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Abstract
‘We consider the problem
divu + (a;u)=f in 2
u=ugy on d42.

We show that if curl a(x() # 0 for some x( € £2, then the problem is solvable without restriction on f. We also discuss the regularity
of the solution.
© 2015 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In this paper we study the existence of solutions for the problem

{divu—l—(a;u):f in 2
u=1ugp on 452

where a is a vector field and (.;.) stands for the scalar product in R”. The problem with a = 0 has attracted con-
siderable attention, notably by Bogovski [2], Borchers—Sohr [3], Csat6—Dacorogna—Kneuss [4], Dacorogna [5,6],
Dacorogna—Moser [7], Dautray—Lions [8], Galdi [9], Girault—Raviart [11], Kapitanskii—Pileckas [12], Ladyzhen-
skaya [13], Ladyzhenskaya—Solonnikov [14], Necas [15], Tartar [16], Von Wahl [17,18]. The following theorem is
standard (cf. Theorem 9.2 in [4]).

Theorem 1. Let n > 1, r > 0 be integers and 0 < s < 1. Let 2 C R" be a bounded connected open C"™+>° set with
outward unit normal v. The following conditions are then equivalent.
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(i) feC(R2)and ug e C™15(2; R") satisfy

/f:/divu():/(uog V).
2

2 EY?)
(ii) There exists u € C"15(2; R") verifying
divu=f in$2
{ u=ug on d52.

If the vector field a is a gradient of a potential A, then the same result holds (just replace u by e?u, ug by e“ug
and f by e f) and the problem

{divu+(a;u):f in £2
U=ug on 952

is solvable (with optimal regularity for a, f, ug and u) if and only if

Q/d‘f:ﬂ/div(ef‘uo):/ef‘(uo; V).

082

Our result will show that if

curla(xg) #0 for some xp € £2,

then (cf. Theorem 2) the problem is solvable without any integral restriction on f and u¢. Under slightly strengthening
this last condition, namely curla # 0 on 952, we will also provide (cf. Theorem 3) a solution with optimal regularity.
We should also point out an interesting point related to the topology of the domain £2. In a special case (cf. Theorem 5)
we will see that the right condition is not curla 0 but that a is not a gradient.

In Section 4 we will also study the kernel of the operator (this kernel will be used in a significant way in Theorem 3)
L,(u) =divu+(a; u). When a = 0 (or more generally when a = grad A), the kernel is classically given (cf. Section 4)
by curl* w so that

diveurl*w =0 forevery w € C? (R"; Rn(n—l)/Z)'

When curla # 0, it is easily seen that the kernel operator cannot be a first order operator. We provide (cf. Proposi-
tion 10) the most general second order operator (which can be reduced to the operator curl* when a = 0) denoted by
Ngf "V so that

L, (N;x,’f’y(w)) =0 foreveryw e CZ(R"; R"("_IW).

Finally in Sections 5 and 7 we discuss a Poincaré type lemma, both on the boundary (cf. Theorem 14) and in the
interior (cf. Theorems 16 and 22), of the operator L,. For example (cf. Theorem 22), we will find, if L, (u) = 0, that
there exists w such that

u=NIDY (w).

This is the exact analogue of the classical theorem which says that, if divu = 0, there exists w such that u = curl* w.
A more detailed version of the present article can be found on the website http://caa.epfl.ch/articles.html.

2. The main theorems

In this paper we will adopt the notation L,(#) = divu + (a; u). Our first theorem is constructive and uses only
elementary tools, notably the method of characteristics. It is sharp from the point of view of the condition on a
(namely curla # 0). However it is not sharp from the point of view of regularity (although it can be slightly improved,
see Theorem 9 below).
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Theorem 2. Let n > 2, r > 0 be integers and $2 C R" a bounded open set, with Q2 C"* diffeomorphic to the unit
closed ball. Let f € C"™T3(2), ug € C"*(2; R") and a € C"13(82; R") be such that

curla(xo) #0 for some xo € S2.
Then there exists u € C"1(2; R") satisfying
divu+ (a;u)=f inf2
{ U =1ug on d52.

Our second theorem is sharp from the point of view of regularity (except for the regularity of a, which should be
a € C"*), but the hypothesis curla = 0 has to be strengthened.

Theorem 3. éet n>2r=>0 be intggers, 0<s <1 and 2 CR" a bounded open smooth set. Let f € C™* (5),
ug € C"15(2: R") and a € C™+45(§2; R™) be such that

inf {’curla(x)}} >46>0.

xe€o82
Then there exists u € C"t15(2; R") satisfying

{divu+(a;u)=f in 2

U =ugm on d52.

Moreover the correspondence (f,ug) — u can be chosen linear and there exists K = K (r, s, ||all cr+4.5, 8, §2) such
that

lullcrris < K(If llers + lluollcrets)-

Remark 4. As already said the natural hypothesis is, in view of Theorem 2, curla(xg) # 0 for some xg € §2, but, at the
moment, in the present theorem we need a stronger hypothesis. It will be clear from the proof that we can replace the
hypothesis curla # 0 on 952, by other hypotheses such as, for example, in addition to the natural condition, a = grad A
near 052.

Finally when £2 is not simply connected we see, in a special case (including the case of harmonic fields), that the
right condition is not curla s 0 but that a is not a gradient.

Theorem S. Let n > 2, r > 0 be integers, 0 <s <1 and $2 CR" be a bounded open smooth set. Let f € C" S (82),
up € C"15(2; R") and a € C™5 (2; R™) be such that

cula=0 in2 bur FAeC™HS(Q2) witha =grad A.
Then there exists u € C"t1-5(2; R") satisfying

{divu+(a;u)=f in 2
U =uo on ds2.

Moreover the correspondence ( f, ug) — u can be chosen linear and there exists K = K (r, s, ||al|crs, §2) such that
lullerers < K (I f llers + luoll grens).-

Remark 6.

