0
It is well known that if €2 is an exterior domain or the region lying above the graph of a Lipschitz function, then
the heat kernel W/ (x,z) as global upper Gaussian estimates. If the domain is bounded then the Gaussian esti-
mate holds only for short times and the heat kernel is bounded in x, z and ¢ as + — oo. For this see [3] and
the references therein. Hence, as we did in Section 2 we can prove that the kernel K (x,z) satisfies the esti-
mate
CQ.n,s

N _CQns
0< K (x.2) < i

X,z €.

For the heat kernel related to the Neumann Laplacian we have two-sided Gaussian estimates (see [26], also
[34], and the references therein), which imply that in this case the estimate for K;V (x,z) from above also
holds from below with a different constant. The extension problem for L7}, is given as follows. The solution U
to

divx(A(x)VxU)+%Uy+Uyy=0, in Q x (0, 00),
04U (x,y) =0, on 92 x [0, 00), (7.1)
Ux,0)=uxx), on €2,

satisfies, for ¢y = |I'(—s)|/(4*T'(s)) > 0,
Ux,y)—U(x,0)
y2S

1 : a s s s )
_Zyl_l)lf)iy Uy(x,y)——yl_l)n(f)l+ =cyLyu(x), inHy’,
see [32,33]. Similar scaling properties as those of Section 2 hold for L3,. Parallel to Theorem 2.6, the fundamental

solution Gév (x, z) of L verifies the interior estimate

CQ.n,s

N ~N —_—
Gy 0~ s

n#2s,
and it is logarithmic when n = 2s. The interior Harnack inequality for L3, is also true.
Next we show that the domain of L), is the fractional Sobolev space H*(£2), which is the closure of C*°(£2)

with respect to the norm |u ”%-IS(Q) = ||u||iz(9) + [u]%,s(g). Notice that the solution U to the extension problem (7.1)

belongs to H'(Q x (0, 00), y*d X) and that for each fixed y > 0 we have fQ U (x, y)dx = 0. Since the trace of U is
an element of the fractional Sobolev space H*(£2) (see for example [20]), it turns out that H}, C H*(£2). For the other
inclusion, we notice that the energy for the extension problem for LY, is comparable to the energy for the extension
problem for the Neumann Laplacian —A . This and the following Lemma give that if fQ udx =0 then u € H), if
and only if u € H*(L2).
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Lemma 7.1. Let u : Q2 — R such that fQ udx =0. Forany 0 <s < 1, u € Dom((—Aw)®) if and only if u € H*(2).
In this case we have

I(=AN)ull 20 ~ [l Hs -

Proof. The idea is similar to the proof of Theorem 2.4 in [34] and here we sketch the steps. Let U be the solution to
the extension problem for the fractional Neumann Laplacian in €2. Then

<U(s y)a u>L2 Q) <I/l, u>L2 Q
;;s D s e (= AN 1, 1) 200 = el (= ANl g

as y — 0T. Now, with the Poisson kernel P;’N for the Neumann Laplacian extension problem (as in (2.10)—(2.11)
but with the Neumann heat kernel in place of W, (x, z)) we get

(UG, y)u) 2y — (U, u) 2y = / / P;’N(x, ) (u@u(x) — u(x)z) dxdz.
Q Q

Here we used the fact that
/P;N(x,z)dz =1, forallxeQ,r>0.
Q

By exchanging the roles of x and z and using that Pys’N(x, )= PyS’N(z, x), we get
1
(UG y) w29 — W u)p2@) =5 f / (u(x) —u)) Py (x, 2) dzdx.
QQ

But now, since the heat kernel for the Neumann Laplacian has two sided Gaussian estimates [26,34], we readily get

y2&

(Ix — 22 + y2) 29072

¢, N ~
PN (x,2)

Therefore, by dividing by y>* and taking y — 0T above we arrive to ||(—Ay)*/?u 2 ~ [ulas@). O

Given f € H ' (S2) (observe that (f, 1) = 0), there exists a unique solution u € H*() to (1.6) with fQ udx =0.

It is clear that the interior regularity results of Theorems 1.1 and 1.2 hold for the case of the fractional Neumann
operator L},. Indeed, the proof presented in Section 4 is based on a Caccioppoli estimate for the (localized) extension
problem and the Dirichlet boundary condition plays no significant role there.

The boundary results deserve some attention. The reason why the interior regularity should hold up to the boundary
becomes apparent once we look at the half space case. Consider the fractional Neumann Laplacian —A; in a half
space R’ . For u having mean zero we have

P 1 T + dt n
(—A'A",) u(x):mf(g’ANu(x)—u(x))m, x eRYL.
0

We denote by u, the even reflection of u with respect to the variable x;,:

u(x), ifx, >0,
u(x*), ifx, <O.

Ue(x) = {

Then the method of reflections gives e~ A;r/u(x) = ey, (x), forx € R” . Therefore,

1 1
|x _ Z|"+2S + |x _ Z*|n+2s

(—A) u(x) =cps / (u(x) — u(2)) (

R}

>dz, xeRL.

Now, we easily see that if (—A;)‘u(x) = f(x), with f having zero mean in R” , then (—A)’u.(x) = f.(x), for
x € R". As a conclusion, by applying Propositions 5.1 and 5.2 we get the following.
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Theorem 7.2 (Global regularity in half space — Neumann case). Let u be a bounded solution to

(=AY u=f, inRY,
e, u =0, on IR". = {x, = 0},

where f has zero mean.

e Suppose that f € CO’“(R_'_;_), O<a<1. Then
(1) Ifa+2s <1 thenu € CO**>(RL) and

lull coarsas iy < € (lull sy + 1f o))
() Ifl <a+2s <2thenu e CHF>~1(RY) and

lull st gz < € (lull ey +1f o))
(3) If2 <a+2s <3 thenu e C**+>~2(R") and

”u”CZ*O‘JrZS’Z(R_’_:_) = C(”””Lw(Rl) + ”f”COOt(R_’}%—))

e Suppose that f € L°(R}). Then
(i) If0 < 2s < 1 then u € C®» (R) and

”u”CO,Z.r(R_I}r) < C(||M||L°0(R1) + ||f||L°<>(]R1))~
(ii) If2s =1 then u is in the Zygmund space A*(]R_'jr) and
”””A*(M) < C(||M||L°°(R1) + ||f||L°<>(R1))-
(i) If1 <2s <2thenu € Cl’zs’l(R—i) and
lll o121 oy = C(llull ooy + 11 | Lo rry)-
All the constants C above depend only on n, o and s.

For the general case, as we did before for the Dirichlet case, it is enough to prove the regularity at the origin for the
solution U to the extension problem

div(y*B(x)VU) =div(y*F), in (Bl+)*,

—y”Uy|y:O=f, on B},

94U (x,y)=0, on Bf N {x, =0},
where A and F have the corresponding regularity. We can assume that B(0) = I, so that 94U (0, 0) = —9,, U (0, 0) = 0.
The same Caccioppoli estimate holds in this case. The approximation lemma can then be proved to get an approxi-
mating harmonic function W € H'! (B / 4)+, y4dX), see also Remark 3.4. By performing an even reflexion instead

of an odd one we can reproduce the argument in Remark 3.6 and conclude that WV has the desired regularity. From
here on we can repeat the arguments given in Section 6. Details are left to the interested reader.
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