(1) The hypothesis on a implies that £2 is not simply connected and a s 0. Conversely if §2 is not simply connected,

there exists such an a. Note that in Theorem 2 the set £2 is simply connected.
(i) Observe that the regularity in the theorem is optimal for all the data.
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We now show how a general operator of the form
_ i N — (R .
Lop@y= Y biul +(a;u)=(B; Vu) + (a; u)
1<i,j<n
can be brought back to our analysis. But let us first introduce some notations. Let

1<i<n
I<j=n

B = () e Cl(2;R™™)

and set

divB = (divB', .- divB") where divB'= Y (b))

1<j<n

Xj

Let B be invertible and define @ = B~'(a — div B"). Assume that £2, f, ug and @ verify the hypotheses of either
Theorem 2 or Theorem 3. We then claim that there exists u# (with the corresponding regularity) satisfying

Lop(w)y=f in2

uU=ugp on df2.

This is easily seen by setting u = B~ v where
divv+ (@;v)=f in£

v = Buy on df2.

Indeed it suffices to observe that div v + (a@; v) = L, 5 ().

3. Proof of Theorem 2

Although we will be dealing only with vector fields and the divergence and curl operators, it will be, sometimes,
simpler to use the notations of differential geometry (we adopt the notations in [4]). We will denote, when convenient,
differential forms as vector fields. For example a vector field u = (ul, -+, u'"") is also written as u = er'l:l u' dx, the
curl and the divergence operators as

n
du = u{c —u' dx' Adx/ ~curlu and Su= ul ~divu.
i Xj Xi

I<i<j<n i=1
The operator curl® is seen as the § operator acting on 2-forms u = Y u"/ dx’ A dx/ namely (where we set u"/ = —u/!
ifi > j)
n n . |
Su = ZZH;{ dx? ~curl*u = ((curl’k u) S, (curl’k u)n) eR"?
j=1i=1

where

i— . n i
i oult ou'’
curl*u)' = — .
( ) Z 0x j L 0x j
j=1 . j=i+1 ’
The Hodge * operator as well as the exterior and the interior product are defined as usual; for example the interior
product of a 1-form u with a 2-form v is defined as

n n
U_v= E Zu’v”dx].
j=1i=1

Before proceeding with the proof of Theorem 2. We will need two lemmas. The first one allows us to reduce the
problem to the case where §2 is the unit ball Bj.
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Lemma 7. Let r > 1 be an integer, 2; 0 C R" be two bounded open smooth sets. Let ¢ € Diff *1(2; 0), a €
C%O;R") and f € C°(0). Define

b=g¢*(a) and g=(=1)"""x(¢*(x/)).
Then u € C"(0; R") solves the problem

{divu+(a;u)=f in O )
u=0 on 00
if and only if v = x(¢* (xu)) € C"(£2; R") solves
divv + (b; v) = in 2
{ (b;v) =g )
v=0 onods2.

Proof. We rewrite (1), after composition with the * operation as
*Su+x(asu)=xf &  du)+ (an ) =(xf).
Composing with ¢, we get

*d (xv) + *((p*(a) A (*v)) =(=D"Txp*xf) & Sv+bov=g
which is exactly (2). O

The proof of the following lemma is just done by straight computation.

Lemma 8. Let r > 1 be an integer. Let f, g € C" (B \ {0}) and vy € C" (3 By). Let v € C" (B \ {0}) be defined by

X

v(x) = G(x)v0< ) + V(x)

x|

where G(x) = exp[flll g(%)%] and
o ’ sx\ds rx \dr
V(x):/ exp /g(—)— f(—)— .
x|/ s x|/ r
1 x|

Then v satisfies

{(Vv(x);x)+g(x)v(x) =f(x) ifx€B1\{0}
v(x) = vo(x) ifx €dB.

We are now in a position to prove Theorem 2.

Proof of Theorem 2. Step 1. We start with some simplifications.

(i) Without loss of generality, we may assume that uo = 0; replacing u by u — ug and f by f —divug — (a; uo).

(i) Using Lemma 7, we find that we can take §2 to be the unit ball By. Combining Lemma 11.13 in [4] and
Lemma 7 again, we can assume, without loss of generality, that xo = 0.

(iii) Finally we choose ¢ > 0 sufficiently small so that curla # 0 in By.

Step 2. We then search for solutions of the form u = v 4+ a J w 4+ Sw, where v € C"3(B; R") (constructed in
Step3)and w € C™2(B;; AY) (given in Step 4). The advantage of this decomposition is that it transforms the problem
into (invoking Theorem 3.5 in [4])

L,(u)=divu+ (a;u) =06u+ (a;u) =06v+ (a;v) —da w = f.

So if, in addition to the above equation, we find that v =0 on d B; and w = 0 in a neighborhood of 9 By, we will have
established the theorem.
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Step 3. We first construct v on B, \ B¢ as v(x) = xV(x), where g(x) =n + (a(x); x) and V is as in Lemma 8.
Observe that v € C"+3(B \ Be; R"). Applying Lemma 8, we find that V satisfies
{(VV(x); x)+g(xX)V(x) = f(x) ifxeB;\ B
Vx)=0 if x € 9B
and thus v verifies
{divv+(a;v)=8v+(a;v):f in By \ Be
v=0 on dBj.
We then extend v in any C" 3 way to B,.
Step 4. We finally construct w € C "+2(B;; A2) to be identically O in B, \ By and, in By, through the formula
- %(dm +{aiv) — f).

The v and w have all the claimed properties. O
Using standard elliptic estimates, we can slightly improve the regularity hypotheses.

Theorem 9. Letn > 2, r >0 be integeg, 0<s<l1 and_.Q C R" a bounded open set, with 2 C't4s diffeomorphic
1o the closed unit ball. Let f € C™25(82), ug € C"35(2; R") and a € C"+35(2; R") be such that

curla(xo) #0 for some xo € S2.
Then there exists u € C"t1-5(2; R") satisfying
divu+ (a;u)=f inf2
{ u=ug on 052.
Proof. Step 1. As in the proof of Theorem 2, we can assume, without loss of generality, that ug = 0, £2 = By and
x0 = 0. Moreover € > 0 is chosen sufficiently small so that curla # 0 in By.. We then find « € C” +45(2) a solution of
Ao+ (a; Va)y=f in By
{ a=0 on 0Bj.

Since @ = 0 on dBj, we find that there exists ¢ = (v; Va) € C’+3’S(§1) such that Vo = cv on 9B, where v =
v(x) = x is the outward unit normal to d B;. We will then look for solutions u of the form u = Va + 8, where
satisfies

{divﬂ—i—(a;ﬂ):O in B

B=—cv on 0B;.
Step 2. We then continue exactly as in the proof of Theorem 2 where we write 8 = v 4+ a 4 w + dw. The only
difference is that we require v = —cv instead of v =0 on 9 Bj. It is easy to see that v and w have all the appropriate

properties. O
4. The kernel of the operator
4.1. Definition of the kernel

We now study the kernel of L, (u) = divu + (a; u). Let us first examine the case a = 0. We recall that for a C!
vector field w : R” — R*"~D/2 the kernel is given by curl* w € R” so that

diveurl*w =0 forevery w € C2 (R"; Rn(nfl)/z).
We know (by Poincaré lemma) that if divu = O, then there exists w such that

u = curl* w.
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We now turn to the general case where a = 0. We will first define the most general second order kernel acting on
functions and then extend this definition to kernels acting on 2-forms. This extension to 2-forms is motivated by
extending the above result (when a = 0). It will moreover turn out to be a crucial point in the proof of Theorem 3.
Examples are discussed in Section 4.3.

Case 1: kernels acting on functions. Let o)}, B/, y™ € C 0($2). We define the operator, acting on C? functions w,

N;x,ﬁ,y . C2(§) — Co(ﬁ; R") as, for w € Cz(ﬁ),

n

NP wy = (NG P @) (NGB )"y = 37 (NP ()" e

m=1

where

(N&PY (w))" Zaklkax1+2ﬁl wy + ¥ w.

k<l

n 2 . .
Note that o = (O‘kl)}zzflin eR(G+n g — (ﬂlm)}i;”fn" eR" and y = (y™)!="=" ¢ R". It will also be convenient
to write

ak1=ZaZ}dxm, /31=Z/31mdxm and y:Zymdxm.
m m m

We should observe that the dependence on a in the kernel is only implicit. It is only when we want to determine «, 8
and y so that L, (N P ¥ (w)) =0, for every w, that the a plays a role. So, sometimes, when we study the properties
of the operator NS Py independently of the fact that L, (NS 4 (w)) =0, we will write only N wpy

Case 2: kernels acting on 2-forms. For w = ij widx’ Adx) e C?(82; A?) we let

NS ﬁ T (w) = Z[Z(Ngij'ﬂi'f’yij (wij))m:|dxm.

m “i<j
Note that & = (o, )| =L, | ey, € RD(GH, while
/3 = (ﬁz';ll)ijnfjngn 1<i<n € R(;)nz and V= (V )iz:n<<‘]n<n € R(’;)n
4.2. The necessary and sufficient condition

We then have the following proposition.

Proposition 10. Let oy, f1, y € C'($2: R"). Then La(NZPY (w)) = 0 for every w € C3(2) if and only if

mm =0 Vm
o] +O‘lm :afnm +ap, =0 Vi<m 3)
a;‘m+a,l(m~|—oz,’:;=0 Vk <l <m
La(ay) + B =0 vi @
Lo(om) + B + Bl =0 Vl<m

1
= v

L,(y)=0.

Proof. We have

L, (Ngt,ﬂ,y(w) ZZ aklkax/ + ZZ :31 wxz Xom Z(Vmw)xm

m k<l m

+ZZa o W +Zza ,31 Wy, +Zd y w)

m k<l



836 G. Csatd, B. Dacorogna / Ann. I. H. Poincaré — AN 33 (2016) 829-848

and thus, since L, (N>?7 (w)) = 0, we find

0= ZZ aklkaxlxm +Z L, (akl) Wiy x; +ZZ ,31 u)x,xm

m k<] k<l

+Z La(B) wx,+Z y"w,) + (La())w.

Let us now examine all the terms depending on the order of derivatives of w.
Terms of order O and 1. For the first one we immediately get that L,(y) = 0. For the terms of order 1, we group
all the terms with the same indices

Y (LaB) + ¥ )wy =0
l

and hence L, () + y' = 0 for every .
Terms of order 2. We find

RDHIIPIEDI DI IS 3
k<t m I(k=l) k<l l<m I(m=l) m<l
and thus rewriting with the same indices, we get

Z(La (Olkl))kaxl + Z Z(,Blm wxlxm) = Z(La (ag) + ﬂ[l)wxpc] + Z(La () + ,Blm + ﬁ;n)wxlxm .
m ] l

k<l

I<m

We hence found exactly (4).
Terms of order 3. Writing the same indices we obtain

)3) 31 D DI FA D SEESD DECD SEESD SN B [D DD DD o
m k<l m (k=Il=m) m<l (k=l) m>l(k=l) m<l(k=m) k<m (I=m) m<k<l k<m<l k<l<m

We hence find, after uniforming the indices,

[Zammwxmxmxm] + Z all +alm)wx1xlxm

l<m

m m
+ Z amm + alm)wxlxmxm + Z alm + akm + akl]ka)qu .

I<m k<l<m

Therefore (3) is established and the proof is thus complete. O
4.3. Some examples
We now give three examples.

Example 11. When a = grad A, we can choose, for every w € C2(§; Az),

Ny BY (W) = e A curl* w

Proof. Fixi < j and define

1 ifl=iandm =

J
Bli=e*{ -1 ifm=iandl=j
0 otherwise.

51/ 14

Choose oy, = y =0sothat N, (w) = e‘A[—wxj dx' + Wy, dx/]. When applied to 2-forms w = > widx! Adx/

we can choose a linear combination of the above Nj Piiy (w'). We thus find
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( aﬂ}/(w) _eAZ Olﬂu)’ tj ZZﬁz]lwxl

i<j i<j
ml
=D Bws + ) By = Zw -l
I<m I>m I<m I>m
= (curl* w)"

which is what had to be proved. 0O

The next example is in some sense generic and will be used in Theorem 22.

Example 12. Let0<2p <nanda = Zlf’zl xo; dx 21,
Case of O-forms (for @). We can then choose @, B, ¥ € C™ such that, for every w € C%(£2),

Ng’ﬂyy(w) — e—/‘fl)fz(_wxlx2 =+ X1 Wy, — w)dxl + e—x1xz (wxl)C])dxz

and verifying Lz (N_ P 7 (w)) = 0, for every w € C3(.Q)
Case of 2-forms (for @). For w =", _; w'dx" ndx/ € C*(2; A*), we can find @, B, 7 € C™ such that

_ n ] .
N?’ﬁ’y(w)ze““( wam +x1wx1 Zx w1(2’ D _ 12)a’x1 —i—emszwifxl dx’ (6)
j=2 j=2

and satisfying

La(NEPT ) =0, vw e C3(32: 4%).

)

It can, moreover, be rewritten as (where we let o = e’xmdxl)
NZPT (w) = (0 2da) sw+a (0 ASw) +8(0 ASw)

for every w of the form w = Z’}':z wlidx' Adx.
Case of 2-forms (for generic a). If we now consider a = a + d S, where S is a function, we see that if

@By =e @B7) & NLVw) =e NI (w), ®)
then

Lo(NSYT ) =0, Ywe C3(2; A?).

Proof. Case of O-forms (for a). We just have to set
1 ifk=Il=1landm=2

ayy=e 2y 1 ifk=m=1andl=2

Okl
0 otherwise

B;":e—XIXZ{xl ifl=m=1 and )7””26—)(1)‘2{_1 ifm=1
0  otherwise 0 otherwise.

Case of 2-forms (for a). More generally we let, fori < j,
1 ifi=k=Il=1land j=m=2,---,n
Gg=e "1 -1 ifi=k=m=1and j=1=2,---,n
0 otherwise
X1 ifi=l=m=1and j=2

Bl =e M2 _x) ifi=l=m=1and j=25s— 1 withs=2,---,p
0 otherwise

_ —x1x 1 ifi=m=1andj=2

Vij = {0 otherwise.
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We still have to prove the extra statement. For w € A2, we let 7l (w) = Z?:z wl/dx! A dx/ and observe that, for
every w € A2,

NZET () = NZPY (2 (w).

g

We then set, for o = e™1%2 dx !,
M(w)=—(0o ada) sw+a 1(c ANSw) +38(c AdSw).
The claim is that

NPT () (w)) = M (' (w)) )

a,

=
|g|
N:Ual
<l
~
S
~
|

and we will thus have La(M(nl(w))) =0, for every w € C3($2; A?). So let us prove (9). Let w = nl(w) and
A =e 12 50 that ¢ = A dx!. A direct computation gives

M(w)=—(o uda) sw+a (o Adw)+8§(c Adw)

p n . ]
= [—)\wlz dxl] + |:—k (Z wiI(Zi_l)xzi)dxl +AZ(x2w)lcl])dx]i|

| (-3t o+ St o |

We have therefore established (9), namely

n
— 1j 12i—1 12
Mw)=e x.x2<_§ wxljx] +X1wx| bew @=h _ )dx +e xlxzzwxlxl
Jj=2

j=2
Case of 2-forms (for generic a). It now remains to show the last statement of the example. We have
La(N, ““(w)) div(e NG (w) + (s e NG S (w)
“[aiv(NGET ) + (@ N )]

and hence, for every w € c? (£2; Az),

Lo(NSY7 W) = e SLa(NSF7 (w)) = 0.

The proof is therefore complete. O
4.4. A sufficient condition

We now show that if curla # 0, we can then find an operator N By satisfying the conditions of Proposition 10,
with arbitrary oy;.

Proposition 13. Let r > 1 be an integer, O C R" be a bounded open set, a}; € C't*(0) be arbitrary and a €
C'3(0; A be such that
1nf{|curla(x)|} >§>0.

x€0

Then there exist B]" € C™t1(0) and y™ € C"(0) verifying

La(en) + 1 =0 vi i {La(ﬂz)wl:o VI
Lo(am) + B+ B, =0 Yl <m La(y)=0.

Moreover it can be assumed that, for every I, m,
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supp[B;"]. supp[y™]  |_J | supp[e}i]

m k<]

and, for every 0 <s <1, there exists K = K(||la| cr+3.5, ) such that
167"

Proof. (i) Define
==Y Lalas)dx® + Z/\“dx =b+dx' ia

s>

Ccr+ls + ||Vm| Ccrs = K”“”C"*"”

where A = —15 (i.e. A € A?) will be determined later and where we have let

_Z La(als)dxs~

s>1
We therefore have /311 =—Ly(ay) andif [ <m
B =a"" and B = —La(aim) + A"
which leads to ﬂ,ln + 8" = —La(om).
(ii) We let y be defined by

y == La(B)dx' ==Y La(bpdx' = La(dx' s2)dx' =c—e.
) 1 1

The condition L,(y) = 0 therefore becomes L,(e) = L,(c). An easy calculation shows that

Ly(e) = Z[(am —a, ))L”] =curla JA.

I<s

Since curla # 0, we can choose

S _
ls= )

|(:ur1a|2

L4(c) (10)

and thus the result.
(iii) The claim on the support and the estimate are obvious. Note that the dependence of K on § follows from (10)
and Proposition 16.29 in [4]. O

5. A Poincaré type lemma on the boundary

We now consider our operator N:;f "V as acting on 2-forms. We therefore have af’}kl,
C"t2(82; A?). The operator is then given by

aﬁy(lU)—Z( aﬂV(w))

m

vl e C"(£2) and w €

where

(N7 ()" (Zz%k,kax,) (ZZﬁuzwn)ﬁL(Z%’?wi,f)

k<l i<j i<j i<j
and the «, B, y are chosen (see Propositions 10 and 13) so that
Lo(NSP7 ) =0, Ywe C3(2; A%).
The first case that we study is a result on the boundary (in Section 7, we will study the case in the interior). More
precisely given ¢ € C™%(£2; R") with v ¢ = (v; ¢) =0 on 952 (where v is the outward unit normal to 9§2) we will
find w € C"25(2; A?) (and O‘?}kl’ ,31.'71, yl.’;?) such that N:”f’y(w) = c on 0£2. This is the exact analogue of solving,
when a =0, curl* w = ¢ on 982 (cf. Lemma 8.11 (ii) in [4]).
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Theorem 14. Let r > 1 be an integer, 0 < s < 1 and 2 C R" be a bounded open smooth set. Let a € C"5(2; R")
be such that

inf {|Curla(x)|} >6>0.
There exist aljkl € C® (), ,BUI e Crtls(2), yi’j’.l € C™(R2) satisfying
L, ( aﬂy(w)) , VweC3(§; A2)

with the additional property that for any c € C™S(2;R™) with v sc = (vic) =0 on 382, then there exists w €
CT25(82; A?) verifying

aﬂy(w)—c on os2.
Furthermore there exists K = K (r, s, ||a||cr+3.s, 8, §2) such that

lwllerizs + |NESY ()|

s < Kllcllcrs.

Proof. Step 1. We first find (using Lemma 15 below) oz;;fkl € C*®(£2) satisfying (11) such that

2

3
NELY wy=v 5 S

92 on 952
v

for every B, v/} € CO%($2) and w € C"H3(82; A?) verifying

ow

—=w=0 onaf2.

av
It can also be ensured that oz’.".kl has its support in a small neighborhood O of 32 and curla # 0 in O. Applying
Proposition 13 on this O and extending ,3’”1 and Yii " by 0in £2 \ O, we then find (cf. Proposition 10) ,8’” e C™t5(2)
and yl.j € C™5(2) so that L,(NS A ¥ (w)) =0 is verified for every w € C3(£2; A?).

Step 2. Observe that, since v i c =0 on 352, we have ¢ =v 4 (v A ¢) on 3£2. We then let w = Y w”dx’ A dx/
satisfying (component by component)
Aw=0 in 2
32 3
—wzv/\c and —w=w=0 on d52.
av? v

The solution w is (cf. Theorems 7.3 and 12.10in [1]) in C®°(£2;: A2)NC'+25(2; A?) and there exists K = K (r, s, §2)
such that

lwlleras = Klcllcrs.

According to Lemma 15 w satisfies on 92

2

9
NEEY wy=v s S

vl =vi(VAc)=c
v

as wished. O
In the proof of the theorem we used the following lemma.

Lemma 15. Let 2 C R" a bounded open smooth set. Then there exists alf'}kl € C®(Q) satisfying

otljmm—O Vm Vi < j
ljll+al]lm: l]mm+al]lm_0 VI<mVi<j (11
Ulm"'“ukm"'“ijkl:o Vk<l<mVi<j
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such that (for any /3?}1, yi’]’-l e C%(2))

2

0
Naﬁy(U))_U_l alg on 02

for any w € C"2(2; A?) verifying w = dw/dv = 0 on 382, where v is the outward unit normal to 2. Furthermore
O‘;’}kl can be chosen identically O outside an arbitrary small neighborhood of 052.

Proof. Step 1. We first observe that if £2 C R” is a bounded open smooth set and w € C 2($2) is such that w =
dw/dv =0 on 342, then, for every i, j,
9w 82w
— viv; onas2.
8x,~3x] 2

Step 2. In the sequel we have extended v in a C*°(£2; R") way so that it is identically 0 outside an arbitrary small
neighborhood of 9£2. We define the (x;’} « as functions of v implicitly by the equation

N @ ’3 Y(w) = 8(v 1 8w) + lower order terms in derivatives of w.

Since 88(v L dw) =0 for all w € C3(2; R""~1D/2) we obtain that L, (Na ya ¥ (w)) contains only derivatives of w of
order less or equal to 2. Therefore, as in the proof of Proposition 10, we must have that (11) is satisfied. Note that for
any w € C"12(82; A?) verifying w = dw/dv = 0 on 352, we have

n n
aﬂy(w)—é( Z vkw;{.dxk/\dxj): Z vkw;/kxidxj onds2.

i,j.k=1 i,j.k=1
From Step 1 and the fact that |[v|> = 1 we get that
2,0 82

507w
aﬂy(u))— Z v,vk PG dx]—vJalf
i,j,k=1 v

onds2.

This proves the lemma. O
6. Proof of Theorems 3 and 5
We now turn to the proof of Theorem 3.
Proof of Theorem 3. Step 1. Let us first simplify the problem. We can assume, without loss of generality, that ug = 0.

Indeed it suffices to set v = u — ug and we find (since L, (ug) € C™*(2))

{ La(v) =La() — La(uo) = f — La(up) in £2

v=0 on 952.

So from now on we will assume that ug = 0. We next show that we can, without loss of generality, assume that
diva=0 in£2 and {(a;v)=0 onadf (12)

where v is the outward unit normal to 92. Indeed Theorem 6.12 (ii) in [4] implies that we can find b € C ;V+5’S (£2),

ce Clr\,+5’s (£2; A?) and geHN($2; Al) sothat a = db + 8¢ + g and hence, in particular (recall that v 4 ¢ = 0 implies
Vv idc= 0),

diviéc+g)=06(6c+g)=0 in2 and (Sc+g;v)=vi(c+g)=0 onads2.

Setting v = e”u, we have v =0 on 32 and §v 4 (8¢ + g) Jv = e f. Thus, up to replacing a by sc + g, f by ¢® f and
u by e’u, we are lead to solving our problem under the further hypotheses (12).
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Step 2. Consider then the Neumann problem

Av—laPv=f in 2

ov

v
Since curla # 0 (here we do not need the full hypothesis on curla), we have that a £ 0. We can then find (cf. [1]
or [10]) a solution v € C r+2.s (£2), without any restriction on f (note that here we only need a € C"). Moreover the
solution is unique and there exists K = K (7, s, ||la||crs, §2) such that

= (gradv; v) =0 ond42.

[vllervas = K fllcrs.

Note that Step 2 is optimal both from the point of view of the regularity of a and for the condition curla # 0.
Step 3. We then apply Theorem 14 to find &}, € C*(£2), B}, € Crt25(2), Vi€ Ct15(2) satisfying
Lo(NSY7 w) =0, Yw e C3(2; A?)
and w € C"35(2; A?) verifying N:”f’y(w) = —gradv + av on 3£2. Note that this can be done, since —gradv +
av e C"13(2; R") and (v; —grad v 4 av) = 0. We finally let
u=gradv—av+ NZ’f’y(w).

Clearly this is a solution of our problem. Indeed we have u € C” tls (£2: R") and, by construction, # =0 on 952.
Moreover (since diva = 0) we have, in £2, that

La() = Lo(gradv — av) + Lo (NSF (w)
= div(gradv — av) + (a; gradv — av) = Av — |a|*v = f.

The estimate easily follows and this concludes the proof of the theorem. O
We now prove Theorem 5.

Proof of Theorem 5. The proof is almost identical to the preceding one.
Step 1. As before we can assume that uo = 0. We next show that we can, without loss of generality, assume that
a € C>®(2;R"),
curla=0 1in $2, diva=0 inf2 and {(a;v)=0 onadsf2
where v is the outward unit normal to 9§2. As before we can find b € C]rVH’S(ﬁ), ce C;VH’S(E; A?) and g €

Hy(2; AY) so that a = db + ¢ + g. Observe that in the present case éc € Hy (£2; A') and thus can be taken 0
(by incorporating it into g). Indeed since da = 0, we have d(8c¢) =0, §(5c) =0 and v 1 §c =0 (since v Jc = 0).
Hence, in particular,

divg=6¢g=0 inf2 and (g;v)=v.ig=0 onas2.
The remaining part of the proof is then as in Step 1 of Theorem 3. Note that now, according to Theorem 6.3 in [4],
a € C®(2;R").
Step 2. This step is identical to that of Theorem 3.
Step 3. We next observe that sz 7 (w) = 8w + a _ w indeed satisfies

La (Nj’f’y(w)) =0, VYwe Cz(ﬁ; Az),
We then invoke Lemma 8.11 (ii) in [4] to find w € C" 725 (£2; A?) verifying
Ng,’f’y(w) =déw+aw=—gradv+av onas2.

Since —gradv 4 av € C"15(2; R") and (v; —gradv + av) = 0, this can indeed be done. We finally have that a so-
lution is given by
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u = gradv —av+N§’,’2ﬂ’y(w) =gradv —av+dw+a_w.

The remaining part of the proof is as in Theorem 3. O
7. Poincaré type lemma in the interior

The results of the present section are not used elsewhere in the article, but we give them for the sake of complete-
ness. We have already studied the problem on the boundary, cf. Theorem 14. The second case that we want to discuss
is the problem in the interior. Given u with L,(u) =divu + (a;u) =0 in 2 we will find w (and «, B, y so that

L (Na £ (1)) = 0 for every v) such that

NEPY(w)y=u in 2.

This is the exact analogue of finding, provided divu = 0, w with curl* w = u.
7.1. The case of the standard symplectic form
We start with a global result (for the notations see Example 12).

Theorem 16. Let 2 C R" be a bounded open smooth set. Let a =a +dS E_C°°(§; AYY and let o, B, y be defined
as in (8). Let u € C®(§2; AY) satisfy Lo (u) = 0. Then there exists w € C*®(§2; A2) verifying

u=N aﬂy(u))

Proof. Siep 1. Letus first show that we can assume that § = 0. Indeed suppose that we already proved the lemma When
a=a,ie. forevery U € C®(£2; A satisfying Lz(U) =0, we can find w € C®(£2; A?) verifying U = Nfl ( ).

We then set u = ¢~SU and find that
u=e NG (w) = Ny (w).

Observe also that a direct computation shows that Lz(U) = 0 if and only if L,(#) = 0. So from now on we will
assume that @ = a. Thus we may invoke (6) and (7).
Step 2. It remains to verify that with a = a, we have the theorem. Namely if Lz(u) = 0 in §2, we have to find w

such that u = Ng”g’?(w) in 2.

(i) We introduce the following notation x = (x, - - -, x,) = (x1, X ). We first extend u to R” in an arbitrary way and
then define
X1 s
wli :/(/e’xzuj(t,f)dt)ds forj=2,---,n
0 ‘0
Observe that
Wyl =e2u/ iR for j=2,---,n. 4

(i1) We next let
glx) = —eM 12yl waw +x1w sz wl(z’ D _ w2,

We claim that in £2 the function g is independent of x1, that is g(x) = g(X). Indeed, using (13) and that Lz(u) =0

in £2, we get that g,, =0.
(iii)) We finally choose w

definition of w that, in £2,

2-%'2 4+ gand w'/ =w' for j =3,---,n. We therefore obtain from (13) and the

j —x1x3-1J —x1x2,, 1J a.py J .
u]:e ! walxl:e ! 2wX1X1:(N_2 (U))) fOf]:2,-~-,}’l.
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o

It follows from the definition of g and using that g(x) = g(X) in £2, that we also have, in §2, ul = (Na"f’?(w))l,
which is what had to be established. O

7.2. Some intermediate results
We begin with a definition.

Definition 17. Let A € R"*" be a matrix with entries a;, where the upper index i stands for the row and the lower
index j stands for the column. Then we define A* as the matrix
1 _ kiy1<k<l<n m 4 M4,
A" = {(An)ij}lgigjgn c R((z) n)x((3)+n)
by ordering the indices (k, /) standing for the rows, respectively (7, j) standing for the columns, in lexicographic order
and

(A7) =afat ifk=1 and (A%)] =afd|+dkd] itk <L

Lemma 18. The following identities hold true

(ABY =A"Bf,  (AD)'=(A7))" and detA® =(detA)".

Proof. Step 1. We start with the first statement. Let r < ¢ and p < g be given. We have to show that

e #\r1
((AB)*), = (A*BF)" . (14)
We discuss only the case r < ¢ (the case r = ¢ being handled similarly). In this case we get
n n
((AB)ﬁ):jq = (AB),(AB), + (AB),(AB)!, = Z ajalibl,b) + Z ajalib}by. (15)
i,j=1 i,j=1

On the other hand we have that the right hand side of (14) is

n
(A%BP) = (afa) +ajaf) (byby + blbp) + ) (afaf + afaf)blyb).
i<j i=1
If we expand the products in this last equation and split the sumin (15)as >, ; =37, _;+> ;. ;+>,_;, one easily
confirms that (14) holds true.

Step 2. The second statement of the lemma follows from the first statement and the fact that (1,,)* = I (*)n> where
I, € R is the identity matrix.

Step 3. We next prove the statement on the determinant.

Step 3.1. Let us show that if A is an upper triangular matrix, meaning that aé’ =0 if ¢ < p, then A? is also an
upper triangular matrix. We have to show that for every i < j and k </ (Aﬁ)fjl. =0if (ij) < (kl). In view of the
lexicographic ordering, the inequality (ij) < (k/) is equivalent to: either i < k or {i =k and j <[}.

Case 1: i < k. By assumption we get that af = 0. Moreover if [ > k, then also af = 0. We therefore have

w [afdi=0 ifk=1
afd’

a-—l—alj‘-al{:O ifk <.

Case 2: i =k and j <[.If k =1, then we have by assumption that af = a5 = 0. Whereas if k < [, then af = a,lc =

al/. = 0. We can therefore conclude as in Case 1.
" Step 3.2. Let us first assume that A is an upper triangular matrix. From Step 1 we therefore obtain

n

det = [ 1049 = [ (49 [ 1649, = [Tl [ et

i<j i<j i=1 i<j
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It can be easily shown by induction that [ ], = ([T¢2; a>)"~'. This leads to

i<j% J
n n—1, , 2 n n+l
detAt=<]_[a;f) (]‘[a;) =(]‘[a;’) = (det A)" 1.
i=1 i=1 i=1
This shows the lemma for upper triangular matrices. If A is an arbitrary matrix, then PAP~! = U, where U is upper

triangular. From Step 1 we obtain that P*A%(P*)~! = U*® which leads to det A* = det U* = (det U)"+! = (det A)"*!,
which was what had to be shown. O

Below we will use the following lemma. Since in the statement of the lemma there is no dependence on a, we have
dropped the subindex a in N7 .

Lemma 19. Let O, 2 C R" be two open sets and v € Diff*°(§2; O). Then there exists a unique invertible map
o = oy, such that

o1 C¥(2; RO 5 R X RY) > ¢®(0; RO x R X RY),
satisfies, for every f € C*°(0) and («, B,y) € C*(£2; R(G+nn o rr? R™),
P (kN7 CED () = NPV (foy) in Q. (16)

Remark 20. It follows from the proof that o is linear and can be written in the form

o, B, y)x) = Ay (x) - (a(y '), By ), ¥ (v (),

where Ay is an invertible matrix of dimension ((}) +n)n +n*+n and - denotes the multiplication between matrices
and vectors.

Proof of Lemma 19. Step 1. Let us write explicitly Eq. (16) in terms of f(¥), fx, (¥) and fy x, (). The right hand
side of (16), namely

NBY (£ () = Z[Zau F@) xkx,+Zﬁl F@), +v" fw)]

m=1Lk<I

becomes after a straightforward calculation

(N“PY(FEN)" =D fre W) Y o (Wi vk, + ¥Lvs,) + Z Feoxs ()Y el v,

s<t k<l s=1 k<l
+ Z Fe, (9 (Zak,wx,xk + Zﬂ ) +y" fW). (17)
k<l

Using the notation o (o, B, ¥) = (@, B, ¥), we get by a direct calculation that the left hand side of (16) is of the form

m
k(N EPT ()" =Y A for D)+ Y B o, ) +C™ f (W),
s=t s=1
where A%}, BY" and C" are abbreviations for

=Y (=TG4 der(Vy), L

q:1

Z( DI BL () det(Vy) | L

q=1
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n
_ o — 1o
"= (=D ) det (V) BT
qg=1
where 1---¢G - --n means that the row ¢ has been omitted in Vi/, and 1---71 - - -n means that the column m has been

omitted. In view of (17), Eq. (16) is valid for every f if and only if the following set of equations is satisfied for every
m= 17 e n

ZO‘Z} (W3, ¥, + Vi y,) = Ay, forevery s <t
k<l
Zalrgw;ﬂ@k:f‘?ﬁ foreverys=1,---,n
k<l s
Zaklkaxl—f_Zﬁ l ;ﬂ foreverys:l,...’n
k<l
—c"

Step 2. In view of Step 1, we have to show that the linear system of equations (18) can be solved uniquely for
(a, B y) in terms of («, B, v), and conversely.

Step 2.1. Let us first show that we can solve (18) for (@, B, 7). Note that entries of the adjoint matrix adj(V) of
V1 are precisely given by

(adj(VW)) = (=11~ mdet(le)l """ " foreveryq,m=1,---,n.

Moreover let us denote, for s < t, @y = (&
therefore obtain that

Ag = (=" (adj (V) @y = (= 1) det Vi (V) @ ().
We therefore fix s < ¢ and obtain from the first system of equations in (18), that
(_ )n 1 (_ )n 1

@ (V) = oy (VW) As = gy (V9 {ZaZ}(l/f;,wiﬁ%wik)}

k<l m=1,---,n

ay) and Ay = (Al

st

A). From the definition of A}, we

sty

We can proceed exactly in the same way to solve for @y, B and y. This proves the existence of o.

Step 2.2. Let us now show that the system (18) can be solved for (¢, 8,y) in terms of («, B, y). Let us
denote T = o~! and write T = {(z", 15", 13")}m=1,....n, meaning that rl’"(&,ﬁ, y) =", ) (@, B,7) = p™ and
' (@, B.¥) = y™. From the last equation in (18) we immediately get that y”" = (@, B.7) = '(y) =C"(¥)
is well defined. It remains to show that one can solve the first three equations in (18) for « and 8. Note that for each
fixed m € {1, - -, n} there are exactly ( ) + 2n unknowns (o}, B;"). This is also exactly the number of linear equa-
tions. Thus one can write the first three equations of (18) in matrix form with some square matrix My = M(V, Vzl//)
as My - (@™, ") = G" @), B(Y), V), for some vector G™ with ( ) + 2n entries depending on AY; and B}*. We
will show that My, is invertible. Using the lexicographic order to enumerate the ( ) + n entries of & and then the n
entries of 8", one observes that M can be written in block-matrix form

o= (5re)

where A, C are square matrices and (see Definition 17) A = (Vy)*, C = V¢ and B = B(V?y) is a function of
the second derivatives of 1. From the statement on the determinant in Lemma 18 we have det A = det(Vy)* =
(det V)" *1. We thus get that det My = (det V)" 2. We can therefore define 7" and 7" as

(", ") = (r/"@, B ¥), 75" @, B, ¥)) = M, - (G™ (@), B(W), V).
This shows the existence of 7. By construction, we obviously have that T = o ~!. The lemma is therefore proved. O

We use below the following notation a, = ( )(( ) + n)n b, = ( )n and ¢, = (;)n
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Proposition 21. Let O, 2 C R" be open, v € Diff*°(£2; 0), a € C°°(O AYY and a = y*(@). Then there ex-
ists (@, B,7) € C®°(0;R™ x RP» x R°) such that Ker L = Range N, Y if and only if there exists (a, B,y) €
C®(82; R x Rbn x Re) such that Ker L, = Range N*F7 .

Proof. We assume without loss of generality that («, 8, y) exists such that Ker L, = Range N“’ﬁ "’ We have to

show the existence of (@, B, ¥) such that Ker L; = Range N, @By . The reverse direction follows in the same way, by

repeating the argument with v ~! instead of .
Step 1. From Lemma 19, we know that for every 1 <i < j < n there exists a map o;; such that o;; : C*°(2;

R(G)+mn R”Z x R™) — C*°(0; R(G)+m)n o R”2 x R") satisfies, setting (&;;, Bijv Vij) =0oij(aij, Bij» Vij)-

wp (NPT () = NEPIYI (o for every f € C(0). (19)
We define (@, B, 7) = {@ij, Bij, Vij}1<i<j<n- Let W =Y w'/dx’ Adx/ € C®, when we write W o ¥ we mean that
woy(x)=) W' (Y (x))dx? Adx/ . It follows from (19) and the definition of Njf "V respectively N- that

s+ (N, 5237(@))_ aﬂy(wow) for every w € C*°(0; A2) (20)

Step 2. We now show that with the above choice of (&, B, y) we have Ker L; = Range Ng 2’5 7 We start with
one of the inclusions. So let u € Ker L. Define then v by v = *y*(xu) € C°(£2; A, By Lemma 7 we have that
v € Ker Ly« = KerL, and so by assumption there exists a w € C*(£2; A?) such that v = N;x’f’y(w). Define

W=woy ! € C®(0; A?), this implies that v = N5 (i o ). We then get from (20) that v = N*%" (w o y) =
>l<1//*(>|<N§,‘2ﬂ’J7 (w)), which implies that u = Ng,’z’g’J7 (w) and thus shows that # € Range Ng,’f’?. We next prove the other
inclusion and let u € Range N-a’ﬁ’7 Thus there exists W € C*°(0; A?) such that u = ny’ﬂi(w) Define then v =

s (xu) € C®(£2: A'). We obtain from (20) that v = N ﬂ Y(Wo1). Therefore v € RangeN B and it follows from
the assumption that L, (v) = Ly+@) (v) =0. Lemma 7 1mp11es then that Lz (1) = 0 which proves the proposition. O

7.3. The local theorem

We now obtain a local result (in Theorem 16 we obtained a global result for the particular vector field a or a +d S)
for a general vector field a (recall that da is identified with curla).

Theorem 22. Let xg € R", 0 <2p < n and, in a neighborhood of xo,a € C* with rank[da] = 2p. Then there exist
a, B,y € C™ such that, in a neighborhood of xo,

Lo(NSPY (w)) =0, Vwe C.

If furthermore u € C* satisfies L,(u) = 0, then there exists w € C* such that u = Ngf Y (w), in a neighborhood

of xo, or equivalenily Ker L, = Range N, ﬁ v,

Proof. From Theorem 13.6 in [4], we find a diffeomorphism ¢ such that ¥*(a) = a + dS. The theorem is then
a consequence of Theorem 16 and Proposition 21. O
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